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Abstract 
In this paper, a coupled electro-vibro-acoustic model of a loudspeaker is proposed. To model the 
loudspeaker membrane, rather than using an experimental approach, mode shapes, resonance frequencies 
and modal damping are obtained from Finite Element Method (FEM) and then used to perform numerical 
simulations. The predicted vibration amplitude on the membrane is properly scaled considering the effects 
of the back electromotive force caused by the electro-magnetic system. In order to consider the effects of 
the loudspeaker enclosure on the acoustic radiation characteristics, a coupled FE/BE(Boundary Element) 
model is applied. A comparison with experimental results shows the improvement of the solution accuracy 
given by the additional breakup modes. Moreover, spider and surround dynamic behaviors are 
investigated to understand the underlying mechanisms responsible for the dominant breakup modes on the 
mid-high frequency range. 

1 Introduction 

Numerical simulations are indispensable for a full understanding of the physical behavior of loudspeakers. 
Furthermore, they allow reducing development time of products. The possibility of analyzing and 
optimizing virtual prototypes has relaxed the need for very expensive and time consuming physical 
prototype testing. Nevertheless, realizing accurate numerical models is often a challenge for acousticians. 
In coupled vibro-acoustic systems, the interaction between the structural and the fluid components is no 
longer negligible and all components must be regarded as parts of one coupled system. For instance, when 
a thin and light-weight structure, like electrodynamic loudspeakers, is in contact with a low density fluid, 
strong coupling effects may occur. 
ATALLA and BERNHARD [1] defined a parameter to quantify the strength of the vibro-acoustic 
interaction: 
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where  is the angular frequency of a time-harmonic structural or acoustic excitation of the system,  is 
the thickness of the structure,  is the mass density of the structure,   and c are the fluid density and the 
speed of sound. According to their study, a criterion of  is also given to assess the vibro-acoustic 
interaction: values of  leads to coupled vibro-acoustic systems, while values of   leads to 
uncoupled vibro-acoustic systems. Commonly, an electrodynamic loudspeaker driver has a strong 
interaction with its acoustic cavity, meaning that it is essential to consider a coupled system to model it 
correctly. Additionally, the behavior of a loudspeaker’s driver must be considered, including the electrical 
effects induced by the interaction between a permanent magnet and a voice coil of the driver.  



In the low frequency range, usually the membrane is sufficiently stiff to move as a whole. At high 
frequencies, however, vibrations from the center of the membrane travel towards the edge in the form of 
waves and create resonances that may produce irregularities in the frequency response and influence the 
sound directivity. Consequently, the pressure waves developed by a driver at the resonance frequencies no 
longer resemble the input voltage and hence there may be sound distortion. 
For these reasons, the numerical modeling of a driver is much more complicated than the remaining 
loudspeaker components. In an early stage design process, simplifying boundary conditions (like a 
constant velocity boundary condition on the membrane) or only a first driver piston mode are usually 
taken into account for the modeling of the driver. However, this approximation only covers in the low-
frequency range. As frequency increases, breakup modes, especially it is defined the axial symmetry 
modes of the driver, become more dominant and their influences have to be considered to develop an 
accurate numerical model. 
Numerical models of a driver taking into account electro-vibro-acoustic interaction are developed and 
proposed in refs. [2-4] and still on-going to optimize the shape of the driver components.  These studies 
are useful for developing drivers and predicting sound characteristics of loudspeaker systems. In general, 
the essential material properties such as the Young’s modulus and the damping for the dynamic modal 
analysis can be obtained by the measurement of Dynamic Mechanical Analysis (DMA).  However, there 
are still challenging problems to model some components of a driver such as a spider and a surround 
which are made of rubber and orthogonal fabric respectively.  
On the other hand, in order to model the loudspeaker driver, rather than relying on a purely numerical 
model, experimental modal analysis approach is also proposed in ref.[5]. In this case, the modal 
parameters of the driver can be directly obtained from the measured dynamic behavior. Hence this 
approach does not require the knowledge of the material properties of the different components. 
In this paper, to realize the accurate driver vibrations including breakup modes, a Finite Element 
numerical simulation approach is introduced. Especially, this study focuses on the estimation of the 
unknown mechanical material properties of driver and on the modelling of breakup modes in order to 
perform accurate numerical simulations of the loudspeaker system. Furthermore, an approach for the 
selection of principal mode shapes is introduced. This selection process provides two benefits. First, it 
makes clear which modes have significant influence on sound radiation. Secondly, it allows considerable 
reduction of the computational cost. Finally the radiation considering the cavity geometry is calculated by 
a coupled FE/BE numerical simulation. The improvement of the solution accuracy covering the high 
frequency range is given by the additional breakup modes.  

2 Basic loudspeaker theory 

2.1 Driver construction 

A cross-section sketch of a typical loudspeaker driver is shown in figure 1. The cone is supported at a 
surround (outer edge) and a spider (center suspension) near the voice coil so that ideally it is free to move 
in an axial direction. In the configuration of the figure 1, the driver is mounted in a flat infinite baffle 
board. The baffle acoustically isolates the front side of the driver from the rear side. The driver may be 
assumed to behave like a piston of radius a moving with constant velocity over its entire surface in the low 
frequency range. This is a reasonable approximation at frequencies for which the distance b on figure 1 is 
less than about one-tenth of the acoustic wavelength [6].  

2.2 Linear circuit model of a driver 

The electro-vibro-acoustic circuit model of a driver with an infinite baffle board can be described the 
electrical circuit shown in figure 2. This system is assumed linear in steady-state conditions. 
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With regard to the electrical field, the current through the voice coil produces electromotive force (EMF) 
which interacts with air-gap flux of the permanent magnet, the voice coil and the membrane. At the same 
time, the motion of the voice coil generates a current whose magnetic field opposes the original one. 
Hence, the force imposed on the voice coil can be described as 

 ),(1
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where  is the electrical impedance,  is the steady air-gap flux density, is the length of voice coil wire, 
 is the constant input voltage from a generator (audio amplifier),  is the voice coil velocity and  is 

representative of the back electromotive force (BEMF) or counter EMF. Equation (2) allows to 
characterize the electrical part of the model. 
On the surface of a driver, two forces have to be considered, which come from the electromagnetic 
transducer ( ) and from the ambient fluid  ( ). The velocity of the voice coil is 
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where  is the mechanical impedance of the driver. The force from the ambient air can be written as 

 ,caa uTFF ��  (4) 

where  is the transfer function between the voice coil velocity and the force imposed by the ambient 
fluid. 
In order to satisfy each physical condition, eq.(2), (3) and (4) should take into account, eventually the 
force imposed to a driver can be defined as 
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Equation (5) represents the coupled electro-vibro-acoustic force that allows relating the pressure. Finally, 
pressure  can be described as 

 ,coupliedva FTFp ��  (7) 

where )/( NPaTFva  is the transfer function between the sound pressure  at arbitrary field points and the 
vibro-acoustic phenomena of the driver. Since this simple circuit coupling model assumes that the driver 
moves as a rigid piston in a rigid baffle and behaves roughly as an omnidirectional source, this 
approximation is only valid in the low frequency range. Moreover, the influence of the cavity 
(loudspeaker enclosure) is neglected in this circuit model. In reality, more complicated problems have to 
be considered in order to realize virtual prototype development. 
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Figure 1: Cross-section sketch of a loudspeaker driver assumed to be mounted in an infinite baffle 

 

 
Figure 2: Electrical circuit of a driver with infinite b 

3 Loudspeaker description 

In this paper, a real development situation has been considered. The loudspeaker under analysis is the bass 
reflex loudspeaker system produced by YAMAHA Corporation (see figure 3). The straight tube called 
bass reflex port of radius 25mm and length 135mm is attached on the back side cavity wall to produce 
Helmholtz resonance enhancing the low frequency sound. The inner dimensions are given in figure 3. The 
air-filled cavity is surrounded with the wooden walls with a thickness of 9mm. Two different drivers are 
attached in front of the cavity wall vertically to produce proper sound from the amplifier. The bigger one 
is called a woofer with radius R, while the small one is called a tweeter, whose influence is not considered 
in this analysis. The woofer cone is made of the single layer aluminum panel. The surround is made of 
Butyl rubber with round shape. The network circuit for adjustment of the loudspeaker frequency 
characteristics, the absorbent materials to eliminate the standing waves inside the cavity and the 
reinforcement panels to stiffen the enclosure were removed from the system to simplify the numerical 
model. 
The equivalent circuit model in figure 2 can be expanded to analyze a system of bass reflex loudspeaker as 
in figure 4. However, this will only enable the prediction of the low frequency range without the high 
order structural and acoustic resonances. 
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 Figure 3: Loudspeaker components and geometry  
 

 
Figure 4: Electrical circuit of a bass reflex system 

4 Numerical simulation model of loudspeaker 

This section illustrates the numerical model by means of FE and BE simulation in order to accurately 
predict the sound radiation characteristics of the loudspeaker system. The interaction between the 
membrane vibrations and the ambient fluid may strongly influence each other especially in the low 
frequency range and at the resonance frequencies of the acoustic cavity. Moreover the membrane 
geometry, sound reflections and diffractions on the cavity surface are taken into account by the numerical 
model to realize an accurate solution. 

4.1 Numerical model of the driver 

Here, a 12cm woofer driver (typical home audio speaker model) is used. For modal analysis, the external 
excitation factor coming from the electrical magnetic field is neglected. Thus the components shown in 
figure 1 can be simplified to a cone, a spider, a cap, a surround and a voice coil as shown in figure 5. The 
FE solid mesh (see right side of figure 5) consists of 356,043 second-order hexahedron and triangular 
prism elements and 52,560 nodes. As the fixed boundary conditions, zero displacements and rotations on 
each direction are imposed at the outer edges of surround and spider. The voice coil can be allowed to 
move freely only the axial direction (Z axis), which means this driver system doesn’t include any 
azimuthal force.  
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4.2 Coupled FE/BE model 

Figure 6 shows a coupled FE/BE numerical model of a loudspeaker system. The driver is mounted on the 
front panel of the bass reflex enclosure. The fluid domain is modelled by an indirect BE model. FE model 
is used to model the structural domain corresponding to the driver. A modal approach is used to retrieve 
the dynamic behavior of the driver and modal parameters are evaluated by using driver model of figure 5. 
Finally, the sound pressure is relevantly rescaled to take into account the back electro motive force. 
In this numerical model, only the woofer is considered as a sound source. The structural vibrations of the 
driver are described by its modal parameters that are mapped to the corresponding acoustic mesh. The 
force excitation of 1 Newton is imposed along  direction and located at the voice coil area. The rigid 
boundary conditions are imposed on the remaining walls of the acoustic cavity. The solution is computed 
over the frequency range  with a resolution of . 
The BE acoustic mesh consists of 34,821 TRIA elements and 17,416 nodes which satisfys the 1/6 of 
acoustic wave length of the highest calculated frequency. Air density  is set equal to  and 
the speed of sound is . To avoid pollution due to the presence of fictitious resonances, relevant 
acoustic impedance has been added inside the cavity.  
 

 
Figure 5: Geometry and numerical discretization of the driver 

 

 
Figure 6: Coupled FE/BE numerical model 
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5 FE modelling of driver 

5.1 Modal analysis 

This section describes the Finite Element modelling of the loudspeaker driver. Modal analysis is a 
convenient way to capture the dominant dynamic motion with the natural frequencies and mode shapes. 
Furthermore a spectrum analysis is obtained from modal-superposition harmonic with a small 
computational cost. The equations of elastic structural systems without external excitation can be written 
as 

	 
� � 	 
� � ,0�� uKuM ��      (8) 

where u is the amplitude of the displacement, M is the mass matrix,  is the complex stiffness matrix 
witch will be converted as the damping matrix C in the next equation. The complex eigenvalue problem 
given by: 
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with  is the    eigenvalue satisfied with   and   is the  eigenvector of displacement. C 
is the damping matrix.  

 

5.2 Identification of material properties 

The woofer driver is assembled by the combination of various types of materials, for instance, cone is 
made of aluminum, cap and surround are rubber, spider is orthotropic fabric. The providers witch make up 
the components of loudspeaker drivers might not be able to provide reliable material properties, or these 
cannot be obtained without considerable cost. Scientific point of view, those materials generally present 
some non-linearity behaviors that depend on frequency and the amplitude of the loading force, as well as 
on temperature and moisture. Thus a reasonable approach is to assume a linear system and tuning the 
unknown material values to agree on the measured dynamic behaviors. The elasticity material properties, 
Young’s modulus  and the damping factor  are obtained from Dynamic Mechanical Analysis 
(DMA)[7,8]. For surround and spider, applying DMA is problematic due to their complex geometries. 
This paper proposes two different tuning processes to identify their material properties. This approach 
consist in estimating the material properties that best match the measured modal frequency and modal 
damping of the piston mode. Those experimental modal parameters are retrieved from Thiele/ Small 
parameters[9] which can be obtained a commercial system.   
First estimation for spider Young’s modulus  and modal damping   is conducted with the model 
which does not have a surround and a cone of its driver. This fundamental mode is constructed by the 
mechanical spring relating on a spider, and the mass of a voice coil and a cap. Secondly, the estimation 
including a surround has done with normal driver using the material properties extracted in the first step. 
The surround Young’s modulus  and modal damping  are refined to satisfy the piston resonance 
mode.  
The driver’s dimension and density are directly measured from real products and the geometry of the 
numerical model is assumed perfectly axial-symmetry. The value of Poisson’s ratio is taken 0.333 
constantly for each material. Table 1 shows the material values of the woofer driver. Since the cylindrical 
shape of the voice coil does not deform on the axis direction, voice coil is assumed to behave as a rigid 
body. The mechanical properties show in Table 1 will be used for the numerical simulations. 
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 Young’s 
modulus (GPa) 

Density 
(g/mm3) 

Damping 
ratio Method 

Cone 35 2700 0.003 DMA + Tuning 
Cap 0.055 1074 0.113 DMA 

Surround 0.017 1308 0.175 Tuning 
Voice coil 100 2547 - DMA 

Spider 0.24 412 0.028 Tuning 
Table 1: Mechanical properties of the driver 

5.3 Classification of principal high-order modes 

When audio engineers design loudspeaker systems, the dynamic behaviors of each component are 
optimized over the wide audible range (i.e. 20 to 20kHz). In practice, modal analysis of a driver covering 
up to 20kHz gives a few thousand to almost ten thousands modes. This leads not only a large 
computational cost but also difficulties in understanding the driver’s behaviors. However, breakup modes 
that will generate significant sound radiation in the mid-high frequencies are only a small amount among 
the entire modes. To identify principal breakup modes, a selection process based on Modal Participation 
Factor (MPF) is introduced. The MPF provides an indicator of participation of a mode in respect to a 
given direction of excitation[10]. In terms of loudspeaker, the excitation induced by the electro-magnetic 
force occurs only on the axial direction of the driver so that MPF can be written as 

                                                             (10) 

where  is the participation factor of the ith mode,  is the normalized eigenvector,  is the vector 
describing the axial direction. The first piston vibration ( ) gives the highest value of MPF, so that 
eq.(10) is normalized by the piston mode participation factor  as 

                                                            (11) 

with modal participation ratio  (MPR). Figure 7 shows modal participation ratio  of each driver mode 
over the frequency range of 20 to 20kHz. There are almost ten thousands mode results in this case. In 
order to identify important modes, only the driver modes of which MPR greater than the threshold value 
of 1E-04 are selected (total 213 modes). To understand physical behavior of the driver, those modes are 
classified into five principal mode types. Figure 8 shows an example of important driver mode shapes. As 
the local modes, surround modes, spider modes and cap modes occurs. On the other hand, mixed motion 
of more than two driver parts are recognized as “breakup mode”. Here, two types of breakup mode (type 
A and type B) are taken up. Both breakup modes enforce higher amplitude sound radiation compared to 
local component modes. Especially, breakup mode of type B is defined as mixed vibration at least 
including a cone and a vice coil motions. This will generate a sharp sound pressure peak since cone has 
the large radiation surface and voice coil is the excitation point induced by the electro-magnetic force.  

5.4 Distribution of modal damping 

Modal damping is the essential parameter to compute relevant amplitude of dynamic motion and sound 
radiation. Here, a damped calculation called the QR eigenvalue method is used: this provides better speed 
improvements over the conventional damped method for complex modal analysis[10].  Figure 9 shows 
modal damping distribution corresponding to the modal classification shown in figure 8. Each local mode 
(surround, spider and cap) shows almost constant modal damping value over the frequencies since those 
local modes are influenced by a corresponding driver’s part. Thus the modal damping values are also quite 
similar to the constant structural damping ratio of . On the other hand, both types of breakup modes are 
constructed by the combination of multi-component motions. Hence those damping factors show wide 
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variations over the frequency range. Especially, breakup modes of which modal damping is lower than 

0.06 are identified as a cone-dominant mode that push up radiated acoustic energy in the mid-high 

frequency range. 
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6 Experimental validation 

In order to validate the numerical models, the numerical prediction results of a bass reflex loudspeaker 
system are compared with measured data. The experiments are performed in an anechoic chamber. The 
input voltage of 1.0V is imposed at the driver. A microphone is located on the axis of 1.0m distance from 
the center of the tweeter as shown in figure 6. Numerical simulation results are obtained from the coupled 
FE/BE vibro-acoustic simulation, after that, on the post processing stage, calculated sound pressure is 
rescaled by eq.(7) which take into account the electrical input voltage of the measurements. Figure 10, 11 
represent the predicted sound pressure level [dB] and the electrical impedance [Ohm] for a frequency 
range from  to . Figure 10 compares the numerical simulation which includes only the first 
piston mode of the driver (solid line) with measurements (dot line). On the other hand, figure 11 compares 
the numerical simulation which includes additional 212 high order modes of the driver (solid line) with 
measurements (dot line). Both numerical simulations are in good agreement with measured frequency 
curve in the low frequency range. As frequency increases, however, the discrepancy between the result 
with only a piston mode and measurements gradually increases. On the contrary, the result taking into 
account additional breakup modes clearly capture the sound pressure characteristics covering the high 
frequency range. 

7 Conclusions 

This paper discusses the multi-physical numerical simulation for a loudspeaker system. The numerical 
model which takes into account coupled electro-vibro-acoustic phenomena has been developed and 
benchmarked. In order to be able to make an accurate prediction covering higher frequencies, two 
important processes are proposed. First, the unknown mechanical parameters of surround and spider are 
identified step by step to match the measured driver piston mode. Second, the axial breakup modes of the 
driver are chosen and used by means of a selection process based on the Modal Participation Factor. From 
the analytical and experimental investigation, it can be said that the behavior of the driver is strongly 
dependent on the back electromotive force. The modal parameters, such as modal frequency, mode shapes 
and modal damping, are properly scaled considering the effects of the Back Electromotive Force caused 
by electromagnetic systems. As a result of the comparison between simulation and measurements, the 
proposed numerical model provides the substantial improvement at the high frequencies, thanks to the 
additional breakup modes of the driver. 
 

 
Figure 10: Validation between multi-coupling numerical simulation with only a piston mode and 

measured data 
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Figure 11: Validation between multi-coupling numerical simulation including breakup modes and 

measured data 
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ABSTRACT 

Numerical methods for predicting 'he behavior of structural acollslic 
systems are becoming increasingly practical. In this paper, lhe theoretical 
basis of the most popular state-of-the-art numerical structural-acoustic 
analysis techniques, the finite element methods and boundary element 
methods, are described in general terms. Typical approximations are 
described to identify both the best utilization and the limitations of the 
methods. Models for cases of heavy and light fluid loading are discussed. 
The methods are compared to each other and to analytical method". A 
comprehensive literature review is included for identification of more 
complele references describing the methods. 

INTRODUCTION 

As computer resources become less expensive and more readily available, 
it is becoming increasingly practical to use computational methods to 
predict the structural acoustic behavior of complicated systems. [n addi
tion, there are a number of commercially available numerical programs 
to use for these predictions. 

Numerical methods are generalized approximations of the governing 
equations. The various numerical methods are distinguished from each 
other by the mathematical formulation used and the approximations 
made. These formulations and approximations are coded into a program 
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in such a way that the general bookkeeping tasks are taken care of and 
the methods are simple to use. In general, the methods are so simple to 
use that it is not necessary to understand the theory or approximations 
that have been used to develop the program. This may lead to misuse of 
the programs and poor results. 

There is sometimes also a misconception about the relative roles of 
analytical methods and numerical methods. In general, analytical and 
numerical methods are based on the same fundamental principles and 
mathematical formulations. For numerical methods, additional approxima
tions are gencrally necessary in order that a versatile tool can be developed 
to solve a variety of complex problems (with complex geometry or boundary 
conditions). Analytical methods are often more accurate and more 
insightful when solutions are possible. However, analytical methods can 
be applied only to relatively simple problems. Thus, in general, analytical 
and numerical methods are complementary and should both be used as 
appropriate. In this paper, the theoretical foundation for several popular 
numerical families, the finite element methods and boundary element 
methods will be discussed and compared to analytical methods. 

ANALYTICAL METHODS 

Both analytical and numerical methods are based on partial differential 
equations. In many cases, these equations may be solved using analytical 
methods which range from separation of variables methods to integral 
formulations in terms of variational or integral equations. 

For particular geometry and boundary conditions, separation of vari
ables may be used to solve the equations of the system. For separation 
methods, the solution is generally found in terms of special functions, 
such as Bessel, Hankel, Legendre, Hermite, Laguerre and Whitaker func
tions. Quite often the solution may be found in terms of an eigenfunction 
expansion or a weighted sum involving the special functions. The weights 
are found using transformations, such as Laplace, Fourier, Hankel and 
Mellin. For other cases, the solution may be found in terms of sums in
volving orthogonal polynomials, such as the Legendre and Chebychev 
polynomials. The method of separation of variables can only be used for 
a few problems where the geometry and boundary conditions match an 
orthogonal coordinate system.' For other classes of problem, it is more 
straightforward to formulate the problem in terms of a variational or 
boundary integral formulation. 

Variational methods include a variety of techniques which are used to 
derive a domain integral form of the governing equations. The objective 
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of the variational statement is typically to minimize an integral of the 
error of the approximation over the domain or to minimize an energy or 
Lagrangian integral. The variational formulations are general for a given 
class of problems such that they need not be redeveloped for changes 
in geometry or boundary conditions and can be used to simplify the 
problem because part of the boundary conditions (i.e. the so-called 
natural boundary conditions) can be included in the formulation. 

Boundary integral equations, on the other hand, are found using 
Green's function techniques. The boundary integral equations may be 
viewed in some contexts as the superposition of a large number of 
Green's function solutions multiplied by source strengths where the 
strengths of the sources are adjusted to satisfy the boundary conditions. 
For analytical applications, the Green's function and its integration 
is feasible for only a relatively small number of structural-acoustic 
problems. When feasible, the method usually involves an expansion in 
terms of eigenfunctions of the integral equation, which often converges 
rather slowly, particularly near the boundaries. 

Usually, the complexity of the problem is beyond exact solution of the 
partial differential equations using separation of variables, variational 
formulations, or integral equations. In such cases approximate methods 
must be used. Among the most used arc singular perturbations, asymp
totic expansions, boundary layers, ray acoustics, finite difference 
methods, finite element methods, and boundary element methods. The 
most appropriate method for a given application often depends on the 
frequency range of interest. Typical approximations include finite modal 
expansion, incompressible fluids and the Born approximations at lower 
frequencies, and plane wave approximations and statistical energy 
analysis at higher frequencies. This class of approaches is usually referred 
to as semi-analytical, since numerical approximations are introduced 
only at the solution stage, in contrast to the purely numerical methods, 
where approximations are introduced in the formulation stage (in order 
to discretize the boundaries and governing equations). In the following 
sections the discussion will focus in more detail on low-frequency numer
ical approaches for structural-acoustic problem, since these methods are 
easiest to use and will benefit most from the increased availability of 
computational resources. 

FINITE ELEMENT NUMERICAL METHODS 

One of the first numerical-structural acoustic methods to be formulated 
and used for structural acoustic analysis was the finite element method. 
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Gladwell' published a fonnulation of the coupled structural-acoustics 
problem. Others, such as Craggs,' Young & Crocker,' and Nefske el 0/. 
showed various improvements and applications of the method. Finite 
element methods are commonly based on a variational approximation. 
Finite element methods are formulated using variational fonns of the 
governing equations for acoustics and structures' Using the structural 
displacement as the structure variable, the energy functional (Lagrangian) 
of the elastic system is of the fonn 

F,(W, W) =� f.. (u/W)e/W) - w'IWI')dV (I) 
, 

where uij and 8lj are the stress and strain tensors, respectively, and W is 
the displacement vector. Using pressure as the fluid variable, the func
tional of the acoustic system is of the form 

F,(P, P) = � J IV PI' dV - � J (!!!... p)' dV (2) Pow .. PoW � Co 
Where P is the pressure, Po is the mass density, c, is the sound speed in 
the fluid, and w is the circular frequency. The first term in the integral 
represents the kinetic energy in the fluid while the second term represents 
the potential (i.e. compressional) energy in the fluid. 

For the formulation, a set of basis functions are chosen to represent 
the acoustic field. For finite element methods, these basis functions are 
generally polynomials because it is  relatively simple to do the required 
calculations with low order polynomials. Linear or quadratic polynomi
als are used for most commercial codes. The approximation is derived by 
minimizing the error due to this polynomial representation of acoustic 
pressure. The solution is minimized on an element-by-element basis. The 
element approximations are assembled into a global approximation by 
imposing equilibrium equations at the interelement interfaces. The solu
tions of pressure for the acoustics problem or motion for the structural 
problem must be compatible at the interface between adjacent elements. 
There must also be a continuity of flux at the interface, in this case 
acoustic velocity or structural forces and moments. The element approxi
mations and interelement equilibrium conditions are used to develop a 
global matrix problem. All the unknown structural responses and acous
tic pressures at the finite element grid locations used to define the geome
try are solved simultaneously as the matrix problem is solved. 

The primary approximation made in the finite element method is the 
polynomial basis functions used to approximate the solution. When the 
elements are small relative to a wavelength, even a piece-wise linear ap
proximation will model an acoustic wave reasonably well. However, as 
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frequency increases and the wavelength gets shorter, the approximation 
deteriorates unless additional, smaller, elements are used. In general ,  it is 
recommended that at least six linear elements or tbree quadratic elements 
be used per wavelength for reliable results. 

One advantage of the finite element method is tbat neither the polyno
mial basis functions nor tbe resulting matrices from the finite element ap
proximations are frequency dependent. Thus, for frequency response 
analysis, the matrices are not regenerated at  eacb frequency. This is a sig
nificant potential saving. It is also significant that the matrices wbicb re
sult from the finite element formulation are banded and symmetric. 
Wben advantage is taken of these cbaracteristics, significant reduction of 
memory and computation requirements can be achieved. 

Potential savings can also be realized by using modal solutions of tbe 
finite element matrix equations. To utilize tbis potential feature of the 
finite element approximation, the finite element matrix equation is solved 
for its characteristic, or modal, solution. It is furtber assumed that any 
response can be well approximated as a superposition of these modes. 
Often a relatively small set of modes dominates tbe response. Tbe equa
tion used to find each modal amplitude at each frequency is a scalar 
equation. Tbus, the frequency response of an acoustical system can be 
found using the results of one modal extraction analysfs, also called an 
eigenvalue analysis, and a large number of scalar operations. Tbis 
method is very efficient when a large number of frequency analyses are to 
be performed. Modal superposition techniques are widely used in acous
tics and structural dynamics. 

