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Abstract

A number of techniques with the scope of identifying loudspeaker cone resonances have

been examined. Namely, the waterfall plot, the wavelet transform and the empirical mode

decomposition scheme were compared on the basis of time–frequency resolution and damping

estimation. The commonly used waterfall plot is only acceptable at the upper range of the

acoustic spectrum. The wavelet transform is especially well suited for the analysis of transient

signals from loudspeakers and is a significant improvement over the waterfall method. The

newly developed EMD scheme has the highest potential in separating the modal components.

By application of the EMD both instantaneous amplitude and frequency can be accurately

determined.

� 2005 Elsevier Ltd. All rights reserved.

Keywords: Loudspeaker resonances; Time–frequency analysis

1. Introduction

The main objective criterion by which loudspeaker designs are usually assessed is

the far field on-axis sound pressure level response. Another important factor is the
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directivity pattern. At low frequencies, a loudspeaker cone moves as a rigid piston

and behaves roughly as an omnidirectional source. At higher frequencies however,

some sections of the cone will start to vibrate in anti-phase with others due to reso-

nant behavior. Diaphragm modes are responsible for frequency response irregulari-

ties and result in a wider radiation pattern at higher frequencies. In the time domain,
it can be said that the pressure waves developed by a loudspeaker driver unit at res-

onance, no longer resemble the input voltage and hence there will be a certain degree

of waveform distortion. For these reasons loudspeaker resonances and more gener-

ally the optimization of cone shape is an object of ongoing research.

Frankort [1] provided the first complete study on vibration of loudspeaker cones.

The loudspeaker cone is considered as a set of coupled conical rings. To each ring, a

mass and longitudinal plus azimuthal stiffness are assigned. A solution is obtained by

solving eight simultaneous differential equations. Because of the complex geometry
of a loudspeaker cone it is difficult to obtain an analytical solution for the vibration

response. Most studies resort to numerical techniques. The most popular have been

the finite element method used for example in the works of Barlow et al. [2] and

Jones [3]. The sound radiation is accordingly predicting by using the boundary ele-

ment technique [4].

Although useful, numerical techniques can only provide a rough estimate of the

cone vibrational behavior. In the development process measurement of the actual re-

sponse is a necessity. This is best accomplished by optical methods, such as laser
interferometry. Perz [5], realized that a diaphragm must be tested under transient

excitation, because steady state conditions are not satisfied in practice. He used

tone-bursts to show that signal rise (or decay) change the vibration pattern. This im-

plies that the process could not necessarily be assumed to be linear. This is verified in

another study made by Zhang and Tao [6]. They noticed that the sound pressure sig-

nal does not directly reflect the state of vibrations in every part of the shell. On this

Fig. 1. Possible modal patterns for a clamped plate.
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basis, the analysis of the speaker acoustic output rather than the cone vibration

seems to be equally important. Time–frequency methods are especially well suited

for the analysis of transient signals, such as the loudspeaker�s impulse response.

Janse and Kaiser [7] applied the Wigner–Ville distribution with the main purpose

of identifying resonances in speaker driver units. A problem with the Wigner distri-
bution is the existence of cross terms that makes the interpretation of plots difficult.

In this work, the impulse response of several loudspeaker driver units is examined

with three different signal processing techniques. The well established waterfall meth-

od is first examined. The popular wavelet transform is also applied using a complex

wavelet function. Finally, the newly developed Empirical Mode Decomposition

scheme is used to decompose a driver unit impulse response into intrinsic mode func-

tions. The paper closes with a comparative discussion of the three techniques show-

ing that much can be gained by moving from traditional signal processing techniques
to the wavelet transform or the Empirical Mode Decomposition scheme.

2. Resonances in loudspeaker driver units

A real speaker cone is far from being rigid in all the frequency range. Above a

certain frequency, both longitudinal and transverse waves appear on the cone�s sur-
face. These waves are coupled and together determine the vibration pattern of the
cone. A simplified theoretical approach is to treat the cone as an axial plate clamped

at its periphery, of uniform thickness and under no tension [8]. Two basic types of
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Fig. 2. Demonstration of the waterfall (cumulative spectra) method.
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motion are possible: (a) axial and (b) radial, Fig. 1. A third type includes a combi-

nation of both. The axial resonances have nodes that are circles concentric to the cir-

cumference. The radial resonances have nodes that are diameters. The modal

frequencies are indicated as fmn, where m gives the number of modal diameters

and n the number of nodal circles. The fundamental axial resonance f01 is given
by the formula
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Fig. 4. Magnitude and real part of the complex Morlet wavelet function.
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fc1 ¼ 0.4694t
a2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E

qð1� m2Þ

s
; ð1Þ

where E the Young�s modulus, m the Poisson�s ratio, q, a, t, the plate�s density, radius
and thickness, respectively. The overtones are not harmonically related to the funda-

mental axial resonance f01 and are calculated as:

f11 ¼ 2.08f 01; f 21 ¼ 3.41f 01; f 31 ¼ 5.00f 01; f 41 ¼ 6.82f 01;

f 02 ¼ 3.89f 01; f 12 ¼ 5.95f 01; f 22 ¼ 8.28f 01; f 32 ¼ 10.87f 01;

f 42 ¼ 13.71f 01; f 03 ¼ 8.72f 01; f 13 ¼ 11.75f 01; f 23 ¼ 15.06f 01;

f 33 ¼ 18.63f 01; f 43 ¼ 22.47f 01.

A cone is less stiff at bending. Hence, it will first break up along diameter lines.

For low frequencies the parts of the cone moving in antiphase are so close together

that their effects are canceled out. In practice, the radial modes are present at low

frequencies. They have small effect on the measured frequency response, but they

may have an effect on the transient response because of energy storage. Axial modes

occur at higher frequencies and they have a great effect on the measured frequency

response. The excitation magnitude depends to a large degree on the construction of
the driver unit. For example, if the voice coil is miscentered on the diaphragm, there

will be a tendency for the radial modes to be excited more. Diaphragm shape and

damping, as well as surround construction, are responsible for the control of those

resonances. There are two schools of thought in manufacturers of speaker drivers.

The first is trying to avoid any break-up effect for as high a frequency as possible.

This in turn means that materials of high rigidity are utilized, such as metals or

ceramics. An alternative approach is the use of materials that are not stiff, but rather
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present high damping. Treated paper and polypropylene cones are examples of the

latter approach. To summarize, the general speaker unit construction and the damp-

ing offered from the diaphragm and the surround, will determine if a certain type of

resonance is to appear on the measured acoustic impulse response. It is subjectively
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Fig. 7. Logarithmic decrement (derived from waterfall plot).
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more important to study the acoustic output of a speaker unit than study the vibra-

tional behavior of the cone though of course the two are related. In the following

sections, a number of methods will be tested on this basis.

3. Theoretical background

3.1. The waterfall method

In the waterfall technique, else known as cumulative spectra, successively shorter

slices of the impulse response x(t) are used to compute a frequency response via the

Fourier transform defined as

X ðf Þ ¼
Z þ1

�1
xðtÞe�j2pft dt. ð2Þ

The first slice is the entire impulse response. In succeeding slices the first few

milliseconds of the impulse response are gradually removed, Fig. 2. The Fourier
transform of these slices yields the frequency content of later and later portions

of the impulse response. The method has become an industry standard and is inte-

grated in many commercial measurement packages [9]. However, there are certain

problems in using this method to diagnose loudspeaker resonances. First, the

waterfall technique is not a true time–frequency mapping because it is based on

the traditional Fourier transform scheme. The signal characteristics are still
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estimated globally. A true time–frequency distribution would treat portions of the

signal in a strictly local manner. The basic shortcoming of the waterfall method

results by its definition. As the length T of the impulse response is shortened the

frequency resolution Df drops according to the relation Df = 1/T (Hz). In practical
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applications, for rooms of normal size and a typical upper frequency limit of 20

kHz, this results in a waterfall plot that is meaningless at approximately below

1000 Hz.

The appearance of any waterfall graph is strongly influenced by the time delay

step, the specific window function, the presence or not of room reflections and the
driver unit excess phase. The excess phase is a serious problem as it leads to delays
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that are a function of frequency and thus alters the decay rate of resonances. The

assumption that a driver unit is a minimum phase system is simply not correct. In

this study, the excess phase problem is minimized by cross-correlating the impulse

response by itself, or in other words by considering the autocorrelation function.

This way the out of phase components are heavily reduced and the oscillating com-
ponents are emphasized. The autocorrelation function of the impulse response is

acausal and only the right half part is used for any further processing, Fig. 3.
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3.2. Wavelet transform – complex wavelets

The continuouswavelet transform [10] of a signalx(t) is the convolutionof the signal

with shifted and scaled versions of a zero mean wavelet function w(t) and is defined as
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Fig. 16. The acausal impulse response of the 5.500 magnesium cone driver.

Fig. 15. Experimental set up.

S.J. Loutridis / Applied Acoustics 66 (2005) 1399–1426 1409



Wf ðu; sÞ ¼ 1ffiffi
s

p
Z þ1

�1
f ðtÞw� t � u

s

� �
dt. ð3Þ

The variables u and s are called translation and scale, respectively. Translation is

associated with time-shifting and scale is inversely proportional to frequency. The

relation of scale s with frequency f for a given sampling frequency fs and wavelet cen-
tral frequency fc is

f ¼ fcfs
s

. ð4Þ

The choice of the wavelet function has a great impact on the results obtained.

Here, the complex Morlet wavelet function (Fig. 4) has been chosen which is defined

as

wðtÞ ¼ 1ffiffiffiffiffiffi
pB

p ej2pfcte�
t2
B ; ð5Þ

where fc is the wavelet central frequency and B is a bandwidth parameter. A complex

wavelet gives information for both amplitude and phase of a signal. Here, the central

frequency is selected as fc = 1 and reflects the number of oscillations in the wavelet
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function. In general, a high number for the central frequency improves frequency

resolution, but blurs the time–frequency plot with false oscillation artifacts. The

bandwidth parameter is chosen as B = 10. It may be inferred from Eq. (5) that B con-

trols the decay of the oscillation. A high value for B improves frequency resolution

but worsens time resolution. Clearly, the choice of central frequency and bandwidth
parameters is a compromise between time and frequency resolution.

3.3. Empirical mode decomposition

3.3.1. Basic algorithm

The EMD method, pioneered by Huang et al. [11], decomposes a time-series into

a finite set of oscillatory functions called the intrinsic mode functions (IMF). An

IMF is a function that satisfies two conditions: (1) the number of extrema and the
number of zero crossings must either equal or differ at most by one; (2) the running

mean value of the envelope defined by the local maxima and the envelope defined by

the local minima is zero. The intrinsic modes represent the embedded time scales in

the signal, defined as the time lapse between two successive extrema. The procedure

to decompose a signal into intrinsic mode functions is as follows.
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First, the local extrema of the signal x(t) are identified. The local maxima are con-

nected together forming the upper envelope u(t) and the local minima are connected

forming the lower envelope l(t). This connection is implemented by a cubic spline

interpolation scheme. The running mean is defined as

m1ðtÞ ¼ lðtÞ þ uðtÞ
2

. ð6Þ

Then m1(t) is subtracted from the signal x(t), resulting in the first component h1(t),

i.e.,

h1ðtÞ ¼ xðtÞ � m1ðtÞ. ð7Þ
The component h1(t) is now examined if it satisfies the conditions to be an IMF. If

not, a process named by Huang as the sifting process should be followed until h1(t)
becomes an IMF. In the sifting process h1(t) is treated as the new data. The local ex-

trema are identified, the lower and upper envelopes are formed and the associated

running mean m11(t) is subtracted from h1(t) yielding a new component h11(t), in

the hope that this satisfies the criteria to be an IMF,

h11ðtÞ ¼ h1ðtÞ � m11ðtÞ. ð8Þ
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The sifting process is to be repeated as many times as required and eventually the

component h1K(t) is termed the first IMF of the data series x(t) denoted with C1.

The first IMF is subsequently subtracted from the original signal x(t), the difference

called the first residue r1(t),

r1ðtÞ ¼ xðtÞ � C1ðtÞ. ð9Þ
The residue r1(t) is taken as the new signal and the sifting process is applied from the

beginning. As a result, the signal x(t) will be decomposed into a finite number of

IMFs Cj(t). The sifting process ends when the last residue rN(t) is a constant or a

monotonic function. The signal x(t) is written as the sum,

xðtÞ ¼
XN
j¼1

CjðtÞ þ rNðtÞ. ð10Þ

3.3.2. Hilbert–Huang spectrum

The previously described algorithm is the first and most important step in decom-
posing the non-stationary data. The second and final step is based on the well known

Hilbert transform. The Hilbert transform of a real signal x(t) is defined as
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yðtÞ ¼ 1

p

Z þ1

�1

xðsÞ
t � s

ds. ð11Þ

Then, a complex analytic signal is defined as

zðtÞ ¼ xðtÞ þ iyðtÞ. ð12Þ
The analytic signal z(t) can be further expressed as

zðtÞ ¼ AðtÞeihðtÞ ð13Þ
In Eq. (13), A(t) is the signal envelope and h(t) is the instantaneous phase from which

the instantaneous signal frequency f(t) is obtained by differentiation,

f ðtÞ ¼ 1

2p
dhðtÞ
dt

. ð14Þ

The original time-series x(t) is now expressed in a Fourier-like expansion as

xðtÞ ¼ Re
XN
j¼1

AjðtÞei
R

xjðtÞ dt
( )

; ð15Þ
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where subscript j refers to each IMF and Re{Æ} denotes the real part of a complex

quantity. Eq. (15) enables us to represent the amplitude and the instantaneous

frequency in a three-dimensional plot, in which the amplitude is the height above

the time–frequency plane. This time–frequency distribution is designated as the

Hilbert–Huang spectrum H(x, t).

4. Analysis of a synthetic impulse response

In this paragraph, a linear time-invariant system is considered described fully by

its impulse response. The impulse response is of the form

hðtÞ ¼
X2

i¼1

Aie
�fixnit sinðxdit þ u0iÞ; ð16Þ

where xni are the system natural angular frequencies and xdi ¼ xni
ffiffiffiffiffiffiffiffiffiffiffiffi
1� fi

p
are the

damped angular frequencies, the damping ratio denoted by f. The impulse response

is shown in Fig. 5, where for simplification Ai = 1, u0i = 0 and the system parameters
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obtain the values: f01 = x01/2p = 25 Hz, f02 = x02/2p = 40 Hz, f1 = 0.083, f2 = 0.025.

The frequency domain equivalent of the damping ratio is the quality factor; Q1 = 1/

2f1 = 6, Q2 = 1/2f2 = 20.

The waterfall plot computed with a Blackman–Harris window and an FFT of

1024 points is shown in Fig. 6. From this it is clear that two modes exist. However,
the lowest frequency mode is not well defined for reasons explained in Section 3.1. In

addition, the application of a window to reduce time smearing significantly alters

mode damping. This is further explained with the help of Fig. 7, where the logarith-

mic decrement (decay curve) of modes is depicted. By fitting a straight line to the de-

cay curves the damping ratio is obtained as f1 = 0.105 and f2 = 0.054. These values

are 27% and 116%, respectively, higher than the correct values. As a conclusion

modes with light damping will be affected more by the application of the window

function. Low frequency modes may not show up clearly in a waterfall plot.
Next, the synthetic impulse response is wavelet transformed. The frequency

interval is again discretized in 1024 points and the analyzing wavelet is the complex

Morlet wavelet, Fig. 8. The limitation of low frequency resolution does not hold

anymore because the wavelet transform yields an adaptive resolution in the time–

10
3

10
4

0

1

2

3

4

5

-35

-30

-25

-20

-15

-10

-5

0

frequency (Hz )
time (ms)

d
B

Fig. 23. Wavelet transform of the 6.500 treated paper cone unit.

1416 S.J. Loutridis / Applied Acoustics 66 (2005) 1399–1426



frequency plane. Useful information is concentrated on regions of local maxima

called ridges. By extracting the parametric curves consisting of consecutive local

maxima, mode decoupling is possible. This is shown in Figs. 9 and 10, where the

decoupled modes are compared to their theoretical equivalent. A drawback of

the wavelet transform is the presence of edge effects. Because of these the beginning
(and the end if of significant amplitude) of the mode is distorted. There are ways of

getting around this problem, but the approach is in general signal depended. From

the logarithmic decrement (not shown) the estimated values for damping ratio is

f1 = 0.079 and f2 = 0.025.

Finally, the EMD algorithm is applied to the synthetic impulse response of Eq.

(16). Four IMFs are derived, but only the first two are considered because the

last two result from numerical errors and are of insignificant value. IMF1 is very

close to the 40 Hz mode and IMF2 very close to the 25 Hz mode, see Figs. 11
and 12. By application of the Hilbert transform instantaneous amplitude A(t) and

frequency f(t) can be calculated for each mode. The natural logarithm of A(t) is

presented in Fig. 13, from which with linear regression f1 = 0.082 and f2 = 0.025

are obtained. This result is in excellent agreement with the theoretical values. The
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Fig. 24. Wavelet transform of the 6.500 kevlar cone unit.
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instantaneous frequency is shown in Fig. 14. Some oscillations exist reflecting

numerical errors.

5. Experimental set-up

The experimental set-up consisted of a computer with installed a commercial

package for providing an MLS stimulus and acquiring the resulting driver response,

Fig. 15. The MLS signal was amplified to the level of 2.83Vrms by a power amplifier.

The driver units were placed on a 1.3 m · 0.7 m baffle. Every care was taken to re-

duce unwanted reflections. The units were flush mounted and the screws were cov-

ered by tape. The baffle edges were covered with absorptive material to reduce

diffraction effects. A Bruel & Kjaer 1/200 microphone was placed at 1 m distance from
the unit�s center. A number of 10 averages was taken to reduce background noise by

10 dB. A 4th order Bessel type lowpass filter has been selected as an anti-aliasing fil-

ter for it presents the best transient response. The filter �3 dB frequency was set to 30

kHz. The sampling frequency was 160 kHz. The anechoic part of the impulse
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Fig. 25. Decomposition of the 5.500 magnesium cone into IMFs.
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response was approximately 5 ms. This means that the lowest frequency that mean-

ingful results were obtained is about 200 Hz.

6. Analysis of loudspeaker impulse responses

6.1. Waterfall method – results

All drivers examined are state of the art units from well-known manufacturers.

Different type of materials such as metal, polypropylene, treated paper and Kevlar

were selected in order to evaluate differences between them. The nominal diameter

of the drivers varied from 500 to 6.500. It was though that the ear is most sensitive

to resonance phenomena at mid frequencies and on this basis the selection of mid-
range drivers seems justified. First examined, is a 5.500 nominal diameter unit of mag-

nesium cone. The manufacturer claims a piston like action to well above 2 kHz. The

impulse response is shown in Fig. 16. A high frequency resonance is manifested as

severe ringing. In Fig. 17, a waterfall plot of the driver�s impulse response is shown.

A 1024 points FFT is computed with a Blackman–Harris window. A 35-dB dynamic

range is chosen as the waterfall plot floor. A clear resonance at approximately 8.5

kHz can be noticed reaching the �35 dB level in just over 2 ms time interval. Other-

wise the plot is clean from resonances as advertised.

Fig. 26. Hilbert–Huang spectrum of the 5.500 magnesium cone unit.
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Next, a 500 nominal diameter with a polypropylene cone is tested. The waterfall

diagram is shown in Fig. 18. There is some evidence of resonant behavior at 2

and 7 kHz, but the material high damping inhibits a clear view of the cone

resonances.

Paper has been and still is a popular material for the construction of both medium
and high quality speaker units. The waterfall plot for a 6.500 diameter treated paper

cone driver is shown in Fig. 19. A lightly damped mode just over 4 kHz can be no-

ticed. Treated paper is much stiffer from paper and although the cone consistency is

improved, damping of modes might suffer.

Last, a 6.500 nominal diameter driver with a kevlar cone is examined, Fig. 20. Two

modes can be noticed, the first just over 1 kHz and the second at about 5 kHz. The

increased damping implies that the cone is not made of Kevlar only, but is probably

a sandwich type construction.

6.2. Wavelet transform – results

The impulse responses of the same drivers as before are analyzed through the

wavelet transform technique. The frequency interval is again discretized in 1024
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Fig. 27. Decomposition of the 500 polypropylene cone into IMFs.
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points and the analyzing wavelet is the complex Morlet wavelet. The wavelet trans-

form of the 5.500 magnesium cone impulse response is depicted in Fig. 21. As usual, a

time–frequency plane is defined with the height above the plane representing the

magnitude of the complex wavelet transform coefficients. As explained in Section

4, resonances appear in the form of ridges. A ridge is a parametric curve were the
central frequency of the analyzing wavelet coincides with the signal frequency. For

a more rigorous mathematical analysis the reader is referred to the original paper

of Carmona et al. [12]. The mode at 8.5 kHz can be clearly seen, but it takes almost

4ms to reach the �35 dB floor. The three dimensional wavelet transform plot is not

as smooth as a waterfall plot. This is due to the oscillating nature of the analyzing

wavelet function. Other than the high frequency mode a number of ridges can be no-

ticed the more prevalent being at about 850 Hz.

The wavelet transform plot for the polypropylene cone driver is shown in Fig. 22.
It was commented in the previous section that the high damping of this driver did

not provide a clear view of the cone modes. It is now evident that the problem is

the limited resolution of the waterfall technique. The wavelet transform being a true

time–frequency method does not suffer this limitation. A number of ridges can be

noticed at 800 Hz, 2 kHz and 7 kHz.

The impulse response of the treated paper cone is wavelet transformed, the end

result depicted in Fig. 23. At least six ridges can be identified the most obvious cen-

tered at 900 Hz and 4 kHz. The last impulse response analyzed (Fig. 24) is that of the

Fig. 28. Hilbert–Huang spectrum of the 500 polypropylene cone unit.
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6.500 kevlar cone driver. Six or seven ridges are apparent. The 5-kHz resonance no-

ticed in the previous section is actually the result of a number of closely spaced

resonances.

6.3. Empirical mode decomposition – results

The EMD scheme is applied to the impulse responses of the four drivers examined

in previous sections. The first step of the procedure is to break down the impulse re-

sponse into a number of oscillating signals called the intrinsic modes. The second

step is the application of the Hilbert transform to each mode separately to obtain

the instantaneous amplitude (envelope) and instantaneous frequency. From these,

the Hilbert–Huang spectrum can be plotted. The decomposition of the 5.500 magne-

sium cone driver impulse response into intrinsic mode functions (IMF) is shown in
Fig. 25. The impulse response is decomposed into five orthogonal IMFs. The top

IMF contains the highest signal frequencies, while the bottom IMF the lowest. Gen-

erally speaking, an IMF is not a sinusoidal function. It is actually a non-stationary

signal component, that is both amplitude and frequency modulated. It can either be

an isolated mode or a combination of closely spaced modes. If the instantaneous
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Fig. 29. Decomposition of the 6.500 treated paper cone into IMFs.
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frequency of an IMF is relatively constant, the IMF corresponds to an isolated

mode. Closely spaced modes create sum and difference frequencies and hence the

instantaneous frequency of such an IMF changes significantly along time. The Hil-

bert–Huang spectrum is shown in Fig. 26. The lines shown correspond to the intrin-

sic mode functions. A line is darker if the instantaneous amplitude is high. It can be
seen that the high frequency oscillation around 8.5 kHz is heavily modulated in both

amplitude and frequency. Loudspeaker designers use notch filters to suppress such

kind of out of band resonances. The filter is tuned at the resonance frequency and

the filter Q must be high enough in order to be effective. The analysis carried out sug-

gests that this procedure will be only partially effective for if the filter Q is high a

small bandwidth will be covered. On the other hand, if the notch filter is tuned

for a wider bandwidth it will not effectively suppress the resonance. The difference

between the EMD scheme with both the waterfall plot and wavelet transform is that
low frequency resonances are now revealed. In Fig. 26, two modes at approximately

300 and 600 Hz can be seen.

In Fig. 27, the results of EMD analysis are shown for the polypropylene cone dri-

ver. Six IMFs are obtained. In the Hilbert–Huang specrum (Fig. 28), it can be seen

that the lowest occurs at about 300 Hz and the highest at 7 kHz. The modal behavior

is indeed very complex and all IMFs are the result of modal interference.

The decomposition of the treated paper driver impulse response into IMFs is

shown in Fig. 29. There are only four components. The highest is at 4 kHz
(Fig. 30). There exists a frequency interval between 2000 and 4000 Hz, where no

Fig. 30. Hilbert–Huang spectrum of the 6.500 treated paper cone unit.
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resonant behavior is evident. This suggests that the crossover frequency could be

selected in this frequency range.

The IMFs for the kevlar cone driver are given in Fig. 31. The Hilbert–Huang
spectrum is shown in Fig. 32. The two higher IMFs are the result of the interference

of more than one mode. Resonant behavior is evident in all usable driver range up to

5.5 Hz.

7. Discussion

In the previous sections, the impulse responses of four loudspeaker driver units
were subjected to waterfall, wavelet transform and EMD analysis. It is interesting

to compare the advantages and limitations of each method. The waterfall method

is straightforward and is based on the common FFT. As shown, it is only capable

of detecting resonances in the high frequency range, lacking the necessary resolution

at mid and low frequencies. In most cases, only a strong mode will be identified mask-

ing modes of smaller magnitude. The waterfall plot is affected by reflections, choice of

window function and excess phase. In addition, it severely overestimates damping.
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Fig. 31. Decomposition of the 6.500 kevlar cone into IMFs.
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The wavelet transform is now a popular time–frequency technique and possesses

good time and frequency resolution. The wavelet transform performed significantly

better than the waterfall technique in all cases. It revealed more resonances, some

of them in the low frequency range. It has been capable of distinguishing between clo-

sely spaced modes. Damping estimation is also accurate enough. The time and fre-

quency resolution however is a compromise, as a large scale wavelet is chosen for
determining general signal features and a small scale wavelet for extracting the signal

details. Consequently, time localization is poor for low frequency signals and fre-

quency resolution is poor for high frequency signals. Another shortcoming of the

wavelet method is the fact that the analysis depends on the choice of the wavelet func-

tion. This leads to a subjective, a priori, assumption on the characteristics of the inves-

tigated phenomenon. As a consequence, only signal features that correlate well with

the shape of the wavelet function have a chance to lead to coefficients of high value.

The EMD scheme offers superior time and frequency localization. Modes can be
examined in isolation. Their instantaneous amplitude and frequency can be accu-

rately estimated. There is no need for a basis function and no need for transforma-

tion. The EMD method is the only one that revealed resonances at very low

frequencies (below 300 Hz). In fact there is no limitation other than the total length

of the impulse response. Even in this case there is no need for a whole period to be

recorder, but a single maximum followed by a zero crossing followed by a single min-

imum would suffice. The only disadvantage is that there is a definite computational

cost for data records of more than 10,000 points approximately.

Fig. 32. Hilbert–Huang spectrum of the 6.500 kevlar cone unit.
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8. Conclusions

A number of techniques for identifying resonances occurring at loudspeaker dri-

ver units have been demonstrated. It was shown that the commonly used waterfall

plot suffers a number of problems the most important being inadequate resolution.
The wavelet transform is suitable for the analysis of transient signals such as loud-

speaker impulse responses. Resonances take the form of ridges above the time–fre-

quency plane. The newly developed EMD scheme was found to have the highest

potential in separating modal components. By application of the EMD instanta-

neous amplitude and frequency can be accurately determined.
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The Resonances of Loudspeaker Diaphragms* 

D.A.BARLOW 

Bingley. West Yorkshire BD16 4DB. United Kingdom 

AND 

G. D. GALLETL Y AND J. MISTRY 

Department of Mechanical Engineering. University of Liverpool. Liverpool L69 lBX, United Kingdom 

The resonance frequencies of several shapes of loudspeaker diaphragms have been 
calculated using BOSOR 4 (based on the variational finite difference technique) and a 
finite-element program. Calculations for a typical paper cone confirm that resonances are 
present over the whole frequency range, the lowest one being subsonic. The effect of 
altering the cone profile is to raise some frequencies and lower others. It is confirmed that 
sandwich construction can increase the dynamic bending stiffness by as much as several 
thousand times. Calculations on dome diaphragms suggest that with suitable design, there 
is a region where all resonances can be placed below or above the working range. The 
presence of a previously unsuspected torsional resonance is revealed by the method of 
calculation used. This resonance will hardly affect the frequency response and will be 

undetectable by holography, although it may affect the transient response. The method of 
calculation also enables buckling loads to be determined, so that it may be possible to 
calculate the onset of subharmonics. 

o INTRODUCTION 

The weakest link in the sound-reproducing chain has 
always been the loudspeaker. This is due to the presence 
of unwanted resonances, mainly the breakup resonances 
of the diaphragm. The ideal diaphragm would act as a 
rigid piston over the required frequency range. It is 
known from listening tests [1], [2] that any resonances 
present must be at a very low level if they are to be 
inaudible. Thus for a Q of 1, resonances must be about 
24 dB below signal level. The conventional paper cone is 
far from rigid and obviously has very little resistance to 
bending. A cone of sandwich construction of maximum 
bending stiffness was developed by one of the authors 
[3], [4]. 

Simple general analytical solutions have long been 
available for calculating the resonance frequencies of 
flat plates, but no such solutions are possible for cones 

·Presented at the 6 5th Convention of the Audio Engineer
ing Society, London, 1980 February 25-28; revised 1981 Feb
ruary 23. 

or other shells. Kraus [5] and Novozhilov [6] have pre
sented theories for the mechanics of elastic shells of 
revolution, which are readily applicable to loudspeaker 
diaphragm problems. The last two decades have seen 
significant development in the field of computer appli
cations to engineering problems using numerical meth
ods like numerical integration, finite differences, and 
finite elements. These have led to the increasing use of 
computer solutions for the calculation of the resonance 
frequencies of loudspeaker diaphragms� the most com
prehensive being those by Frankort [7], [8]. There are 
now several general-purpose computer programs avail
�ble for shells of revolution [9]. One such program is 
BOSOR-4 [10], [11], which employs the technique of 
finite differences to the variational energy principles to 
set up a linear eigenvalue problem for the vibration 
analyses. One version of the program is loaded on a 
CDC 7600 computer. A procedure similar to the BOSOR 
program, but based on the finite element approxima
tions, has been adopted in a computer program devel
oped for an ICL 1906S computer. These two programs 
have been used in the calculations discussed herein. 

J. Audio Eng. Soc., Vol. 29. No. 10, 1981 October 0004-7554/81/100699-06$00.75 ® 1981 Audio Engineering Society, Inc. 699 
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1 TYPES OF RESONANCE 

There are two main types of resonance. The asymmet
ric type has diametral nodes, with or without concentric 
nodes. The axisymmetric type has concentric nodes only, 
the outer and inner edges being antinodes; there are also 
anti resonances where the outer edge is an anti node and 
the inner edge is a node. 

2 TYPES OF DIAPHRAGM EXAMINED 

2.1 Straight-Sided Paper Cone 

A typical straight-sided paper cone of medium diame
ter was examined, namely, Frankort's cone 50.3, using 
the constants given in [7]: outer diameter 166 mm, inner 
diameter 34 mm, semiapex angle 50° , height 55.4 mm, 
thickness 0.23 mm, Young's modulus 2 X 109 N/m2, 
density 600 kglm3. The outer edge may be considered as 
free. The inner edge is glued to the voice coil former and 
may be considered as fixed, except for movement in the 
a'Xial direction. The calculated resonance frequencies 
are plotted in Fig. I. 

The asymmetric resonances are very low in frequency, 
as would be expected. The first node is subsonic-I6 Hz. 
Similar results were obtained with both programs. The 
axisymmetric modes are higher in frequency and agree 
closely with Frankort's values (using the same edge 
conditions) (see Table I). 

2.2 Curved-Sided Paper Cone 

Curved-sided (i.e., horn-shaped) cones are often used 
in place of straight-sided ones. A typical cone was taken, 
similar to the previous one, but with a profile radius of 
125 mm. Resonance frequencies are plotted in Fig. 2. 
The curvature will increase the resistance to diametral 
bending, so that the frequencies for diametral nodes are 
raised. The curvature will reduce the resistance to con
centric bending, so that the frequencies for concentric 
nodes are lowered in most cases. 

\. 
\ 

PAPERS 

2.3 Sandwich Cone 

A typical bass cone was taken with the same edge 
conditions as before. The constants were: outer diame
ter 250 mm, inner diameter 50 mm, semiapex angle 
52.5°, height 76.7 mm, thickness 0.025 mm aluminum 
skins, core 10 mm expanded polystyrene, Young's mod
ulus of skin 7 X IOION/m2,density of skin 2700 kglm3, 
of core 24 kg/m·l. Frequencies are plotted in Fig. 3. For 
the lower asymmetric modes, the sandwich is 1000 times 
stiffer than the paper cone, and for the higher modes it is 
over 4000 times stiffer. For the symmetric modes, the 
increase is much less, as there is direct tension and 
compression, and bending stiffness is less important. 

It is reasonable to suppose that when glued to a tubu
lar voice coil former, the neck of a thin flexible cone will 
become virtually fixed. However, for a sandwich cone, 
which is already very stiff, the voice coil former may add 
very little restraint. More realistic boundary conditions 
would be free-free (i.e., free outer edge and free inner 
edge), and accordingly calculations were repeated for 
this condition. Values are given in Table 2. The effect of 
the free inner edge is to reduce most frequencies slightly; 
more surprisingly, the lowest mode with one diametral 
node no longer occurs so that the lowest resonance of 
any kind is that with two diametral nodes at 1230 Hz. 

2.4 Domes 

From the work of Kalnins [12], [13] it was thought 
that domes of spherical curvature, driven from the outer 

Table I. Axisymmetric resonance frequencies of 166-mm 
diameter paper cone 50.3, free outer edge, fixed inner edge 

(except for axial motion). 

Number of Nodal 
Concentric Circles 

... 

1 
2 
3 

• 
T 

Frequency 
(Hz) 

Frankort's (calculated) 
Values (Hz) 

236 7  
26 71 
2995 

236 0  
266 8 
2993 

x - 0 CONCENTRIC NODES 
• - I .. 

• - 2 

.. 3 
T - TOp,sION 

20 
FREQUENCY-HZ 

1,00 10.000 

Fig. I. Resonance frequencies of 166-mm straight-sided paper cone. 
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edge, might otTer considerable advantage over other 
shapes. Thus for flat plates, as the thickness-to-diameter 
ratio decreases to zero, the resonance frequencies all 
decrease to zero; with spherically curved shells however, 
the frequencies appear to become asymptotic to finite 
values. This is doubtless a function of a shape of double 
curvature. This should be a practical region for loud
speaker design. 

I 
l 
\ 

\ 

RESONANCES OF LOUDSPEAKER DIAPHRAGMS 

For comparison with conventional cones, calculations 
were made for an aluminum dome of a size similar to 
that of the paper cones, even though a voice coil of this 
diameter, 166 mm, would not be practical. The con
stants were: outside diameter 173.2 mm, radius of curva
ture 100 mm, semiangle 60°, thickness 0.2 mm, Young's 
modulus 7 X 1010 N/m2, density 2700 kg/m3. It was 
found that this type of diaphragm was particularly sensi-

• 

x = 0 CONCENTRIC NODES 
•• I • • 

•• 2 

.- 3 
T. TORSION 

20 50 lpoo 10, 
FREQUENCY -HZ 

Fig. 2. Resonance frequencies of 166-mm curved-sided paper cone. 
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NO. OF 
OIAMETIIAL 
NODES 

2 

/ 1/ 
� • • 

20 50 100 1,000 10,000 
FREQUENCY -HZ 

Fig. 3. Resonance frequencies of 250-mm sandwich cone. 

Table 2. Resonance frequencies of 250-mm diameter sandwich cone, free edges. 

Number of Concentric Nodes 

o 
I 
2 
3 

n.c.-not calculated. 

0 

4 986 
9 343 

n.c. 
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6 161 
9 895 

n.c. 

Number of Diametral Nodes 
2 3 4 5 

I 230 2 978 5 279 8 148 
566 0  1 0  100 14 510 19 090 
9 272 13 740 17 750 22 030 

13 890 19 990 26 140 31 920 
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tive to edge conditions, and calculations were made for 
two conditions: restrained perpendicular to axis and 
restrained also in the circumferential and meridional 
directions. Values are plotted in Fig. 4. 

The distribution of resonances is quite different from 
that of cones. It should be possible to place the first 
symmetric mode frequency above the working range for 
mid and treble units, and this has been claimed in one 
case [14]. There is also an area in which all resonances 
may be avoided, namely, between the very low frequen
cy for one diametral node and the very high frequency 
for two diametral nodes. Antiresonances must also be 
avoided. Sufficient edge restraint must be provided, and 
this may mean a heavy rim to the dome. 

3 EFFECT OF RESONANCES ON 

LOUDSPEAKER PERFORMANCE 

3.1 Asymmetric resonances 

Adjacent seciors of the cone are moving in opposite 
directions at any given moment, so that acoustic cancel
lation takes place by lateral movement of air across the 
face of the cone. If the cancellation is not quite complete, 
there will be a small residual acoustic output which, 
while having very little effect on the steady-state fre
quency response, will modify the buildup and decay of 
sound under transient conditions. The frequency re
sponse may be unaffected (or almost so), but the tran
sient response will be poor, due to the storage and 
discharge of energy by the resonance affecting the build 
up and decay of transients. It is known from holographic 
examination that these resonances are not excited in a 
sandwich cone, being uniform in properties, but are 
excited in paper cones because of the variation in prop
erties [15]. This causes irregular vibration over most of 
the frequency range. 

3.2 Axisymmetric resonances 

These are obviously excited by the normal movement 
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of the cone and give serious peaks in the response with 
poor transient response. Antiresonances will likewise 
affect the performance. 

4 COMPARISON OF CALCULATED AND 

PRACTICAL VALUES 

McLachlan [16] found that an 8-in (200-mm) diame
ter paper cone resonated with two diametral nodes at a 
frequency of 36.5 Hz, that is, similar to the present 
calculated values. For the symmetric modes of paper 
cones, Frankort [7], [8] found good agreement with 
calculated values. 

In a sandwich cone the asymmetric modes can only be 
excited by applying a vibrator to the edge of the cone. 
This showed that for a bass cone constructed as de
scribed above, the resonance with two diametral nodes 
was at 770 Hz. The calculated value of 1230 Hz makes 
no allowance for the weight of the epoxy resin adhesive 
between skins and core. This would reduce the frequen
cy by about 15% to 1040 Hz. The remaining difference 
may be due to shear deflection of the core. Bending 
theory assumes that transverse planes remain plane and 
perpendicular to the neutral axis and the outer skins. 
This is substantially the case in homogeneous construc
tion, but may not be so where the core has low stiffness, 
as in this case. It is well known that expanded plastic 
cores are much less stiff than honeycomb cores con
structed in metal foil, and the latter are always used in 
sandwich construction in aircraft. 

For the symmetrical modes, the lowest, from holog
raphy, is at 1700 Hz in the sandwich bass cone, com
pared with 4986 Hz for the calculated value. Again the 
difference may be due to the shear deflection of the core. 
The optimum configuration of honeycomb might be a 
spiral winding. 

5 TORSIONAL RESONANCES 

The method of calculation reveals the presence of 

• 

• 

1,000 10.000 

x = 0 CONCENTRIC NODES 
•• I .. " 

.·2 

.-3 

Fig. 4. Resonance frequencies of 173-mm aluminum dome. 
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other resonances also. There are torsional modes not 

previously suspected in loudspeaker diaphragms. The 

lowest of these is the bulk mode about the inner diame

ter, which involves no change of shape or dimensions, 

and will not be detected by holographic examination in 

the axial direction. Higher modes with concentric nodes 

also occur. Values are indicated in the figures and range 

from -1000 Hz for paper cones to supersonic for the 

dome. Torsional modes will have little effect on the 

frequency response, but the transient response may be 

aflected. The resonances are likely to be excited in a 

nonuniform material like paper. There is another condi

tion in which these resonances may be excited. Torsional 

movement of the cone takes place where the rear suspen

sion consists of a tangential-arm spider. The shortening 

of the arms on bending results in torsional motion of the 

cone about the axis at twice the applied frequency. 

6 BUCKLING AND SUBHARMONICS 

All calculations assume that there is no buckling of 

the diaphragm. It is well known that buckling, especially 

at high sound levels, can lead to the production of 

subharmonics, and this may become an increasing prob

lem. It is possible to calculate buckling loads from the 

methods used and this may permit calculating the point 

of onset of subharmonics. 

7 CONCLUSIONS 

I) Resonance frequencies for various types of dia

phragm have been calculated. 

2) The greatly increased stiffness possible by means 

of sandwich construction has been demonstrated. 

3) It may be possible to design mid and treble units 

with dome diaphragms free from resonances in the work

ing range. 

4) Calculations show the existence of a torsional res

onance not previously suspected in loudspeaker dia

phragms. 
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Loudspeaker coloration 
Eliminating unwanted sources of resonances 

Loudspeakers have always been the 
weakest link in the chain of sound 

reproduction. The tone is coloured by the 
presence of unwanted resonances, which 

may still be audible in spite of 
considerable damping. The 

already-reported limits of audibilit y of 

resonances on white noise and music 

over a range of frequency and Q are 

discussed in relation to loudspeakers. 

The white noise test was severe and few 

ii any speakers meet this" peak 

criterion," even over part of the audio 

range. Sources of unwanted resonances 

and methods of elimination are discussed 

and a design proposed for a speaker in 
which coloration is inaudible. 

IN LOUDSPEAKERS. there are many 
causes of coloration or spurious effects 
not present in the electrical input signa\. 
These usually take the form of 
resonances or anti-resonances. In bad 
cases. they show on a frequency res
ponse curve; less severe cases may be 
found by transient tests. or by watching 
the motion of the moving parts by 
holographic methods.u Resonances 
may be present in the diaphragm. sur
round. rear suspension. voice coil. dust 
cap. chassis. cabinet walls. etc. Other 
resonances are the fundamental ones of 
the drive units and of air cavities. in
cluding the air enclosed by the cabinet. 
Other effects. not necessarily audible. 
include acoustic interference between 
units in multiple speaker systems. phase 
differences between units. phase distor
tion in the crossover. diffraction at the 
edge of the cabinet. speaker frame. etc. 

I have long thought that listening 
tests should be used where possible to 
determine the limits below which the 
various forms of distortion or imperfec
tion in audio equipment become inaud
ible. Effort could then be concentrated 
on the most serious defects. and those 
which are inaudible can be ignored. In 
particular. listening tests were proposed 
to determine the limit of audibility of 
peaks. by introducing resonances of 
various frequencies and Qs electrically.' 

Peak listening tests 
Preliminary tests were made in 1972. 
using an Altec Room Equaliser. This has 
a number of resonant circuits covering 
the audio range. Each may be varied to 
be either a peak or a dip. Listening tests 
were carried out. using two makes of 

by D. A. Barlow, Ph.D 

high quality headphones. thus avoiding 
the effect of room acoustics. Using 
white noise a single peak of 2dB in the 
mid-range was clearly audible. giving 
the noise a definite pitch. At the ex
tremes of frequency. the ear was less 
sensitive. as might be expected. A 2dB 
dip in the mid-range equally gave a 
definite pitch to the white noise. 

The main listening tests were carried 
out by Fryerl. A number of frequencies 
were used with a Q of 50.25. 10.5.2.5. 
and I. Three sources were used, white 

Fig. 1. Levels at which response peaks 
become inaudible for six values of Q 
and frequency. using three source 
signals. Broken curves indicate 
adjusted values (see text). 

noise, the opening bars of Brahms first 
Piano Concerto. and Cleo Laine singing 
'Peel me a grape'. The unbroken lines in 
Fig. 1 show the level at which the peak 
becomes inaudible. A-B tests were lIsed 
with compensation for the increase in 
loudness caused by the addition of the 
peak. A large number of listeners took 
part. and were of various ages and 
occupations. Each listener listened 
alone. with no knowledge of other lis
teners' results. 

White noise is the most sensitive. 
followed by the Brahms. As the (} is 
lowered. the level at which the peak can 
be detected is also lowered. A hump of 
given height. covering a large band
width is more noticeable than a spike of 
the same height. which affects only a 
very small bandwidth. The ear evidently 
detects mainly the energy or area under 
the peak. In some cases, at high Q. the 
.peak can be well above the general level 
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before being detectable, but in other 
cases a low Q resonance, well below the 
general level. is still detectable. Dam
ping a resonance may not give as great 
an improvement as hoped for, especially 
at low frequencies. It follows from these 
curves that a flat response, containing 
peaks damped down to the general 
level, is no guarantee of freedom from 
coloration; also that two speakers with 
smooth frequency response curves may 
have quite different degrees of colora
tion. Low-Q resonances near the ex
tremes of frequency are similar in effect 
to tone controls, and alter the character 
of the sound rather than make it un
pleasantly coloured. 

There is naturally some scatter in 
results; for example the gap between 
the levels for Q of 25 and 10 for white 
noise at 450Hz appears excessive. There 
is good reason for thinking this. 
Reducing the Q from 25 to 10 by dam
ping means reducing the level by 8dB, 
yet the detection limit drops 10dB. Thus 
damping the resonance would appear to 
make it slightly more audible! This is 
highly improbable. I felt justified there
fore in smoothing the curves, removing 
this one anomaly. Values were adjusted 
so that the differences between the dB 
drop in reducing the Q, and the drop in 
detectable level fOllowed a smooth 
curve in each case. This was done for all 
points, the change in actual values 
being kept to a minimum. The 
smoothed curves are indicated by the 
broken lines. 

These curves agree in general with 
similar tests reported by Bowshers 
Under certain unstated conditions, 
Harwood" obtained different results. It 
can only be concluded that these con
ditions were unrepresentative of normal 
listening. 

Application of results 
The present curves, especially for white 
noise, represent a very severe demand 
on the loudspeaker; we may call this the 
peak criterion. Few if any commercial 
speakers meet the criterion, even over 
part of the frequency range. There are 
two basic ways of making a speaker 
• by using a relatively large light 
diaphragm driven all over, for example 
by electrostatic, piezoelectric or elec
trodynamic means 
• by usin,g a relatively small diaphragm 
driven from a very small area, for 
example by a moving coil. 
For satisfactory operation, the first type 
must have a very limp diaphragm, 
operating well above the fundamental 
frequency, in the hope that the over
tones will be sufficiently damped as to 
be undetectable. There is very little 
information on this. The second type 
must operate at frequencies well below 
the diaphragm resonances. Most 
speakers fall between the two stools. 

Thin cones made of paper, 'metal, 
plastics, ca rbon fi bre, i nev i ta bly 
resonate over almost all of their wor
king range. The object in deSigning 

such cones is to find a profile in which 
none of the resonances is pronounced. 
There is no way of calculating this, and 
a suitable shape can only be found by 
trial and error, a process which is still 
going on after nearly 50 years, and cou Id 
go on ad infinitum. For this reason, it is 
always possible that a beginner may by 
chance produce a cone with a smooth 
response. In some plastic film diaph
ragms, the profile is known to be very 
critical and small deviations may give 
serious peaks. Even if a smooth res
ponse is obtained, resonances will be 
present. Such cones cannot be expected 
to meet the peak criterion. 

If a cone is to operate below its brea
kup resonances, it must have the high
est possible stiffness/weight ratio. As 
deformation is mainly in bending, the 
structure with the maximum bending 
stiffness must be used, viz. sandwich 
construction7.K• The maximum stress in 
bending is taken by the outer layers; 
these are therefore made in a material 
with the highest ratio of Young's 
modulus/density. The skins are glued to 
a core, which must be as thick and light 
as possible. Aluminium foil and ex
panded polystyrene are the obvious 
materials to use. 

Possible speaker to meet the peak 
criterion 
By using sandwich construction, it 
should be possible to meet the peak 
criterion except at the ends of the 
frequency spectrum, where the ear .is 
less sensitive and where further tests 
are desirable. Sandwich cones are 
usually of high Q, but the breakup 
resonances can be damped down to the 
general level by means of suitable dam
ping material applied to the cone neck2. 
If the white noise criterion is used, these 
resonances must be about 24dB down, 
assuming a Q of I .  

It is known from h olographic 
examination that a 25cm diameter 
sandwich cone of 1050 included angle 
has a first resonance, the umbrella 
mode, at 1300Hz, which is often difficult 
to detect acoustically or by impedance 
curves. Such a cone would meet the 
peak criterion by crossing over at about 
300Hz with a 12dB/octave crossover. A 
6dB/octave crossover would be of little 
value where a limit of -24dB is to be 
met. 

The mid-range could be handled by a 
7.6cm diameter cone. The first breakup 
would be at about 6kHz, allowing 
crossover at 1.5kHz. Damping of the 
resonances may require a rather large 
weight of damping compound. Driving 
from the periphery by means of a 7.6cm 
diameter voice coil may give higher 
breakup frequencies, although the mass 
of the voice coil former would be 
greater than for a smaller diameter coil. 
Furthermore, diffraction at the cone 
edge and resonance of trapped air may 
be problems. If beryllium or carbon fibre 
were available in suitable form, the 
breakup frequencies could be raised 
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considerably, thus easing the design. 
The treble cone could be 3 .8cm 

diameter, again perhaps driven from the 
periphery. To raise the first breakup 
above 20kHz, beryllium or carbon fibre 
skins would be necessary. Smaller cones 
than this are difficult to construct and 
the maximum permissible weight for 
smaller cones is very low. The optimum 
cone angle is 90 to 1050• The use of a 
smaller included angle should raise the 
circumferential mode frequencies but 
decrease the radial mode frequencies. 
As there are no radial modes in sand
wich cones, unlike paper, a small in
cluded angle could be used. However, 
this raised the first frequency, but low
ered the frequency of the second mode, 
so that there was no advantage in going 
to smaller angles than 900• 

The suspensions of the mid and treble 
units should be designed to coincide 
with the planes of the centre of gravity 
and centre of inertia, thus avoiding any 
tendency to non-axial motion. Likewise, 
the leads must be brought out at 1800, as 
it is known from holography studies 
that if they are brought out together, 
the unbalanced mass will cause rocking 
of the cone. The fundamental 
resonances of the two units when 
mounted must be at least two octaves 
below crossover, assuming good dam
ping. 

Very little can be done about the 
fundamental resonance of the bass unit. 
Most speakers show the effect of the 
fundamental resonance in the slow de
cay of the bass in delayed resonance 
tests. The principal types of enclosure 
are the reflex and the totally enclosed. 
The full theory of the reflex has been 
given by Thiele9. With correct design, 
with correct coil and cone weights, flux 
density, etc, the bass response can be 
extended well below that for a similar 
totally enclosed cabinet. Thiele's work 
has been translated into practical terms 
by Garner and JacksonlO and by Col
linson" at my suggestionJ. However, 
the reflex cuts off at 1 8dB/octave 
compared with 12dB/octave for the 
enclosed cabinet. In the present con
text, a sharp cut-off is to be avoided. It 
might be better to use an enclosed 
cabinet with enough acoustic and mag
netic damping to be critical (Q = 112), the 
response being -6dB at resonance. This 
represents some loss of bass, but as the 
cabinet is likely to be placed against a 
wall during use, there will be acoustic 
reinforcement of the bass. 

The only other enclosure of interest is 
the folded pipe or labyrinth, now called 
the transmission line. This has the ad
vantage of not increasing, or even 
slightly decreasing the fundamental 
resonance. Apart from any possible 
extension of the bass, this would place 
the fundamental resonance sufficiently 
low in frequency to be inaudible. Un
fortunately, the finite length of the pipe 
and the necessary folds give rise to 
resonances of the enclosed air'2, and 
these are audible as 'bumbling', even 
when damped with long-fibre wooill. 
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Resonances of cabinet walls 
The conventional rectangular cabinet 
inevitably suffers from bending 
resonances of the flat walls. In certain 
cases. especially with large cabinets. the 
sound output of the cabinet walls at the 
frequency of panel resonance can ex
ceed that of the speaker by several 
decibels". These resonances may be 
damped by thick layers of damping 
material glued to the panels. the weight 
of the damping compound being 
comparable the the panel weight.  
Bituminous damping felt is the most 
practical material x. 10

. Damping com
pounds readily suppress the overtones. 
but are less effective at the fundamen
tal. The answer is to use a cabinet of 
constant curvature. where there are no 
bending resonances. only resonances in 
direct stressl4. This has now been 
utilised in two recent commercial de
signs. Such cabinets are so stiff in 
operation that almost any material may 
be used for bass cabinets. A cardboard 
tube of 30cm diameter h a s  no 
resonances below 2kHz. and the radia
tion level at lower frequencies is 30 to 
40dB below the signal. It is fully equal to 
brick and concrete and easily meets the 
peak criterion. 

The obvious method of mounting a 
bass unit in a tubular cabinet would be 
at one end. The tube could be 60cm long 
X 30cm diameter with the bass unit 
facing upwards. A long pipe may give 
trouble with organ pipe resonances. 
With a crossover at 300Hz. the bass unit 
would be almost omnidirectional over 
its working range. This would avoid any 
possible apparent loss of mid
frequencies due to listening off-axis. 
Diffusers could not be used to increase 
the spread of the upper frequencies 
because they give irregularities in the 
response curves and audible effects at 
lower frequencies. Inverting the 
speaker unit so that the rear faced 
upwards. the rear face of the cone being 
clearly visible from the listening posi
tion. did not alter the directional pro
perties. Mounting the speaker at one 
end of the tube. facing the longest 
direction has the advantage that the 
rear reflected wave will be at the lowest 
frequency; it is less likely to be audible 
and has the maximum thickness of 
acoustic absorbent through which to 
travel. Re-radiation of the reflected 
wave is thus at a minimum. A sandwich 
cone gives much less re-radiation than a 
conventional paper conel". 

The mid and treble units could be 
mounted in the cylindrical surface. 
without unduly affecting the perfor
mance of the cabinet; if necessary. the 
cutouts could be stiffened up with ad
ditional material. The diffraction effects 
at the sharp edges of a conventional 
cabinet are avoided. and provided the 
units are not at centre height. a cylinder 
was found to be almost as good as a 
sphere or ellipsoid for avoiding diffrac
tion. That diffraction effects can be 
audible in the worst case is shown by 
the following test. 
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Fig. 2. In the listening tests discussed 
resonance peaks with Q of I to 50 were 
switched in and out in establishing 
level of inaudibility. Detectability 
decreased by 3dB for each doubling of 
Q. 

A single speaker was used. as no two 
units sound the same on white noise. 
and differences due to position in the 
room are avoided. The speaker was 
mounted in a 30cm diameter sphere and 
fitted with a 30cm diameter removable 
flat baffle. On white noise .. the dif
ference with and without the baffle was 
quite clear. The effect of the baffle on 
the frequency response was to intro
duce a hump of 4dB at I kHz and a 
hollow of 4dB at 1.8kHz. 

In addition to spurious external 
radiation by the cabinet walls. there is 
the possibility of sound being transmit
ted from the bass into the treble cavity 
and vice versa. Tests in 1974. which 
unfortunately I could not complete. 
suggested that this transmission may 
not be negligible in all cases. 

Crossover networks 
It has been known for many years that 
there is phase d istortion in most 
crossover networks. the 6dB/octave 
quarter section being the only common 
one free from this. Crossover filters 
have been studied by Wall'H at my sug
gestion." He devised a three-way filter 
without phase distortion. This uses a 
two-way half section with a mid-section 
to correc the phase. Baekgaardl7 has 
devised a similar filter. Although the 
mid-speaker operates only over a nar
row band. the cut-off on each side is 
only 6dB/octave.lf it is to meet the peak 
criterion. it must be free from 
resonances over eight octaves. Such a 
speaker would be a full range one and 
would hardly need crossovers. It might 
be possible to make an acceptable unit 

by rolling off both bass and treble 
acoustically by suitable design. 

Another possibility is a t"inear-phase 
filter of the Gaussian or Bessel type. i.e. 
beyond cut-off the phase angle is pro
portional to frequency. although design 
data is scarce. Nomoto et al'" have 
demonstrated the wavefront from 
speakers by means of measurement 
over a large number of microphone 
positions. using a computer. A two-way 
system using a Bessel filter showed a 
wavefront corresponding to the input 
signal. in contrast to a Butterworth 
filter. 

