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MEASUREMENT OF VOLTAGE NOISE IN CHEMICAL BATTERIES 

Chadwick K. Boggs, Alan D. Doak, F. L. Walls 
National Institute of Standards and Technology 

325 Broadway Boulder, CO 80303 

ABSTRACT 

Ultra low noise voltage sources are 
often required in measurement systems and 
other applications. Common voltage regulators 
have performed inadequately in some 

applications. As an alternative, battery cells 
have been used. Of the various types, Hg cells 
have been credited with the best performance. 

However, actual values for the voltage noise in 
batteries have not, to our knowledge, been 
reported. In this paper a measurement system 
capable of measuring voltage noise below ·20dB 
n VI/Hz is discussed and its ability to 
characterize experimentally high performance 
voltage references is explored. The results of 
such measurements on common batteries are 

presented, and potential applications are 

considered . 

L Introduction 

Chemical batteries have often been 
used when power supply noise is a significant 
problem. It is widely known that chemical 
batteries provide noise perfonnance that is 
superior to common regulators and regulated 
power supplies. It is not, however, widely 
known exactly what performance can be realized 
with batteries, and what performance differences 

exist between battery types. Such knowledge is 
significant in some applications and yields 
insight into the fundamental noise processes 
present in batteries. In this paper, chemical 
battery noise performance is explored and 

measurements are presented. The voltage noise 
and current noise measurement techniques 

developed in these experiments have very high 
resolution and may be applied in other similar 

measurement systems. 

II. Fundamental Noise 
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Johnson Noise 

The fundamental source of voltage nOlse across 
any resistor is Johnson noise, given by [1,2] 

Vnoise :::: J4hfRAv/[ exp(hfjkT) -1), (1) 

where k == Boltzmann's constant, T = 

temperature in kelvin, R = resistance in ohms, h 
is Planck's constant, f is frequency in Hertz, and 

!J. v is the measurement bandwidth . 

At low frequencies Johnson noise can 
be approximated by 

Vnoise ==,J 4 kTMv (2) 

This fundamental noise process is dependent 

only upon temperature and resistance. 

Shot Noise 

Broadband current noise is found when 
two conditions are satisfied: (1) the charge 
carriers are quantized; and (2) the arrival times 
are random. These conditions cause current 
fluctuations of magnitude 

ishot = �2qI!1v , (3) 
where q is the charge quantization ( in this case 
the charge of an electron ) in coulombs, I is the 

bias current in amperes, and !J. v is the 
measurement bandwidth in Hertz. Current 
noise of this type is commonly called shot noise. 

III. Voltage Noise 

Voltage Noise Measurement System 

To see voltage fluctuations in batteries, 
a measurement system with a resolution of 
approximately ·20dB n VI/Hz is required. This 
was accomplished by the use of two low noise 



amplifiers and a two channel cross-correlation 
tecbnique[3), shown in Fig. 1. The two 
independent and similar amplifiers provided 
-SOdB of � with a noise floor of -20dB 
n VI/Hz. The amplifiers boosted the noise from 
the batteries to approximately 30dB n VI/Hz. 
which was just above the noise floor of the Fast 
Fourier Transform (FFT) spectrum analyzer 
used. The output noise from the amplifier was, 
however, 50dBnV//Hz which obscured the noise 
signal from the batteries. 

To recover the battery signal, cross
correlation was performed between the two 
channels. The cross-correlation operation 
caused the noise from the independent 
amplifiers to average to zero as lIJn (n = 

number of averages) revealing the underlying 
correlated voltage noise from the batteries. Two 
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batteries were used to double the battery noise 
power and permit the use of high gain DC 
coupled amplifiers. The limiting factor in this 
technique was the time taken to average the 
data. A practical resolution of -26dB n VI/Hz at 
1 kHz was reached after 100,000 averages. This 
BOise floor was sufficient to measure the voltage 
noise ofbattcrics. The effect of cross-correlation 
in this system is described by 

Sys�+ Sys2 
(Vl� . (V2� = (VB1� t (VBi�· 

iN 
(4) 

The terms are as labeled in Fig. 1. 

i lf 
yy" 

� 
V 

V1 
Cross 

]-7! Correlating 
." 

FFT 

� 
V2 

V 

Sys2 

Figure 1: Voltage Noise Measurement System 

Measurement of Chemical Battery Noise 
Voltage 

Figs. 2 and 3 depict the results of 
measurement on various types of batteries. The 
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top line in Fig. 3 shows the noise floor of the 
measurement system without cross-correlation, 
and the bottom line shows the ultimate noise 
:floor of the system obtained through cross 
conelatiOD. 
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Figure 2: Voltage Noise Measurements 
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Figure 3: Battery Voltage Noise Measurements 
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Our results show that Ni-Cd batteries 
have the best noise performancc of any of the 
chemical batteries tested. A value of -25dB 
nVNHz at 10 kHz was recorded. In fact, 
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measurements this close to the system noise 
floor were possibly inflated due to the addition 
of noise from the measurement system. 



Different types and sizes of batteries 
produced different voltage noise. The battery's 
capacity influenced voltage noise. A5 can be 
seen from the graph. there is a slight difference 
between the noise in the AA and D size 
batteries. It was also found that the voltage 
noise of batteries was constant over the range of 
current from trickle charge to � lmA discharge. 

Noise Processes In Chemical Batteries 

Batteries have very low internal 
resistance, generally less than 1 n. A value of 
0.20 .0 was measured for Ni-Cd batteries, 
corresponcling to a Johnson noise of -25dB 
nV//Hz at room temperature. As can be seen 
from Figs. 2 and 3, this agrees closely with the 
measured broad band voltage noise of the Ni-Cd 
batteries. This agreement suggests that the 
dominant broadband noise process in batteries is 
the Johnson noise from the internal resistance of 
the batteries. 

This conclusion suggests that larger 
capacity batteries, which generally have smaller 

internal resistances, would produce a lower 
voltage noise. Voltage noise was found to be 
independent of bias current. 

- v + 

BATTERY 'Vv 

r 

IV. Current Noise 

The current noise of a battery is directly 
related to its voltage noise by Ohm's Law (see 
Fig. 4). In our measurements, battery voltage 

noise was found to be independent of bias 
current for typical current levels. Thus, the 
noise in a bias current from a battery is inversely 
proportional to the load impedance across the 

battery, i = �. The current noise, then, should 

be known once the voltage noise is determined. 

A battery can be modeled by the circuit 
in Fig. 4. The battery is represented by a dc 
voltage, V, an ac noise voltage, v, and an 
internal resistance, r. In normal applications, 
the battery's load, R, is much greater than the 
battery's internal resistance. The current noise 
in this model is i == r:R � �, R » r. As 

cliscussed previously, it was fOWld that v was 

approximately described by Eq. 2. This 
produces a current noise, i, that is small 
compared to shot noise. 

:} Me 

+ 

osure 

R LOAD 

Figure 4: Low Frequency Chemical Batter Circuit Model 

Batteries suppress shot noise by 
correlating the arrival times of charge carriers at 
the battery terminals . This can be shown by 
looking at an example of typical values in the 

model in Fig.4: V == 1.2 V, r = 0.2 n, R = 1000 
.0. If shot noise, iahob was dominant in the 
current noise, the result would be 
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For the example values, v = -26dB nV/lHz 
assuming shot noise. However, we measured 

v == J4kTr�v = -24dB nV//Hz which is nearly 
50 dB below the shot noise in 1 mAo 

It can be shown that for any power 
supply consistent with the model in Fig. 4, and 
R > > r, the shot noise will induce a voltage 



noise gl'Qter than the Johnson noise of r. 
Assumjng shot noise is present, v is given by 
Eq.5. If the voltage noise is domjnated by the 
Johnson noise in r ( note that the noise of rilR is 
roughly that of r), v is given by Eq. 2 as 
v = .J4kTrAv. Shot noise dominates 
whenever Eq. 5 is greater than Eq. 2, or 

�2qVRllv > .J4kTrAv, 
VR> 2kTr 

q , 

V> 2kT..!.. 
q R' 

V>O, R» r. (6) 

In the above model shot noise would be expected 
to dominate over Johnson noise for source 
Voltages greater than 52 m V at T = 300 K and 
r=R 

Current Noise Measurement System 

To verify the model upon which the 
previous analyses were made, direct 
measurements of the current noise in batteries 
were made with the measurement system shown 
in Fig. 5. The transconductance of this circuit is 

T = V�t = Z(K), 
I 

(7) 

where Z is the impedance of the circuit inductor, 
and K is the gain of the non-inverting amplifier. 

An inductor was used to obtain high 
impedance with low Johnson noise. At bigh 
frequencies the input noise of this system was 
dominated by the Johnson noise of the 825 n 
resistor, yet the load impedance was on the order 

r-- -- -, 

I lH I 
I I 
I I 
I I > I I -=-C"! 

� I I 
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I G> I -N 

I I 
'- - ___ I 

-- -

of 1 Mn. A load impedance on the order of 
1 Mn produced a transconductance of 140 cmn. 
This means that the input current fluctuations 
were amplified by 140 dB and convened to 
voltage for measurement. 

InPUt Noise of Measurement System 

Measurements confirmed that the 
broadband input voltage noise of the system in 
Fig. 5 was white from 20 Hz to at least 100 kHz 
at 44dBn V fvlHz . The broadband input current 
noise was 

i = Vout == (-136 - 140) dBAIHz (8) T 
= -276 dBA/Hz 
== 16 fAIHz 

This agrees with the calculated Johnson noise 
from the 825 n resistor. At low frequencies, the 
input Johnson noise drops to that of the 203 n 
resistance in the inductor. However, at 
frequencies below 20 Hz the input noise 
becomes dominated by power law processes that 
raise it above that due to the Johnson noise of 
the input resistors. 

To predict accurately the perfonnance 
of the physical circuit we need to consider the 
inductive impedance more carefully. A real 
inductor of 1 H bas large parasitic capacitance 
shown by the transfer function in Fig. 6. The 
impedance of our inductor was ideal to 
approximately 5 kHz. The parallel parasitic 
cap8citance resonated at 13 kHz, and beyond 20 
kHz the impedance dropped significantly from 
ideal. 

Spectrum 
Analyzer 
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Figure 5: Current Noise Measurement System 
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Figure 6: Effect of Parasitic Capacitance 

Replacement of the battery in Fig. 5 
with a high impedance current source made 
possible direct measurement of the system1s 
broad band transconductance, from which the 

actual inductor impedance was calculated, The 
input current noise floor of the system is shown 
in Fig, 7. As a reference. shot noise for a 1 rnA 

bias current is also plotted. 
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Figure 7: Measurement System Input Noise Floor 

Measurement of Current Noise in Batterv Bias 

Current 

Measurement of chemical batteries in 
the system in Fig. 5 confinned shot noise 
suppression. Data from typical battery 
measurements were identical to data from 
measurements of the system's input noise floor 
within the accuracy of the measurements. That 
is, a 1.2 V battery provided 1 rnA of bias current 
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with no noise to the resolution of our 
measurement system, which was over 40 dB 
below shot noise at resonance, The calculation 
of current noise from measured voltage noise 
suggested that the actual current noise was up to 
95 dB below shot noise. 



V. Conclusion 

Very high resolution voltage 
measurement systems were constructed using 
two similar amplifiers and a cross-correlation 
method. This operation is built into many 
modem high end digital spectrum analyzers, 
and can resolve up to 25 dB. This approach. 

however, requires approximately 105averages. 

Using this low noise measurement 
system we have characterized the voltage noise 
of 5 different battery types and compared them 
to a popular voltage regulator and a high 
performance power supply. We found that the 
voltage noise of the chemical batteries measured 
was many decades smaller than that of 
traditional power supplies. The lowest noise 
battery tested was a AA Ni-Cd with Vn = -25 
dBn V / 1Hz at 1 kHz. Different battery types 
exhibit vastly different noise voltage. In the 
batteries measured the broad band noise voltage 
appears to be approximately equal to the 
Johnson noise of their internal resistance. 

We have made measurements of the 
current noise in battery driven bias currents. 
We show that chemical batteries correlate the 
arrival times of charge carriers at their 
terminals, thus suppressing current noise to well 
below shot noise. For the AA Ni-Cd batteries 
tested, the current noise in a 1 rnA bias current 
was more than 50 dB below shot noise. The 
fundamental relationships between voltage and 
current noise were explored, and a simple model 
for circuit elements with noise was 
demonstrated. 

The unique characteristics and superior 
noise performance of chemical batteries suggest 
interesting applications. A steady state 
arrangement may be possible in which the 
battery is not drained. The long term stability of 
other components might, through the charging 
circuitry, be able to enforce long term stability 
upon batteries, thus providing a low noise 
voltage reference that will last for years. In 
some applications such as biasing networks it 
may be possible to replace noisy 
capacitor/resistor chains with Ni-Cd batteries. 
The use of chemical batteries is already 
widespread in low noise applications and more 
precise knowledge of their performance will aid 
design and analysis. 
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THERMAL AGITATION OF ELECTRIC CHARGE 
IN CONDUCTORS* 

By H. NYQUIST 

ABSTRACT 

The electromotive force due to thermal agitation in conductors is calculated by means 

of principles in thermodynamics and statistical mechanics. The results obtained 
agree with results. obtained experimentally. 

D
R. J. B. JOHNSON! has reported the discovery and measurement of an 
electromotive force in conductors which is related in a simple manner 

to the temperature of the conductor and which is attributed by him to the 
thermal agitation of the carriers of electricity in the conductors. The work 
to be resported in the present paper was undertaken after Johnson's results 
were available to the write� and consists of a theoretical deduction of the 
electromotive force in question from thermodynamics and statistical me
chanics.2 

R 
I 

Consider two cond uctors each of resistance R and of the same uniform 

Fig. 1. 

temperature T connected in the manner indicated 
in Fig. 1. The electromotive force due to thermal 
agitation in conductor I causes a current to be set 

R up in the circuit whose value is obtained by dividing 
l[ the electromotive force by 2R. This current causes 

a heating or absorption of power in conductor II, 
the absorbed power being equal to the product of R 

and the square of the current. In other words power 
is transferred from conductor I to conductor II. In 

precisely the same manner it can be deduced that power is transferred from 
conductor II to conductor I. Now since the two conductors are at the same 
temperature it follows directly from the second law of thermodynamics 
that the power flowing in one direction is exactly equal to that flowing in 
the other direction. It will be noted that no assumption has been made as 
to the nature of the two conductors. One may be made of silver and the other 
of lead, or one may be metallic and the other electrolytic, etc. 

It can be shown that this equilibrium condition holds not only for the 
total power exchanged by the conductors under the conditions assumed, but 
also for the power exchanged within any frequency. For, assume that this 
is not so and let A denote a frequency range in which conductor I delivers 
more power than it receives. Connect a nOh-dissipative network between 
the two conductors so designed as to interfere more with the transfer of energy 

* A preliminary report of this work was presented before the Physical Society in February, 
1927. 

1 See preceding paper. 
, Cf. W. Schottky, Ann. d. Physik 57, 541 (1918). 
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THERMAL AGITATION OF ELECTRICITY 111 

in range A than in any other range, for example, a resonant circuit connected 
as indicated in Fig. 2 and resonant within the range A. Since there is equi
librium between the amounts of power transferred in the two directions 
before inserting the network, it follows that after the network is inserted more 
power would be transferred from conductor II to the conductor I than in 
the opposite direction. But since the conductors are 
at the same temperature, this would violate the 
second law of thermodynamics. We arrive, there
fore, at the important conclusion that the electro- R 
motive force due to thermal agitation in conductors r 

is a universal function of frequency, resistance and 
temperature and of these variables only.3 

To determine the form of this function consider 
again two conductors each of resistance R connected 

Fig. 2. 

R 
1£ 

as shown in Fig. 3 by means of a long non-dissipative transmission line, 
having an inductance Land a capacity C per unit length so chosen that 
(LjC)112=R. In order to avoid radiation one conductor may be inter
nal to the other. Under these conditions the lines has the characteristic 
impedance R, that is to say the impedance of any length of line when 
terminated at the far end in the impedance R presents the impedance 
R at the near end and consequently there is no reflection at either end 
of the line. Let the length of the line by l and the velocity of propagation 

R 
I. 

L 

Fig. 3. 

R 
n 

v. After thermal equilibrium has been established, let the absolute tempera
ture of the system be T. There are then two trains of energy traversing the 
transmission line, one from left to right in the figure, being the power de
livered by conductor I and absorbed by the conductor II, and another train 
in the reverse direction. 

At any instant after equilibrium has been established, let the line be 
isolated from the conductors, say, by the applic.ation of short circuits at the 
two ends. Under these conditions there is complete reflection at the two 
ends and the energy which was on the line at the time of isolation remains 
trapped. Now, instead of describing the waves on the line as two trains 
traveling in opposite directions, it is permissible to describe the line as 
vibrating at its natural frequencies. Corresponding to the lowest frequency 

3 For a general treatment of the principle underlying the discussion of this paragraph 
reference is made to P. W. Bridgman, Phys. Rev. 31t 101 (1928). 
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the voltage wave has a node at each end and no intermediate nodes. The 
frequency corresponding to this mode of vibration is v/21. The next higher 
natural frequency is 2v/21. For this mode of vibration there is a node at each 
end and one in the middle. Similarly there are natural frequencies 3v/2l, 
4v/21, etc. Consider a frequency range extending from v cycles per second 
to v+dv cycles per second, i.e., a frequency range of width dv. The number 
of modes of vibration, or degrees of freedom, lying within this range may be 
taken to be 2 ldv/v , provided I is taken sufficiently large to make this ex
pression a great number. Under this condition it is permissible to speak of 
the average energy per degree of freedom as a definite quantity. To each 
degree of freedom there corresponds an energy equal to kT on the average, 
on the basis of the equipartition law, where k is the Boltzmann constant. 
Of this energy, one-half is magnetic and one-half is electric. The total energy 
of the vibrations within the frequency interval dv is then seen to be 21kTdv/v. 
But since there is no reflection this is the energy within that frequency 
interval which was transferred from the two conductors to the line during 
the time of transit l/v. The average power, transferred from each conductor 
to the line within the frequency interval dv during the time interval l/v is 
therefore kTdv. 

It was pointed out above that the current in the circuit of Fig. 1 due to 
the electromotive force of either conductor is obtained by dividing the 
electromotive force by 2R, and that the power transferred to the other 
conductor is obtained by multiplying the square of the current by R. If 
the square of the voltage within the interval dv be denoted by E2dv we have, 
therefore 

E2dv = 4RkTdv (1) 

This is the expression for the thermal electromotive force in a conductor 
of pure resistance R and of temperature T. Let it next be required to find 

R 

Fig. 4. 

the corresponding expression for any network built 
up of impedance members of the common tem
perature T. Let the resistance R be connected, 
as shown in Fig. 4, to any such network having 

Ry+i.Xv the impedance Rv+iXv, where RJI and XI' may be 
any function of frequency. By reasoning entirely 
similar to that used above it is deduced that the 
power transferred from the conductor to the 

in the opposite direction. 
to be equal to 

impedance network is equal to that transferred 
But the former is shown by simple circuit theory 

E2 Rydv / [ (R + Rv) 2 + X 112 ] 

and the latter is similarly equal to 

Ev2Rdv/ [(R+Rv)2+Xy2] 

(2) 

(3) 
where EI'2dv is the square of the voltage within the frequency range dv. 

r t follows that 
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(4) 
for any network. 