Another widely used finite element analysis capability is modal synthe
sis.' For modal synthesis, a large system is broken down into a number 
of natural subsystems. Tbe modes of eacb subsystem are found and used 
to represent the response of that subsystem. Equilibrium conditions are 
imposed at  tbe interfaces between the subsystems. From the equations of 
this constrained set of subsystem modal models, the system modal 
parameters can be estimated. This set of system modes can be treated as 
tbe modal set for a regular modal superposition model. For this 
approacb, a relatively large set of modes for the individual subsystems 
are usually retained in order to insure accuracy of the system modal 
model. However, the met bod is still significantly more efficient than 
extracting the modes of the entire system, since eigenvalue extraction is 
an N' operation. For some problems, it may be necessary to use modal 
synthesis, because the model of the entire system is too large to fit into 
the memory of the computer. 

For exterior problems, using the traditional finite element metbod to 
describe the exterior fluid domain is not feasible due to the large models 
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that result. Use of the finite element method has been limited to hydro
dynamic problems such as ship structure vibrations, where the decay of 
the hydrodynamic pressure field is known and is easy to satisfy using 
appropriate basis functions'·9 For radiation problcms, the choice of the 
outer boundary conditions is more troublesome. Furthermore, discretiza
tion of the fluid medium, especially for three-dimensional problems, 
becomes costly at higher wavenumbers. To avoid these problems, the 
wave envelope finite element method has been proposed. I •. II In this 
approach, a conventional finitc element scheme in the radiator's near 
field is matched to a wave envelope finite element scheme for the far
field. In the latter scheme, the basis functions are chosen to accommo
date wave-like solutions (i.e. exponentially decaying functions) allowing 
the use of a finite element which extends several wavelengths. However, 
this method requires a special integration scheme to account for the 
exponential terms in the basis functions. In addition, this approach 
requires the correct modeling of the acoustic field decay at the outer 
boundary of the domain. To address these problems, the so-called 
infinite wave envelope method has been recently proposed." In this 
approach, a finite infinite geometry mapping is used along with t he wave 
envelope approach and a representation of the wave decay in the shape 
function in the form of a series of (1/r) terms. This allows the proper 
modeling of the radiated wave decay and enhances the near field repre
sentation of the acoustic field, thereby reducing the number of conven
tional finite element layers needed to model the near field. However, this 
approach is still in its development stage and is not commonly used for 
radiation and scattering problems. 

BOUNDARY ELEMENT NUMERICAL METHODS 

Except for the infinite wave envelop method, the finite element method is 
not well equipped to solve radiation and scattering problems involving 
infinite domains. Boundary integral approaches are more straightforward 
for such problems. These approaches simplify the problem by expressing 
the field problem and its boundary conditions in terms of surface integral 
equations. One may distinguish between three main classes of boundary 
integral methods. The direct boundary element method (DBEM) which is 
based on the Helmholtz integral equation,I3-16 the indirect boundary ele
ment method (IBEM), derived from potential theory, in which the exte
rior field is written in terms of source layers at the surface and may be 
interpreted as an integral form of Huygen's principle,17-22 and the varia
tional boundary element method (VBEM) which is formulated either in 
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terms of the direct or indirect boundary problem using a variational for
mulation for the error of the solution on the boundary.'J-17 

The main advantage of boundary element methods is the reduction of 
the set-up time (meshing, data preparation) which results from reducing 
the dimensionality of the problem by one. This is especially true for 
three-dimensional problems where meshing is time consuming and data 
handling cumbersome due to the large number of degrees of freedom 
involved. However, the boundary element methods suffer from a number 
of difficulties. These include evaluation of singular terms (involving IIr, 
IIr' and 1/r'), and handling the non-uniqueness of the solution for cer
tain real wavenumbers for situations involving radiation or scattering 
from closed bodies. Furthennore, the DB EM and the IBEM formula
tions produce non-symmetric, fully populated and frequency-dependent 
matrices. The VBEM improves the problem by regularizing the boundary 
integrals, which results in symmetric matrices. However, the numerical 
evaluation of the matrix coefficients is more costly (involving expensive 
quadrature schemes). A most important advantage of the FEM over the 
BEM for solving interior problems is the capability of the former to be 
used to calculate the natural frequencies and mode shapes of the prob
lem. For boundary element-based techniques, because of the frequency 
dependence of the kernel functions, a classical eigenmodes analysis is not 
possible. However, new BE formulations for acoustic eigenfrequencies 
calculations have been recently proposed by Banerjee el al." and refined 
by Coyette and Fyfe.'9 This formulation combines the treatment of two 
sub-problems (the first involving a Laplace equation and the second a 
Helmholtz equation) using a synthesis procedure. However, the full and 
non-symmetric nature of the BE eigenproblem makes this approach 
inefficient compared with the FEM technique. 

THE DIRECT BOUNDAR Y ELEMENT METHOD 

The boundary element method for acoustics is based on the Helmholtz 
integral equation, which is used for exterior or interior problems and is 
relatively easy to formulate for radiation or scattering problems (scatter
ing of plane waves or from point, surface or volume sources in a free 
field). For exterior problems, this equation reads 

C(M)P(M) = J [P(Q) 'dG(M, Q) - G(M,Q) 'dP ] dSQ (3) 
(S) 'dnQ 'dnQ 

where P(M) is the pressure at field point M, P(Q) the pressure at point 
Q on the surface of the structure, DQ is the outward normal vector at 
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point Q of the structure and G(M,Q) represents the free-field Green's 
function. For three-dimensional problems, the free-field Green's function 
is given by 

e-ikr 
G(M,Q) = 4.".,. (4) 

where r i s  the distance between points M and Q and k is the acoustic 
wavenumber. 

The coefficient C(M) in eqn (3) depends on the position of the field 
point M. For M outside the domain of interest, C(M) i s  equal to I; For 
M inside the domain of interest C(M) is equal to O. For M on the sur
face, special treatment is needed."·J6 For most cases 

D C(M) = 1--
47T (5) 

due to the singularity of Green's function where D represents the solid 
angle inside the domain of interest at point M of the surface. For smooth 
surfaces, the solid angle is 27T and C(M) equals 1/2. 

When eqn (3) is used for interior problems, np is the inward normal 
vector (directed inside the structure) and C(M) is equal to I inside the 
structure, is equal to 0 outside and is found using eqn (5) on the struc
ture where n is the exterior solid angle at point M. 

The numerical formulation of the Helmholtz integral equation is 
developed by choosing a discretization method for approximating the 
surface variables (e.g. pressure and velocity for the acoustics problem) 
and surface geometry. To simplify the discretization procedure, the 
surface is subdivided into surface subregions called boundary elements. 
In most cases both the geometry and unknown variables are approxi
mated on the boundary element using polynomial basis functions. Dif fer
ent types of approximation may be used, ranging from piece-wise 
constant approximations for both the geometry and the variables'··31 to 
higher orders' interpolation functions of different order for geometry and 
variables. 16.22.32 

When the surface discretization is used in the Helmholtz integral equa
tion in place of the true surface distribution and the integrals arc evalu
ated, a scalar equation can be developed for the pressure at a field point 
in terms of the pressure and velocity at discrete locations on the surface. 
A sufficient set of these equations can be developed to solve for all the 
unknown pressure and velocity conditions on the boundary by systemati
cally moving the field point to points on the boundary where boundary 
condition data is known. This process is  essentially a collocation process 
where the unknown boundary data at discrete locations is solved in order 
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to satisfy the imposed boundary condition data at  the same or other 
discrete boundary locations. 

After boundary solutions are determined, a similar numerical approach 
can be used to find acoustic responses at field points elsewhere on the 
boundary or within the domain. In this case, the scalar equation will be 
written in terms of the boundary variables at the surface grid points which 
have all been determined. The evaluation of the boundary integral terms 
with the basis function expansion is sometimes troublesome. Depending 
on the degree of interpolation used, care must be taken when numerically 
evaluating the different integrals due to the singularities of the kernels. 
The general approach consists of removing the singularity analytically by 
transforming the elementary singular integral in local polar coordinates15 

Thus, the procedure for numerically solving the Helmholz equation 
may be divided into three main parts. The first is concerned with the 
discretization of the integral equations into a corresponding system of 
algebraic equations in terms of the acoustic variables on the surface. This 
step is similar to the finite element method. Even if good results have 
been obtained with piece-wise approximation, linear or quadratic 
isoparametric approximations allow a more accurate and economical 
representation of the integrals. By satisfying the discretized integral equa
tion at a number of collocation points on the surface (typically the nodes 
of the mesh), a linear system of equations for the acoustic variables on 
the structure is obtained. In contrast to the finite element method, the 
matrices in this system are fully populated and non-symmetric. Further
more, the matrix equations are frequency dependent. By taking advan
tage of symmetry conditions and frequency interpolation techniques, 
considerable savings in computer storage and computation may be 
achieved.ll Depending on the dimension of the system, direct or iterative 
schemes may be used for solving the equations." Finally, once the acous
tic variables on the surface are determined, the domain solution or other 
acoustic metrics of the source (e.g. directivity, power, radiation efficiency) 
may be evaluated easily using simple quadratures. 

THE INDIRECT BOUNDARY ELEMENT METHOD 

The indirect boundary element method is derived from potential theory-"-18 

It may be in terpreted as an integral form of Huygen's principle and 
stems from the observation that a distribution of monopoles, dipoles, or 
a combination of the two, can be used to represent the acoustic field 
radiated or scattered by a structure. The strength density of the sources, 
sometimes referred to as potential layers, is found by applying the 
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appropriate boundary conditions at the surface of the structure. This 
technique has been applied with good results to solve several homo
geneous boundary condition problems.I1-22 For Dirichlet type problem 
(specified pressure), it suffices to represent the source field by a density of 
single layer potentials 

P(M) 
= f a(Q)G(M,Q) d SQ fS) 

M I" (S) (6) 

where P(M) is the pressure at field point M, a( Q) is the single layer po
tential at point Q on the surface of the structure and G(M,Q) the free
field Green's function given by eqn 4. For N eumann-type boundary 
conditions, a distribution of double layer potentials is used 

P(M) = f JL(Q) dG(M,Q) 
dSQ M I" (S) (7) 

IS) anQ 

where JL(Q) represents the double layer potential at point Q on the sur
face of the structure and "Q is the outward normal vector at point Q of 
the structure. 

Finally for problems involving mixed boundary conditions (impedance 
or combined pressure and velocity conditions), a combined distribution 
of single and double layer potential is used 

P(M) = f [JL(Q) dG(M,Q) - a(Q)G(M Q)] dS M I" (S) (8) 
(S) anQ ' Q 

To numerically implement the indirect boundary element methods, a 
technique must be chosen to approximate the geometry and potential 
distribution. [n most cases the surface is discretized into boundary 
elements. A basis function set is chosen to represent the geometry and 
potential distribution of each element. Low order polynomials are 
generally used in the same fashion as for direct boundary element 
methods. It should be noted that the basis function for geometric 
description and potential distribution need not be the same. The bound
ary integral equation, with these approximations, can be evaluated for 
pressure or velocity at a specified field point in terms of a weighted sum 
of discrete values of the potential strength at discrete locations on the 
surface. As with direct element methods, a sufficient number of these 
equations can be written for known boundary condition data in order to 
solve for all of the potential strength parameters on the surface. The 
known potential parameters can be used with a similar approximation of 
the indirect boundary integral equation to find acoustic variables at  
locations of interest in the field. 

The same integral evaluation and solution procedures are used. Using 
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indirect boundary elements with Neumann's boundary condition involves 
evaluation of a hypersingular integral involving the double normal 
derivative of Green's function (see the normal derivative of Eqn 7). This 
integral is divergent (varies like I/r3) and hence should be interpreted in 
the sense of the finite part of Hadamard. Several transformation and 
integration techniques have been devised to evaluate the hypersingular 
integral but they remain costly.3O,34-40 

Indirect methods have several advantages relative to direct boundary 
element methods, Homogeneous boundary condition problems can be 
represented using a single potential layer potential. In addition, the po
tential methods easily treat simultaneous interior-exterior coupled prob
lems and radiation and scattering from unbaffied thin structures. The 
indirect method may be derived by formulating the Helmholtz integral 
equation using generalized functions theory,"·41 In such cases, the single 
layer potential represents the jump of normal velocity between the inner 
and outer boundaries of the body while the double layer potential repre
sents the corresponding jump of pressure. 

The variational approach (variational boundary element method) 

The previously described boundary integral methods suffer from two 
major difficulties. The first is related to the numerical evaluation of 
singular and hypersingular integrals and the second is related to the fact 
that the formulations lead to non-symmetric matrices. To eliminate these 
two difficulties, symmetric, variational formulations for the boundary 
integral methods have been proposed."-27 These formulations are typi
cally constructed by multiplying either the H elmholtz integral equation" 
or the indirect integral equation" by an admissible trial function and 
integrating the result over the surface of the structure. A common choice 
of the admissible trial function is a variation of the actual function (i,e. 
pressure or potential layers). Detailed derivation and discussion of these 
formulations can be found in the thesis by Hamdi25 and the recent 
manuscript by Pierce." These formulations regularize the singular inte
grals and lead, after discretization, to symmetric matrices, Thus, consid
erable saving in solution time is achieved. Hamdi" thoroughly describes 
the theoretical derivation and the numerical implementation of this 
approach using linear triangular clements. His approach was used 
successfully for several practical problems"'" An equivalent variational 
formulation has been proposed by Pierce and Wu" where the transfor
mation of Maue and Stall brass is used to regularize the hypersingular 
integral. This formulation has been used with good results for several 
problems,"'" 
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Numerical implementation of the variational approach is similar to 
that of the corresponding boundary integral method except for two diff
erences. Firstly, a double surface integration is necessary. Evaluation of 
the regular integrals is done using classical quadrature schemes. Evalua
tion of the singular terms involves a semi-analytical integration (i.e. an 
analytical integration in polar coordinates over the first surface integral 
to eliminate the l/r singularity and a numerical integration for the second 
surface integral). Secondly, due to the symmetry of the variational for
mulation, the final system of the linear equation is symmetric and, hence, 
efficient solution algorithms may be used. 

In addition, it is worth noting that in contrast to the classical BEM 
collocation methods, the variational approach does not use collocation 
points. The final system of the linear equation is obtained directly from 
discretization of the constructed functional which explicitly takes into 
account the known boundary conditions over the surface of the 
structure. This allows for accurate approximation of the unknown 
acoustic field and represents an order of improvement over the classical 
BEM. Finally, it is worth mentioning for purposes of understanding the 
variational methods discussed here that Pierce"'" showed that the varia
tional formulation for the Helmholtz integral equation may be interpreted 
in terms of invoking the stationarity of the radiated acoustic power. 

The non-uniqueness problem 

The direct, indirect and variational formulations of the boundary integral 
method applied to the exterior domain fail to have a unique solution for 
certain frequencies. This non-uniqueness problem does not correspond to 
a physical situation, except for indirect formulations of exterior problems 
using one layer of potential. It is proven, for direct and variational-based 
formulation, that the solution is unique at all frequencies"'lO,,, The non
uniqueness problem is merely a mathematical difficulty due to the fact 
that the integral representation fails to rcpresent the field at the charac
teristics frequencies. The non-uniqueness problem usually is manifested 
in numerical implementation as ill-conditioning problems for frequencies 
close to the characteristic frequency. 

The method most widely used to eliminate the non-uniqueness prob
lem was devised by Schenck" In this approach, the Helmholtz surface 
integral equation is over-determined using the Helmholtz integral equa
tion evaluated at selected interior points. It has been proven that the 
solution of the combined system is unique at all frequencies. Howevcr, 
when the interior points are on a nodal surface of the interior domain, 
the method fails. The main drawback of this approach is the lack of a 
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criterion to choose the number and position of the interior points, espe
cially for non-symmetrically shaped bodies and for exterior problems at 
higher frequencies where the number of nodal surfaces becomes large." 

Another approach, which is similar to the superposition method," 
consists of formulating the integral equation using single and double 
source layers on an artificial surface inside the domain." " The main 
advantage of this approach is that the resulting integrals are regular. 
However, the method suffers from the lack of criteria for the choice of 
the shape and position of the interior surface. Another version of this 
approach has been proposed by Quevat et al." where an impedance 
condition on a fictitious boundary inside the domain is appended to the 
original exterior problem. 

Still another method to solve the uniqueness problem was proposed by 
Burton and Miller.59 A linear combination of the Helmholtz integral 
equation and its normal derivative are superimposed. Even if both the 
Helmholtz integral equation and its normal derivative suffer from the 
non uniqueness problem, it was demonstrated that the combination of 
the two integral equations leads to a unique solution for a complex com
bination coefficient. However, this approach involves hypersingular 
integrals for which special numerical treatment is needed.30.34-40.60 Criteria 
for the choice of the coupling parameter and discussion of its numerical 
implementation may be found in Meyer el al.,'o Amini & Harris,.l Amini 
et al.62 Several comparisons between the most commonly used techniques 
for solving the non-uniqueness problem are available in the litera
ture.61•6J. 64 At lhe present time, the interior points method remains the 
most commonly used approach. 

FLUID-STRUCTURE COUPLING 

The interaction of an elastic solid with an acoustic fluid has received 
considerable attention in the literature. The action of fluid loading is 
twofold, added mass and radiation damping. A useful criterion quantify
ing the importance of fluid loading is given by 

A == Poco 
p,hw (9) 

where h is a characteristic thickness of the structure, p, is the mass den
sity of the structure, p, and c, are the mass density and the sound speed 
in the fluid. 

When A < I, fluid loading is  small. This is generally the case for vibrat
ing structures in a l ight fluid (air for instance). For such cases, a so-called 
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chained approach is sufficient to solve for the vibro-acoustic characteris
tics of the systcm. For this approach, the vibration problem is solved 
first. The displacement of the structure is then used as a boundary condi
tion for the acoustic problem. When A � 1, fluid coupling is important. 
This is generally the case for a light vibrating structure in heavy fluid 
(water for instance). In  such cases, the dynamics of the structure and the 
acoustics of the fluid must be determined simultaneously. 

I t  worth noting at this stage that for some situations, the criterion 
given by eqn (9) is not sufficient to decide whether the problem is strongly 
coupled or not. Consideration of geometry as well as of the characteristics 
of the fluid and the structure may play an important role. For instance, 
for a thin plate backed by a shallow cavity, the coupling between the 
fluid in the cavity and the vibration of the plates i s  important. 

For time-harmonic excitations there are several techniques that may be 
uscd to model structural response in a heavy fluid depending on the 
problem at hand. They range from approximate approaches, where an 
approximate relationship is found to couple the fluid to the structure, to 
exact approaches, where the continuity of the normal displacement and 
force equilibrium are used. A useful approximate formulation for the 
relationship between the structure displacement vector {W,} and the fluid 
loading vector {F,} is the doubly asymptotic approximation (DAA)"·66 

(10) 

where [ r' denotes a matrix inverse and (-) denotes a partial time deriva
tive. The first term in the RHS of eqn (10) represents the plane wave 
approximation, which states that the pressure p at the fluid-structure 
interface is related to the normal velocity by the plane wave approxima
tion P = p,c,W" where Po is  the density of the medium, Co the sound 
speed and W" the normal displacement of the structure. This term 
accounts for the high-frequency behavior of the response. The second 
term of eqn (10) accounts for the low-frequency behavior of the 
response. It represents an added mass approximation to fluid loading 
determined through an incompressible fluid motion approximation. The 
DAA approach is mostly used for solving transient problems. I t  has been 
validated for simply shaped bodies and its extension to mid-frequencies is 
under investigation." 

'Exact' numerical formulations may be subdivided into two main 
classes: interior and exterior problems. Typical examples of the first class 
involve the vibration of fluid-filled tanks. For the second class, examples 
includc the vibration and acoustic radiation from submerged structures. 
For interior problems, the most widely used formulations are based on 
the finite element method for both the structure and the interior 
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fluid.'.4I,61 -70 Using the structure displacement and the pressure as the 
structure and the fluid variables, respectively, the functional of the 
coupled system is of the form 

F( W,P) = F,( W, W) + F,(P,P) + C(P, W) - T(F" W) (I I) 
where F,( W, W) and F,(P,P) represent the energy functional (Lagrangian) 
of the structure and the fluid, given, respectively, by eqns (I) and (2), and 

C(P, W) = - f. PW, dS (12) 

represents the interaction energy linking the pressure in the fluid to the 
normal displaccment of the structure, Seen from the viewpoint of the 
structure, this term represents fluid loading or external work done by the 
acoustic pressure on the structure, Finally 

T(F"IV) = i,E. W dS (13) 

where Tis thc external mechanical work on the structure. 
Discretisizing the coupled functional (J I) using the FEM leads to the 

coupled finite clement equation 

(14) 

where [K,] and [M J are the stiffness and mass matrices of the structure, 
{F,} is  the mechanical loading vector, [H] and [Q] are the kinetic and 
potential energy matrices of the fluid and [q is the matrix coupling the 
displacement vector {WI of the structure to the pressure vector {P} at 
the fluid-structure interface. Equation (14) can be used to find the modes 
of coupled structural-acoustic systems, 

The solution of the above system leads simultaneously to the displace
ment of the structure and the pressure field in the fluid. In the case of an 
incompressible fluid, the system of eqn (14) reduces to the low-frequency 
limit of the doubly asymptotic approximation 

[K, - w'(M, + M,)]{W} = {F,} 

where M, is the added mass matrix 

M = p CH-1CT , " 

(15) 

(16) 

For a coupled modes analysis, the principal problem with the eigen
value system derived from eqn (14) is that it is full and non-symmetric, 
Thus, computation time may be significant, Symmetrization techniques, 
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such as those proposed by Irons, are time-consuming' Another alterna
tive, leading directly to symmetric matrices, consists of using the field dis
placement as the fundamental unknown67.71.72 For three-dimensional 
problems, this approach results in three degrees of freedom per node 
rather than one for the pressure-based approach. Thus, this approach 
leads to a larger system of equations. Furthermore, this formulation is 
complicated by the fact that the irrotationality condition for the displace
ment in the fluid domain must be imposed as an extra boundary condi
tion.71 Another alternative has been developed which uses the velocity 
potential as the unknown for the fluid.74." However, this system is  
complex (the relationship between the pressure and the velocity potential, 
P = jp,WIp, translates to an artificial damping) which renders its resolu
tion time expensive. As  another alternative," used both the pressure and 
velocity potential as unknowns in the fluid. After discretization, this for
mulation leads to a larger but real and symmetric system of equations 
which reduces the computation time, especially for the incompressible 
eigenvalue analysis of the system. 

For exterior problems, the interaction problem is commonly solved by 
coupling the finite element formulation for the structure to a boundary 
element formulation for the fluid."·77 For coupling approaches based on 
the direct or indirect BEM, the coupled system suffers from the same 
shortcomings as the uncoupled methods. i.e. the final fluid and coupling 
matrices are complex, full and non-symmetric. The coupled problem may 
be illustrated by the special case of radiation from a structure under 
Newman's boundary condition. The functional including fluid loading is  
given by the first and third term of the right-hand side (RHS) of eqn 
(11). For the fluid, using the collocation scheme, the discretized form of 
eqn (3) reads (assuming a smooth surface) 

[�+ A(k)]{P} + p,w2[B(k)]{ W} = to} (17) 

where / is the identity matrix and A(k) and B(k) are complex matrices 
representing the contribution from the first and second term of the RHS 
of eqn (3). The coupled system is given by 

(18) 

Other variants of eqn (18) use indirect approaches for the acoustic 
equations and lead to similar systems.77.78 Compared to the FEM coupled 
system given by eqn (14), the above system is  complex, non-symmetric 
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and frequency dependent. Furthermore, the evaluation of the matrices' 
coefficients involves handling singular integrals.",7J On the other hand, 
approaches based on the variational method for the fluid couple natu
rally to the variational formulation for the structure and lead directly to 
symmetric matrices 'I.43." 84. A double layer potential representation of 
the pressure field can be used to solve the previous Newman's boundary 
problem using the variational approach (see eqn 7). Following Hamdi & 
Ville," the corresponding functional is 

I f J 
a'G(M,Q) 

J(p" p,) = :2 , , p,(M)p,(Q) anM anQ dSM dSQ 

- Pow' J, p,(Q) W.(M) dSQ (19) 

where, as mentioned in the section on the variational approach, the first 
term of the RHS of eqn ( 1 9) can be transformed in terms of lower order 
singular integrals'4 

J J p,(M)p,(Q) 
a;G(�,Q) dSM dSQ = 

J J G(M,Q)[k'p,(M)p,(Q)(nM·nQ) 
I I  nM nQ • •  

- {(nM X "lMP,).(nQ X "lQp,)}] dSM dSQ (20) 

The discretized form of the coupled functional reads (in the case of a 
thin structure p, represents the jump of pressure throughout the surface S 
and hence represents the fluid load on the structure) 

[K' - w'M, - C ] {Wl {F} 
- CT 

P
o�' D(k) (J' f = 0

' 
(21) 

where D(K) is a symmetric complex matrix representing the discretisa
tions of the 'transformed form' of the first term of the RHS of eqn (19). 

The advantage of the above system, compared to eqn ( 1 8) lies in its 
symmetry. In addition, it may be used to simultaneously solve interior
exterior coupled problems involving thin structures. However, the 
approach is time consuming due to the numerical evaluation of double 
surface integrals. Hence, the choice of the appropriate method depends 
on the trade-off between the set up time (calculation of the different 
matrices) and the solution time (which depends on dimension, the prop
erties of the matrices, and the algorithm used). 

Finally, the exterior fluid-structure coupling problems also suffer from 
the non-uniqueness problem. The techniques used to overcome the non
uniqueness problem for uncoupled problems can also be used to over-
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come the non-uniqueness problem for coupled problems. When the fluid 
occupies both the interior and exterior of the structure, the solution is 
unique at all wavenumbers. 

CONCLUSIONS 

There currently exists a reasonable variety of mature numerical tech
niques which have been implemented in commercially available code to 
be used for structural acoustic analysis. Almost any low-frequency deter
ministic problem can be solved using available finite element or bound
ary element methods. Most of these codes have been verified analytically. 
However, there have been relatively few realistic verification exercises 
published. There are, at present several efforts to initiate round-robin 
testing of programs for comparison with experimentally obtained data. 
These exercises should do a great deal to indicate how reliable the meth
ods are and how much variation will occur in the solutions due to model 
interpretation, experience, etc. Such information will be very useful to 
identify whether there are fundamental problems of model generation 
and execution which must be overcome or whether these codes can be 
reliably used in their current state. 

For the most part, the greatest apparent deficiency of existing analysis 
programs is their utility. A substantial amount of labor is generally con
sumed to generate the models. Furthermore, the process of improving a 
design and converging to an optimal configuration is tedious and dis
jointed. The utility of the methods would be greatly enhanced by inte
grating the existing computational structural-acoustic methods with data 
base structures which would facilitate model generation and updates. In 
addition, the programs would be significantly enhanced by the addition 
of sensitivity calculation capability. Sensitivity calculation is not difficult 
or costly if it is coupled with the original solution procedure. The result
ing information helps the design engineer better understand the critical 
aspects of the current design option and how to improve the design. The 
sensitivity information could also be used if desired to implement a 
formal optimization process. In addition, a concerted effort should begin 
to predict the statistical variation that can be expected for a large sample 
of nominally identical systems. Such capabilities will all result in large 
productivity gains and enhanced understanding of the behavior of 
structural-acoustic systems under study with relatively straightforward 
modifications to existing program capability. 

There are several ongoing research efforts of note which may result in 
significant improvements to current methods. There is continuing work 
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to develop infinite elements and wave envelope finite element formula
tions. I f  successful, these fonnulations would result in symmetric, banded 
matrices which will decrease solution time and matrix storage require
ments. There are also continuing studies on iterative solvers which could 
be used to reduce the solution time for both finite element and boundary 
element methods. 