A number of commercial speakers 
have been produced recently. in which 
the mid and treble units have been set 
back behind the plane of the bass unit. 
The acoustic centres should thus be in 
the same plane and acoustically in 
phase - the "linear phase" system. 
Some of these have crossovers without 
phase distortion. others have conven
tional crossovers. If in a two-speaker 
system. the treble unit is placed on top 
of the cabinet and moved back and 
forth. there is a slight difference in 
sound with position on white noise. This 
is clearly heard from above the speakers 
and is obviously due to reflection off the 
top of the cabinet. The test was repeated 
with thick absorbent on the top of the 
cabi net and with the treble unit 
mounted in a sphere to avoid diffraction 
effects. The difference with position 
was still present on white noise. again 
clearly so from above the speakers and 
was reflected from the top of the 
cabinet. Setting mid and treble units 
back necessitates steps in the front face 
of the cabinet. and these may be bevel
led to reduce reflection. A treble unit 
was mounted off centre in the usual 
way near the top of the front panel of a 
typical rectangular cabinet. The edges 
of the cabinet were bevelled to reduce 
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diffraction. A removable 7.8cm thick 
panel with a 45° bevel was fitted belo� 
the treble unit. On white noise. there 
was a small but definite difference with 
and without the panel. The effect of the 
panel on the frequency response was to 
create a small dip at 2kHz. It seems that 
any audible effect due to the acoustic 
centres being in the same plane is very 
small and is masked by reflection. 

Other sources of spurious radiation 
Other components of the speaker be
sides the cone may give spurious radia
tion. The surround in particular is of 
appreciable area and tends to move out 
of phase with the diaphragm. especially 
at large excursions at low frequencies. 
Also. it is well known that an insuf
ficiently damped surround will give a 
dip and a peak in the response curve. 
The units could operate without sur
rounds. The moulded edge of the ex
panded polystyrene could be a clea
rance fit in the chassis rim. The clea
rance would be filled with a suitable 
magnetic fluid. a retaining magnet 
being incorporated in the rim of the 
chassis. The outer edge of the cone and 
inner edge of the chassis would need to 
be rounded to reduce diffraction. Two 
rear suspensions would probably be 
necessary for centering the bass unit. 

Dust domes are another possible 
source of spurious radiation. There are 
two possible forms 

. • A rigid airtight continuation of the 
cone. This must meet the peak criterion; 
on an area basis. the radiation will be 
about 14dB below that of the cone. 
• An open structure. allowing free 
passage of air. This assumes that the 
acoustic resistance offered by the mag
net gap is sufficient to avoid losing bass. 
Rather than being strictly dust-tight. 
this prevents most foreign bodies from 
entering the magnet gap. Measure
ments showed that the conventional 
undoped impregnated fabric dome and 
plugs of (flexible) open-cell urethane 
foam were satisfactory. Any radiation 
by these components would be largely 
cancelled acoustically because of their 
open structure. 

Voice coils a re another possible 
source of resonance. The compliance of 
the neck of the former may resonate 
with the mass of the cone. The neck will 
deform by direct tension and compres
sion. but is unlikely to buckle except for 
very long formers in thin material. It 
can be easily shown that the load ne
eded to cause elastic buckling of the 
former far exceeds the load due to the 
driving force. A typical 2.5cm diameter 
former in kraft paper may resonate 
around 8kHz. and in many moving coil 
tweeters. the output consists mainly of 
cone and coil resonances. In the present 
case. short 3.8cm diameter formers in 
epoxy-glass fibre and in carbon fibre 
were stiff enough to avoid resonance in 
the audio range. 

Another source o f  coloration is 
reflection from obstacles behind the 
cone or resonance of air cavities created 

D. A. Barlow, B.Sc. M.Sc. 

Ph.D. F.A.E.S .... unemployed 

Don Barlow left Fane Acoustics when they 
closed down their laboratory last year. 
reluctantly jOining the unemployed. And it 
was another closure that forced him to leave 
the Ran k  Leak Whar fedale research 
laboratory three years before that. At RLW. 
he worked on a viscous-filled sphere sus
pension fOr turntables. also developing a 
lightweight tubular enclosure designed to 
be free from panel resonances. But perhaps 
his most well-known contribution to audio is 
the sandwich loudspeaker that he deve
loped and produced whilst with H. J. Leak & 
Co. in the 1 960s. He actually conceived the 
idea (WW Dec 1958. pp 564·9) in his 
spare time. his job then being concerned 
with the properties of aluminium alloys 
following graduation in metallurgy at 
Birmingham University back in 1943. and 
through which he gained an external M.Sc. 
12 years later. Two other WW articles 
which reflected another spare-time interest 
- groove deformation in records - were 
published in May 1957. pp. 228-30 and 
April 1964. pp. 160-6. 

by such obstructions. for example the 
chassis. It is well known that the rear 
radiation from a speaker is seldom as 
clean as that from the front. Listening 
tests were made with white

-
noise fed to 

the unit with a very open chassis. On a 
flat baffle. the slightest obstruction at 
the rear was immediately audible from 
the front. The speaker was then 
mounted in the wall of a room and 
obstructions introduced at the rear. 
Small obstructions corresponding to a 
chassis were detectable. but gross 
obstructions. for example a shallow 
enclosing box were clearly audible. 
Providing the enclosure was fairly deep 
and filled with absorbent. it was very 
difficult to detect. 

Acoustic interference between units 
is noticeable on sine wave in bad cases 
for example where two treble units are 
used in parallel. perhaps to increase 
power handling capacity. The loudness 
varies on moving the head. In more 
typical cases. the transient test results 
are poor at crossover frequencies. but 
whether this produces an audible effect 
is not known. It may be desirable to 
avoid crossing over in the mid-range 
where the ear is most sensitive to col
oration. It might be passible to reduce 
interference by means of careful co
axial design. 

Fallibility of listening tests 
In production. the sensitivity of units. 
will vary due to variation in mass of 
diaphragm. mass of dope applied. mass 
and resistance of voice coil. and mag
netic flux. In a multiple speaker system. 
it is well known that if the units are not 
carefully matched for sensitivity. the 
whole character of the sound is altered. 
Furthermore. we have already seen that 
the character is altered by small dif
ferences in shape of response curve. 
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Again. in listening tests on amplifiers in 
1972. it was found that a gradual slope 
of + 2dB from bass to treble due to 
slight inaccuracy of equalization gave a 
different character from the reverse 
slope. Speakers may well be judged on 
the character of sound which the lis
tener prefers. rather than on the quality. 
Speakers used by the British Broadcas
ting Corporation have to meet very 
close tolerances. perhaps in order to 
maintain the same character of sound. 
Harwood 19 has described errors which 

can arise in listening tests. The question 
arises: if a speaker were built to be free 
from coloration. would it be recognised 
as such? 
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Gilbert Briggs 
GILBERT BRIGGS. engineer, businessman, jour
nalist and author, founder of Wharfedale, 
died on January 10 aged 87. His death fol
lowed those of Guy Fountain, founder of 
Tannoy, and J.p. inventor Peter Goldmark by 
a few weeks. 

Briggs didn't start in audio at all. Brought 
up in an orphanage, he was self-taught, and 
his career began in the Bradford textile 
industry. He began Wharfedale Wireless 
Works in 1933, under his wife's name, where 
it remained for 20 years. He sold the business 
to Rank "for a slight profit" in 1958. 

He built his first speaker in the autumn of 
1932, winning a local radio society competi
tion with it. A few days later, he once recal
led, a wholesaler came round and ordered a 
gross of them. He agreed to supply them at a 
dozen a week. By March 1934 he had made 
4,600 speakers and a loss of £1,000. By 1939 
production was 9,000 speakers a year. During 
the war the factory made transformers for 
the navy. 

After the war he began to write what many 
regard as a classic series of books on audio 
and related subjects. The methods he de
scri.bed are still valid today. 

He also began a now-famous series of 
combined lectures, concerts and demonstra
tions at various places including Carnegie 
Hall. By the time the final concert was held at 
the Royal Festival Hall on May 9,1957, seven 
of the fifteen items on the programme were 
in stereo and Leon Goossens (oboe) was 
taking part in the live demonstration. 

He leaves a wife, Doris, and two daughters. 
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Rigidity of Loudspeaker Diaphragms 
Advantages of Sandwich Construction 

By D. A. BARLOW, M.Sc. 

I t is well known that the diaphragm of the con
ventional moving-coil cone loudspeaker is far from 
rigid under normal conditions of use. The usual 
theory of the direct-radiator loudspeaker assumes 
that the cone is a rigid piston; under this condition, 
the response above the main low-frequency resonance 
is level (or nearly so) until a certain point, after 
which output drops off smoothly until it reaches a 
constant rate of 6 dB/octave (Fig. 1). In contrast, 
the measured response curve of the best cone speaker 
resembles thl' profile of a mountain range. It is 
known that at low frequencies, above the main 
resonance, the cone behaves approximately as a 
rigid piston, but above a few hundred <...ycles, breakup 
occurs and the cone resonates in innumerable ways, 
giving distortion, a ragged response, muddle, and 
out-of-phase effects. For these reasons, each speaker 
has its own characteristic tone or colouration. 
Further, transient response is poor. Shorter's 
tests· show that there is still a considerable sound 
output even 20 milliseconds after the signal has 
been cut off, and that in bad cases, at resonant 
points, the output after first falling may rise, 

FREQUENC'!' 

Fig. I. EfficIency of a moving-coil loudspeaker as a function 
of frequency. 
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Fig. 2. .mppdance curve of a composite cone loudspeaker. 
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approaching the steady-state output. The cone 
cannot be stiffened by increasing the weight as this is 
limited by the efficiency required and by the desired 
"r('ble response. In an attempt to mitigate the 
('flects of the breakup resonances, various devices, 
such as felt pads, foam surrounds etc. have been 
used to damp or spread the worst resonances over 
a broader range. Other devices include stiffening 
corrugations; these are often insufficient to prevent 
the resonances and as they also introduce com
pliances, they may introduce further resonances, 
worse than those which it is hoped to suppress. 
A soft paper cone with high internal friction is 
usually preferred to hard paper in an attempt to 
damp out the worst breakup resonances, even if 
there is some loss of treble response as a result. 
Treble Response.-The efficiency of a direct 
radiator loudspeaker2, assuming a rigid diaphragm, 
is given by 

= 
B2rm"mL 

X 100o/c 
J.L pKr (xm,l+xmc)2103 0 

where B = gap flux density in gauss 
mL = voice coil mass in gm. 

p=density of voice coil material in 
gm/c.c. 

K/,= resistivity of voice coil material in 
microhms/c.c. 

r rna = mechanical resistance due to the 
air load in mechanical ohms (Values 
obtainable from ref. 2). 

Xma = mechanical reactance due to the 
air load, in mechanical ohms 
(Values obtainable from ref. 2). 

xmc=mechanicaJ reactance of 
system, in mechanical 
= 2rrml t. 

m/=total moving mass in gm. 
f=frequency in CIS. 

moving 
ohms 

(This assumes that the mechanical resist ance ;n the 
diaphragm is small and that r ma is small compared 
with Xm'J and xmc)' 

For a given size of diaphragm the values of r ma 
and Xm" at any frequency are fixed so that the 
frequency response is then governed only by 
Xmc' i.e. by the total moving mass; the efficiency is 
fixed by the flux density, voice coil mass and material, 
and by the total moving mass. For speakers of 
conventional size and weight, say 8 to 12 in. dia
meter, the treble response will drop beyond 1 to 2 
kc/s, assuming the diaphragm is rigid. In practice, 
because of cone breakup, the treble response will 
be much greater than the theoretIcal, making the 
commercial speaker with its adequate tr�ble tc!sponse 
possible, so that the lack of rigidity is not entirely 
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an ill wind. However, where good quality is required, 
a speaker might well be judged on its lack of �I eble, 
rather than vice versa! 

It is well known that speakers which are large 
enough to reproduce the 1:,:;S$ fr�quencles adequately 
will not reproduce the C'.'.!.'."el:!\! lreble, and var:ous 
devices are offered to IncreCl$.! rhe treble. One 
of the commonest is Voigt's tWin conca or variations 
of it. This consists of a small cone fixed to the 
centre of the main cone. If the large cone were 
rigid, it is obvious that the small cone would do 
nothing except add undesirable weight to the moving 
parts. However, as the main cone is not rigid or 
because compliances are delibetately introduced 
between the main cone ,.iI\d the driving coil, tlexing 
takes place, so that the small cone and voice coil 
now act as a ser arate small speaker at high fre
quencies, moving IDdependently of the main cone. 
In an alt�rn1(;ve design, the small cone is ioined 
at its outer edge 10 the inner edge of a large one 
by means of a compliance, forming a composite 
coue. The complete cone mass plus coil mass with 
the main suspension compliance will give the main 
low-frequency resonance, which as usual can be 
placed low enough to be unobjectionable. However, 
it is evident that the mass of the small cone plus 
coil with the suspension and the compliance at the 
edge of the small cone or with the flexibility of the 
main cone, will also resonate; this resonance must 
obviously fall in the audio range if the small cone 
is to take over from the large one in the audio range. 
Voigt's twin cone was designed primarily for horn
loaded speakers, where, unlike direct radiators, the 
resonance would be much less noticeable and 
perhaps very difficult to detect. 

As an example of the resonance of a twin cone 
speaker, a Win "high fidelity" speaker of composite 
cone construction was found to give reasonably 
satisfactory results on some types of orchestral 
music, hut on piano, an intolerahle "ringing" or 
echo occurred over a very narrow range-two 
semitones. An impedance curve was taken, using 
a high-impedance source, giving the result shown 
in Fig. 2. In use, in spite of a low-output-impedance 
amplifier, and in spite of alleged magnetic damping, 
including the use of an aluminium voice coil former, 
the 600-c/s, resonance was most rrominent, as 
described. With different design, it might have been 
possible to place the resonance higher up, in the 
harmonics rather than in the fundamentals, and to 
provide mechanical damping, but the basic obiection 
remains. Other devict:s having the same effect 
and open to the same ohjection are circumfert:ntial 
corrugations, central domes, etc. This idea may be 
extended further by means uf a compliance on the 
voice-coil former, generally taking the form of a 
lubber or other resilient sleeve and an aluminium 
former, in which the former and coil arc decoupled 
from each other at high frequencies by the !'>Ieeve. 
TlUs device has the same objection of a resonance, 
even if it is highly damped. 

Some manufacturers of high-quality speakers 
dislike twin cones and prefer to use separate bass 
and treble speakers with ckctrical cross-over 
networks. This method has thl: advantage that the 
resonance of the treble speaker (and the middle 
speaker, if any) can be placed well below its working 
range, independently of the cross-over frequency. 
Likewise, the coaxial speaker with electrical cross
over, using either a separate treble cone speaker or a 
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horn loaded speaker, is free from the resonance 
objection of twin cone speakers. 

The unsatisfactory performance of many conven
tional speakers is emphasised by B.B.C. experiencet• 
Various manufacturers were ' invited to submit 
high-quality speakers for monitoring purposes. 
On test all except three models were rejected because 
of unpleasantness on some types of signal. Two 
of these were by the same manufacturer and were 
simple single-cone models of very early make, with 
limited treble response, the third being a wide
range !'>peaker, this being the first occasion on which 
a wide-range speaker was found to be tolerable. 
Many devices used to extend the frequency response 
are worse than useless, as the distortion which they 
introduce· more thaI" outweighs the advantage of 
the in-:-reased treble response. It is also apparent 
from th�se tests that most devices are better on some 
types of programme than others, and which device 
is the best of a more or less bad lot is largely a matter 
of rersonal preference. 

The unsatisfactory performance of the direct
radiator moving-coil speaker has recently stimulated 
interest in other types of transducer, such as the 
ribbon, eJcct'·ustatic, Ionophone and corona-wind 
spedk "rs. In these, the driving force acts over 
the whole of the diaphragm (whether of metal, 
plastic, gas molecules or ions), so that diaphragm 
breakup does not occur. However, if the diaphragm 
of the moving coil speaker could be made more 
rigid, its performance might compare with those of 
other systems. 
Diaphragm Stiffness.-The bending deflection of 
a diaphragm at any point under a given load is 
proportional to (l - ",2)/Ec3 where 

11 = Poisson's ratio 
E = elastic modulus in bending 
t = thickness 

This holds for any given shape of diaphragm or 

TABLE 1. 
Moduli and densities of various materials 

El astic Density Modulus Modulus 
Material Modulus in -- --

bending Density (Density)' 
Ib!sq in Ib/cu in 

Steel .......... 30.0 x 10' 0.28 107 %10' 1.37%10 
Aluminium 10.0 

" 0.096 101 " 11.3 " ..... 
Magnesium ..... 7.0 

" 0.063 111 " 28.0 " 

Berylium ....... 37.0 " 0.067 552 " 123.0 " 

Epoxy Resin .... 05 " 0.045 ILl " 5.5 " 

Polystyrene ..... 0.52 " 0.038 16.3 " 11.3 " 

Kraft paper phenol 
formaldehyde 2.0 " 0.052 38.4 " 14.2 " ... 
Cone paper, hard . 0.4 

" 0.029 13.8 " 16.4 
" 

Cone paper, soft .. 0.15 
" 

0.015 10 " 44.5 " 

Expanded Ebonite 1,000· " 0.0023 0.44 " 82.0 " 

Expanded poly-
styrene ......... 500 " O.OOO5R O.S/i " 2.560 " 

·Surface skin from mouldin!! removed. 

condition of edge restraint, with two exceptions not 
likely to be met in practice. In a very thin diaphragm 
with clamped edge.;, deflection is largely governed 
by the stre�ching of the centre of the diaphragm, 
rather than by the bending, and in a very thick 
diaphragm, the bending deflection becomes small 
compared with that due to the shear stress. The 
effect of variatIon of "'� from one material to another 
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IS smail, SO that this can be ignored and we may say 
that the rigidity of a diaphragm of given size, shape 
and edge condition is proportional to Et3, and 
different materials may be compared on this basis. 
If the weight of the diaphragm is fixed, as it is by 
other considerations, the thickness will be propor
tional to l/density, i.e. stiffness ocbending modulus/ 
(densityp. As no values were available for the 
paper used for cones, two samples were taken, one 
from a small speaker used in a portable radio, the 
other from the aforementioned "high fidelity" 
speaker. The densities were measured, and the 
bending moduli obtained from cantilever loading 
tests. Table 1 gives values of modulus and density 
for a variety of materials. It will be seen that for a 
given weight, the soft paper is considerably more 
rigid than the hard paper, so that there is no point in 
fitting hard paper cones, quite apart from any other 
disadvantages which they may possess. Further the 
plastic-impregnated paper, which is harder still, is 
even less rigid (for a given weight). There is still 
less advantage in using plastics or metals, except for 
beryllium. The best materials are those of very 
low density, is spite of their very low moduli. (The 
moduli of the expanded ebonite and expanded poly
styrene were determined from cantilever loading 
tests.) The expanded ebonite, which is nearly twice 
as rigid as the soft paper cone of the same weight, 
has been on the market for 20 years, but the expanded 
polystyrene of density only 0.016 gm/c.c. = 1 1b/cu ft 
is a more recent product, used primarily for thermal 
insulation and is reasonably cheap. Both these ex
panded materials have a fine structure of non-connec
ted pores, so that moisture absorption is small. The 
expanded polystyrene is naturally rather weak and 
has a compressive strength of only 10 Ib/sq in, 
but this is quite sufficient with careful handling, 
as is necessary with any diaphragm. This material 
is nearly 60 times stiffer than the paper cone. Ex
panded phenolics are produced to a density as low 
as 1/3 Ib/cu ft but this material does not appear to 
be av�ilable in this country at present; such a material 
is several times stiffer than the expanded polystyrene. 
However, there is a method of still further in
creasing the flexural stiffness. 
Sandwich Construction.-In bending, the maxi
mum stress occurs at the surfaces, so that by con
centrating a stiff heavy material at the surfaces, 

Fig. 3. Sandwich construction with a high stiffness/weight 
ratio 

and using a lighter, weaker material for the core' 
a great increase in strength and stiffness can be 
obtained, the sandwich being far stiffer than the 
same total weight of either material used separately. 
This form of construction is increasingly used in 
aircraft, where it usually takes the form of sheet 
metal skins supported by a metal or plastic-im
pregnated paper honeycomb (Fig. 3). The honey
comb has the desired properties of high stiffness/ 
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weight ratio, with high compressive strength in 
the direction in which it is required, and is lighter 
than expanded plastics with the required strength. 
In a loudspeaker, honeycomb would be difficult 
to construct in the small sizes required, and as the 
maximum stiffness is required rather than maxi
mum strength, the expanded polystyrene is the 
most suitable core material at present available. 
For the skins, the best material is that with the 
highest modulus/density ratio (unlike a solid material 
in bending), so that, as will be seen from Table 1, 
aluminium would be a convenient skin material. 
(Beryllium and also molybdenum, ruthenium, and 
rhodium have higher modulus/density ratios, but 
are hardly practical.) 

The proportIOns of the sandwich are important, 
as there is an optimum ratio of skin thickness to 
core thickness for the maximum stiffness for a 
given weight. The equations for the bending stiff
ness of a sandwich have been put in convenient 
form by de Bruyne�:-

Flexural stiffness 
of lin wide strip = 

of sandwich 

E ' [
(2 

)3 (E.-Ea) as] 
- s+a - -

12 Es 

[ y!g - 1 ] 
S opt = 

W 2k + 2eC y! g _ 1) 

w-2eso�t 
----

k 

aOpt 2 1 - E.,/E ,. 

- = -- g= ---::..� 

SOpl \ g-l 1-k/e 
w=2es+ka 

Flexural stiffness of lin wide solid material 
Et3 

= --

where a = core thickness, in. 
S = skin thickness, in. 
E" = core modulus, lb/sq in. 
Es = skin modulus, Ib/sq in. 
t = thickness of soud material, in. 

12 

E = modulus of solid material, lb/sq in. 
w = weight of 1 sq in of sandwich, lb. 
k = weight of 1 cu in of core, lb. 
e = weight of 1 cu in of skin, lb. 

Compared with a lO-gm, 8in diameter 95° soft 
paper cone 0.022in thick, a cone consisting of an 
expanded polystyrene core 0.37in thick, clad with 
0.00Q54in thick aluminium skins would be almost 
3,000 times as stiff; if the wonder metal beryllium 
were available as 0.OOO8in thick skins on a core of 
expanded phenolic (1/3 lb/cu ft) 1.13in thick, the 
stiffness would be 150,000 times as great as the 
paper! 

The stiffness of the sandwich is so great that it 
might well be made in the form of a flat disc for 
simplicity in construction and to give a plane wave 
front. With paper, on the other hand, a cone shape 
is necessary to give enough rigidity to make a 
speaker at all practical. The deflection of a cone 
under load is difficult to calculate, but from loading 
tests on a 95° paper cone (representing the most 
acute and therefore most rigid cone likely to be 
used in practice), it is thought that the average 
stiffness of the cone is about 140 times that of a 

. flat disc of the same diameter and thickness. As 
the cone has a greater surface area, the disc can 
be made 1136 times the cone thickness, and the 
cone is then only 140/1.363 = 56 times stiffer 
than the flat disc. A 10-gm disc of 0.50in thick 
core with 0.00073in thi<;:k aluminium skins would 
still be 53 times stiffer than the best 10-gm paper 
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cone. This means that the amplitude of any break
up would be 34 dB below that of the conventional 
speaker. If poor transient response is due entirely 
to cone breakup, the output after cut-off of the 
transient test signal would be about 15 dB better 
than the electrostatic speaker; for a sandwich cone 
(in aluminium and expanded polystyrene), the hang
over level would be 30 dB below that of the electro
static speaker!6 However, in practice, the im
provement will be considerable but not as large 
as this, as the resonances in the normal cone are 
already damped to some extent (i.e. the amplitude 
of movement is reduced) by the air. 
Redesign for Maximum Rigidity.-Further im
provement in diaphragm rigidity could be made by 
redesign. Thus in the conventional speaker, the 
cone is driven near its apex, so that the outer p'lrt 
of the cone is free to flap (Fig. 4(a)). If the driving 
force, i.e. the voice coil, were applied near the centre 
of the annuJar area consti(utin� I he cone, the reduced 
overhang of the free cone would give less flapping 
(probably only 1), (Fig. 4(b)). Pursuing this to its 
extreme, the most rigid diaphragm would be a 
very narrow annulus of very large diameter (Fig. 
4(c)). Narrow annular diaphragms have been used 
in horn loaded speakers, but the reason for this is 
to avoid phase differences in the throat chamber, 
rather than to increase the diaphragm rigidity. 
There is a limit to how far the voice coil diameter 
can be increased in a woofer speaker, as it makes 
less economical use of the magnetic gap. Thus to 
reproduce the bass, the amplitude is large and the 
voice coil must usually be much longer axially 
than the gap; as this length is therefore fixed, in
creasing the voice coil diameter must be accompanied 
by a reduction in the number of layers on the 
coil or the gauge of the wire. There is a practical 
minimum clearance in the gap, so that a single 
layer coil consisting of say O.Olin clearance + 
O.Olin former + O.Olin wire + O.Olin clearance 
uses only 25% of the gap flux; a small-diameter 
coil of say three layers of O.Olin wire uses 50% 
of the gap flux. Furthermore, it is doubtless more 
difficult to make a large-diameter voice �oil t3an a 
small one to the required dimensiont) to1.:l.J1CeS, 
thus increasing the minimum nect'ss<,C)' ckar"n;�s. 
N("wrthd�ss: there are speakers with voiLe coils 
up to about 4in diameter, including one American 
design which uses an annular magnet to suit (Fig. 4(d)). 

A further possible means of improving the rigidity 
would be to vary the thickness of the sandwich 
according to the stress distribution, so that the best 
use is made of the weight of material available. 
The bending moment is a maximum adjacent to 
the voice coil, so that the sandwich might be made 
thicker at this point, tapering to the rim. However, 
the rim tends to buckle, so that it n",,,Jli to be thick, 
and there are also other strl!sses pr? sent. It would 
be a rather nice mathematical exercise to calculate the 
optimum profile, but it would probably approximate 
to uniform thickness. 

Another way of increasing rigidity in the case of 
thin materials is by "rigidizing", i.e. the impressing 
of a dimpled pattern on a flat sheet-an extension 
of the idea of corrugation. It is well known that 
corrugation gives an increase in flexural rigidity 
in the longitudinal direction at the expense of the 
rigidity in the transverse direction. A dimpled 
pattern, rather like that of a papier mache egg 
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container, is a sort of two-dimensional corrugation 
and gives an overall increase in flexural stiffness. 
With simply rolled designs in sheet metal, the 
stiffness can be doubled; where a deeper pattern 
can be used e.g. on moulded paper cones, a much 
greater increase of stiffness will be obtained. A 
dimpled cone in paper would not be nearly as stiff 
as a sandwich, but it would be a useful improvement 
and could be very easily done. 

The stiffness of a sandwich diaphragm is so great 

(b) 

(c) T T 

(d) 

Fig. 4. Alternative diaphragm forms discussed in the teKt 

that if full advantage is to be taken of it, the stiffness 
of the voice coil former may have to be improved. 
The coil former should obviously be as short as 
possible and for the smaller diameters, any part 
of the former above the magnetic gap could be 
plugged with expanded polystyrene, to reduce the 
tendency to buckle; the additional weight would be 
small. Clearance holes would have to be left in 
the plug to allow for the insertion of feelers when 
centring. Any increase in thickness of the voice 
coil former in the gap would of course increase the 
size of magnet required. Perhaps the best way to 
increase the stiffness without increasing the thickness 
would be to wind a tube from copper (or aluminium) 
foil, bonded and insulated with epoxy resin. This 
would form a combined voice coil and former and 
would be stiffer and !>tronger than one made from 
edge-wound ribbon or square wire. The diaphragm 
could be cemo.!lltcd directly to the foil coil. The 
impedance of the foil coil would be low and might 
need an additioilal transformer for matching. The 
portions of the foil coil outside the gap would 
presumably act as shunt resistors, in contrast to 
the usual lon� wIre coil, where the unused portions 
act as series Tcsis(or�. The effect of a shunt resis
tance is increasingly to short-circuit the active 
portion of the cuil as the frequency is raised, due 
to the rise in impedance of the active portion; this 
might not be serious in a woofer, and must occur 
to a lesser extent in those speakers with metal voice
coil formers or a shorting ring on the pole piece-
in fact the reduced rise in impedance claimed for 
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ALUMINIUM 
SKINS 

Fig. 5. Proposed design for a low-frequency .. woofer .. 
loudspeaker. 

these speakers must be due to just this shunting 
of the voice coil. 
Proposed Design of Sandwich Speaker System. 
-We have seen that the response of a rigid diaphragm 
woofer of say 8-12in diameter will start to fall 
bey�md .1-2 kc/s. To handle power down to 1 kc/s, 
a 2m diameter speaker is about the smallest prac
ticable size, and this will start to drop off around 
7 kc/s; the extreme treble to 15 kc/s could be pro
vided by a 1 in diameter tweeter. 

The woofer (shown diagrammatically in Fig. 5) 
woul.d .have a flat 8.in di�meter annular diaphragm 
conslstmg of 0.00110 thick aluminium foil skins 
glued with epoxy resin to the 0.67in thick expanded 
polystyrene c?re. The voice coil would be 2 gm 
of copper Wire, and could be 6in diameter (or 
smaller if necessary). The diaphragm would be 
supporte� entirely by a suitable spider glued to the 
vOice cOIl former-no edge compliance would be 
requir�d, no� p�astic foam "to provide matching 
acoustlc termmatmg impedances," etc. If necessary, 
a loose cloth surround could he fitted to reduce air 
leakage. As there is no edge restraint, a front spider 
of identical characteristics to the rear spider would 
be de�irable, fixed .to the voice coil to avoid stressing 
the diaphragm; without the front spider, the dia
phragm wil� tend to droop under its own weight 
when used In the vertical position (as it usually is); 
a front spider might be avoided if the rear one could 
be placed at the centre of gravity of the moving 
p�rts. I t �ight be necessary to shape the pole 
pieces to aVOid trapped air and "boxiness". With a 
flux density of 10,000 gauss, and a total mass of say 
16 gm, the efficiency would be about 2% and would 
be 3 dB down at 1.5 kc/s. 

There is no way of appreciably increasing the 
treble response of this speaker. Thus if aluminium 
is 

.
substituted for a copper voice coil, weight for 

weight, pKr is halved and the efficiency doubled 
but the response is unaltered. The volume of the 
alumi�ium will be about 3 times that of the copper, 
and w�ll t�erefore require 3 times the size of magnet 
to mamtam the same flux density; in most cases it 
would be better to use any extra magnet to increase 
the flux density and retain the copper voice coil. 
If alternatively, aluminium is substituted volume for 
volume, the coi} mas� is now about 1/3 and oKr is !, 
so 

.
that t�e effiCiency IS only 2/3 of that with a copper 

vOIce coil and the same size magnet ; the treble 
respon.se i� very slightly i�proved due to the slight 
reduction In the total movmg mass. There is no ad
vantage therefore in using an aluminium voice 
coil with a rigid diaphragm bass speaker. The 
reason that the use of an aluminium voice coil 
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�xtends the treble response in a conventional speaker 
IS because the treble is radiated largely by the apex 
of the cone; the voice coil is thus relatively heavy 
compared with the effective moving cone mass 
(at high frequencies). Any reduction in the mass 
of the voice coil will therefore appreciably reduce 
the total effective moving mass at these frequencies, 
so that treble cut off is delayed. This also applies 
to small speakers, where the voice coil mass is 
usually a large proportion of thl! total moving mass. 

The.skins of the proposed woofer sandwich weigh 
about 3.5 gm, the core weighing 6.5 gm. As the 
skins a�e so thin, t�e weight of the glue layer will be 
appreciable, and wIll also add to the stiffness. Some
what thinner skins might thus be used, WIth the 
thinnest pus'lble glue layer. However, If the full 
calcuLited modulus is to be obtained, there must be 
complete adh, sion over the whole arer of foil and 
c?r�; a �I"st on a �andwich with a very rhlll glue layer, 
glvmg m�, mpll"le adhesion, showed a modulus of 
only ! of the calculated value, although the sandwich 
wa� still 750 times stiffer than cone paper of the same 
weight. The aluminium skins could be omitted, the 
core being given a thick lacquer coating, 0.002in. 
or solid skins of polystyrene formed on the foam 
during moulding-indeed the expanded ebonite 
normally has such a solid skin as a result of the method 
of f!1anuf�cture; u�ortunately as the modulus/ 
density ratlos of plastIcs are low, the stiffness would 
be only about l of that of the aluminium skin sand
wich. A possible means of avoiding the weight 
o� the glue layer would be to expand the polystyrene 
directly on to the metal foils; polystyrene does not 
adhere very well to metals, but as the stresses in
vo.lved are sm�ll, a good enough bond for this purpose 
�Ight be obtamed. Alternatively, epoxy resin,'which 
gives an ex�ellent bo��, could be .expanded directly 
on to the foIls; the mlmmum density so far obtained 
with epoxy resins is about 3 lb /cu ft, and at this 
density, the material is extremely weak, but with 
further work, lower densities with higher strength 
could almost certainly be obtained. Other methods 
of avoiding the weight of the glue layer would be 
by electroplating (on to a chemically silvered surface). 
However, the desired metals are not readily plated 
or are expensive, and the surface of the polystyrene 
would have to be fairly smooth. Vacuum vapour 
dep

.
osition of aluminium would be preferable, but 

agam a smooth surface would be required. 
The 2in middle speaker, taking over above 1 

or 1.5 kc/s would ideally consist of an expanded 
polystyrene disc 0.17in whick with aluminium �kins 
0.00024in thick. The weight of the diaphragm would 
be 0'.16 gm, with a O.l-gm copper voice coil, and 
allowmg 0.14 gm for former etc., the efficiency would 
be about 2% at 14,000 gauss; the treble response 
would be 3 dB down at 5.5 kc/s. The lin diameter 
tweeter, taking over above 5 kc/s, requires a coil 
weight of only 5 mgm aluminium and a diaphragm + 
form.er etc. weight of only 25 mgm with a flux 
dens�ty of 14,� gauss. The sandwich would ideally 
consist of a diSC 0.05in thick with aluminium skins 
only 0.00007in thick, giving a weight of 13 mg. 
The efficiency would be about 2% (at 5 kc/s) and 
would be 3 dB, down at 13 kc/s and 5 dB down at 
15 kc/s. 

The sandwiches required for the middle and treble 
speakers would be difficult to make, especially 
as the expanded polystyrene, as at present produced 

, 
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is not too homogeneous. As it is made by the 
expansion of granules, the density of each granule 
varies and there are voids between granules. Doubt
less a more suitable structure could be obtained 
and the easiest way of making diaphragms for 
treble speakers might be to mould the material to 
give thin solid skins, like the expanded ebonite. 
Use of Rigid Foam Plastic.-DeMars 7 has used 
a square of rigid foam plastic fixed in front of a 
normal cone speaker. There is an American "Racon" 
speaker in which radial strips of rigid foam are fixed 
to the back of the cone to reduce breakup. The 
German " Zellaton "8 speaker has a metal foil cone, 
backed with foam plastic, followed by varnish; 
whether the plastic is rigid or flexible is uncertain. 
With this possible exception, there appears to be 
no commercial speaker in which full use has been 
made of sandwich construction and the materials 
available. 
Other Applications for Sandwich Construction. 
-In addition to increasing the stiffness of the 
diaphragm without ir.creasing the weight, sandwich 
construction could be used for reducing the dia
phragm weight without reducing the stiffness. In 
this way, a thin sandwich diaphragm could be made 
of the same stiffness as a conventional cone, but a 
fraction of the weight. The total moving mass 
would then be less than half the normal, increasing 
the extreme treble output by 4 times and the bass 
by 2� times. The advantages of increased efficiency 
of commercial speakers without deterioration of 
quality arc obvious. 

A flat sandwich diaphragm would be useful where 
the speaker must be compact and shallow, as in 
Some television sets and small radios. 
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Sandwich construction could also be used to 
advantage in horn-loaded speakers. The diaphragms 
of horn speakers are often smaller and more rigid 
than those of direct radi;,ll)f� and the resonances 
are more heavily damped; this is one of the reasons 
for the superiority of horn speakers. A further 
increase in diaphragm stiffness would still be very 
desirable. 

The diaphragms of microphones, earphones and 
soundboxes would likewise benefit from sandwich 
construction. In this case, the optimum sandwich 
would be impractical, but a useful increase in stiff
ness and/or reduction in weight would be possible. 

Horns, baffles and cabinets, particularly those which 
are rsquired to be portable, could with advantage be 
made in sandwich form. In the case of cabinets, 
if the core material has inter-connected pores, 
giving good sound absorption, the. inner skin could 
be perforated, the sandwich thus providing its own 
sound absorbent lining. 
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(list of symhols 

A(x) (m, m) matrix, denoting the coefficients of the differential equa

tions for the mechanical cone behaviour (see appendix A) 
a meridional coordinate of the inner edge 
h 
B 
(' 
Co 
('1 
Cn 
CiS 
CU) 
CIUI 
01100 
E 
f 
f+, f-

fo 

f,rlt 

fmrlt 
Ira 
Irr 
j; 
Ira 
hb 
Fa 
h 
H 
i 
I 
k 
kl 
k8 

meridional coordinate of the outer edge 

magnetic induction in the air gap 
= (E/fl)1/2 longitudinal-wave velocity in a bar 

sound velocity in air 
= {'/(I .. - V2)1/2 longitudinal-wave velocity in a flat plate 

bending-wave velocity (eq. ( 5.9» 
compliance of the inner suspension (spider) 

compliance of the outer suspension (rim) 

total compliance of inner and outer suspensions 
directivity index (eq. (6.3)) 
Young's modulus 

frequency 
frequency at which the sound pressure radiated by the back of an 

unbaffled loudspeaker arrives in phase and in antiphase with that 
emanating from the front (sec. 6.6.1) 

fundamental resonant frequency of the loudspeaker mass-spring 

system (eq. (3.4)) 
characteristic cone frequency (eq. (6. 26» 
coincidence frequency (definition in sec. 6. 5.4) 

11th longitudlllal anti resonant frequency (approximation gIven 
by eq. (4. 5 1)) 

11th longitudinal resonant frequency (approximation given by 
eq. (4.49)) 
11th axial membrane resonant frequency (see secs 4. 7.3 and 5.8) 

ring antiresonant freq uency (sec. 4.4) 
ring resonant frequency (sec. 4.4) 
transition frequency for the rigid piston (eq. (6.IOb)) 

upper limit of the cone transition region (eq. (4. 1 2)) 

lower limit of the cone transition region (eq. (4. 1 1)) 
applied axial force at the inner edge 

cone thick ness 
cone height (fig. 6.3) 

voice-coil current 
sound intensity 
= w/c, longitudinal wavenumber in a bar 
== (I)/el, longitudinal wavenumber in a flat plate 
= (I)/CB, bending wavenumber 



ko 
K 
I 
L 
Lc 
Lw100 
In 
M 

= w/co, sound wavenumber in air 
= £ 11/0 - 1'2) extensional stiffness 
length of voice-coil windings 

= b - a, meridional cone length 
inductance of blocked voice coil 
sound-power level within a space angle of 100° (sec. 6.2) 
number of differential equations; number of nodal circles 
number of segments (sec. 8.3) 
voice-coil mass (including the mass of voice-coil cylinder and dust 
cap or cone top) 

Md diaphragm mass 
Mco( = Me + M d total moving mass 
Mx, Mo, Mox moment resultants (fig. 5. 1 )  
n number of nodal diameters 

N = Not.. + Me", cot 'Y./x, effective tangential shear resultant (ref. 18 ) 

Nx, No, Nox stress resultants (fi g. 5. 1) 

p sound pressure 

p amplitude of the sound pressure 

Q 

'2 
Ra 
Rb 
Rc 
R1s 
Ros 
R2 
S 
Sb 
T1(x) 
U 
v 

(jMex = Qx + --. - effective transverse shear resultant (ref. 18 ) 
x Sin ex ()8 

transverse shear resultants (fig. 5. 1 )  
distance from axis of symmetry; distance of field point from cone 
top or piston centre 
radius of curvature (fig. 4. 1 a) 

inner-edge radius 
outer-edge radius 
resistance of the blocked voice coil 

mechanical resistance of the inner suspension 
mechanical resistance of the outer suspension. 
= Ra/cos �, radius of curvature at the inner edge 

piston area 
= 7lRb 2, cone base area 
(m, m) transformation matrix (eq. (8.3 7» 
cone displacement in the meridional direction (fig. 5. 1 )  
cone displacement i n  the azimuthal direction (fig. 5.1 ) 

axial velocity (fig. 5.3a) 
longitudinal velocity (fig. 5.3a) 
transverse velocity (fig. 5.3a) 
reduced transverse velocity (eq. (6.34» 
cone displacement in the transverse direction (fig. 5.1 )  

acoustic power 



x 
Xr 
Y(X) 

Y/(x) 

Y u, r.1 

Yu 

Q 
Qo 

(() 

meridional coordinate 

meridional coordinate of the transition point (eq. (4.1 0» 

(m, m) matrix whose columns are the linearly independent solu
tions of the mechanical differential equations (eq. (B.7» 
(mI2, m12) matrix, i identifies segment Sj, j denotes the quadrant 
of the partitioned matrix Y(x) (eq. (B.16» 
axial, transverse and longitudinal admittances at the inner edge 

(see definition of Zu.,.l = IfY".r.b eqs (S. 14) and (S.IS» 
= Ya cos2 '11 YIC' reduced axial admittance at the inner edge 

(eq. (S. 3S» 
= Y,jY1n reduced longitudinal admittance at the inner edge 

(eq. (4.S3» 
characteristic longitudinal admittance of a single-ended infinite 

plate (eq. (4.46» 
total axial admittance of cone and voice coil (see definition of 

ZIOI = IfY,o" eq. (S.4 0» 
axial, transverse and longitudinal impedances at the inner edge 
(eqs (S. 14) and (S.IS» 

electrical impedance between voice-coil terminals (eq. (3. 1» 
characteristic longitudinal impedance of a single-ended infinite 
plate (see definition of YIC = I/ ZIe> eq. (4.46» 

motional impedance (eq. (3.2» 
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I. INTRODUCTION 

The loudspeaker is generally known as the weakest link in the sound-repro

duction chain. It should create a sound prLssure proportional to the electric 

signal of the amplifier. In general, the common loudspeaker may be split into 

two parts: an electromechanical and a mechanical-acoustical part * ) . The latter 

mostly consists of a diaphragm, the vibration of which actually creates the 

sound pressure. This vibration is provided by the electromechanical driving 

system, the working principle of which classifies the loudspeaker as being of 

the electrodynamic (moving coil), electromagnetic (moving iron), electrostatic 

or piezoelectric type. 

One of the greatest difficulties in the conversion of electrical into acoustical 

energy is the realisation of a prescribed (mostly flat) frequency response in a 

certain (mostly large) frequency range. The influence of the driving me<.:hanism 

on the response b eing generally known, the basic theme of this paper is the 

vibration of the diaphragm and its influence on the sound radiation. The electro

mechanical driving system is of secondary importance here. We will fix our 

dttention exclusively on the conical diaphragm which is commonly applied in 

today's mostly used loudspeaker: the electrodynamic type. Th is diaphragm 

shape is also very often used in the seldomly encountered electromagnetic and 

piezoelectric loudspeakers. The reason for the present study is the almost com

plete lack of any th eoretical work on the sound-radiating properties of the 

conical diaphragm. 

After the invention of the loudspeaker about a century ago it was undoubtedly 

McLachlan II ) who (in the thirties) studied experimentally the electrodynamic 

loudspeaker most profoundly. There was however no thought of calculating the 

sound radiation: the radiative properties could only be approximated by assum

ing the cone to be a flat rigid piston, a model only valid for low frequencies 

where indeed the cone osciilates more or less rigidly. Later on, in 1951, Nimura 

et al. 2.3) attacked the problem of theoretically describing the cone mechanical 

behaviour, but their attempts were little successful owing to the impossibility of 

solving analytically the differential equations f or the cone vibration. It was not 

until the sixties that numerical methods were applied for the solution of these 

equations with high-speed com puters 14). 

Ross 4.5 ) in 1966 analytically st udied the axisymmetric vibrational behaviour 

of a shell of revolution in an asymptotic approximation, but his work is of 

limited value here because the region of validity of his results falls mostly 

outside the bandwidth of the loudspeaker. 

Even until now, the above-mentioned rigid-piston ap;)roximation forms the 

*) This does not hold for the seldomly lIsed ionophonic lou d�peak er. 
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basis for all calculations of the radiated sound pressure and sound power. New 

loudspeakers are practically developed by trial and error and quasi-technical 

philosophies alternate with almost fashion determined "improvements". 

Pat.ents describing "the ideal loudspeaker" are numerous. AU this has been 

the instigation fur the underlying study which, we hope, wrll contribute to a 

better understanding and hence to better design of the electrodynamic loud

speaker. 

1.1. rlan of thesis 

rt is characteristic of the calculation of the sound radiation by Loudspeaker 

cones that, even to obtain numerical results for one typ.ical loudspeaker cone, 

large computation times are required. It is therefore impractical, especially 

from the economic point of view, to make sound-radiation catculations for all 

types of loudspeaker cones. A feature of this study i.s that a great deal of the 

conGlusLoMs are based on the calculation of the sound radiation of a few typical 

cones, although some basic phenomena are studied more thoroughJy. Therefore 

no extensive general characteristics must be expected with the aid of which the 

frequency rebpOl)se can be predicted exactly for any loudspeak�r cone. Only 

typical phenomena such as characteristic peaks and dips, upper limit of the 

frequency re�ponse and the like can be calculates reLativeJy easily for any cone 

geoOletry. 
T-he plan of this thesis is the following. I n chapter 2 the generation of sound 

by loudspeaker cones �s qualitatively described without going into mathematical 

details or proQfs; the accent is laid on making plausible all phenomena that 

inftuence the SOUM radiation. Mathematical details. numerical results and 

extensive discussions are given in the chapters 3 to 6, of which only the last 

chapter describes the 90und radiation explicitly. in the others the mechanical 

cone behaviour is disctJssed. In these chapters one may fi nd the basis of the 

explanations and conclusions sta ted in chapter 2. Further. typical properties 

concerning the cone mechanical behaviour and sound radiation, as well a5 

their dependence on the cone geometrical and material parameters are dilicussed 

extensively on a theoretical basis and verified by measurements. Oesign rules 

are gJven. 
The descriptKm of the soond mdiation will be mooe in three steps. First, the 

w�l-known characteristi� of the rigid piston will be summari!ed; t he latter is a 

good approximation to the cone at low frequenc�s. Next, th� radiation of a 

rigid �ne will be discussed and oompared with that of the rigid piston. Finally, 

the sound radiation of a flexible cone will be considered a.nd compared with 

the other radiators. The discussion will be illustrated by typical examples of a 

rigid piston, a rigid cone and a flexible cone all having the same mass and outer 

radius; this allows easy comparison of the charaate-ris.l�s. 
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2. QUALITATIVE DESCRIPTION OF THE VIBRATION AND THE 

S()L�D RADIATION OF LOLDSPEAKER CONES 

2.1. Introduction 

a) 

Outer cone suspension (nm) 

Cone 

Inner cone suspension 

Oust cap 

Fig. 2.1. a) Photograph and b) cross-section of an electrodynamic loudspeaker. The photo
graph shows cone 50.2e lIsed for the holographical visualization of vibration patterns (see 
sec. 5.12.2) and the driving mechanism lIsed in all mea s urements. 
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A photograph and a cross-section of an electrodynamic loudspeaker is shown 

in figs 2.la and b. The conical diaphragm, usually made of paper, is sus
pended by an outer suspension or rim and an inner suspension or spider. The 

latter limit the maximum excursioil of the cone at low freq uencies so that the 

voice coil remains inside t he air gap of the permant:nt magnet. The voice coil is 

attached to the voice-coil cylinder, generally made of paper, which is glued to 

the inner edge of the cone. In most cases the spider is also attached to this edge. 

The voice coil is placed in the radial magnetic field of a permanent magnet and 

is fed with the signal current of the amplifier. In accordance with Lorentz's law 

this coil exerts an axial force on the cone; the latter is displaced and creates an 

air nux giving rise to a small disturbance of the atmospheric pressure. The 

amplitude of these pressure fluctuations is called the sound pressure. 

2.2 Basic assumptions 

In order to eliminate the (well-known) influence of tile driving system it will 

be assumed tha t all radiators are driven by a sinusoidal axial force with a fre

quency-independent amplitude. For an electrodynamic driving system this 

means that the vcice coil is supplied with an alternating current of constant 

amplitudl.!, which can be assumed without los� of generality, since afterwards 

all characteristics may be �asily multiplied by a possible frequency dependence 

of the current am pI it lOde. 

The influence of the fundamental resonance caused by the radiator mass and 

suspension is well known: below the fundamental resonant frt:quency /0, the 

vi bration is contro\!ed by the sti fTne�s of t�lC suspensions, t he inertia of the 
rnoving mass being relatively smaH (stiffness control). If the radiator vibrates 

in an infinite baffle, which in the followi!l� will ulways be assumed, the axial 

sound pressure and radiated sound power incrt:ase with 12 dB per octave I ) . 

Hence we only need to consider the frequency region above fo for which the 

inertia of the moving mass dominates over the sti ffness of t he suspension (mass 

control). 
Further: the influence of the radiation impedance on the radiator vibration 

will be neglected. This neglection is ba�ed on Lax's proof:l7) that the influence 

of the radiation impedance on the lowest four vi bration modes of a flat circular 

diaphragm can be neglected (cf. sec. 6.5.�). Finally, the sound pressure is only 

considered at a large distance from the radiator (far field or F raunhofer region). 

2.3. The rigid-piston approximation 

The simplest model for the calculation of the sound radiation of a loud

speaker cone is the rigid piston. Then the driving force creates a uniform velocity 

of the radiating surface which is inversely proportional to the frequency, accord

ing to Newton's law. The axial sound pressure is frequency-independent 

(fig. 6.6a), its magnitude is proportional to the driving force and inversely pro-
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portional to the piston mass and the distance. 

The radiated sound power is frequency-independent up to the transition fre

quency .I�. The latter frequency, at which the sound wavelength ;'0 in air be

comes about equal to the piston circumference, marks the transition from the 

more or less uniform radiation in all directions to a pronounced radiation in the 

axial direction, where the beam becomes narrower with increasing frequency. 

The latter is explained by a sound power decreasing inversely proportionally 

to the frequency (fig. 6.60). 
When we compare the results of the rigid-piston approximation with meas

urements on a real current-driven electrodynamic loudspeaker in a baffle 

(figs 6.190 and b), we can see that for low frequencies the agreement is quite 

satisfactory but in the high-frequency region the approximation deviates sub

stantially: the measured sound pressure is all but constant and sound power is 

radiated over a wider frequency interval (about one decade wider). There are 

two obvious reasons for this deviation, directly inherent to the rigid-piston 

approximation. First the conical shape of the diaphragm and secondly the 

flexibility of the real loudspeaker cone considerably influence the sound radia

tion in the high-frequency region. They both cause thei� own typical deviation 

from the rigid-piston approximation; these deviations show up above certain 

typical (different) frequencies. In the following sections these influences will be 

discussed. 

2.4. The rigid-cone approximation 

Suppose a rigid loudspeaker cone, placed in an infinite baffle, to be driven by 

a force with a frequency-independent amplitude. A t low frequencies, where the 

sound wavelength ;'0 is much greater than the cone dimensions, the radiation 

of cone and piston do not diner from each other. In that case the cone, like the 

piston, can be conceived as an acoustic point source. 

However, above a certain frequency let at which i.o becomes of the order of 

magnitude of the cone depth, concentric cone parts radiate waves that may 

arrive in antiphase at the field point. With increasing frequency the axial sound 

pressure then decreases (rigid-cone roll-off ), since the distance between these 

concentric parts and hence their difference in area decreases, thus enhancing the 

mutual cancellation of the waves radiated by these parts (fig. 6.60). The fre

quency Ie increases with decreasing cone depth and becomes infinite for a flat 

piston, in accordance with the rigid-piston approximation. The radiated sound 

power starts to decrease at the transition frequency.t; just as for the rigid piston 

(fig. 6.60). 

2.5. The flexible cone 

In practice, the loudspeaker cone is far from rigid. Above a certain frequency 

fra (the subscripts will be explained later on) (axi-)symmetric bending and 
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longitudinal waves appear on the cone (the so-called cone break-up). The sur
face velocity is then far from uniform. Only symmetric wave motion is of 
interest here; asymmetric (i.e. not rotationally symmetric) waves already ap
pear at a much lower frequency but they do not influence the sound radiation, 
as will be explained in sec. 2.5.1.1. 

Below j�11 the measured sound radiation agrees very well with the calculated 
rigid-cone radiation. I f j� is greater than j�1I' even the rigid-piston approximation 
gives excellent results for f < j�u' When we compare the calculated rigid
cone radiation with the measured non-rigid response it appears that the band
width of the loudspeaker is increased by cone break-up. Hence, to attain a large 
bandwidth, the cone should not be made as rigid as possible. I n sec. 6.7 we will 
see that there are still other reasons for avoiding an extremely rigid cone. 

In the following the mechanical behaviour and the sound radiation of the 
flexible cone will be discussed successively. 

2.5.1. Mechanical behaviour 

2.5.1.1. W a v e  t y p e s  

We may distinguish between two wave types, which will b e  called bending 
and longitudinal (or extensional) waves. On a paper plate, the two wave types 
may e�ist independently; they do not influence each other. In that case the dis
tinction is very clear. Bending waves have displacements normal to the plat€ 
surface, the wave velocity depends on the frequency and the bending stiffness. 
Longitudinal waves create displacements in the plane of the plate and the longi
tudinal wave velocity is much higher than the velocity of bending waves because 
of the relatively low bending stiffness of the plate. Therefore the longitudinal 
wavelength is much longer than the bending wavelength. Apart from that, it is in
dependent of the thickness, at least for longitudinal wavelengths much greater 
than the thickness, which is always assumed. 

For a cone, the situation is somewhat more complicated. In general the two 
wave motions cannot exist independently. A transverse displacement (normal 
to the cone surface) automatically leads to a longitudinal displacement (in the 
plane of the cone) and vice versa. This may be illustrated on the basis of fig. 2.2 

which shows a conical ring, on the inner edge of which a longitudinal force F, 
acts uniformly (upper figure). Statically we may explain the coupling mechanism 
by first allowing a longitudinal displacement li, which then instantaneously 
evokes an azimuthal stress because of the diameter increase. ThiS azin�uth� 

-
- _ . -

- - - -

stress leads to a force Fe directed towards the ring centre (middle figure), which 
can be decomposed into a transverse force F, giving a transverse displacement 
and a longitudinal force F/ opposing F, (lower figure). Equilibrium is reached 
when the azimuthal stress has become so high that F,' equals F,. I n the dynamic 
case the situation is essential ly the same, but then inertia forces must be taken 
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Fig. 2.2. Illustration of the cou pling between a l on gitudinal and a transverse displacement. 

into account. Hence, in general, longitudinal and transverse waves are coupled 

via the c one angle and we cannot speak of pure bending or pure extensional 

waves. We will make a distinction between the two wave types 011 the basis of 

the deformation energy of the cone surface. This energy is the sum of the de

formatio n energy of bending and the deformation energy of stretching of the 

cone surface. If, for a certain wave, the former part is greater than the latter, we 

will call i t a bending wave � otherwise .the wave will be called longitudinal. 

Both wave types m ay travel in azimuthal as well as in meridional direction. 

Let us first discuss the former. The travelling waves in both azimuthal directions 

may cause standing waves with nodal and antinodal lines in meridional direc

tion (fig. 2.3). The standing-wave pattern is then called asymmetric (i.e. has no 

rotational symmetry). Since the bending stiffness of the cone in the azimuthal 

direction is relatively l ow, the wave velocity of these asymmetric waves will also 

be low. Therefore resonant frequencies, at which an integral number of half 

wavelengths fits on the cone circumference, are low' (for a typical 8" loud

speaker the standing-wave motion of fig. 2.3 already appears at about 100 Hz). 