To put this relation in a form suitable for comparison with measurements 
let Yew) be the transfer admittance of any network from the member in 
which the electromotive force in question originates to a member in which 
the resulting current is measured. Let w = 21rv and let R(w) =Rp be the 
resistance of the member in which the electromotive force is generated. We 
have then for the square of the measured current within the interval dll 

/2dv=E,,21 Yew) 12dv= (2/1r)kTR(w) I Yew) 12dw 

Integrating from 0 to 00 

/2= (2/7r)kT J:� R(w) I Yew) I 2dw 

which is Eq. (1) in Johnson's paper. 

(5) 

(6) 

It will be noted that such quantities as charge, number, and mass of the 
carriers of electricity do not appear explicitly in the formula for electromotive 
force These quantities influence R", however, and, therefore, enter in
directly. 

It is instructive to consider the equilibrium between the thermal agitation 
of the carriers of electricity in a conductor and the thermal agitation of 
molecules in a gas. Consider a semi-infinite tube filled with gas of tempera
ture T and let the end be closed in a weightless inflexible piston forming the 
diaphragm of an ideal non-dissipative telephone receiver having no magnetic 
leakage. Such a receiver presents an electrical impedance which is a function 
of the mechanical impedance of the gas in the tube and which may be taken 
as R by choosing a suitable number of turns for the receiver element. Due 
to the bombardment of the diaphragm by the molecules in the gas, there 
will be an electromotive force at the terminals of the receiver. This electro
motive force is, of course, in statistical equilibrium with that due to thermal 
agitation in a conductor of resistance R. It follows that it should be possible 
to calculate that electromotive force from the kinetic theory of gases, but 
this calculation would not be so direct as that given above, making lJse of 
a transmission line. 

In what precedes the equipartition law has been assumed, assigning a total 
energy per degree of freedom of kT. If the energy per degree of freedom be 
taken 

hv/(ehv/ kT -1) (7) 

where h is the Planck constant, the expression for the electromotive force 
in the interval dll becomes 

(8) 

Within the ranges of frequency and temperature where experimental in
formation is available this expression is indistinguishable from that obtained 
from the equipartition law. 

AMERICAN TELEPHONE AND TELEGRAPH COMPANY, 
April, 1928. 
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THERMAL AGITATION OF ELECTRICITY IN CONDUCTORS 

By J. B. JOHNSON 

ABSTRACT 

Statistical fluctuation of electric charge exists in all conductors, producing random 
variation of potential between the ends of the conductor. The effect of these fluctua
tions has been measured by a vacuum tube amplifier and thermocouple, and can be 
expressed by the formula 12 = (2kTj-1I')jo'" R(w)[ Y(w)[2dw. I is the observed current 
in the thermocouple, k is Boltzmann's gas constant, T is the absolute temperature 
of the conductor, R(w) is the real component of impedance of the conductor, Yew) 

. is the transfer impedance of the amplifier, and w/2 1r = f represents frequency. The 
value of Boltzmann's constant obtained from the measurements lie near the accepted 
value of this constant. The technical aspects of the disturbance are discussed. In an 
amplifier having a range of 5000 cycles and the input resistance R the power equiva
lent of the effect is lf2 / R = 0 .8 X 10-16 watt, with corresponding power for other ranges 
of frequency. The least contribution of tube noise is equivalent to that of a resistance 
Rc = 1.5 X lO·ip/l/-, where ip is the space current in milliamperes and I/- is the effective 
amplification of the tube. 

IN TWO short notes1 a phenomenon has been described which is the result 
of spontaneous motion of the electricity in a conducting body. The 

electric charges in a conductor are found to be in a state of thermal agitation, 
in thermodynamic equilibrium with the heat motion of the atoms of the con
ductor. The manifestation of the phenomenon is a fluctuation of potential 
difference between the terminals of the conductor which can be measured by 
suitable instruments. 

The effect is one of the causes of that disturbance which is called "tube 
noise" in vacuum tube amplifiers.2 Indeed, it is often by far the larger part 
of the "noise" of a good amplifier. When such an amplifier terminates in a 
telephone receiver, and has a high resistance connected between the grid and 
filament of the first tube on the input side, the effect is perceived as a steady 
rustling noise in the receiver, like that produced by the small-shot (Schrot) 
effect under similar circumstances. The use of a thermocouple or rectifier 
in place of the telephone receiver allows reasonably accurate measurements 
to be made on the effective amplitude of the disturbance. 

It had been known for some time among amplifier technicians that the 
"noise" increases as the input resistance is made larger. A closer study of 
this phenomenon revealed the fact that a part of the noise depends on the 
resistance alone and not on the vacuum tube to which it is connected. The 
true nature of the effect being then suspected, the temperature of the re-

1 Johnson, Nature 119, p. SO, Jan. 8,1927; Phys. Rev. 29, p. 367 (Feb. 1927). 
2 The possibility that under certain conditions the heat motion of electricity could create 

a measurable disturbance in amplifiers has been recognized on th'eoretical grounds by W. 
Schottky (Ann. d. Phys. 57, 541 (1918)). Schottky considered the special case of a resonant 
circuit connected to the input of a vacuum tube, and concluded that there the effect would be 
IilO small as to be masked by the small-shot effect in the tube. 
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sistance was varied and the result of that test left little doubt that the 

thermal agitation of electricity in the resistance element was being observed. 

Further experiments led to the expression of the effect by a formula which, 
except for a small difference in the numerical constant, was the same as that 

later developed by Dr. H. Nyquist3 on a wholly theoretical basis. 

The chief results of the measurements may be summarized as follows. 
The mean-square potential fluctuation over the conductor is proportional 

to the electrical resistance and the absolute temperature of the conductor. 

I t is independent of the size, shape or material of the conductor. Its apparent 

magnitude depends on the electrical characteristics of the measuring system 
as well as on those of the conductor itself. The quantitative data yield a 

value for Boltzmann's gas constant which agrees well with that obtained by 

other methods. I t is the purpose of this article to describe in more detail 

these results and the methods by which they were derived, and to discuss 
the limit which the phenomenon imposes on amplification by vacuum tubes. 

EXPERIMENTAL METHOD AND ApPARATUS 
The significance of the mathematical expression for the effect will be 

developed with the aid of the generalized circuit diagram of Fig. 1. Z is the 
conductor under investigation, A the amplifier to which it is connected, J the 

thermocouple ammeter. The amplifier A is characterized by a complex 

z A 

Dl I n I 
I 
I 

Fig. 1. Simplified diagram of the circuit. 

J 

transfer admittance Yew), defined as the ratio of output current to applied 

input voltage at any frequency w/27r = f. The complex impedance of the 

element Z has a real resistance component R(w) which is also a function of 

the frequency. The random fluctuation of potential across the input ele

ment, arising from the thermal motion of its electric charges, should give 

rise to a mean-square current 12 in the thermocouple according to the 
equation4 

(1) 

T is here the absolute temperature of the input element and k is Boltzmann's 

gas constant. 

3 Nyquist, Phys. Rev. 29, 614 (1927); 32, 110 (1928). 
4 Nyquist. Phys. Rev. 32, 110 (1928), Eq. (6). 
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The value of the integral in this expression may be found by graphic 
ntegration of the curve formed by the experimentally determined values of 

R(w) I Yew) 12 plotted against w. In most of the present work the input 
element Z was a high resistance in parallel with its own shunt capacity and 
that of its leads and of the input of the amplifier. In such a combination the 
real resistance component R (w) is related to the pure resistance Ro and the 
capacity C according to 

(2) 

Two cases now arise. If the input element and the amplifier are so chosen 
that R (w) does not change much over the frequency range of the amplifier, 
then it is permissible to use the mean value of R (w), obtained to a sufficient 
degree of approximation by replacing w by Wo, the frequency of maximum 
amplification. The factor R (w) can then be placed outside the sign of inte
gration and Eq. (1) becomes 

2kTRo foo 
12 I yew) I 2dw. 

1r(1+wo2C2Ro2) 0 
(3) 

. If, on the other hand, R(w) cannot be considered constant over the frequency 
range then the integral must be used as it stands in Eq. (1). The method of 
determining the various quantities involved in these expressions 1, 2 and 3 
will be taken up as the apparatus is described in greater detail. 

The amplifier which was used consisted of six stages of audion tubes, 
suitably coupled, and chosen according to the voltage and power require
ments of their various positions. The coupling between tubes was done, with 
the exception of one interstage, either by transformers or by choke coils and 
condensers. The exception was a coupling consisting of either a resonant 
circuit, as shown in Fig. 2, or a band-pass filter, used for the purpose of 
limiting the amplification to a selected band of frequencies. A comparatively 

Fig. 2. Diagram of the resonant coupling. 

narrow frequency band was admitted by the resonant circuit, the width of 
the band depending on the relative magnitude chosen for the various com
ponents of this system. The band-pass filter, on the other hand, had the 
frequency range of 500 to 1000 periods per second, with a much sharper cut
off at the limits than the simple resonant circuit. 

The amplifier was enclosed in a steel cabinet. It was elaborately shielded 
against electric, magnetic, acoustic and mechanical shocks, but it was not 
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always entirely free from these disturbances. Regeneration was apparently 
negligibly small. 

The last tube of the amplifier was coupled by a transformer to a vacuum 
thermocouple, used with a microammeter as the indicating instrument. 
The couple was calibrated against a direct current meter of established 
accuracy. Conveniently, the deflection of the mkroammeter was closely 
proportional to the square of the current in the thermocouple. 

For the calibration of the amplifier, current sufficiently free from har
monics was obtained from a vacuum tube oscillator. The current was 
measured by a thermocouple similar to that used in the output. An attenu
ator of the type described by A. G. Jensen5 was used so that a known fraction 
of the current was passed through a resistance of one ohm connected across 
the input of the amplifier, producing a known input voltage. The correspond
ing output current was observed. Here, however, a certain correction had 
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Fig. 3. Typical resonance curve. 

to be applied. The amplifier itself, and chiefly the first vacuum tube, pro
duced a disturbance which caused the output meter to deflect even without 
any external source of input voltage. This "zero deflection" was observed 
frequently and was subtracted from the total deflection. This could be done, 
since the mean-square currents added linearly in the deflection, and the 
value of the mean-square current was desired. The quantity 1 YeW) 12 was 
then given by the ratio of the mean-square output current to the mean-square 
input voltage, which in turn was the ratio of the corrected output deflection 
to the input deflection, times a multiplier derived from the attenuator setting 
and the calibrations of the couples. Depending on whether absolute or only 
comparative measurements were to be made, the determination of I yew) /2 
was done at a series of frequencies or only at the single frequency of maximum 
amplification. In the latter case the factor / Yew) 12 was only a sort of amplifi-

5 Jensen, Phys. Rev. 26, 118 (1925). 
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cation factor which served as a check on the constancy of the amplifier, while 
in the former case it was used in the determination of the integral of Eqs. (1) 
and (3). 

A typical curve of amplification factor versus frequency is shown in 
Fig. 3, obtained from the data for one particular condition of the resonant 
circuit. The area under curves of this type, establishing the value of the 
integral, was measured by a planimeter. Since, however, the curves could 
not be plotted for the full range of the integrals, from zero to infinite fre
quency, it was necessary to estimate that part of the total area which was 
limited by the extremes of the characteristic curves. Some of the curves 
were actually carried out so far (that of Fig. 3, for instance, from 200 to 2200 
periods per second) that the further extension to infinite and to zero fre
quency would have added an almost certainly negligible amount to the 
total area. Other curves extended only far enough to delimit the greater 
part of the area, and to the area under these was added a correction arrived 
at by comparison with the more extensive curves. 

An alternating current bridge was used for measuring the resistances Ro 
and the capacities C at the frequencies involved. The capacities were of the 
order 50 mmf. for the input to the amplifier, 10 mmf. for the resistance and 
from 5 to 150 mmf. for the leads. The effective resistance of the input (grid 
to filament of the first amplifier tube) was of the order 15 megohms. The 
measurements of input resistance and capacity were made while the re
sistance unit was connected in the input of the amplifier, and the amplifier 
was in the normal operating condition. 

Temperature baths were prepared in Dewar flasks when it was desired 
to keep the resistances at a temperature other than that of the room. The 
heating or cooling agents were boiling water, melting ice, solid carbon 
dioxide in acetone, and old liquid air. The temperatures were measured by a 
platinum resistance thermometer. 

There remain to be described the resistance units upon which the experi
ments were done. These were chosen so as to include materials of different 
properties, such as high or low resistivity, positive or negative temperature 
coefficient, metallic or electrolytic conduction, light ions or heavy ions. In 
value the resistances ranged from a few thousand ohms to a few megohms. 

For values of more than one-half megohm commercial "grid leak" re
sistances were used, made with India ink on paper. Another type of com
mercial product, made of carbon filament wound on lavite, covered the range 
of resistance below one megohm. Platinum and copper resistances were used 
in the form of thin films deposited on glass by evaporation. A resistance of 
nearly a half megohm was made of Advance wire, wound non-inductively. 
This was provided with a tap so that one-third or two-thirds of it could be 
used. 

Electrolytic resistances were made of aqueous solutions of the salts NaCI, 
CUS04, K2Cr04, Ca (N03)2, and of a solution of sulphuric acid in ethyl 
alcohol. Glass tubes about 15 cm long, some of capillary size and some 
larger, were filled with the different solutions of such strength as to give them 
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all about the same resistance, and this was repeated with another resistance 
value. 

MEASUREMENTS AND RESULTS 
A considerable part of the work consisted of comparative measurements 

in which the characteristics of the amplifier did not need to be known. In 
these circumstances only the maximum amplification was determined. It 
was convenient in such cases to think of the resistance as impressing on the 
amplifier a mean-square potential "0. By this method of comparison was 
determined the fact that the phenomenon is independent of the material and 
shape of the resistance unit .and of the mechanism of the conduction,6 but 
does depend on the electrical resistance. A few of the results are reproduced 
in Fig. 4. They are expressed in terms of p, the apparent mean-square 
potential fluctuation, plotted against the resistance component R (w). The 
points lie close to a straight line. The quantity W= y2/R(w), which may be 
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Fig. 4. Voltage-squared vs. resistance component for various kinds of conductors. 

called the power equivalent of the effect, is independent of all the variables 
so far considered, including the electrical resistance itself. 

The effect of the shunt capacity C across the conductor is sho�n in Fig. 5. 
In this case the abscissae are the measured values of resistance Ro, the circles 
marking the observed values of the apparent "0. These values of y2 reach 
a maximum and then actually decrease as the resistance is indefinitely in
creased. Obtaining a factor of proportionality K from the initial slope of the 
curve and using the measured value of C and w for the calculation of "0 = 
KR (w) =KRo/ (1+W2C2Ro2), the expected values of V2 were calculated. 
These are represented by the curve in Fig. 5. The course of the calculated 
curve agrees well with that for the observed points. The agreement was also 
verified by using a fixed resistance and adding known shunt capacities up 
to as high as 60,000 mmf. 

6 Resistances such as thermionic tubes and photoelectric cells, perhaps all resistances not 
obeying Ohm's law, are exceptions to this rule. In these the statistical conditions are different. 
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The effect of the temperature of the resistance element was studied 
chiefly by the same comparative method that was used for the varied re
sistances. The experiments were done on the Advance wire resistance and 
on carbon filament resistances over the temperature range from -180aC 
(liquid air) to 100ae (boiling water). They were also done on two liquid 
resistances made of alcohol and sulphuric acid, covering a range of tempera-

I'> 
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Fig. 5. Voltage-squared vs, resistance with fixed shunt capacity; frequency 635 p.p.s., 
capacity 577 mmf. 

tures from -72ae to 90aC. The resistance values used in the computations 
were those measured at the various temperatures. Advance wire and carbon 
filaments changed very little in resistance over the temperature range used 
for them, while that of the liquid elements changed tremendously, increasing 
for lower temperatures. In all cases, however, the virtual power V2/R(w) 
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Fig, 6. Apparent power vs. temperature, for Advance wire resistances. 

was proportional to the absolute temperature of the resistance element. 
Fig. 6 shows graphically the results for the three Advance wire resistances. 
The other resistances gave values falling closely on the same straight line 
as these. 

There is finally to be recounted the verification of Eqs. (1) and (3) 
as they involve the electrical properties of the measuring system. The method 
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of obtaining the frequency characteristic of the amplifier, the graphic integra
tion of this curve and the corrections that were applied, have already been 
described. For these determinations the amplifier was altered in various 
ways, but usually by changing the resonant circuit forming one of the 
interstage couplings, or by replacing this circuit by the band-pass filter. 
The natural frequency of the resonant circuit was changed, by means of the 
inductance or condenser, over the range of 300 to 2000 periods per second. 
The sharpness of resonance was varie'd by changing either the resistance 
in the resonant circuit or the inductance in series with this circuit and the 
tube. The area under the characteristic curve could thus be made larger or 
smaller over a considerable range. 

The input resistance element, in all of this work, was kept at only slightly 
above room temperature. It was of the "grid leak" type for most of those 
measurements in which the resonant circuit was employed, while the Advance 

TABLE I. Determination of Boltzmann's Constant. 

No. f T R(w) J: J yew) J2dw J: J yew) j2R(w)dw b.S J2 k 

p.p.s. OK XlO-s X 10-10 X 10-16 % XI06 XI016 

1 1010 298 .526 .213 12.0 2.7 1.27 
2 2023 " .470 .272 26.2 2.8. 1.15 
3 1418 " .508 .361 15.6 3.8 1.09 
4 " " " .188 42,3 1.8 .99 
5 295 " .548 .252 3.3 3.1 1.18 
6 " " " . 202 15.8 2.0 .95 
7 302 " " .221 12.4 2.7 1.18 
8 " " " .195 15.3 2.3 1.13 
9 653 " .541 .747 6.8 10.4 1.14 

10 " " " .645 12.9 8.6 1.30 
11 1418 " .508 .286 18.5 3.5 1.26 
12 " " " .161 41.3 1.7 1.09 
13 1465 " .505 1.93 18.7 21.2 1.14 
14 " " " 1. 75 20.3 19.1 1.14 
15 635 " .541 .594 8.8 8.9 1.46 
16 " " " .139 35.0 2.1 1.47 
17 " " " .597 10.9 7.8 1.28 
18* 643 295 .44± .439 0 11.0 1.38 
19 645 297 " .396 0 11.1 1.49 
20 1830 301 " .913 0 19.8 1.13 
21 500-

1000 299 " .831 0 25.9 1.64 
22 " 300 " .662 0 21.5 1.70 
23 " 300 " .832 0 26.0 1.63 

* The resonance curve for this determination is that reproduced in Fig. 3. 

wire resistance was used as input element in connection with the band-pass 
filter. The resistance and capacity of each was measured accurately in situ, 
the resistance being of the order of one-half megohm. 

The results will be presented in terms of the value of Boltzmann's con
stant k, as calculated from the data according to Eqs. ( 1) or (3). The last 
column of Table I contains these calculated values, while in the other 
columns of the table are indicated some of the experimental conditions 
involved in each determination. The columns of the table indicate, in order, 
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the resonance frequency or frequency range of the selective circuit, the tem
perature and the ohmic value of the input resistance component, and the 
value of one or the other infinite integral. The column under AS contains 
the part, in percent, which the estimated area contributes to the total 
integral. 12 is the current-squared observed in the thermocouple. 

The average of the values of k in the last column of the table is 1.27 X 10-16 
ergs per degree, with a mean deviation of 13 percent. The average is 7.5 
percent lower than the accepted value1 of k, 1.372 X 10-16 ergs per degree. 
The series of measurements, therefore, yields a value of k which is correct 
within the mean deviation. I believe, however, that the method is capable of 
a much higher accuracy than that obtained here. This leads to a discussion 
of the possible sources of error. 