High-frequency problems need to be addressed as rigorously as low
frequency problems have been. [t seems likely that the analysis approach 
will be different than low-frequency methods since the design problem is 
essentially posed differently at high frequency, and the desired results are 
different (i.e. frequency and space averaged predictions are more useful 
than local, single frequency results). SEA analysis is one mature tech
nique that can be used at high frequency. However, there has been addi
tional interest recently in methods more similar to the approaches 
discussed in this paper which use energy density, energy flow and power 
as the primary variables of interest. If successful, these methods would 
allow the use of consistent data bases and mathematical formulations for 
the entire audible frequency band. 

In summary, there are several mature alternatives available for deter
ministic structural acoustic analysis at low frequency. When the geometry 
and boundary conditions are too complicated for utilisation of analytical 
procedures, these numerical methods can be used with confidence 
provided the user is aware of the approximations and limitations of the 
methods as outlined in the previous discussion. 

REFERENCES 

I .  Morse, P. M.  & Feshbach. H., Method of Theoretical Physics. Part II. 
McGraw Hill, New York, 1978. 

2. Gladwell, G. M. L., A variational formulation of damped acousto-structural 
vibration problems. 1. Sound Vib., 4(2) ( 1 966) 1 72-86. 

3. Crags, A., The use of simple three-dimensional acoustic finite elements for 
determining the natural modes and frequencies of complex shaped enclo
sures. J. Sound. Vib. , 23(3) ( 1972) 331-9. 

4. Young, c.-I. J. & Crocker, M. 1., Prediction of transmission loss in mumcrs 
by the finite element method. J. Acoust. Soc. Am., 57 ( 1 975) 144-8. 

5. Nefske, D. J . ,  Wolf, J. A. & Howell, L. J. ,  Structural-acoustic finite element 
analysis of the automobile passenger compartment-a review of current 
practice. J. Sound Vib., 80(2) ( 1 982) 247--{56. 

6. Zienkiewicz, O. c., The Fin;te Elements Method, 3rd cdn, McGraw-Hili 
London, 1977. 

7. Craig. Jr, R. R., Structural Dynamics: An Introduction to Computer 
Methods. J. Wiley and Sons, NY, 1 98 1 .  



190 N Atalia. R . .I. Rnnhard 

8. Armand . .  J.  L. & Orsero. P., A method for evaluating the hydrodynamic 
added mass in ship hull vibrations. SN.A.M.E. Transactions. 87 ( 1 970) 
99-129. 

9. Bettes, P., Infinite elements. Int. J. Nllm. Meth. Eng. , 11 ( 197 1 )  53-64. 
ID.  Astley. R. J., Wave envelope and infinite element schemes for acoustical 

radiation. Jill. J. NUII/. Methods Eng. , 3 ( 1 983) 507-26. 
I I .  Astley. R. 1 .. Eversman, W., Finite element formulation for acoustical radi

ation. J. SOllnd Vih . . 88 ( 1 983) 47--64. 
12.  Astley. R. J .. Coyette. J .  P. & MacAulay. G. J., Mapped wave envelope 

elements for acoustical radiation and scattering. (in prep.). J. Sound. Vib. 
1 3 .  Chen, L. H .  & Schweikert, D. G., Sound radiation from an arbitrary body. 

1. Acollst. Soc. Am., 35 ( 1 963) 1 626-32. 
14.  Chertock. G . .  Sound radiation from vibrating surfaces. J. Acoust. Soc. Am., 

36 ( 1 964) \ 305- 1 3 .  
1 5 .  Banerjee, P. K. & Butterfield, R.o Boundary Element Methods in Engineering 

Science. McGraw-Hili, London. 1 98 1 .  
1 6 .  Seybert. A. F .. Soenarko. B.,  Rizzo. F. J. & Shippy. D. J., An advanced 

computational method for radiation and scattering of acoustic waves in  
three dimensions. 1. Acollst. Soc. A m  . .  77 ( 1 985) 362-8. 

1 7. Kupradze. V. D .. Potential Methods in (he Theory of Elasticity. Israel pro
gram for Scientific Translation, Jerusalem. 1965. 

1 8 .  Filippi, P., Layer potentials and acoustic diffraction. J. SOIlIld. Vih., 54(4) 
( \  977) 473 500. 

19 .  Goroire, J .  & Nedelec, J.  C., Numerical solution of an exterior Neumann 
problem using a double layer potential. Math. oj Comp., 32 ( 1 978) 144. 
973-90. 

20. Sayhi. M. N .. Resolution d'un probleme de rayonnement par collocations 
des formulations integrales directes et indirectes a I'aide de potentiel de sim
ple et de double couche. These de Docteur Ingenieur, Universite de Tech
nologic de Compiegne. 1979. 

2 1 .  Lin, T. C . .  The numerical solution of Helmholtz's equation for the exterior 
Dircchlet problem in three dimensions. SIA M J. Number. Anal., 22 ( 1 985) 
670-86. 

22. Bernhard. R. J . .  Gardner, B. K .. Mollo, C. G. & Kipp, C. R., Prediction of 
sound fields in cavities using boundary-element methods. AIAA J., 25(9) 
( 1 986) 1 1 76 83. 

23. Levine, H . .  Variational principles in acoustic diffraction theory. J. Acoust. 
Soc. Am., 22 ( \ 950) 48-55. 

24. Hamdi. M. A.,  Une formulation variationnelle par equations integrales pour 
la resolution de I'cQuation de Helmholtz avec des conditions aux limites 
mixtes. CR. Acad. Sc. Paris Ser. II, T 292 ( 198 1 )  1 7-20. 

25. Hamdi, M. A., Formulation variationnelle par equations integrales pour Ie 
calcul de champ acoustique lineaircs proches et lointains. These de Doctorat 
d'Etat, Univerit'; de Technologie de Compiegnc, 1 982. 

26. Pierce, A. D. & Wu, X.-F., Variational method for prediction of acoustic 
radiation from vibrating bodies. 1. Acoust. Soc. Amer., Suppl. 1 , 74 ( 1 983) 
S 1 07. 

27. Pierce, A. D .. Variational formulations in acoustic radiation and scattering. 
Physical Acoustics, XXII ( 1 993). 



Nume.rical solutions for structural-acoustic problems 29J 

28. Banerjee, P. K., Ahamd, S. & Wang, H. c., A new BEM formulation for 
the acoustic eigenfrequency analysis. Int. J. Num. Meth. Eng., 26 ( 1 988) 
1 299-1 309. 

29. Coyette, J. P. & Fyfe, K. R.,  An improved formulation for acoustic eigen
mode extraction from boundary element models. J. Sound Vih., 1 12 ( 1990) 
392-8. 

30. Meyer, W. L., Bell, W. A., Zinn, T. & Stallybrass, M.  P. ( 1 986). Boundary 
integral solutions of three dimensional acoustic radiation problems. J. 
Sound. Vib., 59(2) ( 1 978) 245--62. 

3 1 .  Koopmann, G. H. & Benner, H.,  Method for computing the sound power 
of machines based on the Helmholtz integra!. J. Aeoust. Soc. Am., 71(2) 
(1982) 78-89. 

32. Mathews, I .  c., Numerical techniques for three�dimensional steady state 
fluid-structure interaction. J. Acoust. Soc. Am., 79 ( 1 986) 1 3 1 7-25. 

33. Seybert, A. F., Seenarko, 8., Rizzo, F. J. & Shippy, D. J., A special integral 
equation formulation for acoustic radiation and scattering for axisymmetric 
bodies and boundary conditions. J. Acoust. Soc. Am., 80 ( 1 986) 1241-7. 

34. Amini, S. & Wilton, D. T., An investigation of boundary elements methods 
for the exterior acoustic problem. Comput. Methods Appl. Meck Engng., 54 
( 1986) 49-65. 

35. Ter.i, T., On the calculation of sound fields around three-dimensional 
objects by integral equation methods. J. Sound. Vih. ,  69 ( 1 980) 71-100. 

36. Jun, L., Beer. G. & Meek, J. L., Efficient evaluation of integrals of order I lr, 

I I?, 1 1,-' using Gaussian quadrature. Eng. Anal., 2(3) ( 1986) 1 3 1 7-25. 
37. Martin, P. A. & Rizzo, F. J. ,  On the boundary integral equations for crack 

problems. Proc. Royal Society London, A421 ( 1 989) 341-55. 
38. Chien, C. C., Rajiyah, H. & Alluri, S. N., An effective method for solving 

the hypersingular integral equation in 3-D acoustics. J. Acoust. Soc. Am., 88 
( 1 990) 918-37. 

39. Krishnamy, G., Schmerr, L. W., Rudolphi, T. J. & Rizzo, F. J., Hypersin
gular boundary integral equations: some applications in acoustic and elastic 
wave scallering. ASME J. App. Meeh: , 57 ( 1 990) 404--14. 

40. Wu, T., Seybert, A. F. & Wan, G. c., On the numerical implementation of 
a Cauchy Principal value integral to insure a unique solution for acoustic 
radiation and scattering. J. Aeoust. Soc. Am., 90(1) ( 1 99 1 )  554--60. 

4 1 .  Hamdi, M .  A" Methodes de discret;salion par element finis el elements finis 
de Jrontiere. In Rayonnement Acoustique des Structures: Vibroacoustique. 
Interaction Fluide-Structure. Eyrolles, Paris, 1988. 

42. Hamdi, M. A. & Ville, J. M.,  Development of a sound radiation model for a 
finite-length duct of arbitrary shape. AIAA J., 20(12) ( 1 982) 1 687-92. 

43. Hamdi, M.  A. & Ville, J. M.,  Sound radiation from ducts theory and exper
iment. J. Sound Vib , 107(2) ( 1 986) 23 1 -42. 

44. Ginsberg, J. H., Pierce, A. D., Wu, X.-F. & DiMarco, J. S., Rayleigh-Ritz 
analysis and finite element descriptions derived from variational principles 
of diffraction by a circular disque. J. Acoust. Soc. Am., Supp!. I, 77 ( 1 985) 
S60. 

45. Ginsberg, J.  H., Chen, P T. & Pierce, A. D., Analysis using variational prin
ciples of the surface pressure and displacement along an axisymmetrically 
excited disque in a baffle. J. Aeoust. Soc. Am., 88 ( 1990) 548-59. 



292 N. A ralta. R. 1. Bemhard 

46. Wu, X.-F., Pierce, A. D. & Ginsberg, J. H.,  Variational method for comput
ing surface acoustic pressure on vibrating bodies. applied to transversely 
oscillating disques. IEEE J. Ocean. Eng. , OE-12(2) ( 1 987) 4 1 2-1 7 .  

47. Wu, X.-F. Faster calculations of sound radiation from vibrating cylinders 
using variational formulations. A SME J. Vib. Acoust. Stress Rei. Design, 
1 1 1 ( 1 988) 1 0 1-7. 

48. Ginsberg, J .  H.  & McDaniel. J. G., An acoustic variational principle 
and component mode synthesis applied to the analysis of acoustic radiation 
from a concentrically stiffened plate. J. Vib. Acoust., 1 13 ( 1991 )  401-8. 

49. Pierce. A. D., Stationary variational expressions for radiated and scattered 
acoustic power and related quantities. IEEE J. Ocean. Eng. , OE-I2(2) ( 1 987) 
404- 1 1 .  

50. Lies, R.,  On the Neumann boundary value problem for the Helmholtz wave 
equation. Arch. Ral. Meck Eva!. , 2 ( 1 958) 1 0 1-13.  

5 1 .  Wu. X.-F. & Pierce. A.  D . .  Uniqueness of solutions to variationally formu
lated acoustic radiation problems. J. ViI!. AcouSI., 1 12 ( 1 990) 263-7. 

52. Schenck. H. A., Improved integral formulation for acoustic radiation 
problems. J. Acoust. Soc. Am . . 44( 1 )  ( 1 968) 41-58. 

53. Seybert. A. F. & Rengarajan, T. K . .  Thc use of CHIEF to obtain unique 
solutions for acoustic radiation using boundary integral equations. J. 
Acousl. Soc. Am., 81 ( 1 987) 1 299-1306. 

54. Koopmann, G. H .. Song. L. & Fahnline. 1. B .. A method for computing 
acoustic fields, based on the principle of wave superposition. J. Acoust. Soc. 
Am . .  86 ( 1 989) 2433-8. 

55. Cunefare. K. A., Koopmann, G. H.  & Brod, K.,  A boundary element 
method for acoustic radiation valid for all avenumbers. J. ACOliSl. Soc. Am., 
85 ( 1 989) 39-48. 

56. Shaw, R. P. & Huang, S. c., Element and eigenfunction expansion forms of 
an embedding integral equation approach to acoustics. I n  Advances in 
Boundary Elemenls Vol. 2: Field and Fluid FlolV Solutions. ed. c. ' A. Brebbia 
& J .  J .  Connor. Springer, New York. 1989, 3 1 9-39. 

57. Hwang, 1. & Chang. S .. A retracted boundary integral equation for exterior 
acoustic problem with unique solution for all wave numbers. J.Acoust. Soc. 
Am., 90 ( 1 9 9 1 )  1 1 67-80. 

58. Quevat, J. P., Hamdi, M .  A. & Martin, V .. Frequenccs parasites pour les 
vibrations de systemes couples, In  Calcul des Structures el Intelligence 
Artificielle, Vol. I.  eds 1. M .  Fouet, P. Ladeveze & R. Ohayon. Pluralis, 
Paris, 1987. 

59. Burton, A. 1 .  & Miller, G. F., The application of integral equation methods 
to the numerical solution of some exterior boundary value problems. Proc. 
Royal Soc. London, A.323, 201-2 1 0, 1 97 1 .  

60. Linz. P., On the approximate computation of certain strongly singular 
integrals. Computing, 35 ( 1 985) 345-53. 

6 1 .  Amini, S. & Harris, P. J . ,  A comparison between various boundary integral 
formulations of the exterior acoustic problem. Camp. Meth. Appl. Meek 
Engng., 84(1) ( 1 990) 59-75. 

62. Amini, S., Chen Ke & Harris, P. J..  Iterative solution of boundary element 
equations for the exterior Helmholtz problem. ASM E 1. Vibrato AcoustiCS, 
1 12(2) ( 1 990) 257. 



Numerical solutions Jor struclural-Qcoustic problems 293 

63. Tohocman, W., Calculation of acoustic wave scattering by means of the 
Helmholtz integral equation I .  J. Acollst. Soc. Am., 76 ( 1 984) 599-607. 

64. Tohocman, W., Calculation of acoustic wave scattering by means of the 
Helmholtz integral equation I! .  J. AcoIISI. Soc. Am., 76 ( 1 984) 1 549 54. 

65. Geers, T. L., Doubly asymptotic approximations for transient motions of 
submerged structures. J. Amllst. Soc. Alii., 64(5) ( 1 978) 1 500-8. 

66. Geers. T. L. & FeJlipa, C A .. Doubly asymptotic approximations for vibra
tion analysis of submerged structures. J. Acoust. Soc., Alii., 73 ( 1 983) 1 1 52-9. 

67. Hamdi. M .  A., Etude des vibrations clasto-acoustique par une methode 
d'Clements finis aux deplacement. These de Docteur lngenieur, Universite de 
Technologie de Compiegne, 1978. 

68. Kandidov, V. P. & Khristochevskii. S. A., Determination of the pressure of 
a fluide on a cylinder by the finite element method. Soc. Phys. ACOlist., 24(5) 
( 1 978). 

69. Kagawa, T., Yabushi, T. & Sugigara. K., A finite elements approach to a 
coupled structural acoustic radiation system with application to loudspeaker 
characteristic calculation. J. SOllnd. Vih.,  16(3) 229-43. 

70. Zienkiewicz, O. C. & Newton. R. E . . Coupled vibration of structures sub
merged in a compressible ftuide. Int. Symp. Finite Element Tech.,  Stuttgart, 
1969. 

7 1 .  Kalinowski, A. J .. Fluid structure interaction. In Shock and Vibration Com
puter Programs: Reviews and Summaries, S VM-IO. ed. W. Pilkey, & B. 
Pilkey, The Shock and Vibration Information Center, Naval Research Lab
oratory, Washington, DC, 1 975, 405-2. 

72. Kiefiing, L. & Feng. G. C. Fluid-structure finite clement vibrational analy
sis. AIAA J., 14(2) ( 1 976) 199 203. 

73. Chen, H. C. & Taylor, R. L.. Vibration analysis of fluid solid systems using 
a finite element displacement formulation. Inf. J. Num. Mefli. Eng. , 29 
( 1 990) 683-98. 

74. Everstine, G. C .. A symmetric potential formulation for fluid-structure 
interactions. J. Sound Vih . •  107 ( 1 98 1 )  1 2 1-9. 

75. Olson, L. G. & Bathe, K. J . ,  Analysis of fluid-structure. A direct symmetric 
coupled formulation based on the fluid velocity potential. Computers and 
Structures J., 21 ( 1 985) 2 1  32. 

76. Ohayon. R. & Morand, H., Variational formulations for the elasto-acoustics 
vibration problem: finite element results. Second 1m. Symp. on F E. M  Ap
plied to Flow Problems, Rappalo, Italy, 1976, pp. 14-18. 

77. Ousset, T. & Sayhi, M. N., Added mass computations by integral equations 
methods. 1111. J. Nllm. Methods Ellg. , 19 ( 1 983) 1 355-73. 

78. Sayhi, M .  N., Ousset, Y. & Verchcry, G., Solution of radiation problems by 
collocation of integral formulations in terms of single and double layer po
tentials. J. SOUIld. Vih., 74(2) ( 1 98 1 )  187-204. 

79. Ben-Mariem, J., Etude du eouplage elasto-acoustique par une methode 
d'elements finis de surface. These de Docteur 3eme cycle. Universite de 
Technologie de Compiegne. 1984. 

80. Jean, P., Une methode variationalle par equations integrales pour la resolu
tion numcrique de probleemes interieurs et exterieurs de couplage elasto
acoustique. These de Docteur Ingenieur. Universite de Technologie de 
Compiegne, 1 985. 



294 N Atalia. R. J. Bernhard 

8 1 .  Hamdi, M.  A. & Jean, P., Resolution numerique des problemes couplees par 
une methode d'clements finis de frontiere. Colloque tendance actuelles en 
calcul des structres. Bastia. France, 6-8 Nov., 1 985. 

82. Ginsberg, J. H., Pierce. A. D.. Variational principle for harmonic 
fluid-structure interaction applied to an unbaffled elastic disque. J. Acoust. 
Soc. Am . •  Supp!. 1 , 79 ( 1 986) S9 1 .  

83. Ben-Mariem. J. & Hamdi, M .  A., A new boundary finite element method 
for fluid-structure interaction problems. Int. J. Num. Meth. Eng., 24 ( 1987) 
1251-67. 

84. Coyette, J. P. & Fyfe. K. R., Solution of elasto-acoustic problems using a 
variational finite element/boundary element technique. In Numerical Tech
niques in Acoustic Radiation, ed. R. J. Bernhard & R. F. Keltie. NCA, 
American Society of Mechanical Engineers, 1 989, pp. 1 5-25. 



A multi-physical loudspeaker model including 
experimental modal information of the membrane 

Y. Shiozawa1,2, R. D’Amico2, H. Onitsuka1, W. Desmet2 
 

1 YAMAHA Corporation Research & Development Division 
203 Matsunokijima, Iwata, Shizuoka 438-0192, Japan 
e-mail: yasuo.shiozawa@music.yamaha.com 
 
2 KU Leuven, Department of Mechanical Engineering 
Celestijnenlaan 300 B, B-3001, Heverlee, Belgium 
 
 

Abstract 
In this paper, a coupled electro-vibro-acoustic model of a loudspeaker is proposed. To model the 
loudspeaker membrane, rather than relying on a purely numerical model, experimental approach including 
mode shapes, resonance frequencies and modal damping are used that are obtained from modal testing. 
The modal parameters are properly scaled considering the effects of the back electromotive force caused 
by magnetic system. In order to investigate the effects of the loudspeaker enclosure on the acoustic 
radiation characteristics, a coupled FE/BE model is used, in which measured modal information is directly 
included. A comparison with experimental results shows the improvement of the solution accuracy given 
by the additional breaking modes. Moreover the effects of the back electromotive force are further 
investigated. 

1 Introduction 

Numerical simulations are indispensable for a full understanding of the physical behavior of loudspeakers. 
Furthermore, they allow reducing development time of products. The possibility of analyzing and 
optimizing virtual prototypes has relaxed the need for very expensive and time consuming physical 
prototype testing. Nevertheless, realizing accurate numerical models is often a challenge for acousticians. 
In coupled vibro-acoustic systems, the interaction between the structural and the fluid components is no 
longer negligible and all components must be regarded as parts of one coupled system. For instance, when 
a thin and light-weight structure is in contact with even a low density fluid like electrodynamic 
loudspeakers, strong coupling effects may occur. 
ATALLA and BERNHARD [1] defined a parameter to quantify the strength of the vibro-acoustic 
interaction,  
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0�  (1) 

where  is the angular frequency of a time-harmonic structural or acoustic excitation of the system,  is 
the thickness of the structure,  is the mass density of the structure,   and c are the fluid density and the 
speed of sound. According to their study, a criterion of  is also given to assess the vibro-acoustic 
interaction: values of  leads to coupled vibro-acoustic systems, while values of   leads to 
uncoupled vibro-acoustic systems. Commonly, an electrodynamic loudspeaker driver has a strong 
interaction with the acoustic cavity, meaning that it is essential to consider a coupled system to model it 



correctly. Additionally, the behavior of a loudspeaker’s driver must be considered, including the electrical 
effects induced by the interaction between a permanent magnet and a voice coil of the driver.  
In low frequency range, usually the membrane is sufficiently stiff to move as a whole. At high frequencies, 
however, vibrations from the center of the membrane travel towards the edge in the form of waves and 
create resonances that may produce irregularities in the frequency response and influence the sound 
directivity. Consequently, the pressure waves developed by a driver at the resonance frequencies no longer 
resemble the input voltage and hence there may be sound distortion. 
For these reasons, the numerical modeling of a driver is much more complicated than the other 
components. In an early stage design process, simplifying boundary conditions or only the first structural 
piston mode are usually taken into account for the modeling of the driver. However, this approximation is 
accurate only in the low-frequency range. As frequency increases, breaking modes (break up modes) 
become more important and their influences have to be considered to develop an accurate numerical 
model. 
Numerical models of a driver taking into account electro-vibro-acoustic interaction are developed and 
proposed in refs. [2-5] and still on-going to optimize the shape of the membrane.  These studies are useful 
for developing drivers and predicting the characteristics of loudspeaker systems. However it is essential to 
obtain not only precise geometry but also accurate material properties of the driver components. In 
addition, there are still challenging problems to model some elements such as a magnetic fluid, glue and 
so on. Furthermore, these simulations are normally restricted to the low frequency range due to a large 
computational effort required. On the other hand, the characteristics of the membrane behavior were 
investigated experimentally in refs.[6-7]. 
In this paper, to obtain the accurate membrane vibrations including breaking modes, modal testing is 
performed instead of pure numerical simulation for a driver.  Then the radiation considering the cavity 
geometry is calculated by a coupled FE/BE numerical simulation. The improvement of the solution 
accuracy covering the high frequency range is given by the additional breaking modes. Moreover the 
damping and force factors of the driver yielding from each physical field are evaluated. 
 

 
Figure.1  Cross-section sketch of a loudspeaker driver assumed to be mounted in an infinite baffle 

 



2 Basics loudspeaker theory 

2.1 Driver construction 

A cross-section sketch of a typical loudspeaker driver is shown in figure.1. The membrane is supported at 
the outer edge and suspension near the voice coil so that ideally it is free to move in an axial direction. In 
figure.1, the driver is mounted in a flat infinite baffle board. The baffle acoustically isolates the front side 
of the membrane from the rear side. The membrane may be assumed to behave like a piston with radius a 
moving with constant velocity over its entire surface in the low frequency range. This is a reasonable 
approximation at frequencies for which the distance b on figure.1 is less than about one-tenth of the 
acoustic wavelength [8]. 

2.2 Linear circuit model of a driver 

The electro-vibro-acoustic circuit model of a driver with infinite baffle board can be described the 
electrical circuit shown in figure.2. This system is assumed linear and steady-state conditions. 
In regard to electrical field, the current through the voice coil produces electromotive force (EMF) which 
interacts with air-gap flux of the permanent magnet, the voice coil and the membrane. At the same time, 
the motion of the voice coil generates a current whose magnetic field opposes the original one. Hence, the 
force imposed on the voice coil can be described as 

 )(1
c

e
e BluEBl

Z
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where  is the electrical impedance,  is the steady air-gap flux density, is the length of voice coil wire, 
 is the constant input voltage from a generator (audio amplifier),  is the voice coil velocity and  is 

representative of the back electromotive force (or counter EMF). Eq.(2) allows characterizing the 
electrical part of the model. 
On the surface of a membrane, two forces have to be considered, which come from the electromagnetic 
transducer ( ) and from the ambient fluid  ( ). The velocity of the voice coil is 
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where   is the mechanical impedance of the driver. The force from the ambient air can be written as 

 caa uTFF ��  (4) 

where  is the transfer function between membrane velocity and force imposed by the ambient fluid. 
In order to satisfy each physical condition, eq.(2), (3) and (4) should take into account, eventually the 
force imposed to a membrane can be defined as 
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Eq.(5) represents the coupled electro-vibro-acoustic force that allows relating the pressure. Finally, 
pressure  can be described as 



 coupliedva FTFp ��  (7) 

where, )/( NPaTFva  is the transfer function corresponding the sound pressure  at arbitrary field points 
and the vibro-acoustic phenomena of the driver. Since this simple circuit coupling model is assuming that 
the membrane moves as a rigid piston in a rigid baffle and behaves roughly as an omnidirectional source, 
this approximation is only valid in the low frequency range. Moreover, the influence of the cavity 
(loudspeaker box) is neglected in this circuit model. In reality, more complicated problems have to be 
considered in order to realize virtual prototype development. 

 
Figure.2  Electrical circuit of a driver with infinite baffle 

3 Loudspeaker description 

In this paper, a real development situation has been considered. The loudspeaker under analysis is the bass 
reflex loudspeaker system NS-BP400 produced by YAMAHA Corporation (see, figure.3). A straight tube 
called port with of radius 25mm and length 135mm is attached on the back side cavity wall to produce 
Helmholtz resonance enhancing the low frequency sound. The reinforcement panel connecting the side 
walls is called bracing and its main function is to stiffen the cavity and break standing waves that build 
inside the cavity. The inner dimensions are given in figure.3. The air-filled cavity is surrounded with the 
wooden walls with a thickness of 9mm. Two different size drivers are attached in front of the cavity wall 
vertically to produce proper sound from the amplifier. The bigger one is called woofer with radius R, 
while the small one is called tweeter, whose influence is not considered in this analysis. The woofer 
membrane is made of double layer panels of aluminum and kraft paper pressed together. The edge 
suspension is made of Butyl rubber with round shape. The network circuit for adjustment of the 
loudspeaker frequency characteristics and the absorbent materials to eliminate cavity standing waves were 
neglected to simplify the numerical model. 
 

 
 Figure.3  Loudspeaker components and geometry  



4 Coupled FE/BE model 

This section illustrates the numerical model by means of a coupled FE/BE simulation in order to 
accurately predict the radiation characteristics of the loudspeaker system. The interaction between the 
membrane vibrations and the ambient fluid may strongly influence each other especially in the low 
frequency range and at the resonance frequencies of the acoustic cavity. Moreover the membrane 
geometry, sound reflections and diffractions on the cavity surface are taken into account by the numerical 
model to realize an accurate solution. 