Because of the small bending wavelength as compared to the sound wavelength 

these waves are in general acoustically short-circuited. This means that the air 

is merely pumped to and fro between neighbouring cone parts, which vibrate 
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Fig. 2.3. Asymmetric vibration with 
two nodal diameters. 

Fig. 2.4. Symmetric vibration with 
two nodal circles. 

in antiphase; very little sound is radiated. Apart from that, these waves are 
exclusively excited by inhomogeneities: if the cone were perfectly homogeneous 
and driven purely axially and uniformly along the inner edge circumference, no 
asymmetric wave motion would appear a t all. Of course the latter is not the 
case in practice, but the inhomogeneities will be small and consequently the 
same holds for the "driving force" of the asymmetric waves. Therefore the 
sound radiation of the asymmetric waves will be neglected. 

In the following we will fix our attention exclusively on the symmetric waves, 
directly excited by the axial driving force and in fact providing the sound radia
tion. Here too, standing waves may occur. because the waves generated at the 
inner edge travel to the outer edge and are partly reflected there (part is absorbed 
by the outer suspension). The standing-wave pattern is symmetric with con
centric nodal circles (fig. 2.4). In the presence of internal losses travelling waves 
appear on the cone as well, which blur the standing-wave pattern: at the nodal 
circles the amplitude becomes minimum but not quite zero. 

I n figs 5.30 and 5.32 holographic rel:ordings of the standing-wave patterns of 
a polycarbonate and a paper cone are shown. Note that the paper cone is less 
homogeneous. 

2.5.1.2. Resonant  a n d  antir esonant  frequencies 

At certain frequencies the dispiacements at the inner edge caused by the out
going and the reflected waves are exactly 180 degrees out of phase. A node then 
appears at this place; the frequencies at which this occurs are called antiresonant 
frequencies. In general, at these frequencies an odd number of quarter wave
lengths fits on the cone meridian (in the following for simplicity the outer edge 
is supposed to be free). At the so-called resonan t frequencies the displacements 
caused by the outgoing and the reflected waves are in phase a t the inner edge; 
an antinode then appears at this place. In general this occurs when an integral 
number of half wavelengths fits on the cone meridian. 
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The above holds for both bending as well as longitudinal waves. The spacing 
between the bending resonant and antiresonant frequencies is much smaller 
than that between the longitudinal ones because of the relatively low bending
wave velocity. All phenomena described until now are also encountered on a 
flat ring driven at the inner edge by an oblique force; the only difference lies 
in the coupling of longitudinal and transverse displacements in the case of a 
cone. This coupling leads to a typical phenomenon not encountered on a flat 
plate, viz. cone bending waves appear exclusively above a certain characteristic 
frequency .I�a which is practically independent of the cone thickness. 

The typical vibration of the cone at hQ can be explained with the aid of a 
conical ring in free vibration (fig. 2.5a): at the ring resonant frequency hr. it 
vibrates in a plane perpendicular to the axis (the centre of gravity remains at 
rest). If a longitudinal force F, is applied at the inner edge (fig. 2.Sb) an anti
resonance occurs at a frequency below frr. The ring circumference then also 
contracts and expands (hence the longitudinal nature of the resonance), the 
motion is however purely transverse. This frequency is called the ring anti
resonant frequency Ira. The transverse amplitude w attains such a magnitude 
that the inertia force evoked by the displacement of the centre of gravity com
pensates the axial component of the applied force (sec. 4.4) . 

.- ��--.-----------+-----------+---�� 
0) 

b) 
Fig. 2.5. Motion of a conical ring; 
tI) at the ring resonant frequency f". 
b) at the ring antiresonant frequency fra· 

A similar effect is observed if the conical ring has a greater meridional length. 
Then ha of the cone lies close to the ring antiresonant frequency of tht! outer 
edge. The typical motion of the cone at that frequency is illustrated in fig. 4.8. 

The frequency f,a marks the beginning of cone break-up. Belowf,.a the cone 
motion is more or less uniform, whereas above .f�a bending and longitudir.al 
waves appear on the cone, giving rise to bending and longitudinal resonant and 
antiresonant frequencies. It should be noted that the ring antiresonant frequency 
ha and the ring resonant frequencY.l�r originate from extensional motion in the 
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azimuthal direction, i.e. to a first approximation they are independent of the 
meridional length of the cone. On the other hand, bending and longitudinal 
resonant and antiresonant frequencies originate from wave motion in the 
meridional direction and therefore depend strongly on the meridional length. 

2.5.1.3. Mec h a n i c a l  i m p e d a n ce 

Since we have a forced vibration, we will have to discuss the reaction of the 
cone to a driving force. An adequate quantity to express this reaction is the 
mechanical impedance, defi ned as the force per unit velocity at the inner edge. 
In the transverse direction, a much lower force is needed to attain a unit velocity 
than in the longitudinal direction, because of the small bending stiffness. There
fore the transverse impedance Zr will be much lower than the longitudinal 
impedance Z,. This has important consequences, as will be shown in the fol
lowing. 

The voice coil delivers an axial driving force at the inner cone edge. The inner 
suspension restrains the latter from moving in other directions than parallel to 
the cone axis; besides that, the attached inner suspension and voice coil make 
the inner edge relatively stiff. Now when an axial driving force Fa is exerted, 
the motion is opposed by the impedances in longitudinal and transverse direc
tions, represented by the two springs in fig. 5.3b (it should be noted that in 
general the impedances Zt and Zr cannot be represented by springs). Because 
the inner edge has to move aXIally, the longitudinal impedal�ce 2, will determine 
the ultimate axial displacement (Zt »Zr)' Hence, the axial impedance ZII will 
mainly be determined by Z,. Of course this also depends on the cone angle: if 
the cone were a flat ring, Zt would not intluence ZII at all. Therefore, the typical 
frequency dependence of Z, (peaks at the longitudinal anti resonant frequencies 
where a node appears at the inner edge and dips at the longitudinal I esonant 
frequencies where an antinode appears at that place) will also be visible in the 
frequency characteristic of Za' 

The foregoing is illustrated in fig. 5.23, which shows the modulus of the axial 
imredance ZII at the inner edge of a typical cone .) with internal damping cal
culated as a function of frequency (drawn curve). This figure is obtained by 
solving numerically a system of simultaneous first-order differential equations 
describing the axisymmetric mechanical cone behaviour for a large number of 

frequencies. In the low-frequency region IZIII increases proportionally to the 
frequency according to Newton's law: in that region the whole cone oscil1c1tes 
more or less uniformly in the axial direction. At the ring antiresonant frequency 

fra a relatively high peak occurs, because Z, becomes maximum. 
Above frlJ' small closely spaced peaks and dips are visible in IZal (fig. 5.23). 

These are caused by bending antiresonances, which is explained as follows. It 

*) Material and geometrical parameters, see se�. 5.11. 
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has been remarked before that in general Z, « Z,; the mean value of IZul is 
determined by IZ,j. However, at the bending resonant and antiresonant fre
quencies, Z, becomes minimum and maximum respectively, which causes small 
dips and peaks (fine structure), which are superposed on a mean curve deter
mined by Z,. The spacing between the peaks (or dips) depends on the bending 
stiffness; their height depends on the damping of the bending waves on the 
cone, the bending wavelength and the meridional length of the cone. When the 
damping increases, the reflected wave becomes small and hardly interferes 
with the outgoing at the inner edge; this results in less-pronounced anti
resonances and resonances. I t may occur that the reflected wave has become 
negligibly small at the inner edge; in that case bending resonances or anti
resonances do not show up at all and the axial velocity varies smoothly with 
frequency. 

Bending resonances and antiresonances only appear above the cone break-up 
frequency j�u; they gradually disappear with increasing frequency because the 
bending waves have to travel an increasing number of bending wavelengths 
before they arrive a t the inner edge again. This means that in the high-frequency 
region only trave\Jing bending waves show up. 

For sufficiently high frequencies (above 10kHz, fi g. 5.23) the wavelength of 
the longitudinal waves becomes shorter than the cone meridional length and the 
waves "do not notice" the cone angle anymore: they behave as if they were 
travelling on a flat plate with the same meridional length as the cone. The axial 
impedance shows the typical behaviour of a longitudinally driven plate: IZul 
osci Ilates about a frequency-independent mean value (the characteristic lon
gitudina I impedance of a plate is frequency-independent). 

The frequency dependence of the axial impedance IZul shown in fig. 5.23 is 
characteristic of all loudspeaker cones. The longitudinal antiresonant frequen
cies, at which IZul becomes maximum are determined by longitudinal wave 
motion in the meridional direction. The heights and depths of the maxima and 
minima are determined by the internal loss factor; this holds for both lon
gitudinal as well as bending resonances and antiresonances. 

I n the foregoing the mechanical behaviour of a cone has been considered 
without taking into account the voice-�oil mass (and other additional masses at 
the inner edge, e.g. that of the dust cap). The reactance of this additional mass 
Me must be added to Zm giving a total impedance Z\O\ . 

.Jrt�ne low-frequency region where the cone oscillates more or less rigidly, 
Me only causes a upward shift of the Za curve (fig. 5.24). For high frequencies 
however, the reactance of Me becomes higher than IZ"I (fig. 5.23) and Z\OI is 
practically entirely determi ned by Me: it increases proportionally to the fre
quency. Then the maxima and minima at the longitudinal antiresonant and 
resonant frequencies appear on Iy as small disturbances in the frequency charac
teristic of Z\ot (fig. 5.24). 
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2.5.1.4. Di sp l acement  patterns  

The transverse-displacement pattern 0 n the cone ultimately determines the 
sound radiation. We find characteristic displacement patterns in the various 
freq uency regions. 

For low frequencies (/ < ha), the cone oscillates more or less rigidly in the 
axial direction. In the middle-frequency region (region II, fig. 5.23), two wave 
types appear simultaneously on the cone. Between the inner edge and a certain 
point x, (transition point) on the cone the transverse displacement w is deter
mined by a longitudinal wave with a relatively long wavelength. Between X, and 
the outer edge, 'to' is determined by a bending wave with a relatively short wave
length (see e.g. the transverse and longitudinal displacement patterns offig. 5.41t, 
where X, is indicated by a dot). This transition point shifts from the outer to the 
inner edge with increasing frequency in region II: at a frequency j;b it lies at the 
outer edge, whereas it reaches the inner edge at a frequency j�a' 

In the high-frequency region (region III, fig. 5.23), bending waves cover the 
entire cone. 

2.5.2. SOllnd radiation 

Two important factors infl uencing the sound radiation are the conical shape 
of the radiating surface and the transverse velocity distribution on it. The trans
verse velocity distribution is determined by mechanical wave motion on the 
cone surface, created by the axial driving force. Because the latter is symmetric, 
we shall consider only the sound radiation by symmetric waves; the radiation 
of asymmetric waves is neglected as discussed above. 

We may characterize the transverse velocity distribution by the wavelength 
and the wave amplitude, which both depend on the meridional coordinate. The 
sound radiation depends on the volume velocity *) created by the waves on the 
cone surface. The volume velocity is proportional to the wave amplitude and 
the latter depends on the amplitude of the inner edge where the driving force 
keeps everything in motion. The amplitude of the inner edge is determined by 
the axial impedance Zu which is well approximated by the longitudinal imped
ance Z,. Hence we may expect a high influence of Z, on the sound-pressure 
response. 

In this paper the sound radiation is calculated supposing the cone to be 
covered by simple point sources with strengths equal to the local volume veloc
ity on the cone. The sound-pressure response is found by first calculating this 
volume velocity for a number of frequencies and then simply integrating these 
sources over the cone surface. This method is not realistic for directions outside 
the cone apex angle, because it does not allow for the screening-off effect. 
Therefore, we calculate the radiated sound-power level L'l"}oo within a space 

*) The vol ume velocity is the integral of the transverse velocity mer the cone surface. 
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sector having an apex angle of 100 degrees (this is the smallest apex angle 
considered in this thesis). 

For the same reason, the directivity index 01100 is defined as the difference in 
Lwloo of a point source in an infinite baffle creating the same intensity on the 
cone axis as the cone itself and Lw 100 of that cone. The beam width fJ is defined 
as the angle at which the sound-pressure level has decreased by 3 dB as com
pared with the axial value. 

The radiation of a flexible cone will be explained on the basis of a numerically 
calculated example. The radiation characteristics with voice-coil mass Me = 0 

are shown in fig. 6.70. The cone dimensions are given in table 5-1, the fre
quency characteristic of IZal is shown by fig. 5.23. First, we will discuss the fre
quency characteristic of the axial sound-pressure level Lp (upper graph of 
fig. 6.70). As before, we may divide the frequency spectrum into three regions. 

In the low-frequency region (I < .frJ. the cone behaves as a rigid piston: 
Lp is frequency-independent. The peak in IZal at the ring antiresonant fre
quency Ira docs not show up as a dip in the sound pressure because, although 
the amplitude at the inner edge is relatively small, the rest of the cone vi
brates vigorously in a mode which is not acoustically short-circuited (fig. 4.8). 

If the characteristic cone frequency Ie were sufficiently smaller than Ira' 
Lp would decrease betweenfe and.f�" (sec. 2.4). In the middle-frequency region 

(frb < I < .f,J Lp shows a broad maximum on which small oscillations (fine 
structure caused by bending resonances and antiresonances) are superimposed. 
This maximum is found as a relative minimum in the frequency characteristic 
of Za (fig. 5.23). It shows up in the frequency response of Lp, because the 
wavelength on the inner part of the cone is longer than the sound wavelength 
in air. The acoustically short-circuited bending waves on the outer cone part 
are of minor importance (see e.g. fig. 5.41t). I n this frequency region the cone 
effectively radiates as a rigid piston whose radius decreases with increasing 
frequency (sec. 2.5.1.4). 

A minimum occurs at the first longitudinal antiresonant frequency !tal 
(7500 Hz), where IZal becomes maximum. In most cases this frequency forms 
the upper limit of the frequency response * ) . 

In the high-frequency region, the sound pressure oscillates about a mean 
value, showing peaks at the longitudinal resonant (14 and 23 k Hz) and di ps at 
the longitudinal antiresonant frequencies (18 and 28 k Hz). This mean value 
decreases with increasing frequency, because acoustically short-circuited 
bending waves now cover the entire cone. 

The frequency response of the radiated sound power Lw 100 has roughly the 
same shape as the axial sound-pressure response (fig. 6.70, middle graph). A 
difference may appear in the low-frequency region; if the transition frequency 

.) The upper frequency l imit of a response is chosen more or less arbitrarily as the frequency 
at which the response has decreased by 8 dB relative to the low-frequency value. 
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for the rigid piston fr were much smaller than (,a, L ... I 00 would show a roll-off 
at /; with a minimum at j�a. 

The lowest graph of fig. 6.70 shows the frequency characteristic of the direc
tivity index D I I 00 and the beam width /3. On the average, DI 100 of the flexible 
cone is higher than that of the rigid cone, because the latter radiates much 
energy normal to its surface, but lower than that of the rigid piston (cf. figs 6.6b 

and 6.70). 

In a discussion of the sound radiation, the directivity diagram of the radiator 
cannot be left out. The characteristics of this diagram are well known for the 
rigid piston: below I, the radiation is practically uniform in all directions, 
above'/; the sound is mostly radiated in a central beam normal to the piston 
surface, which becomes narrower with increasing frcquency. This is illustrated 
in figs 6.6c, d and e, in which the calculated directivity diagrams for the piston 
of fig. 6.60 are shown at I, 5, 10 and 20 kHz (Ie = 900 Hz). 

F or the rigid cone the radiation below the characteristic cone frequency j� 
(1600 Hz) is as uniform as that of the piston (fig. 6.6c). Above Ic the sound 
radiation in the direction normal to the cone surface increases at the expense 
of the radiation in axial direction (figs 6.6d and e). The cause of this sidelobe is 
clear: in the direction normal to the cone surface a relatively large part of the 
cone radiates waves which arrive in phase at the field point. I n figs 6.6c, d and e 
the latter direction is indicated by an arrow. 

The directivity diagrams of the flexible cone are in general smoother than that 
of the rigid cone or piston because of phase differences in the displacement 
patterns. 

The voice-coil mass considerably influences the frequency characteristic of 
the axial impedance Za as discussed in sec. 2.5.1.3. In that section it was shown 
that above a certain frequency, IZal increases with frequency. The axial velocity 
and consequently the sound pressure and power will decrease with frequency. 
This is shown in fig. 6.170 for the present cone with a voice-coil mass equal to 
one fourth of the cone mass. The steep roll-off at the first longitudinal anti
resonant frequency ./�al is typical; for greater ratios of voice-coil mass to cone 
mass this roll-off starts at lower frequencies. In practice the upper limit of the 
pressure and power responses is determined by the voice-coil mass. 

Finally we will compare calculated and measured curves of a (plastic) cone 
whose geometrical a nd material parametcrs are shown in ta bles 5-V I to 5-1 X. Thc 
frequency characteristics are measured for the loudspeaker placed in an acoustic 
box of 0·1 m3; the front of the latter is formed by a I· 5 . 1·5 m2 baffle. Figure 
6.200 (lower graph) shows the calculated and measured sound-pressure re
sponses of this cone. (n the measured cur\'e a baffle dip appears at about 
300 Hz. Figure 6.20b shows the calculated and measured sound-power responses. 
Both characteristics show a general agreement between calculations and 
measurements. In the low-frequency region the measured curves run somewhat 
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higher due to the radiation by the outer suspensIon. I n the high-frequency 
region the measured responses are higher than those calculated because the 
inner edge is not completely rigid, as assumed in the calculations. 

The measured and calculated frequency characteristics of the directivity index 

01100 and beam width fJ are shown in fig. 6.20c. On the average there is a 
satisfactory agreement. The same holds for calculated and measured directivity 
diagrams (fig. 6.20d). 

2.6. Conclusion 

In the preceding sections the mechanical hehaviour and the sound radiation 
of a flexible loudspeaker (one were discussed and cumpared with that of the 
rigid piston and the rigid cone. We can summarize our conclusions as follows. 

The mechanical cone behaviour is mainly determined by the longitudinal 
impedance Z/ at the inner edge. The frequency characteristic of the latter shows 
large peaks and dips at longitudinal resonant and antiresonant frequencies re
spectively. Bending waves appear on the cone above the ring antiresonant fre
quencY.f�a (cone break-up): they cause bending resonances and antiresonances 
which show up as a fine structure in the frequency characteristic of the axial 
impedance Zu' Above a certuin frequency the voice-coil mass determines the 
vibration amplitude: this frequency increases with decreasing ratio ,\1 e/ M t1 of 
the voice-coi I mass to the cone mass. 

As for the sound radiation, at low frequencies the cone behaves as a rigid 
piston; the response is frequency-independent. Above the break-up frequency 
j�a a more or less broad maximum appears on which the above fi ne structure is 
superposed. A bove a freq uency determined by /llel /l1 d the response decreases 
with increasing frequency. In practice this frequency usually lies below the first 
longitudinal antiresonant frequency!t(/, where a deep minimum appears. 

It has been shown that the pressure and power responses as well as the 
directivity diagrams of a loudspeaker cone can be calculated with acceptable 
accuracy. The upper frequency limit of the power response of an appropriately 
designed flexible cone is higher than that of a rigid cone or a rigid piston. From 
this point of view the cone should not be made as rigid as possible, as is some
times proposed in literature. A high upper limit of the responses is obtained by 
a small ratio ,\1 c/ ,\1 d of the voice-coil mass to the cone mass; however, this 
limit lies at most at the first longitudinal anti resonant frequency f,at. Means to 
avoid the fine structure in the responses and the broad maximum above cone 
break-up will be discussed in sec. 6.7. 

In the preceding sections the most important phenomena concerning the cone 
mechanical behaviour and sound radiation have been discussed briefly. These 
matters and other phenomena will be discussed extensively in the following 
chapters, where the dependence of the sound radiation on the geometrical and 
material properties of the cone will be treated as well. 
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3. TilE ELECTRODYNAMIC LOl:DSPEAKER 

3.1. Intr\)du�tion 

I n this chapter the working principle and characteristic properties of the 
electrodynamic loudspeaker will be discussed on the basis of an electro
mechanical equivalent circuit. Further, a measuring method for the voice-coil 
velocity is explained. 

3. 2. Electromechanical equil'alent circuit 

An electromechanical equivalent circuit for the electrodynamic loudspeaker 
is shown in the diagram of fig. 3 . la; the circuit is of the so-called mobility 
type I ) . It consists of a primary and a secondary circuit, coupled by a trans
former. The primary circuit stands for the electrical side of the loudspeaker. 
It contains the voice-coil resistance Rc and inductance Leo The electromechanical 
conversion is represented by the transformer, which delivers a current with 
amplitude Fa, standing for the force on the voice-coil cylinder. The trans
formation ratio B I : I follows from Lorentz's law 

Fa = B Ii, 

where B is the magnetic induction in the air gap and I the total length of the 
voice-coil windings� i is the amplitude of the voice-coil current. The amplitude 
of the voice-coil velocity is Va (represented by a voltage in fig. 3. la). The mass 
of the voice coil and voice-coil cylinder (in the following abbreviated to voice-

bJ � f��c.. ��$ 

cJ � : ) '( fM�t ��t ���t 
Fig. 3.1. (a) Equivalent circuit of the el ectrodynamic loudspeaker, 
(bl equi\alent circuit of the cone below cone break-up, 
(d equi,al ent circuit of the loudspeaker below cone break-up. 
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coil mass) is Me. the total compliance of the inner suspension is C's and the 
mechanical resistance of the latter is RiS• The total axial admittance (velocity 
per unit force) of the cone plus outer suspension is Ya• In the latter the mechanical 
radiation impedance can be accounted for; this will however not be done for 
reasons discussed in sec. 2.2. 

We find for the total electrical impedance Ze of the electrodynamic loud
speaker (fig. 3.1a): 

Z. = Rc + jwLc + Zmou (3. I ) 

where the impedance between the points A and B is called the motional imped
ance Zmo . . because it originates from the electromotive force induced by the 
motion of the voice coil in a magnetic field. It will be further discussed in 
sec. 3.3. 

We may write in general 

Zmot = (B /)1 vlIlFII (3.2a) 
or 

(3.2b) 

where the axial impedance Zu of the cone is the inverse of Y//. 
For frequencies below cone break-up the cone oscillates more or less rigidly 

in the axial direction and may be represented by the equivalent circuit of fig. 3.1 b. 
In that case the axial admittance Ya becomes 

1 
Ya = --------.--, 

Ros + jwM d + l/jwCos 

Fig. 3.2. Abridged equivalent circuit of 
(il) the test loudspeaker, 
(b) the reference loudspeaker with blocked voice coil. 

(3.3 ) 
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where M d is the cone mass, C()� the compliance of the outer suspension and 
Ro.t the mechanical resistance of the latter. In this frequency region the influence 
of the radiation impedance could easily be accounted for, as only the mass of 
the vibrating air on both sides of the cone must be added to Md' This influence 
is discussed extensively in the textbooks 10.25) and will further be left out of 
consideration. 

Combination of figs 3.la and h leads to the equivalent circuit of fig. 3.1 c, 

valid for low frequencies. In the latter figure the total moving mass is 

and CIOI is the total cOI'i1piiance of the inner and outei suspension, determined 
by I/Cc)! = I/Cis -+- I/C(,�: Riol -= Ri.\ I R".t is the total mecha'1ical resistance. 

The total mass :14101 and compliance CIOI constitute a simple mass-spring 
system and create a resonance at the so-called fundamental resonant freq uency 
.I�, determined by 

I 
.I� = 

1/2 2:7. (Mtot Ctot) 
(3.4) 

This frequency is mostly chosen as low as possible since it determines the lower 
limit of the freq uency response of the loudspc!tker (in a sufficiently large bame 
pressure and power responses decrease with 24 dB per octave with decreasing 
freq uency below fo). 

For frequencies below cone brea!'�-up it follows tn;.!t 

(8 I)� 
Zmot =--------------------- 0.5) 

This equation may be further simplified for freqtl�ncies well below the fun
damenwl resonant frequency fo, since then 

and hence 

or 

1 
IRlol + jwMlotl « -

wCtot 

O.6a) 

( 3.6b) 

Hence, for low frequencies the motion of the cone and voice coil is stiffness
controlled; if Fa is kept constant by driving the voice coil with a sinusoidal 
current with a frequency-independent amplitude i (which is always done to 
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eliminate the inft uence of Rc and Lc) the voice-coil velocity is proportional to 
the frequency. 

Above 10 (but still below cone break-up), where 

the voice coil as well as the cone have a velocity determined by the total moving 
mass M,o, (mass control): we then can write 

(3.7a) 

or 

(3.7b) 

Hence "u decreases inversely proportionally to the frequency. This has important 
consequences for the sound radiation, as will be shown in chapter 6. 

Equation (3.3), giving the axial admittance Ya of the cone itself, can be sim
plified for frequencies far above the resonance of the diaphragm mass AId and 
the outer suspension CU�: 

1 
Y � ---u (3.8) 

jwAI d 

Equation (3.8) too is only valid below cone break-up. 
For freq uencies above cone break-up, eq. (3.2b) is very w�1I approximated by 

ZmOI � ----

jwAI c + Zu 

where Ri� and I /j(J..)Ci� have been neglected, since then 

3.3. Measurement of the foice-coilfclocity 

(3.9) 

It has been stated in the foregoing section that the motional impedance given 
byeq. (3.2) originates from the electromotive force, generated in the voice coil 
moving with a velocity 1'., in a magnetic field. Therefore Vu can be determined 
on the basis of the measurement of Zmol' This will be described in the following. 

The general equivalent circuit of fig. 3.1 a is redrawn in fig. 3.2a where the 
impedance between the points A and B is represented by ZmOl' This leads to the 
total impedance Z(' as given by eq. (3.1). Now a second (reference) loudspeaker 
is used of exactly the same type as the test loudspeaker of which the motional 
impedance should be measured. The voice coil of this reference loudspeaker is 
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blocked by casting it into e.g. epoxy resin. Further the permanent-magnet part 
of the driving system is not magnetized. Although the latter introduces a dif
ference in self-inductance Lc of test and reference loudspeakers, it appeared 
necessary to use a non-magnetized magnet, since even the very small vibrations 
of a blocked voice coil with a normal magnet excite resonances, which cause 
unwanted high peaks and dips in the motional-impedance curve. These meas
ures completely prevent all voice-coil motion of the reference loudspeaker. Its 
motional impedance is therefore zero. The equivalent circui t of the reference 
loudspeaker is shown in fig. 3.2b. Its impedance is 

(3.10) 

With eq. (3.1) it follows that 

(3.11 ) 

The motional impedance is  measured a s a function of frequency by supplying 
the test and reference loudspeakers with the same frequency-independent current 
and then subtracting the voltage drops across the terminals of both loudspeakers. 
In this way the absolute value of the motional impedance can be measured, 
which gives enough information to detect peaks and dips caused by resonances 
and antiresonances. 

The measuring accuracy of this method is not very high, because Ze and Z, 
are almost equal. Small differences in the voice coils of the loudspeakers may 
thus cause considerable deviations, which may even become greater than Zmol' 
This occurs especially in the high-frequency region where the difference in 
permeability of the two magnetic circuits (one magnetized, the other not) leads 
to great differences in Lc. This is however not important, since in general the 
method is not intended to assess the value of the motional impedance, but 
merely to detect peaks and dips in its frequency characteristic. These peak s and 
dips are caused by resonances and antiresonances of the cone (sec. 5.12). The 
frequencies at which they appear can be measured accurately by the above 
method. 

Z. Zr 

Fig. 3. 3. Measuring circuit for the motional impedance. 

A block diagram of the measuring circuit is shown in fig. 3.3. A current 
source drives a current with a frequency-independent amplitude i through the 
test and reference loudspeakers, represented by the impedances Z e and Z, 
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respectively. This current flows back to earth via the output terminal of the 

operational amplifier B, which has a very low output impedance (the input 

impedances of B and the summation network A are very high, so that the 

input currents of A and B can be neglected). Calling It the gain of the operational 

amplifier B, the following equations hold: 

The output voltage 110 of the summation network A (of gain unity) is 

After elimination of II" il2 and 113 we find: 

( ,u- 1) 
Uo =; Z. - Z, ,u + 1 ' 

which, owing to the high value of ,I' (lOs or more), can be written as 

or 

ZlIlot � uoli. 

(3.12) 

(3.13) 

(3.14) 

(3.15) 

(3.16) 

(3.17) 

A detailed diagram of the measuring circuit is shown in appendix E. 
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4.  )'lEMBRANE APPROX I;vtATION OF THE 

MECHA�ICAL CONE BEHAVI OUR 

4. 1 .  Introduction 

An e lectrodynamic loudspeaker  radiates s o u n d  because o f  mechan ica l  d i s 

p lacements  o f  the  cone .  The  bas i s  o f  a desl:r ip t ion  o f  the sound  rad ia t ion by 

a con ica l  loudspeaker  d iaph ragm m ust therefore inev i tab ly  be a descr ipt ion of 

i ts mechan ica l  behav iour .  The m a i n  d i fficu l t y  is the so lu t ion  of the system of 

d i fferen t i a l  equa t ions  wh ich  descr ibes t h i s  mechanica l  behav iour .  For norma l  

l oudspeaker  cones  tl1 i s  sy s t em can on ly  be  so lved  n umer ica l ly  ( see  chapter  5 ) . 

I t  needs  n o  fu rther  comment  tha t  i t  i s  d i ffi c u l t  to  understand the cone  behaviour  

o n  the  bas i s  of n u mer ica l  computat i o ns .  For a bet ter  unders tand ing  i t  may 

therefore be  advantageous to fi rst expla in  the cone behav iour  by means of  an 

approx imate  theory of w h i c h  the  mathemat ica l  descr ipt ion i s  s i mpler. 

The ex tens ional  or  membrane theory is  such a s imp l ificat ion . I n  th i s  approx

i m a t i o n  the cone is s upposed to  have a neg l ig ib le  bending st ifTness. This means  

tha t  a l l  ben d i ng moment s  a r e  neglected and  the  c o n e  mot ion  i s  essen t ia l ly  con

t ro l l ed  by in -p lane  stresses ; the  cone i s  then ca l l ed  a con ica l  membrane .  As a 

consequence the i n fl uence of  t h e  cone  th i ckness  is ru led out ; the la t ter  rem :l i n s  

i n  the  mechan ica l  equat ions  o n ly as  a proport i ona l i ty factor  i n  the  mass  p e r  u n i t  

a rea .  Bu t  e v e n  w i th t h i s  d ra s t i c  s i m pl ifi cat ion n umer ica l  ca lcu la t ions  canno t  be  

d i spensed w i th , a l t hough ana lyt ica l  so lu t ions  can  be given a t  ve ry  low and very 

high freq uenc ies .  

The  usefu lness  of membrane theory wi l l  become clear in chapter 5 where i t s  

resu l t s  are com;nlred w i th  those obta ined w i th the  exact theory i nc l ud i n g  

bend i n g  effects .  There i t  w i l l  be  s h o w n ,  a m o n g o t h e r th i ngs ,  t h a t  t h e  longi t u d i n a l  

resonant  a n d  an t i resonant  frequencies a r e  ve ry  we l l  predicted b y  membrane 

theory and that  in  the presence of in terna l  mater ia l  damping the  frequency 

character i s t ic  of  the longi t ud i n a l  adm i ttance ca lcu lated wi th the  membrane 

theory i s  a good approx i m a t i on of  the  frequency character is t ic  of the ax ia l  

admi t tance ca lcu la ted wi th  the  exac t  equat ions .  

I n  t h e  past ,  the  membrane  theory h a s  been used more than  once  to descr ibe 

the v ibrat ions  of  conica l  surfaces .  1 n 19 5 1 , N i m u ra et al . 2) gave approx imate  

ana ly t ica l  express ions  for the v ibrat iona l  modes of  the con ica l  membrane w i t h  

very s m a l l  a n d  v e r y  large a p e x  ang les ,  the  c o n e  b e i n g  a lmos t  a cy l inder  a n d  a 

flat membrane respect ive ly. F o r  common apex angles  they resorted to a graph

i ca l  determ ina t ion  of  the lower eigenfrequencies  i n  spec ia l  frequency reg ions . 

I t  w a s  n o t  u nt i l  1 966 that  Ross  4 . 5 )  i n  a n  asymptot ic approx imat ion con

structed ana lyt ica l  so lu t ions  for  the membrane as  wel l  as  for the bending 

behaviour  of  a she l l  of  rev ol u t i o n .  Al though h i s  work contr ibuted much to 

the  u n ders tand ing  of  the  genera l  cone  behav iour  ( see  sec .  5 . 3) ,  his  resu l t s  can-
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not be a p pl ied in t h e  essent ia l  part  of the loudspeaker  frequency range.  Later  

on, in  1 967 6 ) ,  he a l so gave approx imate  ana lyt ica l  so lu t ions  for th i s  part ,  but  

these are  m a i n ly  in te i;ded to g ive  i n s ight  in to  a spec ia l  phenomenon  ( t rans i t ion  

point) genera l ly  encountered i n  t he  v ibra t ion  of  con ica l  she l l s  (d i scussed i n  

chapters 4 and 5 ) .  I n order t o  obta in  more-accurate resu l t s  h e  suggests n u merica l  

so lut ion of  the d iffe rent ia l  eq uat ions .  

I n  t h i s  chapter  the  forced v ibra t ion  of the con ica l  membrane  wi l l  be  descr ibed 

mainly on the basis of numerical  computat ions .  For  very low and very h igh 

freq uenc ies ,  re lat ive ly s imple  ana ly t i c  express ions  can be der ived ,  which con

tr ibute c o n s iderably to  the  u nders tand ing of the cone behav iour. O n l y  ax i 

symm e t r i c  v ibra t ions  wi l l  be  cons idered.  Asymmetr ic  v ibra t ions ,  caused by 

inhomogene i t i es  and the  l i ke ,  wi l l  be d i scussed briefly in the fol low ing  chapter .  

Alth o ugh  neglect ing the  cone bend i n g  s t iffness may seem a t  l1rs t  s ight  a very 

crude approx imat ion  we sha l l  see that very useful res u l t s  can be obta ined on 

the bas i s  of  mem brane theory .  

4.2. Cone geometry 

We w i l l  s imp l i fy t h e  configurat ion of the e lectrodynamic  loudspeaker  shown 

i n  fig .  2.1 h by "st r ipp ing "  i nessent ia l  par t s  from t h e  cone .  I t  was shown i n  

chapter  3 tha t  the  ou te r  suspens ion does  no t  fundamenta l ly  change  the 

mech a n ica l  behav iour  of the cone,  though in  the  low-frequency region the  outer 

suspe n s i o n  and  the  cone may v ibrate  i n  an t iphase ,  which causes a d ip  i n  the 

frequency  response ( the so-ca l led r im d i p) .  Th is  d ip i s  u sua l l y  eas i ly  recognized 

(see sec. 6 .6 . 2) and wi l l  be left out  of  cons idera t ion .  

I n  the  fol l owing we w i l l  a s sume the  ou ter  edge  to  be  free ; t h e  damp ing  

i nfluence  of  the ou te r  suspens ion w i l l  be accounted for by  tak ing  the i n terna l  

loss fac t o r  of the cone mater ia l  somewhat  h igher  than  the  pract ica l  va lue .  

Th is  p r ocedure o f  d i st r ibu t i ng  the  edge damping  over  the  v ibrator  su rface i s  

just ified i f  the  d a m p i n g  i s  no t  too  h i gh ; i t  cons iderably s imp l ifies  the  mathe

mat ica l  descr ip t ion .  

Fur ther ,  the  i n fl uence of the dr iv ing  mechan ism (vo ice  co i l  and  i nner  sus

pensi o n )  w i l l  be  left out  of  cons idera t ion .  Later  on i t s  i n fluence may  be account

ed for on the  bas is  of  the  equ iva len t  c i rcu i t  of fi g. 3 . 1  a .  These s impl  ifi cat ions  

leave us  wi th  the configurat ion of  the t runcated con ica l  she l l ,  shown in  fig .  4.1 a, 
which w i l l  be the bas ic  m ode l  for a l l  computat ions .  There are fou r  geometr ica l  

parameters ,  v iz .  the  inner  and outer radi i  R(/ and Rb respect ive ly ,  the semi-apex 

angle � and the she l l  t h ickness  h .  The fou r mater ia l  parameters are : Y o u ng's  

modul u s  E, the mass  per  un i t  volume (J,  Poisson's  rat io  v and the  in terna l  loss  

factor  b .  

4.3. 1\tlembrane differential equations 

The coord i nates o f  a basic cone e l ement  are  depicted in fi g. 4.1 a. The mer id-
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iona l  coord inate  of th i s  e lement  is ca l led x, the az i m u tha l  coordinate 8. A 

quan t i t y  often encoun tered in the theory of the v ibrat ions  of she l l s  i s  the pr in 

c ipal  r ad iu s  of curvature ' 2  i n  the  8-direct ion ( a l so  ca l led second rad i u s  of  

curvature). 

Fig. 4. 1 0. Cone geometr y and coordinates of  a cone elemen t. 

Cone axis 

N, 

Fig. 4 . 1 h .  Cone elemen t wi th the pos i tive directions of  the membrane st ress r esul tan ts and 
displacemen ts. 

Figure 4. ] b shows the  pos i t ive d i rect ions of the  membrane s t ress resu ha n t s  * )  

and  d i splacements .  S ince on ly  a x i symmetr i c  v ibra t ion  i s  c o ns idered, t h e  d i s

p lacement  in the az imutha l  d i rec t ion  is assumed t o  be zero. T h e  displacements 

.) A stress resu l tan t is  de fined as the force acting on one side o f  a shel l e leme nt per u ni t  
length o f  tha t side. 
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in transverse and meridional directions are wand II respectively. Further, the 

stress resultants N x and No in meridional and azimuthal direction are inde

pendent of e. The internal loss factor is initially supposed to be zero; it wil l 

be introduced in sec. 4.7.4. 

d x �---=--t-------" 

Fig. 4.2a. Elementary conical ring. 

No dx dB cos cr 

N9d�d8� 
w 

Fig. 4.2b. Illustration of the transverse force opposing a transverse displacement w. 

Application of Newton's law to the cone element of fig. 4.2b in the merid

ional direction leads to 

� �2U 
- (Nx r dB) dx - No sin Q: dx de = (! Iz r de dx -, 
�x �12 

(4.1 a) 

where the second term on the left-hand side is recognized as the meridional 

component of the azimuthal stress No- Newton's la w in the transverse direction 
reads 

�2W N 8 cos Q: dx de = -0 Iz r de dx -- . 
� �/2 

In these equations r is the distance of the cone element from the axis. 

For sinusoidal vibration, eqs (4.1) may be written as 

(4.1 b) 
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( 4.2a) 

( 4.2b) 

where the symbols f or the stress resultants and the displacements now repre
sent the amplitudes of the sinusoidal variation in time; the time factor 

exp (J(/)!) has been left out. Further, we have the stress-strain relations ( Hooke's 

law): 

N x --= K ( Ex + v Eo), 
No = K (Eo + VEx), 

where K is the extensional stiffness, defined by 

Ell K = ---

Finally, the following strain-displacement relations hold: 

d l l  
E = -

x dx
' 

II sin ':i. + w cos ':i. 
£8= -------

r 

( 4.3a) 

( 4.3b) 

( 4.4a) 

( 4.4b) 

which can be easily derived by considering the elongation per unit length in the 

meridional and the azimuthal directions. All these equations can be found in 
any textbook on vibrations of shells 18). 

The above six equations form the basis of the membrane theory applied to 

a conical surface. Elimination of the strains Ex and eo leads to two simultaneous 

first-order differential equations: 

dll l'2 g - 1 v g 
- - - ---- Nx- - li. 
dx E Iz x 

In eqs (4.5) the wavenumber k is defined as 

k = (/Jjc 

( 4. 5a) 

( 4.5b) 

( 4.6) 

where c = (E/,!)1/2 is the longitudinal wave velocity in a bar; the factor g is 

given by 
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1 
g= --------------1 - lj(k x tan (1)2 (4.7) 

g = 1 for a fiat membrane. 
The so-called membrane equations (4.5) express a relationship between the 

fundamental variables Nx and If. All other variables can be expressed in terms 
of these fundamental variables with the aid of eqs (4.2) to (4.4). Thus we find 

for instance for the transverse displacement 

W=<g-I)(U+ :: N.)tan<x (4.8) 

and for the meridional stress resultant (Elt ) N (J = g --;- If + v N x . (4.9) 

The membrane equations are singular at x = O. In the solution this sin

gularity is avoided by considering only truncated cones. A second singularity 
appears when k x tan � = I; the factor g then becomes infinite. For a given 

frequency this singularity occurs at a specific point on the cone meridian. The 
meridional coordinate of this so-called transition point is 

I 
x, = . k tan a 

(4.10) 

If a � Xr � b, where a and b are the meridional coordinates of the inner and 
outer edges respectively, this singularity corresponds to a circle on the cone 

surface. With increasing frequency this circle moves from the outer to the inner 

edge. It lies at the outer edge at a frequency /rb, given by 

c cos rt. 
Irb = ----

2n Rb 

and it reaches the inner edge at a frequency fro, where 

4.4. A typical resonance 

c cos a 
Ira = ----

2n Ra 

(4.11 ) 

(4.12) 

The na ture of the above singularity may be explained as follows. let the cone 
be divided into rings of smal l meridional length (fig. 4.20). A small part of such 

a conical ring is shown in fig. 4.2c. 
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u 

/ 
F, w 

Fig. 4.2c. Reaction of a conical ring to a longitudinal force. 

The element is driven by a longitudinal force Fl' The stress and the dis

placements are uniform throughout the element. Applying Newton's law in 
the ';-direction we find: 

F, sin (l - F dO = _(.02 m �, 

where F is the hoop force and III = Q " r bx MJ is the element mass. If the 

hoop stress is denoted by T, we have: 

� E  
F = T " c5x = - " c5x. 

r 

From these equations it follows for the radial displacement that 

The axial displacement follows directly from Newton's law: 

F, cos � 
rJ = - . 

(/)2 n II r bx MJ 

The displacements II and w in longitudinal and transverse directions are linear 

combinations of .; and 'Yj ( fig. 4.2c): 

We find: 

II = .; sin � + )j cos 1, 

W = .; cos � - 'YJ sin 1. 
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F, k2 ,2 - COS2 (J. 
U= 

E h, �X MJ k2 (k2 ,2 - 1 )  

F, sin (J. cos ':1. 
U' 

=
- E h, �x Of) k2 (k2 ,2 - 1 )  

The displacements II and U' become infinite a t the frequency where k , = 1 *). 

At this so-called ring resonant frequency 1m given by 

C 

j�r = -2-' n, 
(4. 1 3  ) 

any ring, whether conical or not, will show a resonant motion. Further, at Irr 

u 
- = tan ':1.. 
U' 

This means that the motion is purely in a plane perpendicular to the axis: the 

centre of gravity remains at rest. Hence,lrr is a natural frequency. 

It follows that the longitudinal displacement II becomes zero at a frequency 

where 
k, 

= 
cos ':1. 

or 
k x tan ':1. = 1 .  ( 4. 1 4) 

This frequency is called the ring antiresonant ** ) frequency fra; from the latter 
equation we fi nd 

c 
Ira = . 2;r x tan (J. 

( 4. 1 5) 

The transverse displacement at this frequency is 

( 4. 1 6) w= ------
k2 E h, �x Of} 

The centre of gravity is displaced in accordance with Newton's law. 
We may conceive the motion atf,a as being caused by a simple mass-spring 

system formed by the element mass In and the stiffness s, in the transverse 
direction. This can be shown as follows. The stiffness Sr is easily found from 

the transverse force Fr per unit transverse displacement for u = 0: 

.) The same occurs for the static case (k = 0) . 
•• ) In membrane theory "antiresonant" refers to II = 0 at the driving point, in bending 

theory (chapter 5) to II = H' = 0 at that point. 
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I Ft F cos � M) � E Iz cos � bx be E Iz cos2 � 
S t = - = --- - ------- - ---- 6x MJ. 

w w w r  r 

The resonant frequency .I�es of this mass-spring system is 

Hence 

I (S ) 1/2 t Ires = - -
2:z: m 

c 

2:z: X tan � 

k x tan � = I 

for this frequency, in accordance with eq. ( 4.1 4) . Thus, at the ring antiresonant 

freq uency .I�a, the ring in fact exhibits a tran sverse resonance. 

The above may be summarized as follows. The ring resonant frequency irr 
is a natural frequency of the ring; for a forced vibration both the longitudinal 

displacement 1I and the transverse displacement w become infinite: the ring 

vibrates in a plane normal to the axis. At the ring antiresonant frequency.l;a 
the motion is purely transverse, the longitudinal displacement is zero. Because 
the centre of gravity is displaced, this motion can only he carried out in forced 

vibration. It should be noted that the motions at .I�r andf�" are not a result of a 

wave equation and are therefore not a wave motion; they are developed from 

an equation of motion with a unique solution. 
A complete cone may be considered to consist of interconnected conical rings. 

It may occur that k x tan � = I for one of these rings. At this place the 

membrane equations show a singularity ( the transverse displacement w becomes 

infinite as �x -� 0 in eq. ( 4.16)); the meridional coordinate of this ring coin

cides with the transition point x, ( cf. eqs ( 4. 1 0), ( 4.1 4)). Therefore, the nature 

of the singularity at x, in the membrane equations is in fact a simple mass

spring resonance in the transverse direction; the transverse resonance lies at 

the inner and outer edges at the frequencies .I;a and .frb respectively ( eqs ( 4.11 ), 
( 4. 1 2». 

For the description of the forced vibration, the longitudinal displacement lI(a) 

at the inner edge is important. If the meridional cone length is infi nitesimally 

small, lI(a) becomes zero at the ring antiresonant frequency ira. A fi nite cone 

may be conceived as a conical ring with radius Rh• which is extended into the 
direction of the apex by a relatively stitT inner part. This part passes on the 

applied force to the cone base but introduces additional inertia. Therefore, 

for a finite cone, lI(a) becomes zero at a frequency ira lying below the ring 

antiresonant frequency of the outer ring: 

frQ < frb' 
In sec. 5.6.3 it is shown that in practice ira ( which has to be calculated numer-
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icall)' by solving the membrane equations) can be approximated bY.{,h (which 

follows directly from eq. (4.11 »). 

A lumped-element representation of the conical membrane is given in fig. 4.3 . 

The elemen tary masses m increase with increasing x; they are interconnected 

by longitudinal springs SI' The hoop stresses are represented by the springs Sa, 

of which the stiffness decreases with increasing x. At the transition point the 

mass l11i and the transverse component of the spring SUi cause a resonance. 

Cone axis 

Fig. 4.3. Mechanical I umped-elemcnt representation of the conical membrane. 

4.5. Boundary conditions 

The conical membrane cannot be submitted to arbitrary boundary condi

tions, since i t  offers no resistance against transverse forces or moments. This 

means that the practical boundary condition of an axially driven inner edge 

cannot be applied to the membrane. The condition that the inner edge is free 

to move axially but restrained in other directions cannot be used either, as it 

inevitably leads to a transverse force. We can, however, study the forced 

vibration of a conical membrane by assuming a longitudinal driving force FI 

at the inner edge. This leads to the following boundary condition: 

F, N =---x , 
27l Ra 

x =0. ( 4.17) 

This is the only condition imposed on the inner edge, we assume that it is free 

to move in the transverse and meridional directions. It has already been stated 

in sec. 4.2 that the outer edge is a/ways assumed to be free. Hence, 

x �b. (4. 18) 
With these two boundary conditions, illustrated in fig. 4.4, the system of dif-
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ferential equations is solved analytically for low and high frequencies (sec. 4.6) 

and numerically for the entire audio region (sec. 4.7). 

Cone axis 

I N, 
I 

I . 
I 
! R , ______ 2____ x = a, Nt = -Ft/21rRa . 
Applied force � 

Fig. 4.4. Boundary conditions in membrane theory. 

4.6. Approximate analytical solutions 

It is found that approximate analytical solutions can be derived for certain 

frequency regions. These are in general the regions lying far from the frequency 

where a singularity appears on the cone. This means that we will consider fre

quency regions f «frb (low-frequency approximation) and f» j;a (high-fre

quency approximation). 

4.6.1. Low-jreqllencyapproximation 

At low frequencies, where 

(k b tan �)2 « 1, ( 4.19) 

(i.e. f «frb), the factor g in eqs (4.5) approaches zero and the membrane 

equations simplify to 

-- = - - - --- 1I, 
dx X cos2 � 

du Nx 
- = - + V k2 xu tan2 (J.. 
dx Ell 

By eliminating Nx, the Bessel differential equation results: 

where 

k/ = k2 [I + (1 - 211) tan2 a). 

( 4.20a) 

(4.20b) 

(4.21) 

(4.22) 
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The solutions are 

Nx = -£ II {A [k2 J1(k2 x) + V k2 X JO(k2 x) tan2 IX] + 

+ B [k2 N1(k2 x) + V k2 X No(k2 x) tan2 IX]}, 

where the latter equation is obtained with the aid of eq. (4.20b). 

( 4.23) 

(4.24) 

By applying the boundary conditions of fig. 4.4 to the solutions, the con

stants A and B are expressed in the applied force Fh and the ratio u/Nx is 

determined. I n this way the longitudinal admittance Y/ for sinusoidal motion, 

defined by 

or 

is calculated. 

If 

jw lI(a) 
Y,= --

F, 

w lI(a) 
y,=-j ----

2n Ra NxCa) 

( 4.25) 

(4.26) 

we may introduce the following approximations for Bessel functions with small 

argument 10): 

\z\ « 1 , 

No(Z) � -� In (�), 
n yz 
2 

Nl(Z)�--, 
nz 

'Y = 1·781072. 

This leads to a simple expression for the longitudinal admittance at low fre-

quencles: 

Y/= --- ( 4.27) 

where the cone mass Md is 

Md = Q h n (b2 - a2) sin c(. (4.28) 

Condition (4.26) follows automatically from (4.19) when 

IX � arctan (2V)- 1 /2 

or IX � 52° for v = 0'3, a condition fulfi lIed by many loudspeaker cones. 
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Equation (4.27) is simply interpreted as follows. The force F/ can be de
composed in an axial force Fa and a radial force Fr (fig. 4.5). At low frequen

cies, Fa has to work against the cone inertia, Fr against the elastic forces op
posing a variation of the inner-edge radius. Because the cone inertia is low, 

the displacement caused by F" will be much larger than that caused by Fr. The 
cone then oscillates freely with a displacement d practically in the axial direc

tion (fig. 4.5). Neglecting the radial displacement and applying Newton's law 

and the geometric relations 

we find 

in accordance with eq. (4.27). 

Cone axis 

I 
• 

I 
. 

I 
I 

I 
I 

I 

u = d cos Cl, 

Fa = F, cos Cl, 

d 

y/ = --jroMd 

, \ 
\ \ \ \ 

, 
\ 

\ 
\ , 

, 
----.\,-----

, 
\ 

( 4.29) 

( 4.30) 

(4.3 1)  

Fig. 4.5. I llustration of the displacement at the inner edge for low frequem:ies. 

4.6.2. High-frequency approximation 

At high frequencies, where 

(k a tan e<)2 » I ,  ( 4.32) 

( i.e. I» Ita), the factor g approaches 1 and the membrane equations become 

dNx 1 - v E h 
-- = - -- Nx· - -2 (k2 x 2 - I) iI: 
dx x x 

du Nx V 
- = --- u . 
dx K x 

(4.33a) 

(4.33b) 
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Note that the cone angle ':J. has disappeared from the equations. Elimination 

of N x leads to the equation 

(4.34 ) 

where 
( 4.35) 

and C1 is the velocity of longitudinal waves in a plate: 

E 
el2 = ----

'J ( ( - v2) ( 4. 36) 

Equation (4.34) is the common Bessel equation for longitudinal wave propaga

tion in a plate. This result could be expected since the condition k a tan ':J. » I 
means that either for a normal cone the wavenumber k is so high that the 
waves "do not notice" the cone angle or the angle ':J. is so large (and tan :x 

as well) that the cone is nearly a flat plate. Of course in the latter case eq. 

(4. 34) also holds for small wavenumbers. 
The solution of eq. (4.34) is 

(4.37) 

where z = k 1 X. The meridional stress resultant Nx is found with eq. (4.33b): 

(4. 38) 

The transverse amplitude U' can be found by substituting the expressions for 

II and Nx in eq. (4.8). 

The above equations describe longitudinal wave motion in the meridional 
direction. The motion is not purely longitudinal, as is the case for a plate: 

longitudinal and transverse displacements are coupled via the a zimuthal stress 
Ne which has a transverse component (fig. 4.2b). The wave, after being generated 
at the inner edge by the longitudinal force, travels in meridional direction and 

is reflected at the outer cone edge. The reflected wave interferes with the out

going one in such a way that nodes and antinodes are created. Thus, at each 
frequency a standing-wave pattern is built up (zero losses are supposed) . 

Frequencies a t which the longitudinal displacement pattern shows a node at 

the inner edge al e called longitudinal antiresonant frequencies. At a longitudinal 

resonant freq uency the longitudinal displacement pattern has an anti node at the 
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inner edge. According to eq. (4.25) the longitudinal admittance I Y, I becomes 
zero at a longitudinal antiresonant frequency and infinite at a longitudinal 

resonant frequency. 
In view of the h igh-frequency condition eq. (4.32) we may use the following 

approximations for the Bessel functions: (2)1/2 ( n Iln) In(z)� - cos z---- , 
nz 4 2 ( 2 )1/2 ( :t Il n) Nn(z) � - sin z- -- -- , 
nz 4 2 

( 4.39) 
(4.40) 

which are valid for Izl » I with Il = 0 or I. This means that they m ay be used 
In the expressions for 1I and N.>: if 

(4.4 1 ) 

I n fact, the condition (4.41 ) automatically follows from eq. (4.32) if � > 44° 

which is nearly always the case in practice *). 
On the basis of eq. (4.4 1 )  the eXPlessions for 1I and Nx may be s implified. 

After substitution of the approximations for the Bessel functions, we find 

I 
II = --- (C sin z - D cos z), (n Z)I/2 

kl K Nx = --- (Ccos z + D s in z), (;r Z)1/2 
( 4.42) 
( 4.43) 

where C and D are constants. Applying the boundary conditions (4. 1 7) and 

(4. 1 8) (inner edge longitudinally driven, outer edge free), the following ex
pressions result: 

_ 

(Q )I/2 cos [k 1 (b - x)] 
II - - FI YI -c x k 1 c1 sin (k 1 L) , 

N.>: = _ F, 
(�)1/2 sin [

.
kl (b - x)] 

, 2:t Ra x Sin (kt L) 

( 4.44) 

( 4.45) 
where Ylc is the characteristic admittance for longitudinal waves in a flat annular 
plate with inner radius Ra: 

.) Poisson's ratio v is taken 0·3. 
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Y,C= -----

2nRaf} hc1 
(4.46 ) 

and L = b - a is the meridional cone length. With eq. (4.8) we find for the 
transverse displacement: 

provided 

sin [k1 (b - x)] 

kl C1 s in (k1 L) 
, (4.47) 

It follows from eq. (4.47) that w goes to zero when C( approaches n12, which 

confirms the well-known fact that in a plate longitudinal and transverse wave 

motions are uncoupled. The same occurs for increasing kl x. 