An inspection of the tabulated data reveals no systematic relation of the 
value of k to the numbers in any one column, except that the results of the 
last three measurements, made with the band-pass filter, are higher than the 
rest. The deviations are apparently distributed at random. Among the 
quantities which enter Eq. ( 1) there can be little question of the accuracy 
of the temperature T and the resistance component R(w). The error is 
therefore to be sought in the current-squared, 12, and in the integral of 
/ Yew) /2dw. The latter is indeed open to the criticism that the correction 
term for the area was often large and therefore uncertain, but this cannot 
be held against the last six determinations. It is possible, because of feed
back through the internal capacities of the tubes, that the amplification of 
the system was not the same when the resistance alone was connected across 
the input as when this was shunted by the low resistance of the calibration 
circuit. It is not clear, however, how such a change in amplification could 
make the values of k sometimes too large and at other times too small. The 
other debatable factor, ]2, may be questioned in two respects. There was a 
"zero reading," due to tube noise, amounting usually to about ten percent 
of the total reading of the meter used for measuring ]2. This zero reading, 
however, was always quite constant. The total reading, on the other hand, 
was not constant but fluctuated over a range comprising about five percent of 
the total reading. This unsteadiness might be caused by disturbances 
generated either within the amplifier or coming from the outside, or it might 
represent a natural fluctuation in the phenomenon itself. Two different pro
cedures were used in obtaining the reading. At first a single datum was used, 
taken after watching the needle for perhaps thirty seconds. Judgment placed 
this value nearer the lower limit of the excursion of the needle, since distur
bances would tend to make the readings high. For each of the last six sets of 
measurements, Nos. 18 to 23, the average of a series of readings was used. 
The meter was read at about one hundred equally spaced intervals of time, 
before and after obtaining the frequency characteristic of the system. The 
average of these readings was slightly greater than that arrived at by judging 
the undisturbed position of the needle. 

7 Int. Crit. Tables, v. 1, p. 18. 
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Whatever the cause of the deviation, the fact remains that there is 
essential agreement in all respects between the theory and the experimental 
results. It is remarkable that the same apparatus by which iUs possible to 
determine the charge on the electron by means of the small-shot effect, can 
by a slight change in procedure be made to yield an independent measure
ment of Boltzmann'.s gas constant. 

TECHNICAL ASPECTS OF THE PHENOMENON 
Since the thermal agitation places a limit on what can be done by ampli

fiers, it will be of interest to discuss this limit in terms more commonly used 
than those of Eq. (1). It is more convenient to speak of a disturbance to an 
amplifier as a voltage fluctuation at the input than as a current fluctuation 
at the output which has been used here. A voltage fluctuation across the 
input of the amplifier cannot, in general, logically be derived from Eq. (1). 
Certain simplifying conditions may be assumed, however, which make such 
a derivation plausible. Let us take a circuit having constant amplification 
over the frequency range II to j2, zero amplification outside this range. The 
input resistance component may be assumed to have the constant value R 
within the frequency range of the circuit. Eq. (1) may then be written 

12= (2 kTRY2/1I")(W2-Wl) =4kTRV2(j2-/I) = 4kTR(j2-jl)J2/V2, (4) 

where V is the r.m.s. voltage, having any frequency within the pertinent 
range, applied at the input of the amplifier, and I is the current produced at 
the output of the circuit. Now the voltage V may be given such a magnitude 
that the corresponding output current-squared equals that produced by the 
thermal agitation in the resistance R. the value of V2 can then be considered 
equivalent to the voltage-squared generated by the thermal agitation and 
may be denoted by V2• Eq. (4) becomes 

[2 = 4kT R(/2 -/I)[2/V2 ; 

V2=4kTR(/2-/I) = WR ; 

W= V2/R=4kT(h-/I}. 

(5) 

(6) 

W is the virtual power, which in its effect on the output meter is equivalent 
to an actual power of this value dissipated in the input resistance. For an 
amplifier operated at room temperature and covering the approximate voice 
frequency range of 5000 cycles this power is 

W =4X 1.37X 1O-16X300X5000X 10-7=0.82X 10-16 watt. 8 

If the input resistance is one-half megohm the mean-square voltage fluctua
tion is V2=WR=0.82XlO-16XO.5X106=0.41XlO-lo (volts)2, to which 
corresponds an apparent input voltage of 6.4 microvolts. A value very close 

8 The value of 10-18 watt given in the cited notes was for the narrower frequency band 
of a resonant circuit� 
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to this was actually observed when the experimental amplifier was given 
approximately the characteristics assumed here. 

For input elements other than pure resistance the problem cannot be 
handled in this simple way, but Eq. (1) should still apply as it has been seen 
to do in the case of the resistance-capaCity combination. When a resonant 
circuit was used in the input, however, the observed value of 12 was some
what greater than that computed from the characteristics of the system. 
The difficulty was, no doubt, that it was impossible by means conveniently 
at hand to shield the inductance coil well enough against magnetic dis
turbances of external origin. 

Towards the problem of reducing the noise in amplifiers caused by 
thermal agitation the theory makes three suggestions. The first is the use 
of a low input resistance. This factor, however, is not usually entirely at 
our disposal, being influenced by the apparatus which supplies the small 
voltage that is to be amplified. Secondly, the input resistance may be kept 
at a low temperature. This expedient, too, has practical limitations since 
the elements which make up the input resistance cannot always conveniently 
be confined in a small space. The third possible way to reduce the noise 
consists in making the frequency range of the system no greater than is 
essential for the proper transmission of the applied input voltage.9 For 
the purpose of detecting or measuring a voltage of constant frequency and 
amplitude one may go to extremes in making the system selective and 
thereby proportionately reducing the noise. One may, for instance, make 
use of the great sharpness of tuning obtained by means of mechanical rather 
than electrical resonance. When, however, the applied voltage varies in 
frequency or amplitude, the system must have a frequency range large 
enough to take care of these variations, and the presence of a certain level 
of noise must be accepted. Beyond this, the chief value of the knowledge 
gained here lies in the ability it gives to predict the lower limit of noise in 
any case, so that the impossible will not be expected of an amplifier system. 

The noise of thermal agitation is usually the predominant source of dis
turbance in a well constructed amplifier. Thermionic tubes, however, pro
duce a noise of the same nature, which may exceed the thermal noise when 
the input resistance component is small. This tube noise is a result of 
fluctuations in the space current of the tube.lO When tubes are operated at 
too Iow a filament temperature the greater part of these fluctuations are 
caused by the phenomena named by Schottky "small-shot effect"and " flicker 
effect." In tubes operated with full space charge limitation of the current, 
the small-shot effect and flicker effect are largely or perhaps entirely sup
pressed by the space charge. Under these conditions, and with the grid 
connected directly to the filament, there is still a remanent fluctuation of 
current in the tube. In a rough way the amount of this disturbance may be de-

9 The principle holds for disturbances of other kinds, cf. J. R. Carson, Bell System Tech. J. 
4,265 (1925). 

10 Johnson, Phys. Rev. 26, 71 (1925); A. W. Hull, Phys. Rev. 25, 147 (1925); Phys. R�v. 
27,439 (1926); W. Schottky, Phys. Rev. 28, 74 (1926). 
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scribed in terms of the resistance Rc which when connected between the 
grid and filament of the tube would cause an equal disturbance in the am
plifier, so that the total noise is given by the relation 

(7) 

The order of magnitude of this resistance Re, for a tube connected for opera
tion in the range of voice frequencies, may be estimated from the working 
formula 

(8) 

the symbol M standing for the effective amplification of the tube in combina
tion with its external output impedance, ip for the space current in the tube 
measured in milliamperes. Consider, as an example of this rule, a tube having 
a space current ip = 0.5 milliampere and an amplification factor Mo = 30, 
working into an external impedance equal to its own internal plate resistance. 
The effective amplification is then M = 15, and the minimum noise of the tube 
should be equal to that of a resistance Re = 5,000 ohms in the grid circuit of 
the tube. If the tube works into an amplifier such as was previously con
sidered this tube noise is therefore equivalent to an effective voltage of .9 
microvolt impressed on the grid of the tube. It is not suggested that the 
predicted minimum noise can be attained with every tube. Many tubes, 
defective in some way or other, have noise levels much higher than the mini
mum. It is seen, however, that with the best tubes, properly operated, the 
tube noise is important only when the resistance component of the input cir
cuit is smaller than the equivalent resistance Re. With resistances greater 
than this the thermal agitation should contribute the preponderant part of 
the noise.ll 

It is interesting to note that in another field of measurements the effect 
of the thermal agitation of charge in conductors has made itself felt. A group 
of workers12 in the Netherlands observed that the deflection of a highly 
sensitive string galvanometer executed random deviations from the zero 
position. They ascribed this phenomenon, evidently correctly, in part to 
"Brownian motion of current" in the galvanometer system. Since then the 
phenomenon has been further investigated,13 both theoretically and experi
mentally, with the conclusion that with a galvanometer the measurement of 

11 In my earlier paper (I.e. 10) the relation of noise to amplification for a number of tubes 
is shown in Fig. 13. When these data were obtained a resistance of one-half megohm was con

nected betu'een the grid and filament of the tube, a connection which was thought more normal 
than having no resistance in the grid circuit. The lower limit of noise appears therefore to 
have been "resistance noise" rather than "tube noise" as this term is now used. Since the 
noise was measured at the output of the amplifier it is natural that the observed noise should 
have increased with increasing amplification constant of the experimental tube. 

12 W. Einthoven, F. W. Einthoven, W. van der Holst & H. Hirschfeld, Physica 5, 358 
(1925). 

13 J. Tinbergen, Physica 5, 361 (1925); G. Ising, Phil. Mag. 1, 827 (1926); F. Zernike, 
Zeits. f. Physik 40, 628 (1926); A. V. Hill, J. SC. Instr . 4, 72 (1926). 
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direct current of less than 10-12 ampere becomes unreliable, just as the 
alternating potential of 10-6 volt marks a critical region for amplifiers. 

In conclusion, I wish to acknowledge my indebtedness to Dr. O. E. 
Buckley for the helpful criticism he has given during the course of this work; 
and to Mr. J. H. Rohrbaugh for assistance in the measurements. 

BELL TELEPHONE LABORATORIES, INCORPORATED, 

December 20, 1927.* 

'" Received April 19, 1928. Ed. 
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Introduction 

The recent rapid improvement of oscillator pha se 
noise has resulted in significantly more stringent re
quirements for signal handling equipment. However, in
formation concerning the phase noise performance of the 
two most important types of c ircuits - amplifiers and 
mixers - is often difficult to find. Some general princi
ples are prese nt ed which allow one to estimate the phase 
noise performance of an amplifier. Also�techniques are 
described which permit one to obtain the best possible 
results from the traditional double balanced mixer. A 
measureme nt set- up which has 15 to 25 dB improvem ent in its 
noise floor is shown in detail to illustrate proper mixer 
drive and termination. Although traditional circuits can 
with extreme care achie,.e 5.t. '" -175 dB or slightly better, 
this is not suff ici en t for all pres en t requirements. One 
technique to obtain an addit ional impr ovement of 10 to 
40 dB in measurement system noise is to reduce the mixer 
and amplifier contributions to the noise floor by the use 
of correlation techniques. A circuit to accomplish this 
is discussed along with some prel imi nary res ult s. 

One of the most frequently n eeded systems in the 
study and use of oscillators is the phase-lock loop. 
However, since the performance of this system is often 
incidental to the ultimate goal of the experimenter, e.g. 
the measurement of phase noise, the design of such a 
system is sometimes given too little consideration, re
sulting in Unanticipated difficulties and wasted time. 
The design of an extremely simple phase-lock loop which 
is sui table for almost all high stability oscillator ap
plic ations is discussed with particular attention to the 
advantaqes over more traditional circuits. 

I. PHILOSOPHY OF LOW NOISE AMPLIFIER DESIGN 

If an amplifier were driven from a n oiseless oscil
lator, the n the output phase spectr um would typically 
have a flicker noise region at low frequencies and a 
white noise region at higher frequencies. The break be
tween the two is usually between one and one hu ndred Hz 
and the white noise extends out to the bandwidth of the 
amplifier. The source of the white noise �du1ation can 
be identifi ed and the magnitude estimated, but sim ilar 
generalizations can not be made for the flicker noise. 
Nevertheless, empirical guidel ines can be established 
which should ensure against unnecessarily poor fli cker 
noise performance. 

Provided that the integrated notse of the 
amplifier over its entire bandwi dth is small comp ared to 
the s1gnal power, half t he thermal noise power contrib
utes to the phase modulation of the si gnal. Thus the 
spectral density of phase fluctuations due to 
noise of the amplifier is 

(1) 
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where S i s the spectral density of the noise power and 
Ps is tRe power available to a matched load. For Johnson 
noise, the most common si tu ation, 

S : kT : 4 x 10-21 J o 

and the achie�ab1e phase noise performance is -184 dB 
below a 1 rad /Ilz for a 1 Vrms signal from a 500 source. 

In contrast to the white phase noise which is added 
to the carrier by the amplifier, the flicker phase noi se 
is produced by direct phase modulation in the active 
element. It has been found empirically that a transistor 
stage which does not use emitter degeneration typically 
has phase noise given by S, ( f) = 10-11 rad2/f. However 
the use of local RF negativ e feedba ck can reduce this 
noise power by as much as a factor of 10�.[l] Passive 
elements can also contribute to the flicker phase noise. 
Electrolytic, cerami c .  and silv er mica capacitors and carbon 
composition resistors can give excessive flicker noise 
and should only be used in non- critical location s. 

Three deSign requirements for low phase noise ampli
fier design fOllow from the above discussion. Firstly, 
each stage of an amplifier must incorporate emitter de
generation to minimize the flicker phase modulation. 
Secondly, critical passive components should be examined 
for excessive phase noise. Finally, the Signal level 
must be always maintained at a high enough level to 
achieve the desired white phase noise level. 

In order to illustrate the influence of this philos
ophy on the design of a

.
n amplifier, a new 1so1ation ampli

fier is described. This amplifier was develo ped to p ro
vide a high degree of isolation between very low phase 
noise RF s ignals which are usea to compare atomic ana 
other frequ ency standards . 

II. WIDE-BAND LOW-NOISE ISOLATION AMPLIFIER 
The amplifi er shown in Figure 1 is desig ned to op

erate from one to several hundred megahertz. In order 
to minimize current drain a method of achieving high 
isolation which used a small number of stages was 
needed. This requirement was satisfied by a cascaded 
pair of common base transistor stages, Ql and Qz A 
signal applied to the output port p ropa gates towards 
the input through the collector- base capacitance of Q1. 
The 2N3904 was selected because of its small outpu t 
capacitance, 4 pF. Since the base of Q1 is grounded 
through a capacitor and the emitter looks into the high 
output impedance of the pr eceding st8ge, the si gna l is 
low pass f iltered. A second stage of filtering is per
formed by the transistor Qz in the same way. It 
is also possible for a Signal to propa gat e from th e 
output to input through t he bias chain. Transmission 
through this path is reduced to the same level as trans
mission through the transistor chai n by the cascaded low 



pass filters. Typical isolation which is achieved is 
greater than 120 dB at 5 MHz degrading to 100 dB at 50· 
MHz. 

The common emitter input stage determines the col
lector current of the transistors. The 27Q dc emitter 
resista nce produces an average collector current of 
40 mAo Noise performance is generally best when the 
amplifier operates well within the class A region. With 
a 50Q load this amplifier can produce an output of nearly 
1 Vr m� (13 dBm) with minimum distortion. The gain of the 
amplifier is determined by the load resistance and the 
unbypassed portio n. 27Q, of the emitter resistance. With 
the values shown, the full output swing occurs for an 
input of approximately 1.5 Vptp . 

The white noise floor which one would estimate for 
this amplifier is S = -184 dB. The measured noise 
floor is shown as c�rve A of Figure 2. The noise floor 
appears to be only - 174 dB, but since this level cor
responds to the measurement system noise it can only be 
said that the a mplif ier is not worse than this. The 
measured flick�r phase noise of the amplifier is 
S� = 10-14 rad If. This performanc e level is reached 
because each transistor has a reasonable amount of local 
RF negative feedback. The emitters of Q1 and Q2 both 
look into the high dynamic impedance of the preceding 
stage while the emitter of Q3 has the unbypassed 27Q 
resistor. For a given app lication, this unbypassed re
sistor should be made as large as possible, limited 
only by the necessity of having full output voltage 
swing. 

In addition to achieving low noise levels it is 
necessary to minimize microphonics and pickup of power
line frequ encies and other sig na ls. For this reason. no 
use has been made of filter inductors or coupling trans
formers. It is also possible that temperature changes 
could cause sufficient collector current variation to 
degrade th e flicker performance. As a result, the 
diode has been included in the bias chain to further 
stabilize the collector current. It should be placed in 
ph ysica l contact with transistor Q3' The amplifier has 
been constructed on a double sided printed circuit board 
measur ing 3.25 em x 9 em. The art work for this circuit 
board is available from the authors. 

III. DOUBLE BALANCED MIXERS AND PHASE 
NOISE MEASUREMENT SYSTEMS 

The most common and also most sensitive method of 
measuring phase noise is to use a double balanced mixer. 
If the input ports are driven by quadrature signals. 
then the output voltage is proportional to the phase 
devia tion of the input Signals from the quadrature con
dition. The spectral density of the phase noise can be 
calculated from the very Simple expression 

S
t

et) =rv�f)j 2 (2) 

where Y� ( f) is the noise deosity in units y2/HZ at the 
output of the mixer and Vs is the sensitivity of the 
mixer in V/rad. 

A variety of circuits for the measurement of phase 
noise have been discussed extensively in the literature. 
Here we will look closely at specific problem areas 
common to all circuits using double balanced mixers: 
components, input drive levels and output termination. 
Data are presented which show that proper treatment 
of these details results in a 15 to 25 dB improvement in 
the performance of phase noise measurement systems. 

Figurp � shows a typical double balanced mixer. 

The best performance has been obtained with units which 
use hot carrier diodes in the ring. Some differences w�y 
also rp.sult from the type of transformers i n  the coupling 
circuits. The noise observed at the output of the mixer, 
consisting of mixer and ampl ifier contributions, is nearly 
constant over a range of input power level. However, the 
output signal, proportional to the phase fluctuations, 
increases with the drive power. The best signa1-to-noise 
ratio for Fourier frequencies in the white noise region 
is obtained at very high drive levels. For one type of 
mixer, using a single diode in each arm, the best noise 
floor was obtained with approx ima tel y 30 mA rms current 
at each input. This drive level ex ceed ed the manufac
turer's maximum drive current specification. The optimum 
drive is not necessarily the same for all Fourier fre
quencies . The same mixer performed best. below 40 Hz at 
lower drive level. Since such a double balanced 
mixer is a dynamic impedance the average drive curren t 
does not sufficiently describe the operating conditions. 
The optimum method of coupling to the mixer also depends 
upon the output impedance of the signal source. Although 
the use of SOn pads to attenuate the drive level is tradi
tional, a series resistor whose value is chosen to set 
the desired current often gives superior performance. 
The improvements which are observed may be due to reduced 
ringing of the drive currents. 