4.1 Description of the numerical model 

Figure.4 shows the basic block scheme of the numerical model based on the electrical circuit in figure.2. 
The output signal can be evaluated from the structural and acoustic transfer function multiplied by the 
input signal corresponding to electromagnetic force. Specifically, the vibro-acoustic transfer function is 
estimated by using coupled FE/BE numerical simulation and this is performed by means of LMS 
Virtual.lab 12 software [10]. Figure.5 shows a coupled FE/BE numerical model. The fluid domain is 
modelled by an indirect BE model. FE model is used to model the structural domain corresponding to the 
membrane. A modal approach is used to retrieve the dynamic behavior of the membrane and modal 
parameters are evaluated experimentally. Then the sound pressure is given by rescaling output signal by 
using the input signal data. 
 

 
Figure.4  Numerical modelling scheme 

 

 
Figure.5  Coupled FE/BE numerical model 



In this numerical model, only the woofer was considered as a sound source. The vibration of the structural 
membrane is described by its modal parameters that were mapped to the corresponding acoustic mesh. 
The   force excitation is imposed along  direction and located at the connection between the voice 
coil and the membrane. The rigid boundary conditions are imposed on the remaining walls of the acoustic 
cavity. The solution frequency range is from  up  with a frequency resolution of . 
The BE mesh consists of 24869 TRIA elements and 12376 nodes. Air density  is set equal to 

 and the speed of sound is . To avoid pollution due to the presence of fictitious resonances, 
acoustic impedance has been added inside the bracings. For the FE part, 485 nodes have been considered. 
Figure.6 plots the predicted pressure frequency response function in a field point located at axial  from 
the tweeter. This figure compares the result of the coupled vibro-acoustic simulation with and without 
electromagnetic effects. Only the first piston mode is included for the description of the membrane 
behavior. In the low frequency range due to high membrane displacement, sound pressure predictions are 
dramatically different because of the consideration of a back electromotive force (Back EMF). It is 
interesting to notice the damping effect due to the inclusion of the back EMF on the system response. 
 

 
Figure.6 An example of a frequency response of coupled vibro-acoustic loudspeaker model with and 

without the electrical effect 

5 Modal testing of the membrane 

As frequency increases, the dynamic behavior of the membrane becomes more complex. Some sections of 
the membrane will start to vibrate in anti-phase with others due to resonant behavior. As a result, no 
tractable mathematical treatment is available by which the exact performance of the loudspeaker can be 
predicted in the higher frequency range. Additionally, in order to obtain high-accuracy prediction, it is 
essential to characterize not only the first piston mode but also the so-called breaking modes. To this end, 
modal data extracted from measurements of the vibrating membrane are used to enrich the numerical 
model. 

5.1 Measurement set up 

The schematic diagram of the measurement system, including the Polytec single shot laser vibrometer, a 
computer installed LMS Test.lab 12 [11], SCADAS mobile and a power amplifier, is shown in figure.7. 
Due to the small thickness of the membrane and its lightweight, it is not possible to use classical sensors 
like accelerometers as they would change its dynamic properties. Hence a contactless laser vibrometer is 
used to obtain the dynamic velocity over the membrane surface for a frequency range from  up to 

 with a frequency resolution of . The specifications of testing devices are given in Table1. 



Over 450 measured points were made on a grid with  resolution and the driver is excited by a sweep 
sine signal. The measurements are performed on the bare membrane, without taking into account the 
cavity. 

 
Figure.7  Measurement set up 

 

 
Table 1 Specifications of the measurement devises 

5.2 Identification of the mechanical frequency response 

Figure.8 shows the scheme of the modal testing. As mentioned before, electrical, mechanical and acoustic 
phenomena have to be taken into account to model a driver. Pure mechanical behavior has to be retrieved 
from the measurements that inherently include the three aforementioned phenomena. In order to 
characterize only the mechanical behavior, each force contribution has to be investigated separately. The 
force from the electromagnetic driver system of equation (2) can be rewritten as 
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where )( ce uR is the dynamic electrical impedance of a driver and it’s evaluated experimentally. On the 
other hand, assuming that the membrane is moving like a piston, the force exerted by the air can be 
calculated as 
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with j is 1� , k is wave number, 1J is Bessel function of the first kind and the first order and 1S is 
Struve function of the first order. cu  is the velocity of the coil and is evaluated experimentally at each 

frequency of interest. Figure.9 shows the frequency characteristics of eF (solid line) and aF (dashed line), 

note that eF  refers to the axis on the left while aF refers to the axis on the right. It is clear that the 



contribution of the electromagnetic force eF is more significant than the force from the ambient fluid aF  

and hence aF   can be ignored in the following. The mechanical transfer function of the membrane, 
retrieved using equation (3), is shown in figure.10. This result indicates that the back EMF strongly affects 
the driver, For instance, the damping ratio at the piston mode frequency changes from a few percent to 
around 50%. This mechanical FRFs is used for an experimental modal analysis. 

 
Figure.8  Measurement procedures 

 

 
Figure.9  Electromagnetic force and force caused by ambient fluid 

 

 
Figure.10  Measured FRFs and retrieved mechanical FRFs 



5.3 Characterization of the modal parameters and validation 

In order to characterize the dynamic behavior of the membrane, a modal analysis [9] is performed. The 
modal relation between modal parameters and the measurements FRFs )( �jHij  can be described as 
follows, 

 �
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where N is the number of modes within the frequency range under consideration, ijar is the residue of 

mode a , a� is the pole of mode a , aQ is the scaling factor of mode a , � �a� is the modal vector of mode 
a , * designates complex conjugates and superscript t indicates the transpose operator. Modal parameters, 
including modal frequency, mode shapes and modal damping, are estimated by using a curve fitting 
technique called PolyMAX [11]. Moreover, to confirm the accuracy of experimental modal analysis, 
modal synthesis FRFs )( �jHs  is used 
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with UR is upper residual and LR is lower residual. As a criterion of accuracy for modal parameter 
estimation, the correlation between the measured FRFs and the synthesized FRFs at the spectral line i is 
given as 
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where iS is the complex value of the synthesized FRFs at spectral line i and iM is the complex value of 
the measured FRFs at spectral line i . Figure.11 shows an example of the comparison between a measured 
FRFs (solid line) and modal synthesis FRFs (dashed line). The upper figure shows the velocity response 
function and the lower figure is phase characteristics. The results of modal synthesis are in very good 
agreement with measured frequency curve accurately covering the high frequency range. The average 
correlation  given by eq.(13) also presents high value, over 98.5%, accuracy. Some of the modes 
including breaking modes, given by modal analysis are illustrated in figure.12. Once the modal 
frequencies, mode shapes and modal damping are known, they are used to enrich the coupled FE/BE 
model described in section 4.1. As previously mentioned, the structural response is modelled by using a 
modal approach which makes use of experimental data. Five modes are used in the following simulations, 
the first piston mode and the next four breaking modes, located at 2149Hz, 2478Hz, 5470Hz and 5664Hz 
with corresponding modal damping 1.5%, 4.4%, 2.0% and 0.89%.  
 



 

 
Figure.11  Frequency response function of the membrane 

 

 
Figure.12  An example of detected modal parameters 

6 Experimental validation 

In order to validate the numerical models, the numerical prediction results were compared with 
measurements. The experiments are performed in semi-anechoic room hence the numerical simulation 
model has a symmetrical plane assuming rigid surface with zero normal velocity at the same place of the 
measurement floor. In this way, the incident field is emitted by an image source located on the other side 
of the symmetry plane. Figure.13, 14 plots the predicted sound pressure level at the field point  
distance from the tweeter, see figure.5, for a frequency range from  to . Figure.13 compares 



the numerical simulation which includes only first piston mode of the membrane (solid line) with 
measurements (dashed line). Figure.14 compares the numerical simulation which includes additional 
breaking modes of the membrane (solid line) with measurements (dashed line). Both the numerical 
simulation cases are in good agreement with measurement frequency curve in low frequency range. As 
frequency increases, however, the discrepancy between the result with only piston mode and 
measurements is gradually increasing. On the other hand, the result taking into account additional 
breaking modes is more accurate covering high frequency range. 
 

 
Figure.13 Sound radiation prediction of a loudspeaker system including the piston mode only 

 
Figure.14 Sound radiation prediction of a loudspeaker system including breaking modes 

7 Conclusions 

This paper discusses the multi-physical numerical simulation for a loudspeaker system. The numerical 
model which takes into account coupled electro-vibro-acoustic phenomena has been developed and 
benchmarked. In order to be able to make an accurate prediction covering higher frequency, the breaking 
modes of the membrane are identified by means of modal testing. From the analytical and experimental 
investigation, it can be said that the behavior of the driver is strongly dependent on the back electromotive 
force. The modal parameters, such as modal frequency, mode shapes and modal damping, are properly 



scaled considering the effects of the back electromotive force caused by electromagnetic system. As a 
result of the comparison between simulation and measurements, the proposed numerical model provides 
the improvement of the solution accuracy brought by inclusion of the additional breaking modes. 
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���������� ��� ��������� �  �������� �����������," �� ��������
 �� ���
������������� �9���� ��� ������� ��;�
 � ��4 ���� �� ��� ���������� ������ ��
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 ��� �������� ���
���� �� ���������, ��5�� ���� �������"

>� ������, ��������� �0�+�
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In this paper the applicability of an efficient numerical calculation scheme in the computer-aided-design
of magnetomechanical actuators is demonstrated. Practical devices, which are considered here, are
electrodynamic loudspeakers. The newly developed software tool NACS is based on a Finite-Element-
Method (FEM) and allows the precise calculation of the electromagnetic, mechanical as well as acoustic
fields and considers all coupling terms between the different physical quantities. Furthermore, nonlinear
effects in the mechanical and magnetic behavior are taken into account. Therewith, the complex
dynamic behavior of electrodynamic loudspeakers can be studied and, furthermore, an appropriate
computer-aided-engineering (CAE) environment including an optimization of critical parameters can be
established.

1 Introduction

To reduce the efforts in the development of electrody-
namic loudspeakers, precise and efficient computer mod-
eling tools have to be used. With these computer sim-
ulations, the costly and lengthy fabrication of a large
number of prototypes, required in optimization stud-
ies by conventional experimental design, can be reduced
tremendously. Therefore, the need for appropriate nu-
merical simulation tools based on finite element meth-
ods arises. As input parameters these methods require
only the precise geometry of the loudspeaker as well as
material data of each part.

While equivalent circuit representations suffer from ap-
propriate input data, the main reason for the lack of
computer simulation tools based on finite element meth-
ods is the high complexity of an electrodynamic loud-
speaker, as shown in Fig. 1. A cylindrical, small light
voice coil is suspended freely in a strong radial magnetic
field, generated by a permanent magnet. The magnet
assembly, consisting of pole plate and magnet pot, helps
to concentrate most of the magnetic flux within the mag-
net structure and, therefore, into the narrow radial gap.
When the coil is loaded by an electric voltage, the in-
teraction between the magnetic field of the permanent
magnet and the current in the voice coil results in an ax-
ial Lorentz force. The voice coil is wound onto a former,
which is attached to the rigid, light cone diaphragm in
order to couple the forces more effectively to the air and,
hence, to permit acoustic power to be radiated from the
assembly. The main function of the spider and the sur-
round is to allow free axial movement of the moving
coil driver, while non-axial movements are suppressed
almost completely.

Figure 1: Schematic of an electrodynamic loudspeaker.

Since in the case of a loudspeaker the interaction with
the ambient fluid must not be neglected, the electro-
dynamic loudspeaker represents a typical coupled mag-
netomechanical system immersed in an acoustic fluid.
That is the reason, why for the detailed finite element
modeling of these moving coil drivers the magnetic, the
mechanical as well as the acoustic fields including their
couplings have to be considered as one system, which
cannot be separated. Furthermore, electrodynamic loud-
speakers in the low-frequency range show under large-
signal conditions a strong nonlinear behavior, which is
caused mostly by two factors - the nonhomogeneity of
the magnetic field in the air gap, i.e. magnetic nonlin-
earities, and the nonlinearity of the suspension stiffness,
i.e. mechanical nonlinearities. These nonlinearities are
caused by the large vibration amplitudes, especially at
low frequencies. For large input powers the distortions
increase rapidly and reach the same order of magnitude
as the fundamental. Therefore, to obtain a full descrip-
tion of the dynamical behavior of electrodynamic loud-
speakers, all nonlinearities must also be considered.

Due to the complex interactions of different design-para-
meters, coupled physical fields as well as nonlinearities,
the straight forward application of standard simulation
tools like commercially available finite element codes has
shown only limited success. Therefore, in this paper, a
new simulation scheme for electrodynamic loudspeakers
is introduced, which has been implemented in the multi-
physics software tool NACS [1]. The main focus of this
article will be the demonstration of the practical usabil-
ity of this scheme within the industrial computer-aided
engineering of electrodynamic loudspeakers.

2 Governing Equations

For the computer simulation of an electrodynamic loud-
speaker, the following physical fields have to be modeled:

2.1 Magnetic field

The governing equation describing the magnetic part of
magnetomechanical systems can be derived from Max-
well’s equations. Due to the solenoid magnetic field, the
magnetic flux density �B can be expressed as the curl of
the magnetic vector potential �A

�B = ∇× �A. (1)

In the case of low frequencies (neglecting displacement
current), the magnetic field is described by the partial



differential equation [2]

∇×
(

1
μ
∇× �A

)
= �Je − γ

∂ �A

∂t
− γ∇V, (2)

where �Je denotes an impressed current density, μ the
permeability, V the scalar electric potential and γ the
electrical conductivity. The second term of the right-
hand side of equation (2) represents the induced eddy
current density in an electrically conductive body at
rest, which is placed in a time-varying magnetic field.
The third term of equation (2) expresses the current
density due to the potential difference in a conductor.

2.2 Mechanical field in a solid

In the case of linear elasticity and isotropic material
data, the dynamic behavior of mechanical systems can
be described by the following partial differential equa-
tion [3]

E

2(1 + ν)

(
(∇ · ∇)�d +

1
1 − 2ν

∇(∇ · �d)
)

+ �fV = ρ
∂2 �d

∂t2
.

(3)
In equation (3), E denotes the modulus of elasticity, ν

the Poisson’s ratio, ρ the density, �fV the volume force
and �d the mechanical displacement.

2.3 Acoustic field in a fluid

The propagation of an acoustic wave in a homogeneous
non-viscous fluid medium is governed by the linear wave
equation [4]

∇2p =
1
c2

∂2p

∂t2
, (4)

where p is the acoustic pressure and c the sound velocity
in the fluid. The scalar velocity potential ψ, given by

p = ρf
∂ψ

∂t
, (5)

with ρf denoting the density of the fluid, obviously sat-
isfies the same equation

∇2ψ =
1
c2

∂2ψ

∂t2
. (6)

In order to obtain a full description of the dynamic be-
havior of an electrodynamic loudspeaker, all coupling
terms between the three physical fields have to be con-
sidered:

2.4 Coupling ’Electric Circuit - Magnetic
Field’

Due to the fact that in most applications the electrody-
namic loudspeaker is loaded by an electric voltage, the
magnetic field equation has to be solved together with
the electric circuit equation.

2.5 Coupling ’Magnetic Field - Mecha-
nical Field’

In the case of a moving conductor in a magnetic field,
the term

γ�v × (∇× �A) (7)

has to be added to equation (2). This term represents
the induced eddy current density in an electrically con-
ductive body moving with velocity �v in a magnetic field
(motional emf). Here, the velocity �v is given as the time
derivative of the mechanical displacement �d

�v =
∂ �d

∂t
. (8)

A further coupling between the mechanical and the mag-
netic field is due to the magnetic volume force �fV result-
ing from the interaction between the magnetic field and
the total electric currents in the conductive parts of the
moving coil system. This volume force can be computed
by

�fV =

(
�Je − γ

∂ �A

∂t
− γ∇V + γ�v × (∇× �A)

)
× (∇× �A),

(9)
where �J denotes the total electric current density.

2.6 Fluid-Solid interaction

In the case of a fluid-solid interaction, continuity re-
quires that the normal component of the particle veloc-
ity ∂ψ/∂n of the fluid must equal the normal component
of the surface velocity vn of the solid at the interface.
Thus, the following coupling condition at a fluid-solid
interface is derived

vn = �n ·
(

∂ �d

∂t

)
= −�n · ∇ψ = −∂ψ

∂n
. (10)

In Fig. 2 all considered fields as well as their couplings
are summarized.

Figure 2: Considered fields and their couplings of
magnetomechanical actuators

3 Finite Element Models

In this paper, the equations governing the electromag-
netic, mechanical and acoustic field quantities including



their couplings are solved using a finite element method
(FEM). The theory of the underlying finite element scheme
has already been reported in [5, 6] and will not be re-
peated here. This scheme has been updated with re-
spect to the modeling of a voltage loaded moving
coil to allow the efficient and precise simulation of
electrodynamic loudspeakers:

• For the computation of the small-signal behav-
ior of the electrodynamic loudspeaker the voltage-
loaded moving coil is modeled by the very efficient
Motional EMF-term method [7, 8]. This scheme,
however, is limited by the assumption, that the
loudspeaker has to be operated within the jump-
out excursion, where the voice coil begins to leave
the magnet gap. In this case the length of the
voice coil wire immersed in the gap field is con-
stant and, therefore, re-meshing of the simulation
area is not required.

• Meanwhile, this scheme for the voltage loaded mov-
ing coil has been extended with respect to the
modeling of the large-signal behavior of electro-
dynamic loudspeakers, where the voice coil leaves
the homogeneous magnetic field of the permanent
magnet. Therefore, to take account of the vari-
ation of average flux-linked turns (or force-factor
Bl) for a coil under large excursions, a so-called
Moving Material method has been applied. Since
after each time-step, only the material data of the
voice coil is updated no mesh distortion is caused.
Therewith, no re-meshing of the calculation do-
main has to be performed.

Apart from this new coil modeling scheme based on the
Moving Material method, which is required to take the
magnetic nonlinearities into consideration, mechanical
nonlinearities, i.e. geometric nonlinearities caused by
large displacements and material nonlinearities due to
nonlinear strain-stress relationships, have also been de-
veloped.

3.1 Small-signal computer model

In finite element methods, the region under considera-
tion is subdivided into small discrete elements, the so-
called finite elements. The finite element discretization
of the electrodynamic loudspeaker under small-signal
conditions is shown in Fig. 3. Here, the voice coil is dis-
cretized by so-called magnetomechanical coil elements
based on the Motional EMF-term method, which solve
the equations governing the electromagnetic and me-
chanical field quantities and take account of the full
coupling between these fields. Due to the concentra-
tion of the magnetic flux within the magnet assembly,
the magnet structure and only a small ambient region
have to be discretized by magnetic finite elements. Fur-
thermore, the surround, spider, diaphragm and former
are modeled by pure linear mechanical finite elements.
Finally, the surrounding fluid region in front of the loud-
speaker is discretized by acoustic finite elements. The
fluid region is surrounded by infinite elements, which
have to be located in the far field of the moving coil
driver in order to work correctly. The input level of
these simulations is 1 W referred to 4 Ω.

Figure 3: Small-signal finite element model of an
electrodynamic loudspeaker.

3.2 Large-signal computer model

The finite element discretization of the electrodynamic
loudspeaker under large-signal conditions is shown in
Fig. 4. The following modifications have been performed
in comparison to the above explained small-signal com-
puter model:

1. To take account of the variation of the force-factor
for a coil under large excursions (i.e. magnetic
nonlinearities), the magnetomechanical coil elements
discretizing the voice coil of the loudspeaker are
based on the Moving Material method. In order
to work correctly, the regions above and below of
these elements have to be modeled by special mag-
netic finite elements.

2. Furthermore, first simulation results showed that
the mechanical nonlinearities, i.e. the geometric
nonlinearity as a result of large displacements and
the material nonlinearity due to a nonlinear strain-
stress relationship have only to be taken into con-
sideration for the spider. Therefore, to allow a
more efficient computation of the large-signal be-
havior the diaphragm and the surround are dis-
cretized by pure linear finite elements.

3. Finally, measurements have shown that the dis-
tortion factors of the near field and diaphragm
acceleration are in excellent agreement. Due to
this correlation a modified axisymmetric finite el-
ement model has been applied, in which acoustic
elements were eliminated completely (see Fig. 4).
The influence of the surrounding air, which con-
sists of mass-loading effects and damping due to
the sound emission, is now realized by so-called
spring-elements. These elements have been lo-
cated on the outside boundary of the surround and
diaphragm. Therewith, it is possible to calculate
the distortion factors of the electrodynamic loud-
speaker very efficiently.

4 Verification

The verification of the computer models described above
has been performed by comparing simulation results



Figure 4: Large-signal finite element model of an
electrodynamic loudspeaker.

with corresponding measured data. In a first step, the
most important small-signal results (frequency depen-
dencies of the electrical input impedance, diaphragm
acceleration and axial sound pressure levels as well as
Thiele-Small parameters) were considered. As can be
seen in Fig. 5, good agreement between simulation re-
sults and measured data was achieved. Therefore, this
good agreement shows the validity of the small-signal
model depicted in Fig. 3.

Next, the force-displacement characteristics were mea-
sured and compared with simulations. Again good agree-
ment between simulation and measurement was observed
(see Fig. 6a). After this basic validation of the large-
signal computer model, the harmonic distortion factors
of the voice coil currents and diaphragm accelerations at
large-signal conditions have been calculated. The input
level of these simulations was 32W referred to 4 Ω. As
can be seen in Fig. 6b, the good agreement of measured
and simulated results over a wide frequency and excur-
sion range validates the large-signal model depicted in
Fig. 4.

Figure 5: Comparison of simulated and measured
small-signal results: a) Frequency dependency of

electrical input impedance Z, b) Axial small-signal
pressure response SPL at 1 m.

5 Application

To demonstrate the practical applicability of the devel-
oped simulation scheme in an industrial computer-aided
design process, a low-frequency loudspeaker as used in
the automotive applications was numerically analyzed
and optimized with respect to the distortion factors un-
der large-signal conditions.

Figure 6: Comparison of simulated and measured
large-signal results: a) Force-Displacement

characteristic of the loudspeaker, b) Total Harmonic
Distortion (THD) of diaphragm acceleration at an

input power of 32 W.

5.1 Numerical analysis of the nonlinear
loudspeaker behavior

Measurements as well as simulation results revealed that
at frequencies f < 60 Hz the odd order harmonics and
at higher frequencies the even order harmonics are dom-
inated. The large advantage of the computer modeling
is the separation of the different nonlinearities for the
different components of the loudspeaker. In this way,
the influence of the different nonlinear effects on the
loudspeaker behavior can be very usefully extracted and
researched in the simulation. For example, simulations
showed that the magnetic nonlinearities cause notably
quadratic distortion factors at frequencies f > 60 Hz,
whereas the mechanical nonlinearities cause the rapidly
increase of the even order harmonics in the lower fre-
quency range (see Fig. 7). Furthermore, both mechan-
ical and magnetic nonlinearities are responsible for the
cubic distortion factor.

Figure 7: Numerical investigation of distortion factors
of diaphragm acceleration at an input power of 32W:
a) Quadratic distortion factor k2, b) Cubic distortion

factor k3

In a next step of the numerical analysis, the influence of
design-parameters of the magnet system on the distor-
tion factors has been investigated. Simulations consider-
ing only magnetic nonlinearities revealed that large coil
flux variations result in notably odd order harmonics.
On the other hand, an unsymmetric magnetic field in
the air gap causes large coil offsets resulting in notably
even order harmonics. Further computations showed
that the position of the permanent magnet has a big
influence on the symmetry of the magnetic field in the
air gap and, therefore, can be used in the optimization



of the system (see Fig. 8b).

Figure 8: Finite element models: a) Original magnet
system, b) Optimized magnet system, c) Original and

optimized spider.

Furtheron, it could be shown, that the transient mag-
netic field of the current-carrying voice coil must not be
neglected at large-signal conditions. To reduce the in-
fluence of the coil field under large-signal conditions on
the symmetry of the force-factor, the whole magnet pot
has to be saturated as well as the upper air gap above of
the pole plate has to be increased (see Fig. 8b). These
design-modifications result in a much more symmetric
decrease of the force-factor (see Fig. 9a). Furthermore,
to minimize the variation of force-factor, i.e. to raise the
so-called jump-out excursion, the thickness of the pole
plate has to be reduced (see Fig. 8b and Fig. 9a). Fi-
nally, since this design-modification results in a smaller
efficiency of the loudspeaker, the width of the perma-
nent magnet has to be increased.

Figure 9: Comparison of the original and optimized
loudspeaker: a) Simulated coil flux variation

(normalized to the original small-signal value), b)
Simulated force-displacement characteristic.

After the above explained numerical analysis of mag-
netic nonlinearities, the influence of design-parameters
of the spider on the distortion factors caused by the
mechanical nonlinearities has been investigated. Simu-
lations considering magnetic and mechanical nonlinear-
ities showed that a larger spider height results in a more
linear force-displacement characteristic and significant
smaller odd order harmonics (see Fig. 8c and Fig. 9b).
Furthermore, a continuous displacement of each mid-
points of the spider grooves causes a more symmet-
ric force-displacement characteristic resulting in smaller
even order harmonics

6 Conclusion

A numerical scheme based on a finite element method
has been applied for the precise and efficient computer
modeling of the complex dynamic behavior of electrody-
namic loudspeakers. This method not only covers the
simulation of the small-signal behavior but also the cal-
culation of the large-signal behavior taking into account
all magnetic and structural nonlinearities. The usability
of the implemented calculation scheme has been demon-
strated on a low-frequency cone loudspeaker as used in
the automotive applications. The good agreement of
measured and simulated results shows the validity of
the presented method. Furthermore, the practical ap-
plicability of the developed simulation scheme in an in-
dustrial computer-aided design process has been proven
by the numerical investigation and optimization of the
large-signal behavior. The predicted reduction of distor-
tion factors could be successfully confirmed by measure-
ments on a new prototype. Consequently, the here pre-
sented computer tool provides a basis for more efficient
development of electrodynamic loudspeakers, since both
development time and costs can be reduced tremen-
dously.
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The resonance frequencies of several shapes of loudspeaker diaphragms have been 
calculated using BOSOR 4 (based on the variational finite difference technique) and a 
finite-element program. Calculations for a typical paper cone confirm that resonances are 
present over the whole frequency range, the lowest one being subsonic. The effect of 
altering the cone profile is to raise some frequencies and lower others. It is confirmed that 
sandwich construction can increase the dynamic bending stiffness by as much as several 
thousand times. Calculations on dome diaphragms suggest that with suitable design, there 
is a region where all resonances can be placed below or above the working range. The 
presence of a previously unsuspected torsional resonance is revealed by the method of 
calculation used. This resonance will hardly affect the frequency response and will be 

undetectable by holography, although it may affect the transient response. The method of 
calculation also enables buckling loads to be determined, so that it may be possible to 
calculate the onset of subharmonics. 

o INTRODUCTION 

The weakest link in the sound-reproducing chain has 
always been the loudspeaker. This is due to the presence 
of unwanted resonances, mainly the breakup resonances 
of the diaphragm. The ideal diaphragm would act as a 
rigid piston over the required frequency range. It is 
known from listening tests [1], [2] that any resonances 
present must be at a very low level if they are to be 
inaudible. Thus for a Q of 1, resonances must be about 
24 dB below signal level. The conventional paper cone is 
far from rigid and obviously has very little resistance to 
bending. A cone of sandwich construction of maximum 
bending stiffness was developed by one of the authors 
[3], [4]. 