The longitudinal admittance is found with eq. (4.25): 

Y, = -j Y,c cot (k1 L). ( 4.48) 

The longitudinal resonant frequencies, at which Y, = 00, follow directly 
from this equation: 

(4.49) 

where n is a positive integer which, in  view of eq. (4.41 ), must satisfy the con

dition 

L n» - . 
na 

( 4.50) 

For these resonant frequencies, 11 half wavelengths fit the cone, with antinodes 

at inner and outer edges. The transverse and long itudinal displacements at the 

first and the second long itudinal resonant frequencies of a typical cone (param

eters in table 4-1) are shown in  figs 4.12a and b. 
The longitudinal antiresonant frequencies, at which Y, = 0, are 

(2n - 1) Cl 
f'ail = 

4L 
' 

where in view of eq. (4.4 1 ) n must satisfy the condition 

L n » - + 1-. 
na 

(4. 5 1  ) 

( 4.52) 
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An odd number (2n - I) of quarter wavelengths now fits a cone meridian 

with a node at the inner and an anti node at the outer edge. Typical examples 
of the modes at the second and the third longitudinal antiresonant frequencies 

are shown in figs 4.11 a and b. 
At the antiresonant frequencies the longitudinal driving force FI maintains 

a standing-wave pattern, although the driving point itself has a zero longitudinal 
displacement. This at first sight strange situation is explained by the fact that the 

vibration pattern is the stationary result of the driving force FI, which began 

to work an infinite time ago. At that time there was no node, because there was 

no reflected wave. As a function of time the reflected wave gradually decreased 

the amplitude at the inner edge, thereby doubling the amplitude at the free outer 
edge. The result after an infi nite time lapse is the typical standing-wave shape 

of which figs 4.lla and b are examples. 
(n sec 4.7 the longitudinal resonant and antiresonant frequencies will be 

calculated numerically for various cones. It will be shown for a typical example 
that the numerically calculated resonant and antiresonant frequencies agree well 

with those calculated from the high-frequency approximations, even for k 1 a 

of the order 1. 

I n fig. 4.6 the numerically calculated relative value of the longitudinal ad

mittance defined by 

(4.53) 

is shown for a certain cone * ) . In the low-frequency region, YI decreases 

inversely proportionally to the frequency, according to eq. (4.27); in the high

frequency region the typical plate behaviour is visible, J'I varying according to 

YI = -j cot (k1 L). 

Figure 4.6 will be further discussed in the next section. 

4.7. Numerical solution of the membrane differential equations 

4.7.1. Introduction 

(4.54) 

The high-frequency approximation is mostly valid for frequencies lying above 

the frequency region for which the loudspeaker is designed and is therefore of 

limited value. In general it appears that for normal loudspeaker cones only the 

simple low-frequency approximation can be used successfully. For frequencies 
belonging neither to the low- nor to the high-frequency regions, the solution of 

the membrane differential equations must be obtained numerically. In the fol

lowing these equations will be solved numerically for the whole frequency range 
of a specific loudspeaker. This allows the results of the low- and high-frequency 

approximations to be compared with the numerical solution. 

*) Cone parameters in table 4·1. 
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The numerical-solution method of d irect integration (appendix B) is chosen. 

This method yields the displacement patterns at a specified frequency for speci
fied boundary conditions. This is in contrast with the eigenvalue approach, 

where first a great number of eigenfrequencies and modes must be calculated 

with a relatively high accuracy, before the solution at a specific frequency can 
be obtained by applying the boundary conditions to the combination of these 
modes. An additional advantage of the method of direct integration is that the 

number of simultaneous differential equations to be solved is unimportant; the 

same computer program can be used for any number of equations. This is very 
convenient, since the introduction of internal material damping will double the 

number of differential equations (sec. 4.7.4). Further, the same computer pro
gram can be used for the numerical solution of the general differential equations, 
in which bending is accounted for (chapter 5). 

In the following section the frequency dependence of the numerically cal

culated vibration patterns and longitudinal admittance of a typical loudspeaker 
cone will be described. In sec. 4.7.3 the influence of a boundary condition at 

the inner edge, usually encountered in practice, viz. the radially supported inner 

edge, will be discussed. In sec. 4.7.4  the influence of internal material losses 

on the frequency characteristic of the longitudinal admittance is illustrated; 
the dependence of the latter on the apex angle will be discussed in sec. 4.7.5. 

Finally, in sec. 4.7.6, the longitudinal antiresonant frequencies, which strongly 
influence the sound radiation, will be shown as a function of the cone dimen

sIOns. 

4.7.2. Frequency dependence of the vibration patterns and the longitudinal tJd

mittance of a typical cone 

The membrane differential equations (4.5) are solved numerically for a typical 

loudspeaker cone with the geometry and material parameters as given in 

table 4-1 *) . 

TABLE 4-l 

Cone 50. 1 **) 
geometry material 

semi-apex angle 

inner-edge radius 

outer-edge radius 
thickness 

�-= 50° 
Ra = 17 mm 

Rh - 83 mm 
h = 0· 1 mm 

Young's modulus E = 2 . 109 N/m1 

mass density Q = 600 kg/m3 

Poisson's ratio v = 0 ·3 

loss factor b: specified locally 

(if unspecified: b = 0' 1 )  

.) A list o f  cones used i n  this thesis can be found in appendix G. 
**) The cones are numbered according t 0 their value 0 f:l; the last digit i sa n ordinal number. 

The letter e is added for the experimental cones. 
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The cone thickness h is chosen more or less arbitrarily, s ince it is unimportant 
in membrane theory. It remains only as a proportionality factor i n  the mass 
per unit area of the conical membrane, hence all vibration ampl itudes are 

inversely proportional to it. The discussion of the vibration patterns will be 

based on the frequency dependence of the reduced longitudinal admittance at 
the inner edge y" defined by eq. (4.53) and shown as a function of frequency 

in fi.g. 4.6. The frequency axis will be divided into three regions on the basis 
of the presence or absence of the singularity on the cone. As already indicated 

in sec. 4.4 this s ingularity or transition point appears on the cone w ithin the 

frequency region feb �f �fra, where feb and Iru, according to eqs (4. 1 1) and 

(4.12), are the frequencies at which the transition point lies at the 0 uter and 

inner edge respectively. This frequency region will be called reg ion II. The 

frequency regions ly ing below and above region II are called regions [ and III 
respectively. Since no energy is dissipated, all motion is of the stand ing-wave 

type and the longitudinal admittance is purely imaginary. 
We will now start with the discussion of the membrane behaviour i n  the suc-
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Fig. 4.6. Reduced longItudinal admittance 1)',1 versus frequency for cone 50.1 without damping 
(membrane solution); the natural frequencies when the inner edge is radially supported (mem-
brane resonant frequencies) are indicated by O· 
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cessive regions for cone 50. 1 ,  which may be considered as typical for the 
general cone. 

Region I is defined by 

f </rb' (4. 55) 

where irb is the frequency at which the transition point lies at the outer edge. 

This is the region on the low-frequency side of the spectrum, where no singular

ity lies on the cone. For the cone with the parameters indicated above, region I 
extends up to 2250 Hz (fig. 4.6). 

For very low frequencies (/ «!.b), /)'1\ decreases linearly with frequency in 

accordance with the result of the low-frequency approximation eq. (4.27). The 
cone then oscillates practically as a rigid body with an axial displacement d 

determined by 
F, cos � d=- . (()2 M d 

(4. 56) 

The longitudinal and transverse displacements 1I and \\' are geometrically related 

to d: 

1I = d cos �, 

w = -d sin �. 

( 4.57) 

When the frequency is raised the longitudinal and transverse displacements 

at the inner edge decrease relative to those at the outer edge. This is shown in 

wL_------l I"""'" 

tJ 1-----------' 

oj 

b) 

u 

01----------, 
---+ x u , 

Fig. 4.7. Cone 50.1  at 1000 Hz (membrane solution); 
(a) transverse and longitudinal displacement, (h) cone molion. 
The displacements of a corresponding rigid cone are indicated by IV, and II,. 
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fig. 4.7a for f - 1000 Hz. The origin of the decrease in 11 lies in the time that 

it takes a wave generated at the inner edge to travel to the outer edge and back 
again to the inner edge where it partly opposes the momentary motion. 

The cone motion at 1000 Hz is drawn in fig. 4.7h. The dashed lines indicate 

the extreme vibrational positions of the cone surface. Points on the cone sur

face move between these extremes along straight lines, as indicated in fig. 4.7h. 

At 1000 Hz, the whole cone moves nearly uniformly in the axial direction (the 

displacements are greatly exaggerated). The cone surface shows very little ex
tension or contraction. 

When the frequency is raised the reflected longitudinal wave may arrive in 
antiphase with the outgoing one. A node in the l( pattern arises at the inner 

edge at a frequency of about 1840 Hz (fig. 4.8a). The reduced longitudinal 

admittance )'1 becomes zero there; there is only a small transverse motion at 

the inner edge. This is the ring antiresonant frequency j�a' The cone motion 
is illustrated in fig. 4.8h. The vibration resembles a varying apex angle. This 

typical motion atfra was discussed in sec. 4.4. It was also shown there that for 
very short cones (i.e. with small meridional length L) j�a is equal to the fre

quency where the cone mass and the transverse compliance come into reso

nance; the motion is purely transverse then. For longer cones.fr/l lies just below 
the lowest frequency where a transition point appears on the cone. 

The admittance YI is a negative imaginary number up to .fra: the cone reacts 

as a mass to the driving force. Above.fra the admittance changes sign, the cone 
reacts as a spring. I nner and outer edges now vibrate in antiphase. When the 
frequency is raised further, the node in the longitudinal displacement shifts in 

u 

o�------------� 
Wr -...x o�------------� 

�-____ -=ur 

0) 

b) 
Fig. 4.8. Cone 50.1 at the ring antiresonant frequency Ira = 1840 HL (membrane solution); 
(0) mode shapes, (b) cone motion. 
The displacemen\s of a corresponding rigid cone are indicated by Wr and IIr· 
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the direction of the outer edge. The displacements 1I and If and the total cone 
motion at f = 2200 Hz are shown in fig. 4.9. This is just below the frequency 

at which the transition point appears at the outer edge: hence the relatively 

high value of w at that place. The upper limit or region I is 2250 Hz where 

/,. b tan Ci becomes equal to I. 

u 

O�=-------_Ur 

oj 

b) 
Fig. 4.9. Cone 50.1 at 2200 Hz (membr;me solution); 
(a) transverse and longitudinal displacement, (b) cone motion. 
The displacements of a corresponding rigid cone are indicated by lI'r and IIr• 

Figures 4.7a, 4.8a and 4.9a are not drawn to the same scale; for comparison, 
the amplitudes of lIr and Wr of a rigid cone with the same total mass and driven 

by the same force F, are indicated. 

Region 1/ is the frequency region where a transition point lies on the cone, 

the so-called transition region. It comprises the frequencies 

( 4 . 58) 

At 2250 Hz the transition point lies at the outer edge; it shifts to the inner edge 

with increasing frequency. At the transition point the transverse displacement 
changes from +0:: to -00. This of course is physically impossible. In practice 

the bending stiffness will limit If. Neglect of the bending stiffness obviously is 
unjustifiable; the present solution for region I I  may thus be expected to be 

unrealistic (although the longitudinal antiresonant frequency is fairly well pre

dicted, see below). For this reason 1)',1 is dashed in this region (fig. 4.6). 

The maximum at about 5500 Hz is due to a perturbed ring resonance. It 
corresponds to the extensional resonance of a ring (conical or not) with small 
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meridional length L, vibrating in its own plane (fig. 2.5a); the resonant fre

quency is determined by (see sec. 4.4, eq. (4.13» 

k r = 1, ( 4.59) 

where r is the ring radius. This frequency is called the ring resonant frequency frr. 
For a co�e with fi nite length, IYd shows a maximum which increases with 

increasing � ;  for a plate IYI\ becomes infinite at j,r' This frequency is well 

approximated by eq. (4.59) if instead of r the mean radius (Rb + Ra)/2 is 

substituted; for the present cone we then find frr � 5800 H z. Remember that 

both the ring resonance at frr and the ring antiresonance at fra are simple 
mass-spring vibrations controlled by the azimuthal (hoop) stress, in contrast 

with the longitudinal resonances and anti resonances, which are caused by wave 

motion in the meridional direction. 

aJ 

b) 

o f-if-:::;;:::::;;;---

I 
I 
i 

#.! 
.... / I 

I 
i 

u Magnified lOx 

o Iro----------

Fig. 4. 1 0. Cone 50.1 at the first longitudinal anti resonant frequency ftal = 6963 Hz (mem
brane solution); 
(a) mode shapes, (b) cone motion. 

At 6963 Hz a perturbed longitudinal anti resonance occurs; the transverse 

and longitudinal displacements at this first longitudinal antiresonant frequency 

f,al are shown in fig. 4.IOa. The quarter-wave shape of the longitudinal dis

placement pattern is clearly visible, although it is distorted by the singularity at 

the transition point XI' The cone motion is illustrated in fig. 4.lOh. The longi
tudinal resonances and antiresonances are also found on a longitudinally driven 

plate with the same meridional length L as the cone (see secs 4.7.5, 4.7.6). 

The upper limit of region I I  lies at Ira = 10987 Hz, where the transition 

point has reached the inner edge. 
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Region III is defined by 

f > Ira. ( 4.60) 

With increasing frequency longitudinal resonances (Iy,j = 00) and antireso

nances (Iy'\ = 0) appear in successive order at frequencies which are increasing

ly well predicted by the high-frequency approximations (eqs (4.49) and (4.51». 

For the present cone an illustration of this agreement can be found in table 4-11. 

TABLE 4-11 

Cone 50.1 

resonant frequencies anti resonant frequencies 

numerically h igh-frequency numerically high-frequency 

computed approximation computed approximation 

14210 11100 6963 * ) 5550 * ) 
23439 22200 17480 16650 

34074 33300 28261 27750 

44976 44400 39228 38850 

.) Helong to region II. 

According to eq. (4.41) the high-frequency approximations are valid for 

f» 14000 Hz but the table shows that also for lower frequencies the agree

ment is rather good. 

The wave propagation is determined by the wavenumber kl of longitudinal 

w u 

oj 

w u 

o r-.::.",....----- o �-___4--_+_-

bJ 
Fig. 4.1 I. M ode shapes of cone 50.1 at longitudinal antiresonant frequencies (membrane 
solution) ; 
(a) fia2 = 17480 Hz, (b) fi,,) = 28261 Hz. 
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waves in a plate. I n this region transverse effects are almost completely ruled 
out. The transverse and longitudinal modes at two antiresonant frequencies 

(\ 7480 and 28261 Hz) and two resonant frequencies (14210 and 23439 Hz) are 

shown in figs 4. 1 I and 4.12. These modes (and the higher ones) are well predicted 

by the h igh-frequency solutions eqs (4.49) and (4.51). Note the decreasing ratio 

will, which was already discussed In sec. 4.6.2 (see also sec. 5.3). 

w u 

0) 

w 

o �o;;;;;;;;;;; ___ --- o�----�--------�---

b) 
Fig. 4.1 2. M ode shapes of cone 50.1 at longitudinal resonant frequencies (membrane solution); 
(a) f'r! = 1 421 0 Hz, (b) fir2 = 23439 Hz. 

4.7.3. Radially supported inner edge 

It has been remarked in sec. 3. 1 that in practice the inner edge is stiff; this 

means that no motion is allowed in the radial direction *). Hence, at the 

inner edge 

1I sin ':J. + w cos ':J. = O. (4.61 ) 

It was discussed in sec. 4.5 that this boundary condition cannot be applied to 

the conical membrane (it cannot withstand the transverse stresses accompanying 
such a support); the membrane was therefore driven longitudinally. 

However, at certain frequencies eq. (4.61) is satisfied by the longitudinally 

driven conical membrane. Then, without disturbing the displacement pattern 

or introducing transverse forces, the inner edge may indeed be radially sup
ported. These frequencies, which will be called natural frequencies of the 

conical membrane with a radially supported inner edge, or briefly membrane 

resonant frequencies fmrn. can be obtained as follows . 

• ) This is of course only the case below the lowest symmetrical resonant frequency of the 
structure formed by the inner edge of the cone. the voice-coil cylinder and the inner 
suspension; in practice this frequency lies \ ell above the frequency region for which the 
loudspeaker is designed. 
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Using eqs (4.8) and (4.25), the boundary condition (4.6 1) can be written as 

a condition on the reduced longitudinal admittance Yl: 

V 
y, =j . k t a tan2 :J. 

(4.62) 

I n fig. 4.6 t his condition is represented by the dash-dotted line. Obviously, 

it is in general not satisfied, except at the intersections of this line with the 
y/-curve, which determine the membrane resonant fequencies. For the present 

cone, the lowest four lie at 7854, 17923, 28588 and 39475 Hz. Figure 4.6 also 

shows that the membrane resonant frequencies lie just above the longitudinal 

antiresonant frequencies; the spacing between the former and the latter decreases 

with increasing frequency. This can also be shown by substituting condition 
(4.62) into the high-frequency approximation eq. (4.54); we find that the fol

lowing equation is satisfied at the membrane resonant frequencies: 

v 
cot (k1 L) = - ---

k 1 a tan2 :J. 
(4.63) 

In the high-frequency region (k a tan :J. » I) the right-hand side of eq. (4.63) 

approaches zero, which means that this equation is satisfied at frequencies just 
above the longitudinal antiresonant frequencies at which cot (k J L) = O. In 

this frequency region the mode shapes at the membrane resonant frequencies 

.f;"rn may therefore be approximated by those at the longitudinal anti resonant 

frequencies j�a". This is illustrated in fig. 4. 13 which shows the mode shapes 

at IWh IIIIr2 and Imr3 for the present cone (cf. figs 4. I Ih, 4. 13c). Note that!,,,rt 
lies in region II, which causes a singularity in the transverse pattern. It will be 

shown in chapter 6 that the membrane resonances may considerably influence 

the sound radiation. 

4.7.4. Longitudinal admittance in t he presence of internal material damping 

Internal material damping considerably influences the cone mechanical 
behaviour. In practice, additional losses are introduced by the outer suspension. 
From the computational point of view it is expedient to distribute this rim 

damping over the whole cone and then further neglect the rim influence. This 
means introducing into the computations an internal damping higher than that 

encountered in practice * ) . 

In this section we deal with the influence of internal material losses on the 
longitudinal admittance of a conical membrane with a free outer edge. The 

internal damping is introduced via a complex Young's modulus £ 9) 

*) At the same time the radiation damping is approximatively accounted for (see sec. 6.5.2). 
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c) 
Fig. 4.1 3. Mode shapes of cone 50.1 at membrane resonant frequencies (natural frequencies 
for a radially supported inner edge, membrane solution); 
(0) fmr! = 7844 Hz, (b) fmr2 = 17923 Hz, (c) fmr3 = 28588 Hz. 

(4.64 ) 

where the loss factor ,5 is the ratio of the imaginary to the real part of E. 
Poisson's ratio v is taken real, which is a fair approximation for many mate

rials 7). The fundamental variables 1I and N x now become complex: 

and 

The number of differential equations doubles; after some manipulation we find 
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.... 
--(gl U1-g2 U2), 

X 

.... 
- - (g2 U1 + gl U2). 

X 

The factors gland g 2 are the real and imaginary parts of g: 

q2 (q2 _ ) ) 
gl = (q2 _ 1)2 + 62 ' 

q26 

(4.65c) 

(4.65d) 

(4.66a) 

(4.66b) 

where q = k x tan r:x. The above system of differential equations is solved 

numerically by the method of direct integration (appendix B) applying the 

boundary conditions (4. 1 7) and (4. 1 8). 
The influence of the internal loss factor is illustrated by solving numerically 

the membrane equations for cone 50. 1 with 6 = 0·01 and 0' 1 and then cal
culating the longitudinal admittance as a function of frequency. The complex 

longitudinal admittance Y, is written as 

Y, = G, + jB" (4.67) 

where G, is the longitudinal conductance and B, the longitudinal susceptance. 

In fig. 4. 1 4  the modulus of the reduced longitudinal admittance Y, is shown 

as a function of frequency for the same cone parameters as used in fig. 4.6 
(cone 50.1), but now with an internal loss factor 6 = 0·0 I. I n general, dips 

become less deep and peaks are lowered to fi nite values. The internal damping 

is however more effective in region I I than in the other regions. This is caused 
by the singularity at the transition point, where much energy is dissipated be
cause of the high strains. Because of this relatively high damping in region I I 
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the dip at 2800 Hz has completely disappeared, whereas the antiresonance at 

6963 Hz is only visible as a small disturbance. I n region Ill, /.1'" oscillates 
about the value IYI I = I ,  the maximum deviations from this mean value being 

5 XT' 1 5 

Co ne 50.1 
5 

1 � 
\ 

�� 
2 

5 

2 

5 

2 
, 

5 iot .2 5 0'1 1 .2 .2 10 

I - f(Hz) 
fta 

Fig. 4.14. Calculated rct.iu,cd longitudinal admittan,e Iy/ of wne 50.1 versus frequcn,y 
with internal loss factor () = 0·01 (membrane solution). 
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Fig. 4.15. Cakulated redu,ed longitudinal admittan,e 1.,',1 versus frequenq of wne 50.1 with 
,J = 0 ·1 (membrane solution). 
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rig. 4.16. Calculated reduced longitudinal admittance IYII versus frequency of wne 70.1 
(membrane solution). 

10-2 2 5 

2 f,.r flat 

5 70' 2 5 105 
---1.� f(Hz) 

Fig. 4.17. Calculated reduced longitudinal admittance Iy,' versus frequency of a nat ring with 
,� = 0·1 and the same H n ,  L, II and material parameters as the cones 50.1 and 70. I (membrane 
solution). 

inversely proportional to the frequency. This result is well known from the 

plate theory 9) . 

In fig. 4.15 Iy,\ is shown for <5 = 0·1. This relatively high value of (� signif

icantly smooths the curve of IYd. In the high-frequenc) region the peaks are 

reduced in height by a factor of 10, all dips are raised by the same f�ctor a:) 
compared with fig. 4.14. At the top of figs 4.6, 4.14, 4.15 (and 4.16, 4.17) the 
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value of the dimensionless frequency parameter k Ra i s  indicated, which 
allows the characteristics to be used independently of the absolute cone dimen
sions and the cone material. 

4.7.5. Influence of the apex angle on the longitudinal admittance 

In order to demonstrate the influence of the apex angle on the frequency 
characteristic of the longitudinal admittance, the latter was calculated for a 
cone with ':f. = 70° and for a flat ring. In all cases the meridi onal cone length 
L = b - a, the inner cone radius Ra and the cone material is the same as that 
of cone 50.1, which means that in the high-frequency region the characteristics 
of 1)'1\ are exactly equal for all three cases. 

Figure 4.16 shows I)''' as a function of frequency for cone 70.1, whose geo
metrical and material parameters are given in table 4-111. 

geometry 

semi-apex angle 
inner-edge radius 
outer-edge radius 
cone thickness 

TABLE 4-III 

Cone 70.1 

material 

(X = 70° 

Ra = 17 mm 
Rb = 9 8  mm 

h = 0'1 mm 

Young's modulus 
mass density 
Poisson's ratio 
loss factor 

£=2. 109 N/m2 
Q = 600 kg/m3 
11 = 0·3 

b = 0·1 

Comparing the frequency characteristic of ly,l of cone 70.1 with that of cone 
50.1 (fig. 4.15), we notice the following differences. Firstly, the frequency fra, 
at which the transition point lies at the inner edge, has decreased (eq. (4.1 2». 

The frequency!rb has decreased as well; however, an additional decrease is 
caused by the fact that Rb of cone 70.1 is taken larger than that of cone 50.1 

t o  obtain equal values of L for the two cones. The ring anti resonant frequency fra 
has decreased by about the same factor as!rb and still 1 ies just below this 
frequency, as discussed in sec. 4.4. Just above ftu in fig. 4.16 the ring reso nant 
frequency frr' now falling in region II I ,  causes a distinct peak. 

Finally, in fig. 4.17 the frequency characteristic of IY' \ of a flat ring is shown, 
of which the inner radius Ra, the meridional length L and the material are equal 
to that for the cones 50.1 and 70.1 (this means that the ou ter radius Rb has 
increased to 103 mm). The stiffness against transverse displacements has become 
zero, which means thatfra has also been shifted to zero. The same has happened 
to the frequencies!rb and Ira. 

The disappearance of regions I and II for the flat membrane (plate) may also 
be explained on the basis of the well-known uncoupling of transverse and 
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longitudinal motions; because the plate is longitudinally driven, only pure 
longitudinal wave motion occurs. Therefore in the low-frequency region (now 
extending up to!,,) ,  IYII is controlled by the stiffness of the plate against longi
tudinal displacements and consequently increases with frequency, in contrast 
with the cone admittance in region I, which is controlled by the total cone mass 
and therefore decreases with frequency. In the high-frequency region the longi
tudinal resonant and antiresonant frequencies, caused by wave motionin merid
ional direction, remain equal to those of cones 50. 1 and 70. 1 .  

4 .7 .6 .  Longitudinal antiresonant frequencies versus cone geometry 

It will be shown in chapter 6 that the longitudinal antiresonant frequencies 
have considerable inft uence on the sound radiation of the cone. Therefore the 
lowest four antiresonant frequencies were calculated for various cone dimen
sions on the basis of the membrane equations for semi-apex angles a of 50, 60 , 
70 and 80 degrees. These values cover the range of cone angles used in practice. 

Let us first consider the dependence of the regions I ,  II and I II defi ned by 
eqs (4. 55 ) ,  (4 .58)  and (4.60) on the cone geometry. The boundaries of these 
regions are shown in fig. 4. 1 8 a, in which the dimensionless frequency param
eter k R2 is plotted as a function of the reduced meridional cone length L/ R2; 
R2 represents the value of the second radius of curvature r2 (see fig. 4 .la) at 
the inner edge: 

( 4.68)  

If a and L/R2 are kept constant and kR2 is  increased, we pass from region I 
(in which the transition point lies outside the outer edge on an imaginary ex
tension of the cone surface) to region I I  (in which the transition point lies on 
the cone). The transition from region I to region II occurs at the frequency frb 
or at the value of k R2 determined by the function 

(kR2)tb = -----
I + (L/R2) tan a 

( 4.6 9) 

which follows from eqs (4. 1 1 )  and (4.68) .  Therefore, this lower boundary of 
region II is lower for larger apex angles. 

When k R2 is increased still further the transition point moves from the 
outer to the inner edge; it reaches the latter at kR2 = 1 (eqs (4. 1 2) and (4 .68) ) .  
This value of k R2 forms the upper boundary line of region II  for all apex 
angles. If k R2 is still further increased, the transition point moves from the 
cone to an imaginary extension of the cone surface inside the inner edge 
(region III). 

Figure 4.18 a  illustrates that, with increasing a, region II increases at the 
cost of region 1 .  It also follows from the function (4.6 9) that region II increases 
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for constant � and increasing cone length L, which is not difficult to explain 
as, with increasing L, part of the imaginary extension of the cone surface be
comes real. When L/R2 -� 0 (cone element with infinitesimal length Llx: see 
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Region 111 
1 kR2 

1 
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10' 
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rf 
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RegiQn.T 
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101([1 2 5 1 1 5 70 2 5 102 
-----< .... LlR 2 

Fig. 4.180. R egion s  in the k R 2 versus L/ R 2 p l an e  for  four  semi-apex an gles :x. 
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F i g .  4.18b. R in g  an ti reson an t f req uenc ies fro an d low est f our lon g i t u d in a l  an t i resondn t f re
quenc ies fiu versus reduc ed mer id ion a l  c on e  length L/ R2 f o r  four  values of the semi- apex  
an gle x. M easured values are  in d ic a ted by :J f o r  var ious c on e s  \\ i t h  :x = 50°, x for  a c on e  
w i t h  0: = 60°, 6 f o r  a con e  \.\rit h 0: = 70°. 
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fig. 4 . 2a), region  I I  sh r i nks to a p o i nt at a frequency determined by k R2 = I. 
I n fig. 4.1Sb the  value of k R2 a t  the  ant iresonant frequencies i s  plotted as 

a funct ion of L/ R2 for the above-mentioned cone angles. The lowest fou r  
curves represen t t h e  r ing  ant i resonant  frequency .f�a for :( = 50, 60, 70 and 
SO degrees. These curves  s tay  jus t  below the lower boundary of region II 
(fi g. 4.1Sa), as d iscussed i n  sec. 4.4. I t  was also shown i n  that  sect ion tha t  the  
curves for j�a approach asymptot ically the horizontal l i ne  kR2 = 1 ( i .e .  
k x tan ':t. = I, cf. eq .  (4.14» as L/ R2 approaches zero. 

As a conseq uence of the representation of k R2 as a funct ion of L/ R2, the 

longi tudinal an tiresonant  frequencies of the same ord inal number coi ncide for 
all apex angles (fig. 4.18b). This follows d i rectly from the  h igh-frequency ap
prox i mat ion eq. (4.51), which may be writ ten as 

( 4.70) 

Tho ugh i t  was shown in  sec. 4 . 6 . 2  tha t  th i s  approximat ion i s  o nly val id i n  
reg ion  III well above the  horizontal li ne kR2 = tan  :(/( 1 -- V2)1/2 (eq .  (4.41», 
i t  c a n  be seen tha t  t he  characterist ic dependence on L/R2 holds  even i n  region I I  
(we found that the  longi tudinal an t i resonant  freq uencies could  be calcula ted 

with  sufficient accuracy in region II  with the membrane equat ions  up to a cer
ta i n maximum value of L/ R2 which increased w i th  ':1.). 

The  h igh-freq uency approx imat ion eq .  (4.70) shows  tha t  the longi tud inal 
a n ti resonant freq uencies depend slightly on Poisson's  rat io 'J' � fig.  4.1Sb i s  
calculated for v = 0·3. 

A represen ta t ion  which m a y  b e  more useful i n  practice i s  ill ustrated i n  
fi gs 4.19a a n d  b. In  these figures t h e  dimens ionless frequency parameter kRa 
is shown as a funct ion of the rat io of outer to  i n ner radius Rh/ Ra. Figure 4.19a 
shows the region s  I ,  II and  I I I (cf. fig. 4.I Sa) for fou r  semi-apex angles. 

I n  fig. 4.19b the value of kRa for cer ta in  ant iresonant  frequencies i s  plot ted 
versu s Rb/ Ra as  follows.  The lowest  four l i nes represent the r ing  an tiresonant  

freq uency f,a for  ':t. = 80, 70,60 and  50 degrees; these l i nes closely follow the 
boundary li ne of  re g ion I, runn ing  lower with  increas ing ':t. ( fig. 4.19a) and 
approaching the or ig in  as ':t. approaches 90°. The upper two drawn curves 
i nd icate the first and second longi tud i nal an t i resonan t  frequencies for rt = 50°; 
when  the apex angle is i ncreased, these curves move upwards and approach 
asymptotically the  dotted curves that  represent the first and  second longi tudinal 
an t iresonant  frequencies for a flat  r ing .  

4.8. ;\1casuremcnts 

I n order to ver ify the foregoing calculations of the ring and longi tud i nal ant i 
resonan t  frequencies, measurements were carried ou t  on a few polycarbonate 
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cones w i th  d i fferent geometr ies, d r iven by the same  electrody namic  dr iv i ng  

sys tem.  The  an t iresonan t  frequencies were  measured as  fol lows .  

tJ 
• 

Region III 
2 

kRa.7 

f 
K)-

RegionJI. 

2 5 10 2 5 102 2 5 10J 

----1 .. � RblRa 
Fig. 4.19a. R egion s  in th e k R g v ersus RbI R g pl an e f or f o ur semi-apex an gl es ex. 

Fi g. 4.19b. Rin g antir esonant f requenci es f or f our v al ues of � (l ow est four  lin es); l owest two 
l on git udin al  anti reson ant f requenci es f o r  � = 50° ( upper t wo drawn c urv es) an d ex = 90° 
( dott ed c u rv es). 
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At the ant i resonan t  frequencies the i n ner-edge veloci ty in the mer id iona l  
d i rect ion becomes m i n i m um .  Because in  practice the  i nner edge i s  re lat ive ly  
s t iff, i t s ax ia l  ve loc i ty  becomes m i n i m u m  as wel l .  Hence the ax ia l  impedance Za 
becomes max imum and according to  eq .  (3.9) the  mot iona l  impedance IZmotl 
becomes m i n imum.  The l a tter i s  recorded as a funct ion o f  frequency by the 
method descr ibed in sec .  3.3. 

A typical  example o f such a record i n g  is  shown i n  fig. 4.20 for a polycarbonate 

cone with geometrical and mater ia l  parameters a s  given in  tab le  4-JV. Apart  

Cone 50. 2e  

5 103 2 5 70' 1 5 105 
--t·f(Hz) 

fto 
Fig. 4.20. M easured m o t i o n al i m pe dance of t h e  polyca rbonate  cone 50.2e. 

T ABLE 4-IV 

Cone 50.2c 

geometry mater ia l  ( polycarbonate)  

semi-apex angle 
i nner-edge rad ius 
outer-edge radius  
th ickness 

C( = 50° 
Ra = 17 m m  
Rb = 83 m m  

h = 0·23 m m  

Young's  modu l u s  
mass dens i ty 
Poisson ' s  rat io 
l oss facto r  

E = 2·4 . 109 N/m2 
fJ == 1200 kg/m3 
'11=0·35 
� = 0·014 

from t h e  th ickness ( which pract ica l ly h a s  no  i nfl uence on  t h e  an t iresonant  fre

q uencies) th i s  cone has  the same geometry as cone 50.1 ; the mater ia l  parameters 
of i n terest (E and fJ) are d ifferent  b u t  th is  i s  of no importance as  long as  only 
the d imens ion less frequency parameter kRa i s  cons idered (see top of fi g.  4.20). 
The electrodynamic dr iv ing  system used to measure IZmotl has an  electro
mechanical convers ion factor (B /)2 = 20 W b 2/ m 2  and a voice-coi l  mass  
Me = 2g. 
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The fundamental resonant frequency fo (sec. 3.2) of the total system lies 

at about 50 Hz. Below the ring antiresonant frequency Iru (fig. 4.20), Zmot is 

inversely proportional to the frequency, according to eq. (3.7a). At j�(/ a dip 

occurs because Zu attains a high val ue there. Just abovefru a number of closely 

spaced peaks and dips appear, caused by bending resonances and antireso

nances; these are obviously absent in the frequency characteristic of the longi

tudinal admittance Iy,j calculated with the membrane equations. They will be 

discussed in the following chapter. The higher longitudinal antiresonant fre

quencies are indicated. 

In fact the motional impedance should decrease with frequency in the high

frequency region f > j;u, because there the term j(I),WC starts to dominate the 

value of Zu in eq. (3.9). This is not the case in fig. 4.20, which may be imputed 

to the difference between the driving mechanisms of test and reference loud

speakers (sec. 3.3). Measured frequency characteristics of the motional imped

ance are further discussed in sec. 5 .12.1. The anti resonant frequencies were 

measured for cone 50.2e of which the meridional cone length L was gradually 

decreased. The results are plotted in fi g. 4.1 8h; in this figure the measured 

values of Ira are also shown for polycarbonate cones with 'Y.. = 60 and 70 de

grees. There is good agreement between the calculated and the measured values. 

4.9. Conclusion 

The conical membrane may be considered as the simplest model for the 

description of some basic phenomena, characteristic for the cone behaviour in 

general. The forced vibration of a typical conical membrane at characteristic 

frequencies has been discussed on the basis of displacement patterns and longi

tudinal admittance at the inner edge. It has been shown that an antiresonance 

occurs at a relatively lo\\- frequency. In a certain frequency region (region II), 
the membrane differential equations have an unrealistic solution. Below this 

region these equations have almost trivial solutions which show that the conical 

membrane oscillates as if it were completely rigid; above this region the solu

tions show that the cone may be considered as a flat plate with the same merid

ional length as the cone. 

The frequency dependence of the longitudinal admittance has been discussed 

f or several apex angles. It has further been shown that a cone with a radially 

supported inner edge has natural frequencies lying close to the longitudinal 

antiresonant frequencies of a longitudinally driven cone. The dependence of 

these longitudinal anti resonant frequencies, which influence considerably the 

sound radiation (chapter 6), on the geometrical and material parameters of 

the cone has been illustrated. 
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5. EXACT SOLCTIO N OF TilE MECHANICAL C O NE BEHAVIO UR 

5.1. Int roduction 

In the f oregoing chap ter  the mem brane behaviour of the cone was d i scussed.  
All ben d i n g  moments a n d  transverse forces were put equal to zero.  This  resulted 
in a lon g i t ud inal wave m ot ion ,  coupled with transverse d isplacements .  However, 
i n  practice bending m oments  and transverse forces do  ex ist .  They generate 
bend i n g  w aves with t ransverse ampl i tudes in general much greater than those 
genera ted  by longi t u d i n al waves, because of the small bend i ng  st iff ness of the 
cone. F u r ther, this sma ll bend ing  s t iffness results in a short bending wavelength ; 
the ben d i n g  waves a re  therefo re acoust ically short-c ilcui ted and radiate l i t tle  
sound ( chapter 6) .  Nevertheless ,  the i n troduct ion of  a bend i ng  s t iffness i s  neces

sary to ca lculate the exact * ) mechanical behaviour in region I I  (which is a 
crucial f requency in terval for the lo udspeaker) ; in th i s  region the membrane 
equat i o n s  yield an u n real i s t ic  solu t i on .  

The a n alyt ical descr ip t ion of  the general * ) behaviour of  a shell o f  revolu t ion  
i s  rather compl icated . I n  l i terature, many approximat ions can be  found wh ich 
lead to  a range of models  for the descr ipt ion of  the v ibrat ion of shells 17 ) . The 
s implest m odel for t h e  ax i symmetr ic  v ibra t ion i s  obta ined when the  bend ing 
stiffness of the  shell i s  neglected.  A less approx imat ive  model i s  the  shal Iow

shell t heory in which t h e  shell dep th  is assumed to  be much smaller than i ts 
d iamete r ; the effect of l ong i tud i nal iner t ia  on the transverse modes can then  

be neglected (the shell i s  regarded as  a sl ightly curved plate) . For  non-shal low 
shells, h o w ever, the neglect  of  the long i tud ina l  i ner t ia  i s  unjust ifiable 15) and  
leads t o  c o nsiderable errors i n  the bending modes .  

To descr ibe the bend i n g  behav iour  of  loudspeaker cones we therefore resort 
to the clas s i cal ren d i n g  theory of shel ls  17 ) . This theory accounts for long i tu

d inal and  rotatory i ne r t i a  bu t  neglects the effects of th ickness  shear .  Th i s  leads 
to  acc ura t e  results for f requencies well below the lowest natura l  ant i symmetr ic 
th ickness-shear frequ e ncy ,  which l ies a t  about 1 M H z  for an  infi n i te  paper p late 

wi th a t h i ck ness of 1 m m .  Deta il s of the assumpt ions on which th i s  theory is  
based can be fou nd i n  ref . 1 7 . 

The r e su l t i ng d ifferen t ial equat ions are d iscussed in sec. 5 . 2 .  Ross 4.5.6 ) gives 
an asymptot ic  appro x i mat ion  of these equat ions ; h is resul ts ,  which may con
tribute to the general u nderstand i ng  of the cone behaviour ,  are  reviewed i n  
sec. 5.3 . We in troduce  boundary cond i t ions  i n  sec. 5 . 4 and  solve numer ically 

the gove r n i n g  d itferen t i a l  equat ions  for a n u mber of cone types ; th i s  forms the 
basis f or a d iscuss ion of  the dependence of the displacement patterns on fre
quency ( sec .  5.5 ). Fur ther ,  the dependence of bend ing resonant  and an t i resonant  

* )  In th i s  c o ntex t  th e adj ect ives  " exact" a n d  " general" ref er t o  th e a c c o un t in g  fo r ben din g 
efr ect s. 
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frequencies a n d  mode shapes on cone geometry and mater i a l  are d iscussed i n  
sec. 5. 6. The frequency character ist ic o f  t h e  a x i a l  admi t tance i s  i l l us trated o n  

the  bas is  of  numerica l l y  calculated examples i n  sec. 5.7. Genera l  and mem brane 
so lu t ions  are compared with each other in secs 5 .8 and 5.9, f ol lowed by a dis
cussion of the very important influence of the vo ice-coil m a s s  on the f requency 
characterist ic of the axial admi t tance. A l t hough  sound rad i a t i o n  by asymmetr ic  

v i brat ions wi l l  be neglected these v ibra t ions  a re  briefly d i s cussed in sec .  5.11. 
Fina l l y  i n  sec. 5.12 measurements o n  a few cones  are reported , which are m a in ly  

in tended to verify the  calcul a t ions .  

5.2. Basic differential equations 

The cone geometry and coordinates are s h o w n  in fig. 4.1 a. Figure 5 .1 gIves 

the positive directions of the s t ress resu l t an t s  and d i spl a cements of a cone 
element .  

The d i fferent ia l  equat ions ,  which comple te ly  describe the  s t ress and def orma
t ion condi t ions  of  a she l l  of revo lu t ion i n  a symmetric v i brat ion ,  are based on 

Cone axis 

Fig. 5.1. Cone e lement showing pos it ive  d irect ions  of str ess a nd m ome nt resultant s a n d  di s
p lac ement s. 
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a der ivat ion by Reissner 12 ) and  i n c! ude the effects of trans latory and rotatory 
inert ia .  They comprise 14 var iab les, which are assumed to be separable in  the 
form (see Lis t  of symbols  for the mean ing  of the var iables) : 

w "' n 
II lin 
fix fixn 
Q Qn 
Qx Qxn cos (n 8), ( 5 .la) 

Nx Nxn 
No Non 
Mx Mxn 
Mo Mon 

V Vn 
N Nn 
Nox - Noxn s i n  (n 8), ( 5. 1 b) 

Qo QOn 
Mox Moxn 

where the  effective shear resul tants  Q and N are i n troduced because of the i r  
appearance i n  the  boundary cond i t ions  of the cone  in  asymmetr ic v ibra t ion 

(see sec. 5 . 1 1 ,  eq .  (5 .46» ; they are defined by (see ref. 1 8 , p .  58)  

I ()Mox 
Q = Q" + . �Q X Sin (X uU 

Mox cot (X 
N:.....: Nox + 

x 
The defin i t i on  of the other stress and  moment  resu l tan ts can be found i n  ref. 1 2 . 
The t ime factor  exp (jwt) has been omi t ted .  

The 14  first-order d i fferent ia l  equat ions which descr ibe the mechanica l  
behav iour  of the cone are not  independen t ; after reduct ion a system of 8 i nde
pendent  d i fferent ial equat ions  wi th 8 independent  var iables remains .  The fun
damenta l  var iables taken are those quant i t ies  that appear in the boundary con
d i t ions a t  the cone edges .  Following Ka l n i n s  14.16) we represent these fun
damenta l  var iables as  the  elements  of a vector y(x): 

I wix) 
lln(X) 
vi X) 
/3xn(x) 

y(x) = I Qn(x) (5.2) 

Nxix) 
N,,(x) 
Mxn(x) 
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where x is the i ndependent var iable, i . e .  the d i st ance along the cone mer id i an .  

The  var iables No, No:n Qo. Q.n M 0 and M O:c m a y  be  expressed i n  t h e  others .  
The rema in i ng  8 s imul taneous d i fferent ia l  equat ions can be wri t ten as 

dy (x) 
-- = A(x) y(x) 

dx 
(5.3) 

where A(x) i s  a n  (8 ,  8)  coeffic ien t  matr ix ,  whose e lements a r e  g iven i n  appen
dix A. As  sound radiat ion by asymmetr ic v ibrat ions wil1 prove to be un impor
tant  (see sec .  6 . 2) ,  spec ia l  a t tent ion wi l1 be paid to the  case of ax isymmetr ic  

vi bra t ions (11 ---' 0 ) .  Then the n u mber of fundamental var iables reduces to the 
fo llow ing  s i x : 

w(x) 
u(x) 

y(x) � �ix) 
Q(x) 
NAx) 
M:c(x) 

(5.4) 

The num ber of d i fferent ia l  equat ions  l i kewise reduces to  s i x .  The (6, 6) matr ix  
A(x) i s  g iven in  appendix  A. 

The so lu t ion y(x) i s  obta ined n umer ical1y by subjec t i ng eq .  (5.3) to th ree 
boundary cond i t ions  at each edge. The method of so lu t ion  is that  of d i rect 
i ntegrat ion ,  i ntroduced by Goldberg et aL13) and refined by Ka ln i n s  14.16 ) . 
W ith  t h i s  method,  wh ich is  briefl y d i scussed in append i x  B, the system (5.3) 
i s  solved for a n u mber o f  frequencies .  The same method was used for solv i ng  
t h e  membrane d i fferent ia l  eq uat ions  i n  t h e  preced ing  chapter .  

The in troduct ion of an in terna l  loss factor makes al l fundamenta l  var iables 
complex and consequently doub les the  num ber of d i fferen t i al equa t i ons and 

boundary cond i t i ons .  The mat r i x  A(x) of eq .  (5.3) for the  complex  ax isymmetr ic 
case i s  g iven in  appendix A .  

Before i l l us t ra t ing the cone behav iour o n  the bas i s  of  typ ica l  exam�')les ,  we 

w ill first teview Ross's asymptot ic so lu t ions  of the  bas ic  system of d i fferent ia l  
equa t ions .  These analyt ic approx imat ions may contr ibute  to  the  understa n d i ng 

of the v i brat ional beha\' iour  of the cone.  

5.3. Results of Ross's asymptotic approximation 

The above system of s ix d i fferen t i al equat ions  for s ix u nknowns has s ix 
l i nearly i ndependent solu t ions .  In  an asymptot ic  analys is of t h i s  system, 

Ross 4.5.6 ) finds fi rst  approx imat ions  to these sol ut ions wh ich d iv ide i n to two 
c lasses. 

Fou r solu t ions  show rapid spat ial var iat i on ,  and bend i ng  act ion is  the pre-
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d o m i n a n t  mechan i sm. The  i n fl uence of stretch ing  on these solut ions  is sl ig h t  
b u t  n o t  ent irely negl ig ible (otherwise we  would be  reduced to inextens ional 
theory 8 ) ,  which  has only r ig id-body solu t i ons for the ax i symmetr ic  case) .  The 
transverse d isplacements  of these so-called bending sol ut ions  are much greater 
t h a n  the longi t ud inal d i splacements: 

where 

w - = O(E- 1/2) » 1 
u 

E =  «1. 

(5.5) 

(5.6) 

Two of these bending solut ions are non-propagat ing edge d i s turbances; they 
rap i dly decrease with increas ing d i stance from the i n ner  or outer edge. The 
o ther  two bending solutions  are waves; for k x tan 'Y. > 1 ( i . e .  for mer id ional 
coord in ates x greater than  the  coord inate Xr of  the t rans i t ion  poi n t) the i r  
waven umber a�1proaches the bend ing  waven umber kB i n  an  i nfi n i t e  pla te : 

Vw kB=-
Y 

where 

The plate bending-wave veloc i ty  i s  

a n d  the  bending wavelength 

! cB = Y l' (rj 

(5.7) 

(5.8) 

(5.9) 

(5.10) 

The remain ing two asymptotic so l u tions of the general system of d ifferent ial 
equa t i ons are rather slowly varying fu nct ions of posit ion: the i r  wavelength i s  
approx imately eq ual to  the  l o ng i tud i n al wavelength i. 1 i n  an  i nfin i te  plate .  The 
effect of bending i n  these solutions i s  negl ig ible.  Because the  s t ra i n  energy i s  
al m os t  en t i rely of the  s t re tch ing type,  t hese solut ions  are called mem brane solu

t i o n s .  They are  well approx imated by the sol ut ions  of the membrane system of 
d i fferen t i a l  equations (chapter 4) .  The rela t ion 

u 
- = O( k a tan 'Y.) 
w 

(5.11 ) 
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shows that  t ransverse and  long i tud ina l  disp lacements have equa l  order of 

magni tude for k a tan (X = O( I )  ( i . e. for frequencies in the v i c i ni ty  of fra). 
Membrane a n d  bend i ng so lu t ions  are nearly i ndependent except a t  the tran
si t ion  po in t .  A t  th i s  poin t  both the membrane theory and  t h e  asymptotic 
bend ing theory fa i l .  1 h is i nd icates that the c lassification of so lu tions  into mem
brane and bending types i s  imposs ib le  near such points .  Therefore, transi t ion 
po ints  can be i nterpreted as the s i tes  of loca l ized interaction between bend i ng  

and  stretching effects .  

Applying boundary condit ions  to the asymptot ic solut ions leads to two sets 
of natural  frequencies ,  cal led membrane and bending frequenc ies .  Ross shows 
that the membrane frequencies ca n be obta ined by apply ing a m embrane edge 
cond i t ion  to the so lu t ion of the membrane system of d ifferent ia l  equat ions .  H e  
a l so  shows that  for a free outer edge the modes associated w i th  t h e  membrane 
freq uencies are of the membrane type and the modes associated w i t h  the bend ing  
frequencies a re  who l ly of the bend ing  type ( with in  a fi r s t  a p proximation) .  
Fur ther  he  proves that  i n  reg ion I (/ < frb) na tura l  freq uenc ies  associated 

with modes of the bend ing type cannot  occu r ;  however this need not be true 
for f � fIb, where trans i t ional  effects may p lay a part .  

We may sum marize Ross's results as fo l lows .  Bending resona nces and anti

resonances only appear for f > frb' For f» fra bending a n d  longi tud i n a l  
waves exist  a lmost  i ndependent ly .  F i r s t  approx imat ions show t h a t  t he  waves 
behave as if they were propagat ing on an i nfin i te  plate. For l o u d s peaker cones, 

however, th i s  freq uency region l ies too high to be of practical v a l ue ; this w i l l  
b e  d iscussed i n  chapter 6. A t  the  t rans i t ion  p o i n t  cons iderable i n teract ion occurs  

between bend ing  and stretch i ng effects .  
A l though Ross's analyt ic express ions wi l l  not  be used in this  thes i s ,  h is resul t s  

and conc lus ions may cont r ibu te  to the  unders tand ing of the n u m erical ly ob
tained solu t ions  of the general d i fferentia l  equa t ions ,  d iscussed i n  the fol low
ing sect ions .  

5.4. Boundary conditions 

The boundary condi t ions  applied for n umerical ly solv ing the general system 

of different ia l  equa t ions  (eq. ( 5 . 3 ) )  are d i rect ly derived from the  si tuation i n  

practice. A s  d iscussed i n  chapter 3 ,  t h e  i nner  edge, t o  which t h e  v o ice coil and 
i nner suspension are at tached, i s  re latively s tiff so that  i t  can m ove i n  an axia l  
d irect ion only .  Further ,  the cone i s  u sua l l y  rather s t iffly glued to the voice coi l  
and inner suspens ion .  We therefore assume in  the  ca lcu la t ions  that the cone i s  
c lam ped to an infi n i te ly s t iff  massless r i ng  a t  the i nner edge, w h ich can on ly  

v ib rate ax ial ly .  Th i s  means  tha t  the  d i splacement normal to the  cone ax i s  must  
be zero a t  x = a ( fig.  5 . 2) : 

u( a) sin ':I. + u'(a) cos ':I. = O. (5. 1 2a )  

— 64 —



Cone axis 

w 

Fig. 5. 2 .  I ll us t ra t ion of t h e  bou ndary con d i ti on s  a t  the in ner  con e  edge. 

From the c la mp ing  cond i t i on it fol l ows that the transverse d i sp lacement m u s t  
have a zero derivat ive a t  x = a :  

dw(x) 

dx x=a 

= f1:cCa) = O. ( 5 .12b ) 

F inal ly ,  the ax ia l  components o f  t h e  t ransverse a n d  long i tud i n a l  stress resul
tants  Q and Nx must be balanced by the appl ied ax i a l  force Fa (fig .  5 . 2 ): 

F 
Q(a) s i n  � - N:cCa) cos � = 

a 
( 5 .12c) 

2:r Ra 
The outer  edge i s  aga in  assumed t o  be free ( the damp ing  i nfl uence of the 

outer  suspension i s  accounted for by tak i n g  a h igher i n ternal loss factor i n  the 
ca lcu la t ions  than the rea l  va lue ,  as d i scussed i n  chapter  4) .  Th i s  means  that  a t  
x = b a l l  stress a n d  m o m e n t  resu l tants  m u s t  be  zero : 

Q(b) = Nib) = lvlx(b) = O. ( 5 . 1 3 ) 

The  above boundary cond i t ions  w i l l  be used i n  a l l  fo l low ing  computat ions .  

In  the fol lowing an i m portant  approximate re lat ion w i l l  be der ived between 
the axial impedance Za and the long i tud i na l impedance Z/ at the i nner  edge. 

The former i s  defi ned by 

( 5 . 1 4) 

where via) *) is the ax ia l  ve loci ty a t  the  i n ne r  edge (fig. 5 . 3a) ; Z/ shows u p  
i n  t he  four-pole equat ions for t h e  unconstra ined i n ner  edge : 

*) l\' o t e  t h a t  in the con text  of asymmetr ic  v i b rat ion s t h e  l e t te r  v is u sed f or the az imutha l  
d i sp lac ement. H owe ver, c onfu si on i s  hard ly poss ib le  s inc e v st an ds  f or ve loci ty on ly in sy m
met ric v ib ra t ion s  an d i s  then a lways prov ided by on e of t he subscr ip ts {/ ( ax ia l), I ( lon g i t u d in a l )  
o r  t ( t ran sverse). 
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Fig. 5.30. Definition of forces and velocities at the inner edge. 

F, =-=- Z, r,(a) + z" rICa), 

F, ::---c Z" "I(a) + 7, rICa), 
( 5 . ) 5 )  

where F,. , and l', . , (a) are the forces and velocit ies a t  the i nne r  edge in the  
long i tud inal and t ransverse d i rect ions .  To s imp l ify the  present d iscussion the  

posi t ive d i rect ions of  the fo rces and veloc i t ies  are  defined as shown i n  fi g. 5.3a * ) . 
The lat ter  equat ions  accoun t  for the coupl ing between the long i tud ina l  and the 
transverse forces and veloci t ies. For f > .1;,1' h owever. the long i tud inal and 
transverse ( i . e .  bending)  waves gradually uncouple with  i ncreasing frequency 

(see sec.  5 . 3 ) .  Then, the cross-terms may be neglected; hence 

F, � 7, l"/(a), 

FI � ZI t·l(a). 
( 5 . 1 6 )  

The boundary cond i t ions  a t  the i n ner edge are rewritten i n  terms o f  force� and 
ve loc i t ies .  The cond i t ion  that  the inner  edge can only move in  ax i al d i rect ion 
(eq. ( 5 . 1 2a)) i s  expressed by 

r,( a) - - "a( a) sin �, 

r,(a) = ('a(a) cos �. 
( 5. 1 7) 

The ax ial components  of the t ransverse and long i tud inal fo rces F, and F, must  
be equal to  the ax ial force Fa' exerted by the voice co il: 

F, sin � + F, cos 'X = Fa. ( 5 . 1 8  ) 

The components  of F, and F, in a d i rect ion normal to the cone ax is  are neutral-

.) I"ote that the longitudinal for(e f-l and the trans\erse velocity /', are defined oppositely 
to the longitudinal stress resultant N x and the transverse displacement II respectively. If 
follows that F, = - 2:'1' RaN x and t'r = -jU) II' (cf. figs 5.2. 5.30). 
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ized by t he  i nfini tely s t iff  r i ng. On the basis of the la t ter  three equat ions ,  we 
now eas i ly  arr ive a t  the fo l lowing express ion: 

Za = Z, sin2 a + Z, cos2 a. (5 .19) 

Of course, eq .  (5 . 19) only holds for the present boundary cond i t ions  a t  the inner  
edge. For  a cylinder Zu is eq ual to  ZI; for a flat pla te  Z" = Z(. The transverse 
impedance Z( i s  ma inly controlled by the cone bending s t iffness, which is  rela
t ively small in pract ice. The longi t ud inal impedance Z, i s ma i nly determined by 
the exten s ional s tifrness of the cone surface and is usually much h igher than  Z(. 
We wri t e  eq. (5 . 19) as 

( 7( ) Za = Z, I + - tan2 � cos2 � 
7, 

( 5 . 20) 

and es t imate the freq uency average of IZ(IZd tan2  � as follows. 
At  h i gh frequencies (/ > f;/,), the  freq uency character is t i c  of the long i tud i n a l  

imped a n ce Z, osc illa tes abou t the characterist ic longi tud i na l  impedance Z'c of 
a semi-i nfin i te pla te  (see eq. (4 .46)), g iven by 

( 5 . 21 ) 

The t ra nsverse im pedance Z( osci llates about  the  character is t ic  bend ing imped

ance Ztc of a semi - infin i t e  plate 40 ) , where 

(5 . 22) 

The ampli tude of the oscilla t ions  of Z, and Z, about  their character is t ic  values 
in the frequency domain are proportional to II() k I L and I /(� k I/L respectively. 
S i nce i n  p ract ice in  the audio region 

- = «1 k1 (Wh )1/2 
kB Cl V12 ( 5 . 23 )  

we may  neglect t h e  ampli tude  of t h e  oscilla t ions  of Z( a s  compared w i t h  those 
of Z,. Th erefore, t he  freq uency average of IZ(/Zd tan2 � may be written as 

- tan2 a � - tan2 a = - tan2 a, \ Z, ) Zrc kl 
Z, Z/c kB 

( 5 . 24) 

which i n  practice is much smaller  than I. For ins tance, if we subs t i tute the 
follow i n g  pract ical values in  the lat ter  equa t ion: � = 60°, It = 0·3 mm and 
c = 2700 m/s we find a t  f = 1 0  k Hz: 

\ �: tan'«) "" 001. 
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Hence, i t  fo l l ows from eq. ( 5.20) tha t  

( 5 .25) 

Equat ion ( 5 . 25 )  means that in the h igh-frequency region ( region III) the ax ial 
impedance Za  i s  determ ined by the long i tud inal impedance Z/. I n  the  t ra n s i t ion 
reg ion (reg ion I I )  Z/ i s  h igher than Ztc ( see fig. 4 . 1 5) a t  a l l  frequencies. Then 
the frequency average of \ZrtZd t an 2  'X wil l  certa inly be negligible w i t h  re

spect to u n i ty  and  eq. ( 5 . 2 5 )  a lso holds in region I I .  This  approximation for Za 
w i l l  no t  be used in the numerical computat ions ,  i t  only serves to illus trate  the 
h igh  i n fl uence of Z/ on Za and the rela t ionsh ip  between t h e  frequency c h a rac

ter is t ics of the  ax ial i m pedance calculated with the  exact equations a n d  the  
long i tud ina l  impedance ca lculated wi th  the  membrane equa t ions.  