The signa1-to-noise ratio at the mixer output is also 
a ffected by the type of termination used. Since the mixer 
has a low output impedance. near 5QQ, the dc termination 
must be high impedance compared to son. Failure to ob-
serve this may result in 6 dB or more loss in signal level. 
However, it has been determined empirically that the mixer 
must be terminated differently at RF. In the circuit shown � 
Figure 4 the impedance to ground at the output of the mixer 
is 1 kn at dc and approximately 50n at 10 MHz. The net 
result of the high drive level and the output termina tion 
is illustrated in Figure 5, whi ch shows the beat frequency 
between the two oscillators in Figure 4 at low drive 
level ( sin ewave) and high drive level ( clipped waveform ) . 
The slope of the clipped wav eform at the zero crossings is 
more than twice the slope of the sinewave. It follows 
from Eq. (2) that the noise floor is improved more than 
6 dB by this technique. The increase in slope is not real
ized without appropriate termination, but the optimum cir
cuit has not been determined. The noise floor achieved 
with the circuit of Figure 4 is shown in curve C of 
Figure 2. The spectral density of phase is -lS0 dB at 
1 Hz and drops to a floor of -176 dB. 

Several other special circumstances may occur. One 
may wish to measure the signal from a device which has 
insufficient output power to drive a double balanced 
mixer. Figure 6 shows a simple buffer a mpl ifier which 
may be used under the circumstances. In keeping with the 
stated philosophy of amplifier design, this circuit can 
drive a mixer with a nominal 50Q input impedance with a 
1 Vrms signal in class A Qperation. The mixer input im
pedance appears as an unbypassed ,00n in the emitter 
circuit which results in excellent flicker noise perform
ance. As shown in curve B of Figure 2, the spectral den
sity of phase is -149 dB at 1 Hz and falls off to the 
noise floor of the measurement system. The 10 dB improve
ment in flicker noise over the previously described 
isolation amplifier is probably due to the greater emit
ter degeneration or lower intrinsic flicker noise in the 
2N5943 transistor compared to the 2N3904 or both. The 
2N5943 was suggested for use in this circuit by Charles 
Stone of Austron Inc. 

If the device being tested is capable of more output 
power than a standard double balanced mixer can accept, 
then it is possible to achieve even lower noise floors. 
Provided the driving voltage exceeds about 1 Vrms' it is 
possible to use a high level mixer. Such a device has 
more than one diode in each leg of the ring and is there
fore able to achieve hi9her output voltage without a 
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corresponding increase in the noise. The circuit dia
gram of the mixer in Figure 3 shows two diodes in each 
leg. Using a mixer with three diodes per leg a noise 
floor of -184 dB was achieved with a drive level of 
1.6 Vrms. If the oscillator's output impedance is low 
but the voltage is insufficient to drive a high level 
mixer a step-up transformer can be used to obtain the ap
propriate drive voltage. Since the signal and noise 
power increase by the same ratio. the spectral density 
of phase of the device under test is unchanged but the 
noise floor of the measurement system is reduced. 

IV. CORRELATION TECHNIQUE 

With all of the improvements described the tradi
tional double balanced mixer phase noise measurement 
system is unable to resolve the noise floor of the best 
oscillators and amplifiers. 

If times 20 or more frequency multiplier chains with 
noise levels 20 dB below that of the measurement system 
shown in Figure 2 were available. then that would solve the 
present problem. So far we are unaware of such multi
plier chains. although some prototype multiplier chains 
show white noise floors 5 to 10 dB below Figure 2. It 
would also be convenient if the measurement system were 
broadband so as to accept carrier frequencies from ap
proximately 1 to 100 MHz. Figure 7 shows the block 
diagram of a phase noise measurement system which is in
herently very broadband and also has the capability of 
improving the measurement system noise by at least 20 dB. 
It consists primarily of two equivalent traditional phase 
noise measurement systems. 

At the output of each double balanced mixer there 
is a signal which is proportional to the phase differ
ence. A+. between the two oscillators and a noise term. 
VN' due to contributions from the mixer and amplifier. 
The voltages at the input of each bandpass filter are 

Vl{BP filter input) = Al A+(t} + C1VN1(t) 

V2(BP filter input) = A2 A+(t) + C2VN2{t) 
(3) 

where VNl(t) and VN2(t) are substantially uncorrelated. 
Each bandpass filter produces a narrow band noise func
tion around its center frequency f: 

V1(BP filter output) � AI[S
+

(f)]� BI� cos [2�ft + ,(t)] 
+ Cl[SVNl(f)]� Bl� cos [2�ft + nl(t) ] (4) 

V2{BP filter output) � A2[S.(f)]� B2� cos [2�ft + ,ttl] 
+ C2[SVN2(f)]� B2� cos [2�ft + nl(t)] 

where Bl and B2 are the equivalent noise bandwidths of 
filters 1 and 2 respectfully. Both channels are band
pass filtered in order to help eliminate aliaSing and 
dynamic range problems. The phase! yet), nlet) and n2(t) 
take on all values between 0 and 2� w i th equal likeli
hood. They vary slowly compared to llf and are substan
tially uncorre1ated. When these two voltages are multi
plied together and low pass filtered only one term has 
finite average value. The output voltage is 

V�ut z 1/2 AIA2 S.(f) Bl�2� + ol<COS[�(t) -nl(t)]> 
( 5) 

+ o2<COS[�(t) - n2(t )]> + D3<cos[n1(t)-n2(t)J>. 

For times long compared to Bl-�2-� the noise terms 01. D2 
and D tend towards zero aslf. Limits in the reduction 
of thise terms are usually associated with harmonics of 
60 Hz pickup, dc offset drifts. and nonlinearities in 
the multiplier. Also if the isolation amplifiers have 
input current noise then they will pump current through 
the source resistance. The resulting noise voltage will 

appear coherently on both channels and can't be distin
guished from real phase noise between the two oscillators. 
One half of the noise power appears in amplitude and ' 

one hal f in phase modulation. 

Curve A of Figure 8 shows S.(f) for the mixer and 
dc amplifiers in Channel 1 and 2 when used separateiy. 
The mixers in this case have three diodes in each leg 
instead of the two shown in Figure 3 and are driven 
with approximately 5 Vptp at 5 MHz from 10n source im
pedance using 330 series resistors. Curve B Figure 8 
indicates the correlated component of this noise between 
the two channels. In order to predict performance in a 
specific measurement using this scheme, the noise level 
of the i solation amplifiers used would have to be added 
to Curve A and proportionately to Curve B. 

The above data clearly indicate that significant im
provements over any presently existing phase noise meas
urement system can be obtained using correlation tech
niques. Such improvements are vitally necessary in order 
to measure present state-of-the-art Signal processing 
equipment and to test future components and circuits. 
The simple single frequency correlator used in this ex
periment could be replaced by a fast digital system 
which would Simultaneously compute the correlated phase 
noise for a large band of Fourier frequencies. Ultimate 
noise floors could probably be reduced 40 dB below the 
noise level of a single channel. 

'V. PHASE-LOCK TECHNIQUES 

One of the most ubiquitous elements of phase noise 
measurement systems is the phase-lock 100p.[2,3] When 
the phase noise of a pair of oscillators is measured a 
phase-lock loop is normally used to maintain a condition 
of approximate phase quadrature. For accurate measure
ments it is necessary to keep the phase error less than 
about 1/6 rad despite any initial frequency offset be
tween the two oscillators or any frequency drift during 
the course of the measurement. The phase-lock loop is 
usually the most neglected element of the measurement 
system because its purpose is only tangential to the 
measurement requirements. As a consequence it often 
performs marginally. In this section the requirements 
for a phase-lock system are discussed and an extremely 
simple yet elegant circuit is presented which more than 
meets these requirements. 

A specific example illustrates the problem: Design 
a feedback loop to lock a 5 MHz VCO to a reference os
cillator with a unity gain frequency of .16 Hz and cal
culate the open loop frequency difference for phase error 
of 1/6 rad. The VCO has a tuning rate of 5 x 10-3 Hz/ V 
and the phase deviation from quadrature. One solution. 
the first order phase-lock loop, is shown in Figure 9. 
The 50n resistor and 0. 1 \IF capacitor are for proper ter
�ination of the mixer and do not contribute appreciably 
to the frequency res ponse of the phase-lock loop. The 
open loop gain of this servo is 

where Gamp(w) is the frequency response function of the 
amplifier. For the first order loop the ampli fier has 
constant gain and the open loop gain of the servo system 
falls off at 6 dB/octave at all frequencies as shown in 
the dashed Curve of Figure 10. This type of response 
results from the fact that a phase error measured at the 
mixer is corrected by changing the frequency of the VCO, 
i.e .• the feedback loop contains one inherent integration. 
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To produce a unity gain frequency of 0.16 Hz, or an 
attack time of one second, requires amplifier gain of 185. 
The loop produces negligible correction for Fourier fre
quencies greater than 1 Hz and may therefore be used to 
make phase noise measurements in this frequency range. 
The open-loop frequency offset which corresponds to a 1/6 
rad phase error is 

�v = (1/6 rad) ( O.ll V/rad ) ( 5 x 10-3Hz/V)(185) 

= 2.5 x 10-2 Hz (7) 

or only 5 parts in 109 at 5 MHz. It is often difficult 
to achieve and maintain such a small frequency offset. 
However. the following circuit increases the dc gain of 
the feedback loop by 105 and decreases the phase error 
proportio nal ly . The improved performance is achieved by 
adding a stage of quasi-integration which makes a second 
order loop as shown in Figure 11. The first stage of 
amplification is the same as in the first order loop. 
The second stage has gain equal to R1/Rz for Fourier 
frequencies larger than 1/(2wRjC1). If R1C1exceeds 
the attack time of the first order loop the new phase
lock loop is stable. It is critically damped when 
R 1 C 1is approximately four times the attack time and 
has good step response for R1 C l between 1 and one and 
five times the attack time. The solid cu rve in Fig-
ure 10 is the magnitude of the open loop gai n of the 
second order loop assum i ng RI = R2• Figure 12 compa res 
the step response of a first order loop to that of a 
second order loop with R1C1equal to the attack time. 

The second order loop increases th e long-term gain 
by the open loop gain of the second operational ampli
fier prov i ded that the leakage resistance, RL• of the 
capacitor is suff i cientl y large. The open loop fre
quency offset between the two oscill ators which can be 
tolerated is therefore increased to a limit determined 
either by the maximum voltage swing of the second amp
lifier or the maximum tuning available in the VCO. The 
second order loop can be implemented with a Single op
erational amplifier rather than the two which were shown 
for clarity. In this caSe the attack time is adjusted 
by varying the input resistor , R2• of the operational 
amplifier. Az and omitti ng amplifier Al in Figure 11. 
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Fig. 1. Schematic of 1 MHz to 200 MHz isolation 

amplifier. The isolation is -120dB at 5 MHz. Artwork for 

this amplifier is available from the authors. 
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Fig. 2. Spectral density of phase, Scf>(f), for: 

A) the isolation amplifier of Fig. 5 at 5 MHz, 
B) the buffer amplifier of Fig. 6 at 5MHz, 
C) Noise floor of the measurement systems of Fig. 4 
with a single diode mixer. 



Double-balanced Mixer 

• 

Fig. 3. Schematic of a double-balanced mixer. This 

particular mixer is shown with two diodes in each leg. 
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Fig. 5. Filtered waveform at the output, 'X' port of 

double-balanced mixer due to frequency difference 

between the signals at 'R' and 'L' ports. The solid curve 

is obtained at high drive levels while the dashed curve is 
obtained at low drive levels. 

Phase Noise Measure

ment System Using 

Correlation Technique 

Fig. 7. Block diagram of a 

new phase noise measure

ment system that is broad

band and features low noise. 

Phase Noise Measurement System 

Fig. 4. Typical system for measuring S¢ (f) of a pair of equal 

frequency oscillators. The noise floor for this system is shown in 

Fia. 2. curve 'C'. 
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Fig. 6. Very low noise buffer amplifier that can be used to drive 

mixers. The noise performance is shown in Fig. 2, curve 'B'. 
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Fig. 8. Curve 'A' shows SI/>(f) for each channel of the 
measurement system of Fig. 7 excluding the isolation 
amplifiers. Curve '8' shows the correlated component of 

S(/>(f) between the two channels. 
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Fig. 10. The dashed curve shows the open-loop gain 
of the first order phase-lock loop of Fig. 9,while the solid 
curve shows the open-loop gain of the second order 
phase-lock loop of Fig. 11. 
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First Order Phase-lock Loop 
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Fig. 9. Schematic of typical first order phase-lock loop . 
Loop attack time is adjusted by changing amplifier gain. 

Second Order Phase-lock Loop 
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Fig. 1 1. Second order phase-lock loop. The attack time 
is adjusted by changing the gain as in Fig. 9. The time 
constant R1C1 is adjusted to be 1 to 5 times longer than the 
attack time 
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Phase-lock Step Response 
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Fig. 12. The dashed curve shows the response of the first 
order phase-lock loop of Fig. 9 to a phase step, while the 
solid curve shows the response of the second order phase
lock loop of Fig. 11, with R1C1 = the attack time. 
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Ye have recently comple ted a new modular system for accurate measurements of 
phase noise in oscillators. amplifiers. frequency synthesizers, and passive 
components. This new system is capable of measuring the phase noise at 
carrier frequencies from 5 MHz to 1.5 GHz. 1.S to 26 GHz, and 33 to SO GHz. 
Other frequency ranges can be measured using external mixers to convert the 
signals into one of the above frequency ranges. The analysis bandwidths 
vary from 0.1 Hz to �O, of the carrier frequency up to a maximum of about 1 
GHz. Extensive internal calibration of the system is used to correct for 
all gain variations with analysis frequency including phase-locked-Ioop and 
cable-loss effects. We have also included a precision noise source to 
calibrate the spectral density functions of the spectrum analyzers. As a 
part of this program we have deve loped a method for determining the biases 
in the various spectrum analyzers as a function of noise type and the 
confidence of the spectral density estimates. We also investigate the 
effect of amplitude noise and phase delays on phase noise measurements. The 
combination of all these features makes it possible. under favorable 
conditions, to measure phase noise in various signal handling components and 
sources to an accuracy of 1 dB over very wide analysis bandwidths. Detailed 
descriptions of the new calibration procedures. including a sample table of 
uncertainties, are given . High accuracy determinations of phase noise can 
be used to compute accurate va lues of short-term, time-domain frequency 
stab il ity . 

'Revised from wAccuracy Kodel for Phase Noise Measurements-, Proc. of 21st 
Annual Precise Time and Time Interval Conference. 1989. 

Contribution of the U.S. Government; not subject to copyright. 
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INTRODUCTION 

We have developed a new.concept for the measurement of phase noise offering 
much higher accuracy and bandwidth than was possible using previous 
approaches (1-4]. This new approach makes it possible to measure phase 
noise over bandwidths that approach 10, of the carrier frequency (up to a 
maximum frequericy of about 1 GHz) with an accuracy ·that i!:xceeds 1 dB. under -

most conditions. The wide bandwidths and the higher accuracy are necessary 
to adequately characterize new equipment used in very wide bandwidth 
communication. navigation. and measurement systems. To achieve these new 
goals. it was necessary to develop a method to calibrate virtually every 
aspec t of the measurement process, to reconsider the effects of residual 
amplitude noise, and to examine the confidence of spectral estimates for 
non - white noise. 

MODEL OF A NOISY SIGNAL 

Equat ion 1 shows the simple model of the signal of a source where the 
frequency fluctuations are very small compared to the average frequency , Wo 
and the fluctuations in the ampl itude are very small compared to the average 
amplitude, Vo. The amplitude variations are incorporated into ret) and the 
phase or frequency fluctuations are incorporated into ;(t) [5,6): 

(1) 

I 
The phase noise of such a source is often expressed in terms of S.(f). the 
spectral dens i ty of phase fluctuations. St(f) can be understood a� the one
sided, mean·squared phase fluctuation. 6_ (f), measured at a rouri�r . 

frequency separation, f. from the carrier in a measurement bandwidth BW. 

s, (f) = (2) 

Equations 3 and 4 show the relationship between S.(f) and several commonly 
used expressions for frequency or phase fluctuation. !(wo-f) is the 
single-sideband phase noise at a frequency, f, be low the carrier while 
l(vo+f) is the single sideband noise at a frequency. f. above the carrier. 
There may be conditions under which the upper sideband is not equal to the 
lower sideband . S,(f) is the spectral density of fractional frequency 
fluctuations. 

(3) 

O<f<- (4) 
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These measures fully characterize the random variations of the phase of a 
precision source. The time domain characterization of the frequency
fluctuations are usually expressed in te rms of the Allan variance. D�(r). or 
the modified Allan variance. Hod u:(r). Both variance. can be accurately 
determined by an integration of S7(f) or equivalently S.(f) as shown below, 
where the measurement time is n - tlmes the minimum measurement time, ro� and 
fb is the measurement bandwidth; - - An accuracy of-1 dB in determining S. (f) 
corresponds to about 10, accuracy in de termining Dy{r) or Hod D.,(r). 
Numerical inte gration techniques have been used to extend earlier work and 
calculate the ratio of Hod a�(r) to DI,{r) for all the common noise types 
found in oscillators and measurement systems as shown in figure 1 [7-11]. 
This makes it possible to transform from a,(r) to Mod D.,(r) and back for 
virtual ly any value of n. Kod a,(r) averages the high-frequency-phase-noise 
components of white-phase and flicker-phase noise faster than a.,(r). This 
can be very use ful in measuring the long -term performance of a source which 
has high frequency noise components [4-9]. The inversion of D.,(r) or Mod 
a.,{r) to obtain S.{f) has re latively poor precision due to the integral 
nature of the time domain measures. These inversions are 

D, (nr 0 ) = df )a, and (5) 

Mod (I., (n,. 0 ) = 

(6) 

Equation (6) can be simplified [7] to 

(7) 

o 

Cenerally. the effect of the time variations on the signal amplitude, V(t), 
as characterized by the power spectral dens ity of amp litude fluctuations, 
Sa(f), are ignored in the measurement of S.{f). However, S a {f) often sets 
the lower limits for the measurement of added noise in devices and in 
determining the noise floor of measurement systems. S.(f) is given by 

S (f) = 
6(2 (f) 

• V 2 BV o 
(11Hz) (8) 

and includes the contribution from both sidebands. ,(2{f) 15 the mean-
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squared amplitude fluctuation measured at a Fourier frequency separation, f, 
from the carrier in a measurement bandwidth, BV. 

PHASE NOISE KEASUREKENT SYSTEM 
Figure 2 shows a block diagraa of our-new-modularphase-noise-measurellent 
system for measuring phase noise in oscillators, ampUfiers , frequency 
synthesizers and other devices. As presently configured, three front end 
units cover the bands of 5 to 1500 KHz, 1.5 to 26 GHz, and 33 to 50 CHz . 

Other frequency ranges can be easily added by the installation of cables 
which carry the appropriate reference frequencies as discussed below, or by 
using external mixers to heterodyne the frequencies into the range of one of 
the three present front ends. Using this latter approach makes it possible 
to extend the range to cover the entire millimeter range and most laser 
frequencies as well. 

All three front ends feature directional couplers for continuous monitoring 
of the frequency or power of the iriput signals. They also have internal 
phase shifters for use in making measurements of the noise floor or the 
phase added by signal handling components . The power meter covers 100 kHz 

to 50 GHz while the counter covers 0.001 Hz to 26 GHz. The modulation 
reference source covers 0.1 Hz to 1 CHz. The low-phase-noise frequency 
reference has outputs at 5, 10, 100, N x 500 KHz (1 s N s 30). 10.6 CHz, 
21.2, GHz and 42. 4 GHz. There is also a low-noise frequency synthesizer 
which cover 10 kHz to 1.28 GHz. 