Simple general analytical solutions have long been 
available for calculating the resonance frequencies of 
flat plates, but no such solutions are possible for cones 

·Presented at the 6 5th Convention of the Audio Engineer
ing Society, London, 1980 February 25-28; revised 1981 Feb
ruary 23. 

or other shells. Kraus [5] and Novozhilov [6] have pre
sented theories for the mechanics of elastic shells of 
revolution, which are readily applicable to loudspeaker 
diaphragm problems. The last two decades have seen 
significant development in the field of computer appli
cations to engineering problems using numerical meth
ods like numerical integration, finite differences, and 
finite elements. These have led to the increasing use of 
computer solutions for the calculation of the resonance 
frequencies of loudspeaker diaphragms� the most com
prehensive being those by Frankort [7], [8]. There are 
now several general-purpose computer programs avail
�ble for shells of revolution [9]. One such program is 
BOSOR-4 [10], [11], which employs the technique of 
finite differences to the variational energy principles to 
set up a linear eigenvalue problem for the vibration 
analyses. One version of the program is loaded on a 
CDC 7600 computer. A procedure similar to the BOSOR 
program, but based on the finite element approxima
tions, has been adopted in a computer program devel
oped for an ICL 1906S computer. These two programs 
have been used in the calculations discussed herein. 

J. Audio Eng. Soc., Vol. 29. No. 10, 1981 October 0004-7554/81/100699-06$00.75 ® 1981 Audio Engineering Society, Inc. 699 
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1 TYPES OF RESONANCE 

There are two main types of resonance. The asymmet
ric type has diametral nodes, with or without concentric 
nodes. The axisymmetric type has concentric nodes only, 
the outer and inner edges being antinodes; there are also 
anti resonances where the outer edge is an anti node and 
the inner edge is a node. 

2 TYPES OF DIAPHRAGM EXAMINED 

2.1 Straight-Sided Paper Cone 

A typical straight-sided paper cone of medium diame
ter was examined, namely, Frankort's cone 50.3, using 
the constants given in [7]: outer diameter 166 mm, inner 
diameter 34 mm, semiapex angle 50° , height 55.4 mm, 
thickness 0.23 mm, Young's modulus 2 X 109 N/m2, 
density 600 kglm3. The outer edge may be considered as 
free. The inner edge is glued to the voice coil former and 
may be considered as fixed, except for movement in the 
a'Xial direction. The calculated resonance frequencies 
are plotted in Fig. I. 

The asymmetric resonances are very low in frequency, 
as would be expected. The first node is subsonic-I6 Hz. 
Similar results were obtained with both programs. The 
axisymmetric modes are higher in frequency and agree 
closely with Frankort's values (using the same edge 
conditions) (see Table I). 

2.2 Curved-Sided Paper Cone 

Curved-sided (i.e., horn-shaped) cones are often used 
in place of straight-sided ones. A typical cone was taken, 
similar to the previous one, but with a profile radius of 
125 mm. Resonance frequencies are plotted in Fig. 2. 
The curvature will increase the resistance to diametral 
bending, so that the frequencies for diametral nodes are 
raised. The curvature will reduce the resistance to con
centric bending, so that the frequencies for concentric 
nodes are lowered in most cases. 

\. 
\ 
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2.3 Sandwich Cone 

A typical bass cone was taken with the same edge 
conditions as before. The constants were: outer diame
ter 250 mm, inner diameter 50 mm, semiapex angle 
52.5°, height 76.7 mm, thickness 0.025 mm aluminum 
skins, core 10 mm expanded polystyrene, Young's mod
ulus of skin 7 X IOION/m2,density of skin 2700 kglm3, 
of core 24 kg/m·l. Frequencies are plotted in Fig. 3. For 
the lower asymmetric modes, the sandwich is 1000 times 
stiffer than the paper cone, and for the higher modes it is 
over 4000 times stiffer. For the symmetric modes, the 
increase is much less, as there is direct tension and 
compression, and bending stiffness is less important. 

It is reasonable to suppose that when glued to a tubu
lar voice coil former, the neck of a thin flexible cone will 
become virtually fixed. However, for a sandwich cone, 
which is already very stiff, the voice coil former may add 
very little restraint. More realistic boundary conditions 
would be free-free (i.e., free outer edge and free inner 
edge), and accordingly calculations were repeated for 
this condition. Values are given in Table 2. The effect of 
the free inner edge is to reduce most frequencies slightly; 
more surprisingly, the lowest mode with one diametral 
node no longer occurs so that the lowest resonance of 
any kind is that with two diametral nodes at 1230 Hz. 

2.4 Domes 

From the work of Kalnins [12], [13] it was thought 
that domes of spherical curvature, driven from the outer 

Table I. Axisymmetric resonance frequencies of 166-mm 
diameter paper cone 50.3, free outer edge, fixed inner edge 

(except for axial motion). 

Number of Nodal 
Concentric Circles 

... 

1 
2 
3 

• 
T 

Frequency 
(Hz) 

Frankort's (calculated) 
Values (Hz) 

236 7  
26 71 
2995 

236 0  
266 8 
2993 

x - 0 CONCENTRIC NODES 
• - I .. 

• - 2 

.. 3 
T - TOp,sION 

20 
FREQUENCY-HZ 

1,00 10.000 

Fig. I. Resonance frequencies of 166-mm straight-sided paper cone. 
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edge, might otTer considerable advantage over other 
shapes. Thus for flat plates, as the thickness-to-diameter 
ratio decreases to zero, the resonance frequencies all 
decrease to zero; with spherically curved shells however, 
the frequencies appear to become asymptotic to finite 
values. This is doubtless a function of a shape of double 
curvature. This should be a practical region for loud
speaker design. 

I 
l 
\ 

\ 

RESONANCES OF LOUDSPEAKER DIAPHRAGMS 

For comparison with conventional cones, calculations 
were made for an aluminum dome of a size similar to 
that of the paper cones, even though a voice coil of this 
diameter, 166 mm, would not be practical. The con
stants were: outside diameter 173.2 mm, radius of curva
ture 100 mm, semiangle 60°, thickness 0.2 mm, Young's 
modulus 7 X 1010 N/m2, density 2700 kg/m3. It was 
found that this type of diaphragm was particularly sensi-

• 

x = 0 CONCENTRIC NODES 
•• I • • 

•• 2 

.- 3 
T. TORSION 

20 50 lpoo 10, 
FREQUENCY -HZ 

Fig. 2. Resonance frequencies of 166-mm curved-sided paper cone. 

X - 0 CONCENTRIC NODES 

• - I .. 
• - 2 

.- 3 

Ij 
T _ TORSION 

3 

NO. OF 
OIAMETIIAL 
NODES 

2 

/ 1/ 
� • • 

20 50 100 1,000 10,000 
FREQUENCY -HZ 

Fig. 3. Resonance frequencies of 250-mm sandwich cone. 

Table 2. Resonance frequencies of 250-mm diameter sandwich cone, free edges. 

Number of Concentric Nodes 

o 
I 
2 
3 

n.c.-not calculated. 

0 

4 986 
9 343 

n.c. 
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6 161 
9 895 

n.c. 

Number of Diametral Nodes 
2 3 4 5 

I 230 2 978 5 279 8 148 
566 0  1 0  100 14 510 19 090 
9 272 13 740 17 750 22 030 

13 890 19 990 26 140 31 920 

701 



BARLOW ET AL. 

tive to edge conditions, and calculations were made for 
two conditions: restrained perpendicular to axis and 
restrained also in the circumferential and meridional 
directions. Values are plotted in Fig. 4. 

The distribution of resonances is quite different from 
that of cones. It should be possible to place the first 
symmetric mode frequency above the working range for 
mid and treble units, and this has been claimed in one 
case [14]. There is also an area in which all resonances 
may be avoided, namely, between the very low frequen
cy for one diametral node and the very high frequency 
for two diametral nodes. Antiresonances must also be 
avoided. Sufficient edge restraint must be provided, and 
this may mean a heavy rim to the dome. 

3 EFFECT OF RESONANCES ON 

LOUDSPEAKER PERFORMANCE 

3.1 Asymmetric resonances 

Adjacent seciors of the cone are moving in opposite 
directions at any given moment, so that acoustic cancel
lation takes place by lateral movement of air across the 
face of the cone. If the cancellation is not quite complete, 
there will be a small residual acoustic output which, 
while having very little effect on the steady-state fre
quency response, will modify the buildup and decay of 
sound under transient conditions. The frequency re
sponse may be unaffected (or almost so), but the tran
sient response will be poor, due to the storage and 
discharge of energy by the resonance affecting the build 
up and decay of transients. It is known from holographic 
examination that these resonances are not excited in a 
sandwich cone, being uniform in properties, but are 
excited in paper cones because of the variation in prop
erties [15]. This causes irregular vibration over most of 
the frequency range. 

3.2 Axisymmetric resonances 

These are obviously excited by the normal movement 

NO. OF 
DIAMETRAL 

NODES 

3 

2 

-- • RESTRAINED ..L TO AXIS 

20 

... ORCUMFERENTIAL & 
MERIDIONAL RESTRAINT 

)(--.v----== 

so 100 • 
FREQUENCY - HZ 
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of the cone and give serious peaks in the response with 
poor transient response. Antiresonances will likewise 
affect the performance. 

4 COMPARISON OF CALCULATED AND 

PRACTICAL VALUES 

McLachlan [16] found that an 8-in (200-mm) diame
ter paper cone resonated with two diametral nodes at a 
frequency of 36.5 Hz, that is, similar to the present 
calculated values. For the symmetric modes of paper 
cones, Frankort [7], [8] found good agreement with 
calculated values. 

In a sandwich cone the asymmetric modes can only be 
excited by applying a vibrator to the edge of the cone. 
This showed that for a bass cone constructed as de
scribed above, the resonance with two diametral nodes 
was at 770 Hz. The calculated value of 1230 Hz makes 
no allowance for the weight of the epoxy resin adhesive 
between skins and core. This would reduce the frequen
cy by about 15% to 1040 Hz. The remaining difference 
may be due to shear deflection of the core. Bending 
theory assumes that transverse planes remain plane and 
perpendicular to the neutral axis and the outer skins. 
This is substantially the case in homogeneous construc
tion, but may not be so where the core has low stiffness, 
as in this case. It is well known that expanded plastic 
cores are much less stiff than honeycomb cores con
structed in metal foil, and the latter are always used in 
sandwich construction in aircraft. 

For the symmetrical modes, the lowest, from holog
raphy, is at 1700 Hz in the sandwich bass cone, com
pared with 4986 Hz for the calculated value. Again the 
difference may be due to the shear deflection of the core. 
The optimum configuration of honeycomb might be a 
spiral winding. 

5 TORSIONAL RESONANCES 

The method of calculation reveals the presence of 

• 

• 

1,000 10.000 

x = 0 CONCENTRIC NODES 
•• I .. " 

.·2 

.-3 

Fig. 4. Resonance frequencies of 173-mm aluminum dome. 
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other resonances also. There are torsional modes not 

previously suspected in loudspeaker diaphragms. The 

lowest of these is the bulk mode about the inner diame

ter, which involves no change of shape or dimensions, 

and will not be detected by holographic examination in 

the axial direction. Higher modes with concentric nodes 

also occur. Values are indicated in the figures and range 

from -1000 Hz for paper cones to supersonic for the 

dome. Torsional modes will have little effect on the 

frequency response, but the transient response may be 

aflected. The resonances are likely to be excited in a 

nonuniform material like paper. There is another condi

tion in which these resonances may be excited. Torsional 

movement of the cone takes place where the rear suspen

sion consists of a tangential-arm spider. The shortening 

of the arms on bending results in torsional motion of the 

cone about the axis at twice the applied frequency. 

6 BUCKLING AND SUBHARMONICS 

All calculations assume that there is no buckling of 

the diaphragm. It is well known that buckling, especially 

at high sound levels, can lead to the production of 

subharmonics, and this may become an increasing prob

lem. It is possible to calculate buckling loads from the 

methods used and this may permit calculating the point 

of onset of subharmonics. 

7 CONCLUSIONS 

I) Resonance frequencies for various types of dia

phragm have been calculated. 

2) The greatly increased stiffness possible by means 

of sandwich construction has been demonstrated. 

3) It may be possible to design mid and treble units 

with dome diaphragms free from resonances in the work

ing range. 

4) Calculations show the existence of a torsional res

onance not previously suspected in loudspeaker dia

phragms. 
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Loudspeaker coloration 
Eliminating unwanted sources of resonances 

Loudspeakers have always been the 
weakest link in the chain of sound 

reproduction. The tone is coloured by the 
presence of unwanted resonances, which 

may still be audible in spite of 
considerable damping. The 

already-reported limits of audibilit y of 

resonances on white noise and music 

over a range of frequency and Q are 

discussed in relation to loudspeakers. 

The white noise test was severe and few 

ii any speakers meet this" peak 

criterion," even over part of the audio 

range. Sources of unwanted resonances 

and methods of elimination are discussed 

and a design proposed for a speaker in 
which coloration is inaudible. 

IN LOUDSPEAKERS. there are many 
causes of coloration or spurious effects 
not present in the electrical input signa\. 
These usually take the form of 
resonances or anti-resonances. In bad 
cases. they show on a frequency res
ponse curve; less severe cases may be 
found by transient tests. or by watching 
the motion of the moving parts by 
holographic methods.u Resonances 
may be present in the diaphragm. sur
round. rear suspension. voice coil. dust 
cap. chassis. cabinet walls. etc. Other 
resonances are the fundamental ones of 
the drive units and of air cavities. in
cluding the air enclosed by the cabinet. 
Other effects. not necessarily audible. 
include acoustic interference between 
units in multiple speaker systems. phase 
differences between units. phase distor
tion in the crossover. diffraction at the 
edge of the cabinet. speaker frame. etc. 

I have long thought that listening 
tests should be used where possible to 
determine the limits below which the 
various forms of distortion or imperfec
tion in audio equipment become inaud
ible. Effort could then be concentrated 
on the most serious defects. and those 
which are inaudible can be ignored. In 
particular. listening tests were proposed 
to determine the limit of audibility of 
peaks. by introducing resonances of 
various frequencies and Qs electrically.' 

Peak listening tests 
Preliminary tests were made in 1972. 
using an Altec Room Equaliser. This has 
a number of resonant circuits covering 
the audio range. Each may be varied to 
be either a peak or a dip. Listening tests 
were carried out. using two makes of 

by D. A. Barlow, Ph.D 

high quality headphones. thus avoiding 
the effect of room acoustics. Using 
white noise a single peak of 2dB in the 
mid-range was clearly audible. giving 
the noise a definite pitch. At the ex
tremes of frequency. the ear was less 
sensitive. as might be expected. A 2dB 
dip in the mid-range equally gave a 
definite pitch to the white noise. 

The main listening tests were carried 
out by Fryerl. A number of frequencies 
were used with a Q of 50.25. 10.5.2.5. 
and I. Three sources were used, white 

Fig. 1. Levels at which response peaks 
become inaudible for six values of Q 
and frequency. using three source 
signals. Broken curves indicate 
adjusted values (see text). 

noise, the opening bars of Brahms first 
Piano Concerto. and Cleo Laine singing 
'Peel me a grape'. The unbroken lines in 
Fig. 1 show the level at which the peak 
becomes inaudible. A-B tests were lIsed 
with compensation for the increase in 
loudness caused by the addition of the 
peak. A large number of listeners took 
part. and were of various ages and 
occupations. Each listener listened 
alone. with no knowledge of other lis
teners' results. 

White noise is the most sensitive. 
followed by the Brahms. As the (} is 
lowered. the level at which the peak can 
be detected is also lowered. A hump of 
given height. covering a large band
width is more noticeable than a spike of 
the same height. which affects only a 
very small bandwidth. The ear evidently 
detects mainly the energy or area under 
the peak. In some cases, at high Q. the 
.peak can be well above the general level 
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before being detectable, but in other 
cases a low Q resonance, well below the 
general level. is still detectable. Dam
ping a resonance may not give as great 
an improvement as hoped for, especially 
at low frequencies. It follows from these 
curves that a flat response, containing 
peaks damped down to the general 
level, is no guarantee of freedom from 
coloration; also that two speakers with 
smooth frequency response curves may 
have quite different degrees of colora
tion. Low-Q resonances near the ex
tremes of frequency are similar in effect 
to tone controls, and alter the character 
of the sound rather than make it un
pleasantly coloured. 

There is naturally some scatter in 
results; for example the gap between 
the levels for Q of 25 and 10 for white 
noise at 450Hz appears excessive. There 
is good reason for thinking this. 
Reducing the Q from 25 to 10 by dam
ping means reducing the level by 8dB, 
yet the detection limit drops 10dB. Thus 
damping the resonance would appear to 
make it slightly more audible! This is 
highly improbable. I felt justified there
fore in smoothing the curves, removing 
this one anomaly. Values were adjusted 
so that the differences between the dB 
drop in reducing the Q, and the drop in 
detectable level fOllowed a smooth 
curve in each case. This was done for all 
points, the change in actual values 
being kept to a minimum. The 
smoothed curves are indicated by the 
broken lines. 

These curves agree in general with 
similar tests reported by Bowshers 
Under certain unstated conditions, 
Harwood" obtained different results. It 
can only be concluded that these con
ditions were unrepresentative of normal 
listening. 

Application of results 
The present curves, especially for white 
noise, represent a very severe demand 
on the loudspeaker; we may call this the 
peak criterion. Few if any commercial 
speakers meet the criterion, even over 
part of the frequency range. There are 
two basic ways of making a speaker 
• by using a relatively large light 
diaphragm driven all over, for example 
by electrostatic, piezoelectric or elec
trodynamic means 
• by usin,g a relatively small diaphragm 
driven from a very small area, for 
example by a moving coil. 
For satisfactory operation, the first type 
must have a very limp diaphragm, 
operating well above the fundamental 
frequency, in the hope that the over
tones will be sufficiently damped as to 
be undetectable. There is very little 
information on this. The second type 
must operate at frequencies well below 
the diaphragm resonances. Most 
speakers fall between the two stools. 

Thin cones made of paper, 'metal, 
plastics, ca rbon fi bre, i nev i ta bly 
resonate over almost all of their wor
king range. The object in deSigning 

such cones is to find a profile in which 
none of the resonances is pronounced. 
There is no way of calculating this, and 
a suitable shape can only be found by 
trial and error, a process which is still 
going on after nearly 50 years, and cou Id 
go on ad infinitum. For this reason, it is 
always possible that a beginner may by 
chance produce a cone with a smooth 
response. In some plastic film diaph
ragms, the profile is known to be very 
critical and small deviations may give 
serious peaks. Even if a smooth res
ponse is obtained, resonances will be 
present. Such cones cannot be expected 
to meet the peak criterion. 

If a cone is to operate below its brea
kup resonances, it must have the high
est possible stiffness/weight ratio. As 
deformation is mainly in bending, the 
structure with the maximum bending 
stiffness must be used, viz. sandwich 
construction7.K• The maximum stress in 
bending is taken by the outer layers; 
these are therefore made in a material 
with the highest ratio of Young's 
modulus/density. The skins are glued to 
a core, which must be as thick and light 
as possible. Aluminium foil and ex
panded polystyrene are the obvious 
materials to use. 

Possible speaker to meet the peak 
criterion 
By using sandwich construction, it 
should be possible to meet the peak 
criterion except at the ends of the 
frequency spectrum, where the ear .is 
less sensitive and where further tests 
are desirable. Sandwich cones are 
usually of high Q, but the breakup 
resonances can be damped down to the 
general level by means of suitable dam
ping material applied to the cone neck2. 
If the white noise criterion is used, these 
resonances must be about 24dB down, 
assuming a Q of I .  

It is known from h olographic 
examination that a 25cm diameter 
sandwich cone of 1050 included angle 
has a first resonance, the umbrella 
mode, at 1300Hz, which is often difficult 
to detect acoustically or by impedance 
curves. Such a cone would meet the 
peak criterion by crossing over at about 
300Hz with a 12dB/octave crossover. A 
6dB/octave crossover would be of little 
value where a limit of -24dB is to be 
met. 

The mid-range could be handled by a 
7.6cm diameter cone. The first breakup 
would be at about 6kHz, allowing 
crossover at 1.5kHz. Damping of the 
resonances may require a rather large 
weight of damping compound. Driving 
from the periphery by means of a 7.6cm 
diameter voice coil may give higher 
breakup frequencies, although the mass 
of the voice coil former would be 
greater than for a smaller diameter coil. 
Furthermore, diffraction at the cone 
edge and resonance of trapped air may 
be problems. If beryllium or carbon fibre 
were available in suitable form, the 
breakup frequencies could be raised 
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considerably, thus easing the design. 
The treble cone could be 3 .8cm 

diameter, again perhaps driven from the 
periphery. To raise the first breakup 
above 20kHz, beryllium or carbon fibre 
skins would be necessary. Smaller cones 
than this are difficult to construct and 
the maximum permissible weight for 
smaller cones is very low. The optimum 
cone angle is 90 to 1050• The use of a 
smaller included angle should raise the 
circumferential mode frequencies but 
decrease the radial mode frequencies. 
As there are no radial modes in sand
wich cones, unlike paper, a small in
cluded angle could be used. However, 
this raised the first frequency, but low
ered the frequency of the second mode, 
so that there was no advantage in going 
to smaller angles than 900• 

The suspensions of the mid and treble 
units should be designed to coincide 
with the planes of the centre of gravity 
and centre of inertia, thus avoiding any 
tendency to non-axial motion. Likewise, 
the leads must be brought out at 1800, as 
it is known from holography studies 
that if they are brought out together, 
the unbalanced mass will cause rocking 
of the cone. The fundamental 
resonances of the two units when 
mounted must be at least two octaves 
below crossover, assuming good dam
ping. 

Very little can be done about the 
fundamental resonance of the bass unit. 
Most speakers show the effect of the 
fundamental resonance in the slow de
cay of the bass in delayed resonance 
tests. The principal types of enclosure 
are the reflex and the totally enclosed. 
The full theory of the reflex has been 
given by Thiele9. With correct design, 
with correct coil and cone weights, flux 
density, etc, the bass response can be 
extended well below that for a similar 
totally enclosed cabinet. Thiele's work 
has been translated into practical terms 
by Garner and JacksonlO and by Col
linson" at my suggestionJ. However, 
the reflex cuts off at 1 8dB/octave 
compared with 12dB/octave for the 
enclosed cabinet. In the present con
text, a sharp cut-off is to be avoided. It 
might be better to use an enclosed 
cabinet with enough acoustic and mag
netic damping to be critical (Q = 112), the 
response being -6dB at resonance. This 
represents some loss of bass, but as the 
cabinet is likely to be placed against a 
wall during use, there will be acoustic 
reinforcement of the bass. 

The only other enclosure of interest is 
the folded pipe or labyrinth, now called 
the transmission line. This has the ad
vantage of not increasing, or even 
slightly decreasing the fundamental 
resonance. Apart from any possible 
extension of the bass, this would place 
the fundamental resonance sufficiently 
low in frequency to be inaudible. Un
fortunately, the finite length of the pipe 
and the necessary folds give rise to 
resonances of the enclosed air'2, and 
these are audible as 'bumbling', even 
when damped with long-fibre wooill. 
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Resonances of cabinet walls 
The conventional rectangular cabinet 
inevitably suffers from bending 
resonances of the flat walls. In certain 
cases. especially with large cabinets. the 
sound output of the cabinet walls at the 
frequency of panel resonance can ex
ceed that of the speaker by several 
decibels". These resonances may be 
damped by thick layers of damping 
material glued to the panels. the weight 
of the damping compound being 
comparable the the panel weight.  
Bituminous damping felt is the most 
practical material x. 10

. Damping com
pounds readily suppress the overtones. 
but are less effective at the fundamen
tal. The answer is to use a cabinet of 
constant curvature. where there are no 
bending resonances. only resonances in 
direct stressl4. This has now been 
utilised in two recent commercial de
signs. Such cabinets are so stiff in 
operation that almost any material may 
be used for bass cabinets. A cardboard 
tube of 30cm diameter h a s  no 
resonances below 2kHz. and the radia
tion level at lower frequencies is 30 to 
40dB below the signal. It is fully equal to 
brick and concrete and easily meets the 
peak criterion. 

The obvious method of mounting a 
bass unit in a tubular cabinet would be 
at one end. The tube could be 60cm long 
X 30cm diameter with the bass unit 
facing upwards. A long pipe may give 
trouble with organ pipe resonances. 
With a crossover at 300Hz. the bass unit 
would be almost omnidirectional over 
its working range. This would avoid any 
possible apparent loss of mid
frequencies due to listening off-axis. 
Diffusers could not be used to increase 
the spread of the upper frequencies 
because they give irregularities in the 
response curves and audible effects at 
lower frequencies. Inverting the 
speaker unit so that the rear faced 
upwards. the rear face of the cone being 
clearly visible from the listening posi
tion. did not alter the directional pro
perties. Mounting the speaker at one 
end of the tube. facing the longest 
direction has the advantage that the 
rear reflected wave will be at the lowest 
frequency; it is less likely to be audible 
and has the maximum thickness of 
acoustic absorbent through which to 
travel. Re-radiation of the reflected 
wave is thus at a minimum. A sandwich 
cone gives much less re-radiation than a 
conventional paper conel". 

The mid and treble units could be 
mounted in the cylindrical surface. 
without unduly affecting the perfor
mance of the cabinet; if necessary. the 
cutouts could be stiffened up with ad
ditional material. The diffraction effects 
at the sharp edges of a conventional 
cabinet are avoided. and provided the 
units are not at centre height. a cylinder 
was found to be almost as good as a 
sphere or ellipsoid for avoiding diffrac
tion. That diffraction effects can be 
audible in the worst case is shown by 
the following test. 

Q) 
> 
Q) 

.J 
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Frequency (Hz) 

Fig. 2. In the listening tests discussed 
resonance peaks with Q of I to 50 were 
switched in and out in establishing 
level of inaudibility. Detectability 
decreased by 3dB for each doubling of 
Q. 

A single speaker was used. as no two 
units sound the same on white noise. 
and differences due to position in the 
room are avoided. The speaker was 
mounted in a 30cm diameter sphere and 
fitted with a 30cm diameter removable 
flat baffle. On white noise .. the dif
ference with and without the baffle was 
quite clear. The effect of the baffle on 
the frequency response was to intro
duce a hump of 4dB at I kHz and a 
hollow of 4dB at 1.8kHz. 

In addition to spurious external 
radiation by the cabinet walls. there is 
the possibility of sound being transmit
ted from the bass into the treble cavity 
and vice versa. Tests in 1974. which 
unfortunately I could not complete. 
suggested that this transmission may 
not be negligible in all cases. 

Crossover networks 
It has been known for many years that 
there is phase d istortion in most 
crossover networks. the 6dB/octave 
quarter section being the only common 
one free from this. Crossover filters 
have been studied by Wall'H at my sug
gestion." He devised a three-way filter 
without phase distortion. This uses a 
two-way half section with a mid-section 
to correc the phase. Baekgaardl7 has 
devised a similar filter. Although the 
mid-speaker operates only over a nar
row band. the cut-off on each side is 
only 6dB/octave.lf it is to meet the peak 
criterion. it must be free from 
resonances over eight octaves. Such a 
speaker would be a full range one and 
would hardly need crossovers. It might 
be possible to make an acceptable unit 

by rolling off both bass and treble 
acoustically by suitable design. 

Another possibility is a t"inear-phase 
filter of the Gaussian or Bessel type. i.e. 
beyond cut-off the phase angle is pro
portional to frequency. although design 
data is scarce. Nomoto et al'" have 
demonstrated the wavefront from 
speakers by means of measurement 
over a large number of microphone 
positions. using a computer. A two-way 
system using a Bessel filter showed a 
wavefront corresponding to the input 
signal. in contrast to a Butterworth 
filter. 