Equat ion  ( 5 . 2 5 )  may be ill ustrated on  the bas is  of fi g. 5 . 3b ,  which is a sim

pl ified representa t ion of the s i tua t ion a t  the i nner edge. The latter can only 
move a long the  vertical ax i s ;  t he  t ransverse and long i tud i n a l  impedances are 
represented by two spr ings with s t iffnesses s, and SI respectively * ) . I t  is c lear 
that ,  i f  Sr «s" then SI will determine the ult imate ax ial d i sp lacement. 

E q uat ion  ( 5 . 25 )  also holds  at  low frequencies ( region I ) , w h ich can be s h own 
as follows .  Then the cone osci l lates pract ically as  a rigid body with a mass  Md. 
The mot ion is determined by Newton's law: 

( 5 .26) 

and Ft and F/ cannot  be described by ( independent)  fou r-pole equat ions . On 
the  contrary, t hey  can  be  considered as components of  Fa ( fig .  5 . 3c): 

Ft = Fa s i n  'X, 

F/ = Fa cos 'X, 
( 5 . 27) 

and are consequent ly  d i rectly proport ional to Fu' The i n ne r-edge cons t ra in t  

wh ich  only  a l lows mot ion i n  the  ax ia l  d i rect ion i s  completely supernuous ,  be
cause t he ax ia lly dr iven r ig id cone w ill move ax ially ; eq .  ( 5 . 1 8) turns in to  an  
ident i ty .  W i t h  eqs ( 5 . 1 7 ) ,  ( 5 . 26) and  ( 5 .27)  we  a r r i ve  a t  

Za �jWMlh ( 5 . 28 )  

( 5 .29a) 

( 5 . 29b) 

Equat ion  ( 5 . 29a) agrees with eq. (4 .27)  which was fo und fro m the low-frequency 
so lu t ions  of the  membrane equat ions fo r a long i tud inally d r i ven  uncon s t ra ined 

edge. This shows i ndeed t ha t  the i n ner-edge constra int  does n o t  afrect the m ot ion 
i n  the  low-frequency region.  
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Rigid axis 

inner edge 

b) 

Rigid axis 

Cone moss M(j 

Fig .  5. 3 .  (b) S im p l i fi e d  i l l us t ra t ion of t h e  i nfl uencl' of the  t ransverse impedance Zr ( represented 
by the sp ring sr) and t he long i tud ina l  i m pedance Z, (represented by the s p r i n g  5/ ) .  
T he i n ner edge is forced to move a long  the r ig id  ver t ica l  ax i s. 
(c) S i m p l ifi e d  i l lu s t ra t ion  o f  t h e  forces a n d  cone veloc i ty a t  a very low freq uency. 

We conclude tha t  the mean frequency characterist ic of Za is determined by 
Z,; the latter can be calcu lated with the membrane equa t ions .  Osc i l l a t ions about  
the mean va lue  are caused by bend i ng  resonances and  an t i resonances a t  wh ich  
Zt becomes m i n i m u m  and  max imum ; t he i r  amp l itude decreases wi th  i n creas ing 
frequency and increas ing loss  factor .  This wi ll be exp l ic i t ly  i l lustrated in the 
next sect ions .  

5.5.  Typical  frequency dependence of the displacement patterns 

In th i s  sect ion the ax isymmetric t ransverse and long i tud ina l  d i splacement 
patterns w(x) and u(x) are calcula ted for cone 50.3 (see table 5-1) by so lv ing  
numerically the  general system of d ifferen t ial equa t ions  at  a n u m ber  of fre- \ 

.) O f  course th i s  representat ion of t h e  cone react ion by s t itf nesses serves an  i l l us t rat ive  p u r
pose ; a t  certai n  frequency i n tervals t he  cone reacts as  a m a s s .  
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TABLE 5-1 

Cone 50.3 

geometry 

semi-apex angle 
i n ner-edge rad i u s  
outer-edge rad ius  

th ick ness 

':J. = 50° 
Ra = 1 7  mm 
R" . - 83 mm I 

Ii = 0·23 mm 

mater ial 

You ng's modulus E = 2 . 109 N/m 2 

mass dens i ty  Ij = 600 kg/m 3 

Poisson's rat io v = 0·3 
lo s s  factor: specifi ed locally 

(if unspecified: b = 0' 1 )  

quencies .  Except for the greater th ickness th i s  cone has the same geometry and  
material parameters as cone  50. 1 whose longi tud inal behav iou r  was  d iscussed i n  
chapter 4 .  Therefore, t h e  frequency regions a re  equal and  the longi tud inal 
resonant and ant i resonant  frequencies a re  pract ically equal to those of cone 
50. 1 .  The greater th ickness of cone 50.3 serves to  i l l u strate more clear ly the 
effects of be nd i ng  on the frequency characterist ic of the ax ial admi ttance (see 

sec. 5 . 7 . 1 ) . For s impl ic i ty  the i n terna l  loss factor is  assumed to be zero. Th i s  
means  that  the  d i sp lacement patterns are  of the stand ing-wave type. 

Transverse and longi tud inal d i splacement patterns calculated with the general 
equat ions  at  typical frequencies in  the th ree frequency regions are shown In 
figs 5 .4a thro ugh 5 .411 which are not drawn to the same scale. 

Regiol1 I (f < Irb) 
Figure 5.4a shows w(x) and u(x) a t  f = 1000 Hz .  At th is  rela t ive ly low 

frequency the  cone mot ion i s  a lmost un iform; in  a first  approx imat ion the 

cone may be cons idered to be r ig id .  When the frequency i s  ra ised the ampl i 
tudes  at  the i nner edge decrease whereas they increase at  the outer  edge,  as 
d i scussed i n  chapter 4 .  At the r i ng ant i  resonant f requency Ira = 1840 Hz the 

longi t ud ina l  d isplacement u(x) becomes zero at  the  i n ner edge: a node appears .  

Because of the assumed rigidness of the i nner  edge, this node also appears in H' 

(fig. 5 .4b). When the frequency is raised fu rther, th� node sh ifts to the outer 
edge, as shown by fi .g .  5 .4c (2200 H z) .  The upper l imit  of region I l ies at  
Ir" = 2250 H z .  

Regiol1 /I (lrb � f � Ira) 
Abovelr" the cone shows natu ral frequencies associated with bending modes .  

Because a forced v ibrat ion is  cons idered here, i t  i s  exped ien t  to d iv ide these 
natural  frequencies i n to so-cal led bending resonant  frequencies at  which u(a) 
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and w(a) become i nfin i te ,  and ben d i ng  an t i  resonant frequencies at which lI(a) 

and w(a) become zero. 
These bend i ng  resonant  and an t i resonant frequencies are eas i ly d i s t ingu ished 

from lon g i t u d i na l  resonan t  and an t i resonant freq uencies,  s ince the spacings 
between the la t ter  are relat ively large for normal loudspeaker cones.  Moreover, 

each t ime a bending an t iresonant  frequency i s  passed, the n umber of nodes i n  
w(x) increases by I, whereas tha t  i n  lI(x) remains una l tered .  Wh i l e  pass ing a 
longitud i n al an t iresonan t  frequency ,  both l,\'(X) and lI(x) show another node .  
For ins tance ,  a t  the  firs t  bend ing resonance /hrl = 2360 Hz (fi g. 5.4d), 1I and w 

become very large and a phase change of 180 degrees occurs. A t the fi rst bend ing  
an tiresona n t  frequency ibU\ = 2418 Hz another node  arises in  u'(x) at  the  inner  
edge ( fig.  5.4e ), which sh ifts rela t ively q u ickly to  the outer  edge when the fre
quency is further increased. 

The mode shapes at the second and third bending resonant and an t i resonant  

frequenc ies  are  shown i n  fi gs 5.4/ through 5.4i. The above figures show the 
typical a m p l i t ude d i s t r ibut ion encountered in  region I I .  In  th is  reg ion ,  a tran
s i t ion poi n t  l ies on  the cone a t  x = x" which i s  i nd icated by a dot  in fi gs 5.4d 

through 5.4i. On the i n ner  cone part  a < x < x" the v ibra t ion  i s  predom
inantly of the membrane type. The wavelength i s  rather long.  The mot ion  
on  this par t  i s  pract ically ax i a l ,  because II and w ha  ve  the same order of magn i 
tude  (eq. (5.11 ». A t the  t rans i t ion po in t  considerable in teract ion occurs be

tween mem brane and bending waves (sec. 5.3). On the outer cone par t  
x, < x < b, the  v ibra t ion  amp l i tude i s  predominan tly determined by ben d i ng  
waves w i th  a waven u m ber approximately equal t o  t h e  bend ing  waven u m ber  k8 
i n  a n  infi n i te p la te  and with t ransverse ampl i tudes much  h igher t h a n  t h e  longi
tud ina l  ones (figs 5.4g through 5.4i). These figures  i l l ustrate tha t  in  reg ion I I 
the gene ra l  v i bra t ion patterns completely deviate from the membrane patterns; 
the latter s how a s ingular i ty at  x, and no bend ing  waves.  

The d ifferent  nature of the motion on  the two s ides of the trans i t ion po i n t  
can  be fur ther  demonstrated on t he  basis of t he  s tra in-energy coeffi cient 'Y). This 
coefficient  i n d icates the fract ion of the tota l  s t ra in  energy that  i s  due to  
bending: 

'YJ = ---
V'i + V8 

(5.30) 

where VB is the strain energy d ue to  bending and Vs the  stra in energy due to 
stretch ing  of the middle su rface of the cone.  Th i s  coefficient  was orig ina l ly 
i ntroduced by Kaln in s  15) for the classifi cat ion of modes .  Express ions for Vs 
and V8 are  given i n  appendix C. The va lue of 'ij, calculated numer ica l ly at  
regular i n terva l s  along a cone merid ian i s  plotted as a fu nct ion of x in fig .  5.5. 

This figure shows tha t  'il becomes smal l for x < x" which  i ndicates the mem-
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Fig .  5.4. Calcu lated tr ansver se a n d  l on git ud ina l  dis p lacement p atterns  of cone 50.3 ( exact 
sol uti on) at 
(a) 1000 Hz, "'\ 

(b ) the ri n g  a nt iresonant freq uency j�a = 1840 Hz , 
(c) 2200 Hz , 
(d) t h e  fir st bend ing  resonant fr eq uency Ihr 1 = 2360 Hz , 
(e) t h e fir st b e n d i n g  a nt ir esonant freq uency fbul = 2418 Hz . 

brane character of the  mot ion ,  whereas for x > Xr, 'j a p proaches 1 ,  i n d icat ing 

that  the  wave mot ion i s  of the bending type. 
The relat ively long wavelength for x < X t  and short wavelength for x > Xr 

i s  character is t ic  of all cones v ibrat ing w i th  freq uencies i n  region I I. Th is has 
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Fig. 5 .4 (cont inued):  
({) the  second bending reso n a n t  frequency Ib,2 = 2668 Hz, 
(g ) t h e  second bend ing a n t i resonant frequency Iba2 = 2750 H z ,  
(II ) t h e  t hi r d  bending reso n a n t  frequency Ib,3 = 2 9 9 3  H z, 
(i) t h e  t h i r d  bending a n t i resonant  frequency Ibl.l3 = 3083  H z. 
T h e  dot  i n d icates t h e  pos i t ion  o f  t h e  t ransi t ion po in t. 

considerab le  influence on  the  sound rad iat ion ,  a s  wi l l  be  shown in  chapter 6. 
A compar ison of the  d isplacement pa t terns obta ined w i th  the  membrane and  

t he  general equat ions a t  t h e  fi rs t  long i tud ina l  an t iresonant  frequencY!'a\ and  
t he  fi rs t  membrane resonan t  frequency /""11 bo th  l y i ng  i n  region I I ,  w i l l  be  

made  in  sec .  5.9. 

Region III (/ > Ira = I 1000 Hz)  
I n  reg ion I I I  t he  coup l i ng  between bending and  membrane  waves becomes 

weak. The transi t ion point has d i sappeared from the cone. The transverse d i s
p lacement pat tern is we l l  approximated by that  on a transversely dr iven semi
i nfin i te p late, except a t  certain d i screte frequencies, v iz .  a t  the  natura l  frequen
cies for a rad ia l ly  supported i n ner edge (membrane resonan t  frequencies); these 
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F ig .  5 .5. S t ra in -en ergy coefficien t  '/ versus mer id ion al coordin ate.\' for con e  50. 3 at t h e  t h i r d  
ben din g an t i reson an t  frequen cy fbu) = 3 0 8 3  Hz. 

w u 

Or-----------��--�---------

F ig .  5. 6. Calcu la ted t ran sverse an d l on gi t u d in a l d i sp lacemen t  pat tern s  o f  con e  50 . 3  a t  
r = 1 3000 Hz (exact so lut ion ) . 

wil l  be d i scussed i n  sec. 5 . 8 .  In  the  present frequency region the  cone i s  en t i re ly 
covered by ben d i ng waves ; the  wavelength i s  approximate ly eq ual to the bend ing 
wavelength i.B i n  an i n fi n i te  p la te .  Th i s  i s  i l l u strated in  fig .  5 . 6 , wh ich shows the 
transverse and  longi tud ina l  d i splacement pat terns  a t  f = 1 3000 Hz; the va lue 
of i'B ca lcu la ted w i th  eq. ( 5 . 1 0) is  i nd icated.  

5.6. Dependence of bending resonant and antiresonant frequencies and displace

ment patterns on the cone geometry and material 

In region I I I the bend ing  resonant and ant i resonant frequencies can eas i ly  
be approxi mated s i nce the cone i s  en t i re ly covered by bending waves wi th a 
wavelength about equa l  to i.B• As the outer edge is free, an an t i node w i l l  appear 
there. At bend ing  resonant frequencies ihrn an  ant inode a lso appears a t  the 
i n ner edge.  At these frequencies an  i n tegral n umber of ha lf  wavelengths fits  on 
the merid iona l  length L of the con e ;  hence we find with eq. ( 5 . 1 0) :  

(5. 3 1  ) 
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S ince  at bending a n t i resonant  frequencies/ban a node appears a t  the i nner  edge, 

an o d d  n umber of q u arter wavelengths must fit on L, so that  

n (2n + 1)2 h Cl 
fGbll 

� 16 V3 L2 ( 5 . 32 ) 

These e q uat ions can be wr i t t en as funct ions of the reduced geometry var iables 
/rIRb a n d  RblRa a s  follows: 

:1;2 n2 
kR I � a brt. 

2 [3 (1 _ ')12) ]1/2 

:1;2 (2n + 1)2 
kR \ � a bun 

8 [3 (I _ ')12)]1 /2 

II RblRa 
s i n2 �, ( 5 . 33 ) 

Rb (RbiRu - 1)2 

II RblRa 
s i n2 �, ( 5 . 34 ) 

Rb (Rbi Ra - 1 )2 

where k Ra [ b'" and k Ra l b"" are  the values of the d imens ion less frequency 
parameter kRu at the nth bend ing resonant  and ant i resonant frequencies 

respect ively.  
I n region \I  ben d i n g  waves on ly  appear on the outer cone part  and the above 

frequenc ies must be n umer ica l ly  ca lculated w i th  the general  d ifferent ia l  equa
t ion s .  Th i s  i s  carr ied out as fol l ows .  At  the resonant  frequencies the ax ia l  ad
mi t ta nce  I Ya l becomes infinite if c5 = 0; a t  the an t i resonant frequencies 
I Yul = O. This a d m it tance is  numer ica l ly ca lcu lated for a suffic ient  num ber of 
frequencies (us ua l l y  about  5 po in t s  between adjacent resonant  frequencies) .  
I nverse Newton i n terpolat ion of I Ya \ and I II Ya \ then yie lds the resonant  and  
an t i resonant  frequencies .  I n  th i s  way the dependence of  the  lowes t  five bend ing  
an t i resonant  freq uencies on the cone geometrical parameters i s  determined .  

The  bend i ng  resonan t  frequencies l ie between the bend ing an t i resonant fre
q uenc ies  (though in  general not ha lfway between them) ; they w i l l  not be shown .  

The  above-men t ioned dependence w i l l be  d iscussed i n  the nex t  subsect ions 

on the basis of figs  5 . 7  through 5.9 in which the l ong i t ud ina l  and bend ing an t i
res o n a n t  frequenc ies are represented by drawn and dashed curves respect ively .  
The l ongi tudina l  a nt i resonant  frequencies are  ca lcu la ted w i t h  the membrane 
eq ua t ions .  The po i n t s  labe l led a lphabet ical ly on the curve /ba3 in these figures 
correspond to the m odes label led s im i lar ly  in  fig.  5 .10. I n  these modes the tran
s i t ion  po in t  is aga i n  i nd icated by a dot .  The dependence on  the material param
eters E and fJ fol l ows  imp l ic i t l y  from the d imens ion less var iable kRa• 

5 .6 . 1 . Influence of the thickness 

F igu re 5 .7  shows the d imens ion less  frequency kRa at the lowest five bend
i ng  a n t i resonant frequencies as a funct ion of the reduced cone th ickness h/ Rb 
for ex = 60° and Rbi Ra = 5. The spacing between the bend ing an t i resonant 
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F i g .  5. 7 .  Calculated depen den ce o f  the r in g  an t i  reson an t  freq uency fra t t h e  first lon gi t u d in a l 
an t i reson an t  freq uen cy li a 1 (drawn l in es)  an d t h e  lowest fi v e  b en d in g  an t i  reson an t  freq uen cies  
(dashed)  on the  reduced con e  t h i c kn ess h/Rb for :x = 600 an d Rb/Ra = 5.  

frequencies decreases with decreas ing hlRh •  I n  t h e  l im i t ,  as hlRb --. 0 , a l l  
bend ing  resonant a n d  an t i resonant freq uencies co incide a t  k Ra = cos :< o r  

kR2 = 1, where R 2 i s  t h e  second rad ius  o f  c urvat ure a t  t h e  i n ner edge (eq .  
(4 .68» .  In  reg ion I I I  the bend i ng resonant  and a n t i resonant  frequencies a re  

proport ional  to hlR b  (eqs  ( 5 . 33 ) ,  ( 5 . 34) ) .  

F igures 5 .  I Oa and b show the  d i splacement pat terns a t  the t h i r d  bending a nt i 

resonant frequency for hi Rb = 1· 25 . 1 0 - 3 and hi Rh = 2 . 1 0- 2 respect ive ly 
(points  a and b in  fig.  5 . 7 ) .  

1 �------�-------.-------,--------

5 _J-----r-------r-- "al 

50 60 80 

Fig. 5.8 .  Calcu lated depen d en ce of the r in g  an t i reson an t frequency fru. t h e  first lon gi t u d in a l 
an t i reson an t frequen cy h a l  (drawn curves) an d t h e  l o w e s t  fi v e  ben d in g  an t i reson an t fre
q uen c ies  (dashed)  on the semi-apex an g le  :x for RbI  R a = 5 an d hi R b = 5 . 1 0 - 3 . 
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5 .6 . 2 .  Injluence of the apex angle 

The i n fluence of the  apex ang le  o n  the lowest five bend i ng an t i  resonan t  fre

quencies is shown i n  fig. 5 . 8  for Rbl Ra = 5 and hlRb  = 5 . 1 0 - 3 .  The r i ng  
an t i resonant  frequency decreases w i th increas ing (X (see sec. 4 .4 ) .  I t  becomes 
zero at (J. = 90°. The lower bend ing  anti resonant frequencies show the same 

tendency. H owever, as (J. approaches 90° the lat ter  become equal to  the lower 
bending anti resonan t  frequencies of a fl at annu l a r  r ing. The spacing between the  
ant iresonan t  frequencies i n creases w i th  increas ing ':I. ,  because the mer id iona l  
cone  l eng th  L decreases (Rbi Ra  i s  kep t  constant ) . A t  h igher bend i ng  an t iresonant  

frequencies the  s lope  of the  curves  therefore becomes pos i t ive ,  as predicted by 
eq .  (4. 3 5 )  for f > fra (not  shown in  fig. 5 . 8 ) .  

The  d i splacement patterns a t fba3 for ':I. = 50  and  70  degrees (po in t s  c and  d 
in fig. 5 . 8 )  are shown in figs 5 .  I Oc and  d. Although the va lue  fba3 for ':I. = 50° 
i s  higher than that for (X = 70° the t rans i t ion  po in t  of the la t ter  l ies c loser 
to  the inner edge.  This  i s  caused by the fact that  frb and fra decrease faster w i th  

increas i ng  ':I. t han  the  bend i ng  an t i resonant  frequencies .  

'�--r-----------------------� 

1 Region lJ[ 
kRo \ 

1 \\ 1 \\ 
\\\ 

.,,�-. 
�\'\, 

��� �� � ���, 
2 .�,��, " ��, ���,� 

Region I �" �� .� ��� ., ��� "01 
,,���, �"�1 

(¥ • 50 ° " �'j "" �  'bo -3 , :\2 
1 hlRb = 5. 10 ,,� 

"-
10 1 2 5 10 2 5 

.. Rb lRa 

Fig.  5.90. Calculated dependence o f  the  r ing  ant i  resonant freq uency fra, t h e  lowest two longi
tudina l  ant iresonant frequencies  (drawn curves)  and the  lowest five bend ing  a n t i reso n a n t  fre
quencies (dashed)  on R b/Ra for h/Rb  = 5 . 1 0 - 3 a n d  :x = 50°. 
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5 . 6 . 3 .  Influence of the ratio of oWer- to inner-edge radius 

The dependence of five lowest bend i ng an t iresonant frequencies on Rbi Ra i s  

shown i n  fi gs 5 . 9a, b and  c for =t = 50, 6 0  a n d  70 degrees respectively and 
hi Rb = 5 . 1 0 - 3 ( th is va lue  ho lds  approximate ly for many pract ical  loud
speaker cones ) .  These  fi gures show that  for RblRa > 3 ,  the  bend ing ant i 
resonant frequencies are  inversely proport iona l  to Rbi Ra ,  which i s  predicted by 

eq.  ( 5 . 34)  for f > 1;a '  The same ho lds  for the long i tud ina l  an t iresonant  fre
quencies (cf. fig. 4 . 1 9b) .  For RblRa < 3 the h igher bending ant i resonant  fre

quencies i ncrease faster with decreas ing R bi Ra than the h i gher long i tud ina l  
an t i resonant  frequencies. The figures a l so show tha t  i n  pract ice the  r ing an t i 
resonant  frequency Ira can be  approximated by the  upper-boundary frequency 

!, b of region I ( lower dash-dotted l i nes in llgs 5 .9a , b and c) . The d i splacement 
patterns a t  fba3 for ;x = 50° and  for Rbi Ra = 2 ·5  and Rhl Ra = 1 0  are shown 
by figs 5 . I Oe and f respectively ( poi nts  e and f i n  fig. 5 . 9b ) .  I n  general fig .  5 . 1 0  
shows tha t  the i n fl uence of the cone geometry on the long i tud ina l  d i sp lacement 
pat terns at ha3 i s  rather smal l .  

I n t h e  preced i ng sect ions the dependence o f  t h e  lower bending an t i resonant 
frequencies and the modes on the cone geometry was d i scussed. Ca lcu la t ions  

':�--,-----------------------� 

RegionlJ[ 

�' 

• 

l S 10 l S 
.. Rb lRo 

F i g .  5.9b .  See legend to fi g .  5.9a ; l: = 60 ). 
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on cones w i th  other  boundary condi t ions  ( 9 ) show tha t  the boundary cond i 
t ions  have l i t t l e  i n fl uence on  the bend ing  an t i resonant  frequencies. In  reg ion I I ,  
a change of bo undary cond i t ions  a t the outer edge has much  more i nfl uence 
on frequencies and modes than a t  the inner  edge. 

5.7. Frequency c haracteristic of the axial admittance 

I n  this sect i o n  t he  typical course of the freq uency character is t ic  of the ax ia l  
a d m ittance Y" a t  the  i nner edge, ca lcu la ted with the genera l  equat ions ,  w i l l  be  

d iscussed. On the  basis of eq .  ( 5 . 25 )  we i ntroduce the reduced ax ia l  admi t tance 

Yen defi ned by 

( 5 . 3 5 )  

Figure 5 . 1 1 s h ows  t h e  freq uency characterist ic o f  Ya o f  cone 5 0 . 3  for ,5 = 0 

in region I a n d  the  lower part  of region I I . A t  very low frequencies ( f « fr b) '  
IY(/] i s  inversely proport ional  to the frequency, according to  the  low-frequency 
approx imat ion (eq .  ( 5 . 28» : 

( 5 . 36) 
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Fig.  5. 1 0. Calculated t ransverse a n d  lon g i t u d i n a l  d isp lacement  patterns a t  t h e  t h i rd bend i n g  
a n t i resonant  f requency J"Q 3  for var ious cone geomet ries ; t h e  c haracters i n  e a c h  figure cor
respond to those  i n d icated i n  figs 5.7 to 5 .9 (exact solut ion) .  

(a)  � = 60°, R"IRo  = 5,  h/R" = \ . 2 5 . 1 0 - 3 , C d )  :x = 70°, R ,,/Ra  -= 5 ,  h/ R "  = 5 . 1 0 - 3 , 
(b) :x = 60°, R,,/RQ = 5, Jr/ R"  = 2 . 1 0 - 2 , (e) :x = 60°. R ,,/ Ro -= 2 · 5, /z/ R "  = 5 , 1 0 - 3 , 
(c) � = 50° , R,,/Ro = 5, h/R" = 5 . 1 0 - 3 , (f) :x = 60°, R ,,/Ra = 1 0, h/ R "  = 5 . 1 0 - 3 , 
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Above the r i ng  an t iresonant  frequency fra ( 1 840 H z) ,  at which Ya becomes zero 
for the first t ime, bend i ng resonances (at wh i ch  IYa l = co) and  an tiresonances 

(at  which Ya = 0) appear.  At  each ant iresonant  frequency, another  node ap
pears a t  the i n ner edge wh ich sh i fts to  the outer edge when the frequency is 
fu rther i ncreased (cf. figs 5 .4d t h rough 5 .4i ) .  

As for the numer ica l  calculat ions,  the  introduct ion of i nterna l  losses doub les 
the n u m ber  of d i fferent ia l  equat ions,  br ing ing i t  t o  12 for ax i symmetr ic  v ibra
t ions ; the method of so lu t ion  remains  the same (see append ices A and B) .  
F igure  5 . 1 2  shows I Yal as a func t ion  of frequency for cone 50.3 wi th /) = 0·0 I 

2 

v T 

2 . 
J 

I Cone 50.3 

../�� J J J J ) ) J / 
f l 2' " I  
ra Ib �al 

3 I I -fl_ f (kHz)! 5 I o 

-0·2 

Fig.  5 . 1 1 .  Calculated frequency characteris t ic  of the  reduced ax ia l  a d m i t tance y .. of cone 
50 .3  for  (j = o. 
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Fig .  5 . 1 2 . Ca lcu lated frequency character is t ics  o f  the reduced ax ia l  a d m i t t a nce l y ,, 1  of cone 
50 .3  for  <5 = 0·0\ ( d r awn c u rve) and  <5 = 0 · 1  ( d ashed c u rve).  
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(drawn curve) a nd /) -:-: 0 · 1 (dashed curve) .  Figure 5 . 1 2  is more rea l i s t ic  t han  
fig .  5 . 1 1 :  i n ternal  losses l im i t  IYu \ to fi n i te va lues at resonant  frequencies, 
whereas a t  an t i resonant  frequencies \y" \ no longer becomes zero. I n  region I I  
ben d i ng resonances a nd an t i  resonances cause \ )'0 \ to osci l la te  about  a mean 

va lue, determined by Y/ (eq .  ( 5 . 2 5 )) .  The magni tude of these osc i l l a t ions  i s  
proport iona l  to I /tJ  k B L. This  i s  we l l  k nown from p la te  bending theory 9 ) and 
can be eas i l y  exp la i ned by cons ider ing the rat io of the ampl i tude of the wave 
rece ived back at  the i n nei edge after reflect ion to  that of  the outgoing wave ; th i s  

rat io decreases when  e i ther  tJ ,  k H or  L i s  i ncreased, because the wave  has  to  
cover more  wavelengths before arr iv ing  at  the i nner  edge aga i n .  Consequent ly  

resonances and a nt i resonances cannot  fu l ly bu i ld up .  I t  may a l so be expla ined 
by com par ing  the bandwidth of each bending resonance with the spacing be

tween the bend i n g  resonant  freq uencies ; if the former becomes greater than the 
la t ter ,  the osc i l l a t ions  practica l l y  d isappear .  

Figure 5 . 1 3  shows the frequency character is t ic  of \ ) ',, 1 of cone 50. 3 for 
,� = 0· 1 i n  a greater frequency i n terval .  On the average, th i s  character ist ic 
fol l ows the same course as that of fig. 4 . 1 5 , which was ca lcu lated with the 
membrane equa t ions .  The only d i fference i s  the  appearance of smal l  osc i l l a 
t ions  ( fine s tructure)  i n  I rul j ust  above .r, ,, ,  which are caused b y  bend i ng  reso

nances and an t i resonances. In region I I I .  /.rll/ osci l lates about the va lue  I ,  
wh ich  i s  eas i ly  expla ined a s  fol l ows.  I t was  shown i n  sec. 5 . 4  that  Y" i s  deter

m i ned by the long i tud ina l  adm i t tance Y, ; w i th  eq. ( 5 . 2 5 )  we find 

( 5 . 37 )  

For h igh frequencies ,  I Yt ! osc i l la tes around a freq uency-independent cha rac-
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Fig .  5 . \ 3 . Calculated frequency chara cter istk of the reduced a x ia l  a o m i U a n(e 
50.3  for ,) = 0 · 1 . 
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teristic va l ue  Ylc (eq.  (4.48» ; these osci J l a t ions  are caused by longi t ud i na l  
resonances a n d  an t i resonances .  The  frequency average of I Ya \ i ll region I I I  
i s  therefore 

( 5 . 38 )  

Hence 

< IYa l > = I (5 .39)  
i n  th i s  regi o n .  

Figure 5 . 1 4  shows t h e  frequency character ist ic of I Yal of cone 50. 1 ,  w h ich 
has a sma l l e r  th ickness than cone 50.3. For t h i s  cone 50. 1 the fi ne structure 
has fu J ly  d i sappeared, the character is t ics of figs 4 . 1 5  and 5 . 1 4  are a lmost equa l . 
I n  the l at ter  figure the rea l  par t  of Ya is shown dashed.  Th i s  par t  is very sma J l  
i n  region r ,  where bend ing  i s  negl i gib l e ; i n  region I I I ,  Y u  becomes v i r t ua l l y  real 
(the character is t ic  l ong i t ud ina l  impedance Z(c i s  rea l  and bend ing h as a negl ig ib le  
i nfl uence s ince Z/C « Z'o see sec. 5 .4) .  

The i n fl uence of the cone geometr ica l  and mater ia l  parameters (except the 
thickness h)  on Ya can therefore be examined by ca lcu la t ing  y,  with the mem
brane eq u at ions .  Of course,  th is  may only be done as long as  eq .  ( 5 . 2 5 )  is 
sat isfied . T h i s  is nearly a lways the case in pract ice .  H owever, to  compute the 
sound rad i a t ion in  the nex t  chapter  we need in  any case to  ca lcu la te  the exact 
transverse veloci ty d i st r ibu t ion  w i t h  the twelve general d i fferent ia l  equa t ions  

for a grea t n u mber of frequenc ies .  Further, to  i J l us trate the influence of the 
cone geometry and  ma ter ia l  on  the sound rad ia t ion  these ca lcu la t ions  m ust 
be carried o u t  for var ious  cones of d i fferent geometry. Therefore we may  as 
well show t h e  freq uency character ist ics of l . vil l of these cones .  I n the fol low ing 
th is  is done  for cone 50. 1 of wh ich  one parameter is var ied at a t ime .  

5 . 7. 1 .  fI�fluence of the th ickness 

The i n fluence of the cone th i ck ness h on the ax i a l  adm i t tance I Y< l1 was d i s
cussed in  the  preced ing sect ions : i t  has  no  i n  fl uence on the frequency average 
of ly,, 1 b u t  m erely i n fl u

�
ences the amp l i t ude of the fine struct u re : this amp l i t ude  

i s  propor t iona l  to I JklJ  or h l / 2  (eq .  ( 5 . 1 0» . When h i s  suffic ient ly  sma l l ,  th i s  
fine  struc t u re comple te ly  d i sappears  (cf. figs  5 . 1 3  and 5 . 1 4) .  The re la t ive ly  sma l l  
value o f  h = 0· 1 m m  has  therefore been chosen  for the fo l low ing  cones  t o  
reduce the  n umber of frequencies a t  wh ich Yu ha s  to  be  ca lcu la ted .  Fur ther ,  
to approx ima t ive ly account for the r im damp ing  and  the rad ia t ion  damp ing  
we take () = 0· 1 ,  a s  d iscussed i n  sec .  4 . 7 .4 .  

5 .7 .2 .  Influence of the apex angle 

In sec. 4 . 7 . 5  the  i n fl uence of a n  i ncreas ing semi-apex ang le  � on the frequency 

character i s t ic of IYI I was d i scussed ; the mer id iona l  cone length L was kept  

constan t .  This  resu l ted  i n a s l i gh t decrease of the r ing an t i resonan t  freq uency h,, ; 
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Fig .  5 . 1 4 . Calcu lated frequen cy character is t ic  o f  the rea l  part  an d t h e modu lus  o f  t h e  red uced 
ax ia l  a d m i t t ance Ya o f  con e  50. 1 .  
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Fig .  5. 1 5. Calcu lated freq uency characteris t ic  of the  reduced ax ia l  a d m i t tance IYIl I of c o n e  60. 1 .  

the  long i tud ina l  resonant  a n d  an t i resonant  frequencies remained p ract ica l ly 
una l tered.  To show the influence of :t on the sound rad i a t i on  i t  i s  m ore  expe

d ien t ,  however, to keep the i nner- a n d  outer-edge rad i i Ra and Rb c o n stant .  

A var ia t ion of :t then imp l ies a var ia t ion  of L and a s h i ft of al l  l o ng i t ud ina l  
resonant  and ant iresonant  frequencies .  The fol low ing  exa m ples w i l l  i l l ustrate 
t h is .  
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Fig.  5 . 1 7 . Calculated frequency ch aracter is t ic  of th e reduced axial  a d m i t tance I Ya l o f  c o n e  5 0.4.  

The frequency characterist ic of the reduced ax ia l  admi t tance IYu \ of cone 60. 1 
i s  shown i n  fi g. 5 . 1 5 . Except for C( ,  t h i s  cone has  the  same geometry and  mater ia l  
parameters as cone 50. 1 (see table 5 - 1 1 ) .  Accord i n g  to  eqs  (4 . 1 1 )  and (4. 1 2) the 
val ues ofj; b andj;a  are lowered re la t ive to those of cone 50. 1 (cf. figs 5 . 1 4, 5 . 1 5) . 

The  same holds for fru l y i ng  j ust be low j;b . The  l ong i tud ina l  resonant  and an t i 
resonant frequencies have increased d u e  t o  the decrease of the  mer id iona l  cone  
l ength  L. 
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T A B L E  5- 1 1  

Cone 60. 1 

geometry mater ia l  

semi-apex angle 
i n ner-edge rad i us 
outer-edge rad ius  
th ickness 

'Y. . •  - 60° 
Ru = 1 7  mm 
Rb - 83 mm 

h = 0· 1 mm 

Young's  modu l us 

mass dens i ty  
Poisson ' s  rat io 
loss factor 

TAB L E  5- 1 1 1  

Cone 70. 2 

E = 2 . 1 09 N/m 2 
fj = 600 kg/m3 

v = 0·3  
() = 0· 1 

geometry mater ia l  

semi-apex angle 
i nner-edge rad i u s  
ou ter-edge rad iu s  

th ickness 

'Y. :..= 70° 
Ru = 1 7 mm 
Rb = 83 mm 

h - 0 · 1  mm 

You ng's  mod u l us 
mass dens i ty  
Poisson's  rat io 
loss factor 

E =-: 2 . 1 09 N/m 2 
(! = 600 kg/m 3 

v = 0 · 3  

() = 0 · 1 

Because the cone mass /'.1 d i s  decreased as we l l ,  the  I Ya \ -curve i s  sh ifted up
wards i n  region 1 .  In regi ons 1 1  and I I I , I Ya \ has i ncreased by a factor cos 2 50°/ 
cos2 60° (eq .  ( 5 . 3 8 » ) .  Rela t ive to the low-freq uency curve the average h igh
frequency va lue of \ Ya \ of cone 60 . 1 i s  therefore h igher than that of cone 50. 1 .  

The above i s  further i l l u strated by fig.  5 . 1 6 , which shows the frequency 
characterist ic of 1 .1 ",, 1 for cone 70 .2  ( parameters in table 5- 1 1 1 ) .  The freq uencies 

frt" lrh a n d {, a  of cone 70 .2  are  lower than those of the forego i ng cones, whereas 

the long i tud i nal resol lan t  and an t i rcsonant frequencies are sh ifted upwards .  
The r ing resonant freq uency .I�r ( 6 500 Hz )  now fal l s  above region 1 1 ,  which 
causes a dist i  nct peak .  

5 . 7 . 3 .  Intluence of the outer-edge radius 

To i l l ustrate the i nfl uence of a var ia t ion of the rat io of the outer- to i n ner-edge 

rad ius Rbi Ru, the ax ia l  admi t tance l.ra l i s  ca lcu la ted for a cone w i t h  Rb twice that  
of cone 50 . 1 . This  cone ,  numbered 50 .4 ,  otherwise has  the same parameters 

as cone 50 . 1 ,  see table 5-IV.  The doubl i ng of RtJ causes a ha lv ing  of fro and 

Ir b (cf. figs 5 . 1 4, 5 . 1 7 ) .  Because the cone length L i s  approximately doubled 
relat ive to cone 50. 1 ,  the long i tud i na l  resonant  and an t i resonant  frequencies 

are also approx imate ly  halved (eqs (4.49) and (4. 5 1 » . The freq uency Ira remains 
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TA B L E  5 - I V  

Cone 50.4 

geometry mater ia l  

semi-apex a ngle 
i n ner-edge rad ius  
outer-edge rad i  us 
th ickness 

'Y. - 500 
R{/ - 1 7  m m  
Rh �-' 1 66 mm 

11 - 0· 1 m m  

Young's  mod u l us 
mass dens i ty 
Po isson's rat io 
loss  factor 

E =  2 . 1 09 N/m 2 

fJ = 600 kg/mol 
v = 0·3 
� = 0· \ 

unchange d .  This  resu l ts  i n  an i ncrease of region I I , wh ich now covers two 
longitud i n a l  an t i resonant  frequencies,  v i z . 1; u 1 = 3500 Hz and /� u2 = 8 500 H z .  
The former  i s  n o t  c lear ly  v i s ib le  i n  fi g .  5 . 1 7 , because o f  t h e  re lat ive ly h igh 

damping in region I I ;  the r ing resonance at  about 3200 Hz i s  not  v i s ib le e i ther .  
For the same reason the he ight  of the peak at  the firs t  longi t ud i na l  resonance 
(4500 Hz) i s  considerably reduced as compared with that  of cone 50. 1 .  

I n  the l ow-frequency region the va lue of I Yu l has decreased by a factor of 4 
( inA uence of  M d)' I n region I I I ,  I Yu l osci l la tes around the same mean va lue  as 
cone 50. 1 ( fig. 5 . 1 4),  because Ylc and � are not  changed (eq.  ( 5 . 3 8».  The ampl i 
tude of  the  osc i l l a t ions around IY/I l = I i s  approximate ly ha lved si nce they are 
proport i o n a l  to I Jbk l L . 
5 .8 .  �embrane resonant frequencies 

It was seen in sec. 4 . 7 . 3  tha t  at certa in  frequencies the i n ner-edge d isp lace
ment of t he conical  membrane is pure ly  ax i a l .  At these so-cal lcd membrane 
resonant freq uencies the i n ner edge can be rad i a l l y  supported wi thout v io la t ing  
the mem brane  requirement (no  resu l t an t  force in  transverse d i rect ion ) .  S i nce i t  
i s  assumed i n  t h i s  chapter t ha t  t h e  i n ner  edge i s  rad ia l ly  supported, t he  cone  
exhibits a p u re ly long i tud ina l  resonance at  these freq uencies, wh ich overshadows 

al l  bend i n g  effects .  
This m ay be i l l ustrated o n  t h e  basis o f  t h e  frequency characterist ic o f  the  

strain-energy coeffic ien t  rj ( eq .  ( 5 . 30 )  of cone  50 .3  for () = 0, shown i n  f i g .  5 . 1 8 . 

Below J,,, t h e  cone is hard ly  bent a t  a l l  and 1/ is very low.  After a sharp r ise 
above J,/I , where bend i ng waves appear ,  11 asymptot ica l ly  approaches I . At 
the membrane resonan t  frequencies J,.lr ( 7968,  1 7960, 2 86 1 0  Hz) ,  however,  the 
character i s t i c  shows a pronounced dip i nd ica t ing that the s tra in energy caused 
by bend i n g  becomes very sma l l .  The d i splacement patterns a t  these frequenc ies 
are very w e l l  approximated by those calcu lated w i th  the membrane equat ions ; 
th i s  w i l l  be i l l ustrated in the next  sect i on .  

The a bove  frequenciesjmn obta ined wi th  the exact equat ions  by m i n i miz i n g  1j ,  
are s l ight ly  d i fferent .fro m  those ca lcu lated wi th  t h e  membrane equat ions .  The 
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F i g .  5 . 1 8 .  Calculated frequency character is t ic  o f  the strain -energy coefficient 1J o f  cone  50.3 
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d i fference is greater for /"" 1 than  for the h igher  frequ e n c ies because of the 
s i ngu lar i ty  on the cone .  Th i s  d i fference decreases w i th  i n c reasing freq uency. 
As shown in  sec. 4 .7 . 3  the h igher membrane frequencies are practica l l y  equal  
to the long i tud inal  an t i resonant frequencies .  

5.9. Com parison of the exact solutions and the solutions obtained wi th  the mem

brane approximation 

I t  was shown in  sec. 5 . 7  t ha t  the frequency character i s t i c  of the reduced 
long i tud ina l  admi t tance 1 ) ' 1 1 ca lcu lated wi th  the  membrane equations i s  a very 
good approx imat ion  of the frequency character is t ic  of the reduced axia l adm i t

tance \Ya \ ca lcu lated with the exact equat ions ( the  mod u l i  of Yt and Ya d i ffer 

approx imate ly  by  a factor cos 2 :,(). In th i s  sect ion,  the t ransverse a n d  lon
gi t ud i na l  d i sp lacement patterns \�{x) and u(x) of cone 50 . 1 calculated w i t h  the 
membrane equat ions  (membrane patterns) are compared with those of cone 
50.3 calculated w i th  the exact equa t ions (exact patterns) ,  bo th  for ?>  = O. Cone 

50.3 is used here because i t s  exact behaviour was already ca lcu lated in sec.  5 . 5 .  
The fac t  tha t  cone 50. 1 i s  t h i nner  t h a n  cone 5 0 . 3  h a s  n o  i nfl  ue nce o n  the s hape of 
the membrane patterns .  I t  shou ld  further be noted tha t ,  if the same d r i v i ng 
force i s  used,  the amp l i t udes of the  exact patterns are a fac tor  I /cos :,( larger  than  
the ampl i tudes of the membrane patterns owing to  the d i fferent  direc t i on  of  the 

dr i v i ng  force. 
To fac i l i ta te  d i scuss ion ,  the characters u and w wi l l  be provided w i t h  the 

subscript m (for membrane) or e (for exact) .  S ince only the s hape of the pat terns 
i s  i m portant ,  the d isplacements are normal ized by  the m a x i m u m  value of w(x) . 

At each frequency, ulx) and wix) are drawn to  the same scale ,  a l though these 
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scales are d i fferent for d i fferent  frequencies ( th i s  was a l so  done for the mem

brane pat terns in  chapter 4) .  
In region I the membrane patterns are a very good approximat ion of the 

exact pat terns because bending effects are very smal l .  The exact pat terns we(x) 

and ueCx) ati = 1 000 Hz are shown i n  fig. 5 .4a, wh ich  shou ld  be compared w i th  
the  membrane pat terns of f ig .  4 . 7a. At  t he  r i ng  an t i resonant  frequency !,." 
( 1 840 Hz )  a smal l  d i fference appears between membrane and  exact pat terns (cf. 
figs 4.8a, 5 .4b) : the r ig id i n ner  edge forces we(a) to zero at a l l  frequencies where 
lIeCa) becomes zero (eq . ( 5 . 1 2a» . A t  the membrane approximat ion the i n ner edge 
is free i n  the transverse d irect ion (see sec. 4 . 5 ) ; therefore wlII(a) a t ta ins a sma l l  

bu t  nonzero va lue .  The  d i fference between t he  membrane  and the  exact pat terns 
i ncreases when the lower boundary of region I I  i s  approached. However, even 
a t  2200 Hz the agreement  i s  s t i l l  good (cf. figs 4.9a, 5 .4c). 

In regions II and J I I  the d isp lacement pat terns in general d i ffer considerably .  
I n  region I I  the  membrane pat t erns show a s ingu lar i ty  a t  the  t rans i t ion  point  X o  

whereas the exact  patterns show bend ing  waves for x > X r •  This  i s  i l l ustrated i n  

fi g. 5 . 1 9 , wh ich  shows wm(x) a n d  IIm(x) for cone 50 .3  a t  3083 H z .  These pat terns 
should be compared wi th the  exact  pat terns of fi g. 5 .4i ;  both fi gures are drawn 
to the same scale .  The long i tud in a l  d i sp lacement pat terns c losely resemble each 
othe r ;  there is  some resemblance in  the  transverse d i sp lacement pat terns for 
x < Xr, where long i tud ina l  s tresses predominate. 

A t  the  long i t ud i na l  an t i resonant  frequencies ,  lIeCx) i s  equa l  to  IIm(x) (besides a 
sharp s ingu l ari ty of um(x) a t  Xr i n  reg ion II). This is i l l ustra ted by fig. 5 . 20, wh ich  

w 1 
I 
I 

o �------��--= 

if 
u 

o I'--==�::=== 

Fig. 5. 1 9. Ca lcu lated t ransverse a n d  long i t u d i n a l  d isp lacement patterns o f  cone 50.3 w i t h  
6 = 0 at 3 0 8 3  H z  (membrane solut ion,  cf. t h e  exact so lut ion  o f  fi g .  5.40.  

u Magnified 10K 

Fig. 5.20 .  Calcu la ted transverse and long i t u d i n a l  d isp lacement  pat terns  o f  cone 50.3 w i t h  
� = 0 a t  t h e  fi r s t  long i t u d i n a l  a n t i resonant  frequency lia l = 7 5 1 3 H z  (exact s o l u t i o n ,  cf. t h e  
membrane s o l u t i o n  o f  fi g .  4. 1 Oa). 
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shows we(x) and ueCx) at the first  l o ng i tud i na l  an t i resonan t  frequency f,ul ; these 
patterns shou ld  be compared with the membrane so lu t ions  of fig. 4. 1 0 . The 
transverse displacement pat terns li'e(X) and li'm(X ) d iffer considerably .  

At  the membrane resonant  frequencies Imr the cone exh ibi t s  a p u re lon

g i tud i n a l  resonance with negl ig ib le bend ing ; both wm(x) and u",(x) are then  
excel lent  approximat ions of we(x) and  ueCx) (except �\ 'm(x) for x � x, i n  region 
I I ) . This i s  i l l ustrated by fig .  5 . 2 1 ,  which shows the exact  patterns a tf,,,r'" These 

mode shapes shou ld  be compared wi th  the membrane pat terns of fi g. 4 . 1 3a. 
The exact  patterns at the h igher  membrane resonances are equa l  to  the mem
brane patterns (figs 4. 1 3b and  c) .  

w u 

o ��----------� o ���---------

Fig.  5. 2 1 .  C a l c u lated t ran sverse an d long i t  ud in a l d i s p l ac ement pat terns  of cone 50 . 3  w i t h  
b = 0 a t  t h e  fi r s t  mem brane resonant frequency fmr l  = 7 9 6 8  H z  (exact so lut ion,  cf. the  
membrane so lu t ion of fig.  4. 1 3a). 

For sma l l  va lues of 11 the transverse d isp lacement patterns wix) at fmrn and 

(,,011 d i ffer cons iderably owing  to the appearance of  bend ing  waves  a t  j;on' As 11 

i ncreases and  j;llrtl approaches j;on the amp l i t ude of the bend ing  wave decreases 
and  the patterns we(x) show an i n creas ing resemblance at these frequencies .  
The longi tud ina l  d i splacement patterns uix) at jlllr" and j;on always resemble 
one another closely owing to the smal l infl uence of the bending waves a t f,an on 

uix) . 
I f there are i nterna l  losses, the cone cannot  bu i l d  up a pure long i tud ina l  

resonance at the membrane resonant  frequencies : the  d isplacements caused by 

long i tud ina l  wave mot ion become lower .  I n  tha t  case bend i ng  waves become 

vis ib le as a superposi t ion on the l ongi t ud ina l  wave (figs 5 . 22a and b) .  Never
theless, the amp l i tude of the transverse d i sp lacement caused by the long i tud ina l  

wave rema ins  re lat ive ly h igh compared to the amp l i t ude  of  the bend ing  wave. 
Because the former disp lacement h as a re lat ive ly long wavelength, i t  consider

ab ly infl uences the sound radiat ion ,  as w i l l  be shown i n  the next  chapter .  
We may summarize the foregoi ng as fo l l ows.  The frequency characterist ic of 

the mechanica l  admi t tance of the cone,  ca lcu lated with the membrane equat ions 
i s  a good approximat ion of the exact character is t ic  apart from some sma l l  
dev iat ions i n  region I I ,  wh ich  d isappear for a sufficient ly h i g h  los s  factor .  As  
t he  v ibrat ion  patterns a re  concerned, the  membrane approximat ion i s  rather  

good in  region I .  In  general ,  however, i t  leads to wrong resu l t s  in  reg ions I I  
and  I I  I .  
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Fig. 5 . 2 2 .  Calcu lated t ransverse d isp lacement patterns (exact solut ion)  of cone 5 0 . 3  w i th  
!5 = 0 · 1  a t  t h e  membrane resonant  frequencies (a) !mr l = 7968 Hz,  (b) !mr2  = 1 7960 Hz. 
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5.10.  Influence of the voice-coil mass on the frequency characteristic of the axial  

admittance 

I n a l l  preced ing ca lcu la t ions  the mass of t he voice coil a n d  of other parts  
a t tached to  the i nne r  edge has  been omit ted . The influence of th is  add i  t iona I 
mass  i s  re la t ively easy  to  describe on  the  bas i s  of the equ i va l en t  c ircui t  of t h e  
e lectrodynamic loudspeaker, shown i n  fi g .  3 . 1 a .  The com p l i a nces of  t he  i nner  
and  outer  suspensions Cis and Cos as we l l  a s  t h e  mechanica l  resistance Rs have  
a negl ig ib le  infl uence s ince  we as sume the  d r i v i n g  frequency t o  l i e  far above  the  
fu ndamenta l  resonant  frequency fo of the  l o ud speaker m ass-spring system. 
The tota l  mecha n ica l  impedance Ztot i s  

Ztot = Z" + jwMc ( 5 . 40) 

where Me is the voice-coi l  mass w i th  i nc l u s ion  of a l l  other add it iona l  masses a t  
t h e  i nner  edge ( i n ner  suspens ion,  dus t  cap) .  F i g u re 5 . 23 shows t h e  absolute va lue  

of the  ax ia l  i m pedance Z" of  cone 50 .3  w i t h  m ass M d and t h e  mechanical react
ance (oMe of the voice coi l  for Me = M d/2 a n d  Me = M d/4 as a fu nct ion  of 
frequency .  

The frequency characterist ic  of IZto t l of cone 50.3 with Me = Md/4 is shown 

i n  fig.  5 . 24. Be low the  frequency a t  wh ich  I Zo l and (!)Me i nt ersect in  fi g. 5 . 23 ,  
I Zlo 1 1  has  the  same  shape a s  IZo l and  i s  o n l y  s hifted upwards.  A t  very low fre
quencies (/ « /'0)' Ztot remains  proport io n a l  to the freq uency ; then 

Ztot = j(l) (Me + M d) .  

Cone 50.3 
Izi (Nsj ��"/\IZt.fc1 

1 m  �It/ 
10 2b-___ t-+-i-_--7"t\j�L...--: _ __i 

.2 

5 10 ' Z 5 10 5 

Region I 
--•• f(HZ) 
II I 1II 

F i g . 5 . 2 3 .  Comparison o f  the ca lcu la ted mechanica l  i m pedances of c o n e  50 .3  \\ i t h  mass Md 
and a voice coil with mass Me = Md/2 a n d  Me = Md/4. 
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Fig .  5 .24 .  Calculated frequency character is t ic  o f  the tota l  mechan ica l  impedance I ZloI I of 
cone 50.3 wi t h  Me = M d/4. 
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Fig .  5 .2 5 .  Calculated frequency characteristic of the total mechanical  admittance I Ylo l l  of 
cone 50 .3  with ,\1 c = M d/2. 

Above the frequency at which I Za\ and wAf c are equa l ,  I Z, o , 1  i s  determined by 
w Af c and the mean va lue therefore i ncreases i n  proport ion to  the frequency ; 
peaks and  d ips  in I Za l on ly  appear as sma l l  d i sturbances i n  IZ,o I I .  The max ima 
in  IZa \ a t  j;a l '  /'a2 ,  etc . , fa l l  a t  somewhat lower  frequencies i n  the frequency 
characterist ic of I Z,o I \ '  A further influence of Me i s  that  the m i n ima  in  I Z, o , 1  do 
not  a t  a l l  coinc ide with the m i n ima  in I Za l a t  the  l ong i t ud i na l  resonant frequen
cies. 