The system can be run manually from the front panels of the various 
instruments or run from an AT-compatible microprocessor. The microprocessor 
makes it easy to per,form a wide variety of calibrations. to correct for 
variations in the vari ous instruments over the frequency range of interest. 
As with previous systems, a mixer is used to transform phase variations to 
voltage variations that are measured by various spec trum analyzers [1-4]. 
The signal from the mixer in each of the front ends is switched to a common 
amplifier that has several output channels. Each is optimized to drive a 
particular measurement instrument. There are three spectrum analyzers, a 
100 MHz dig it al oscilloscope and a multipurpose counter. By far the most 
difficult task is to determine, with an accuracy of 0.5 dB, the sensitivity 
of the mixer for converting small phase variations to voltage variations for 
Fourier frequencies from dc to about 1 GH z .  In previous approaches the 
mixer calibration was accomplished with amplifiers that were very flat with 
frequency and by calibrating the mixer conversion sensitivity using the beat 
frequency method 11,2]. This 15 possible for Fourier frequencies which are 
very small compared to the carrier , but extremely difficult at higher 
Fourier frequencies due to the dependence of the reactive impedance of the 
mixers on termination and source characteristics (2). Our new method 
overcomes this difficulty. 

BASIC MEASUREMENT PROCESS 

The first step in the measurement of phase noise between two oscillators is 
to adjust the input drive levels of the signal and referen'ce channels to 
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between +13 and +23 dRm.' Next we use the beat frequency method to cali brate 
the absolute sensitivity for transforming small variations in phase to 
voltage varIatIons at the output of the scope channel shown in figure 3. 
The period of one beat cycle (2. rad) is determined using the digital 
oscilloscope . The oscilloscope is then used to digitize the beat signal and 
determine the average slope at approximately ± 0.05 radians of the zero 
crossing. The oscilloscope channel uses a re lative ly low - gain (22 dR) 
operational amplifier with high slewing -rate and' dyriaJilc ringe. --thfs - 

measurement is done at a low beat frequency where the frequency response of 
both the mixer and the amplifier is constant. The sensitivity at the output 
of the oscilloscope channel is just 

(volts/rad) (9) 

Ye measure both the positive-going and the negative-going zero crossings to 
verify that they are equal to better than 10,. If they are not the same the 
mixer may be damaged or there may be significant injection pul ling which 
would i nvalidate the slope mea$urements � The injection pulling can be 
reduced by increasing the beat frequency. Whe n the beat signal is no isy, it 
1s averaged with the digital oscilloscope to improve the pre cision of the 
measurement. Typical ly, this measurement i s accurate to better than 1" 
which corresponds to ± 0.09 dB in the determination of S.(f). 
The tuning sensitivity of one of the oscillators is then determined using 
the counte r and a programable. voltage-bias source. This measurement, along 
with the determination of kd' is used to calculate the appropriate gain and 
integration times to'close the phase lock loop (PLL). The dc output voltage 
from the mixer, divided by kd' yi el ds the phase deviation from quadrature. 
This phase offset is cont inuously monitored to verify that it does not 
exceed 0.1 rad. If th is limit is exceeded, an error message is sent to the 
operator. The phase noise data are also tagged with the peak phase 
deviation during the entire run. This is intended to help in the detection 
of large phase excursions during the measurements wh ich would Invalidate the 
data . 

Once the phase lock is executed and the phase deviations from quadrature are 
verified to be less than ± 0.1 rad . a spec ial phase modulator Is used to 
determine the relative gains of all the amp l ifiers over the entire range of 
Fourier frequencies o f  interest . A schemat ic diagram of the phase 
modulator, which is used in each front end to generate phase modulation on 
the re ference carrier signal, is shown in fi gure 4. A small po rtion of the 
input carrier signal is c oupled into a processing channel us ing a 
direct ional coup l er . This signal is phase sh ifted, bi - phase amplitude 

modulated using a double balanced mixer. and reinserted into the carrier. 
If the phase shift Is such that the reinserted signal is at precisely 90· to 
the carrier. the resu l ting modulation is phase modulation with negligible 
amplitude modulation. This is illustrated by the vector diagram in figure 
2. This special condition of nearly pure phase modulation· is obtained in 
practic e by monitoring the signal after the pha�e modulator and ac tively 
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adjusting the phase shift until the amplitude modulation i. minimized. This 
eliminates the need to actually measure the phase shift. The adjustment 
need only be made at the beginning of a measurement, since it is very 
stable. 

Figure 5 shows the variation in the amplitude of the phase modulation tones 
introduced by three phase modulators of -the" type sbown tn" figure 4 as'"a 
function of the frequency of the modulation. This figure shows that it is 
poss ible to insert phase modulation tones (on the carrier) that are constant 
in ampl itude to ± 0.5 dB from dc up to 5 to 40\ of the carrier frequency . 

The difference in performance is evidently related to the stand ing - wave 
ratio introduced by the components. 

To calibrate the relative gains of the various measurement channels . the 
frequency of the modulat i on is swept over the range of Fourier frequencies 
of interest. and the response of the various measurement instruments is 
recorded . The ratio of the response of the instruments is then the rela tive 
ga in . This corrects for frequency-dependent effects in the mixer and 
amp lifiers. the effect of the PLL on the low frequency &ains, cable losses. 
and even errors in the internal-voltage references of the instruments. 
Since the absolute response of the osc illoscope channel -was determined 
above . using the beat frequency method. the sensitivity of all the other 
channels can be calculated. The repeatability of the measurement of the 
relat ive gains of the amplifiers and their measurement instruments is 
typically better than ± 0.02 dB up to 32 KHz and about ± 0.2 dB up to 0.5 

GHz. 

The spectral density function of the low-frequency spectrum analyzer is 
verified using the qoise source shown in figure 6 where the output is 
proportional to the Johnson noise from a meta l-film resistor. The gains "of 
the amplifiers are determined to 0.05 dB from the ratios of resistors. The 
noise density output is known to ± 0.14 dB from 20 Hz to 20 kHz. At higher 
frequencies the noise ga in of the amplifiers becomes important and is 
compensated to 0.2 dB out to 100 kHz. Figure 7 shows a calibration of the 
spectral density function of the low-frequency spectrum analyzer for several 
different window func tions (12). The Hanning window has proven to be· the 
most suitable for measuring noise while the RFlattened-Peak w indowR is best 
suite� for the measurement of discrete peaks [12]. The primary uncertainty 
in the 20 Hz to 20 kHz region is the temperature ; ± 10 K corresponds to ± 
0.14 dB in the noise dens i ty . The effect of the input"- nois e current and 
added-noise voltage of the amplifier is determined by measuring the output
noise density for input terminati ons of 10' ohms. 220 pF in paralle l with 44 
x 106 ohms and a short. This noise source can be injected into the output 
of the mixer and used with the rela tive gains to verify the measurement 
bandwidths of the other two spectrum analyzers. 

The next step in the process is to measure the noise voltage on the three 
spec trum analyzers. This data is stored and later scaled by the relative 
gains and measurement bandwidths to obtain S.(f). The statIstical 
confidence of the data is calculated using the method outlined previously 
[121. For the low- frequency spec trum analyzer . which is a fast-Fourier-
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transform (FFT) device," the confidence interval i. virtually independent of 
the noise type (If the first few channels are neglected), and Is given by 

5 = 5.(1 ± iN> (10) 

where 5 is the true spectral den'sity, S� -the- -measured "s
'
pe"ctrai "'density ,": and':

N the number of independent samples averaged together. For the other 
spectrum analyzers . which use sweeping techniques, the confidence interval 
is roughly the square root of the ratio of the measurement bandwid th, before 
the detector. to the smoothing bandwidth. Accurate determinations of the 
confidence intervals for specific instruments can be obtained using (12). 

CORRECTIONS FOR NOISE FLOOR. 3-CORNER HAT 

The above procedure determines only the phase noise BETWEEN the two 
oscillators plus the noise floor of the measurement system. and does not. by 
itself, determine the noise of either oscil lator . All we can say with 
certainty is that the phase noise of both oscillators is less than the 
measured value. To determine the phase noise of each unit. it is necessary 
to evaluate several additional terms which c ontr ibute to the apparent phase 
noise as shown in equation [11] and to measure bo th of the oscillators 
against another source of nearly equal noise performance. 

(11) 

where [A�A(f)-A�I(f)]2 is the mean-squared phase fluctuations between the 
two ports of the mixer and the three VD terms represent the amplitude noise 
of the mixer. the amplifier. and low pass filter. and the noise of the 
spectrum analyzer scaled by the amplifier gain. SaA(f) is the amplitude 
noise of source A and �� is the sensitivity of the mixer for converting 
amplitude noise into voltage noise at the output of the mixer. S •• (f) 
represents similar terms for source B.  For simple oscillators the amplitude 
noise of a source is generally no worse than the phase noise. This 
condition does not necessarily hold true for complex systems with automatic 
leveling circuits. Equation [11] can be simplified to 

(1 2) 

The noise floor of the measurement system when driven by source A alone (A m 
B) is given by 
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(l3) 

where S� (f)
fP. 1. the added phase noise of the power splitter. 

The term result1ngfrom the ph&.� ditf���pce between the"�o ports of the 
mixer drop out except for a new term which results from the 90· phase 
difference (between the ports) that 1s necessary for the mixer to operate 
properly. This results in a dephasing of the phase noise o f  the source 
between the two ports of the mixer. The portion of the source appearing 
across the mixer increases as f2 and has the character of a delay�line, phase
noise-measurement system. This tera is very important in wide-band. phase� 
noise-measurement systems, and 1s only 16 dB below the source noise for f = 

vo/lO, and � =1 /(4vo ) ' The noise floor 15 also dependent on the amplitude 
noise of the delay source scaled by the conversion sensitivity of mixer. 

Figure 8 shows one approach to measuring ampl itude noise. The conversion 
sensitivity of the diode detector and the amplifier gain can be determined at 
a specific carrier frequency and power level using & substitute source that 
can be amplitude modulated. If the amp litude modulation �ignal is of the 
form, 

v = Vo (1 + Acos ot]cos wt (14) 

where the relative power at the modulation frequency 0 is �/2 assuming Ao«l 
and a linear detector. The signal detected at the spectrum analyzer is 

(15) 

where C2(a) is the square of the voltage gain of the amplifier at frequency a, 
and K!H(vo,Vo,a) is the conversion sensitivity of the diode. S

!
(f) of the 

source of interest is then determined using the same GZ(f) and RAM' The value 
of S.A(f) determined by th is approach is an upper limit" since it does not 
directly determine the noise contribution of the diode or the amplifier. 

The noise contribution of the amplifier can be determined by measuring the 
noise �ith no input signal. The measurements of the diode noise can sometimes 

be determined by comparing the results of several low·noise sources. These 
measurements are used to determine S.A(f), S •• (£) and estimate Vn(£). 

Table 1 shows the pair measurement of the phase noise of a frequency 
synthesizer against a low-noise quartz oscillator at 5 MHz. The amplitude 
noise was measured using the scheme shown in figure 8. At low Fourier 
frequencies the amplitude noise is lower than the phase noise. However, at 
higher Fourier frequencies, the amplitude noise is higher than the phase 
noise. When the noise floor of the measurement system was measured, the noise 
floor was relatively high. By determining the mixer sensitivity for 
converting amplitude noise Into output-voltage noise we could approximate the 
noise floor from the measured amplitude noise by S.(f)IA �f. This shows that, 
in some circumstances, it is the amplitude noise and not the phase noise of 
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the source that limits differential measurements such as the system noise 
floor or the phase nola. added by a component. 

The relative contributions of sources A and B to the pair measurement of 
equation 12 is dete rmined by measuring both sources aga inst another source, C. 
The phase noise of C should be roughly comparabl. or lower in phase noise than 
those of A or I. Equation 16 shows how these measurements can be combined 
with measurements of the noise floor and the amplitude noise to yield an 
unbiased estimate of S.(f) for source A. 

(16) 

Table 2 shows the results of a precise calibrat ion of the phase noise of a 100 
MHz frequency synthesizer against a low - noise quartz oscillator. The analysis 
covers the range from 32 Hz to 10 KHz or lOt of the carrier frequency. The 
column showing �odulation level indicates the modulation level detected on the 
two spectrum analyzers used for thi s  calibration. The absolute sensitivity of 
the mixer multiplied by the gain of the oscilloscope channel at 100 Hz was 
12.8 dR. The difference between the gain of the oscilloscope channel and the 
FFT channel was 14.3 dB. Combining these calibrations y i e lds the values for 
the pair measurements of S.(f). Also listed is the amplitude noise of the 
frequency synthesizer (source A). The sensitivity of the mixer for converting 
the amp litude noise into output noise was -25.3 dR. When th is is combined 

with the measured amplitude noise, the result is much below the measured phase 
noise. This result indicates that amplitude noise h as negligible affect on 
the phase noise of these measurements. Direct measurements of the noise floor 
of the system. using 'the synthesizer as the driving source, indicate that the 
noise floor of the system also has negligible effect on the measured phase 
noise. Measurements of the phase noise against another source show that the 
phase noise of the synthesizer is 20 to 30 dB above the noise of the crystal 
oscillator (source R). The last column shows the finaf result of calibration. 

The uncertainties in the various steps of the calibration are listed in Table 
3. The combination of these uncertainties is approximately ± 1 dR. The 
differences between columns 4 and 7 for Fourier frequencies of 50. 70, and 100 
kHz are indicative of the s tati s tica l uncertainties of the noise spectral 
density measureroen�s from the two channels. 

CONCWSION 

We have outl ined a new concept for the measurement of phase noise which 
features an accuracy of 1 dB under most conditions. and analysis bandwidths of 
approximately 10\ o f  the carrier frequency up to a maximum of 1 GHz. A model 
which contains al l the known contributions to the uncertainties in the 
measurement of phase noise is presented. This new approach uses a new type of 
ultra-flat phase modulator to determine .11 of the frequency dependent changes 
in the response of the mixer. the var ious amplifiers, c able losses, and even 
the interna l calibration of the spectrum analyzers. The role of amplitude 
noise in the sources is also examined. It is shown that under some 
circumstances (especially di fferential measurements such as the noise floor of 
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a system or the phase noise added by a signal processing component) the 
aDlplitude noise of the sources lillits the ability to measure phase noise . It 
was also shown that when measuring the added phase noise of signal-handling 
component., the dephaslng due to the 90· phase shift needed to operate the 
mixer in a linear region, lillits the cancelation ,of the phase noise of the 
source. Combining all of these feature •• we are able. under most conditions, 
to determine the phase noIse of signal sources and sIgnal handling components-
to an accuracy of ± 1 dB. 
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Table 1 .  

MEASUREMENTS OF S, (f) @ 5 KHz SYNTHESIZER VS OSCILLATOR 

f s, (f) Lu S. (f) IAI S. (l) I� 
,ZA Measured 

(Hz) Noise Floor 
(dB Rel Radz /Hz) (dB/Hz) (dB/Hz) dB rel Radz/Hz 

32 -119.8 -126.0 II: -151.0 - 154 . 0 

100 -124.2 - 127 . 0 - 1 54.0 

1 K -132.1 -132.0 • -1 57.0 -158.0 

10 K - 137.3 -133.0 • -158.0 

-136.8 -133.0 I: -158 .0 -158.0 
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I\) 
m Table 2. 

KEASUREKENTS OF S. (F) @ 100 KlIz SYNTHESIZER VS OSCILLATOR 

0.050 to 32 KHz SA. 0.1 Hz to 100 kHz SA. 

Mod Mod 
f Noise level S. (OAB Noise level S. (f) I 

(Hz) (d8V/Hz) (dBV) dB(rad2/Hz) (dBV/Hz) (dBV) dB(radt/Hz) 

10 K -99.1 -1 1.48 -1/18.0 
5 M -96.0 -10.85 -145.6 
2 K -94.8 -10.86 -141 •• 3 
1 K - 92 . 0 -1 1. 33 -1/11 • 1 

300 k -84.7 -11. 93 -133.2 

100 k -85.6 - 1 4 . 63 -131.4 -107.2 - 36 . 07 -131. 5 
70 K - 88 . 4 -17 .01 -131.8 -106.7 - 34.94 -132.2 

SO k ' -91. 5 -20.10 -131.9 -105.8 - 34 . 2 2  -132 . 0 
30 k - 105 . 5 -33.76 - 132 . 1 

..... 
(Q 10 k -106.4 -33.38 -133 . 4 (Q ..... 
z 3 k -105.8 - 33.34 -132.9 0 en 1 k -102.5 - 33 . 49 - 1 2 9 . 4 r 
::a: 300 -102.4 -35.24 -127.6 0 ;;0 100 -102.7 -41.79 -121.3 ;;S;;; en :::I: 32 -102.0 - 47 . 47 - 1 14 . 9 0 ""C II) :::l c.. 
en -< s: ""C 0 en 
c: s: 

AM NOISE NOISE FLOOR RESULT 

SaA (f) .s1 SaA (f) .s1 . S. (f) S. (f)AI 
(dB/Hz) (dB) (dB/Hz) dB(RadZ/Hz) dB (Radz /Hz) 

-164 -148.0 
-160 -145.6 
-152 -144.3 
-150 -141.1 
- 147 -133.2 
-141 -25.3 -166 - 1 6 3 . 0 -131.4 

-132.0 
-132.0 

-142 -167 -163.0 -132.1 
'I , 

-147 -172 ,,-163.5 -133.4 
- 143 -168 ' -'163 . 0 -132.9 
-144 -169 -163.0 -129.4 
- 144 -169 -162.0 -127.6 
-139 -164 -159.0 -121.1 
-135 -160 , ,-155.0 -114.8 
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Abstract

The noise of a device under test (DUT) is measured simultaneously
with two instruments, each of which contributes its own background. The
average cross power spectral density converges to the DUT power spectral
density. This method enables the extraction of the DUT noise spectrum,
even if it is significantly lower than the background. After a snapshot
on practical experiments, we go through the statistical theory and the
choice of the estimator. A few experimental techniques are described, with
reference to phase noise and amplitude noise in RF/microwave systems
and in photonic systems. The set of applications of this method is wide.
The final section gives a short panorama on radio-astronomy, radiometry,
quantum optics, thermometry (fundamental and applied), semiconductor
technology, metallurgy, etc.