A number of commercial speakers 
have been produced recently. in which 
the mid and treble units have been set 
back behind the plane of the bass unit. 
The acoustic centres should thus be in 
the same plane and acoustically in 
phase - the "linear phase" system. 
Some of these have crossovers without 
phase distortion. others have conven
tional crossovers. If in a two-speaker 
system. the treble unit is placed on top 
of the cabinet and moved back and 
forth. there is a slight difference in 
sound with position on white noise. This 
is clearly heard from above the speakers 
and is obviously due to reflection off the 
top of the cabinet. The test was repeated 
with thick absorbent on the top of the 
cabi net and with the treble unit 
mounted in a sphere to avoid diffraction 
effects. The difference with position 
was still present on white noise. again 
clearly so from above the speakers and 
was reflected from the top of the 
cabinet. Setting mid and treble units 
back necessitates steps in the front face 
of the cabinet. and these may be bevel
led to reduce reflection. A treble unit 
was mounted off centre in the usual 
way near the top of the front panel of a 
typical rectangular cabinet. The edges 
of the cabinet were bevelled to reduce 
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diffraction. A removable 7.8cm thick 
panel with a 45° bevel was fitted belo� 
the treble unit. On white noise. there 
was a small but definite difference with 
and without the panel. The effect of the 
panel on the frequency response was to 
create a small dip at 2kHz. It seems that 
any audible effect due to the acoustic 
centres being in the same plane is very 
small and is masked by reflection. 

Other sources of spurious radiation 
Other components of the speaker be
sides the cone may give spurious radia
tion. The surround in particular is of 
appreciable area and tends to move out 
of phase with the diaphragm. especially 
at large excursions at low frequencies. 
Also. it is well known that an insuf
ficiently damped surround will give a 
dip and a peak in the response curve. 
The units could operate without sur
rounds. The moulded edge of the ex
panded polystyrene could be a clea
rance fit in the chassis rim. The clea
rance would be filled with a suitable 
magnetic fluid. a retaining magnet 
being incorporated in the rim of the 
chassis. The outer edge of the cone and 
inner edge of the chassis would need to 
be rounded to reduce diffraction. Two 
rear suspensions would probably be 
necessary for centering the bass unit. 

Dust domes are another possible 
source of spurious radiation. There are 
two possible forms 

. • A rigid airtight continuation of the 
cone. This must meet the peak criterion; 
on an area basis. the radiation will be 
about 14dB below that of the cone. 
• An open structure. allowing free 
passage of air. This assumes that the 
acoustic resistance offered by the mag
net gap is sufficient to avoid losing bass. 
Rather than being strictly dust-tight. 
this prevents most foreign bodies from 
entering the magnet gap. Measure
ments showed that the conventional 
undoped impregnated fabric dome and 
plugs of (flexible) open-cell urethane 
foam were satisfactory. Any radiation 
by these components would be largely 
cancelled acoustically because of their 
open structure. 

Voice coils a re another possible 
source of resonance. The compliance of 
the neck of the former may resonate 
with the mass of the cone. The neck will 
deform by direct tension and compres
sion. but is unlikely to buckle except for 
very long formers in thin material. It 
can be easily shown that the load ne
eded to cause elastic buckling of the 
former far exceeds the load due to the 
driving force. A typical 2.5cm diameter 
former in kraft paper may resonate 
around 8kHz. and in many moving coil 
tweeters. the output consists mainly of 
cone and coil resonances. In the present 
case. short 3.8cm diameter formers in 
epoxy-glass fibre and in carbon fibre 
were stiff enough to avoid resonance in 
the audio range. 

Another source o f  coloration is 
reflection from obstacles behind the 
cone or resonance of air cavities created 

D. A. Barlow, B.Sc. M.Sc. 

Ph.D. F.A.E.S .... unemployed 

Don Barlow left Fane Acoustics when they 
closed down their laboratory last year. 
reluctantly jOining the unemployed. And it 
was another closure that forced him to leave 
the Ran k  Leak Whar fedale research 
laboratory three years before that. At RLW. 
he worked on a viscous-filled sphere sus
pension fOr turntables. also developing a 
lightweight tubular enclosure designed to 
be free from panel resonances. But perhaps 
his most well-known contribution to audio is 
the sandwich loudspeaker that he deve
loped and produced whilst with H. J. Leak & 
Co. in the 1 960s. He actually conceived the 
idea (WW Dec 1958. pp 564·9) in his 
spare time. his job then being concerned 
with the properties of aluminium alloys 
following graduation in metallurgy at 
Birmingham University back in 1943. and 
through which he gained an external M.Sc. 
12 years later. Two other WW articles 
which reflected another spare-time interest 
- groove deformation in records - were 
published in May 1957. pp. 228-30 and 
April 1964. pp. 160-6. 

by such obstructions. for example the 
chassis. It is well known that the rear 
radiation from a speaker is seldom as 
clean as that from the front. Listening 
tests were made with white

-
noise fed to 

the unit with a very open chassis. On a 
flat baffle. the slightest obstruction at 
the rear was immediately audible from 
the front. The speaker was then 
mounted in the wall of a room and 
obstructions introduced at the rear. 
Small obstructions corresponding to a 
chassis were detectable. but gross 
obstructions. for example a shallow 
enclosing box were clearly audible. 
Providing the enclosure was fairly deep 
and filled with absorbent. it was very 
difficult to detect. 

Acoustic interference between units 
is noticeable on sine wave in bad cases 
for example where two treble units are 
used in parallel. perhaps to increase 
power handling capacity. The loudness 
varies on moving the head. In more 
typical cases. the transient test results 
are poor at crossover frequencies. but 
whether this produces an audible effect 
is not known. It may be desirable to 
avoid crossing over in the mid-range 
where the ear is most sensitive to col
oration. It might be passible to reduce 
interference by means of careful co
axial design. 

Fallibility of listening tests 
In production. the sensitivity of units. 
will vary due to variation in mass of 
diaphragm. mass of dope applied. mass 
and resistance of voice coil. and mag
netic flux. In a multiple speaker system. 
it is well known that if the units are not 
carefully matched for sensitivity. the 
whole character of the sound is altered. 
Furthermore. we have already seen that 
the character is altered by small dif
ferences in shape of response curve. 
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Again. in listening tests on amplifiers in 
1972. it was found that a gradual slope 
of + 2dB from bass to treble due to 
slight inaccuracy of equalization gave a 
different character from the reverse 
slope. Speakers may well be judged on 
the character of sound which the lis
tener prefers. rather than on the quality. 
Speakers used by the British Broadcas
ting Corporation have to meet very 
close tolerances. perhaps in order to 
maintain the same character of sound. 
Harwood 19 has described errors which 

can arise in listening tests. The question 
arises: if a speaker were built to be free 
from coloration. would it be recognised 
as such? 

References 
I Stroboscopic holographic interferometry 

for transducers. Wireless World. vol.73. 

1967. p.471. 

Barlow, D.A. Rank Leak Wharfedale 
Research Report 1970. 

Fryer. P. A. Lecture to A.E.S. London. 12 

June 1973. 

2 Fryer. P.A. Holographic investigation of 
speaker vibrations. 50th A.E.S. Conven
tion. London. 1 975. 

3 Barlow. D. A. Rank Leak Wharfedale 
Proposed Research Programme. 17 Sept.. 
1971. 

4 Fryer. P. A. Intermodulation distortion 
listening tests. 50th A.E.S. Convention. 
London. 1975. 

5 Bowsher. J. M. 47th A.E.s. Convention. 
Copenhagen. 1974 . 

6 Harwood. H. D. Audibility of phase effects 
in loudspeakers. Wireless World. vo1.82. 
1976. pp.30 -2. 

7 Barlow. D. A. Rigidity of loudspeaker 
diaphragms. Wireless World. vo1.64. 1958 . 

pp.546-9. 
8 Barlow. D.A. Lecture to Brit.I.R.E. (now 

I.E.R.E.).24 Jan .• 1962. 

Barlow D. A. Deve lopment of a 
sandwich-construction loudspeaker sys
tem. 1.A.E.S .. vol.l8. 1970. pp.269 -81. 

9 Thiele. A. N. Loudspeakers in vented 
boxes. Proc. 1.R.E. (Aust.). vo1.22. 1961. 

pp.487-508. Reprinted in 1.A.E.S .. vol.l9. 
1971. pp.382-91 & 472·83. 

10 Gamer. A. V. & Jackson. P. M. Theoreti· 
cal and practical aspects of loudspeaker 
bass unit design. 50th AES Convention. 
London. 1975. 

II Collinson. J. D. Lecture to A.E.S .. London. 
2 March 1976. 

12 Barlow. D.A. Letter. Wireless World. 

vo1.71. 1965. pp.614 -5. 
13 Falkus. A.E. Private demonstration. April 

1975. 
14 Barlow. D. A. Sound output of louds· 

peaker cabinet walls. 50th A.E.S. Con
vention. London. 1975. 

15 Cooke. R. & Fincham. L. Lecture to Brit. 
Kinematography. Sound & Television 
Soc .. London. 16 March. 1969. 

16 Wall. P. K. Active and passive louds
peaker crossover networks without tran· 
sient distortion. 50th A.E.S. Convention. 
London. 1975. 

17 Baekgaard. E. Loudspeakers - the mis· 
sing link. 50th A.E.S. Convention. Lon
don. 1975. 

III Nomoto. I.. Iwaha ra. M. & Onoye. H .  
Demonstration film t o  A.E.S . .  London. II 
May 1976. 

19 Harwood. H. D. Some factors in louds
peaker quality. Wireless World. vo1.82. 

1976. pp.45-54. 



38 

Gilbert Briggs 
GILBERT BRIGGS. engineer, businessman, jour
nalist and author, founder of Wharfedale, 
died on January 10 aged 87. His death fol
lowed those of Guy Fountain, founder of 
Tannoy, and J.p. inventor Peter Goldmark by 
a few weeks. 

Briggs didn't start in audio at all. Brought 
up in an orphanage, he was self-taught, and 
his career began in the Bradford textile 
industry. He began Wharfedale Wireless 
Works in 1933, under his wife's name, where 
it remained for 20 years. He sold the business 
to Rank "for a slight profit" in 1958. 

He built his first speaker in the autumn of 
1932, winning a local radio society competi
tion with it. A few days later, he once recal
led, a wholesaler came round and ordered a 
gross of them. He agreed to supply them at a 
dozen a week. By March 1934 he had made 
4,600 speakers and a loss of £1,000. By 1939 
production was 9,000 speakers a year. During 
the war the factory made transformers for 
the navy. 

After the war he began to write what many 
regard as a classic series of books on audio 
and related subjects. The methods he de
scri.bed are still valid today. 

He also began a now-famous series of 
combined lectures, concerts and demonstra
tions at various places including Carnegie 
Hall. By the time the final concert was held at 
the Royal Festival Hall on May 9,1957, seven 
of the fifteen items on the programme were 
in stereo and Leon Goossens (oboe) was 
taking part in the live demonstration. 

He leaves a wife, Doris, and two daughters. 
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Rigidity of Loudspeaker Diaphragms 
Advantages of Sandwich Construction 

By D. A. BARLOW, M.Sc. 

I t is well known that the diaphragm of the con
ventional moving-coil cone loudspeaker is far from 
rigid under normal conditions of use. The usual 
theory of the direct-radiator loudspeaker assumes 
that the cone is a rigid piston; under this condition, 
the response above the main low-frequency resonance 
is level (or nearly so) until a certain point, after 
which output drops off smoothly until it reaches a 
constant rate of 6 dB/octave (Fig. 1). In contrast, 
the measured response curve of the best cone speaker 
resembles thl' profile of a mountain range. It is 
known that at low frequencies, above the main 
resonance, the cone behaves approximately as a 
rigid piston, but above a few hundred <...ycles, breakup 
occurs and the cone resonates in innumerable ways, 
giving distortion, a ragged response, muddle, and 
out-of-phase effects. For these reasons, each speaker 
has its own characteristic tone or colouration. 
Further, transient response is poor. Shorter's 
tests· show that there is still a considerable sound 
output even 20 milliseconds after the signal has 
been cut off, and that in bad cases, at resonant 
points, the output after first falling may rise, 

FREQUENC'!' 

Fig. I. EfficIency of a moving-coil loudspeaker as a function 
of frequency. 
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Fig. 2. .mppdance curve of a composite cone loudspeaker. 
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approaching the steady-state output. The cone 
cannot be stiffened by increasing the weight as this is 
limited by the efficiency required and by the desired 
"r('ble response. In an attempt to mitigate the 
('flects of the breakup resonances, various devices, 
such as felt pads, foam surrounds etc. have been 
used to damp or spread the worst resonances over 
a broader range. Other devices include stiffening 
corrugations; these are often insufficient to prevent 
the resonances and as they also introduce com
pliances, they may introduce further resonances, 
worse than those which it is hoped to suppress. 
A soft paper cone with high internal friction is 
usually preferred to hard paper in an attempt to 
damp out the worst breakup resonances, even if 
there is some loss of treble response as a result. 
Treble Response.-The efficiency of a direct 
radiator loudspeaker2, assuming a rigid diaphragm, 
is given by 

= 
B2rm"mL 

X 100o/c 
J.L pKr (xm,l+xmc)2103 0 

where B = gap flux density in gauss 
mL = voice coil mass in gm. 

p=density of voice coil material in 
gm/c.c. 

K/,= resistivity of voice coil material in 
microhms/c.c. 

r rna = mechanical resistance due to the 
air load in mechanical ohms (Values 
obtainable from ref. 2). 

Xma = mechanical reactance due to the 
air load, in mechanical ohms 
(Values obtainable from ref. 2). 

xmc=mechanicaJ reactance of 
system, in mechanical 
= 2rrml t. 

m/=total moving mass in gm. 
f=frequency in CIS. 

moving 
ohms 

(This assumes that the mechanical resist ance ;n the 
diaphragm is small and that r ma is small compared 
with Xm'J and xmc)' 

For a given size of diaphragm the values of r ma 
and Xm" at any frequency are fixed so that the 
frequency response is then governed only by 
Xmc' i.e. by the total moving mass; the efficiency is 
fixed by the flux density, voice coil mass and material, 
and by the total moving mass. For speakers of 
conventional size and weight, say 8 to 12 in. dia
meter, the treble response will drop beyond 1 to 2 
kc/s, assuming the diaphragm is rigid. In practice, 
because of cone breakup, the treble response will 
be much greater than the theoretIcal, making the 
commercial speaker with its adequate tr�ble tc!sponse 
possible, so that the lack of rigidity is not entirely 
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an ill wind. However, where good quality is required, 
a speaker might well be judged on its lack of �I eble, 
rather than vice versa! 

It is well known that speakers which are large 
enough to reproduce the 1:,:;S$ fr�quencles adequately 
will not reproduce the C'.'.!.'."el:!\! lreble, and var:ous 
devices are offered to IncreCl$.! rhe treble. One 
of the commonest is Voigt's tWin conca or variations 
of it. This consists of a small cone fixed to the 
centre of the main cone. If the large cone were 
rigid, it is obvious that the small cone would do 
nothing except add undesirable weight to the moving 
parts. However, as the main cone is not rigid or 
because compliances are delibetately introduced 
between the main cone ,.iI\d the driving coil, tlexing 
takes place, so that the small cone and voice coil 
now act as a ser arate small speaker at high fre
quencies, moving IDdependently of the main cone. 
In an alt�rn1(;ve design, the small cone is ioined 
at its outer edge 10 the inner edge of a large one 
by means of a compliance, forming a composite 
coue. The complete cone mass plus coil mass with 
the main suspension compliance will give the main 
low-frequency resonance, which as usual can be 
placed low enough to be unobjectionable. However, 
it is evident that the mass of the small cone plus 
coil with the suspension and the compliance at the 
edge of the small cone or with the flexibility of the 
main cone, will also resonate; this resonance must 
obviously fall in the audio range if the small cone 
is to take over from the large one in the audio range. 
Voigt's twin cone was designed primarily for horn
loaded speakers, where, unlike direct radiators, the 
resonance would be much less noticeable and 
perhaps very difficult to detect. 

As an example of the resonance of a twin cone 
speaker, a Win "high fidelity" speaker of composite 
cone construction was found to give reasonably 
satisfactory results on some types of orchestral 
music, hut on piano, an intolerahle "ringing" or 
echo occurred over a very narrow range-two 
semitones. An impedance curve was taken, using 
a high-impedance source, giving the result shown 
in Fig. 2. In use, in spite of a low-output-impedance 
amplifier, and in spite of alleged magnetic damping, 
including the use of an aluminium voice coil former, 
the 600-c/s, resonance was most rrominent, as 
described. With different design, it might have been 
possible to place the resonance higher up, in the 
harmonics rather than in the fundamentals, and to 
provide mechanical damping, but the basic obiection 
remains. Other devict:s having the same effect 
and open to the same ohjection are circumfert:ntial 
corrugations, central domes, etc. This idea may be 
extended further by means uf a compliance on the 
voice-coil former, generally taking the form of a 
lubber or other resilient sleeve and an aluminium 
former, in which the former and coil arc decoupled 
from each other at high frequencies by the !'>Ieeve. 
TlUs device has the same objection of a resonance, 
even if it is highly damped. 

Some manufacturers of high-quality speakers 
dislike twin cones and prefer to use separate bass 
and treble speakers with ckctrical cross-over 
networks. This method has thl: advantage that the 
resonance of the treble speaker (and the middle 
speaker, if any) can be placed well below its working 
range, independently of the cross-over frequency. 
Likewise, the coaxial speaker with electrical cross
over, using either a separate treble cone speaker or a 
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horn loaded speaker, is free from the resonance 
objection of twin cone speakers. 

The unsatisfactory performance of many conven
tional speakers is emphasised by B.B.C. experiencet• 
Various manufacturers were ' invited to submit 
high-quality speakers for monitoring purposes. 
On test all except three models were rejected because 
of unpleasantness on some types of signal. Two 
of these were by the same manufacturer and were 
simple single-cone models of very early make, with 
limited treble response, the third being a wide
range !'>peaker, this being the first occasion on which 
a wide-range speaker was found to be tolerable. 
Many devices used to extend the frequency response 
are worse than useless, as the distortion which they 
introduce· more thaI" outweighs the advantage of 
the in-:-reased treble response. It is also apparent 
from th�se tests that most devices are better on some 
types of programme than others, and which device 
is the best of a more or less bad lot is largely a matter 
of rersonal preference. 

The unsatisfactory performance of the direct
radiator moving-coil speaker has recently stimulated 
interest in other types of transducer, such as the 
ribbon, eJcct'·ustatic, Ionophone and corona-wind 
spedk "rs. In these, the driving force acts over 
the whole of the diaphragm (whether of metal, 
plastic, gas molecules or ions), so that diaphragm 
breakup does not occur. However, if the diaphragm 
of the moving coil speaker could be made more 
rigid, its performance might compare with those of 
other systems. 
Diaphragm Stiffness.-The bending deflection of 
a diaphragm at any point under a given load is 
proportional to (l - ",2)/Ec3 where 

11 = Poisson's ratio 
E = elastic modulus in bending 
t = thickness 

This holds for any given shape of diaphragm or 

TABLE 1. 
Moduli and densities of various materials 

El astic Density Modulus Modulus 
Material Modulus in -- --

bending Density (Density)' 
Ib!sq in Ib/cu in 

Steel .......... 30.0 x 10' 0.28 107 %10' 1.37%10 
Aluminium 10.0 

" 0.096 101 " 11.3 " ..... 
Magnesium ..... 7.0 

" 0.063 111 " 28.0 " 

Berylium ....... 37.0 " 0.067 552 " 123.0 " 

Epoxy Resin .... 05 " 0.045 ILl " 5.5 " 

Polystyrene ..... 0.52 " 0.038 16.3 " 11.3 " 

Kraft paper phenol 
formaldehyde 2.0 " 0.052 38.4 " 14.2 " ... 
Cone paper, hard . 0.4 

" 0.029 13.8 " 16.4 
" 

Cone paper, soft .. 0.15 
" 

0.015 10 " 44.5 " 

Expanded Ebonite 1,000· " 0.0023 0.44 " 82.0 " 

Expanded poly-
styrene ......... 500 " O.OOO5R O.S/i " 2.560 " 

·Surface skin from mouldin!! removed. 

condition of edge restraint, with two exceptions not 
likely to be met in practice. In a very thin diaphragm 
with clamped edge.;, deflection is largely governed 
by the stre�ching of the centre of the diaphragm, 
rather than by the bending, and in a very thick 
diaphragm, the bending deflection becomes small 
compared with that due to the shear stress. The 
effect of variatIon of "'� from one material to another 
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IS smail, SO that this can be ignored and we may say 
that the rigidity of a diaphragm of given size, shape 
and edge condition is proportional to Et3, and 
different materials may be compared on this basis. 
If the weight of the diaphragm is fixed, as it is by 
other considerations, the thickness will be propor
tional to l/density, i.e. stiffness ocbending modulus/ 
(densityp. As no values were available for the 
paper used for cones, two samples were taken, one 
from a small speaker used in a portable radio, the 
other from the aforementioned "high fidelity" 
speaker. The densities were measured, and the 
bending moduli obtained from cantilever loading 
tests. Table 1 gives values of modulus and density 
for a variety of materials. It will be seen that for a 
given weight, the soft paper is considerably more 
rigid than the hard paper, so that there is no point in 
fitting hard paper cones, quite apart from any other 
disadvantages which they may possess. Further the 
plastic-impregnated paper, which is harder still, is 
even less rigid (for a given weight). There is still 
less advantage in using plastics or metals, except for 
beryllium. The best materials are those of very 
low density, is spite of their very low moduli. (The 
moduli of the expanded ebonite and expanded poly
styrene were determined from cantilever loading 
tests.) The expanded ebonite, which is nearly twice 
as rigid as the soft paper cone of the same weight, 
has been on the market for 20 years, but the expanded 
polystyrene of density only 0.016 gm/c.c. = 1 1b/cu ft 
is a more recent product, used primarily for thermal 
insulation and is reasonably cheap. Both these ex
panded materials have a fine structure of non-connec
ted pores, so that moisture absorption is small. The 
expanded polystyrene is naturally rather weak and 
has a compressive strength of only 10 Ib/sq in, 
but this is quite sufficient with careful handling, 
as is necessary with any diaphragm. This material 
is nearly 60 times stiffer than the paper cone. Ex
panded phenolics are produced to a density as low 
as 1/3 Ib/cu ft but this material does not appear to 
be av�ilable in this country at present; such a material 
is several times stiffer than the expanded polystyrene. 
However, there is a method of still further in
creasing the flexural stiffness. 
Sandwich Construction.-In bending, the maxi
mum stress occurs at the surfaces, so that by con
centrating a stiff heavy material at the surfaces, 

Fig. 3. Sandwich construction with a high stiffness/weight 
ratio 

and using a lighter, weaker material for the core' 
a great increase in strength and stiffness can be 
obtained, the sandwich being far stiffer than the 
same total weight of either material used separately. 
This form of construction is increasingly used in 
aircraft, where it usually takes the form of sheet 
metal skins supported by a metal or plastic-im
pregnated paper honeycomb (Fig. 3). The honey
comb has the desired properties of high stiffness/ 
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weight ratio, with high compressive strength in 
the direction in which it is required, and is lighter 
than expanded plastics with the required strength. 
In a loudspeaker, honeycomb would be difficult 
to construct in the small sizes required, and as the 
maximum stiffness is required rather than maxi
mum strength, the expanded polystyrene is the 
most suitable core material at present available. 
For the skins, the best material is that with the 
highest modulus/density ratio (unlike a solid material 
in bending), so that, as will be seen from Table 1, 
aluminium would be a convenient skin material. 
(Beryllium and also molybdenum, ruthenium, and 
rhodium have higher modulus/density ratios, but 
are hardly practical.) 

The proportIOns of the sandwich are important, 
as there is an optimum ratio of skin thickness to 
core thickness for the maximum stiffness for a 
given weight. The equations for the bending stiff
ness of a sandwich have been put in convenient 
form by de Bruyne�:-

Flexural stiffness 
of lin wide strip = 

of sandwich 

E ' [
(2 

)3 (E.-Ea) as] 
- s+a - -

12 Es 

[ y!g - 1 ] 
S opt = 

W 2k + 2eC y! g _ 1) 

w-2eso�t 
----

k 

aOpt 2 1 - E.,/E ,. 

- = -- g= ---::..� 

SOpl \ g-l 1-k/e 
w=2es+ka 

Flexural stiffness of lin wide solid material 
Et3 

= --

where a = core thickness, in. 
S = skin thickness, in. 
E" = core modulus, lb/sq in. 
Es = skin modulus, Ib/sq in. 
t = thickness of soud material, in. 

12 

E = modulus of solid material, lb/sq in. 
w = weight of 1 sq in of sandwich, lb. 
k = weight of 1 cu in of core, lb. 
e = weight of 1 cu in of skin, lb. 

Compared with a lO-gm, 8in diameter 95° soft 
paper cone 0.022in thick, a cone consisting of an 
expanded polystyrene core 0.37in thick, clad with 
0.00Q54in thick aluminium skins would be almost 
3,000 times as stiff; if the wonder metal beryllium 
were available as 0.OOO8in thick skins on a core of 
expanded phenolic (1/3 lb/cu ft) 1.13in thick, the 
stiffness would be 150,000 times as great as the 
paper! 

The stiffness of the sandwich is so great that it 
might well be made in the form of a flat disc for 
simplicity in construction and to give a plane wave 
front. With paper, on the other hand, a cone shape 
is necessary to give enough rigidity to make a 
speaker at all practical. The deflection of a cone 
under load is difficult to calculate, but from loading 
tests on a 95° paper cone (representing the most 
acute and therefore most rigid cone likely to be 
used in practice), it is thought that the average 
stiffness of the cone is about 140 times that of a 

. flat disc of the same diameter and thickness. As 
the cone has a greater surface area, the disc can 
be made 1136 times the cone thickness, and the 
cone is then only 140/1.363 = 56 times stiffer 
than the flat disc. A 10-gm disc of 0.50in thick 
core with 0.00073in thi<;:k aluminium skins would 
still be 53 times stiffer than the best 10-gm paper 
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cone. This means that the amplitude of any break
up would be 34 dB below that of the conventional 
speaker. If poor transient response is due entirely 
to cone breakup, the output after cut-off of the 
transient test signal would be about 15 dB better 
than the electrostatic speaker; for a sandwich cone 
(in aluminium and expanded polystyrene), the hang
over level would be 30 dB below that of the electro
static speaker!6 However, in practice, the im
provement will be considerable but not as large 
as this, as the resonances in the normal cone are 
already damped to some extent (i.e. the amplitude 
of movement is reduced) by the air. 
Redesign for Maximum Rigidity.-Further im
provement in diaphragm rigidity could be made by 
redesign. Thus in the conventional speaker, the 
cone is driven near its apex, so that the outer p'lrt 
of the cone is free to flap (Fig. 4(a)). If the driving 
force, i.e. the voice coil, were applied near the centre 
of the annuJar area consti(utin� I he cone, the reduced 
overhang of the free cone would give less flapping 
(probably only 1), (Fig. 4(b)). Pursuing this to its 
extreme, the most rigid diaphragm would be a 
very narrow annulus of very large diameter (Fig. 
4(c)). Narrow annular diaphragms have been used 
in horn loaded speakers, but the reason for this is 
to avoid phase differences in the throat chamber, 
rather than to increase the diaphragm rigidity. 
There is a limit to how far the voice coil diameter 
can be increased in a woofer speaker, as it makes 
less economical use of the magnetic gap. Thus to 
reproduce the bass, the amplitude is large and the 
voice coil must usually be much longer axially 
than the gap; as this length is therefore fixed, in
creasing the voice coil diameter must be accompanied 
by a reduction in the number of layers on the 
coil or the gauge of the wire. There is a practical 
minimum clearance in the gap, so that a single 
layer coil consisting of say O.Olin clearance + 
O.Olin former + O.Olin wire + O.Olin clearance 
uses only 25% of the gap flux; a small-diameter 
coil of say three layers of O.Olin wire uses 50% 
of the gap flux. Furthermore, it is doubtless more 
difficult to make a large-diameter voice �oil t3an a 
small one to the required dimensiont) to1.:l.J1CeS, 
thus increasing the minimum nect'ss<,C)' ckar"n;�s. 
N("wrthd�ss: there are speakers with voiLe coils 
up to about 4in diameter, including one American 
design which uses an annular magnet to suit (Fig. 4(d)). 