Figure 5 . 2 5  shows the total mechanical admi t tance I Y,o , 1  of cone 50.3 wi th  
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Me = M d/2 as a funct ion of frequency.  On the  average, I Ylot l decreases by 6 d B  
per octave over t h e  whole  frequency range, except a t f,.a where a sharp rise oc
curs .  These figures i l l ustrate the  dominan t  infl uence of an add i t iona l  mass in the 

middle- and h igh-frequency region : the shape of the I Ya l characterist ic is com

plete ly changed (cf. fi gs 5 . ] 3 , 5 . 25) .  

5 .1 1 .  Asymmetric vibrations 

I n the foregoing on ly  axisymmetr ic v ibrat ions have been d i scussed .  I f  the  

loudspeaker  cone were perfect l y  homogeneous and  rotat iona l l y  symmetric and  

i f  the  d ri v i ng force were u n i formly app l i ed  a t  t h e  i n ner edge and  perfect ly 
paral le l  to  the cone ax is ,  then indeed no asymmetric v ibra t ions  would occur.  

H owever, i n  pract ice, misa l ignment  of the cone and the voice-coi l  ax is  as wel l  as 
i nhomogenei t ies exci te waves trave l l i ng in both az imutha l  d i rect ions,  which a t  
cer ta in  frequencies cause asymmetr ic s tand ing  waves w i th  rad ia l  noda l  l i nes .  
The la t ter  are superposed on the symmetr ic s t and ing  waves w i t h  c i rcu lar  nodal  
l i nes .  

By ana logy wi th the wave types on  a cy l inder 2 0 )  we may d i s t i ngu ish between 
asymmetr ic bend ing ,  extens iona l  and tors iona l  waves. Only the fi rst -ment ioned 
type i s  important  here because of i t s  s ignificant transverse amp l i tude .  The other 

wave types have predominan t  ampl i tudes i n  the mer id ional  and az imutha l  
d i rect ions  respect ive ly .  Asymmetr ic s tand ing  waves  of the bend ing  type  occur 

at  na tura l  frequencies wh ich are much lower t han  the symmetr ic  ones because 
of ( ] )  the low bend ing  s t iffness and (2)  the absence of a t rans i t ion  frequency, as 
encountered w i th  the symmetr ic waves, above w h ich the bend ing  resonances 
can only occur. 

This  is i l l u strated by  our ca lcu la t ions  on cone 52 . ] (parameters i n  table 5-V) .  

geometry 

semi-apex angle (J. = 52° 
i nner-edge rad ius  Ra = ] 7 m m  
outer-edge rad ius  Rb = 8 3  m m  

th ickness  h = 0· 3  m m 

TABLE 5-V 

Cone 52 . 1 

mater ia l  

Young's modulus  E = 2 . ] 09 N/m2 
mass dens i ty Q = 600 kg/m 3 

Poisson's rat io v = 0·3 
loss  factor  h = 0 

The na tura l  frequencies for asymmetr ic bend ing  v ibrat ions  are calculated on  
the  bas i s  o f  the  e igh t  general d i fferent ia l  equat ions  for forced asymmetr ic vibra

t ion (append ix A) .  In  pr inciple,  the  same boundary cond i t ions as in  the symmet-
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ric case a re  appl ied, v i z .  an i n ner  edge which can on ly  move ax ia l ly  * )  and to 

which t he  cone i s  c l amped,  and  a free outer edge. 
In  order to calculate the eigenfrequencies we assume the dr iv ing  force to 

vary s i n usoida l ly over the c ircumference of the i n ner edge : 

Fa = Fan cos (11 8) . 
The boundary cond i t i on s  read = 

(3xn(a) = 0, 

(5 .4 1 ) 

( 5 .42) 

( 5 .43)  

( 5 .44) 

(5 .45)  

( 5 .46)  

Note tha t in the la t ter  equa t ion the effective shear  resu l tants  N n and Qn are used 
because of  the free-edge cond i t ion  18 ) .  For several values of the c ircumferent ia l  
waven u m ber 1 1  the ax ia l  adm i ttance Yam defined by 

(5 .4  7 )  

i s  ca lcu lated as  a fu nc t ion  o f  freq uency ; t h i s  y ie lds  t h e  resonant  ( ]  Yan l = 00) 
and an t i resonant ( ]  Yem ] = 0 )  frequencies .  H owever, i n  this process we  assumed 
that  the  asym metrical s tand ing waves were provided by a s i nusoida l ly  d i s t r ibu ted 

ax ia l  d ri v i ng force a t  the i nner edge .  I n  pract ice, these  waves  wi l l  ma in ly  be 
due  to  c o ne inhomogene i t i es  * * ) , and  the rela t ive ly  r ig id  i n ner edge w i l l  no t  i n  
effect b e  deformable. S i nce the  i n ner edge i s  not  deformed at  the an t i  resonant 
frequenc.ies ( ]  Yall ] = 0) ,  the  natura l  frequencies for asymmetr ic v ibrat ions ex
c i ted by i n homogene i t i e s  on a cone with a r ig id i nner edge wi l l  be the above

ment io ned  asymmetric an t i resonant  frequencies. 
Figure 5 . 26 shows t h ese natura l  frequencies in". for cone 52 . 1 p lot ted as a 

funct ion  of  1 1 ,  indica t i ng  the  number  of nodal  d iameters of the asymmetr ic  mode .  
The va lue  of m i nd ica tes the number  of nodal  c i rc les  wi thout  that  on the i n ner 
edge. On  the ord ina te ( 1 1  = 0) the  symmetr ic  bend i n g  an t i resonan t  frequencies 
are encountered. Asymmet ric na tura l  frequencies appear a t  much lower fre
quenc ies .  For cone 5 2 . 1 t he  lowest  asymmetric na tura l  frequency l ies  a t  abou t  

.) N o t e  t h a t  t h i s  c o n d i t i o n  c a n n o t  be represented by a r ig id  mass less r i n g  a t  t h e  i n ner  edge  
(see sec .  5 .4) s ince t h e  a x i a l  d isp lacement  varies w i th  cos  (n 0 )  . 

..  ) A n  except ion occurs  i f  cone a n d  voice-co i l  ax is  are  misa l igned ; t hen the i n ner  edge i s  
s u b m i t ted  to  a ben d i n  g moment  vary ing wi th  cos  O.  
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Fig .  5.26.  Calcu lated natura l  frequencies for asymmetr ic  bending v i b r a t i o n s  of cone 5 2 . 1 w i t h  
a c lamped inner  edge ; 1 /  i s  the  n u m be r  of  n o d a l  d i ameters, 1 1 /  the n u m ber of noda l  c i rc les  
(exc l ud i n g  the one a t  the inner  edge).  

1 20 Hz. The cone t hen  shows an asymmetr ic v ibrat ion pa t te rn  with four noda l  

d iameters, one  noda l  circle a t  the  i nner  edge and  an  an t i  node a t  the  outer  edge. 
When the d r iv ing  frequency is raised, many  natural frequencies are passed ; 
i n h omogeneit ies  w i l l  excite asymmetr ic  v ibra t io n  patterns w i t h  a certai n n u mber 
of nodal d iameters that  changes with frequency .  Asymmetric v ibrat ions w i l l  not  
be discussed in  any further deta i l  s ince the ir  in  fluence on the sound radiat ion i s  

negl ig ib le  (chapter 6) .  Further approx i m a t ive  calcu l a t ions  on  asymmetr ic 
v ibrat ions of cones can be fou nd  i nter a l ia i n  ref.  2 1 .  

5 . 1 2 .  �leasurements 

Measurements have been carr ied ou t  on a few cones m a i n l y  to ver ify the 
foregoi ng  calcu lat ions .  These measurements comprise the record ing of the 
mot ional  impedance as a funct ion of frequency and the h olograph icv isua l izat ion 
of v ibrat ion pat terns .  

5 . 1 2 . 1 . Comparison of calculated a lld measured motiollal impedances 

The mot iona l  i m pedance of three p las t i c  (CA B*))  t runcated l oudspeaker 
cones was measured as  a funct ion of frequency with the c irc u i t  shown in  fig.  3 . 3 .  
These cones d i ffer i n  several parameters ( table  5 -V I ) , b u t  h a v e  other parameters 
i n  common (table 5-V I I ) .  

The  v a l u e  o f  Young's modu l u s  E was  obta i ned exper imenta l l y  from the  fol 

lowing adj ust ment  procedure appl ied to cone 60.2c. The firs t  bend i ng  a n t i 
resonant  frequency .r;a l was  ca lcu lated for  an  arbi trary va lue £' of You ng's 
modu lus  and D = O. Then fba l was measured from the recorded mot iona l  

.) C A B  s t a n d s  for ce l lu lose-ace to-butyrate .  
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TABLE 5 -VI  
Cones  50. 5e, 60.2e a n d  70.3e 

(X e) h ( m m )  Me/Mil 
cone 50 .5e 50 0 · 27  0·24 
cone 60.2e 60 0 · 26  0 ·28 
cone 70.3e 70 0 · 28  0 ·28 

TABLE 5-V I I  
Cones 50 .5e ,  60.2e a n d  70.3e 

geometry ma ter ia l  (CAB) 

i nner-edge rad ius  Ra = 1 7  m m  
outer-edge rad ius  Rb = 8 3  m m 

Young's modu lus E = 2 , 2 . 1 09 N/m2 
mass dens i ty (! = 1 1 60 kg/m 3 

Poisson's rat io v � 0·34 

loss factor � � 0·06 

impedance (fig. 5 . 27a). S ince a l l  resonant and an t i resonant  frequencies are pro
port ional to  the square root of Young's modu lus, E was fou n d  from 

E = 
(fb�l )2 E'

, iba l 
( 5 .48)  

where the inA uence of b on the measured va lue offba 1 is neglected. 
F ina l ly ,  the mot iona l  impedance was recorded as a fu nct ion of frequency for 

the cone vibrat i ng i n  vacuum ( 1 00 Pa) w i thou t  outer suspens ion .  Of course the  
above procedure cou ld  a l so  be a ppl ied to the first long i tud ina l  an t i resona n t  
frequency, bu t  t h e  m i n i m u m  i n  t h e  measured curve a t  t h e  lat ter frequency i s  
broader, which leads t o  a less accurate va lue o f  E. 

The mot iona l  impedance is ca lcu la ted us ing  the equat ion 

(5 .49)  

where Ytot fol lows from eq. ( 5 .40). The va lue  of the e lectromechanical  conver
s ion  factor (B / ) 2 of the dr iv i n g  system is obta ined w i th  eq. ( 3 . 7a )  by measur ing 
the  mot iona l  impedance of cone 60.2e a t  200 Hz. We fi nd 

Since the same electrodynamic dr iv ing  system i s  used in al l  measurements ,  t h i s  
va lue i s  ma in ta ined i n  a l l  subsequent  ca lcu la t ions .  

The measured frequency characterist ics of I Zmo t \  of  the above experimental  
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cone 50 .5  
cone 60. 2 

cone 70 .3  

geometry 

TA B LE 5-VI I I  
Cones 50. 5 ,  60.2 and  70.3 

(X (0) h (mm)  

50  0 · 23 
60 0 ·26 
70 0 · 1 

TABLE 5 - IX 
Cones 50 . 5 ,  60.2,  and 70 .3  

Mc/ J1d 
0· 24 
0 ·28  

0 ·28  

mater ia l  

I hner-edge rad ius  Ra = 1 7  mm 
c,uter-edge rad ius  Rb = 83 mm 

Young's modulus E = 2 · 2 . ] 09 N/m2 
mass dens i ty Q = 1 l 60 kg/m3 
Poisson's rat io v = 0 · 3 

loss factor � = 0· 1 

cones are compared wi th  the ca lcu l ated curves of the cones 50 .5 ,  60 .2 and  70.3 
( see tab le  5-V I l I ) ;  the lat ter cones have the parameters of table 5-IX in common .  

As these cones  w i l l  a l so be  used to compare ca lcu lated and measured rad ia t ion 
characterist ics in  chapter  6, the theoretical loss factor I'J is taken h igher than  the  
measured va lue to accoun t  for  add i t iona l  r im  and  radiat i on  damping ,  as ex

p la ined i n  sec. 4 .7 .4 .  The d ifference between the theoretica l and measured Pois
son's rat ios has a negl ig ib le i n fluence ; a theoret ica l  value v = 0·3 i s  taken be
cause the Za( f )  characterist ics of cones 50 .3  and  70. 2 have a lready been cal
culated with th i s  value * ) .  The latter cones only d iffer  from cones 50.5 and 70.3 

in the i r  va l ues of E and rJ. Therefore the Za( f )  character is t ics of the lat ter cones 
can easi ly be obtained from the characterist ics of cones 50.3 and 70.2 a l ready 

calcula ted ( figs 5 . 1 3 , 5 . 1 6 ) , s i nce al l  frequencies are proport iona l  to c = ( E/Q) I 1 2 
and  Za i s  proport ional  to  fJC.  T h e  re ma in i ng d ifference i n  th ick ness between the 

calculated and measured 50° and 70° cones is of m inor  i m portance, as shown i n  
sec. 5 . 7 . 1 .  A l t hough the theoret ica l  and  experimenta l  cone masses d i ffer, the 

measu red rat io McI ,\1 d i s  constant ly  used i n  the ca lcu la t ions in  order to keep the 
influence of Me on  the shape of the characterist ics equal .  

We wi l l  fi rst compare the ca lcu lated characterist ic of cone 60.2 wi th the 
measured curve of cone 60.2e ( fi g . 5 . 2 7a) because these cones only d i ffer in  

t he i r  va l ues of v and b. I n  the fo l l owing  graphs the calcula ted curves are  dashed .  

The drawn curve of fig .  5 . 27a, measu red in  vacu um,  shows a peak a t  the  fun -

*)  I n  v i e w  o f  t h e  l a r g e  c o m p u t i n g  t i mes requ ired ,  com puta t ions  carr ied out  prev ious ly  are 
used as  m uch  as poss ib le .  
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Fig. 5 . 27a.  Calculated ( c o n e  60.2,  dashed) and measured (cone 60.2e,  drawn curve) frequency 
character is t ics  of  the  motional  i m pedance I Zn10 1 1  i n  vacuum.  
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Fig .  5 .27b .  Measured frequency c h a racter ist ic  of the mot iona l  i m pedance of cone 60.2e 
v ibra t ing  in air .  

dam e n ta l  resona n t  frequency fo ( �  40 Hz) of t he loudspeaker mass-spr ing 
system (eq .(3 .4». A bove fo, ca lcu la ted and measured cu rves decrease w i th i n 
crea s i ng  frequency (eq . ( 3 . 7a» ) .  T h e  measu red m i n i m u m  at j�{/ i s  l e s s  deep than  
the  ca l cu la ted one ,  presumab ly  because the  i n ner edge  i s  not  comple te ly  r ig id .  
The a m pl i tudes of the  osc i l l a t ions  a bove f,.a ( fi ne s tructure )  in  the  ca lcu l ated 
curve are somewh a t  smal ler  because of the assumed higher l oss factor .  
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Table 5 -X shows the calculated long i tud ina l  a n d  bend i n g  a nt iresonan t  fre

quencies of cone 60.2 for b = .'ole = 0 and  the measured v a l ues ( m i n i m a  i n  
fig .  5 . 27a) o f  cone 60 .2e .  I t  shou ld  be recal led t h at t he  calcu lated and measured 
values of [ba t were made equa l  by  adjus t i ng  t h e  va lue of E. 

ca lcu lated values 
cone 60 .2 (Hz) 

fra 1 1 2 1  

Iba l 1 463 

Ibal 1 733  

Iba3 2003 

Iba4 2279 

Iba5  2576 

Iba6 2894 

Iba7  3238 

Iba8 3607 

Iba9 4004 

Iba l O  4436 

Iba l l  49 1 5  

I'a l 5800 

TA B LE 5-X 
C o nes 60.2 and 60 . 2 e  

measu red va lues  

cone  60 .2e  ( H z) 

1 1 90 

1 465 
1 730 
2005 
2275 
2579 

29 1 2  
3262 
3685  
4 1 40 
4689 
5288 
5808 

dev i a t i on  

( %) 
6 

1 
1 
2 
3 
6 
8 

The deviat ions between calcu lated and measured values o f  I ba increase w i th 
i n creasing freq uency.  They may be caused by t h e  decreas i n g  accuracy of t he  
measur ing c i rcu i t  w i t h  increas ing frequency, b y  the  fact t ha t  Young's modu lu s  

of  plast ics i s  frequency-dependent  a n d  fina l l y  by the  fact t h a t  t h e  ant iresonan t  
frequencies a re  calculated for b = Ale = O. .-:-
. In fi g. 5 . 27a as wel l  as in a l l  fol l owing fi gures t h e  indicated va l ues of fra a n d  

!ta l a re  ca lcu lated for AI e = 0 ;  a nonzero va lue  o f  .W e sh ift s  t h e  min imum a t  

f'a l  t o  a somewhat  lower frequency.  Just  above I,a t a max i m u m  appears ; t h i s  

i s  n o t  a resonance b u t  merely t h e  i nfl uence o f  .'01 e ( a t  this po i n t  t h e  mechan ica l  
reactance (1 ).\1 e s ta rt s  to  dom i nate) .  Deviat i on s  between the calculated a n d  
measured curves m a y  b e  caused b y  d ifferences between the test  a n d  the reference 
loudspeakers (see sec.  3 . 3 ) .  Above 1 5  k H z  the  i n n e r  edge, not  being complete ly 
r ig id as assumed i n  the calcu lat ions,  in troduces addi t iona l  compl iance ; t h is 
causes t h e  measu red mot iona l  impedance to i ncrease .  

Figure 5 . 27h shows the  frequency character is t ic  of the m o t i o na l  impedance 
of cone 60.2e v ibrat ing in a i r .  The characteri s t i c  i s  not fun d a mental ly d ifferent 

from the one in  vacuum , except that al l longi t ud i na l and bend i n g  resonant  a n d  
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ant i resonant  frequencies are decreased by the a ir-mass load i ng  on the cone 
surface. Thi s decrease var ies  from about 8 % at  the lower boundary of reg ion I I  

t o  less than 4 % a t the upper boundary o f  th i s  region .  The effect o f  the rad iat ion 
damp ing  on  the bandwidths of the bending resonances i s  sma l l  because the 

i nternal  mater ia l  damp ing  of the plast ic i s  a lready re lat ively h igh .  
F igure 5 . 28 shows  the  calculated mot iona l  i m pedance of cone 50. 5 and  the  

measu red characterist ic  of cone  50.5e .  These cones d i ffer i n  th ickness, which 

I Zmo¥.Q) 2 
-- Measured (cone 50. 5 e) 

- - - Calculated (cone 50. 5) ! � l------\---+-------+---------f-� 

5 

1 �-------+--��-�---------�---� 

5 

10 .2 5 5 5 KJ '  2 5 
----4�� f (Hz) 

Fig. 5 . 2 8 .  Calculated (cone 50 .5 ,  dashed) a n d  measured (cone 50.5e,  drawn curve) frequency 
character ist ics of the mot iona l  i mpedance I Zmo t l  i n  vacuum.  

-- Measured (cone 70.3e) 
2 

- - - Calculated cone 70.3) 

W�----�--�---------r--------��----� 
IZmotl{Q) 5 

I 
1�--------+---��--���----�------� 

5 

10 5 10 .2 5 :1 5 10' .2 
----< .... f (Hz) 

...... 

5 

Fig.  5 .29 .  Calculated (cone 70. 3 ,  dashed) a n d  measured (cone 70.3e,  drawn curve) freq uency 
characterist ics of the mot iona l  impedance I Zmot l  in  vacuu m .  The ca lcu lated curve  i s  sh i fted 
downward by a factor 2 - 8  to account  fo r the d i fference in  t h i ckness. 
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has  no infl uence on the longi t ud i na l  an t i  resonant  frequencies and mean shape 
of the curves. The calculated curve runs somewhat higher than the measured 
one because of the smal ler  th ickness (Zmot oc h ) . 

F igure 5 . 29 shows t h e  ca lcu lated mot iona l  i m pedance of cone  70. 3  d iv ided 
by a factor of 2 ·8  and the measured curve of cone 70Je. The factor 2 ·8  is 

i n t roduced to a l low easy comparison of both curves ; i t  or iginates from the  
sma l ler  t h ickness h of  cone 70. 3 .  The  smal l  va lue  of  h complete ly e l im inates the 
fine structure in the ca lcu lated curve. 

O n  the basis of the preced ing figures i t  may be concluded that  there is  good 
agreement between ca lcu la t ions and measurements.  Further ,  these fi gures con

firm the  theoret ica l  conclusion drawn in sec. 5 . 7 . 1 that the cone th ickness has 
no influence on the mean shape of the frequency character ist ic of the ax ia l  

admi t tance ( provided that  .\1c/ .\1d i s  kept  constan t ) .  

5 . 1 2 . 2 .  Comparison of calculated and measured vibration patterns 

To compare theory and exper iment ,  cone v ibrat ion pat terns are visua l i zed 
ho lographica l ly  by means of the t ime-average fri nge techn ique (appendix F) .  
H olograph ic  recordings are made of cone 50 .2e at a n umber of frequencies 
se lected on  the basis of the measu red mot ional- impedance characterist ic 

(fi g. 4 . 20) .  The cone, wh ich i s  g iven a thin layer of white pa in t  to  enhance re
fl ect ion of the He-Ne laser beam, v ibra tes w i t hout  outer suspens ion i n  free a i r .  
U pon each record ing  the  v ibrat ion amp l i tude i s  adj usted in  such a way tha t  
br ight  and dark  parts  a ppear .  A t  b r igh t  parts the  transverse ampl i tude i s  low 

( nodal  l i ne ) ,  a t  grey and  black par t s  i t  i s  h igh ,  wh ich  i ndicates the  pos i t ions  of  
an t inodes ,  as exp la ined i n  appendix F .  

Ca lcu la ted and  measured v ibra t ion pa t terns  are compared i n  fi g. 5 . 30 .  The 
measured pa t te rn  of  fig. 5 . 30a a t  fru  shows tha t  an  asymmetr ic s tand ing-wave 
pattern with IO noda l  diameters is super imposed upon the  symmetric pat tern. 
As  the outer edge is approached, black (circular) parts a l ternate w i th  grey 
areas ; the la t ter are not nodes but originate from the h igh v ibrat ional  amp l i tude 

a t  the outer edge .  F igures 5 . 30h t h rough 5 . 30dwere recorded at  bending resonant 

and ant i resonant  frequencies. These fi gures c lear ly show the d i fferent pat t ern of 

v i brat ion of the inner and the  outer cone parts ; the trans i t ion point i s  i ndicated 
by a d ot .  

F i gu re  5 . 30e was ca lcu lated and  recorded a t  6432 H z ,  wh ich  l i es  j us t  above 

Fig. 5 . 30 .  Calcu lated (cone 50.2) a n d  measured (cone 50 .2e)  v ibra t ion patterns at 
(a) the ring ant i resonant  frequency Ira = 1 646 H z ,  
(b) the  second  b e n d i n g  resonant frequency Ibr2  = 2 0 6 3  H z ,  
(c) the  second b e n d i n g  ant iresonant  frequency Ibu2 = 2 1 70 H z ,  
(d) the  t h i r d  bend ing  resonant  frequency Ibr)  = 2 3 3 7  H z, 
(e) 6 4 3 2  H z  (calculated firs t  mem brane resonant  frequency Imr 1 = 6 1 72 H z ) ,  
(/) 8 9 5 6  H z  (calculated upper  boundary o f  r e g i o n  I r  Ira = 8520 H z ) ,  
(g) 1 3970 H z  (calculated second m e m brane resonant  frequency fmr 2  = 1 39 1 2  Hz),  
(h) 25000 H z  (calculated t h i r d  m e mbrane !esonant  frequency Imr3 = 2 2 1 60 H z ) .  
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_II 

Fig. 5.30(a) the ring antiresosant frequency 1. = 1646 Hz 
ra 

_ II  

Fig. 5.30(b) the second bending resonantfrequency fbr2 = 2036 Hz 
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Fig. 5.30(c) the second bending anti resonant frequency fba2 = 2170 Hz 

_. 

Fig. 5.30(d) the bending resonant frequency fbr3 = 2337 Hz 
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_. 

Fig. 5.30(e) 6432 Hz (calculated first membrane resonant 
frequency! 1 = 6172 Hz) 

mr 

-' 

Fig. 5.30(f ) 8956 Hz (calculated upper boundary of region 
II! = 8520 Hz) 

ra 
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Fig. 5.30(g) 13970 Hz (calculated second membrane resonant 
frequency f 2 = 13912 Hz) 

mr 

_. 

Fig. 5.30(h) 25000 Hz (calculated third membrane resonant 
frequency f 3 = 22160 Hz) 

mr 
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the theoretical value of the  first  membrane resonant frequency fmr l = 6 1 72 H z .  

Figure 5 .30 f shows t h e  calculated a n d  measured patterns a t  8956 H z ,  w h i c h  i s  

j ust above frQ = 8520 H z .  T h e  c o n e  i s  fully covered b y  bending waves. Since 

the distance between two nodal circles is equal to half the bending wavelength, 

the average value of the latter can be obtained by d iv id ing the cone meri d io n a l  

length b y  h a lf  the  n u m ber  o f  nodal  circles i n  t h e  recorded pattern. The v a l u e  

found is  9 · 5  m m .  U s i n g  e q .  ( 5 . 1 0) for the  b e n d i n g  wavelength on a p late  w e  

fi n d  a 1 0  p e r  cent lower value .  

Figure 5 . 30g shows t h e  calculated and recorded patterns in  the  neighbourhood 

of the sec o n d  membra n e  resonant frequencY !mr2 ' The l ongitudinal  wave with 

superimposed bending wa ves i s  c lear ly vis ible .  S ince frnr2 l ies close to the second 

longitud i n a l  antiresonant  frequency, the cone i s  covered by i of a longitud ina l  

wavelength A I '  From L = 3A d4 we find A t  = 1 1 5 mm, whereas for the lon

gitudinal  wavelength in  an infini te  polycarbonate p late  at 1 3970 Hz we calculate 

At = c df = 109 mm. The measured pattern of fig.  5 . 3011, recorded at about 

25000 H z, shows the typical  vibration a t  the third membrane resonant fre

q uency. The theoretical va lue  of j;nr3 lies at 22 1 60 H z .  

T h e  above fi gures i l l u strate t h e  satisfactory agreement between calculated 

Fig.  5 .3 1 .  Stroboscopically v i s u alized asymmetric v i b ration pattern w i t h  2 nodal  diameters 
of cone 50.2e at  1 30 Hz.  
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and measured vibration patterns.  As discussed in sec. 5 . 1 1 , asymmetric v ibra

t ion patterns already appear at relatively l o w  frequencies . This  is i l l u strated by 

fig. 5 . 3 1 ,  which shows the stroboscopically visualized v i bration pattern with 

fou r  nodal diameters of cone 50.2e at  1 30 Hz. 
The inhomogeneities o n  a paper cone are i n  general greater and cause a more 

distorted pattern. A ddit ional  distort ions of the symmetry may be caused by the 

outer suspension.  Thi s  is i l l u strated in fi g. 5 . 3 2 ,  which shows the holographically 

visual ized vibration pattern of a complete ( i . e .  with top) paper cone with paper 

rim, vibrating in a ir .  

Fig.  5 . 3 2 .  Calculated and measured v ibrat ion patterns  of a complete  p a p e r  cone at 5 9 29 Hz . 
Cone parameters : �  = 52°, Rg = 1 7  mm, Rb = 83 mm, " = 0 ·36 mm, E = 2 · 7  . 1 0 9  N/m2 , 
e = 420 kg/ m 3 ,  11 = 0 ' 3 , <5 = 0·04. 
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5 . 1 3 .  Conclusion 

It has been shown t hat the i n t roduct ion of bend ing st iffness considerably 
compl icates the  descrip t ion of the forced mechanica l  cone behaviour .  On  the 
average, the mechanical  admi t tance a t  the inner edge shows the same frequency 
character ist ic as the long i t ud inal  admi t tance calcu lated w i th  the membrane 
equat ions.  The d ifference l ies  i n  the appearance of a fi ne structure above cone 
break-up (/ > /'u), caused by bend ing  resonances and ant i  resonances .  Above 

Ira' the v ibrat ion patterns calculated wi t h the general equat ions may consider-
ably deviate from the membrane pat terns. Bending waves appear on t he outer 
cone part and gradual ly cover the whole cone wi t h increas ing frequency.  
S imu l taneous ly, the i nner  part of the cone v ibrates  more o r  less  un i formly wh i l e  
decreas ing  i n  area  w i th i ncreasing frequency.  The  voice-coi l  mass causes a rol l 
off of the  frequency characterist ic of the ax ia l  admi t tance.  At the long i tud ina l  
resonant  frequencies for t he radia l l y  supported i nner  edge ( i n  the foregoing 
briefly ca l led membrane resonant frequencies) a l l  bending act ion i s  overshad
owed and the transverse d isp lacement pattern i s  determined by  a l o ngit ud i na l  
wave w i th  a relat ively large wavelength .  Th i s  pat tern can  be  accurately pre
dicted on the basis of the membrane equat ions .  I t  has been shown that cal
culat ions of mot ional impedance and vibrat ion pat terns agree wel l  w i th  meas
urements .  
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6. SOU N D  RADIATION 

6. 1 .  Introduction 

The ca lcu la t ion of the sound rad ia t ion of a loudspeaker cone i n  the ent i re 
audio region has in  the past been regarded as i n t ractable .  Therefore approxi
mat ions have been made, and the most commonly  used approx imat ion ,  to be 

fou n d  in a lmost  any textbook on acoust ics, has been to cons ider the cone as a 
r ig id p i s ton 1 . 1 0 . 2 5 . 2 6 ) . However, t h i s approx imat ion i s  very crude  i n  the  
midd le- and  h igh-freq uency regions, and  i t  i s  on ly at low frequencies that  the  

sound rad ia t ion  i s  pred icted correct ly .  
A bout  thirty years ago, two au thors 2 7 . 2 8 ) d i scussed the  rad ia t ion of a r ig id 

cone,  and showed that  above a certa in frequency the r ig id-cone rad i a t ion sub
s tant ia l ly  deviates from tha t  of the r ig id p iston. However, at  about  the  same 
frequency, mechanical  waves appear on the cone (cone break-up) which makes 
the  r ig id-cone a pprox imat ion only useful a t  low freq uencies. 

I t  is c lear t ha t  a descr i pt ion of the mechanica l  behaviour of the  cone mus t  form 
the  bas i s  of  a descr ip t ion  of i t s  sound rad ia t ion .  This  mechanica l  behav iour  was 

discussed i n  chapters 4 and 5 .  Once the transverse veloc i ty  d i s t r ibu t ion  on the  
cone i s  k n ow n ,  the sound-pressure and  -power responses can be approximated 
by s imple numer ica l  i n tegra t ion .  The ca lcu la t ion  of th is  transverse veloc i ty 

d i s t r ibu t ion  for a sufficient  n um ber of frequenc ies requi res a great  dea l  of com
puter  t ime. In  th is chapter the aim is  therefore to describe and exp la in  the sound 
rad ia t ion on the bas i s  of ca lcu la t ions o n  a few cones ra ther  than  to produce a 
more or less complete l i s t  of tables or graphs to predict the freq uency response 

for any  loudspeaker cone used i n  pract ice. 
The ou t l i ne of this chapter is as fol lows .  Fi rst, i n  sec. 6 . 2, basic assum pt ions  

and  defin i t ions  used i n  the  ca lcu la t ion of the sound rad ia t ion w i l l  be d i scussed .  
Then,  s i nce the real cone acts  as a r ig id  p is ton at low frequenc ies, sound radia
t ion by  a r ig id p i s ton  w i l l  be br iefly reviewed in  sec .  6.3. In sec .  6.4. sound radia
t ion by a r ig id cone is  ca lcu lated ,  which in the h igh-frequency region shows 
typical devia t ions from radiat ion by a rigid p is ton . In sec. 6 . 5  the sound radia

t ion by a flexib le cone i s  d iscussed ; th i s  sect ion also deals with the  i nfl uence of 
the  cone geometry and mater ia l ,  and demonstra tes the essent ia l  i n fl uence of the 

voice-coi l  mass .  I n  sec .  6. 6 ca lcu la t ions are compared with measurements on a 
few loudspeaker cones .  F i na l ly ,  in sec. 6 .7  some essent ia l  ru les of design are 
d iscussed. 

6.2.  Basic assumptions and definitions 

A cross-sect ion of a normal  e lectrodynamic l oudspeaker has been shown i n  
fig. 2. l h .  I t s  work i n g  pr inc ip le  a n d  characteri s t ic  propert ies have been d iscussed 
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in chapter 3 and may  be fou n d  i n  the tex tbooks, for example in ref. 41. To 
al low a proper  compar ison of  the propert ies of a r ig id  p i s ton ,  a r ig id  cone a n d  
a flex ib le  c o n e  and t o  separate essent ia l  from inessent ia l  parameters, a n umber 

of assu m pt ions  wi l l  be  made,  some of which were br iefly ment ioned in  sec .  2 . 2. 
First ,  a l l  radiators a re  assumed to  v ibrate i n  a n  infin i te  r ig id baffl e. Further,  

the rad i a ted  sound pressure and in tens i ty  a t  a great d istance are calculated ( far
field or F raunhofer region) .  I n  a l l  rad iat ion ca lcu lat ions reported here, the  
react ion of  the a ir  and  the  influence of the  rad ia t ion (formal ly  expressed by the 
radiat ion i mpedance) w i l l  be neglected. T h i s  may be j ust ifi ed on the bas is  of the 
fol lowing consi derati o n s  on  the s implest  radiator, v iz .  the fl at r ig id p is ton .  In  
the low-freq uency reg ion ,  where the sound wavelength is longer than the radia
tor c ircum ference, the a i r  react ion i s  ma inl y  mass- l ike .  T h is i s  shown i n  fi g. 6.1 

z 

·5 

' 10-1 1 5 1 1 5 10 .1. 
-koRb 

Fig. 6.1. Real part Rm and imaginary part Xm o f  the normalized mechanical radiation imped
ance of a rigid piston in an infinite baffle. Normalization factor ;;'l R/ (10 Co· 

where the real and i mag inary parts of the radiation impedance of a r ig id  p is ton 
are plotted as  a func t ion  of freq uency 1 ) . At low freq uencies neglect ing t h is  
mass i s  eq uivalent to  a s suming  too smal l  a va lue  for the p is ton mass; wi th a 
constant  d riv ing force the  sound pressure a n d  power are freq uency- independent 
and inversely proport iona l  to the tota l  m ov ing  mass (sec. 6.3). T he above ho lds  

eq ual ly we l l  for r ig id  n o n-plane radiators, for instance cones, because in  th e 
freq uency region cons idered onl y  the  created vo lume velocity i s  of i n terest a n d  
no t  t h e  s hape of the rad ia tor .  I t  shou ld b e  re marked t h a t  i n  pract ice t h e  a i r  mass  

and d i aphr agm mass o f  a rea l  loudspeak er  may have the same order of mag
n i tude. 
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I n  the  h igh- frequency r egion, wher e  the sou nd wavelength  i s  shor ter t han  the 

pi ston cir cumfer ence, the r eacti on of the a ir on the rad i a tor is r es ist iv e; the 
i nfl uence of the air mass d ecr eases rapid ly w i t h  freq uency a nd can be neglected 
(fi g. 6.1) . The mechani cal r ad ia ti on r es is tance of the p i s ton  i s  i n  mos t  cases 
negl ig ib le  as compared wi th  the mechanical  reactance of the pi ston. The effect 
of neglect ing the r ad ia ti on impedance on the  s ound r ad iat i o n  of non-r ig id d ia

phr agms is exp li ci t ly  cons idered i n  sec. 6. 5.2. 
Summar iz ing the effect o f  neglecti ng t h e  a ir reaction we may conclud e  that 

i n  the low-freq uency r ange the calcula ted sound pr essur e  and power may be too 

h igh .  We wi l l  accept thi s  d iscr epancy because  we ar e not pr imari ly concer ned 
wi th  the  l ow-frequency r egi on .  M oreov er ,  c a l cu lati ons that account for the 
eff ect of the r ad iat ion impedance in this r eg ion  can be found in many  text

books  25.26) . 
W e  wi l l  fur ther assume i n  a II cases that the r ad iator i s  dr iven by a si nusoid a l l y  

a l ter nat ing ax i a l  force Fa the  amp l i t ud e  of  w h ich  i s  frequency- independ ent .  I n  
pr acti ce t h i s  i s  achiev ed by supp ly ing t h e  v o i ce coi l  wi th a si nusoi dal curr ent 
hav ing a frequency-i ndependent ampl i tud e  i.  The axia l  forc e i s  then Fa = B Ii, 
where  B is the magnet ic i nd ucti on in the a ir ga  p of the permanent magnet and I 
the total  length of the v oi ce-coi l w ind i ngs .  T h is assump t ion  r ules out t he  i n
fl uence of the v oice-coil imped ance, whi ch considerabl y s impl ifies t he  cal 
cu la t ions w i thout  loss of  gener a l i ty. A pos s i b le frequency dependence of  the 
force can easi ly be i n troduced after ward s. 

F inal ly ,  the frequency of the driv ing for ce is assumed to be h igher than 
the fundamental r esonant frequency fo of the loudspeaker  mass- spr ing 
syste m .  The we l l -known i nfl uence of the d ia p hragm suspens ion  can then be 

negl ected.  
The sound pressur e  lev el Lp i s  a lways refer red to 20 tJ.Pa and the sound power 

lev el Lw to 10 -12 W. 
I n a I I  r ad ia tion ca lcu lati ons the  fo l low ing  four acoustic parameters  ar e ca l

culated as  a fu ncti on of frequency: the axia l  s o u nd- pressur e  lev el Lp, the power 

lev el LWI 00, the  beam wid th fJ and the d ir ect ivi ty i ndex DI  10Q. The power lev el 
Lw 10 0  fo ll ows fr om the ratio  of the  sound power radi ated w i t h i n  a space sector 

wi th  an apex angle of 100 d egr ees to the r eferenc e  po wer of 10- 12 W .  This 
angle has been chosen because the  approxi mati on for the sound pr essur e  (see 

sec. 6.4) is unrea l i s ti c  for fie ld points l ying o u t s id e  the space sector bound ed by 

the cone sur face and its extensi o n; in this paper we will no t  consider cones wi th  
apex angl es smal ler than 100 degr ees. The beam width  fJ and the d ir ectivi ty 

i ndex OI 1 0 0 have been defi ned i n  sec. 2. 5 . 2 .  
A s imple  r e lat ion between 01100 , Lp and LWlOO can be deriv ed as  fol l ows .  

Let W be the  radi ated sound power of a cone w ithi n  a space angle of 1000 and 
W" the power (w i thi n  the  same space angle) of a poin t  sour ce creati ng the  same 
intensi t y  on the cone axis as  the cone i tse lf, then it fol lows that  
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2n,2 
/so . 

W = p2 sin ep dep, 
Qo Co 0 

2 2 50· n, / 
W p = Pa/ sin ep dep, 

Qo Co 0 

(6.1 ) 

(6.2) 

where Pax is the amplitude of the axial sound pressure created by the cone at a 

distance " go is the air mass density and Co the sound velocity in air. With the 

above definition of the directivity index, we find 

01100 = 10 19 

which can be written as 

((1 - cos 50°) pa/) 
50· 

J p2 sin ep dep 
o 

01100 = Lp - Lw100 + 10 19 (2'2 ,2). 
In the calculations, = 10 m is mostly used, so 

01100 = Lp-Lwlo o  + 23·4 dB. 

(6.3) 

l6.4a) 

(6.4b) 

On the basis of the following considerations the sound radiation by asymmet

ric bending vibrations will be neglected. The bending wavelength A8 is rather 

short; azimuthal standing waves already appear at very low frequencies (about 

100 Hz for a paper cone of 16 cm diameter). This bending wavelength remains 

short as compared with the sound wavelength in air Ao, although A8 increases 

with /-112. The coincidence frequency, at which A8 becomes equal to Ao, has an 

order of magnitude of 105 Hz for normal cones. The waves are therefore acous

tically short-circuited in the audio region. Moreover, adjacent segments that 

vibrate in antiphase have equal areas. Therefore, the sound radiation of the 

bending waves travelling in the azimuthal direction can be neglected as com

pared with that of the bending waves propagating in the meridional direction. 

The latter are also acoustically short-circuited, but the vibrating concentric 

areas are not equal, as will be discussed in sec. 6.5. 

6.3. Rigid-piston radiation 

One of the simplest approximations that can be made in calculating the 

loudspeaker sound radiation is the well-known rigid-piston approximation. 

The loudspeaker cone is then assumed to be a flat rigid piston vibrating in an 

infi nite rigid baffle (fig. 6.2). Simple expressions result for the sound pressure 

at large distances and the total radiated sound power. As they can be found in 

almost any textbook on acoustics, we will confine ourselves to simply men-
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p 

Fig. 6.2. Coordinates of a source p o int Q on a r ig id p is ton in an intln ite baffle and a field 
point P. 

ti oni ng  the res ul ts .  Bas ic for m u las are given i n  appendix D. 
The sound pressure at a di s tan t  field poi n t  with coord inates (r, fJ) (fig .  6 . 2) 

is given by 

(Jo Fa 5 2 J)(ko Rh s i n  q) 
p = -�--- exp (-jko r) . 

2n r M d k 0 Rb Si n cp 
(6 .5) 

wher e  k 0 i s  the sound wavenumber i n  air; Rt" ;\1 d and 5 are respecti ve ly t he  

radi us ,  mas s  a n d  area of  the  p i s to n .  The  ti me factor exp  Uwt) has  been left ou t .  
The  amp l i t ude  of  the  axi a l  sound pressure i s  frequency-independent: 

()o Fa 5 � � 

Par. = -- --. 
2n r M d 

At low freq uencies ,  where koRh « I, the d irect ivi ty  fu nct ion 

(6 .6) 

approaches uni ty; then sound i s  radiated un i for m ly  i n to  al l d i rect ions. In the 

high-freq uency reg ion, where  koRI> �}> 1, the rad ia tion  concentrates i n  a centra l 
beam with smal l  s ide lobes.  

The radiated sound power ( see appen d i x  D) i s  g iven by 

(6 .7)  

At  low freq uencies ,  where koRb « I ,  the func t ion  in  squar e  brackets may be 

approx imated by (koRb)2/2, us ing  the ser ies development for the Bessel fu nc
t i on .  Then eq. (6 . 7) becomes 

{Jo (Fa 5 )2 
W= --

4:rr Co Md 
(6 .8 ) 
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In that region the radiated sound power is frequency-independent. In the high

frequency region (koRh» 1) the factor in square brackets approximates to 1 

and the sound power decreases with the square of the frequency: 

w = .1 Qo Co S ( Fa )2. 
mAId 

(6.9) 

To illustrate the foregoing the axial sound-pressure level Lp, the power level 

Lw 100, the beam width (J and the di.ectivity index Dl 100 are calculated as a 

function of frequency for a piston with an outer radius Rb = 83 mm. These fre

quency characteristics are shown in figs 6.6a and b (dashed curves). The sound

pressure level Lp is ref erred to the value given by eq. (6.6): Lw100 is plotted 

relative to its value at very low frequencies (eq. (6.8)). 
The low- and high-frequency regions of the piston radiation are clearly 

visible in the characteristic of Lw 100' The transition between the two regions 

is marked by the transition freq uency II at which the asymptotes, given by eqs 

(6.8) and (6.9), intersect. At the intersection point we have 

hence 
0·7 Co 

J,= . 
7l R" 

(6.IOa) 

(6.IOb) 

At this frequency the sound wavelength in air Ao is approximately equal to the 

piston circumference. For the piston under consideration, .f� lies at 920 Hz 

(fig. 6.6a). 
The quantity describing the directional effect of the radiator is the beam width 

�. In fig. 6.6h, fJ is shown for the above-mentioned piston parameters (dashed 

curve). In the high-frequency region the beam becomes very narrow. It follows 

from eq. (6.4) that the directivity index 01100 increases by 6 dB per octave in 

this region, because Lp is constant and Lw100 decreases by 6 dB per octave 

(eq. (6.9)). 
In figs 6.6c, d and e the directivity diagrams for the above piston are shown 

at 1, 5, 10 and 20 kHz (left parts). These figures clearly ill ustrate the increasing 

beaming effect of the rigid piston with increasing frequency. 

The foregoing is well known and is only intended as a background to the 

description of the radiation by conical diaphragms. 

6.4. Rigid-cone radiation 

In this section we will deal with the sound radiation of a rigid cone in an 

infinite baffle. We will first discuss some alternative methods of calculating the 

sound radiation by a conical surface (rigid or not). The configuration is shown 

in fig. 6.3. 
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Baffle 

H 

p 

Fig. 6.3. Coordinates of  a source point on a rigid cone in  an infinite b affle and a field point P. 
For a fl exib le cone t h e  same configuration holds, except that  the c one is then truncated.  

The first method (which will not be used for reasons discussed below) makes 

use of the specific conical shape of the radiator. The starting point is the Helm

holtz integral for the velocity potential 4> (from which the sound pressure p 

and particle velocity v can be derived using the relations p = j (I) fJ 4> and 

v = - grad 4»: 

4>(r) = f (G(r I rs) � 4>(rs) - tb(rs) � G(r I r�») dS (6. 11) 
()Il ()Il S 

where r and r.� are the posItIOn vectors of the field point and source point 

respectively, S is a closed surface around P, and G is Green's function, satisfying 

the inhomogeneous wave equation 

(6. 12) 

Let the closed surface S be composed of the cone surface Sn the baffle surface 

and a hemisphere with infinite radius. The problem is then reduced to finding a 

Green's function G that 

- is regular at infinity (i.e. lim R G = finite, where R is the radius of the 

h . h ) 
R-'Xl 

emlsp ere , 

- satisfies Sommerfeld's radiation condition 

lim R ( ()G 
+ j k 0 R) = 0, 

R-x ()R 
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- and in our case satisfi.es 'DG/'Dn = 0 on the cone and the baffle. 

For this characteristic function G the Helmholtz integral reduces with 

to 

4>(r) = J G(r Irs) veers) dS 

Sc 
(6.13 ) 

where veers) is the transverse velocity at the source point and the integration 

must be carried out over the cone surface. For an infinite cone Green's function 

given above can b e  expressed b y  an infinite series 30.31) .  For the configuration 

of fig. 6.3 the construction of Green's function would at least be impractical. 

This method is therefore rejected. 

There exists another class of solution methods that can be applied to radiating 

surfaces of any shape 32.33) . A common feature of these methods is that first an 

initially unknown function (source-density distribution or sound pressure on 

the radiator surface) is numerically determined on the basis of an integral equa

tion, after which the sound pressure in the field point is calculated by numerical 

quadrature, using the above-mentioned function. However, these methods 

require long comoutation times and are thelefore not economical. Besides, the 

relatively high accuracy with which the sound pressure in the field point is cal

culated is of no use as long as the velocity distribution on the cone is only 

approximatel} known. 

We will therefore adopt a more approximative method of calculation, in 

which in eq. (6.11) the Green's function of an infinite plane is  used. The fact 

that this plane has a conical indentation is neglected. This leads to the following 

expression for the velocity potential �(r) at the field point P: 

J exp (-j ko s) 
�(r) = veers) dS 

2n s s 
(6.14) 

where s is the distance from the surface element dS to the field point P (fig. 6 . 3 )  
and v,(r.t) is the transverse velocity of dS. When the radiating surface i s  plane, 

the equation is rigorously correct 10). One of the effects of a non-plane radiating 

surface concerns the relative positions of the surface elements, regarded as 

point sources; these positions are taken into account by integrating over the 

radiating surface a function of the distance s. The integral disregards the fact 

that waves radiated by some part of the non-plane radiator are diffracted by 

other parts. This secondary diffraction due to the curvature can be neglected if 

the radiator is only slightly curved. The results obtained with this approximation 

*) Note that v,(r.) has  a direction opposite to the  n o r m a l " on Sc w hich points away fro m  the 
the fie ld point P, hence the plus  sign. 
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will presumably be reasonably accurate for shallow cones (cf. the results for 

shallow spherical radiators obtained by O'Neil 3�) and Belle 35.36». 

The integral is further processed as follows. For a point in the far field we 

may write 

s � r- x (cos ':t cos Cf + sin ':t sin rp cos e) (6.15)  

where r is the distance from the origin of the coordinate system to the field 

point, Cf is the angle between the vector r and the cone axis, x is the distance 

from the origin to the source element dS and e is the azim uthal coordinate of 

the latter. Approximating s in the denominator of the integrand of eq. ( 6 . 1 4) by 

r and using p = j(l) eo cp we fi nd for the sound pressure pat the field point: 

. b 
eo (t) Sin ':t J p=jexp (-jkor) vr (x)xdx x 

2n r o 

21t 

X J exp [j ko x (cos Ct cos Cf + sin Ct sin cp cos e)] de 
o 

( 6 . 1 6 ) 

where the transverse velocity l', (x) is assumed to depend on x only (axisymmetric 

vibration ). Carrying out the e integration we find: 

eo (t) Sill Ct 
p=jexp (-jkor) x 

r 
b 

X f v, (x)exp (jkoxcoSCtCOsff)Jo(koxsinCtsinq;)xdx. ( 6. 1 7) 
o 

The latter integral may be evaluated numerically if the velocity distribution 

t', (x) on the cone is known. For a rigid cone l', (x) is easily found; for a flexible 

cone t', (x) can be numerically calculated with the mechanical differential equa

tions (chapter 5). 
The assumption that the radiation pattern of each source element is not 

affected by small departures of the radiating surface from a plane certainly will 

not hold for field points at angles Cf > ':to In that case, parts of the cone are 

screened olf. In the calculations we will therefore only consider field points at 

angles g < ':t, although the directivity diagrams will be dra wn up to (I = 90°. 

For easy comparison of the radiated sound power Lp of cones with different 

apex angles we will calculate the radiated power LIV 100 inside an angle of 

100 degrees and not consider cones with ':t < 50°. 
[n the remaining part of this section we will deal with the sound radiation of 

a rigid cone. Although in practice the cone can only be considered to vibrate 

rigidly well below cone break-up (/ «.{,J, the understanding of the rigid-cone 

radiation is indispensable for explaining the low-frequency radiation of a 

flexible cone (see sec. 6 . 5 . 3) .  
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S i nce a rigid c one has a u niform velocit y di st r ib uti on {'r, eq. ( 6 .17)  b ecomes 

eo (t) V, Si n (J. 
P =.i exp (-jko r) x 

r 
b 

X f e x p (jkox cos(J. costp)Jo(kox s i n(J. si ntp)x dx. 
o 

(6 .18) 

I n  1941 Brow n  27 ) had  a lready calcu lat ed t he sound pressure on t he b as is  of 
t he ab ove form u l a  for one frequency. I n  1 945, Bordon i 2H ) developed a series 
expansi on for eq . ( 6. 1 8 )* ) .  Bot h, how ever, w ere very b rief i n  t he i r  ca lcu lati ons  

and conclu s ions .  
For a cone d ri ven  w it h  a frequency-i ndependent force Fa t he t ransverse 

v elocit y  V, becomes 
Fa s in  (J. 

Vt = , jwM" 
gi v i n g  a soun d  pressure 

eo Fa s in2 ex 
p = - e x p  (-j ko r) X 

r Md 
b 

X f ex p (j ko X cos (J. cos q;) J o(ko X si n (J. sin tp) x dx. 
o 

( 6.19) 

(6. 20) 

F or fi eld  poi nt s on t he cone axis t he i nt egral in eq. ( 6 . 20) may b e  easi ly ev al 

uat ed; w e  find for th e amp lit ude of t he axia l  sound pressure : 

eo Fa Sb 2 (2 - 2 cos z - 2z s i n  z + z2) 112 
Pax = -----

2:r  r M" Z2 

w here S b = 7l Rb 2 i s  t he cone b ase area and z = ko b cos (J., 

, ( 6 . 2 1 ) 

I n  t he low-frequency l i mit, w here z -- 0 (w hich may b e  eff ect uat ed b y  e it her 
i ncreas ing t he c one angle or  decreasi ng t he frequency), t he last fact or in  eq .  
(6 . 21) b ecomes equa l  to u nity and t he ax ial sound pressure for t he r ig id  cone 
b ecomes equal t o  t hat for t he ri g id  p ist on (eq.  ( 6.6»: 

eo Fa Sb 
Pax = -- ---

2:r r Md 
( 6 .22 )  

F or off-axi s  direct ion s  t he sound pressure i s  eas i l y  fou n d  if  k 0 b s in  (J. « I ,  
w h ich  i s  equival ent to f «Jr, w here.l� i s  t he t rans it ion frequency for t he r ig id 
p i st on (eq .  (6.IOb» . I n  t hat case we may i nt egrat e  t he ser ies  dev el opment of t he 
i nt egrand of  eq . ( 6.20) and  neglect t erms of h igher  order t han  2 .  Then w e  

arr iv e  at 

*) Both authors e r r oneo u sly took the axia l velocity fo r Vr. 
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A crude approximation is 

I «/r; (6.23) 

the cone then radiates sound u niformly in all directions. 

In the high-frequency limit, when z-- 00, the last factor in eq. (6.21) decreases 

as 2/z and the sound pressure on the axis becomes 

A 
Qo Fa Sb 2 

Par. = -- --- -----

2n r M d k 0 b cos Cl 
(6.24) 

Low- and high-frequency asymptotes intersect at 

ko b cos � = 2 (6.25) 

which may also be written as 

ko H = 2 

where H = b cos ex is the cone depth. The intersection occurs at a characteristic 

cone frequency 10 which divides the sound-pressure response into a low- and a 

high-frequency region. For Ie it follows that 

or 

Co 
le= nH 

(6.26a) 

(6.26b) 

From eqs (6.10b) and (6.26b) it follows that the characteristic cone frequency Ie 
lies above the transition frequency for the rigid piston fr if � > 35°, which is 

nearly always the case in practice. 

Figure 6.4 shows the axial sound-pressure level as a function of ko b cos � 

-
' -"':  
� -30 � 
� 
� -ro�=r�l��5��--2���5�����2��S�� 

-��� kob cos Q' 

Fig. 6.4. Calculated sound-pressure level Lp of a rigid cone as a function of the dimension
less frequency parameter ko b cos x. 
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(in fact this means that the last factor in eq. (6.21 )  is plotted as a function of 
frequency). 

The foregoing may be interpreted as follows. For low frequencies the cone 
acts as a point source; the conical shape has no influence. For high frequencies 
where k 0 H » 2, the axial sound pressure decreases with frequency and cone 
depth H. In that case many sound wavelengths }'o fit between cone top and base. 
Waves radiated by different concentric cone areas no longer arrive in phase at 
the field point, thus decreasing the sound pressure. 

This will be illustrated with fi g. 6.5a. Let the cone be divided into concentric 
areas SI whose mean distances to the (distant) field point on the axis differ by 
half a wavelength in air. Then waves from neighbouring areas arrive in anti
phase at the field point. Since the sound pressure is proportional to each radiat
ing area, the total sound pressure at the field point will be 

p ex: 51 - 52 + 53 - . . . . (6.27) 

The outer radius of the llth area S n being equal to II (}'o/2) tan �, it follows that 

and we find for the alternating series eq. (6.27): 

p ex: N }'02 

(6.28) 

(6.29) 

where N is the number of wavelengths on the cone depth H: N }'o = H. We find 

To field point 
......... 

Fig. 6.5a. J Ilust ration of  t h e  axial sound radiat ion o f  a r igid cone by concentric conical rings 
a t  h i g h  freq uencies (I> Ie)· 

......... 

Fig. 6.5b. Illustration of  t h e  origin of a s idelobe in the  directivi ty diagram o f  a rigid cone a t  
90 - ex degrees. 
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or 
p oc I /./� ( 6.30) 

which shows the typical frequency dependence of the sound pressure in the 
high-frequency region for the rigid cone. 