This report is intended as a tutorial, as opposed to a report on ad-
vanced research, yet addressed to a broad readership: technicians, prac-
titioners, Ph.D. students, academics, and full-time scientists.
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6.3 Ŝyx = <
{
〈Syx〉m

}
. . . . . . . . . . . . . . . . . . . . . . . . . 18

6.4 Ŝyx =
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Notation

Symbol Meaning
a(t)↔ A(f) background noise of the instrument A
b(t)↔ B(f) background noise of the instrument B
c(t)↔ C(f) DUT noise, i.e., the useful signal
bi coefficients of the power-law approximation of Sϕ(f)

(in AM-PM noise)
dev{ } deviation, dev{x} =

√
V{x}

E{ } mathematical expectation
f Fourier frequency, Hz
f(x) probability density function (PDF)
F (x) cumulative density function (CDF)
F{ } Fourier thansform operator
hi coefficients of the power-law model of Sα(f) or Sy(f)

(in AM-PM noise)
i integer number, often as as an index
ı imaginary unit, ı2 = −1
={ } imaginary part of a complex quantity, as in X ′′ = ={X}
m number of averaged spectra, as in 〈|Syx|〉m
O( ) order of, as in ex = 1 + x+O(x2)
P{ } probability, as in P{x > 0}
PN probability that a value is negative, as in PN = P{x < 0}
PP probability that a value is positive, as in PP = P{x > 0}
Rxx(t′) autocorrelation function
<{ } real part of a complex quantity, as in X ′ = <{X}
Sxx(f) PSD of the quantity x
Syx(f) cross PSD of the quantities y and x
t time
T measurement time
V{ } variance, mathematical expectation of
x(t)↔ X(f) generic variable
x(t)↔ X(f) signal at the FFT analyzer input, channel 1
x(t), y(t) stochastic processes, of which x(t) and x(t) are realizations
y(t)↔ Y (f) generic variable
y(t)↔ Y (f) signal at the FFT analyzer input, channel 2
α(t)↔ A(f) normalized-amplitude noise (in AM-PM noise)
Γ(x) the gamma function used in probability
κ2 PSD of the signal c(t)
µ average (the value of)
ν frequency (Hz), used for carrier signals (in AM-PM noise)
ν no. of degrees of freedom, in probability functions
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σ(τ) Allan deviation,
√

Allan variance (in AM-PM noise)
τ measurement time of the Allan variance (in AM-PM noise)
ϕ(t)↔ Φ(f) phase noise (in AM-PM noise)
χ2 in probability, χ2 = x2

1 + x2
2 + x2

3 + . . . originates the
χ2 distribution

Subscript Meaning
T truncated over the meas. time T , as in xT (t), XT (f)

Superscript Meaning
∗ complex conjugate, as in |X|2 = XX∗

Symbol Meaning
〈 〉 average. Also 〈 〉m average of m values
ˆ estimator of a quantity, as in Ŝyx = 〈Syx〉m′, ′′ real and imaginary part, as in X = X ′ + ıX ′′

↔ transform inverse-transform pair, as in x(t)↔ X(s)
˙ time-derivative, as in ϕ̇(t) (in AM-PM noise)

Acronym Meaning
AM Amplitude Modulation, often ‘AM noise’ (in AM-PM noise)
CDF Cumulative Density Function
DUT Device Under Test
FFT Fast Fourier Transform
PM Phase Modulation, often ‘PM noise’ (in AM-PM noise)
PDF Probability Density Function
PLL Phase Locked Loop (in AM-PM noise)
PSD (single-side) Power Spectral Density

font/case Meaning
uppercase Fourier transform of the lower-case function
rm-bf stochastic processes, as in x(t) is a realization of x(t)
Font/case is used in this way only in some special (and obvious) cases
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1 Introduction

Measuring a device under test (DUT), the observed spectrum contains the DUT
noise, which we can call signal because it is the object of the measurement,
and the background noise of the instrument. The core of the cross-spectrum
measurement method is that we can measure the DUT simultaneously with two
equal instruments. Provided that experimental skill and a pinch of good luck
guarantee that DUT and instruments are statistically independent, statistics
enables to extract the DUT spectrum from the background.

The two-channel measurement can be modeled as the block diagram of Fig. 1,
where a(t) and b(t) are the background of the two instruments, and c(t) the DUT
noise, under the hypothesis that a(t), b(t) and c(t) are statistically independent.
Thus, the observed signals are

x(t) = c(t) + a(t)

y(t) = c(t) + b(t) .

We are interested in the power spectral density1 (PSD), which is a normalized
form of spectrum that expresses the power per unit of bandwidth, denoted with
S(f). It will be shown that the average cross-PSD 〈Syx(f)〉 converges to the
DUT PSD Scc(f), which is what we want to measure.

The idea of the cross-spectrum method is explained in Fig. 2. This figure
builds from the output of the free-running analyzer, after selecting one frequency
(f0). This is a sequence of |Syx(f0)| called realizations, which we average on
contiguous groups of m values | 〈Syx(f)〉m |. The averages form a (slower) se-
quence whose statistical properties depend on m. So, Fig. 2 plots the average
and the variance of the sequence of averages, as a function of m. At small val-
ues of m, the background is dominant and decreases as m increases. Beyond
m ≈ 100, we observe that | 〈Syx(f)〉m | stops decreasing and approaches the
value of 0.1 (−10 dB), which is the DUT noise in this example. The standard
deviation further decreases. The background is dominant below m ≈ 100. Be-
yond, the DUT noise shows up and the estimation accuracy increases, as seen
from the deviation-to-average ratio. Notice that the choice of | 〈Syx(f)〉m | as
an estimator of Syx(f) is still arbitrary and will be further discussed.

All this report is about how and why the cross-spectrum converges to the

1The PSD as a statistical concept will be defined afterwards. Newcomers can provisionally
use Syx(f) = 1

T
Y (f)X∗(f), which is the is the readout of the FFT analyzer. T is the

measurement time.
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Figure 1: Basics of the cross-spectrum method.
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Figure 2: Average and deviation of the cross spectrum | 〈Syx〉m |, as a function
of the number m of averaged realizations of white Gaussian noise. Since the
statistical properties of Syx(f) are the same at any frequency, only one point
(i.e., one frequency) is shown and the variable f is dropped. The DUT noise is
10 dB lower than the background.

DUT noise Scc(f), and about how this fact can be used in the laboratory prac-
tice. The scheme of Fig. 1 is analyzed from the following standpoints

Normal use. All the noise processes [a(t), b(t) and c(t)] have non-negligible
power. We use the statistics to extract Scc(f).

Statistical limit. In the absence of correlated phenomenon, thus with c = 0,
the average cross spectrum takes a finite nonzero value, limited by the
number of averaged realizations.

Hardware limit. After removing the DUT, a (small) correlated part remain.
This phenomenon, due to crosstalk or to other effects, limits the instru-
ment sensitivity.

Though the author is inclined to use phase and amplitude noise as the fa-
vorite examples (Section 8.1 and 8.2), the cross-spectrum method is of far more
general interest. Examples from a variety of research fields will be discussed in
Section 8.3.

As a complement to this report, the reader is encouraged to refer to classi-
cal textbooks of probability and statistics, among which [Fell2, Pap92, Cra46,
DR58] are preferred.

2 Power spectral density

The processes we describe are stationary and ergodic. The requirement that
noise be stationary and ergodic is not a stringent constraint in the laboratory
practice because the words ‘stationary’ and ‘ergodic’ are the equivalent of ‘re-
peatable’ and ‘reproducible’ in experimental physics. Thus, a realization x(t)
has the same statistical properties independently of the origin of time, and also
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the statistical properties of the entire process x(t). Unless otherwise specified,
x(t) is a zero-mean finite-power process. The power spectral density (PSD) of
such processes is

Sxx(f) = F {Rxx(t′)} (1)

where F{ } is the Fourier transform operator,

Rxx(t′) = E {x(t)x(t+ t′)} (2)

the autocorrelation function, and E{ } the mathematical expectation.
As a simplified notation, we use the upper case for the Fourier transform,

and the left-right arrow for the transform inverse-transform pair, thus

x(t)↔ X(f) Fourier transform – inverse transform pair .

The two-sided Fourier transform and spectra are generally preferred in theoreti-
cal issues, while the experimentalist often prefers the single-sided representation.
Though we use the one-sided representation in all figures, often we do not need
the distinction between one-sided and two-sided representation. In most prac-
tical measurements the Fast Fourier Transform (FFT) replaces the traditional
Fourier transform, and the frequency is a discrete variable.

The Wiener-Khintchine theorem for ergodic and stationary processes enables
to calculate the PSD through the absolute value of the Fourier transform. Thus
it holds that

E {Sxx(f)} = E
{

lim
T→∞

[ 1

T
XT (f)X∗T (f)

]}
(3)

= E
{

lim
T→∞

[ 1

T
|XT (f)|2

]}
, (4)

where the subscript T means truncated over the measurement time T , and
the superscript ‘∗’ stands for complex conjugate. By the way, the factor 1

T is
necessary for Sxx(f) to have the physical dimension of a power density, i.e.,
power per unit of frequency.

Omitting the expectation, (3) can be seen as a realization of the PSD. In
actual experiments the expectation is replaced with the average on a suitable
number m of spectrum samples

〈Sxx(f)〉m =
1

T

〈
|XT (f)|2

〉
m

(avg, m spectra) . (5)

As an obvious extension, the cross PSD of two generic random processes
x(t) and y(t)

Syx(f) = F {Ryx(t′)} (6)

is measured as

〈Syx(f)〉m =
1

T
〈YT (f)X∗T (f)〉m . (7)
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2.1 Measurement time T

In practical experiments the measurement time is finite, so we can only access
the truncated version xT (t) ↔ XT (f) of a realization. In order to simplify the
notation, the subscript T for the truncation time will be omitted. Thus for
example we write (7) as

〈Syx(f)〉m =
1

T
〈Y (f)X∗(f)〉m (abridged notation) .

2.2 Why white Gaussian noise

However too simplistic at first sight it may seem, the use of white Gaussian
noise is justified as follows. First, spectrally-smooth noise phenomena originate
from large-number statistics (electrons and holes, semiconductor defects, shot
noise, etc.), which by virtue of the central limit theorem yield to Gaussian
process. Second, most non-white noise phenomena of interest in follow the
power-law model S(f) =

∑
hif

i, hence they can be converted into white noise
after multiplication by a suitable power of f without affecting the PDF, and
converted back after analysis. The idea of whitening and un-whitening a noise
spectrum is by the way of far broader usefulness than shown here. For these
reasons we can take full benefit from the simplicity of white Gaussian noise.
Yet, it is understood that white noise rolls off at some point, so that all signals
have finite power.

3 The cross-spectrum method

Recalling the definitions of Section 1, we denote with a(t) and b(t) the back-
ground of the two instruments, with c(t) the common noise, and with A, B and
C their Fourier transform, letting the frequency implied. Working with real-
izations, we no longer need a separate notation for the process. By definition,
a(t), b(t) and c(t) are statistically independent. We also assume that they are
ergodic and stationary. The two instrument outputs are

x(t) = c(t) + a(t) ↔ X = C +A (8)

y(t) = c(t) + b(t) ↔ Y = C +B . (9)

First, we observe that the cross-spectrum Syx converges to Scc. In fact,

E{Syx} = 1
T E{Y X∗}

= 1
T E{[C +A]× [C +B]∗}

= 1
T

[
E{CC∗}+ E{CB∗}+ E{AC∗}+ E{AB∗}

]

= Scc (10)

because the hypothesis of statistical independence gives

E{CB∗} = 0, E{AC∗} = 0, and E{AB∗} = 0 .
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Then we replace the expectation with the average on m measured spectra

〈Syx〉m = 1
T 〈Y X∗〉m

= 1
T 〈[C +A]× [C +B]∗〉m

= 1
T

[
〈CC∗〉m + 〈CB∗〉m + 〈AC∗〉m + 〈AB∗〉m

]

= Scc +O(
√

1/m) , (11)

where O( ) means ‘order of.’ Owing to statistical independence, the cross terms
decrease proportionally to 1/

√
m.

3.1 Statistical limit

With no DUT noise it holds that c = 0, hence Scc = 0. Maintaining the
hypothesis of statistical independence of the two channels, we notice that the
number of averaged spectra sets a statistical limit to the measurement. Only
the cross terms remain in (11), which decrease proportionally to 1/

√
m. Thus,

the statistical limit is

〈Syx〉m = 1
T 〈AB∗〉m ≈

√
1

m
〈Syy〉m 〈Sxx〉m (statistical limit). (12)

Accordingly, a 5 dB improvement on the single-channel noise costs a factor of 10
in averaging, thus in measurement time. The convergence law will be extensively
discussed afterwards.

3.2 Hardware limit

Breaking the hypothesis of the statistical independence of the two channels, we
are interested in the correlated noise of the instrument, which limits the sensi-
tivity. This can be due for example to the crosstalk between the two channels,
or to environmental fluctuations (ac magnetic fields, temperature, etc.) acting
simultaneously on the two channels. The mathematical description is simpli-
fied by setting the true DUT noise to zero, and by re-interpreting c(t) as the
correlated noise of the instrument observed on unlimited number of averaged
spectra

E{Syx} = E{Scc} (hardware limit) . (13)

Nonetheless, the correct identification of this limit may require non-trivial ex-
perimental skill.

3.3 Regular DUT measurement

The accurate measurement of a regular DUT requires that

1. The number m is large enough for the statistical limit to be negligible

2. The hardware background noise is negligible as compared to the DUT
noise

In this conditions, the average cross spectrum converges to the expectation of
the DUT noise

〈Syx〉m → E{Scc} (DUT measurement). (14)

This is the regular use of the instrument.
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Figure 3: Sequence of cross spectra | 〈Syx(f)〉32 |.

4 Running the experiment

Before getting through mathematical details, it is instructive to start from a
simplified picture of what happens when we run an experiment. For this pur-
pose, we chose Ŝyx = | 〈Syx〉m | as an estimator of Syx, which is often the default
of the FFT analyzer in cross-spectrum mode. This estimator is suitable to be
displayed on a logarithmic scale (dB) because it takes only nonnegative values,
but it is biased. We observe the PSD on the display of the FFT analyzer as m
increases, looking for the signature of Ŝyx converging to Scc.

We restrict our attention to the case of DUT noise smaller than the single-
channel background, as it usually occurs when we need the correlation. The
purpose for this assumption is to make the simulations representative of the
laboratory practice. And of course we assume that the two channels are equal.

4.1 Ergodicity

Averaging on m realizations, the progression of a measurement gives a sequence
of spectra | 〈Syx〉m |i of running index i, as shown in Fig. 3. For a given frequency
f0, the sequence | 〈Syx(f0)〉m |i is a time series. Since Syx(f1) and Syx(f2), are
statistically independent for f1 6= f2, also | 〈Syx(f1)〉m |i and | 〈Syx(f2)〉m |i are
statistically independent. For this reason, scanning the frequency axis gives
access to (a subset of) the statistical ensemble.

Ergodicity allows to interchange time statistics and ensemble statistics, thus
the running index i of the sequence and the frequency f . The important con-
sequence is that the average and the deviation calculated on the frequency axis
give access to the average and deviation of the time series, without waiting for
multiple realizations to be available. This property helps detect when the cross
spectrum leaves the 1/

√
m law and converges to the DUT noise.

Figure 4 shows a sequence of cross spectra | 〈Syx〉m |, increasing m in powers
of two. On the left-hand side of Fig. 4, the DUT noise is set to zero. Increasing
m, the average cross spectrum decreases proportionally to 1/

√
m, as emphasized

by the slanted plane. The 1/
√
m law is easily seen after averaging on the

frequency axis separately for each value of m, and then transposing the law
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Figure 4: Sequence of cross spectra | 〈Syx〉m |.

to each point of the frequency axis thanks to ergodicity. The right-hand side
of Fig. 4 shows the same simulation, yet with the DUT noise set to a value
of 10 dB lower than the single-channel background. At small values of m the
cross-spectrum is substantially equal to the previous case. Yet at m & 100 the
cross-spectrum leaves the 1/

√
m law (slanted plane) and converges to the DUT

noise (horizontal plane at −10 dB). Once again, thanks to ergodicity we can
transpose the average on the frequency axis to each point of the frequency axis.

In the rest of this Section we will refer to a generic point of the PSD, letting
the frequency unspecified. The variable f is omitted in order to simplify the
notation. Hence for example we will write <{Syx} instead of <{Syx(f)}.

4.2 Single-channel noise.

It is explained in Sec. 5 that the single-channel PSD 〈Sxx〉m is χ2 distributed
with 2m degrees of freedom. The average PSD is equal to 1

T V{X} = 1
T V{A}+

1
T V{C}, where V{ } is the variance; the deviation-to-average ratio is equal to
1/
√
m. Of course the same holds for Syy, after replacing A with B.

The track seen on the display converges to the DUT noise plus the back-
ground noise, and shrinks as m increases. The track thickness is twice the
deviation. This fact is shown on Fig. 5. The green plot, labeled |Sxx|, keeps the
same vertical position as m increases, and shrinks.

4.3 Cross-spectrum observed with insufficient m.

When the number m of averaged realizations is insufficient for the DUT noise
to show up, the system behaves as the two channels were (almost) statistically
independent. In this conditions we can predict the spectrum by setting X ' A,
Y ' B and C ' 0, thus E{Syx} ' 0.

The estimator Ŝyx = | 〈Syx〉m | has Rayleigh distribution with 2m degrees of
freedom. Normalizing on the single-channel background E{Sxx} = E{Syy} = 1,
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tions. The parameter g = 0.32 (−10 dB), which is κ in the main text, is the
correlated noise, while the single-channel background is of one.
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and using the results of Sec. 6, we find that

E{Ŝyx} = E{| 〈Syx〉m |} =

√
π

4m
=

0.886√
m

V{Ŝyx} = V{| 〈Syx〉m |} =
1

m

(
1− π

4

)
=

0.215

m
,

and therefore

dev{Ŝyx} =
√
V{| 〈Syx〉m |} =

√
1

m

(
1− π

4

)
=

0.463√
m

dev{Ŝyx}
E{Ŝyx}

=

√
4

π
− 1 = 0.523 (independent of m) .

The track is centered at 0.886√
m

. This is the estimator bias. The track looks as a
horizontal band located at avg ± dev, thus on a logarithmic from 10 log10(1 −
dev/avg) = −3.21 dB to 10 log10(1 + dev/avg) = +1.83 dB asymmetrically
distributed around the average. This is shown on Fig. 5. For m . 100, the
blue plot labeled |Syx| decreases proportionally to 1/

√
m and has the constant

thickness of half a decade (5 dB), independent of m.

4.4 Cross-spectrum observed with large m.

When the number m of averaged realizations is large enough, the background
noise vanishes and the DUT spectrum shows up. The cross spectrum no longer
decreases but the variance still does. Qualitatively speaking, the average is set
by the DUT noise Scc and the deviation is set by the instrument background
divided by

√
m. On a logarithmic scale, the track no longer decreases and starts

shrinking. This is shown on Fig. 5 for m & 100, blue plot labeled |Syx|.
The above reasoning can be reversed. The simultaneous observation that

the cross spectrum stops decreasing, and shrinks is the signature that the aver-
aging process is converging. The single-channel background is rejected and the
instrument measures the DUT noise (or the hardware limit, which is higher).
This fact is of paramount importance in some measurements, where for some
reasons we cannot remove the DUT.

5 Estimation of Sxx

The measurement accuracy depends on three main factors, instrument cali-
bration, instrument background (front-end and quantization), and statistical
estimation. Only the latter is analyzed in this Section.

As a property of zero-mean white Gaussian noise, the Fourier transform
X = X ′ + ıX ′′ is also zero-mean Gaussian, and the energy is equally split
between X ′ and X ′′. Restricting our attention to a generic point (i.e., to an
unspecified frequency), the PSD is

E{Sxx} =
1

T
E
{
|X|2

}
=

1

T
E
{[
X ′ 2 +X ′′ 2

]}
.
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For use in this Section we define

ς2 = E{Sxx} ,

which is the power in 1 Hz bandwidth. Since X ′ and X ′′ are zero-mean
Gaussian-distributed random variables, a single realization

Sxx =
1

T

[
X ′ 2 +X ′′ 2

]

follows a χ2 distribution with two degrees of freedom. After our definition of
ς2, we find that

V{X ′} = V{X ′′} =
T

2
ς2 .

because Sxx includes a factor 1
T . This is seen on the “scaled χ2” column of

Table 2, after setting ν = 2 (degrees of freedom) and σ = 1
2T ς

2. On that Table
we find that E{Sxx} = 1

T νσ
2, which is equal to ς2, and that V{Sxx} = 1

T 2 2νσ4,
hence

V{Sxx} = ς4 .