A further possible means of improving the rigidity 
would be to vary the thickness of the sandwich 
according to the stress distribution, so that the best 
use is made of the weight of material available. 
The bending moment is a maximum adjacent to 
the voice coil, so that the sandwich might be made 
thicker at this point, tapering to the rim. However, 
the rim tends to buckle, so that it n",,,Jli to be thick, 
and there are also other strl!sses pr? sent. It would 
be a rather nice mathematical exercise to calculate the 
optimum profile, but it would probably approximate 
to uniform thickness. 

Another way of increasing rigidity in the case of 
thin materials is by "rigidizing", i.e. the impressing 
of a dimpled pattern on a flat sheet-an extension 
of the idea of corrugation. It is well known that 
corrugation gives an increase in flexural rigidity 
in the longitudinal direction at the expense of the 
rigidity in the transverse direction. A dimpled 
pattern, rather like that of a papier mache egg 
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container, is a sort of two-dimensional corrugation 
and gives an overall increase in flexural stiffness. 
With simply rolled designs in sheet metal, the 
stiffness can be doubled; where a deeper pattern 
can be used e.g. on moulded paper cones, a much 
greater increase of stiffness will be obtained. A 
dimpled cone in paper would not be nearly as stiff 
as a sandwich, but it would be a useful improvement 
and could be very easily done. 

The stiffness of a sandwich diaphragm is so great 

(b) 

(c) T T 

(d) 

Fig. 4. Alternative diaphragm forms discussed in the teKt 

that if full advantage is to be taken of it, the stiffness 
of the voice coil former may have to be improved. 
The coil former should obviously be as short as 
possible and for the smaller diameters, any part 
of the former above the magnetic gap could be 
plugged with expanded polystyrene, to reduce the 
tendency to buckle; the additional weight would be 
small. Clearance holes would have to be left in 
the plug to allow for the insertion of feelers when 
centring. Any increase in thickness of the voice 
coil former in the gap would of course increase the 
size of magnet required. Perhaps the best way to 
increase the stiffness without increasing the thickness 
would be to wind a tube from copper (or aluminium) 
foil, bonded and insulated with epoxy resin. This 
would form a combined voice coil and former and 
would be stiffer and !>tronger than one made from 
edge-wound ribbon or square wire. The diaphragm 
could be cemo.!lltcd directly to the foil coil. The 
impedance of the foil coil would be low and might 
need an additioilal transformer for matching. The 
portions of the foil coil outside the gap would 
presumably act as shunt resistors, in contrast to 
the usual lon� wIre coil, where the unused portions 
act as series Tcsis(or�. The effect of a shunt resis
tance is increasingly to short-circuit the active 
portion of the cuil as the frequency is raised, due 
to the rise in impedance of the active portion; this 
might not be serious in a woofer, and must occur 
to a lesser extent in those speakers with metal voice
coil formers or a shorting ring on the pole piece-
in fact the reduced rise in impedance claimed for 
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ALUMINIUM 
SKINS 

Fig. 5. Proposed design for a low-frequency .. woofer .. 
loudspeaker. 

these speakers must be due to just this shunting 
of the voice coil. 
Proposed Design of Sandwich Speaker System. 
-We have seen that the response of a rigid diaphragm 
woofer of say 8-12in diameter will start to fall 
bey�md .1-2 kc/s. To handle power down to 1 kc/s, 
a 2m diameter speaker is about the smallest prac
ticable size, and this will start to drop off around 
7 kc/s; the extreme treble to 15 kc/s could be pro
vided by a 1 in diameter tweeter. 

The woofer (shown diagrammatically in Fig. 5) 
woul.d .have a flat 8.in di�meter annular diaphragm 
conslstmg of 0.00110 thick aluminium foil skins 
glued with epoxy resin to the 0.67in thick expanded 
polystyrene c?re. The voice coil would be 2 gm 
of copper Wire, and could be 6in diameter (or 
smaller if necessary). The diaphragm would be 
supporte� entirely by a suitable spider glued to the 
vOice cOIl former-no edge compliance would be 
requir�d, no� p�astic foam "to provide matching 
acoustlc termmatmg impedances," etc. If necessary, 
a loose cloth surround could he fitted to reduce air 
leakage. As there is no edge restraint, a front spider 
of identical characteristics to the rear spider would 
be de�irable, fixed .to the voice coil to avoid stressing 
the diaphragm; without the front spider, the dia
phragm wil� tend to droop under its own weight 
when used In the vertical position (as it usually is); 
a front spider might be avoided if the rear one could 
be placed at the centre of gravity of the moving 
p�rts. I t �ight be necessary to shape the pole 
pieces to aVOid trapped air and "boxiness". With a 
flux density of 10,000 gauss, and a total mass of say 
16 gm, the efficiency would be about 2% and would 
be 3 dB down at 1.5 kc/s. 

There is no way of appreciably increasing the 
treble response of this speaker. Thus if aluminium 
is 

.
substituted for a copper voice coil, weight for 

weight, pKr is halved and the efficiency doubled 
but the response is unaltered. The volume of the 
alumi�ium will be about 3 times that of the copper, 
and w�ll t�erefore require 3 times the size of magnet 
to mamtam the same flux density; in most cases it 
would be better to use any extra magnet to increase 
the flux density and retain the copper voice coil. 
If alternatively, aluminium is substituted volume for 
volume, the coi} mas� is now about 1/3 and oKr is !, 
so 

.
that t�e effiCiency IS only 2/3 of that with a copper 

vOIce coil and the same size magnet ; the treble 
respon.se i� very slightly i�proved due to the slight 
reduction In the total movmg mass. There is no ad
vantage therefore in using an aluminium voice 
coil with a rigid diaphragm bass speaker. The 
reason that the use of an aluminium voice coil 
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�xtends the treble response in a conventional speaker 
IS because the treble is radiated largely by the apex 
of the cone; the voice coil is thus relatively heavy 
compared with the effective moving cone mass 
(at high frequencies). Any reduction in the mass 
of the voice coil will therefore appreciably reduce 
the total effective moving mass at these frequencies, 
so that treble cut off is delayed. This also applies 
to small speakers, where the voice coil mass is 
usually a large proportion of thl! total moving mass. 

The.skins of the proposed woofer sandwich weigh 
about 3.5 gm, the core weighing 6.5 gm. As the 
skins a�e so thin, t�e weight of the glue layer will be 
appreciable, and wIll also add to the stiffness. Some
what thinner skins might thus be used, WIth the 
thinnest pus'lble glue layer. However, If the full 
calcuLited modulus is to be obtained, there must be 
complete adh, sion over the whole arer of foil and 
c?r�; a �I"st on a �andwich with a very rhlll glue layer, 
glvmg m�, mpll"le adhesion, showed a modulus of 
only ! of the calculated value, although the sandwich 
wa� still 750 times stiffer than cone paper of the same 
weight. The aluminium skins could be omitted, the 
core being given a thick lacquer coating, 0.002in. 
or solid skins of polystyrene formed on the foam 
during moulding-indeed the expanded ebonite 
normally has such a solid skin as a result of the method 
of f!1anuf�cture; u�ortunately as the modulus/ 
density ratlos of plastIcs are low, the stiffness would 
be only about l of that of the aluminium skin sand
wich. A possible means of avoiding the weight 
o� the glue layer would be to expand the polystyrene 
directly on to the metal foils; polystyrene does not 
adhere very well to metals, but as the stresses in
vo.lved are sm�ll, a good enough bond for this purpose 
�Ight be obtamed. Alternatively, epoxy resin,'which 
gives an ex�ellent bo��, could be .expanded directly 
on to the foIls; the mlmmum density so far obtained 
with epoxy resins is about 3 lb /cu ft, and at this 
density, the material is extremely weak, but with 
further work, lower densities with higher strength 
could almost certainly be obtained. Other methods 
of avoiding the weight of the glue layer would be 
by electroplating (on to a chemically silvered surface). 
However, the desired metals are not readily plated 
or are expensive, and the surface of the polystyrene 
would have to be fairly smooth. Vacuum vapour 
dep

.
osition of aluminium would be preferable, but 

agam a smooth surface would be required. 
The 2in middle speaker, taking over above 1 

or 1.5 kc/s would ideally consist of an expanded 
polystyrene disc 0.17in whick with aluminium �kins 
0.00024in thick. The weight of the diaphragm would 
be 0'.16 gm, with a O.l-gm copper voice coil, and 
allowmg 0.14 gm for former etc., the efficiency would 
be about 2% at 14,000 gauss; the treble response 
would be 3 dB down at 5.5 kc/s. The lin diameter 
tweeter, taking over above 5 kc/s, requires a coil 
weight of only 5 mgm aluminium and a diaphragm + 
form.er etc. weight of only 25 mgm with a flux 
dens�ty of 14,� gauss. The sandwich would ideally 
consist of a diSC 0.05in thick with aluminium skins 
only 0.00007in thick, giving a weight of 13 mg. 
The efficiency would be about 2% (at 5 kc/s) and 
would be 3 dB, down at 13 kc/s and 5 dB down at 
15 kc/s. 

The sandwiches required for the middle and treble 
speakers would be difficult to make, especially 
as the expanded polystyrene, as at present produced 

, 
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is not too homogeneous. As it is made by the 
expansion of granules, the density of each granule 
varies and there are voids between granules. Doubt
less a more suitable structure could be obtained 
and the easiest way of making diaphragms for 
treble speakers might be to mould the material to 
give thin solid skins, like the expanded ebonite. 
Use of Rigid Foam Plastic.-DeMars 7 has used 
a square of rigid foam plastic fixed in front of a 
normal cone speaker. There is an American "Racon" 
speaker in which radial strips of rigid foam are fixed 
to the back of the cone to reduce breakup. The 
German " Zellaton "8 speaker has a metal foil cone, 
backed with foam plastic, followed by varnish; 
whether the plastic is rigid or flexible is uncertain. 
With this possible exception, there appears to be 
no commercial speaker in which full use has been 
made of sandwich construction and the materials 
available. 
Other Applications for Sandwich Construction. 
-In addition to increasing the stiffness of the 
diaphragm without ir.creasing the weight, sandwich 
construction could be used for reducing the dia
phragm weight without reducing the stiffness. In 
this way, a thin sandwich diaphragm could be made 
of the same stiffness as a conventional cone, but a 
fraction of the weight. The total moving mass 
would then be less than half the normal, increasing 
the extreme treble output by 4 times and the bass 
by 2� times. The advantages of increased efficiency 
of commercial speakers without deterioration of 
quality arc obvious. 

A flat sandwich diaphragm would be useful where 
the speaker must be compact and shallow, as in 
Some television sets and small radios. 
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Sandwich construction could also be used to 
advantage in horn-loaded speakers. The diaphragms 
of horn speakers are often smaller and more rigid 
than those of direct radi;,ll)f� and the resonances 
are more heavily damped; this is one of the reasons 
for the superiority of horn speakers. A further 
increase in diaphragm stiffness would still be very 
desirable. 

The diaphragms of microphones, earphones and 
soundboxes would likewise benefit from sandwich 
construction. In this case, the optimum sandwich 
would be impractical, but a useful increase in stiff
ness and/or reduction in weight would be possible. 

Horns, baffles and cabinets, particularly those which 
are rsquired to be portable, could with advantage be 
made in sandwich form. In the case of cabinets, 
if the core material has inter-connected pores, 
giving good sound absorption, the. inner skin could 
be perforated, the sandwich thus providing its own 
sound absorbent lining. 
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Abstract

A number of techniques with the scope of identifying loudspeaker cone resonances have

been examined. Namely, the waterfall plot, the wavelet transform and the empirical mode

decomposition scheme were compared on the basis of time–frequency resolution and damping

estimation. The commonly used waterfall plot is only acceptable at the upper range of the

acoustic spectrum. The wavelet transform is especially well suited for the analysis of transient

signals from loudspeakers and is a significant improvement over the waterfall method. The

newly developed EMD scheme has the highest potential in separating the modal components.

By application of the EMD both instantaneous amplitude and frequency can be accurately

determined.

� 2005 Elsevier Ltd. All rights reserved.

Keywords: Loudspeaker resonances; Time–frequency analysis

1. Introduction

The main objective criterion by which loudspeaker designs are usually assessed is

the far field on-axis sound pressure level response. Another important factor is the
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directivity pattern. At low frequencies, a loudspeaker cone moves as a rigid piston

and behaves roughly as an omnidirectional source. At higher frequencies however,

some sections of the cone will start to vibrate in anti-phase with others due to reso-

nant behavior. Diaphragm modes are responsible for frequency response irregulari-

ties and result in a wider radiation pattern at higher frequencies. In the time domain,
it can be said that the pressure waves developed by a loudspeaker driver unit at res-

onance, no longer resemble the input voltage and hence there will be a certain degree

of waveform distortion. For these reasons loudspeaker resonances and more gener-

ally the optimization of cone shape is an object of ongoing research.

Frankort [1] provided the first complete study on vibration of loudspeaker cones.

The loudspeaker cone is considered as a set of coupled conical rings. To each ring, a

mass and longitudinal plus azimuthal stiffness are assigned. A solution is obtained by

solving eight simultaneous differential equations. Because of the complex geometry
of a loudspeaker cone it is difficult to obtain an analytical solution for the vibration

response. Most studies resort to numerical techniques. The most popular have been

the finite element method used for example in the works of Barlow et al. [2] and

Jones [3]. The sound radiation is accordingly predicting by using the boundary ele-

ment technique [4].

Although useful, numerical techniques can only provide a rough estimate of the

cone vibrational behavior. In the development process measurement of the actual re-

sponse is a necessity. This is best accomplished by optical methods, such as laser
interferometry. Perz [5], realized that a diaphragm must be tested under transient

excitation, because steady state conditions are not satisfied in practice. He used

tone-bursts to show that signal rise (or decay) change the vibration pattern. This im-

plies that the process could not necessarily be assumed to be linear. This is verified in

another study made by Zhang and Tao [6]. They noticed that the sound pressure sig-

nal does not directly reflect the state of vibrations in every part of the shell. On this

Fig. 1. Possible modal patterns for a clamped plate.
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basis, the analysis of the speaker acoustic output rather than the cone vibration

seems to be equally important. Time–frequency methods are especially well suited

for the analysis of transient signals, such as the loudspeaker�s impulse response.

Janse and Kaiser [7] applied the Wigner–Ville distribution with the main purpose

of identifying resonances in speaker driver units. A problem with the Wigner distri-
bution is the existence of cross terms that makes the interpretation of plots difficult.

In this work, the impulse response of several loudspeaker driver units is examined

with three different signal processing techniques. The well established waterfall meth-

od is first examined. The popular wavelet transform is also applied using a complex

wavelet function. Finally, the newly developed Empirical Mode Decomposition

scheme is used to decompose a driver unit impulse response into intrinsic mode func-

tions. The paper closes with a comparative discussion of the three techniques show-

ing that much can be gained by moving from traditional signal processing techniques
to the wavelet transform or the Empirical Mode Decomposition scheme.

2. Resonances in loudspeaker driver units

A real speaker cone is far from being rigid in all the frequency range. Above a

certain frequency, both longitudinal and transverse waves appear on the cone�s sur-
face. These waves are coupled and together determine the vibration pattern of the
cone. A simplified theoretical approach is to treat the cone as an axial plate clamped

at its periphery, of uniform thickness and under no tension [8]. Two basic types of
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Fig. 2. Demonstration of the waterfall (cumulative spectra) method.
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motion are possible: (a) axial and (b) radial, Fig. 1. A third type includes a combi-

nation of both. The axial resonances have nodes that are circles concentric to the cir-

cumference. The radial resonances have nodes that are diameters. The modal

frequencies are indicated as fmn, where m gives the number of modal diameters

and n the number of nodal circles. The fundamental axial resonance f01 is given
by the formula
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Fig. 4. Magnitude and real part of the complex Morlet wavelet function.
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fc1 ¼ 0.4694t
a2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E

qð1� m2Þ

s
; ð1Þ

where E the Young�s modulus, m the Poisson�s ratio, q, a, t, the plate�s density, radius
and thickness, respectively. The overtones are not harmonically related to the funda-

mental axial resonance f01 and are calculated as:

f11 ¼ 2.08f 01; f 21 ¼ 3.41f 01; f 31 ¼ 5.00f 01; f 41 ¼ 6.82f 01;

f 02 ¼ 3.89f 01; f 12 ¼ 5.95f 01; f 22 ¼ 8.28f 01; f 32 ¼ 10.87f 01;

f 42 ¼ 13.71f 01; f 03 ¼ 8.72f 01; f 13 ¼ 11.75f 01; f 23 ¼ 15.06f 01;

f 33 ¼ 18.63f 01; f 43 ¼ 22.47f 01.

A cone is less stiff at bending. Hence, it will first break up along diameter lines.

For low frequencies the parts of the cone moving in antiphase are so close together

that their effects are canceled out. In practice, the radial modes are present at low

frequencies. They have small effect on the measured frequency response, but they

may have an effect on the transient response because of energy storage. Axial modes

occur at higher frequencies and they have a great effect on the measured frequency

response. The excitation magnitude depends to a large degree on the construction of
the driver unit. For example, if the voice coil is miscentered on the diaphragm, there

will be a tendency for the radial modes to be excited more. Diaphragm shape and

damping, as well as surround construction, are responsible for the control of those

resonances. There are two schools of thought in manufacturers of speaker drivers.

The first is trying to avoid any break-up effect for as high a frequency as possible.

This in turn means that materials of high rigidity are utilized, such as metals or

ceramics. An alternative approach is the use of materials that are not stiff, but rather
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present high damping. Treated paper and polypropylene cones are examples of the

latter approach. To summarize, the general speaker unit construction and the damp-

ing offered from the diaphragm and the surround, will determine if a certain type of

resonance is to appear on the measured acoustic impulse response. It is subjectively
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Fig. 7. Logarithmic decrement (derived from waterfall plot).
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more important to study the acoustic output of a speaker unit than study the vibra-

tional behavior of the cone though of course the two are related. In the following

sections, a number of methods will be tested on this basis.

3. Theoretical background

3.1. The waterfall method

In the waterfall technique, else known as cumulative spectra, successively shorter

slices of the impulse response x(t) are used to compute a frequency response via the

Fourier transform defined as

X ðf Þ ¼
Z þ1

�1
xðtÞe�j2pft dt. ð2Þ

The first slice is the entire impulse response. In succeeding slices the first few

milliseconds of the impulse response are gradually removed, Fig. 2. The Fourier
transform of these slices yields the frequency content of later and later portions

of the impulse response. The method has become an industry standard and is inte-

grated in many commercial measurement packages [9]. However, there are certain

problems in using this method to diagnose loudspeaker resonances. First, the

waterfall technique is not a true time–frequency mapping because it is based on

the traditional Fourier transform scheme. The signal characteristics are still
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estimated globally. A true time–frequency distribution would treat portions of the

signal in a strictly local manner. The basic shortcoming of the waterfall method

results by its definition. As the length T of the impulse response is shortened the

frequency resolution Df drops according to the relation Df = 1/T (Hz). In practical
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applications, for rooms of normal size and a typical upper frequency limit of 20

kHz, this results in a waterfall plot that is meaningless at approximately below

1000 Hz.

The appearance of any waterfall graph is strongly influenced by the time delay

step, the specific window function, the presence or not of room reflections and the
driver unit excess phase. The excess phase is a serious problem as it leads to delays
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that are a function of frequency and thus alters the decay rate of resonances. The

assumption that a driver unit is a minimum phase system is simply not correct. In

this study, the excess phase problem is minimized by cross-correlating the impulse

response by itself, or in other words by considering the autocorrelation function.

This way the out of phase components are heavily reduced and the oscillating com-
ponents are emphasized. The autocorrelation function of the impulse response is

acausal and only the right half part is used for any further processing, Fig. 3.
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3.2. Wavelet transform – complex wavelets

The continuouswavelet transform [10] of a signalx(t) is the convolutionof the signal

with shifted and scaled versions of a zero mean wavelet function w(t) and is defined as
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Fig. 16. The acausal impulse response of the 5.500 magnesium cone driver.

Fig. 15. Experimental set up.
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Wf ðu; sÞ ¼ 1ffiffi
s

p
Z þ1

�1
f ðtÞw� t � u

s

� �
dt. ð3Þ

The variables u and s are called translation and scale, respectively. Translation is

associated with time-shifting and scale is inversely proportional to frequency. The

relation of scale s with frequency f for a given sampling frequency fs and wavelet cen-
tral frequency fc is

f ¼ fcfs
s

. ð4Þ

The choice of the wavelet function has a great impact on the results obtained.

Here, the complex Morlet wavelet function (Fig. 4) has been chosen which is defined

as

wðtÞ ¼ 1ffiffiffiffiffiffi
pB

p ej2pfcte�
t2
B ; ð5Þ

where fc is the wavelet central frequency and B is a bandwidth parameter. A complex

wavelet gives information for both amplitude and phase of a signal. Here, the central

frequency is selected as fc = 1 and reflects the number of oscillations in the wavelet
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function. In general, a high number for the central frequency improves frequency

resolution, but blurs the time–frequency plot with false oscillation artifacts. The

bandwidth parameter is chosen as B = 10. It may be inferred from Eq. (5) that B con-

trols the decay of the oscillation. A high value for B improves frequency resolution

but worsens time resolution. Clearly, the choice of central frequency and bandwidth
parameters is a compromise between time and frequency resolution.

3.3. Empirical mode decomposition

3.3.1. Basic algorithm

The EMD method, pioneered by Huang et al. [11], decomposes a time-series into

a finite set of oscillatory functions called the intrinsic mode functions (IMF). An

IMF is a function that satisfies two conditions: (1) the number of extrema and the
number of zero crossings must either equal or differ at most by one; (2) the running

mean value of the envelope defined by the local maxima and the envelope defined by

the local minima is zero. The intrinsic modes represent the embedded time scales in

the signal, defined as the time lapse between two successive extrema. The procedure

to decompose a signal into intrinsic mode functions is as follows.
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First, the local extrema of the signal x(t) are identified. The local maxima are con-

nected together forming the upper envelope u(t) and the local minima are connected

forming the lower envelope l(t). This connection is implemented by a cubic spline

interpolation scheme. The running mean is defined as

m1ðtÞ ¼ lðtÞ þ uðtÞ
2

. ð6Þ

Then m1(t) is subtracted from the signal x(t), resulting in the first component h1(t),

i.e.,

h1ðtÞ ¼ xðtÞ � m1ðtÞ. ð7Þ
The component h1(t) is now examined if it satisfies the conditions to be an IMF. If

not, a process named by Huang as the sifting process should be followed until h1(t)
becomes an IMF. In the sifting process h1(t) is treated as the new data. The local ex-

trema are identified, the lower and upper envelopes are formed and the associated

running mean m11(t) is subtracted from h1(t) yielding a new component h11(t), in

the hope that this satisfies the criteria to be an IMF,

h11ðtÞ ¼ h1ðtÞ � m11ðtÞ. ð8Þ
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The sifting process is to be repeated as many times as required and eventually the

component h1K(t) is termed the first IMF of the data series x(t) denoted with C1.

The first IMF is subsequently subtracted from the original signal x(t), the difference

called the first residue r1(t),

r1ðtÞ ¼ xðtÞ � C1ðtÞ. ð9Þ
The residue r1(t) is taken as the new signal and the sifting process is applied from the

beginning. As a result, the signal x(t) will be decomposed into a finite number of

IMFs Cj(t). The sifting process ends when the last residue rN(t) is a constant or a

monotonic function. The signal x(t) is written as the sum,

xðtÞ ¼
XN
j¼1

CjðtÞ þ rNðtÞ. ð10Þ

3.3.2. Hilbert–Huang spectrum

The previously described algorithm is the first and most important step in decom-
posing the non-stationary data. The second and final step is based on the well known

Hilbert transform. The Hilbert transform of a real signal x(t) is defined as
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yðtÞ ¼ 1

p

Z þ1

�1

xðsÞ
t � s

ds. ð11Þ

Then, a complex analytic signal is defined as

zðtÞ ¼ xðtÞ þ iyðtÞ. ð12Þ
The analytic signal z(t) can be further expressed as

zðtÞ ¼ AðtÞeihðtÞ ð13Þ
In Eq. (13), A(t) is the signal envelope and h(t) is the instantaneous phase from which

the instantaneous signal frequency f(t) is obtained by differentiation,

f ðtÞ ¼ 1

2p
dhðtÞ
dt

. ð14Þ

The original time-series x(t) is now expressed in a Fourier-like expansion as

xðtÞ ¼ Re
XN
j¼1

AjðtÞei
R

xjðtÞ dt
( )

; ð15Þ
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Fig. 21. Wavelet transform of the 5.500 magnesium cone unit.
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where subscript j refers to each IMF and Re{Æ} denotes the real part of a complex

quantity. Eq. (15) enables us to represent the amplitude and the instantaneous

frequency in a three-dimensional plot, in which the amplitude is the height above

the time–frequency plane. This time–frequency distribution is designated as the

Hilbert–Huang spectrum H(x, t).

4. Analysis of a synthetic impulse response

In this paragraph, a linear time-invariant system is considered described fully by

its impulse response. The impulse response is of the form

hðtÞ ¼
X2
i¼1

Aie
�fixnit sinðxdit þ u0iÞ; ð16Þ

where xni are the system natural angular frequencies and xdi ¼ xni
ffiffiffiffiffiffiffiffiffiffiffiffi
1� fi

p
are the

damped angular frequencies, the damping ratio denoted by f. The impulse response

is shown in Fig. 5, where for simplification Ai = 1, u0i = 0 and the system parameters
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obtain the values: f01 = x01/2p = 25 Hz, f02 = x02/2p = 40 Hz, f1 = 0.083, f2 = 0.025.

The frequency domain equivalent of the damping ratio is the quality factor; Q1 = 1/

2f1 = 6, Q2 = 1/2f2 = 20.

The waterfall plot computed with a Blackman–Harris window and an FFT of

1024 points is shown in Fig. 6. From this it is clear that two modes exist. However,
the lowest frequency mode is not well defined for reasons explained in Section 3.1. In

addition, the application of a window to reduce time smearing significantly alters

mode damping. This is further explained with the help of Fig. 7, where the logarith-

mic decrement (decay curve) of modes is depicted. By fitting a straight line to the de-

cay curves the damping ratio is obtained as f1 = 0.105 and f2 = 0.054. These values

are 27% and 116%, respectively, higher than the correct values. As a conclusion

modes with light damping will be affected more by the application of the window

function. Low frequency modes may not show up clearly in a waterfall plot.
Next, the synthetic impulse response is wavelet transformed. The frequency

interval is again discretized in 1024 points and the analyzing wavelet is the complex

Morlet wavelet, Fig. 8. The limitation of low frequency resolution does not hold

anymore because the wavelet transform yields an adaptive resolution in the time–
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frequency plane. Useful information is concentrated on regions of local maxima

called ridges. By extracting the parametric curves consisting of consecutive local

maxima, mode decoupling is possible. This is shown in Figs. 9 and 10, where the

decoupled modes are compared to their theoretical equivalent. A drawback of

the wavelet transform is the presence of edge effects. Because of these the beginning
(and the end if of significant amplitude) of the mode is distorted. There are ways of

getting around this problem, but the approach is in general signal depended. From

the logarithmic decrement (not shown) the estimated values for damping ratio is

f1 = 0.079 and f2 = 0.025.

Finally, the EMD algorithm is applied to the synthetic impulse response of Eq.