If the cone depth H is decreased by increasing the apex angle :x, the transition 
frequency Ie increases according to eq. (6.26a). In the limit, when :x� ;r/2, !c 
tends to infi nity and the axial pressure becomes frequency-independent at all 
frequencies, in accordance with the rigid-piston radiation. 

The off-axis sound pressure and the beam width {J must be calculated by 
numerical evaluation of eq. (6.20). The sound-power level Lw 1 00  is calculated 
by numerically integrating the intensity over a space angle of 100 degrees. The 
directivity index 01100 is  then found with eq. (6.4b). 

In order to demonstrate the difference between the rigid cone and the piston 
we calculated the axial sound-pressure level Lp, the sound-power level LIV 1 00, 
the beam width fi and the directivity index 01100 for a rigid cone with a semi
apex angle :x - 50° and an outer radius R h -= 83 mm; the same values were used 
for the rigid piston discussed in the preceding section. The results are shown in 
fig. 6.60 (drawn curves). As remarked before, Lp is frequency-independent at 
low frequencies and equal to Lp of the rigid piston. Abovej� (1580 Hz) Lp starts 
to decrease as I It: The sound-power level L w 100 starts to decrease at a some
what lower frequency in the neighbourhood of the piston transition frequency 
fr = 920 Hz. Because in the high-frequency region the sound powers in both 
cases are about equal whereas the axial sound pressures are not, we may 
conclude that for off-axis points, Lp of the cone must on the average be higher 
than Lp of the piston. This is illustrated in fi g. 6.6h which shows that the 
directivity index 01\ 00 of the cone is relatively small and on the average almost 
frequency-independent, indicating a relatively high off-axis radiation. This is 
further illustrated by directivity diagrams. 

The figures 6.6(', d and e show the directivity diagrams for the rigid cone 
(right parts) at various frequencies. At 1 k Hz the radiation is practically uniform 
and equal in both cases. At 5 kHz, the cone shows a broad sidelobe normal to 
the cone axis «(I" = 40°); this direction is indicated by an arrow. At higher fre
quencies this sidelobe becomes the principle sidelobe and is now more pro
nounced, which is illustrated by the directivity diagrams of figs 6.6£1 and e, cal
culated for 10 and 20 kHz respectively. 

The cause of the big sidelobe at 90 - :x degrees can easily be explained: at 
wavelengths smaller than the dimensions of the radiating surface, the radiation 
normal to the latter becomes very high. This is illustrated in fig. 6.5h where 
concentric parts with mutual spacing i.o/2 on the left cone side radiate waves 
which arrive in phase at the field point. The contribution from the right cone 
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�-3�������������� 

10 2 2 5 10J 2 5 10' 2 5 105 
-- f(Hz) 

Fig. 6.6a. Calcula ted pressure and power responses of  a piston (dashed) and a rigid cone 
with  :x = 50° (drawn curves), both with  R b = 83 mm. 

5 xi 2 5 10' 2 5 105 
• f(Hz) 

15 
DI,x/dB) , 

/Piston 

I � 

, , , , 
/ , l 

�Ol 2 5 10' 2 5 105 
- f(Hz) 

Fig . 6.6b. Calculated frequency characteristics o f  the beam wid th  Q and t he directivity index  
01100 o f  t h e  rigid piston (dashed) and the  rigid cone (drawn curves) of fig.  6.6a. 

side is relatively low. The result is a sidelobe which may even exceed the axial 
lobe (fig. 6.6£'). 

The power level Lw 100 of the cone is about 2 dB lower than that of the piston 
in the high-frequency region (fig. 6.6a). One cause is the fact that the intensity 
at rp = 50°, which is the boundary value for the integration over a space angle 
of 100°, is much higher for the cone than for the piston. It is interesting to 
calculate the sound power radiated by a piston and by a cone into a semi
space. The result (fig. 6.6/) shows that the difference between the piston and 
cone powers is somewhat smaller than the difference between Lw,oo for the two 
radiators. The remaining difference of about ) dB may be attributed to the 
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Rigid piston RIgId cone 
Fig . 6 .6c. Calcula ted directivity diagrams of the  rigid piston (left) a n d  t h e  rigid cone (right)  
of  fig. 6.00 at  I and 5 kHz. 

Rigid piston R/qid cone 
Fig. 6.6d. Calculated directivity diagrams o f  the rigid pist on (left) and the rigid cone (right) 
of fig. 6 .00 at 10 kHz. 

o 

Rigid piston Rigid cone 
Fig. 6.6e. Calculated  directivity diagrams of the  rigid piston (left) a n d  the rigid cone ( right)  
of  fig.  6.6a at 20 kHz. 

7�1�----------------------� 
lwtsofdB) 

t : 
80 

5 Xl' 2 5 105 
-----t ... f( Hz) 

Fig. 6.6f Calculated frequency characteristics of the s ound po\\er radiated into semi-space of 
t h e  rigid piston (dashed)  and the rigid cone (drawn c u rve) of fig.  6.6a. 
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approximative character of the solution for field points in the shadow region 
(i.e. cp > ex). 

The beam widths (3 of the rigid piston and the rigid cone do not differ much 
(fig. 6.6b). It must be remembered, though, that (1 is the width of the central 
beam; the directivity diagram of the cone is as a whole much wider than that of 
the piston. 

6.5. Flexible-cone radiation 

6.5.1. Introduction 

The sound radiation of a flexible cone is greatly influenced by the fact that 
above cone break-up the transverse velocity of the cone surface is no longer 
uniform. This transverse velocity may be created by longitudinal as well as 
bending waves. In a certain frequency region (region II), they even appear 
simultaneously: a longitudinal wave at the cone top, bending waves at the cone 
base. The sound radiation of a flexible cone can only be calculated numerically, 
although approximate analytical descriptions can be given in the low- and 
high-frequency regions (secs 6.5.3 and 6.5.4). 

First of all it will be shown why the air reaction on the cone vibrations can 
be neglected. In secs 6.5.5, 6.5.6 and 6.5.7, the sound radiation of a number of 
cones will be discussed and the influence of the geometry and material param
eters of the cone will be considered. In sec. 6.5. 9, finally, it will be shown that 
voice-coil mass has a considerable influence on the sound radiation in the 
high-frequency region. 

6.5.2. Description of the  problem 

The sound radiation of a flexible cone may be calculated in the same way as 
that of a rigid cone. First, the transverse (axisymmetric) velocity vr(x) is com
puted for a number of points on the cone and for various frequencies, using the 
general differential equations described in the preceding chapter. Then the 
integral for the sound pressure eq. (6. 17) is numerically evaluated for these 
frequencies. Lastly the beam width p, the sound power Lwloo and the direc
tivity index D I} 0 0 are calculated as described in the foregoing section. In these 
numerical calculations the sound radiation of a truncated cone is considered 
(i.e. t'r = 0 for x < a). The influence of a rigid cone top (0 � x < a) will be 
discussed in sec. 6.5.8. 

The velocity distribution t'r (x) is calculated for a cone vibrating in vacuum. 
This means that the air reaction on the velocity distribution is neglected. Some 
justification for this at first sight crude approximation is offered by Lax 37), 
who calculated the effect of the radiation on a circular plate. It is shown by him 
that for 
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where Rb is the plate radius, the shift in resonant frequencies and the change 
in shape of the four lowest modes due to the reaction of the air on the plate 
is negligible. Further, the air influence tends to decrease with increasing 
mode number. Substituting normal loudspeaker parameters (Rb/h =- 200, 
Q = 500 kg/m3 for paper cones) we arrive at 

Hence, the neglect of the air reaction would be justified if the cone were a flat 
plate. We do not expect, however, a fundamentally different air reaction in the 
case of the cone, especially not in the high-frequency region, where the cone 
beha ves as a flat plate. 

It is also shown in ref. 37 that the effect of the radiation damping on the 
sharpness of the plate resonances is not negligible. Of course the additional 
etfect of the radiation damping decreases with increasing loss factor of the 
radiator material. In the preceding chapter it was shown experimentally that 
the reactive part of the radiation impedance reduced the antiresonant fre
quencies by a few per cent. In the following calculations the influence of the 
reactive part of the radiation impedance is neglected; the influence of the 
resistive part is accounted for in an approximative way: the internal material 
damping is taken higher (b = 0'1) than the value encountered in practice 
(b � 0·04 for normal cone paper). 

Before carrying out specific numerical calculations we will fi rst modify 
somewhat the radiation integral eq. (6.17). At the inner edge, the axial admit
tance Ya is defined by 

t'a(a) 
Y= -a 

F a 
(6. 3 1  ) 

where t'a(a) is  the axial velocity at the inner edge and Fa is  the applied axial 
force. Let t',(x) be the transverse velocity distribution on the cone; then we ha ve 

(6. 32) 
which may be written as 

( 6.33) 

Introducing V,(x) as the transverse velocity at the point x divided by v, (a) : 

(6. 34) 
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it follows that 

Vt(X) = YG FG V,{x) sin (X 
and 

Vt(a) = 1. 

Su bstituting eq. (6. 35) In eq. (6.17) we arrive at 

p=jexp(-jkor)
(}o 

w Ya Fa sin2 (J. X 
r 

b 

(6. 35) 

(6.36) 

X J Vr(x)exp(jkoxcoS�COST)Jo(koxsin�sinT)xdx (6.37) 
G 

and for the axial value of p we find 

h 

Pa.� =JeXp(-jkor /
r

o 
w YIlFIlsin2 � J Vr(x) exp(jkoxcos�) xdx. 

a 

Hence 
b 

Pax = 
(}o 

w f� sin2 (J. Ya J Vr(x) exp (j ko X cos �) X dx 
f I a 

which can also be written as 

h 
(}o F" tan2 � J pox = - -- -- k 1)'<1 Vr(x) exp (j ko x cos Ct) x dx , 
r 2n Ra (} h a 

where y" is the reduced axial admittance, defined by eq. (5.35). 

( 6.38) 

(6.39) 

(6.40) 

The radiated sound power within a space angle of 1 00 degrees is given by 

50· 
n ,2 

rv10 0  = f fi2 sin cp dcp. 
(}o Co o 

(6.41 ) 

O n  the basis of eq. (6.39) we may roughly predict the sound-pressure response 
as follows. For low frequencies (region I) the cone oscillates more or less 
rigidly, hence Vr(x) � I. If k 0 b cos � « I , the integral becomes approximately 
equal to (b2 - a2)/2, independent of cpo The radiation will be uniform and the 
sound pressure and sound power will be frequency-independent, because I Ya l 
is inversely proportional to the frequency. This low-frequency radiation will be 
further discussed in the next section. 

For high frequencies (region I II) the velocity distribution Vr(x) is in general 
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determined by bending waves. For normal loudspeaker cones the bending 
wa velength }'B is much smaller than the sound wavelength in air }.Q. Hence, 
the bending waves are acoustically short-circuited and their sound radiation 
depends only on the geometric mean volume velocity created by these waves. 
This is expressed by the integral in eq. (6.39)  whose integrand is a highly oscil
lating function of x. The resultant mean volume velocity and consequently the 
sound radiation will be small. In the middle-frequency region (region I I ) the 
sound radiation is difficult to predict, because the inner part of the cone oscil
lates more or less rigidly and contributes a great deal to the sound radiation, 
whereas the outer part of the cone shows acoustically short-circuited bending 
waves which radiate little sound. The radiation in this region will therefore be 
discussed on the basis of numerical examples in subsequent sections. Note that 
the sound pressure is directly proportional to Ya and hence to Yj: the peaks and 
dips in Ya will also show up in the sound-pressure response (except the dip at 

frQ) as explained in the next section). Before carrying out numerical computa-
tions of eqs (6.37) and (6 .4 1 ) ,  we will first take a closer look at the sound radia
tion in the low- and high-frequency regions. 

6. 5 . 3. Radiation in the /ol¥-jrequency region 

It has been shown in chapter 5 that cone break-up, which is synonymous with 
the appearance of axisymmetric bending waves on the cone, starts at the ring 
antiresonant frequency Ira, which can be approximated by (see sec. 4 . 4) 

ccos � 
fra � . 

�r: Rb 
(6.42) 

By definition the low-frequency region (region I) is given by I <Itb or, approx-
imately, 

(6.43) 

The sound radiation in this region can be described by the rigid-cone approx
imation. For the sound-power characteristic even the rigid-piston approx
imation can be used in view of the small difference between the rigid piston and 
rigid cone (fig. 6.6a). At very low frequencies, the radiated axial sound pressure 
and sound power are frequency-independent and given by eqs (6.6 ) and (6.8). 

Let us first consider the sound-power response, which shows a 6-d B roil-ofT 
above fro At Ira the sound power rises again, because of cone break-up (shown 
later). Therefore, if It < Ira, a dip will appear between fr and Ira in the power 
response. This dip will not appear if It > .fra, from which we fi nd with eqs 
(6.10b) and (6 .42) 

Co 
cos � < } ·4  -. 

C 
(6.44) 

For normal paper cones with C := 2700 mIs, we find that this dip will not appear 
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if ':I. > SOo. Since in practice nearly all semi-apex angles are smaller than SOO , 

we will find a dip in the frequency characteristic of LW100' The depth of this dip 
increases with increasing spacing between J, and fro; for a paper cone with 
':I. = 70° and c = 2700 mis, we find}; = -Lf�a and the dip will be relatively small 
(� 3 dB). Besides ':I. we can also vary c; if c decreases, eq. (6.44) will be satisfied 
at smaller cone angles. This will be illustrated in sec. 6.5.7. 

The axial sound-pressure response is not influenced by the transition fre
quency J" but by the characteristic cone frequency fe (eq. (6.26b)) above which 
L" of the rigid cone shows a 6-dB roll-off. At fro the pressure response rises 
again (cone break-up). Iffe <fro, a dip will appear in the pressure response. This 
dip does not appear if fe > fro, or according to eqs (6.26b) and (6.42) if [( C )2 ] 1/2 

sin ':I. > 
C

O + 1 Co 
(6.45) 

c 

For a paper cone with c = 2700 mis, eq. (6.45) is satisfied if ':I. > 60°, which 
is the case for many practical loudspeaker cones. 

The requirementfe > fro for avoiding a dip is not stringent; even iffe = t.fra 
the dip is hardly noticeable (fig. 6.14b, upper graph). This is due to the fact that 
in the neighbourhood of fro the outer-edge amplitude web) becomes higher than 
the amplitude H'r of a rigid cone lsee fig. 4.Sa). The inner-edge amplitude is 
relatively small. Because the outer cone area, where w(x) > w" is much larger 
than the inner cone area, where w(x) < w" the total volume velocity will be 
higher than that of the rigid cone. To a certain extent this compensates for the 
roil-ofT abovefe predicted by the rigid-cone approximation. A possible dip may 
be eliminated by decreasing c or increasing ':I.. 

We may summarize the sound radiation of the flexible cone in the low
frequency region as follows. The (axial) sound-pressure and sound-power 
responses are well described by the rigid-piston approximation, provided fe 
lies above cone break-up (fe > fro)' If fe «fro, the sound-pressure response 
must be described by the rigid-cone approximation in the interval fe < f < .f�a' 
The foregoing will be further illustrated on the basis of specific numerical 
examples in subsequent sections. 

6.5.4. Radiation in the high-frequency region 

In this section we derive an approximate expression (of limited practical 
value) for the axial sound pressure at high frequencies, i.e. for f» Ira. 

Now, as far as the radiation of sound is concerned, surfaces with dimensions 
large with respect to wavelength (the bending wavelength in this case) tend to 
behave as infinite plates when considered per unit area and on averaging over 
frequency. A case to the point is the sound transmission through walls at high 
frequencies where identical results are obtained for an infinite wall with travel-
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l i ng waves on l y  42) and a fin i te  wal l  wi th stand ing  waves on ly  43). The resonances 
occurring in  the latter case apparent ly average out . 

Assu ming  that  the above ho lds  for the loudspeaker cone for the  frequencies 
under cons iderat ion we i n t roduce a reduced t ransverse veloc i ty  d i stl i bu t ion  of 
the trave ll i ng-wave type : 

Ho (2)(k 8 x) 
Vr(X)= ----

H (2)(k o 8 a) 
( 6 .46 ) 

where Ho (2) i s  the zero-order Hanke l  fu nct ion of the  second k ind  and  k8 the 
bend i ng  wavenumber. Wi th eq. (6 .39 ) we fi nd for the modu lus  Pax of the ax ia l  
sound pressure : 

� 
!!o 

I }' I' 2 Pax = - (.> Fa a 11 SIn � ( 6.47 ) 
r 

where 

(6 .48 ) 

F rom f » .f�a i t  fo l lows 

kB a » I, ( 6 .49 )  

provided" (tan �)/a l/12 < 1 ( see  eqs (4. 1 2 ) , (5.7». The lat ter  inequa l i ty  i s  
nearly a lways sat isfied i n  practice. A s  the argument o f  the Ha nke l  fu nct ion i s  

a lways much larger than un i ty, we  replace i t  by  i t s  asymptot ic expans ion: ( 2 ) 112 
Ho(2)(t)� -- exp[-j(t--:-r/4)], 

!Tt 
t » I. 

Then the assumed velocity d i s t r ibut ion (eq. (6 .46» becomes (a) 1/2 
V,(x) � � exp [-j k8 (x - a)], 

( 6 .50) 

I n  accordance with the asymptot ic bend ing solut ion given by Ross 4). Thus : 

where 

b 

/1 � d /2 exp (j k8 a) f .\'1/2 exp [-:i x (k8 - ko cos :t)] dx 

Q 

b 

= aI/2 exp (j k8 a) f X1l2 exp [-j k8 x(l -q)] dx 

Q 

ko 
q = - cos�. 

k8 

( 6 . 5 1 ) 

(6.52) 
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Assum i n g  

I «/co *) 
we see t h a  t 

q« 1 .  

Introd uc i ng  

k8 X = I, ( 2 ( 1 -q) ) 1/2 ---- ksx = s, 
;c; 

we now rewrite eq. (6.51): ( a )1/2 k8b 
I, = -3 exp (jkna) I ,1/2exp [-j ( l -q)t]dt 

k8 k/ltl ( a )1/2 exp  (j k8 a) ( k8 b  ) =j -3 _ tI/ 2 exPl-J ( 1 -q)I]1 -1 2 k8 I q k8Q 

where ( 1/2 52 
12 = 

:-r: ) f ex  p 
(-j ;r S 2) ds, 

2 (l-q) 2 
51 ( 2 ( l -q) ) 1/2 

S2 = k8 b . 
:r 

(6.53 ) 

(6.54) 

(6.55) 

(6.56 ) 

Now 12 red uces to  (see eqs  7.3.1,7.3.2, 7.3.9,7.3.10, 7.3.27,7.3.28 i n  ref. 38): 

where 

( n )1/2 
12 = {[J/(S2)-g(S2)]exp [-j(l-q) k8 b] + 

2 (I - q)  

- U!(Sl) - g(Sl)] exp [-j (I - q) k8 an, 

I(s) = _I 
(

I _ 3 
. . . 
)

, 
:-r: s (n S2)2 

g(s) = _I (_
1
_2 " 

. )
. 

:rs :rs 

(6.57 ) 

.) At the c oincidence freq uency feo the bend ing wavenumber kl/ becomes equal to  the sound 
wavenu m be r  in air hO ; fo r bending waves on an infinite plate 9) feo = c02/2 :ril2. For 
practical loudspeaker cones we find f<;o � 105 Hz. 
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On considering eqs (6.55), (6.56), (6.57) in conjunction with eq. (6.49) we see 
that, in the present order of approximation, 12 may be neglected in eq. (6.55). 
Thus 

j a1l2 
I) = exp(jk8 a){bl/2 exp [- j(l-q)k8 b]-a1/2 exp [-j(l-q)k8a]} (1- q) k8 

and 

ai/2 
III I = {b + a - 2 ( a b) 1/2 cos [(l - q) k 8 (b - - a)]} 1/2. ( 6.58 ) 

(l-q)k8 

In order to find the frequency average of \/1\ we determine 

II 

I, = : J [b + a - 2(a b)'/2 cos OJ"2 dO. 
o 

Substituting 

() = 7l - 2rp 

and assuming 

b» a 

we fi nd that (see eqs 17. 3. 3, 17. 3.12 i n  ref. 38) 

2 
11/2 

13 = -;(Vb + l/a) f [I -4 (ab)1/2 sin2 T/(Vb + l/a)2 ] 1 /2 dq:; 
o 

2 
� -(Vb + Ila) [ I - (a b)I/2/Cllb + I/a)2 ... ] 

7l 
2 b3/2 -a3/2 2 

-- � - Vb. :r b-a 7l 

(6.59) 

(6.60) 

(6.61 ) 

Neglecting q with respect to unity eqs (6.58), (6.59) and (6.61) now yield the 
following relation for the frequency average (1/11): 

(6.62) 

Using eq. (6.47) we find the following approximation for the frequency aver
age of the amplitude of the axial sound pressure: 
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(6.63) 

In region Il l ,  for semi-apex angles ':J. not near 90°, the frequency average of 
I Yal is given by eq. (5.38): 

<I Yea I > = Y'c / cos1 IX. 

Using eq. (5.8) we find 

(6.64) 

It is expedient to normalize the above value of <Pax) with respect to the sound 
pressure Po at low frequencies (eq. (6.22)) * ) : ( P� ) 2 ( h) 1/2 ax - � kl b-

Po 121/4;ycos2':J. a 

which can also be written as 

/ P ) 2 (f R h )1/2 

\ fi:X � 121/4 n fra R: Ra COS3 ':J. ' 

(6.65a) 

(6.65b) 

where a factor (l - )12)112 is omitted. Note that the frequency average of the 
normalized axial sound pressure increases by 3 dB per octave. Further, it in
creases relatively fast with increasing ':J.. 

The above approximations hold for frequencies in the interval 

(6.66) 

which interval in practice usually lies above the region for which the loudspeaker 
is designed. Therefore, the practical value of eq. (6.65) is limited. An impression 
of the value of the normalized mean pressure may be obtained by substituting 
the following practical values: ':J. - 60°, Rbi Ra = 5 and hi Ra = 25 . 10- 3; we 
fi.nd 

at f = 3fra. For the cones numbered 50.1 and 70.2, whose numericall} cal
culated frequency characteristics will be discussed elsewhere, we find a normal
ized frequency-average sound pressure of 0·2 and 0·5 respectively at f = 3 fra . 
• ) Equ a tion (6.22) hold s for a complet e  cone but is a fai r approximation fo r the t runcated 

cone if a <C:: b, which is assumed here (eq.  (6.60». 
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We may conclude that for frequencies well above/ra (but below leo) the mean 
value of the axial sound-pressure level increases by 3 dB per octave. This in
crease is caused by the fact t hat the ratio of the bending wavelength i.1J to the 
sound wavelength in air i. o increases by lsI" : with increasing frequency the 
bending waves become acoustically less short-circuited and radiate more sound. 
The pressure level at a constant frequency strongly increases with :t .  Since in 
region I I  only the outer part of the cone (x > XI ) is covered by acoustical ly 
short-circuited bending waves, whereas the wavelength on the inner part of the 
cone is relatively large, we may expect that on the average the sound pressure 
in region I I  will be higher than that in region I I  I .  In the next sections the above 
conclusions wil l be il lustrated by numerical calculations. 

6.5.5. A tJp ical example 

Ln this section all  characteristic phenomena encountered in the sound radia
tion of flexible cones will be discussed on the basis of the numerical evaluation 
of eqs (6.37 )  and (6.4 1) for cone 50.3 (cone parameters in table 5- 1 )  and for a 
great number of frequencies (about 50 ). The frequencies are chosen in such a 
way that the frequency characteristics of the mechanical and acoustical variables 
can be drawn with  sufficient accuracy. In all cases, the calculation of the mechan
ical variables (axial admittance and transverse displacement pattern) requires 
a computer time (about 2 minutes for each frequency with an IBM 370/ 1 68 
computer ) which is much longer than that needed for the evaluation of the 
acoustic variables. 

The voice-coil mass will always be neglected. The amplitude of the axial 
driving force Fa is assumed to be I N. The frequency characteristic of the axial 
admittance of this cone, shown in fig. 5. 1 3, was discussed in sec. 5.7 . 

Figure 6.7a shows the calculated axial sound-pressure level L p at a distance 
of 10 metres from the cone top (if not stated otherwise this value will always be 
taken), the radiated sound-power level L W I  0 0, t he beam width f3 and the direc
tivity index 0 1 1 0 0 of cone 50.3. Comparing fig. 6. 7a with fig. 6.6a for the rigid 
piston and rigid cone we make the following observations. 

Belowfra ( 1 840 Hz) the sound radiation of both the flexible and the rigid cone 
is practically piston-like. However, a tIe :"-=: 1 580 Hz ,  L p of the rigid cone starts 
to decrease. Because I Yu l becomes minimum at f�u = 1 840 Hz, we expect a 
corresponding dip in the flexible-cone response, but this does not appear, owing 
to the increasing transverse amplitude w(b) at the outer edge, as explained in 
sec. 6.5.3. 

Although Ie < Ira, no rigid-cone roll-ofT appears above Ie because Ie and Ira 
lie relatively close together (sec. 6.5.3). In  region I I  (/r b � I � /ra )  the sound 
radiation is predominantly controlled by the more or less uniformly vibrating 
inner part of the cone ; the acoustically short-circuited bending waves on the 
outer part of the cone radiate little sound. I n this region, cone 50.3 shows a 
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Fig .  6 . 7(1 . Ca lcu la ted frequency character is t ics o f  cone  5 0 . 3 .  

broad maximum w i th  a super imposed fi ne  structure (bend i ng  resonances and  
an t i resonances) fo l l owed by  a deep m in imum at  the  fi rs t  l ong i t ud i na l  an t i 
resonan t  frequency fill 1 = 75 1 3  H z  where IYa l becomes m i n i m u m  (fi g. 5. 13).  
I n  t h e  h igh-frequency region (region I l l , f > J,J the pressure response shows 
the s a me osc i l la t i ng  character as  the frequency character ist ic of IYa l :  peaks and  
d i ps appear a t  l o ng i tud ina l  resonant  and an t i resonant  frequencies ( eq .  (6.40». 
However, the mean  va lue of Lp decreases with increas ing frequency to the  level 

pre d icted by the h igh-frequency approximat ion (eq . (6.65». If Lp had been 
ca lcu l a  ted for h igher  frequencies than those plotted in fi g. 6.7a the mean va lue  
of  Lp would re shown to r i se  aga in ,  as  exp la ined i n  sec. 6.5.4. The high-frequency 

approx imation eq. (6.65) i s  represented by the dash-dot ted l ine .  
The power res ponse of cone 50.3 i s  shown by the midd le  graph of fig.  6.7a. 

Bel o w  J, the response i s  pract ica l ly  frequency- independent ,  as  predicted by the  

low-frequency approx imat ion  ( sec .  6.5. 3). A rol l -off starts a t  J, wi th  a fa i n t  
m i n i m u m  at fra, a s  was a lso exp la ined i n  sec. 6.5. 3. On the  average the power 
resp o n se has roughly the same shape as the pressure response, a l though the  
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former does no t  have such a h igh max imum i n  regi o n  I I but ha s  a steeper m e a n  
s lope i n  region I I  I t h a n  the latter .  Both d i fferences i n d icate a m a i n  lobe i n  t h e  

ax ia l  d i recti on .  
Abovefra t h e  beam w id th  (J of  a flex ible cone  ( bo t tom picture) i s  greater t han  

tha t  of  t h e  r ig id  p i s ton  and  r i g i d  cone  (cf. fig .  6 . 6b ) .  This i s  d u e  t o  the wave  

mot ion  of  t h e  cone  surface, w h i c h  smooths  the  d i rect ivity d iagr a m .  
The d i rect iv i ty i ndex 01 1 00 is re lat ive ly low be low cone brea k - u p  (f < fra) ;  i n  

th i s  frequency region i t  i s  about  eq ua l  t o  that of the  rigid p i s ton  and the r ig id  

cone .  Above .f�m however, the s lope i s  much  less than  that of the  r ig id  p i s ton ,  
because i n  reg ion I I  the  rad ia t ing  area decreases w i th i ncreas ing frequency a n d  

i n  region I I I  bend ing waves, which radiate s o u n d  i n  a l l  direct i o ns ,  cover t h e  
ent i re  cone .  Compared with t h e  r ig id  cone,  0 1 1 0 0  o f  the flex ib l e  cone i s  i n  
general h igher, because t h e  former radiates a great dea l  of energy normal  t o  i t s  

s urface. 
M in i m a  in  the 0 1 1 0 0 characterist ic occur a t  t h e  ax ia l  mem b rane resonan t  

frequencies (7968  and  1 7960 H z) ;  as w i l l  be  exp l a i n ed below, they indicate a 

broad s ide l obe at these frequenc ies. 
F igures 6 .7 b and  c i l lustrate the shape of the d i rect ivity pattern i n  the var ious  

frequency reg ions .  A t  I kHz ( region I )  the  rad iat ion i s  pract ic a l l y  un iform ; a t  
5 and  10 k H z  (reg ion I I )  a main  ax ia l  lobe  appears ; a t  20 kHz (region I I  I )  t h i s  

lobe ha s  become narrower a n d  a broad s ide lobe n o rmal t o  t h e  cone surface 

shows up .  

Fig . 6.7 b .  Calcu lated directivity diagrams o f  cone 50 . 3  a t  1 kHz (left)  and 5 k H z  ( righ t ) . 

Fig . 6.7c .  Calcula ted directivity diagrams o f  cone 50 .3  a t  1 0  k H z  (left) a n d  20 kHz ( right ). 
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Fig. 6 .7d. Calculated directivity diagrams o f  cone 50 .3  at t h e  first ( left)  and second ( right) 
mem brane resonant frequencies.  

Pronounced s ide lobes appear at the membrane resonan t  frequenc ies j;nr' At 
these frequencies (about 7968, 1 7960, 286 1 0  Hz for cone 50. 3 )  the entire cone 
comes i nto  pure membrane resonant  cond i t ions , which overshadow a l l  ben d i n g  
effects (sec. 5 . 8 ) .  At least ,  t h i s  occurs i n  t h e  absence of  in terna l  losses.  Because 

the wavelength )' 1  of the long i tud ina l  waves is three to  fou r  t imes longer than  
)'0, much sound i s  rad ia ted  norma l  to the cone  s u rface.  I t  may even occur  tha t  
the  sound pressure radiated i n  ax ia l  d irect ion becomes sma l l e r  t han  tha t  
rad ia ted  i n  d i rect ions approximate ly normal  to the  cone s urface. I n  tha t  case 
the m i n i m a  in the freq uency character ist ic of the axial sound-pressure level Lp 
at  the long i tud ina l  ant i  resonant  frequencies f'an may be further lowered (as 
d iscussed in sec .  4 .7 . 3 ,  fmrn approaches !tan with increas ing n).  

I n  the presence of internal damping the long i t ud i na l  resonance cannot fu l l y  
bu i l d  u p ,  because the  reflected l ong i t ud i na l  wave  i s  damped. I n  t ha t  case, 

bending waves with )'8 « )'0 are super imposed upon the long i tud ina l  wave 
(figs 5 . 22a and  b) which somewhat flatten the s idelobe. This b lurr ing effect i n
creases w i th  increas ing <5, owing  to the  decreas i ng  l o n gi tud i nal-wave amp l i t ude .  

Nevertheless, even for <5 =- 0 · 1 s trong s ide lobes ex is t ,  as  the d i rect iv i ty patterns 
a t  the fi . rst  and second membrane resonant  frequenc ies show (fi g. 6 . 7d ). 

6 . 5 . 6 .  Influence of the cone geometry 

In the nex t  sect ions the influence of the cone geometr ical  parameters h, R b  

a n d  ex o n  the sou n d  rad ia t ion  w i l l  b e  d iscussed o n  t h e  bas is  of  n umer ica l  
examples .  

6 . 5 . 6 . 1 .  I n f l u e n c e  o f  t h e  c o n e  t h i c k n e s s  

Figure 6 . 8  shows the calculated frequency character ist ics of cone 50. 1 , which 
has  the same parameters as  cone 50 .3  except tha t  the  th ickness i s  reduced fro m  
o ·  23  to 0· 1 m m .  T h i s  reduct ion i n  th i ckness e l im i nates t h e  fine  structure,  a s  
exp la ined i n  sec.  5 .7 . 1 (cf. figs 6 . 7a, 6 .8 ) .  The mean sh apes o f  the character ist ics 
are approximately equa l .  
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Fig. 6 .8 .  Calculated frequency characteristics of cone 50. 1 .  

A t low frequenc ies, the Lp and  L w l oo characterist ics a r e  sh ifted u pwards by 
7 ·  2 dB relative to those of cone 50. 3 because of the difference i n  cone mass .  

In  the h igh-frequency region (f > 1;a) the Lp  characterist ic decreases, as  
d i scussed i n  sec .  6 . 5 . 5 ;  i f  Lp i s  ca lcu la ted for h igher frequencies than those 
shown in fig. 6.8 we would find an average value ly ing below that for cone 50.3 

( fi g. 6 . 7a) .  The h i gh-frequency approx imat ion i s  aga in  represented by the dash
do tted l i n e .  

The  character ist ics of  the  d i rect iv i ty  i ndex  0 I ,  0 0  and the beam width fJ of  the 
cones 50. 1 a n d  50.3 are a l so pract ica l ly equa l .  Th i s  is tr iv ia l  in the low-freq uency 

region ; i n  the h igh-frequency region the d i rectivity pat terns are the same because 

in  both cases the bending waves are acoust ical ly well sh ort-c ircuited.  

I n  a l l  subsequent  ca lcu la t ions  the th ickness h wil l  be taken as 0 · 1 mm to 
e l im i nate the fi ne structure. I n  th is  way the n u m ber of frequencies a t  which the 
mechanica l  var iables have to be ca lcu lated can be reduced from at  least 50 to 

about  30,  which cons iderably shortens the computer t ime required.  

6 . 5 . 6 . 2 .  I n f l u e n c e  of t h e  o u t e r - e d ge r a d i u s  

I n th i s  sect ion the  infl uence of a var iat ion of the  outer-edge rad ius R b wi l l  be 
d iscussed.  It was shown in chapter 4 tha t  the r i ng  an t i resonant  frequency 1�a i s  
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Fig. 6 .9. C alculated freq uency characteristics of cone 50.4. 

inversely proport iona l  to Rb (eq. (6 .42) ) ;  the same holds for the character ist ic 
cone frequency  Ie (eq.  (6.26b)) .  Therefore, a var iat ion of R h w i l l  not change the 

rat io of  these frequencies, and the  shape of the Lp response up  to hll wi l l  be 
i ndependen t  of Rb• The long i tud ina l  resonant  and  ant iresonant  frequencies are 
i nversely proport iona l  to the mer id iona l  cone length L = b - G. If b » G, L i s  
approx imate ly  proport iona l  t o  Rb • H ence, t h e  long i tud ina l  resonant  a n d  an t i 
resonant freq uencies a re  a l so  inverse ly proport iona l  to  Rb• Therefore, a n  i n

crease of Rb means  a sh i ft ing of the whole frequency response to lower fre
quencies. Th i s  is i l l ustrated in the fo l lowing example .  

The outer  rad ius Rb of cone 50. 1 i s  doubled,  which leads to cone 50 .4 (cone 
parameters i n  tab le  5 - IV ) .  The frequency characterist ic of the ax ia l  admi t tance 
of th is cone,  shown in  fi g. 5 . 1 7, was d i scussed i n  sec .  5 . 7 . 3 .  

Figure 6 .9  shows t h e  calculated acoust ic performance o f  cone  50.4.  As com
pared wi th  cone 50. 1 ,  a l l  character is t ic frequencies are approximate ly ha lved 
and the cu rves are  sh ifted to the  lower  s ide  of  the  spect rum.  I n the low-frequency 
region the va lues  of Lp and Lw I 00 are equal in both cases, because the rat io of  
the  cone base  a rea Sb to the  cone mass  Md remains  practica l l y  * )  unchanged 
(eq .  (6 .22)) .  

The forego ing  is wel l  i l lustrated by fig. 6. 1 0 , in  which the frequency charac-

*)  Remember that  M d is  the mass of  the truncated flexible  cone. 
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Fig. 6 . 1 0 .  Comparison o f  the calculated frequency characteristics o f  the cones 50. \ (drawn 
curves) and 50.4 (dashed).  

terist ics of Lp,  Lw 1 0 0  and 0 1 1 0 0  o f  t h e  cones 50 . 1 a nd 50.4 are p lot ted as  a 
fu nct ion of the d i mens ion less frequency parameter k I L .  The value of Lp and 
L w  I 0 0  are taken re lat ive to the l ow-frequency va lue .  Note that in t h e  h igh

frequency reg ion the mean va lues of Lp and L w I 00 of  cone  50.4  are h i gh e r  than 
those of cone 50 . 1 . According to the h igh-frequency approximation eq .  ( 6 .65)  

(wh ich cannot  be used r igorously in  the reg ion cons i dered), th i s  d ifference 
should be about 3 d B .  

6 . 5 . 6 . 3 .  I n f l u e n c e  o f  t h e  a p e x  a n g l e  

The i nfluence of a var iat ion of the apex ang le  i s  demon strated by com paring 
the frequency characterist ics of cone 50. 1 (� = 50C ) with those of cone 60. 1 

( �  = 60°) and cone 70.2 (� = 70°) .  The other geomet r i ca l  and material param
eters of these cones are equal  and given in tables 4- 1 , 5 - 1 1 and 5 - 1 1 1 .  

W e  w i l l  fi rst d iscuss cone 60 . 1 .  The frequency characterist ic of t h e  ax ia l  
adm ittance was shown i n  fi g. 5 . 1 5  and d iscussed i n  sec .  5 . 7 .2 .  The freq uency 
character ist ics of  the acoustic output  of cone 60 . 1  are s hown in fig. 6 . 1 1 .  Com
pared with cone 50. 1 the va lues of Lp and L w l oo have i ncreased by about  I d B  

because o f  the sma l l e r  cone mas s .  Region I I  i s  sh i fted t o  lower frequenc ies  and 
the broad maxi m u m  has decreased in height .  In the h igh-frequency region the 
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l ong i tud ina l  resonant and  ant i resonant  frequencies are sh ifted s l ight ly  upwards .  
The 01 10 0  characterist ic o f  cone 60. 1 r u n s  h igher i n  th i s  region.  

The above appl ies equal ly wel l  to cone 70. 2 ,  the frequency character ist ics of 
which are shown in fi g. 6 . 1 2 . Note the pronounced max imum atfrr = 6500 H z ;  
the  broad max i m u m  i n  region I I  ha s  s t i l l  further decreased, a l though the I Yal 
characterist ics ru n h igher  for larger CI. (cf. fi gs 5 . 1 4, 5 . 1 5  and  5 . 1 6) .  Th i s  i s  
expla ined a s  fo l lows .  As  stated previous ly ,  i n  region I I  on ly  the i nner  par t  of 
the cone radiates effect ively.  An  i ncrease in apex angle reduces this i nner  par t  

because Xr oc. I /tan rx ( eq .  (4 . 1 0» . Th i s  decreases Lp and Lw I 0 0  i n  the  lower  par t  
of region I I .  

The influence o f  a var ia t ion  of the  apex angle i s  more c lear ly  i l l u strated b y  

fi g. 6. 1 3 , i n  wh ich  the frequency characterist ics o f  the  cones  50. 1 , 60. 1 a n d  70. 2 
are p lotted a s  a funct ion o f  the d imens ion less frequency parameter k I L. In 
t h i s  way the d i fferences in the h igher  long i tud ina l  resonant  and  an t i  resonant  

frequencies are e l im inated. This  fi gure c lear ly i l l ustrates the effects of an 1 0 -
. . 

creaSIng CI. ,  VIZ .  
( I )  the decrease of Ira ' 
( 2 )  the decrease of Lp, LW 1 0 0  and  0 1 1 0 0  i n  region I f ,  
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Fig. 6 . 1 2 .  Calculated frequency characteristics of cone 70.2 .  

(3 )  the  i ncrease of the mean val ue of Lp and D l l O o  for the h ighest frequencies 
( i n  accordance with eq .  (6 .65» .  I n  th is  region 0 1 1 00 i ncreases because the 

s ide lobe normal  to the cone surface sh ifts c loser to the cone ax is  with in 
creaSIng � .  

6 . 5 . 7 .  Influence of the ( one material 

In t h is sect ion,  the i n fl uence of the cone mater ia l  w i l l  be described. The cone 

mater ia l  is determined by Young 's  modu lus  E, the mass per un i t  vo lume f], 
Poisson's  ratio v and the in terna l  loss factor 1>. The i nfluence of (� on the 

mechanica l  cone behaviour has been d iscussed in sec. 5 . 7 ; an increase in h 
smooths the peaks and  d ips  in the frequency characterist ic of I Ya l : the same 
occurs in the frequency characterist ics of the acoust ic quan t i t ies. This w i l l  not  
be further i l l ustrated.  Poisson's  ra t io  v has  in  general a negl ig ib le i nfluence : 

on ly  the lower ax ia l  membrane resonant  frequencies depend to a certain extent 

on  i ts  va lue (eq.  (4.63» .  
A rough est imate of the i n fl uence of the  rema in ing  mater ia l  parameters E 

and f] can be given on the bas i s  of eq .  (6 .39) .  The pos i t ions of the peaks and d ips  
in  the pressure and  the power  responses are  proport ional  to c = ( Elf]) 1 12 . At 
low frequencies the axial admi t tance I Ya l is proport ional  to I /f]  (eq. ( 5 . 28 ») .  At 
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Fig. 6. 1 3 .  Comparison 0 f t h e  calculated freq uency characteristics 0 f three cones w ith different 
apex angles : cone 5 0. 1 ,  - - - - cone 60. 1 , - . - . - . - cone 70.2. 

high freq ue ncies the frequency average of I Ya l is determined by Y'c ( eq .  ( 5 . 38» 

and  i s  c onsequent ly  proport iona l  to I /Qc. The reduced velocity d i s t r ibu t ion  
V,(x) i s  i nftuenced by c .  

The a bove i s  i l l ustrated in  fi gs 6 . 1 4a and  b which show the frequency charac· 
ter ist ics of  the acoust ic performance of cone 50. 1 if i ts specific mass dens i ty  i s  
increased a n d  decreased b y  a factor o f  4 respectively. Compared wi th  fi g. 6 . 8 

the reson a n t  and  an t iresonant  freq uencies as  wel l  as  t h e  t rans i t ion  frequencies 

frb and J,a are  ha lved and doubled.  The frequencies .!; and Ie remain unchanged. 

I n  the l o w·frequency region the va lues of L" and Lw l oo i n  fi gs 6 . 1 4a and b 

differ by 24 d B .  Owing to the h igh va lue of c in fig. 6 . 1 4b, the character ist ic cone 
• 

frequency Ie fal ls we l l  be low cone break·up,  which causes a fa i n t  m in imum at  
Ira i n  the Lp character is t ic .  I n  the L w , o o  character ist ic a c lear d ip  occurs a t lra, 

as d iscussed in  sec. 6 . 5 . 3 .  I n  the power response of fig .  6 . 1 4a th is  d i p  has com· 
p lete ly  d i sappeared, s ince Ira � f, here. 

In the m i d·frequency region ( region 1 I) the broad max im u m  decreases w i th  
decrea s i n g  c ,  s ince th i s  region sh ifts t o  lower  frequenc ies .  Th i s  enhances t h e  
acoust ic  short·c i rcu i t  o f  t he  i n ner  cone  part, wh i ch  i s  respons ib le  for t h e  radia
t ion i n  t h i s region .  
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I n  the h igh-frequency region the i n fluence of a var ia t ion of g can be better 
i l l u strated with the aid of fi g. 6 . 1 5 , where k 1 L i s  used as  the independent  vari
able. Since Lp and Lw 100  a r e  proport iona l  t o  I /g a t  low frequencies a n d  t o  I l lig 
at h igh frequencies, a normal izat ion re lat ive to the low-frequency va lue  means 
a 6-d B decrease at  h igh values of k I L when (! decreases by a factor of 4. I n these 
norma l ized characterist ics the dips a t  high va lues of k 1 L remain a t  rest ,  wh ich  
proves  that  these d i ps are  determined mechanica l l y .  

According to the  h igh-frequency approx imat ion eq .  ( 6 .65a)  the  norma l i zed 
characterist ics shou ld  have the same mean va lue .  This is n o t  the case ; the reason 
may be that  the condi t ion f »  Iru i s  not  fu l l y  sat isfi ed at  the frequencies cons id
ered. 

The D I 1 0 0  characterist ics of fig. 6 . 1 5  show the  increas ing acoust ic short
circuit  i n  regions I and I I a s  g i ncreases. In  the h igh-freq uency region , there i s  
n o t  much  d i fference because i n  a l l  cases the bend i n g  waves are wel l  short
c i rcu i ted .  

In  the foregoing, the  i nfluence of  a var ia t ion  of the  mass dens i ty  g was d is 
cussed .  The i nfl  uence of a var iat ion of  Young's  modu lu s  E on  the  frequency 
characterist ics of Lp and LWI 0 0  c a n  now b e  eas i ly  pred icted .  At low frequencies 

the infl uence i s  smal l : d i ps may appear a t fru . A t  h igh frequencies the i n fl uence 
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of E on Lp a n d  Lw .  0 0  i s  the same a s  that  o f  (! .  The pos i t ions  of  t h e  peaks  and 
d i ps , be ing  proport iona l  to  c ,  show the  i nverse dependence on  E as  compared 
wi th  e .  

6 . 5 . 8 .  Influence or a rigid cone lop 

I n the preced ing ca lcu la t ions  the in terval  0 � x < a was assumed to r ad i ate 

no sound .  H owever, in practice the cone is e i ther complete or it is t r unca ted 
and  provided w i th  a d ust cap. I f  t h i s  part is re lat ive ly r igid ,  i t  may cons id e rab ly  

contr ibute  to the sound rad iat ion i n  the h i gh- f requency region .  

Th i s  i s  s hown  by  fi g .  6 . 1 6  where L 
P ' L it' .  0 0  and  0 1 . 0 0  a r e  plotted a s  fu n c t ions  

of k . L  for the cones 50. 1 ,  60. 1 and  70 .2  with a mass less  r ig id con ica l ly  s h a ped 
top hav ing the same apex angle  as the cone.  These character ist ics s h o u l d  be 
compared with those of fig. 6. 1 3 . The add i t iona l  cone top has l i t t l e  i nfl uence  in 

the low-frequency region, a t  least if b » a. I n  the h igh-frequency regi on , h ow
ever, the top contr ibutes  cons iderab ly to the sound rad iat ion .  I t  increases the 
rad iat ion in the d irect ion norma l  to  the cone surface and therefore l owers  the 
01 ' 0 0 curves, which may even become negative. Th i s  occurs in t h e  case of cone 
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Fig. 6. \ 6 . Comparison o r  t h e  calculated frequency characterist ics o f  t hree cones wi th  a rigid 
conic a l  top : cone 5 0. 1 .  - - - • cone 60. \ ,  - . - . - . - cone  70 .2 . 
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70. 2 at the first membrane resonant frequency ( k  1 L =- - 2 ' 1 ) , a t  which there i s  
a l ready a b i g  s idelobe for the t runcated cone .  O f  course, i n  practice t h e  contr i 
but ion  of the cone top i s  not  as  ex t reme as shown in  fig. 6 . 1 6  because i t  i s  not  
complete ly  r ig id .  Th i s  sect ion on ly  serves  an  i l l  ust rat ive purpose .  I n  the fo l low
ing we wi l l  aga in cons ider the sound radiat ion of t runcated cones .  

6 . 5 . 9 .  Influence of the voice-coi/ I I /ass 

In the preceding rad iat ion ca lcu la t ions  the mass of the voice coi l  and  of the 
other parts  a t tached to the i n ner cone edge ( suspens ion ,  d ust  cap) was not  taken 
into account .  The i nfluence of th is  addi t iona l  mass  (br iefly ca l led Me in  the 

fo l lowing)  on the  frequency character ist ic of the mechan ica l  impedance was 
d iscussed in sec .  5 . 1 0  a n d  i l l ustrated in figs  5 .23 ,  5 . 24 and 5 . 2 5 .  I n  the lat ter 
sect ion i t  was shown that  above the freq uency at  which IZal and w Me become 
equal the add i t iona l  mass complete ly changes the shape of the frequency char
acter ist ic of the axial  adm ittance : the total  adm ittance I Ylol l decreases with 
1 If (fig. 5 . 25 ) .  Below the ment ioned freq uency, the I ril l character ist ic is on l y  
sh ifted downwards wi thout  a change of  the shape .  The same effects can be 
observed in the frequency character ist ics of the acoust ic quan t i t i es ,  wh ich w i l l  
n o w  be  d iscussed. 

I n  the presence of a voice-coi l  mass the tota l  ax ia l  impedance becomes 

( 5 .40) 

Ca l l i ng  ( ' , (x) the transverse veloci ty d is t r ibut ion on  the  cone for Me = 0, we 
find for the velocity d i s t r ibut ion  v , ' (x) in the presence of Me : 

ZQ 
v,'(x) = v,(x}. 

ZQ + jroMc 

The  reduced ve locity d i s t r ibut ion V,(x) i s  not  i nfl uenced by Me : 

v, ' (x) vr(x) 
V, '(x) = = -- = Vr(x). 

v , ' (a)  vr (a) 

( 6 .67 )  

( 6 . 68 )  

Th i s  means tha t  t h e  absolute va l ue of t he  ax i a l  sound  pressure now becomes 

( 6 .69 )  

where t h e  i n tegral 
b 

11 = J V,(x) exp (j  ko  x cos �) x dx 

a 
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is no t  changed by the  in troduct ion of M c> a n d  YIOI is the inverse of ZIOl > given by 

eq .  ( S .40) .  Hence ,  the a x i a l  sound pressure P� x and sound power W ; 0 0  of  a 
cone wi th  an add i t iona l  voice-coi l  mass  are related to Pu a n d  W1 00  of  the  s ame  
cone w i t h  M c = 0 by  t he  express ion 

A ' W�OO Ytot Za Pax -- - -
A 

W1 00 Ya Za + jwMc P .... 
(6 . 70)  

For frequencies a t  which 

wMc » \Za\ ( 6 . 7 1 ) 

we fi nd 
A '  W� OO Za Pax - = --- �  

A W1 00 wMc Pax 
( 6 .7 2 )  

Because eq .  (6 . 7 1 )  i s  usua l ly  sat isfied i n  t h e  h igh-freq uency region, I n  which 

Pu a lready decreases, th is  ro i l -ofT is  further steepened by M c .  

Condi t ion (6 . 7 1 )  can be fu rther e laborated by in troduc ing the mean va lue of  

I Zal i n  the  h igh-frequency region : 

< IZa l > = 2n Ra Q h C 1 cos2 :x ( 6 .7 3 ) 

wh ich  fol lows from eqs  ( S . 38 )  and  (4.46) .  
Subst i tu t i ng  eq.  (6 . 73 )  into eq. (6 . 7 1 )  we find as  an approximat ive express ion  

for t he  frequency region i n  wh i ch  the  voice-coi l  mass  steepens the  ro i l -ofT:  

Equat ion  ( 6 . 72)  then becomes 

P a x  

W ; 0 0  .f� a M d (Ra) 2 . - � - -- - S I n  2�.  
W1 0 0  f Me Rb 

(6 . 74 )  

(6 . 7 S )  

I n  t h e  der ivat ion o f  eqs (6 .74 )  a n d  ( 6 . 7 S )  a factor ( l  - 1.. 2 ) 1 / 2  i s  omit ted, w h i l e  

t h e  cone m a s s  M d i s  approximated by  

(6 . 76  ) 

wh ich  i s  va l id  for b2  » a2 •  
I n  the v ic in i ty  of fr a t he  pressure a n d  power characterist ics decrease i n  any  

case so t ha tfr u  can roughly be cons idered as t h e  upper l i m i t  of  t he  loudspeaker 
response .  This  upper  l im i t  i s  not  sh ifted downwards by the voice-coi l mass i f  

Me (Ra ) 2 - < - s i n  2=x .  
M d Rb 

( 6 . 7 7 )  
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For a cone with Cl = 60° and  Rbi Ra = 5 we find  Me < 0·03 M d ,  which is too 
low to be  of any va lue  i n  practice. The latter cond i t ion  might be sat i sfied by 
taking an  exceptiona l l y  heavy cone as compared with the voice co i l ; however, 
this would greatly reduce the pressure and power levels and hence the efficiency 
of the l o udspeaker. 

I n  pract ice, the d i p  i n  the pressure and power character ist ics that occurs i n  
a n y  l o udspeaker a t  t h e  first long i tud ina l  an t i  resonant  frequencYf�a l w i l l  u sua l l y  
be inacceptable .  Then  the  upper l im i t  o f  t he  freq uency response of a loudspeaker 
i s  in  fact formed byf'a l . I ff'a I < fra the  rat io of the  voice-coi l  mass to the  cone 
mass may therefore be somewhat h igher .  In  pract ice  t h i s  rat io i s  most ly  h igher 
than  0 · 1 and  the upper  frequency l im i t  i s  u sua l l y  decreased by the voice-coi l  
mass .  On  the other h an d  the bandwidth of a given loud speaker can be i ncreased 
by mak ing  the ratio Mel M d as sma l l  as poss ib le * ) .  Th is  can be achieved by 
m i n i m izing the voice-coi l  mass or by mak ing  the cone heavy. Of course the 
latter cannot be done without loss  of efficiency. 

100 
Lw1oofdB) I------� 

f 9

0 

80 

70 

6 

SOta2 2 5 10' 2 5 KJ5 
--.... f (Hz) 

Fig. 6 . 1 70 .  Calculated p ressure and power responses o f  cone 50 .3  wit h a voice-coil mass 
M e = Ma/4 . 

• ) For  maxim um efficiency o f  t h e  electro-acoustical conversion below cone break-up. the  
voice-coil mass Me should be equal to  t h e  sum of the  cone mass Ma and the  mass  o f  t h e  air 
load 8 eo Rb3/3 4 1 ) . 
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fig. 6. 1 7b.  Calculated pressure anti power responses of  cone 50.3 with  a voice-coil mass 
M� = Md/2. 

Figures 6 . 1 7a and b show the pressure and power responses of cone 50 . 3  w i th  

an  add i t iona l  voice-coi l  mass Ale equal  to one fo urth and to  one  ha lf  of  the  cone 
mass Aid respectively. I n  the low-frequency region, the pressure and p ower 
levels are lower than those of fig. 6 . 7a, because of the i ncrease of the tota l  mass .  

The upper  l im i t  of the freq uency response is in  both cases formed by the first 

longi tud i na l  ant iresonant  freq uency, where a very steep ro l l -off occurs. Because 
the reduced transverse velocity d is tr ibut ion VI(x) i s  not i n ft  uenced by 1'.10 the 

frequency character is t ic  of the d i rect iv i ty  index i s  not  changed : for cone 50 .3 

i t  i s  shown in fig. 6 .7a. 

6.6. :\leasurements 

M easurements have been carr ied out  for two reasons. F i rst ,  to verify exper
imenta l l y  the preced ing  ca lcu la t ions  the calcu lated and measured freq uency 
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characteristics of three p las t i c  cones are compa red with each other in sec. 6 . 6. 1 .  
Secondly, i t  is shown i n  sec. 6 . 6 . 2  on  the basis of the measured frequency 
responses of fou r  commercia l  loudspeakers that  the rough shape of these 
responses can  be exp la ined on the basis of a few eas i ly  obtainable character is t ic 
frequencies .  In a l l  fi gures the ind icated posi t ions of j�u , �u 1 ,J, a n d j�a  are calcu
lated for the case Me = 0 (the infl uence of Me on j�u and .f�{/ t i s  comparat ive ly 
smal l ) .  