Averaging on m realizations of Sxx

〈Sxx〉m =
1

m

m∑

i=1

1

T

[
X ′ 2i +X ′′ 2i

]
,

we notice that 〈Sxx〉m has χ2 distribution with 2m degrees of freedom. Using
the right-hand column of Table 2, we find V{〈Sxx〉m} = 1

m ς
4. The uncertainty

(standard deviation) is therefore

dev{〈Sxx〉m} =
1√
m
ς2

dev{〈Sxx〉m}
E{〈Sxx〉m}

=
1√
m

.

Figure 6 shows an example PDF of the spectrum averaged on m realizations.
The χ2 distribution is normalized for the standard deviation to be equal one.
Increasing m, the PDF converges to the normal distribution and shrinks.

Finally, we may find useful the following normalization

Saa = 1 (background) Scc = κ2 (DUT) .

Expanding X = X ′+ıX ′′ = (A′+C ′)+ı(A′′+C ′′) we notice that X is zero-mean
white Gaussian noise, and that

E {〈Sxx〉m} = 1 + κ2 dev {〈Sxx〉m} =
1 + κ2√

m
.

6 Estimation of Syx and noise rejection

It is obvious from Eq. (5) that the spectrum Sxx(f) takes always real positive
values, even if averaged on a small number of realizations. Since some kind of
fundamental noise is always present in a physical experiment, the probability
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Figure 6: Probability density function f(x) of the PSD averaged on m realiza-
tions.

that Sxx(f) nulls at some frequency is zero. Conversely, the cross-spectrum
Syx(f) is a complex function that converges to the positive function Scc(f) only
after averaging on a sufficient number m of realizations, as seen in Eq. (11).

In numerous practical cases we need to plot Syx(f) on a logarithmic vertical
scale, which is of course impossible where Syx(f) is not positive.

• In radio engineering virtually all spectra are given in decibels, which re-
sorts to a logarithmic scale.

• When the spectrum spreads over a large dynamic range, only a compressed
scale makes sense. The logarithmic scale is by far the preferred represen-
tation.

• Numerous spectra found in physical experiments follow a polynomial law
because the time-domain derivative (integral) maps into a multiplication
(division) of the spectrum by f2. On a logarithmic plot, a power of f
maps into a straight line.

• It is explained in Section 4 that running the experiment, average and
deviation of the instrument noise are ruled by the same 1/sqrtm law until
the number of averaged realizations is sufficient for Syx(f) to converge to
Scc(f). This is most comfortably seen on a logarithmic scale.

Thus, we need to extend Section 5 to the cross spectrum, discussing the suitable
estimators. The estimator may introduce noise and bias. In everyday life a
better estimator may save only a little amount of time, and in this case it
could be appreciated mainly because it is smarter. Oppositely in long-term
measurements, like timekeeping and radioastronomy, a single data point takes
years of observation. Here, the choice of the estimator may determine whether
the experiment is feasible or not.
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6.1 Basic material

Let us expand Syx

Syx = 1
T E {Y X∗}

= 1
T E {(B + C)× (A+ C)∗}

= 1
T E {(B′ + ıB′′ + C ′ + ıC ′′)× (A′ − ıA′′ + C ′ − ıC ′′)}

= 1
T E

{(
B′A′ +B′′A′′ +B′C ′ +B′′C ′′ + C ′A′ + C ′′A′′ + C ′ 2 + C ′′ 2

)

+ı
(
B′′A′ −B′A′′ +B′′C ′ −B′C ′′ + C ′′A′ − C ′A′′

)}
(15)

and simplify the calculus by normalizing on the variances as follows

V{A} = 1 V{A′} = 1/2 V{A′′} = 1/2

V{B} = 1 V{B′} = 1/2 V{B′′} = 1/2

V{C} = κ2 � 1 V{C ′} = κ2/2 V{C ′′} = κ2/2 .

Notice that an additional factor T must be added a-posteriori for a proper
normalization on E{Saa} = E{Sbb} = 1 (background power in 1 Hz bandwidth
equal to one), as we did in Section 5. Thanks to energy equipartition, it follows
that V{A′} = 1/2⇒ V{A′} = T/2, etc.

The assumption that κ2 � 1, though not necessary, is quite representative
of actual experiments because the main virtue of the correlation method is the
capability of extracting the DUT noise when it is lower than the background.

Looking at (15), we identify the following classes

terms E V PDF comment

B′A′, B′′A′′, B′′A′, B′A′′ 0 1/4 Gauss
product of zero-mean
Gaussian processes

B′C ′, B′′C ′′, C ′A′, C ′′A′′ ,
B′′C ′, B′C ′′, C ′′A′, C ′A′′

0 κ2/4 Gauss
product of zero-mean
Gaussian processes

C ′ 2 + C ′′ 2 κ2 κ4 χ2 sum of zero-mean
ν = 2 square Gaussian proc.

Equation (15) can be rewritten as

Syx = 1
T E {A + ıB + C } (16)

where the terms

A = B′A′ +B′′A′′ +B′C ′ +B′′C ′′ + C ′A′ + C ′′A′′

B = B′′A′ −B′A′′ +B′′C ′ −B′C ′′ + C ′′A′ − C ′A′′

C = C ′ 2 + C ′′ 2

have the statistical properties listed underneath. Notice that 〈C 〉m follows a χ2

distribution with 2m degrees of freedom, thus for large m it can be approximated
with a Gaussian distributed variable of equal average and variance, which is
denoted with

〈
C̃
〉
m

.
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term E V PDF comment

〈A 〉m 0
1 + 2κ2

2m
Gauss average (sum) of zero-mean

〈B〉m 0
1 + 2κ2

2m
Gauss Gaussian processes

〈C 〉m κ2 κ4/m χ2 average (sum) of
ν = 2m chi-square processes〈

C̃
〉
m

κ2 κ4/m Gauss approximates 〈C 〉m for large m

Next, we will analyze the properties of some useful estimators of Ŝyx. Run-
ning an experiment, the logarithmic plot is comfortable because the average-
to-deviation ratio is easily identified as the thickness of the track, independent
of the vertical position. Yet, the logarithmic plot can only be used to display
nonnegative quantities.

6.2 Ŝyx =
∣∣〈Syx〉m

∣∣
The main reason for us to spend attention with this estimator is that it is the
default setting for cross-spectrum measurement in most FFT analyzers. Besides,
it can be used in conjunction with arg 〈Syx〉m when the hypothesis that the
delay of the two channels is not equal and useful information is contained in
the argument, as it happens in radio-astronomy. | 〈Syx〉m | is of course suitable
to logarithmic plot because it can only take nonnegative values. The relevant
objections against this estimator are

• There is no need to take in ={Syx}, which contains half of the total
background noise.

• The instrument background turns into relatively large estimation bias.

For large m, where 〈C 〉m tends to 〈C̃ 〉m, the estimator is expanded as

| 〈Syx〉m | =
1

T

√
[<{〈Y X∗〉m}]

2
+ [={〈Y X∗〉m}]

2

=
1

T

√
[〈A 〉m + 〈C̃ 〉m]

2
+ [〈B〉m]

2
.

6.2.1 The (not so) silly case of κ = 0

The analysis of this case tells us what happens when m is insufficient for the
single-channel to be rejected, so that the displayed average spectrum is sub-
stantially the bias of the estimator. Since c ↔ C = 0, it holds that C = 0.
Letting

〈Z 〉m =

√
[〈A 〉m]

2
+ [〈B〉m]

2
.
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generated by a pair of Gaussian variables of variance σ2 = 1/2.

we notice that 〈Z 〉m is Rayleigh distributed with 2m degrees of freedom. Using
Table 3, we find that

E{〈Z 〉m} =

√
π

4m
=

0.886√
m

(average)

V{〈Z 〉m} =
1

m

(
1− π

4

)
=

0.215

m
(variance)

Figure 7 compares the case m = 1 (Rayleigh distribution) to the Gaussian
distribution associated with the best estimator (Section 6.3).

Interestingly, the deviation-to-average ratio, which also applies to | 〈Syx〉m |,

dev{| 〈Syx〉m |}
E{| 〈Syx〉m |}

=

√
4

π
− 1 = 0.523

dev

E
(17)

is independent of m. In logarithmic scale, the cross spectrum appears as a
strip decreasing as 5 log(m) dB, yet of constant thickness of approximately 5
dB (dev/avg). This is seen in the example of Fig. 5.

6.2.2 Large number of averaged realizations

The estimator converges to κ2, which is trivial, and for κ � 1 the deviation-
to-average ratio is approximately 1/

√
m. This issue is not further expanded

here.

6.3 Ŝyx = <
{
〈Syx〉m

}

This is the best estimator to the extent that

• All the useful information is in <{Syx} = 1
T (A + C ).
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• Since the instrument background is equally split in <{Syx} and ={Syx},
discarding ={Syx} results in 3 dB improvement of the SNR.

• for the same reason, the instrument background does not contribute to
the bias.

The main drawback is that this estimator is not suitable to logarithmic plot
because <

{
〈Syx〉m

}
can take negative values, especially at small m. For large

m we can approximate 〈C 〉m with
〈
C̃
〉
m

, which is Gaussian distributed. Letting

〈Z 〉m = 〈A 〉m + 〈C̃ 〉m ,

the PDF of 〈Z 〉m is Gaussian (Fig. 8). Using the results of Sec. A.2, we find

E {〈Z 〉m} = κ2 (18)

V {〈Z 〉m} =
1 + 2κ2 + 2κ4

2m
(19)

dev {〈Z 〉m} =

√
1 + 2κ2 + 2κ4

2m
≈ 1 + κ2√

2m
(20)

dev {〈Z 〉m}
E {〈Z 〉m}

=

√
1 + 2κ2 + 2κ4

κ2
√

2m
≈ 1 + κ2

κ2
√

2m
(21)

PN =
1

2
erfc

(
κ2√
2 σ

)
(P{x < 0}, Sec. A.2) (22)

PP = 1− 1

2
erfc

(
κ2√
2 σ

)
(P{x > 0}, Sec. A.2) . (23)

Accordingly, for κ � 1 a 0 dB SNR requires that m = 1
2κ4 . If for example the

DUT noise is 20 dB lower than the single-channel background, thus κ = 0.1,
averaging on 5×103 spectra is necessary to get a SNR of 0 dB. On the other
hand, if κ � 1 the deviation-to-average ratio converges to 1/

√
2m, which is

what we expect if the instrument background is negligible.

6.3.1 Precision vs. energy conservation

The term
√

2 in the denominator of (21) means that the SNR of the correlation
system is 3 dB better than the single-channel system. In a physical system
ruled by energy conservation this factor does not come for free because the
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Figure 9: PDF of the estimator Ŝyx =
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Figure 10: PDF of the estimator obtained averaging the positive values of
<{Syx}.

DUT power is equally split into two channels. The conclusion is that the factor√
2 in the SNR cancels with the

√
2 intrinsic loss of the power splitter. So, the

basic conservation laws of thermodynamics (or information) are not violated.

6.4 Ŝyx =
∣∣<
{
〈Syx〉m

}∣∣
The negative values of 〈Syx〉m are folded up, so that Ŝyx is always positive and
can be plotted on a logarithmic axis. Approximating 〈C 〉m with 〈C̃ 〉m for large
m, the estimator is expanded as

∣∣<
{
〈Syx〉m

}∣∣ =
1

T
|〈A 〉m + 〈C̃ 〉m|

The PDF of |<{〈Syx〉m}| is obtained from the PDF of |<{〈Syx〉m}| already
studied in Section 6.3 by folding2 the negative-half-plane of the original PDF
on the positive half plane. The result is shown in Fig. 9.

6.5 Ŝyx = <
{
〈Syx〉m′

}
, averaging on the positive values

Averaging m values of <{Syx}, we expect m′ = mPP positive values and
m − m′ = mPN negative values. This estimators consists of averaging on
the m′ positive values, discarding the negative values. As usual, we assume

2A theorem states that follows. Let x a random variable, f(x) its PDF, and y = |x| a
function of x. The PDF of y is g(y) = f(y)u(y) + f(−y)u(−y), where u(y) is the Heaviside
(step) function. Notice that the term f(−y)u(−y) is the negative-half-plane (y < 0) side of
f(y) folded to the positive half plane.
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that for large m the term 〈C 〉m is approximated with 〈C̃ 〉m, so that its PDF is
Gaussian. The PDF of this estimator is formed3 from the PDF of <{〈Syx〉m}
after removing the negative-half-plane values and scaling up the result for the
integral of the PDF to be equal to one. This is illustrated in Fig. 10.

6.6 Estimator Ŝyx = 〈max(<{Syx}, 0+)〉m
Averaging <{Syx}, the negative values are replaced with 0+. The reason for
using 0+ instead of just 0 is that limx→0+ log(x) exists, while limx→0 log(x)
does not. The notation “0+” is a nerdish replacement for the “smallest positive
floating-point number” available in the computer. This small number is equiva-
lent to zero for all practical purposes, but never produces a floating-point error
in the evaluation of the logarithm. Since the negative values are replaced with
zero, the PDF of this estimator (Fig. 11) derives from the PDF of <{〈Syx〉m}
replacing the negative-half-plane side with a Dirac delta function.

6.7 Choice among the positive (biased) estimators

Having accepted that an estimator suitable to logarithmic plot is positive, thus
inevitably biased, the best choice is the estimator that exhibits the lowest vari-
ance and the lowest bias. This criterion first excludes | 〈Syx〉m | in favor of one

3A theorem states that follows. Let f(x) the PDF of a process, and g(x) the PDF con-
ditional to the event e. The conditional PDF is obtained in two steps. First an auxiliary
function h(x) is obtained from f(x) by selecting the sub-domain defined by e. Second, the
desired PDF is g(x) = h(x)/

∫∞
−∞ h(x) dx. The first step generates h(x) equal to f(x), but

taking away the portions not allowed by e. The second step scales the function h(x) up so
that

∫∞
−∞ g(x) dx = 1 (probability of all possible events), thus it is a valid PSD.
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of the estimators based on <{〈Syx〉m} because ={Syx} contains only the instru-
ment background, which goes in both average (bias) and variance of | 〈Syx〉m |.
Taking ={Syx} away, the estimator is necessarily based on <{〈Syx〉m}.

Then, we search for a suitable low-bias estimator with the heuristic reasoning
shown in Figure 12.

It is shown in Sec. 6.3 that for large m the PDF of <{〈Syx〉m} is a Gaussian
distribution with mean value κ2 and variance σ2 = 1+2κ2+2κ4

2m . The probability
of the events <{〈Syx〉m} < 0 is represented in Fig. 8 as the grey area on the
left-hand half-plane. These events have probability PN . Using the results of
Section A.2, the average of these negative events is

µN =

∫ ∞

−∞
x fN (x) dx = µ− 1

1
2erfc

(
µ√
2 σ

) σ√
2π exp(µ2/σ2)

(Eq. (39)) .

The estimator is made positive by moving the area PN from the left-hand half-
plane to the right-hand half-plane. The bias depends on the shape taken by this
area, and ultimately on the average associated to this shifted PN . By inspection
on Fig. 12 we notice that

Section 6.5. Ŝyx = <{〈Syx〉m′} makes use only of the positive values, the
negative values are discarded. The PSD area associated to PN has the
same shape of the right-hand side of the PSD. We denote the average of
this shape with µ1.

Section 6.4. Ŝyx = |<{〈Syx〉m}|. The shadowed area associated to PN is
flipped from the negative half-plane to the positive half-plane. The aver-
age is µ2 = −µN .

Section 6.6. Ŝyx = <{〈max(Syx, 0+)〉m}. The shadowed area associated to
PN collapses into a Dirac delta function. The average is µ3 = 0.

From the graphical construction of Fig. 12, it is evident that

µ1 > µ2 > µ3 .

The obvious conclusion is that the preferred estimator is

Ŝyx = <
{
〈max(Syx, 0+)〉m

}
(Preferred, Sec. 6.6) .

It is worth pointing out that the naif approach of just discarding the negative
values before averaging (Sec. 6.5) turns out to be the worst choice among the
estimators we analyzed.

6.8 The use of ={〈Syx〉m}
It has been shown in Sec. 6 (Eq. (15)) that all the DUT signal goes into <{Syx},
and that <{Syx} contains only the instrument background. More precisely, (15)
is rewritten as

Syx = 1
T E {A + ıB + C } (Eq. (16))

<{Syx} = 1
T E {A + C } and ={Syx} = 1

T E {B}
where A and B come from the background have equal statistics, and C comes
from the DUT spectrum. Therefore
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Figure 13: Effect of the finite duration of the measurement on the spectrum.

• ={〈Syx〉m} is a good estimator of the background

• the contrast <{〈Syx〉m}−={〈Syx〉m} is a good indicator of the averaging
convergence to Scc.

7 Statistical independence on the frequency axis

As a relevant property of white Gaussian noise, the Fourier transform is also
Gaussian with all values on the frequency axis statistically-independent. This
property is taken as a good representation of the reality even in the case of
discrete spectra measured on a finite measurement time T , and used extensively
in this report. Yet, in a strictly mathematical sense time-domain truncation
breaks the hypothesis of statistical independence in the frequency domain. This
happens because time truncation is equivalent to a multiplication by a rectan-
gular pulse, which maps into a convolution by a sinc( ) function in the frequency
domain. This concept is shown in Fig. 13, and expanded as follows

x(t) ⇒ xT (t) = x(t) Π(t/T )

X(f) ⇒ XT (f) = x(t) ∗ T sin(πTf)

πTf

where

Π(t) =

{
1 −1/2 < t < 1/2

0 elsewhere
↔ sinc(f) =

sin(πf)

πf
.
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The consequences are the following.

• The side-lobes of T sinc(Tf) cause energy leakage, thus a small correlation
on the frequency axis.

• Accuracy is reduced because each point collects energy from other fre-
quencies. This may show up in the presence of high peaks (50–60Hz, for
example) or high roll-off bumps.

• One should question whether the number of degrees of freedom is reduced.

The truncation function is called “window” on the front panel of analyzers, and
sometimes “taper” in textbooks about spectral analysis. Reduced frequency
leakage is obtained by a different choice of the truncation function, like the
Bartlett (triangular), Hanning (cosine) or Parzen (cubic) window.

8 Applications and experimental techniques

8.1 PM noise

The first application to frequency metrology was the measurement of Hydro-
gen masers [VMV64] in the early sixties. Then, the method was used for the
measurement of phase noise [WSGG76] in the seventies, but it found some pop-
ularity only in the nineties, when dual-channel FFT analyzers started to be
available.

Figure 14 shows some of the most popular schemes for the measurement
of phase noise. The mixer is a saturated phase-to-voltage converter in Fig. 14
A-C, and a synchronous down-converter in Fig. 14 D. In all cases correlation
is used to reject the noise of the two mixers. The background noise turns out
to be limited by the thermal homogeneity, instead of the absolute temperature
referred to the carrier power. This property was understood only after working
on the scheme D [RG00]. At that time, the other schemes were already known.

The scheme A [WSGG76] is suitable to the measurement of low-noise two-
port devices, mainly passive devices showing small group delay, so that the noise
of the reference oscillator can be rejected.

The scheme B consists of two separate PLLs that measure separately the os-
cillator under test. Correlation rejects the noise of the two reference oscillators.
In this way, it is possible to measure an oscillator by comparing it to a pair of
synthesizers, even if the noise of the synthesizers is higher than that of the os-
cillator. This fact is relevant to the development of oscillator technology, when
manufacturing makes it difficult to have the oscillator at the round frequency of
the available standards, and also difficult to build two prototypes at the same
frequency.