(16). Four IMFs are derived, but only the first two are considered because the

last two result from numerical errors and are of insignificant value. IMF1 is very

close to the 40 Hz mode and IMF2 very close to the 25 Hz mode, see Figs. 11
and 12. By application of the Hilbert transform instantaneous amplitude A(t) and

frequency f(t) can be calculated for each mode. The natural logarithm of A(t) is

presented in Fig. 13, from which with linear regression f1 = 0.082 and f2 = 0.025

are obtained. This result is in excellent agreement with the theoretical values. The
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instantaneous frequency is shown in Fig. 14. Some oscillations exist reflecting

numerical errors.

5. Experimental set-up

The experimental set-up consisted of a computer with installed a commercial

package for providing an MLS stimulus and acquiring the resulting driver response,

Fig. 15. The MLS signal was amplified to the level of 2.83Vrms by a power amplifier.

The driver units were placed on a 1.3 m · 0.7 m baffle. Every care was taken to re-

duce unwanted reflections. The units were flush mounted and the screws were cov-

ered by tape. The baffle edges were covered with absorptive material to reduce

diffraction effects. A Bruel & Kjaer 1/200 microphone was placed at 1 m distance from
the unit�s center. A number of 10 averages was taken to reduce background noise by

10 dB. A 4th order Bessel type lowpass filter has been selected as an anti-aliasing fil-

ter for it presents the best transient response. The filter �3 dB frequency was set to 30

kHz. The sampling frequency was 160 kHz. The anechoic part of the impulse
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response was approximately 5 ms. This means that the lowest frequency that mean-

ingful results were obtained is about 200 Hz.

6. Analysis of loudspeaker impulse responses

6.1. Waterfall method – results

All drivers examined are state of the art units from well-known manufacturers.

Different type of materials such as metal, polypropylene, treated paper and Kevlar

were selected in order to evaluate differences between them. The nominal diameter

of the drivers varied from 500 to 6.500. It was though that the ear is most sensitive

to resonance phenomena at mid frequencies and on this basis the selection of mid-
range drivers seems justified. First examined, is a 5.500 nominal diameter unit of mag-

nesium cone. The manufacturer claims a piston like action to well above 2 kHz. The

impulse response is shown in Fig. 16. A high frequency resonance is manifested as

severe ringing. In Fig. 17, a waterfall plot of the driver�s impulse response is shown.

A 1024 points FFT is computed with a Blackman–Harris window. A 35-dB dynamic

range is chosen as the waterfall plot floor. A clear resonance at approximately 8.5

kHz can be noticed reaching the �35 dB level in just over 2 ms time interval. Other-

wise the plot is clean from resonances as advertised.

Fig. 26. Hilbert–Huang spectrum of the 5.500 magnesium cone unit.
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Next, a 500 nominal diameter with a polypropylene cone is tested. The waterfall

diagram is shown in Fig. 18. There is some evidence of resonant behavior at 2

and 7 kHz, but the material high damping inhibits a clear view of the cone

resonances.

Paper has been and still is a popular material for the construction of both medium
and high quality speaker units. The waterfall plot for a 6.500 diameter treated paper

cone driver is shown in Fig. 19. A lightly damped mode just over 4 kHz can be no-

ticed. Treated paper is much stiffer from paper and although the cone consistency is

improved, damping of modes might suffer.

Last, a 6.500 nominal diameter driver with a kevlar cone is examined, Fig. 20. Two

modes can be noticed, the first just over 1 kHz and the second at about 5 kHz. The

increased damping implies that the cone is not made of Kevlar only, but is probably

a sandwich type construction.

6.2. Wavelet transform – results

The impulse responses of the same drivers as before are analyzed through the

wavelet transform technique. The frequency interval is again discretized in 1024
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points and the analyzing wavelet is the complex Morlet wavelet. The wavelet trans-

form of the 5.500 magnesium cone impulse response is depicted in Fig. 21. As usual, a

time–frequency plane is defined with the height above the plane representing the

magnitude of the complex wavelet transform coefficients. As explained in Section

4, resonances appear in the form of ridges. A ridge is a parametric curve were the
central frequency of the analyzing wavelet coincides with the signal frequency. For

a more rigorous mathematical analysis the reader is referred to the original paper

of Carmona et al. [12]. The mode at 8.5 kHz can be clearly seen, but it takes almost

4ms to reach the �35 dB floor. The three dimensional wavelet transform plot is not

as smooth as a waterfall plot. This is due to the oscillating nature of the analyzing

wavelet function. Other than the high frequency mode a number of ridges can be no-

ticed the more prevalent being at about 850 Hz.

The wavelet transform plot for the polypropylene cone driver is shown in Fig. 22.
It was commented in the previous section that the high damping of this driver did

not provide a clear view of the cone modes. It is now evident that the problem is

the limited resolution of the waterfall technique. The wavelet transform being a true

time–frequency method does not suffer this limitation. A number of ridges can be

noticed at 800 Hz, 2 kHz and 7 kHz.

The impulse response of the treated paper cone is wavelet transformed, the end

result depicted in Fig. 23. At least six ridges can be identified the most obvious cen-

tered at 900 Hz and 4 kHz. The last impulse response analyzed (Fig. 24) is that of the

Fig. 28. Hilbert–Huang spectrum of the 500 polypropylene cone unit.
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6.500 kevlar cone driver. Six or seven ridges are apparent. The 5-kHz resonance no-

ticed in the previous section is actually the result of a number of closely spaced

resonances.

6.3. Empirical mode decomposition – results

The EMD scheme is applied to the impulse responses of the four drivers examined

in previous sections. The first step of the procedure is to break down the impulse re-

sponse into a number of oscillating signals called the intrinsic modes. The second

step is the application of the Hilbert transform to each mode separately to obtain

the instantaneous amplitude (envelope) and instantaneous frequency. From these,

the Hilbert–Huang spectrum can be plotted. The decomposition of the 5.500 magne-

sium cone driver impulse response into intrinsic mode functions (IMF) is shown in
Fig. 25. The impulse response is decomposed into five orthogonal IMFs. The top

IMF contains the highest signal frequencies, while the bottom IMF the lowest. Gen-

erally speaking, an IMF is not a sinusoidal function. It is actually a non-stationary

signal component, that is both amplitude and frequency modulated. It can either be

an isolated mode or a combination of closely spaced modes. If the instantaneous
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Fig. 29. Decomposition of the 6.500 treated paper cone into IMFs.
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frequency of an IMF is relatively constant, the IMF corresponds to an isolated

mode. Closely spaced modes create sum and difference frequencies and hence the

instantaneous frequency of such an IMF changes significantly along time. The Hil-

bert–Huang spectrum is shown in Fig. 26. The lines shown correspond to the intrin-

sic mode functions. A line is darker if the instantaneous amplitude is high. It can be
seen that the high frequency oscillation around 8.5 kHz is heavily modulated in both

amplitude and frequency. Loudspeaker designers use notch filters to suppress such

kind of out of band resonances. The filter is tuned at the resonance frequency and

the filter Q must be high enough in order to be effective. The analysis carried out sug-

gests that this procedure will be only partially effective for if the filter Q is high a

small bandwidth will be covered. On the other hand, if the notch filter is tuned

for a wider bandwidth it will not effectively suppress the resonance. The difference

between the EMD scheme with both the waterfall plot and wavelet transform is that
low frequency resonances are now revealed. In Fig. 26, two modes at approximately

300 and 600 Hz can be seen.

In Fig. 27, the results of EMD analysis are shown for the polypropylene cone dri-

ver. Six IMFs are obtained. In the Hilbert–Huang specrum (Fig. 28), it can be seen

that the lowest occurs at about 300 Hz and the highest at 7 kHz. The modal behavior

is indeed very complex and all IMFs are the result of modal interference.

The decomposition of the treated paper driver impulse response into IMFs is

shown in Fig. 29. There are only four components. The highest is at 4 kHz
(Fig. 30). There exists a frequency interval between 2000 and 4000 Hz, where no

Fig. 30. Hilbert–Huang spectrum of the 6.500 treated paper cone unit.
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resonant behavior is evident. This suggests that the crossover frequency could be

selected in this frequency range.

The IMFs for the kevlar cone driver are given in Fig. 31. The Hilbert–Huang
spectrum is shown in Fig. 32. The two higher IMFs are the result of the interference

of more than one mode. Resonant behavior is evident in all usable driver range up to

5.5 Hz.

7. Discussion

In the previous sections, the impulse responses of four loudspeaker driver units
were subjected to waterfall, wavelet transform and EMD analysis. It is interesting

to compare the advantages and limitations of each method. The waterfall method

is straightforward and is based on the common FFT. As shown, it is only capable

of detecting resonances in the high frequency range, lacking the necessary resolution

at mid and low frequencies. In most cases, only a strong mode will be identified mask-

ing modes of smaller magnitude. The waterfall plot is affected by reflections, choice of

window function and excess phase. In addition, it severely overestimates damping.
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Fig. 31. Decomposition of the 6.500 kevlar cone into IMFs.
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The wavelet transform is now a popular time–frequency technique and possesses

good time and frequency resolution. The wavelet transform performed significantly

better than the waterfall technique in all cases. It revealed more resonances, some

of them in the low frequency range. It has been capable of distinguishing between clo-

sely spaced modes. Damping estimation is also accurate enough. The time and fre-

quency resolution however is a compromise, as a large scale wavelet is chosen for
determining general signal features and a small scale wavelet for extracting the signal

details. Consequently, time localization is poor for low frequency signals and fre-

quency resolution is poor for high frequency signals. Another shortcoming of the

wavelet method is the fact that the analysis depends on the choice of the wavelet func-

tion. This leads to a subjective, a priori, assumption on the characteristics of the inves-

tigated phenomenon. As a consequence, only signal features that correlate well with

the shape of the wavelet function have a chance to lead to coefficients of high value.

The EMD scheme offers superior time and frequency localization. Modes can be
examined in isolation. Their instantaneous amplitude and frequency can be accu-

rately estimated. There is no need for a basis function and no need for transforma-

tion. The EMD method is the only one that revealed resonances at very low

frequencies (below 300 Hz). In fact there is no limitation other than the total length

of the impulse response. Even in this case there is no need for a whole period to be

recorder, but a single maximum followed by a zero crossing followed by a single min-

imum would suffice. The only disadvantage is that there is a definite computational

cost for data records of more than 10,000 points approximately.

Fig. 32. Hilbert–Huang spectrum of the 6.500 kevlar cone unit.
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8. Conclusions

A number of techniques for identifying resonances occurring at loudspeaker dri-

ver units have been demonstrated. It was shown that the commonly used waterfall

plot suffers a number of problems the most important being inadequate resolution.
The wavelet transform is suitable for the analysis of transient signals such as loud-

speaker impulse responses. Resonances take the form of ridges above the time–fre-

quency plane. The newly developed EMD scheme was found to have the highest

potential in separating modal components. By application of the EMD instanta-

neous amplitude and frequency can be accurately determined.
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Abstract

We present a couple of new algorithmic procedures for the detection of ridges in the modulus of

the (continuous) wavelet transform of one-dimensional signals. These detection procedures are shown

to be robust to additive white noise. We also derive and test a new reconstruction procedure. The

latter uses only information from the restriction of the wavelet transform to a sample of points from

the ridge. This provides with a very efficient way to code the information contained in the signal.
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1 Introduction

The characterization and the separation of amplitude and frequency modulated signals is a classical

problem of signal analysis and signal processing. Applications can be found in many situations, such

as for instance radar/sonar detection and speech processing [10]. Many methods have been proposed

in the past few years to analyze the time-frequency localization of signals. The most noticeable are the

family of bilinear representations such as the Wigner representation and its generalizations (see [1, 7]

for a review) and the linear representations such as the wavelet and Gabor transforms.

In 1990 by the Marseille group proposed a new algorithm (see [6] for a survey) based on the study

of the phase of the wavelet (or Gabor) transform. The present work is an attempt to extend the latter

to noisy situations. The main thrust of this correspondence is to use the localization properties of

the modulus of the transform (which is generally more robust than the phase, eventhough the latter

provides more precise estimates [6]). In the case of frequency-modulated signals, the wavelet transform

is “concentrated” in the neighborhood of curves (the ridges of the transform). We develop a scheme

in which these curves are searched as such, in a (high dimensional) space of ridges, via a stochastic

relaxation procedure. This alternate characterization of the ridges is better suited to the needs of

noisy signal analyses. We also propose a stable method for signal reconstruction from the numerically

computed ridges. This method is also based on an L2-minimization procedure.

For the sake of simplicity, our discussion is restricted to the case of the wavelet transform. But since

our algorithms deal only with post-processing of time-frequency transforms, they can be extended to

any time-frequency energetic representations. The case of the Gabor transform will be considered in

the companion paper [4] where still another stochastic search algorithm, adapted to different situations,

will be introduced.

We close this introduction with a short summary of the contents of the paper. Section 2 below

is devoted to the statement of the problem and the definition of the ridges, Section 3 presents the

main features of the variational problems which we propose and solve to estimate the ridges. We also

give a Bayesian interpretation of this approach and we describe how one can modify the penalization

functional in order to accommodate the presence of an additive noise in the signal. This section ends

with a discussion of an example of a bat sound signal which we embed in noise. Section 4 is devoted to a

quick account of the reconstruction problem. Namely, given a set of points in the time-scale domain, find

the signal most likely to have a ridge going through these points. As before we outline the mathematical

derivations and we illustrate the efficiency of the method on a numerical example.
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2 Ridges

The first goal of this section is to set up an abstract formalism for the mathematical definition of

the ridges of functions of two variables. Then, we propose two Monte Carlo algorithms to detect and

identify these ridges. Let ψ ∈ L1(IR) be such that 0 < cψ =
∫∞
0 |ψ̂(ξ)|2 dξ/ξ <∞, i.e. fulfills the wavelet

admissibility condition. The corresponding wavelet transform of f(x) is given by:

Tf (b, a) = 〈f, ψ(b,a)〉 =
1

a

∫ ∞

−∞
f(x)ψ

(
x− b

a

)
dx = e−ϕ

∫ ∞

−∞
f(x)ψ (e−ϕ(x− b))dx , (1)

where we have introduced the auxiliary variable ϕ = log(a). We are mostly interested in frequency

modulated signals which can be written as the sum of finitely many components of the form:

f(x) = A(x) cosφ(x) , (2)

but for the purpose of the present correspondence we shall restrict ourselves to monocomponent signals.

See [4] for a detailed analysis of the multicomponent case. It is convenient to use the so-called “pro-

gressive wavelets”, i.e. with vanishing negative frequencies. If ψ(x) is such a wavelet, then the wavelet

coefficients of f(x) are given by: Tf (b, a) = 〈f, ψ(b,a)〉 =
1
2〈Zf , ψ(b,a)〉 where Zf (x) is the “analytic signal”

of f(x) given by: Zf (x) =
1
π P.

∫
f(x+y)dyy , where P denotes principal value integral. It is well-known [1]

that a signal of the form (2) with A(x) and φ′(x) slowly varying gives Zf (x) ≈ A(x) exp{iφ(x)}. If we

assume that the Fourier transform ψ̂(ξ) is peaked near a particular value ξ = ω0 of the frequency, like

for instance the Morlet wavelet given in the Fourier domain by ψ̂(ξ) = exp{−(ξ − 2π)2/2}, it follows

from standard arguments [6] that the wavelet transform may be approximated as:

Tf (b, a) ≈
1

2
A(b) exp{iφ(b)}ψ̂(aφ′(b)) +O(|A′|/|A|, |φφ′′|/|φ′|2) . (3)

From the localization properties of the wavelet in the Fourier domain one can see that the modulus |Tf |

of the wavelet transform is essentially maximum in the neighborhood of a curve a = ar(b) = expϕ(b),

the ridge of the wavelet transform, related to the instantaneous frequency of the signal by ar(b) =

eϕr(b) = ω0/φ
′(b). In [6], the phase coherence of the wavelet transform was used to get a numerical

estimate of the ridge. Since the phase can be somewhat difficult to control in noisy situations, we shall

mainly focus here on the localization of the maxima of the modulus of the wavelet transform.

3 Ridge Detection: Variational Approaches

The purpose of this section is to give two examples of ridge detection algorithms both derived from

variational problems. In both cases the ridge is searched in a high-dimensional space of curves and the
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ridge estimate appears as the graph of the argument of the minimization of a suitable penalty function.

Unlike the methods in [6], the penalty function is mainly on the square modulus of the wavelet transform.

The loss of accuracy is weak, since the signals for which the methods are designed are supposed to have

slowly varying frequencies. In the first case, the ridge is the graph of a function b → ϕ(b) while it is

the graph of a parametric curve in the second case. The results of this section can be used beyond the

single component case (the wavelet transform has a single ridge) when the ridges can be separated by

a preprocessing localization procedure and then analyzed separately.

3.1 A Direct Search Algorithm: We first assume that the ridge of the wavelet transform of the

signal f can be parametrized by a function b ↪→ ϕ(b) defined for all the values of b. For the sake of

the present discussion we denote by Φ the space of all the twice differentiable functions with square

integrable derivatives. We then define the penalty function Ff on the set Φ of ridge candidates ϕ by:

Ff (ϕ) = −

∫
|Tf (b, e

ϕ(b))|2db+

∫ [
λϕ′(b)2 + μϕ′′(b)2

]
db (4)

Such a penalty function clearly implements the two following features: the smoothness of the ridge and

the localization in the time-frequency plane (for λ = μ = 0, minimizing Ff (ϕ) is equivalent to searching

maxima of |Tf |
2 in the a direction). Our estimate of the unknown ridge of the wavelet transform of

the signal f will be the function ϕ(b) which minimizes Ff (ϕ). The Euler equation associated with this

minimization problem can easily be obtained, and once discretized into a finite difference equations,

solved numerically. However, such an approach is efficient only for weak noise. The presence of a strong

noise component implies the existence of many local extrema in which the algorithm may get trapped.

We need a procedure which can jump over the local extrema to reach the global one(s). A natural

candidate for this is the simulated annealing algorithm [9].

3.2 Snake Penalization We now consider a ridge as a parametrized curve r : s ∈ [0, 1] → r(s) =

[ρ1(s), ρ2(s)] in the time-scale plane. The ridge then takes the form of a “snake” (see [8] for a description

of the method in an image processing context). We use a cost function which takes into account the

modulus of the wavelet transform, as well as additional terms needed in order to ensure the smoothness

of the ridge (both in the b and a directions). We set:

Ff (r) = −

∫
|Tf (ρ1(s), ρ2(s)) |

2ds+

∫ [
λaρ

′
2(s)

2 + μaρ
′′
2(s)

2 + λbρ
′
1(s)

2 + μbρ
′′
1(s)

2
]
ds , (5)

where λa, λb, μa and μb are positive constants. In the “snake terminology” of [8] the second term

is the “internal energy” of the snake. Its role is to control the smoothness and the rigidity of the

snake. The first term is the “external energy” of the snake. It accounts for the interaction of the snake

with the wavelet transform modulus. For the reasons mentioned in the previous section, we turn to
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stochastic optimization techniques (see [8] for a direct solution of the corresponding Euler equations)

for the numerical solution of such a minimization problem.

Remark: In many applications the signal f(x) is the sum of a pure component f0(x) and a noise

component n(x). When some information on the noise is available, it may be included into the penalty

function (see e.g [3, 4, 5] for more details on this point).

3.3 Bayesian Interpretation: Both ridge detection procedures have a Bayesian interpretation.

Let us present it in the case of the direct search. Consider the prior probability measure defined for-

mally by μprior(dϕ) = Z−1
1 exp{−

∫ [
μa|ϕ

′(b)|2 + λa|ϕ
′′(b)|2

]
db} ′′dϕ′′ and the conditional probability

μϕ(df) = Z−1
2 e

∫
|Tf (b,ϕ(b))|

2 ′′df ′′ . which gives the probalility, conditioned by ϕ, that the signal is in the

infinitesimal ′′df ′′ in the space of finite energy signals. Then according to Bayes’ rule, the conditional

probability knowing the signal is given by μposterior(dϕ|f) = exp−F [ϕ]′′dϕ′′/Z for some constant Z.

Maximizing μposterior(dϕ|f) is equivalent to minimizing (4).

3.4 Cost Minimization by Simulated Annealing: We included the ridge detection procedures

described above in a package of S functions made available on the Internet [5]. The implementation

was done by solving the variational problems by simulated annealing (see [9] for background on this

combinatorial optimization technique). The details are spelled out in [3] and the book [5].

3.5 Examples: Numerical experiments have been made on various types of academic and real signals.

We illustrate the method described above with a (real) sonar signal emitted by certain species of bats.

The signal is frequency modulated, with approximately hyperbolic instantaneous frequency. The wavelet

transform (w.r.t. Morlet’s wavelet) was computed for frequencies ranging from νs/16 to νs/2, with νs the

sampling frequency, in geometric progression (i.e. of the form a = 2a
n/20
0 , n = 0, . . . 59). Figure 1 shows

the wavelet transform of the signal (left) and the wavelet transform of the same signal with additive

Gaussian white noise, with input SNR = −5dB. Superimposed are the ridges estimated with the direct

search procedure. Both transforms are coded with gray levels proportional to their modulus square. In

Figure 2, we show the ridge estimated with the snake procedure (left, notice that the boundaries have

been fairly well reproduced), and a comparison of ridge estimations in various situations (right).

4 Reconstruction from the Skeleton on a Ridge

We present in this section a new algorithmic reconstruction of a signal from the knowledge of sample

values of its wavelet transform on the ridges of its modulus. For the sake of simplicity we restrict

ourselves to the case of a single ridge. See nevertheless [4] for the analysis (in the case of the Gabor

transform) of the more general case of finitely many arbitrary ridges. Let us focus on ridges given in
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the form b → ϕ(b). In practical applications one only knows sample points (b1, a1), . . . , (bn, an) and

the smooth function b ↪→ ϕ(b) which we use in lieu of the true (unknown) ridge function is merely a

guess which one constructs from the sample points. We use a smoothing spline (but any other kind of

nonlinear regression curve would do as well). From now on, ϕ(b) is a smooth ridge function which is

constructed from the n sample data points.

4.1 Statement of the Problem: We are concerned with the implementation of the folk belief

that a signal can be characterized by the values of the restriction of its wavelet transform to its ridges.

Illustrations can be found in [6], where it is shown that in the case of signals of the form (2) the

restriction of the wavelet transform to its ridge of the wavelet transform behaves as A(x) exp[iφ(x)] (see

also [10] for similar remarks for the Gabor transform in the context of speech, yielding good quality

reconstruction with high compression rate). Such an approach can be used in non-noisy situations, but

it does fail in the presence of a significant noise component. We assume that the values of the wavelet

transform, say zj , are known at sample points (bj , aj). The set of sample points together with the values

zj constitutes the wavelet transform skeleton of the signal to be reconstructed. We look for a signal

f(x) of finite energy whose wavelet transform has the graph of the function ar(b) as ridge and satisfies:

Tf (bj , aj) = zj , j = 1, . . . , n . (6)

4.2 The Penalization Approach: We use a strategy which was successfully used by Mallat and

Zhong to reconstruct a signal from the extrema of its dyadic wavelet transform [11, 2]. In the present

setting, we look for a signal f(x) which satisfies the constraints (6) while the L2-norm in the scale

variable a of the modulus is kept to a minimum for each b. This may be achieved by minimizing

F1(f) =
1

cψ

∫
db

∫
da

|a|
|Tf (b, a)|

2 (7)

(note that when the integration is performed on the whole half-plane, F1(f) = ||f ||2 by the energy

conservation formula). Since the cost function F1(f) is a quadratic form in the unknown function f , the

solution is easily computed by means of Lagrange multipliers. A solution can be constructed as a linear

combination of the wavelets ψ(bj ,aj) at the sample points of the ridge, the coefficients being given by the

solution of a n×n linear system. This solution is not completely satisfactory, especially when the number

of sample points is small. It ignores the empirical fact that (in most of the practical cases) the restriction

of the modulus |Tf (b, a)| to the ridge, i.e. the function b ↪→ |Tf (b, ar(b))|, is smooth and slowly varying.

In order to force the solution of the constrained optimization problem to respect this requirement, we

introduce the extra term F̃2(f) =
∫ bmax

bmin

∣∣∣ ddb |Tf (b, ar(b))|
∣∣∣2 db, and consider the minimization of the cost

function F̃ (f) = F1(f)+εF̃2(f) where the free parameter ε > 0 is chosen to balance the two contributions

to the penalty. Unfortunately, F̃2(f) is not quadratic in f . In order to remedy this problem we remark
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that according to the analysis of [6], d
dbΩ(b, ar(b)) ≈ F ′(b) = ω0/ar(b) , where Ωf (b, a) = arg Tf (b, a).

Then we replace F̃2(f) by a quadratic form which gives a good approximation of it, and F̃ with

F (f) =
1

cψ

∫
db

∫
da

|a|
|Tf (b, a)|

2 + ε

∫ bmax

bmin

(
|
d

db
Tf (b, ϕ(b))|

2 −
ω2
0

ϕ(b)2
|Tf (b, ϕ(b))|

2

)
db = 〈Qf, f〉 . (8)

4.3 Solution of the Optimization Problem: The constrained minimization problem can be solved

using Lagrange multipliers. The solution is given by

f̂(x) =
∑2n

j=1 λjQ
−1ψj(x) (9)

where Q is the operator (matrix after discretization of the problem) defined in (8) and the functions ψj

are defined by: ψj(x) = a−1
j ψ ((x− bj)/aj) , j = 1, . . . , n, The Lagrange multipliers are determined by

imposing the constraints (6). This gives a system of (2n) × (2n) linear real equations from which the

Lagrange multipliers λj ’s can be computed.

4.4 Examples: To illustrate the reconstruction procedure, we selected a subset of n = 500 consecutive

samples from the bat signal (Figure 3, left). We used 40 sample points on the estimate of the ridge and

the value ε = .5 to reconstruct the signal. The result of the reconstruction is given at the bottom of

Figure 3. As may be seen, the reconstruction is of extremely good quality. An analysis (not presented

here) of the modulus of the wavelet transform of the reconstructed signal shows that, because we chose

a ridge estimate which ignored the existence of a secondary ridge, the latter is not present in the

reconstruction. Further results (see [4, 5]) confirm the quality of the reconstruction method. This

justifies a posteriori the approximation we made in the definition of the quadratic penalty function.

5 Conclusions

We presented a new approach to the problem of ridge detection in an energetic distribution of a sig-

nal. Our approach is based on the minimization of a penalty function on the set of all possible ridge

candidates. The penalty function takes into account a-priori information on the signal (namely the

time-frequency representation of the signal which is essentially localized around a curve, this curve is

smooth,...) and possibly on the noise (through an a-priori noise model, or simulations). The mini-

mization is achieved through Monte-Carlo type methods. We also proposed a new synthesis procedure

which requires only a small number of values of the transform on the ridge and which is very robust

to noise. We have focused here on the case where the time-frequency representation is given by the

square modulus of the wavelet transform (the scale variable being interpreted as an inverse frequency

variable). Any time-frequency representation can be used as well. The case of the the square modulus

of the Gabor transform will be considered in a forthcoming publication. [4].
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Figure 1: Left) Intensity plot of the modulus square of the wavelet transform of the bat signal. The

ridge superimposed. Right) Ridge estimate, annealing method; SNR = −5dB.
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Figure 2: Left) Ridge estimate, snake method; SNR = −5dB. Right) Comparison of several ridge

estimates for the bat sonar signal. Notice that the scale is now increasing upward as opposed to all the

other plots where it is increasing downward.
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Figure 3: Top) Bat signal used to illustrate the reconstruction procedure. Bottom) Result of the

reconstruction from the values of the wavelet transform at the 40 points of the estimate of the ridge.
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