The scheme C derives from A after introducing a delay in the arms [LSL84].
It can be implemented using either a pair of resonators or a pair a delay lines.
The use of the optical-fiber delay line is the most promising solution because
the delay line can be adapted to the arbitrary frequency of the oscillator under
test, while a resonator can not [RSHM05]. Correlation removes the fluctuations
of the delay line [SYMR04, SCJ+07].

The scheme D is based on a bridge that nulls the carrier before amplification
and synchronous detection of the noise sidebands. This scheme derives from the
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Figure 14: Basics schemes for the measurement of phase noise.

pioneering work of Sann [San68]. At that time, the mixer was used to down
convert the fluctuation of the null at the output of a magic Tee. Amplification of
the noise sideband [Lab82] and correlation [RG00] were introduced afterwards.

With modern RF/microwave components, isolation between the two chan-
nels may not be a serious problem. The hardware sensitivity is limited environ-
mental effects, like temperature fluctuations and low-frequency magnetic fields,
and by the AM noise. The latter is taken in through the sensitivity of the mixer
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A: amplitude noise of a RF/microwave source
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B: relative intensity noise (RIN) of a laser
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C: amplitude noise of a photonic RF/microwave source
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Figure 15: Basics schemes for the measurement of amplitude noise (from
[Rub05]).

offset to the input power. Only partial solutions are available [RB07].

8.2 AM noise

Figure 15 shows some schemes for the cross spectrum measurement of AM noise,
taken from [Rub05].
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Figure 16: Example of cross spectrum measurement (amplitude noise of an
oven-controlled quartz oscillator), taken from [Rub05].

In Fig. 15 A, two Schottky-diode or tunnel-diode passive power-detectors are
used to measure simultaneously the power fluctuations of the source under test.
Isolation between channels is guaranteed by the isolation of the power splitter
(18–20 dB) and by the fact that the power detectors do not send noise back to
the input. Correlation enables the rejection the single-channel noise.

As an example, Fig. 16 shows the measurement of a quartz oscillator. Con-
verting the 1/f noise into stability of the fractional amplitude α, we get σα(τ) =
4.3×10−7 (Allan deviation, constant vs. the measurement time τ). This oscilla-
tor exhibits the lowest AM noise measured in our laboratory. The single-channel
noise rejection achieved by correlation and averaging is more than 10 dB.

Figure 15 B is the obvious adaptation of the scheme A to the measurement
of the laser relative intensity noise (RIN). We start using it routinely.

The scheme of Fig. 15 C, presently under study, is intended for the measure-
ment of the microwave AM noise on the modulated light beam at the output of
new generation of opto-electronic oscillators based on optical fibers [YM96], or
based on whispering-gallery optical resonators.

8.2.1 Single-chanel vs. dual-channel measurements

In the measurement of PM noise it is more or less possible to test the background
of a single-channel instrument by removing the DUT. This happens because we
can always get the two phase-detector from a single oscillator, which is the phase
reference.4 The correlation schemes are more complex than the single-channel
counterparts, and sometimes difficult to operate. Obviously, the experimentalist
prefers the single-channel measurements and uses the correlation schemes only
when the sensitivity of the former is insufficient.

Conversely, the measurement of AM noise relies upon the power detector,
which does not work without the source. Thus we cannot remove the device
under test, and of course we cannot asses the single-channel background noise

4This statement of course applies only to the background noise of the instrument. When
the instrument is used to measure an oscillator we need a reference oscillator, the noise of
which must be validated separately.
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Figure 17: Measurement of the background noise of a power detector.

of the instrument in this way. One can object that even in the case of PM noise
we can not measure an oscillator in single-channel mode if we do not have a
low-noise reference oscillator. The difference is that in the case of PM noise we
can at least validate the instrument, while in the case of AM noise we can not.

Another difference between AM and PM is that the phase detector is always
more or less sensitive to AM noise [RB07], while the amplitude detector is not
sensitive to phase noise. In correlation systems, this fact makes the channel
separation simple to achieve and to test.

The conclusion is that the cross-spectrum measurement is inherently simpler
with AM noise than with PM noise.

8.3 Other applications

Tracking back through the literature, the first use of the cross-spectrum was
for the determination of the angular size of stellar radio sources [HBJDG52].
In the case of a signal coming through two antennas separated by an appropri-
ate baseline, the latter introduces a delay depending on the source direction in
space. Hence the useful signal Scc cannot be real. Instead, the angle arctan=/<
gives information on the source direction. The very-large-baseline interferome-
try (VLBI) can be seen as a generalization of this method.

When the same method was applied to the intensity interferometer [HBT56a,
HBT56b], an anti-correlation effect was discovered, due to the discrete nature of
light. This phenomenon, known as Hanbury Brown – Twiss effect (HBT effect),
was later observed also in microwave signals in photonic regime [GRF+04], i.e.,
with hν > kT .

The correlation method finds another obvious application in radiometry
[All62], and of course in Johnson thermometry, which is often considered a
branch of radiometry.

Since the cross-spectrum enables to compare the PSD of two noise sources,
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it can be used to measure a temperature by comparing thermal noise to a
reference shot noise. The latter is in turn measured as a dc value by exploiting
the property of Poisson processes that the variance can be calculated from the
average. In a Tunnel junction, theory predicts the amount of shot and thermal
noise. This fact can be exploited for precision thermometry [SLSS03], and
ultimately to redefine the temperature in terms of fundamental constants.

The measurement of the low 1/f voltage fluctuations is an important diag-
nostic tool in semiconductor technology. The field-effect transistors are suitable
to this task because of the low bias current at the input. In fact, the bias
current flowing into the sample turns into a fully correlated voltage through
the Ohm law. Additionally, the electrode capacitance may limit the instrument
sensitivity. The reader can refer to [SFF99] for a detailed treatise.

In metallurgy, the cross spectrum method has been used for the measure-
ment of electromigration in thin metal films through the 1/f fluctuation of the
conductor resistance. This is relevant in microprocessor technology because the
high current density in metal connexions can limit the life of the component and
make it unreliable. For this reason, Aluminum is no longer used. The high sen-
sitivity is based on the idea that with white Gaussian noise X ′ and X ′′ (real and
imaginary part) are statistically independent. Synchronously detecting the sig-
nal with two orthogonal references, it is therefore possible to reject the amplifier
noise even if a single amplifier is shared by the two channel [VSHK89]. Adapting
this idea to RF and microwaves is straightforward [RG02]. Unfortunately, we
still have no application for this.

A Mathematical background

A.1 Random variables and density functions

Let x a random variable and x a variable. Denoting with P{e} the probability
of the event e, two relevant probability functions are associated with x and
x, namely the cumulative density function F (x) and the probability density
function f(x). They are defined as

F (x) = P{x < x} (cumulative density function, or CDF) (24)

f(x) dx = P{x < x < x+ dx} (probability density function, or PDF) . (25)

CDF and PDF are related by

F (x) =

∫ x

−∞
f(x′)dx′ . (26)

The probability that x is in the interval [a, b] is

P{a < x < b} = F (b)− F (a) =

∫ b

a

f(x) dx . (27)

The probability that x takes any value is equal to one, thus

F (∞) = 1 and

∫ ∞

−∞
f(x) dx = 1 . (28)
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The average and the variance of the random variable x are

E
{
x
}

=

∫ ∞

−∞
x f(x) dx E{x}, (average) (29)

V
{
x
}

= E
{
|x− E{x}|2

}
=

∫ ∞

−∞

(
x− E{x}

)2
f(x) dx (variance) (30)

A.2 Gaussian (normal) distribution (Fig. 18)

The Gaussian (normal) distribution has the following main properties

f(x) =
1√
2π σ

exp

[
− (x− µ)2

2σ2

]
(Gaussian PDF) (31)

E{x} = µ (average) (32)

V{x} = σ2 (variance) (33)

PN =
1

2
erfc

(
µ√
2 σ

)
(P{x < 0}) . (34)

PP = 1− 1

2
erfc

(
µ√
2 σ

)
(P{x > 0}) (35)

A new PDF is associated to the positive events

fP (x) =
1

PP
f(x) u(x) (36)

µP =

∫ ∞

−∞
x fP (x) dx = µ+

1

1− 1
2erfc

(
µ√
2 σ

) σ√
2π exp(µ2/σ2)

. (37)
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Similarly, another PDF is associated to the negative events

fN (x) =
1

PN
f(x) u(−x) (38)

µN =

∫ ∞

−∞
x fN (x) dx = µ− 1

1
2erfc

(
µ√
2 σ

) σ√
2π exp(µ2/σ2)

. (39)

The following integrals related to the Gaussian PDF are useful
∫ 0

−∞
f(x) dx =

1

2
erfc

(
µ√
2 σ

)
(40)

∫ ∞

0

f(x) dx = 1− 1

2
erfc

(
µ√
2 σ

)
(41)

∫ 0

−∞
x f(x) dx = µ

1

2
erfc

(
µ√
2 σ

)
− σ√

2π exp(µ2/σ2)
(42)

∫ ∞

0

x f(x) dx = µ

[
1− 1

2
erfc

(
µ√
2 σ

)]
+

σ√
2π exp(µ2/σ2)

. (43)

A.2.1 Sum of zero-mean Gaussian variables

Let x1(t) and x2(t) two random functions with Gaussian distribution, zero mean
and variance σ2

1 and σ2
2 . The sum x(t) = x1(t) + x2(t) is a random function

with Gaussian distribution, zero mean and variance σ2 = σ2
1 + σ2

2 .

A.2.2 Sum of a nonzero-mean and a zero-mean Gaussian variable

Let x1(t) and x2(t) two random functions with Gaussian distribution, and mean
and variance µ1 6= 0, σ2

1 , µ2 = 0, and σ2
2 . The sum x(t) = x1(t) + x2(t)

is a random function with Gaussian distribution, mean µ = µ1 and variance
σ2 = σ2

1 + σ2
2 .

A.2.3 Product of zero-mean Gaussian variables

Let x1(t) and x2(t) two random functions with Gaussian distribution, zero mean
and variance σ2

1 and σ2
2 . The product x = x1(t)x2(t) is a random function with

gaussian distribution, zero mean and variance σ2 = σ2
1 σ

2
2 .

A.2.4 Fourier transform of a Gaussian variable

Let x(t) a random process with Gaussian distribution and white spectrum, and
x(t) a realization. The Fourier transform X(f) = X ′(f) + ıX ′′(f) is a random
process with white spectrum and zero-mean Gaussian distribution. This means
that

1. At any frequency, the real part X ′(f) and the imaginary part X ′′(f) are
random variables statistically independent with equal variance.

2. Given two frequencies f1 and f2 (or two separate frequency intervals),
X(f1) and X(f2) are statistically independent.

Interestingly, |X| =
√

(X ′)2 + (X ′′)2 has Rayleigh distribution, and |X|2 =
(X ′)2 + (X ′′)2 has χ2 distribution with 2 degrees of freedom.
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A.2.5 Discrete zero-mean Gaussian-distributed white noise

It is often convenient to use the discrete Fourier transform and spectra. Thus
we refer to

X(f) ⇒ Xij = X ′ij + ıX ′′ij

S(f) ⇒ Sij =
1

T

(
X ′ 2ij +X ′′ 2ij

)

where the subscript i denotes the i-th realization and the subscript j denotes
the discrete frequency. The following properties hold for zero-mean white noise
with Gaussian distribution.

1. Xij is zero-mean Gausian distributed. Thus X ′ij and X ′′ij are zero-mean
Gaussian processes.

2. Different frequency.
• Xij and Xik, j 6= k, are statistically independent.
• V{Xij} = V{Xik} (energy equipartition).

3. Real and imaginary part.
• X ′ij and X ′′ij are statistically independent.
• E{X ′ij} = 0, and E{X ′′ij} = 0 (zero mean).

• V{X ′ij} = V{X ′′ij} = 1
2V{Xij} (energy equipartition).

4. Absolute square value |Xij |2 = |X ′ij |2 + |X ′′ij |2. Letting V{Xij} = σ2,

• |Xij |2 has χ2 distribution with two degrees of freedom.
• E{|Xij |2} = σ2 (average).
• V{|Xij |2} = σ4 (variance).

5. Sum of two independent processes, y = x1 + x2 ↔ Y = X1 +X2.
• Yij is Gaussian distributed
• V{Yij} = V{X1 ij}+ V{X2 ij}.

6. Product of two independent processes, y = x1x2 ↔ Y = X1 ∗X2.
• Yij is Gaussian distributed
• V{Yij} = V{X1 ij}+ V{X2 ij}.

A.3 Chi-square distribution (Table 2)

Let x1, x2, . . . xν a set of normal-distributed random variables with zero mean
and variance equal one, and

χ2 =

ν∑

i=1

x2
i (44)
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a new function called ‘chi-square’ distribution with ν degrees of freedom. The
probability functions associated to x = χ2 and the relevant parameters are

f(x) =
x

1
2ν−1 e−

1
2x

Γ
(
1
2ν
)

2
1
2ν

x ≥ 0 (chi-square PDF) (45)

F (x) = 1− Γ
(
1
2ν,

1
2x
)

Γ
(
1
2ν
) =

γ
(
1
2ν,

1
2x
)

Γ
(
1
2ν
) (chi-square CDF) (46)

E{x} = ν (average) (47)

E{x2} = ν(ν + 2) (2nd moment) (48)

E{|x− E{x}|2} = 2ν (variance) . (49)

It follows immediately from the definition of χ2 that the sum of n random
variables with χ2 distribution and νj degrees of freedom is χ2 distributed

χ2 =

n∑

j=1

χ2
j , ν =

n∑

j=1

νj .

In the general case, the variance of x1 . . .xν is σ2 6= 1. This is solved with
the transformation x→ x/σ2. Thus f(x) = 1

σ2 [f(x)]var=1, and Cramér
p. 236

f(x) =
x

1
2ν−1 e−

1
2
x
σ2

σν Γ
(
1
2ν
)

2
1
2ν

x ≥ 0 (chi-square PDF) (50)

E{x} = σ2ν (average) (51)

E{x2} = σ4ν(ν + 2) (2nd moment) (52)

E{|x− E{x}|2} = 2σ4ν (variance) . (53)

A.4 Rayleigh distribution

Let x1 and x2, two independent random functions with Gaussian distribution,
zero mean and equal variance σ, and

x =
√

x2
1 + x2

2 (54)

a new random function. This function has Rayleigh probability density function Checked

f(x) =
x

σ2
exp

(
− x2

2σ2

)
, y > 0 (Rayleigh PDF) (55)

E{x} =

√
π

2
σ (average) (56)

E{x2} = 2σ2 (2nd moment) (57)

V{x} = E{|x− E{x}|2} =
4− π

2
σ2 (variance) . (58)

The functions x1(t) and x2(t) can be interpreted as the random amplitude of
two orthogonal vectors, or the real and imaginary part of a complex random
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function. Following this interpretation, x(t) is the absolute value of the vector
sum. Table 3 reports some useful numerical values related to the σ2 = 1/2
Rayleigh distribution.
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Table 3: Relevant values for the Rayleigh distribution.

Rayleigh distribution with σ2 = 1/2

quantity value
with σ2 = 1/2 [10 log( ), dB]

average =

√
π

4

0.886
[−0.525]

deviation =

√
1− π

4

0.463
[−3.34]

dev

avg
=

√
4

π
− 1

0.523
[−2.8]

avg + dev

avg
= 1 +

√
4

π
− 1

1.523
[+1.83]

avg − dev

avg
= 1−

√
4

π
− 1

0.477
[−3.21]

A case of interest in averaged measurement is σ2 = 1/2m, which yields

E{x} =

√
π

4m
=

0.886√
m

(average) (59)

E{x2} =
1

m
(2nd moment) (60)

V{x} = E{|x− E{x}|2} =
(

1− π

4

) 1

m
=

0.215

m
(variance) (61)

√
V{x} =

√
1

m

(
1− π

4

)
=

0.463√
m

(deviation) (62)

√
V{x}
E{x} =

√
4

π
− 1 = 0.523 (independent of m) (dev/avg) . (63)

B A short introduction to AM and PM noise

Phase noise (PM noise) is a well established subject, clearly explained in numer-
ous classical references, among which we prefer [Rut78, Kim97, CCI90, Vig99]
and [VA89, vol. 1, chap. 2]. Amplitude noise (AM noise), far less studied than
PM noise, is described in similar manner. Refer to [Rub05] for a general intro-
duction to AM noise. Only a brief introduction to AM/PM noise is given here,
aimed at recalling the vocabulary.

The quasi-perfect sinusoidal signal of frequency ν0, of random amplitude
fluctuation α(t), and of random phase fluctuation ϕ(t) is

v(t) = [1 + α(t)] cos [2πν0t+ ϕ(t)] . (64)
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Figure 19: Power law model for Sϕ(f) (from [RSHM05]).

We may need that |α(t)| � 1 and that |ϕ(t)| � 1 or |ϕ̇(t)| � 1 during the
measurement.

B.1 Spectral representation of PM noise

Phase noise is generally reported in terms of the PSD (power spectral density)
Sϕ(f). In experiments, the single-sided PSD SIϕ(f) is preferred to the two-sided
PSD SIIϕ (f) because the negative frequencies are redundant for real signals.
Complex or imaginary signals do not exist in this context. Thus, energy con-
servation requires that SIϕ(f) = 2SIIϕ (f) for f > 0. Since now, we use Sϕ(f) as
the single-sided PSD, dropping the superscript ‘I.’

A model that has been found useful to describe accurately the phase noise
of oscillator and components is the power law, shown in Fig. 19

Sϕ(f) =

0∑

n=−4
bif

n (power law) . (65)

This model relies on the fact that white (f0) and flicker (1/f) noises exist per-
se, and that phase integration (×1/f2) is present in oscillators. If needed, the
model can be extended to steeper processes, that is, n < −4.

When frequency noise (FM noise) is preferred to phase noise, the fractional
frequency fluctuation y(t) = ϕ̇(t)/2πν0 is probably the most useful quantity.
Using the power law, the spectrum Sy(f) is written as

Sy(f) =
f2

ν20
Sϕ(f) =

2∑

n=−2
hif

n . (66)

B.2 Spectral representation of AM noise

Amplitude noise is described in the same way of phase noise or frequency noise,
and for the same reasons we use the power law

Sα(f) =

0∑

n=−2
hif

n (power law) . (67)
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Yet, the set of processes found in practice is often limited to white and flicker
noise, and to random walk. Steeper processes (n < −2), when present, tend
to be confined to a limited region of the spectrum. They vanish at very low
frequencies, otherwise the amplitude would diverge rapidly. Notice that we use
the coefficients hi as for FM noise instead of the bi used with PM noise. The
reason is that the formulae for the Allan variance (see below) are formally equal.

B.3 Two-sample (Allan) variance

Another tool often used is the Allan variance σ2
y(τ) = E{|yk+1 − E{yk}|2},

where yk is the average of y(t) over the k-th contiguous time slot of duration
τ , spanning from kτ to (k+ 1)τ . For the most useful frequency-noise processes,
the relation between σ2

y(τ) and Sy(f) is

σ2
y(τ) =





h0
2τ

white frequency noise

h−1 2 ln(2) flicker of frequency

h−2
(2π)2

6
τ random walk of frequency

. . . (other phenomena, if any)

(68)

Similarly, letting σ2
α(τ) = E{|αk+1 − E{αk}|2}, the AM-noise variance is

σ2
α(τ) =

h0
2τ

+ h−1 2 ln(2) + h−2
(2π)2

6
τ + . . . (69)
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