6 .6 . 1 .  Comparison o.l calculated and measured acoustical behariour 

The preceding ca lcu la t ions  are exper imenta l ly ver ified by acoust ica l  meas

urements on  the three p last ic loudspeaker cones 50. 5e, 60.2e and 70. 3e,  whose 
geometry and mater ia l  parameters have been given in tables 5-V I  and 5-V I I .  
To prevent acoust ic short-c ircuit  a text i le  d i sc  of negl ig ib le weight and  s t iffness 
was attached in the plane of the i n ner  edge of  these t runcated cones .  The meas
ured freq uency characterist ics wi l l  be compared with the ca lcu lated ones of 
cones 50. 5 ,  60.2 and 70. 3 ,  which have the same values of Ru,  Rb , E, (! and  
Mel M d as the  above exper imenta l  cone s  ( see  tables 5 -V I I I  and  5 - IX ) .  The  
th ickness h of  t he  cone s  50 . 5  and  70 . 3  i s  sma l l e r  than  t ha t  o f  the i r  correspond ing  

experimenta l  spec imens ( 50 . 5e and  70Je) .  The theoretical va lue of the loss  
factor /) i s  taken h igher than  the  exper imenta l  va lue to account  for rad ia t ion  and 
r im damping .  

The measurements are carr ied out  as  fo l lows .  Firs t ,  the frequency charac
terist ic of the ax ia l  sound-pressure level  Lp is measured for the unbaftled cones  
wi thout  outer  suspens ion i n  an anecho ic  chamber  (dr iv ing  current  ieff = 1 00 
mA, microphone d is tance r = 0 ·5  m) .  Th i s  is  done to show the influence of the  
outer suspens ion wh ich  i s  attached afterwards : moreover, most  frequency char
acterist ics are given for an unbaffled cone in pract ice .  Because a baffle i s  
a lways assumed i n  t h e  ca lcu lat ions ,  ca lcu lat ions a n d  measurements deviate 
considerably i n  the low-freq uency region .  The free responses shou ld therefore 
on ly  be cons idered as an i l lus trat ion and a reference for the understand i n g  of 

other unbaffled characterist ics .  Subsequent ly  the cone is provided with a rubber 
outer suspens ion of 5 g and placed in an acoustic box of 1 00 I .  This  box i s  

attached to t h e  midd le  o f  a square baffle ( 1 · 5 x 1 · 5 m 2 ) ,  which shou ld  approxi
mate to the infinite baffle assumed in  the ca lcu la t ions .  The axia l  sound-pressure 

level  i s  then again recorded with ieff = 300 rnA a n d  r = I m .  
The sound-power level LW 1 00' the d i rect iv i ty index O I 1 00 and the beam 

width fJ are measured as fol lows .  Ten microphones are d i st r i buted w i th equa l  
mutua l  spac ings  over  50 degrees of a c i rcle ( fi  g .  6 .  J 8 ) .  The loudspeaker  i s  fed 
with a s igna l  current of 200 rn A .  For a n umber of d iscrete frequenc ies ,  the  
sound-pressure levels o f  the microphones a re  stored on  paper  tape, wh ich i s  
used as input  for a computer program. Wi th  the  lat ter ,  L w  t O O i s  ca lcu la ted by 
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Fig. 6 . 1 8 . Set-up for the measurement o f  the sound-power level Lw l oo •  the directivity in d e x  
D l l o o a nd th e beam width p. 

numer ica l  i n tegrat ion ; D l l o o i s  ca lcu lated us ing eq . (6 .4) .  W i th  the same p ro
gram, {J i s  ca lcu la ted by i nverse l i near  i n terpo lat ion .  

A t each frequency, the acoust ic  parameters are determined as the mean v a l u e  

o f  two  measurements b y  each m icrophone ; t h e  second measurement i s  carr ied 
ou t  after rota t ing the loudspeaker by 1 80 degrees about i t s  own ax i s. Th i s  i s  
done  to compensate  for measur ing  errors caused  by poss ib l e  az imutha l  asym

metr ies i n  the d i rect iv i ty d iagram. 

It was remarked above that there is a mass d i fference (caused by the d if
ference in h)  between the exper imenta l  cones 50. 5e and 70 .3e and the cones 5 0 . 5  
a n d  70 . 3  o n  which t h e  ca lcu lat ions are carried o u t .  The degree o f  correct i o n  for 
this mass d i fference is obtained in  the ca lcu lat ions  by mak ing  the appl ied force 
per u n i t  mass equal to the va lue in the experiment. In  a l l  figures the calcu la ted  

curves are  shown dashed ,  whereas the  measured curves are  represented by 
dra  wn  curves.  

F igure 6. 1 9a shows the ca lcu lated and measured frequency character i s t i cs  of 
cones 50 . 5  and 50. 5e  respect ively,  both  with M e  = 0·24 Md' The  upper figu re 
shows  the measured response of the  un baffled cone, wh i ch  of course great ly  
dev iates  from the ca lcu lated curve i n  the l ow-frequency region (acoust ic  s h o rt

c i rcu i t ) .  A deep m i n imum occurs at f- = 1 500 Hz, where the sound wave 
radiated by the fron t  of the cone arrives i n  the measur i ng  po in t  i n  an t i phase  

wi th  the wave emanat ing  from the  back  of  the cone .  Th is pronou nced d ip  o n ly 
occurs if the cone v ibrates more or less un iformly at f - . Th i s  i s  indeed the  case  
for cone  50 . 5e ,  for wh ich  f- � fro . 

I f  we assume that  the  va l ue  of f- is  independent of  the  apex angle ,  the cones 
60 .2e and 70Je wou ld  a lso show a d i p  a t  1 500 H z .  H owever, th i s  dip does n o t  
appear s ince  for these cones .f�a < 1 500 H z  (cf. figs 6 . 20a, 6. 2 I a, upper figures ) . 
At f+ � 1 000 Hz the  waves from the back of  the cones  arrive i n  phase w i t h  

— 152 —



those from the fro n t  and  cause a h igher  pressure level Lp than the theoretical 
level for the baffl ed cones.  

F or frequencies much h i gher  than .l� = 920 Hz,  a baffle  has not much in
fluence : the sound  wavelength )'0 has become so sma l l  that the cone acts as  i ts 
own baffle ( rem em ber that ma in ly  the i nner  part  of the cone provides the sound 
rad ia t ion  in region I I ) .  A t  these frequencies there i s  a sat isfactory agreement 
between the ca lcu lated and measured curves.  

It  s hou ld  be n o ted  that  the loss factor of the measured cone i s  lower than  that  
assu med in  the ca lcu lat ions ; th i s  causes the measured response to be more 
sp iky .  In  the h igh-frequency reg ion the measured curve runs  h igher  than the  
ca lcu la ted one .  A poss ib le  cause may be the  fact that  the  voice-coil cy l inder  i s  
not  completely r i g i d  and the  i n n e r  edge of the  cone may  vibrate w i t h  s i gn ificant 
amp l i tudes in other d i rect ions than the  ax ia l  one .  This  may lead to a h igher 
mot ional  impedance (see fi g. 5 .28) and a higher sound pressure. 

The lower part of  fi g. 6 . l 9a shows the calculated response of cone 50.5 and 
the  measured response of  cone 50 .5e i n  the above-mentioned box-baffle system. 
The fundamenta l  l o udspeaker resonant  frequency /0 i s  about 40 Hz, below 
w h ic h  Lp decreases by 1 2  dB per octave with decreasing frequency I ) .  The 
baffle-box system causes a d i fl'ract ion  dip at  300 H z  at which a great deal  of 
sound  i s  radiated i n to an off-axis  d i rect ion.  At low frequencies (/ < fra) the 
measured curve r u n s  h igher  than the calculated curve because of the radiat ion 

of the  outer suspens ion .  Above cone break-up th i s  suspens ion contr ibutes l i t t l e  
to the  sound rad ia t ion .  Because of i ts relatively h igh  damping i t  smooths the  
response  s l ight ly  ( th i s  i s  more c lear ly  v i s ib le  in  fi g. 6 , 20a). A s  d i scussed in  sec .  

6 . 5 . 3 , no d ip  appears a t  fro. At  the firs t  membrane resonant  frequency /111" 1 
( � 7000 Hz), wh i ch  l ies  j us t  above .f�u ' ,  a deep m i n i m u m  appears in both meas
u red responses : m uch  sound i s  radiated in off-ax is  d i rect ions .  This m i n imum 
does not  appear i n  t he  calculated response ow ing  to t he  assumed h igh  va lue of  
the  i n ternal loss  factor (sec. 6 . 5 . 5) .  The upper  frequency l im i t  l i e s  a t ha I '  

F igure 6. 1 9b shows the calculated and measured sound-power responses of 
the present cones .  The power is measured a t  d i screte frequencies (centre fre
q uencies of the s tandard one-third-octave bands) ; the measured values are i n
dicated by dots a n d  i nterconnected by a drawn curve.  Here too, the measured 

response runs h igher  than  the calculated response for / < fra because of the r i m  
rad iat ion .  The baffle d ip  a t  3 0 0  H z  i n  L p  does n o t  appear i n  L w 1 0 0 : t he  baffle
box d i ffraction ca uses a broad s ide lobe which ,  in the in tegral of L w , oo , com
pensates for the pressure m i n i m u m  in the axia l  d irect ion .  The upper l imit  of the 
power response a l so l ies  a thO l '  The deep m in imum in  Lp at/,",I does not appear 
in  L w , oo because of  the  broad s idelobe a t  th is  frequency. 

Calculated and measured frequency plots of the d i rect ivity index 0 I I 00 are 
shown  in the upper  graph in fig. 6 . 1 9c. The broad s idelobe at 300 Hz causes a 
h igh  negative v a l u e  of D I l Oo • For  t h e  same  reason a m i n i m u m  appears a t  j;" r t .  
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Fig.  6. 1 9a. Calculated pressure response of cone 50. 5 (dashed ) ;  measured pressure response 
(drawn curves) of cone 50.5e unbaftled (upper fi gure) and in baffle-box system (lower figure) . 
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Fig. 6 . 1 9b .  Calculated power response of cone 50. 5 (dashed ) ; measured power response o f  
c o n e  5 0 . 5 e  (drawn curve) .  

The lower graph of fi g. 6 . 1 9c shows the ca lcu lated a n d  measured beam widths {J 
versus freq uency.  

Ca lcu lated and measured d irect iv i ty d iagrams a t  fou r  frequencies a re shown 
in  fi gs 6 . 1 9d and e .  Note that for angles greater than 50 degrees and h igh fre-
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F i g .  6 . 1 9c. Calcu lated freq uency characterist ics of  the  d irect iv i ty  index Dl l oo a n d  t h e  beam 
w i d t h  /3 of cone 50.5 (dashed) ; measured character ist ics  of  cone 50.5e (drawn curves).  

F i g .  6 . 1 9d. Calcu lated (cone 50.5, dashed) and measured (cone 50.5e,  drawn c urve) d irect iv i ty 
d iagrams a t  2040 H z  (left) and  6 1 70 H z  (r ight) .  

F ig .  6 . l ge. Calculated (cone 50.5,  dashed) and  measured (cone 50.5e,  drawn curve) d irect iv i ty  
d iagrams at  1 0560 Hz (left) and  1 5090 H z  (r ight) .  
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quencies  the  measured pressure level  runs  lower than the  ca l cu lated curve 
(screen i ng-off effect) .  

Figures 6.20a, b and  c show the ca lcu lated and measured freq uency charac
ter ist ics of cones 60.2 and 60 . 2e .  The freq uency characterist ics of cones 60 . 2  
d o  not show fundamenta l  d i fferences from those of cones 50. 5 .  Note that t h e  

max im u m  i n  region I I  i s  less h i g h  a n d  t h a t  t h e  responses s tar t  t o  r o l l  off a t  a 

5 KJl 2 5 K)J 2 5 10' 1 --... f(Hz) 

10 1 

Fig .  6 .20a. Calculated pressure response o f  cone 60 .2 (dashed) ; measured p re�sure response 
(drawn c urves) of cone 60.2e u n baffled (upper figure) and in baffle-box system ( lower figure) .  
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Fig .  6.20b. Calculated power response of cone 60.2 (dashed ) ; measu red power response of 
c o n e  6 0 . 2 e  (drawn curve) .  
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Fig .  6 .20c.  Calculated frequency characterist ics of the d i rect iv i ty  index D 1 1  0 0  and the beam 
width {J o f  cone 60.2 (dashed) ; measured characterist ics of  cone 60.2e ( d rawn curves).  

Fig. 6 .20d. Calculated (cone 60.2, dashed) and measured (cone 60.2e, drawn curve) d i rect iv i ty 
diagrams a t  5280 H z  ( left) and  1 0940 H z  ( r ight) .  

somewhat lower frequency than cone 50 .5e  ( i n fl uence of Mc/Md) ' Figure 6 . 20d 
i l lustrates the sat isfactory agreement of the calculated a n d  measured d i rect iv i ty 
d iagrams at  two frequencies .  

The above remarks hold equa l ly  wel l  for fi gs 6 . 2 1 a, b and  c, showing the 

calculated characterist ics of cone 70 .3 and the measured curves of cone 70. 3e. 
The ca lcu la ted pressure response i s  a good approx imat ion of the  mean meas
ured curve (fig. 6 . 2 1 a, lower graph). Note the pronounced measured ben d i n g  
resonances and  a n t iresonances, compared w i t h  the  o t h e r  c o n e s  ( a s  s h o w n  i n  
sec. 5 . 6 .2  t h e  spacing between these bend ing  resonances a n d  ant i resonances i n 
creases w i t h  i n creasing C( ) .  Bend ing  resonances and an t i resonances do  no t  
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appear in the ca lcu l ated curve as  the va lue of II is too sma l l .  The max imum in 

region I I  i s  lower than that of the foregoing cones .  The re lat ive ly sma l l  va lue  of 
Ira causes a sm a l ler  bandwidth as  compared with the other cones. In  the h igh
frequency reg ion ([ > Ira) ,  the  measured pressure and power responses run 
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Fig.  6 .2 1  a. Calculated p ressure response o f  cone 70.3  (dashed) ; measured pressure response 
(drawn curves) of  cone 70.3e u n baffled ( upper figure) and in baffle-box system (lower figure) .  
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Fig. 6 . 2 I b. Calculated power response o f  cone 70.3 (dashed) ;  measured power response of  
cone 70 .3e  (drawn curve). 
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Fig. 6 . 2 1  c. Calcu lated frequency characterist ics of the direct iv i ty index D 1 1  0 0  a n d  the beam 
width {J of cone 70.3  (dashed ) ; measured characterist ics o f  cone 70.3e (drawn curves).  

Fig. 6 .2 1 d. C a l c ulated (cone 70.3, dashed) and measured (cone 70.3e, d rawn c u rve) d i rect iv i ty  
diagrams a t  3020 Hz ( left) and  8300 Hz ( r ight ). 

o 

���� __ ��� __ � � = 90 0  
Fig. 6 . 2 1 e .  M easured d irect iv i ty  d iagram of  cone 70.3e a t  the fi rst membrane resonant fre
quency J;n r l  = 6050 H z .  
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higher  than the ca lculated cu rves ; here the d i fference in h causes a cons iderable 
error ( see eq .  ( 6.65»  i n  addi t ion to the prev ious ly ment ioned effects. 

Ca lcu lated and measured d i rect iv i ty d i agrams are s hown in fig. 6 . 2 1 d. 

F igure 6 . 2 1 e shows the measured d i rect iv i ty d i agram at the  first mem brane 
resonant  frequency (6050 H z) ;  a deep m i n i m u m  in the a x ia l  d i rect ion a p pears, 
as  exp la ined in sec. 6 . 5 . 5 .  

T h e  above compar ison of  ca lcu la t ions  and  measurements  shows that pressure 
and  power responses as wel l as  d i rect iv i ty d iagrams can  be calculated with 
acceptable accuracy, a t  least be low I,a t .  Besides,  meas u re ments confirm the 

conclu s ion  that the upper l i m i t  of pressure and power responses lies a t  m os t  at 
the lower one of j�a l and Ita . 

The pronounced off-axis rad iat ion at  the membrane resonant  freq uenc ies  i s  
fu rther i l l ustra ted on the bas i s  of  measurements  on  the  p olycarbonate  cone 
50.2e .  The frequency response of the latter ,  shown in  fig. 6 . 22a, c losely resembles 

that  of cone 50 .5e (fig.  6 . 1 9a), except that cone 50.2e has  a s m a l ler interna l  loss 
factor, which causes a more d i st inc t  fine structure i n  reg i o n  I I .  The d i rect iv ity 

1�------------------------------' Cone 50. 2e 

50 

5 10J 2 5 
--i�� f(Hz) 

Fig .  6.220. Measured p ressure response of cone 50.2e in baffle-box system. 

F ig .  6 .22b.  Measured d i rect iv i ty diagrams at the membrane resonant  frequencies 
{/fIr l  = 6430 Hz and fmr2  = 1 3970 Hz of cone 50.2e.  
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d iagrams at the fi rs t  and  second membrane resonant  frequencies are shown 

i n  fi g. 6 .22b  (v ibrat ion patterns a t  these frequencies a re  shown i n  figs 5 . 30e 

and g). Note the relat ively sma l l  ax ia l  va lues ,  which fu rther deepen the a l ready 
ex is t ing d ips a t .f�a l and  l'a 2 i n  the frequency character ist ic of the ax ia l  sound  
pressure (fig.  6 . 22a) .  

6 . 6 . 2 .  Pressure responses 01 lour commercial loudspeakers 

I n th i s  sect ion it w i l l  be shown that  the rough shape of the frequency response 
can be expla ined without carrying out ex tensive numerical  calculat ions.  I n  fact ,  
on ly  the relat ive pos i t ions  of the fol lowing frequencies mus t  be k n ow n : Ir, Ie, 
Ira. f,a and f,a l ' The fi rst-ment ioned three frequencies fol low d i rectly from eqs  
(6 . I Ob), (6 .26 )  and (4. 1 2 ) respectively, whereasf,a may be  approximated by eq .  
(6 .42 ) .  H owever. i n  the fo l lowing,  Ira and  !ta l a re  graphica l ly determined from 
fig. 5.9b.  In the fi gures d iscussed below , lr b  i s  n o t  i nd icated,  i t  l i es j ust abovef,a. 

The above-mentioned frequencies are i nd icated in the measured sound
pressure response of fo ur  loudspeakers, which are  ranked accordi n g  to the i r  
va lue  of Me/Md (see tab le  6-1 ) . 

TABLE 6-1  

type 
Rb Ra MjMd fig. 6 . 23 

(mm)  

AD8065/W8 75 1 2 · 7  I a 

AD5080/X8 44 9 -4  0 ·7  b 

A D7080/X8 6 1  9 -4  0 ·4 c 

AD8080/X8 79 9 ·4  0 · 2  d 

The total mass of voice co i l ,  voice-coi l  cy l inder and dus t  cap is Me ; Md i s  the 

cone mass plus outer suspens ion mass i f  the  lat ter  i s  made of paper ( last
ment ioned three types), for the woofer (fi rst-ment ioned type) Md i s  the cone 
mass without the mass of the (heavy) rubber r im.  Al l  cones have a semi-apex 
angle of 60° ; for the determinat ion of f,a, f'a l and  Ira we have taken c = 2700 

m/s.  

F igures 6.23a to 6 . 23d show the measured pressure responses of the u nbaffled 
loudspeakers .  These curves are recorded w i th  a constant-voltage dr ive  
eef[ = 0·63 V, except for the response of the woofer (fig. 6. 23a) where eeff = 2·4 V 
is used. I n a i l  casesle l i es j us t  abovef,a ( Ie � 1 · 1  f,a), so no d i p  w i l l  appear i n  the  

pressure response of the  baffl ed loudspeakers ( Ie i s  no t  i nd icated) .  O n  the  other 
h an d , 1r  � 0 · 5f,a for a l l  cones ; th is  wi l l  cause a d ip a t/ra i n  the power response 
of the baffled loudspeakers .  
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Fig .  6 . 2 3 .  Measured p ressure responses of  fou r  unbaffled commercial  (Ph i l ips )  loudspeakers.  
The i n d icated values of  fr ,  fro. f' a l  and fro are calculated ; i n  al l  cases fe � 1 · 1 fro . (0) A D  8 0 6 5 / W 8  (woofer), (b) AD 5080/X8 (standard), ( c )  A D  7080/X8 (standard),  
(d) AD 8080/X8 (standard). 
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At low frequencies the responses i ncrease w i th  i ncreas ing frequency,  as  i s  
well k no w n .  After th i s  low-frequency r i s e  we encounter  a max i m u m  caused 
by the waves from the  front  and the  back of the cone arr iv ing  in phase in the 
meas u r i n g  point  ( f + � 1 200 Hz in figs 6 .23a and d) .  At about 1 500 Hz i n  
figs 6 .23b a n d  c a r i m  resonance (a  pronounced peak d i rect ly fol lowed by a 
dip) is s u per imposed on th i s  max im u m .  There the outer  suspens ion comes i n to  
a reson a n t  cond i t i o n : w i th  i ncreas ing  frequency i t  fi r s t  v igorous ly  v ib rates i n  
phase and  then  i n  ant iphase w i th  the pract ica l ly un i formly osc i l l a t i ng  cone  
( the p rox i mi ty  of.fr i s  sheer co inc idence) .  

The max imum at  f+ i s  fo l l owed by a rol l-off caused by the par t ia l  mutua l  
compensa t ion  of the  waves  emanat ing  from the  frol lt and  the back of the cone .  
Though i n  a l l  cases cone break-up starts at a suffic ient l y  * ) h igh  frequency, 
pronounced d ips at a certa in  frequency f- (as i n  fig. 6 . 1 9a, upper graph) d o  no t  

show u p . T h i s  i s  probably d u e  to the  fact  t ha t  t h e  present cones a re  provided 
wi th  an o u ter  suspens ion that  may v ibrate in a phase d i fferent from that of the 
cone, t hu s  b lurr ing  the above compensat ion effect. 

At[,a a rela t ively sharp rise occurs, fo l lowed by a fas t  rol l -off. The frequency 
at wh ich  th is  ro l l -off starts depends on Mel M d ( sec. 6 . 5 . 9 ) .  The woofer (fig. 
6.23a) h as a relatively h igh value of Mel M d ;  the response firs t  shows a sma l l  
peak j us t  abovefra ( rema inder of the broad max imum in region I I  for Me = 0) 
and is t h en  pract ica l l y  cut off ( th i s  "ear ly " ro l l -off is of cou rse n o  d i sadvantage 

for a woofer) .  
Figures 6 . 23a through 6 . 23d show that  wi th  decreas ing Mel M d the max imum 

ju s t  a bove  fra fir s t  i ncreases i n  he igh t  and  t hen  broadens.  Even  the  va l ue  
Mel M d = O '  2 i s  s t i l l  t o o  h igh  t o  prevent a n  ear ly ro l l -off caused by  t h e  vo ice-co i l  
mass  ( fig. 6 . 23d),  i n  accordance wi th  the  ca lcu la t ions  made i n  sec .  6 . 5 . 9 .  

6.7. Design rules 

I n  p ract ice a flat  pressure and power response, a large bandwidth  and a h igh 
efficien cy  cannot  be achieved s imu l taneous ly .  H ence, the des ign of a l oud
speake r  cone is  a matter of compromise .  First  we w i l l  d i scuss  how a flat pressure 
and p ower response can be real ized ( sec. 6 .7 . 1 ) . I n  sec. 6 . 7 . 2 ,  the emphasis  is 
placed u p o n  the creat ion of the largest poss ib le  bandwid th .  I t  is assumed that the 

longi t u d i n a l  wave velocity c in the cone mater ia l  i s  known .  Further the ou ter
edge r a d i u s  Rb i s  determined by  the requ i red sound power and max imum voice
coil excurs ion  below cone break-up * * ) . The r ig id-p is ton t rans i t ion  frequency f, 
fol lows from eq .  ( 6 . l Ob) . 

• ) Assu m i n g  that f - is proport ional  t o  R" and measur ing f - = 1 500 H z  for R" = 83 mm 
(fig. 6 . 1 9a) we find for the cones in t h i s  sect ion f - < fra '  

• •  ) U s u a l ly  R" i s  d i rec t ly  re la ted  to  t h e  loudspea k e r  fun c t i o n i n g  a s  a low- , midd le- or h i g h 
freq u e n c y  radiator.  
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6 .7 . 1 .  Realization of a flat pressure and power response 

To avoid a d i p  at fra in the sound-power response, fra s h o u l d  not lie too far 
above /, .  If we take for instance fra < 2 .fr ,  the apex angle is d etermined by eqs  

(6. 1 0b) and  (6 .42) : cos  ':J. < 2 ·8  colc .  For  a paper  cone w i th  c = 2700 mls we 
find ':J. > 70° .  Th is  range of  r:x corresponds at  the same t ime to a l ow maxi m u m  

i n  region I I ,  a s  requi red for a flat response. 
To a l l ow easy el im ina t ion  of the fine structure we take ':J. as small as poss ib le. 

I f ':J. i s  chosen i n  th i s  way a d i p  at fru i n  the sound-pressure response caused by 

a r ig id-cone ro l l -off cannot occur ,  s i nce!c is h igher than /, ( sec .  6 . 5 . 3 ) .  
The  i nner-edge rad ius  R a  determines f,u l and /'a ;  the lower  of these frequen

c ies  se t s  the upper l i m i t  for the  pressure and  power responses, at  least if  l\1e = O.  

On the bas i s  of the foregoing we take !ta l � /'a'  The va lue of kRa at  /'a i s  
de termined by the upper boundary of reg ion I I  ( fig. 4. 1 9a ). The intersec t ion  
of  th i s  hor izonta l  l i ne w i t h  the j�a l curve i n  fig. 4 . 1 9b dete rm i nes  the m in i m u m  

value 0 f RbI RQ • 

The pressure and  power responses u sua l l y  start to rol l  off at  a lower fre
quency than /'a or  .(,.a l ,  because of the infl uence of the vo ice-co i l  mass. H ence 

M elM d shou ld be chosen as smal l  as  poss ib le  to obta in a h igh upper frequency 
l im i t .  

The  cone th ickness h can  b e  determined experi men t a l l y  after t he  de tel

minat ion of the  other geometrical parameters .  For a paper cone a fi rst  t r i a l  
va lue  of h = Rb/200 can be  tak en .  I f  a fine  structure appears, e i ther  the  i n te rna l  
o r  the  r i m  damp ing  must  be  increased or  h must  be  decreased.  The l at ter, 

however, reduces MJ 1\1 d' Further,  too smal l  a th ickness may increase the  
harmon ic  d i s tor t ion as  t he  v ibrat iona l  ampl i t udes may  exceed the  l inear range .  
As  long as the efficiency of the electro-acoust ical convers i o n  i s  of secondary  
importance, the th ickness shou ld  be  taken  as great as  poss ib l e .  The e l im inat ion 

of the fine  s t ructure  * )  in  the above example  of a paper cone w i th  a rela t ive ly  
h igh  va lue  of  ':J. wi l l  not  be  easy. One remedy may be the use  of  a h igh ly  damp ing  
r im .  I f  i t  i n t roduces in sufficient  damp ing  the  cone  may be  covered by  a dam p ing  
layer (which,  o f  course can  a l s o  be  appl ied to t he  r im) .  Further ,  c can be made  
lower to  reduce t he  spacing between t he  bend ing resonant a n d  a nt i resonant fre

quencies .  I f  c is made lower by increas ing the mass densi ty,  Mel Md is red uced, 

which may i ncrease the upper frequency l im i t .  

6 .7 .2 .  Realization of a large bandwidth 

As d iscussed i n  sec. 6 . 5 .9 ,  a prerequis i te  for obta in ing a la rge bandwidth is to  

. )  T h e  e l i m i n a t i o n  o f  t h e  fi n e  structure a lso prevents undes ired osc i l l a t i o n s  (ringing) caused  
by bend ing  resonances after t h e  app l icat ion  of  a t rans ient  input  s igna l  to  the  voice c o i l .  
However,  after a n  i n p u t  p u l s e  e v e n  a loudspeaker  w i t h  a frequency response l i k e  t h a t  o f  
fi g .  6 .230  ( i n  w h i c h  t h e  fi n e  structure i s  pract ica l ly  e l im inated)  w i l l  s h o w  decaying osci l l a t i o n s  
w i t h  frequencies  corresponding t o  the  m a x i m a  i n  t he response. T h e y  a r e  caused by t h e  
loudspeaker  a c t i n g  as a fi l te r  t o  a n  a p p l i e d  s igna l .  
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have the smal les t  poss ib le va lue of Mel Md' I n genera l  th i s  means a heavy cone 
and consequently a low efficiency. If the d ips in the responses a tf,a and .f�a ' a re 
a l l owed we should choose a smal l  value of ':I. and take c as large as  poss ib le * ) . 

Then f,a, .{,a l as wel l  as [,a sh ift upwards (figs 4 . 1 9a and b) . I f  on ly  a d ip  i n  the 
power response at f,a is  a l lowed, we should takef,a l � [,a ;  th is  l i kewise resu l ts  
i n  a re lat ively sma l l  val ue of ':I. (e.g. 50°) ; R b/Ra fol lows  from the i n tersect ion of 

the/,a andf,a l  curves in figs .  4 . 1 9a and b .  The smal l  value of ':I. resul ts  i n  a rela
t ively h i gh  maximum i n  region I I .  The th ickness is aga in  chosen in such a way 
that the fine structure is e l im inated. 

6 . 7 . 3 .  Realization of a high efficiency 

I t is we l l  known how the efficiency below cone break-up may be op
t im ized 1 , 4 1 ) . A high efficiency above cone break-up usua l ly  demands other 
measures. The cone weight should be as  smal l  as  poss ible (smal l  (! h) .  Therefore 
the voice-coi l  mass w i l l  determine the upper l i m i t  of the  pressure and  power 
responses, and the bandwidth wil l  be smal l .  A h igh max imum above cone 
break-up can be obtained by taking a smal l  value of ':I. .  If a dip in the pressure 

response at  fra i s  not  a l lowed,  Young's  modu l u s  E shou ld  be adapted i n  such 
a way that f,a < 2ft:. 

6.8. Conclusion 

The sound radiat ion of a flex ible cone may be s u m marized as fo l lows .  Below 
cone break-up the flex ible cone can be approx imated by the r ig id p i s to n .  Above 
cone break-up the rad iat ion is provided by the i n n er part  of the cone, wh ich 

decreases i n  a rea wi th  i ncreas ing frequency ; th i s  causes  a broad max imum i n  
t he  pressure and  power responses. The  bend ing waves on  t he  outer pa r t  radiate 

l i t t le sound .  At  h igh frequencies (f > fra) bend ing waves cover the en t i re cone ; 
then the average pressure and power responses decrease w i th  increas ing fre

quency. The upper l i m i t  of the responses lies at t he  lower of Ira and the first 
long i tud ina l  ant i  resonant frequency 1;U l ' I n pract ice, however, the upper 
frequency l i m i t  of the responses is lowered by the voice-coi l  mass. Long i tud ina l  
effects p lay an  important  ro le  i n  the  sound radiat i o n : the ax ia l  admittance Yo. 
which is a measure of the v ibrat ion amp l i tude ,  is determined by the long i tud ina l  
admit tance Y, ; above cone break-up the rad ia t ion  i s  provided by a long i tud ina l  

wave on  the i nner  cone  part ; peak s  and  d ips  i n  the  responses are  caused by 
long i tud ina l  resonances and ant i resof'ances.  

The bandwidth of a loudspeaker in which cone break-up occurs approp

r iate ly i s  larger than that  of a r ig id  cone or a r ig id p i s ton . From th is  point  of 

view i t  i s  therefore qu i te wrong to make the cone as r ig id  a s  poss ib le ,  for i nstance 
by u s i ng  expanded plast ics o r  sandwich construct ions .  Apart  from that ,  

. )  I f  t h e  voice-coil  m a s s  c a u s e s  a r o l l - o ff  below {, a l > a n  i n c rease o f  c does not  lead to a n  in
crease o f  t h e  bandwidth as long a s  M elM II is not  decreased at t h e  s a m e  t ime. 
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because of the h i gh bend ing  s t iffness of a r ig id cone,  the fine structure w i l l  then 
cons is t  of pronounced peaks  and  d ips  wh ich are  very d i fficu l t  to e l im i nate .  

The d irect iv i ty d iagram of the flexib le cone is i n  general  w ider  than that  of 

the r ig id p is ton .  At the membrane resonant  frequenc ies ,  which l ie  j ust above the 
longi tud ina l  ant i resonant  frequenc ies,  a broad s ide l obe appears which may be 
accompanied by an ax ia l  m i n i m u m . Th is  further deepens the min ima i n  the 
ax ia l  response caused by the long i tud i na l  ant i resonant  frequencies .  

I n  the foregoing,  i t  has  been impl ic i t ly  exp la ined why a cone is  preferable to a 

plate .  For the cone the bending waves on ly  appear above Ira and on a l i m ited 
(outer)  part of the cone. The relat ively s t iff i n ner  part takes care of the sound 

rad iat ion : the cone exh ib i t s  a "prolonged r ig id-p is ton act ion "  wi th the advan
tage that  the "p i s ton"  a rea decreases w i th  i ncreas ing frequency.  For the plate ,  
acoust ica J ly short-c i rcu i ted bend i ng  waves appear at a much lower frequency 
and cover the whole plate ,  resu l t i ng  in a low sound-pressure response with 
pronounced peaks and d ips .  

The preced ing  conc lus ions  also hold to a certa i n  extent  for  s l ight ly  flared 
( i . e .  h orn-shaped) d iaphragms .  For such a d iaphragm, � i n c reases with the 
mer id iona l  coordinate .  The r ing an t i resonant  frequency Ira of a flared d iaphragm 

i s  in general lower t han  that of a conical d iaphragm with the same i n ner- and 
outer-edge rad i i  and depths because the local value of � at  the outer edge of 

the flared d iaphragm is larger than  that  of the cone (Ira l i e s  j ust below .I�b wh ich  

i s  proport ional  to cos  � ,  see eq .  (4. 1 I )  ) .  Therefore the  flared d iaphragm has  a 
less h igh max imum in region I I t han  the cone .  The long i t ud ina l  ant i resonan t  
frequencies of  the  flared d iaphragm are  somewhat lower than  those of  a conica l  
d i aphragm because the former has  a larger mer id iona l  ( arc) length L than the 
lat ter .  

We may su mmarize the main conclus ions as fo l lows. 

( I )  Pressure and power responses as wel l  as  d i rect iv i ty d iagrams of a loud
speaker cone can  be ca lcu lated with acceptable accuracy. 

(2) The shape of the pressure- and power-reponse curves can be easi ly under
stood on the bas is  of the rat io of voice-coil mass to cone mass and five eas i ly 
obta inable character is t ic  frequencies (" 10 irQ> Ita I and Ira. 

( 3 )  The bandwidth of the power response of a flexib le cone can be la rger than 
that of a r ig id cone or a r ig id  p is ton . 

(4) I n practice the  voice-coi l  mass causes a roJ l -off i n  the pressure and power 
responses, thus l i m i t i ng  the loudspeaker bandwidth ; to obta in  a h igh upper 
frequency l imit  the rat io of voice-coi l  mass to cone mass should be made as 
smaJ l  as poss ib le .  

(5 )  The react ion of the  cone to the voice-coi l  force i s  main ly determined by the 
mechan ica l  i m pedance in the long i tud ina l  ( i .e .  mer id iona l )  d i rect ion .  

(6) The i nfluence of asymmetr ica l  cone v ibrat ions on  the acoust ica l  performance 
of the l oudspeaker is negl ig ib le .  
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7. Summary 

This thesis is concerned with the forced vibration and the sound radiation of 

loudspeaker cones. 
A good approximation of the cone behaviour at low frequencies is obtained 

by assuming the cone to be a flat rigid piston whose sound radiation is relatively 
easy to describe. However, above a certain frequency rotationally symmetric 

mechanical waves appear on the cone surface (referred to as cone break-up). 
and the piston model is no longer applicable. The cone then vibrates in a 
complex way; radiation calculations are diffi cult and hitherto none have been 

reported. Loudspeakers were designed by trial and error. Since the sound radia
tion of waves travelling parallel to the cone circumference is negligible (see 
chapter 6), only symmetric vibrations are considered in this thesis (except in 

sec. 5. 1l ). 
After a short introduction in chapter I, a general qualitative description of 

the mechanical and acoustical behaviour of the cone is given in chapter 2. 
In chapter 3 the well-known equivalent circuit of the electrodynamic loud

speaker is briefly discussed, and a method of measuring the voice-coil velocity 

is described. 
Chapter 4 deals with the mechanical behaviour of the cone without taking 

into account the cone bending stiffness. This so-called membrane approximation 

correctly predicts the frequency characteristic of the mean mechanical admit
tance at the inner edge of the cone. Further, a simple approximative formula is 

derived for the frequency at which cone break-up starts. The in fluence of the 

geometrical and material parameters of the cone on its membrane behaviour is 
discussed. 

I n chapter 5 the mechanical behaviour of the cone is described taking into 
account the cone bending stiffness. The in fluence of the geometrical and 

material parameters on the vibrations is discussed on the basis of numerical 
examples. The mechanical admittance at the inner edge is measured as a func

tion of freq uency for a number of cones; vibration patterns are visualized holo
graphically. The good agreement between calculations and measurements is 
demonstrated. 

Chapter 6 deals with the acoustical behaviour of the cone. After an intro
ductory review of the well-known characteristics of the sound radiation of the 
flat rigid piston and the rigid cone, the sound radiation of the flexible cone is 

explained on the basis of numerical examples, including a calculation of the 

frequency characteristics of the axial sound pressure and the radiated sound 
power. The influence of the geometrical and material parameters of the cone 
on the sound radiation is discussed. Calculations are compared with meas

urements. Some design rules are given. 
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Samenvatting 

Dit proefschrift beschr ijft trilling en geluiduitstraling van luidsprekerkonus
sen. Door de konus op te vatten als een starre vlakke zuiger verkrijgt men een 
goede benadering v��r zijn gedrag bi j lage frequenties; de beschrijving van de 

geluiduitstraling van deze zuiger is relatief eenvoudig. Boven een bepaalde fre
quentie verschijnen (rotatie-) symmetrische mechanische golven op het konus
oppervlak (het zogenaamde opbreken van de konus); het vlakke-zuiger-model 
kan dan niet meer worden toegepast. Stralingsberekeningen zijn in dit frequen

tiegebied moeilijk en werden tot nu toe nog niet uitgevoerd. Het ontwerpen van 

luidsprekers geschiedde dan ook proefondervinderlijk. Geluiduitstraling door 
golven die evenwijdig aan de omtrek over het konusoppervlak lopen is in het 

algemeen verwaarloosbaar (zie hoofdstuk 6); daarom worden in dit proefschrift 

aIleen symmetrische konustrillingen besproken (met uitzondering van para
graaf 5. 1 1). 

Na een korte inleiding in  hoofdstuk I wordt in hoofdstuk 2 het mechanische 
en het akoestische gedrag van de konus kwalitatief beschreven zonder in te gaan 
op details. Doel van dit hoofdstuk is het geven van een globaal overzicht van 
het gedrag van de konus. 

In hoofdstuk 3 wordt het uit de literatuur bekende vervangingsschema van 
de elektrodynamische luidspreker besproken. Tevens vindt men in dit hoofd

stuk een methode aangegeven om de spreekspoelsnelheid van de luidspreker te 
meten. 

Hoofdstuk 4 beschrijft het mechanische gedrag van de konus bij verwaarlo

zing van de buigingsstijfheid. Aangetoond wordt dat met dit zogenaamde mem
braanmodel de frequentiekarakteristiek van de gemiddelde mechanische admit
tantie aan de binnenrand van de konus goed te voorspe/len is. Ook levert dit 
model ons een eenvoudige benaderingsformule voor de frequentie waarbij de 

konus opbreekt. Tenslotte wordt de invloed van geometrie en materiaal van de 
konus besproken. 

H oofdstuk 5 geeft een beschrijving van het mechanische gedrag van de konus 

waarbij de buigingssti jfheid weI in rekening is gebracht. De invloed van geo
metrie en materiaal op de konustrillingen wordt aan de hand van numerieke 

voorbeelden besproken. Van een aantal konussen wordt de mechanische admit
tantie aan de binnenrand gemeten als funktie van de frequentie; trillingspatro

nen worden holografisch zichtbaar gemaakt. Er bli jkt goede overeenstemming 
tussen berekeningen en metingen te zijn. 

Hoofdstuk 6 behandelt het akoestische gedrag van de konus en beschrijft ter 

introduktie eerst de geluiduitstraling van de starre vlakke zuiger en van de 
starre konus. Daarna wordt de geluiduitstraling van de buigzame konus aan 
de hand van numerieke voorbeelden verklaard. H ierbij zijn onder andere de 

frequentiekarakteristieken van de geluiddruk op de as en van het uitgestraalde 
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vermogen berekend. De invloeden van geometrie en materiaalparameters op de 
uitstraling worden besproken en de berekeningen met metingen vergeleken. 

Tenslotte worden enkele regels v��r het ontwerpen van luidsprekerkonussen 

genoemd. 
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APPENDIX A 

Differential equations for the mechanical cone behaviour 

It was discussed in chapters 4 and S that the mechanical cone behaviour can 

be described by a system of m simultaneous first-order linear diff erential equa

tions which can be written as 

dy(x) 
-- = A(x) y(x) 

dx 
(A. I ) 

where y(x) i s  an m-dimensional vector containing the fundamental variables 

and A(x) is an (m, m) matrix. This system is subjected to m/2 boundary condi

tions at either edge of the cone and it is numerically solved with the method of 

direct integration (appendix B). 

F or the lossless conical membrane m = 2; the membrane equations comprise 

the following fundamental variables: 

y(x) = [�J (A.2) 

whereas the matrix A(x) is given by 

A(I, I) = -1/ g/x, 
A(l, 2) = (l - 1/2 g)/ Eh, 
A (2, I) = E h (g - k2 X2)/X2• 
A(2, 2) = (- \ + 1/ g)/x, 

(A.3 )  

where the factor g is given by eq. (4.7). 1 nternal material damping is introduced 

by means of a complex Young's modulus� the differential equations are found 

by replacing E by E (I + jIJ) in the above loss less equations. All f undamental 

variables then become complex and are provided with indices 1 and 2 to in

dicate the real and imaginary parts. For the conical membrane we then have 

m = 4, and eq. (A. 1 ) is determined by 

and 

y(x) = 
Ul 
NJtl 

A( I, I) = A(2, 2) = - 1/ g ,Ix, 
A(J, 2) = -A(2, I )  = -A(3, 4) = A(4, 3) = 1/ g2/X, 

A( I, 3) = A(2, 4) = (I - 1/2 gl - () 1/2 g2)/E h, 

(A.4) 

A( l , 4) = -A(2, 3) = (IJ - IJ 1/2 gl + 1/2 g2)/ E h, (A.S) 
A(3, I) = A(4, 2) = E h (gl - IJ g2 - k2 X2)/X2, 
A(3, 2) = -A(4, I) == -E h(IJg. + g2)/X2, 

A(3, 3) = A(4, 4) = (1/ gl - I )/x, 
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where gl and g2 are given by eqs (4.66a) and (4.66b) and powers of /) higher 
than unity are neglected with respect to 1. 

For axisymmetric vibrations with inclusion of bending effects but without 
internal losses (general equations) m = 6, and the system of differential equa
tions is determined by the following fundamental variables: 

w 

II 

(A. 6) 

The (6,6) matrix A(x) can be derived from that given in ref. 16; if we assume that 

112 cos2 :x 
--- «1 

12 R/ 

we find the following nonzero elements of A(x): 

A(l, 3) = -A(6, 4) = - 1, 
A(2, 1) = -A(4, 5) = -v cot

�:x/x, 
� 

A(2, 2) = A(3, 3) = -v/x, 

A(2, 5) = (1 - v2)/E 11, 

A(3, 6) = 12 (1 - v2)/E 113, 
A(4, I) = Ell (cot2 :x - k2 X2)/X2, 

A(4, 2) = A(5, 1) = Ell cot :x/x2, 
A(4, 4) = -I/x, 

A(5, 2) = E 11 (l - k2 X2)/X2, 

A(5, 5) = A(6, 6) = - (l - v)/x, 
A(6, 3) = E 113 (I - k2 x2)/12 X2. 

I n the presence of internal losses I1l = 12; then y(x) is given by 

WI 
W2 
lit 
lI2 
/3xI 

y(x) = 
/3X2 
Ql 
Q2 
NXI 
Nx2 
M.-ct 

MX2 

(A.7) 

(A.8) 

(A.9) 
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and the (12, 12) matrix A (x) has the following nonzero elements: 

A(I, S) 
A(3, I) 

A(3, 3) 
A(3,9) 
A(3, 10) 
A(S, II) 

A(S, 12) 
A(7, I) 

A(7, 2) 
A(7, 3) 
A(7, 4) 
A(7, 7) 
A(9, 3) 
A(9,4) 
A(9, 9) 
A(lI,S) 
A(II,6) 

_ A(2, 6) = -A(J 1,7) = -A(l2, 8) = -I, 

_ A(4,2) = -A(7, 9) = -A(8, 10) = -v cot ;x/x, 
_ A(4,4) = A(S, S) = A(6, 6) = -v/x, 
_ A(4,10) = (I - v2)/E 11, 
= -A(4, 9) = r5 (1 - v2)/£ 11, 
= A(6, 12) = 12 (J - v2)/E 11\ 
= -A(6, 11) = 12 I> ( 1  - v2)/£ 113, 
= A(8, 2) = £ 11 (cot2 ;x - k2 x2)/ x2, 
= -A(8, I) = -I> E 11 cot2;X/X2, (A.IO) 

= A(8,4) = A(9, I) = A(lO, 2) = £ 11 cot ;x/x2, 
= -A(8, 3) = A(9, 2) = -A(lO, I) = -I> E I1cot ;x/x2, 
= A(8,8) = -I/x, 
= A(IO,4) =£I1(1-Px2)/x2, 
= -A(lO, 3) = -I> E I1/x2, 
= A(IO, 10) = A(JI, II) = A(12, 12) = -(1- v)/x, 
= A(l2,6) = £ 113 (I - k2 x2)/12 x2, 
= -A(l2, S) = -I> £ 113/12 x2• 

In these equations 1>2 and higher orders of I> are neglected with respect to I. 
Finally, for asymmetric vibrations without internal losses the fundamental 

variables which are assumed to be separable in the form given by eq. (S.I) are 

the following eight: 

Wn 
Un 
Vn 

y(x) = 
Pxn (A.II) 
Qn 
Nxn 
Nn 
Mxn 

The (8, 8) matrix A(x) has the following nonzero elements, which follow from 

those given by Kalnins 1 S) under the assumptions 

112 cos2 ;x 
--- «1, 

12 Ra2 
-- «I: 
12 R/ 
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A(l, 4) = -A(8, 5) = -I, 
A(2, I) = -A(5, 6) = -v cot ':1./x, 
A(2,

2) = 

A(4, 4) = - v/x, 
A(2, 3) = -A(7, 6) = -v (/x, 
A(2, 6) = (I -v2)/ E h, 
A(3, I) = -A(5, 7) = (112 cot ':1./6 X3, 
A(3, 2) = -A(6, 7)  = (/x, 
A(3, 3) = -A(5, 5) = l/ x, 
A(3, 4) = -A(8, 7) = ( h2 cot ':1./6 X2, 
A(3, 7) = 2 (I + v)/E", 
A(4, \) = -A(5, 8) = -v (2/X 2, 
A(4, 3) = -A(7, 8) = -v (cot ':1./x2 , 
A(4, 8) = 12 ( 1- v2)/E h3, 

A(5, I) -= E h 
[ (2 h2 (

(2 
+ 2 ) + cot2 ':1. _ k2 X2JIX2, 

12 x2 1 + v 

A(5, 2) = A (6, \) = E h cot ':1./x2 sin ':1., 

A(5, 3) = A(7 , 1 ) = (E h cot ':1. (I - k2 h2/ 12)/x 2, 
A(5, 4) -= A(8, I) = (2 (3 + v) E h3/ 12 x3 (I + v), 
A(6, 2) = Eh (

1- k2 x2 + (2 h2 

cos2 ':1./2 4(1 + v)]/x 2, 
A(6, 3) = A(7, 2) = ( E h/X 2, 
A(6, 4) = A(8, 2) = _(2 E h3 cot ':1./ 12 (\ + v) x3, 
A(6, 6) = A(8, 8) = - (I - v)/x, 
A(7, 3) = E h «(2 - k2 X2)/X2 , 
A(7, 4) = A(8, 3) = (2 + v) E,,3 cot ':1./ 12 (I + v) x3, 
A(7, 7) = -2/x, 
A(8,4) = E h3 [\ - k2 x2 + 2 (2/ (1 + v)]f1 2 x2, 

where ( = nisin ':1.. 
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APPENDIX B 

Description of the numerical method for the solution of a system of simultaneous 

differential equations 

B.1. Introduction 
In the past, vanous methods have been employed for the numerical 

solution of the equations that describe the static and dynamic behaviour of 
shells of revolution. A short survey with additional references is given in ref. 24. 
We have selected the direct-integration method 14.1 S), in which the shell 

boundary-value problem is reduced to an initial-value problem involving 

simultaneous first-order differential equations which are integrated numerically. 
An advantage of this method is that it permits a selection of an optimum step 
size of integration at each step according to the desired accuracy of the solution. 
A further advantage is that it can be applied to an arbitrary number m of first
order differential equations; the computer program remains basically un

changed. In this way the cone membrane equations (chapter 4) have been solved 
for zero and nonzero values of the internal loss factor (m = 2 and 4 respec

tively); in chapter 5 the general equations including bending effects have been 
solved (m = 6 and 12 respectively). In the latter chapter the anti resonant fre
quencies for asymmetric vibration (m -= 8) were determined with the same 
program. 

I n comparison wi th other methods the direct-integration method is rather 
slow if it is used for the determination of the shell natural frequencies 14); the 

latter have literally to be searched for. However, this disadvantage does not apply 
here since for calculating the sound radiation we want forced-displacement 

patterns in the presence of internal losses rather than natural frequencies. How
ever, with direct integration it appears that a total loss of accuracy results if the 
length of the integration interval is increased beyond a certain critical value 1 S). 
This disadvantage of the direct-integration approach is avoided by dividing the 

shell into segments. 
The method is applicable to any two-point boundary-value problem governed 

by a system of m first-order linear ordinary differential equations with ml2 

boundary conditions at either end of the interval. Kalnins 14) shows that the 
boundary-value problem of a rotationally symmetric shell can be stated in this 

form. The resulting equations allow arbitrary meridional variation (including 
discontinuities) in Young's modulus, Poisson's ratio, radii of curvature and 
thickness. The method of solution consists of the following steps. First the 

two-point boundary-value problem is reduced to a series of initial-value prob
lems. These are directly integrated over preselected segments of the total 
interval. After integration, continuity requirements on all variables are written 
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at the end points of the segments. They constitute a system of linear matrix 

equations, which is solved by means of Gaussian elimination. 
In the next subsection the method of solution is explained for the case where 

the shell is not subdivided into segments; this is followed by a discussion of a 

multisegment shell. Further details can be found in ref. 14. 

B.2. At ethod of solution for a one-segment shell 

The fundamental variables (sec. 5.2) which appear in the governing system of 

differential equations are represented by an m-dimensional vector y(x). If no 

external loads are present, the mechanical behaviour is determined by a system 
of m homogeneous fi rst-order linear differential equations: 

dy(x) 
-- = A(x) y(x), 

dx 
(B.I) 

where the (m, m) matrix A(x) was given i n  appendix A. I n the presence of 

external loads on the cone surface (a case not dealt with in this thesis ) an 
inhomogeneous (m, I) matrix B(x) would appear at the inner edge. This addi
tional term would require the determination of a particular solution which can 

easily be obtained 14). There are ml2 boundary conditions at either edge. The 
solution of eq. (B.I) can be written as 

y(x) = W(x) c, (B.2) 

where W(x) is an (m, m ) matrix whose columns represent m linearly independent 

so lutions of the homogeneous governing equations and C is a column matrix of 

m arbitrary constants. The m linearly independent solutions are obtained by 
solving the homogeneous system subjected to m linearly independent initial 

conditions at x = a. If the initial conditions are independent, then the solutions 
will be independent for all values of x in the interval (a, b). To reduce the 

boundary-value problem to an initial-value problem we proceed as follows. 

At x = a eq. (B.2) becomes: 

yea) = W(a) C , (B.3) 

so 

C = W-1(a) yea). (B .4 ) 

Substituting C in eq. (B.2) leads to 

y(x) = W(x) W- 1 (a) yea). (B.5) 

Define 

Y(x) - W(x) W-l(a), ( B.6) 
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then eq. (B.6) becomes 
y(x) = Y(x) y(a) (8.7) 

with 

Y(a) = I, (8.8) 

where I is the unit matrix. Substituting eq. (B.7) into the system of differential 

equations (B. I) we find that the original boundary-value problem is reduced to 
m initial-value problems given by 

dY(x) 
-- = A(x) Y(x), 

dx 

Y(a) = /. 

(8.9) 

(8.10) 

Equation (B.9) is numerically integrated with a fifth-order Runge- Kutta 
method 29 ) . In this way the matrix Y(b) at the end of the integration interval is 
determined. At x = b eq. (B. 7) becomes 

y(b) = Y(b) y(a). (8.11) 

Equation (B.I) constitutes a system of m linear algebraic equations with 111 

unknowns, half of the elements of y(a) and y(b) being known in terms of bound
ary conditions. After solution of this system, y(a) is fully known and the solution 
at any value of x may be calculated using eq. (B.7), provided the value of Y(x) 

is stored at that particular value of x during integration. 

8.3. AI ethod of solution for a l1lu/tisegment shell. 

If the length of the interval (a, b) is increased, complete loss of accuracy 
occurs beyond a certain critical value. This is caused by the fact that with in

creasing value of b the elements of Y(b) rapidly increase in magnitude; then 
Y(b) becomes bad-conditioned and while solving eq. (B.9) small errors in Y(b) 

may lead to totally wrong results. This difficulty can be avoided by dividing the 
shell into segments and restarting the integration process at the beginning of 

each segment. Continuity requirements at the interconnection points lead to 

linear algebraic equations which can be easily solved. The above is carried out 
as follows. 

Let the shell be divided into M segments denoted by S, in which 

Xi � x � X ,+ 1 where i = I, 2, ... , AI. The shell edges are now denoted by Xl 
and X.\f+ 1 (fig. 8.1). The matrices Y(x) are now determined on each segment: 

d Y,(x) -- = A(x) Yj(x), 
dx 

Y,(x,) = I. 

(B. 12) 

(B.13) 
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�--------------------��----------------� XM.' 

Fig. B.l. Notation for the division of a cone into segments. 

By numerical integration Yj is determined at the end points of each segment. 
The solution on each segment is 

(B. 14) 

where X, � X � Xi+ l' Requiring continuity of y(x) at all points Xj we arrive at 

the following M matrix equations: 

( B. 15) 

Assume that at the inner edge the first m/2 elements of y(x I ) denoted by Y 1 (X 1 ) 
are known and the remaining m/2 elements denoted by Y2(xd are unknown. 
At the outer edge YI(XM+ I) is the unknown and Y2(XM+ I ) the known half of 

y(xM+ d. The continuity equations (B. 15) are rewritten as a partitioned matrix 
product of the form 

which turns into a pair of equations 

YI(Xi+ d -= y,l YI(X,) --:- Y/ Y2(X;), 

Y2(X,+ I ) = yj3 Yl(Xj) ....:... Yi4 )'2(X/), 

( B.16) 

(B.1 7) 

where the matrices Y/(Xi+ I ) , j = I to 4 are abbreviated by Y/' The result is a 
simultaneous system of 2M linear matrix equations in which Y/ are known 
coefficients; the (m/2, I) matrices Yl(Xj) and )'Z(Xi) are unknown. Since Yl(X1) 
and yz{x.\!+ I) are known there are 2M unknowns: )'\(x,) with i = 2, 3, ... , 
M + 1 and )'2(Xi) with i = I, 2, ... , M. By means of Gaussian elimination 

the system of eqs (B.17) is brought to the form 
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EI -I 0 

0 CI -I 
0 0 £2 

0 0 0 ......... .............. 0 0  

0 0 0 

0 0 0 

0 
0 

-I 
C2 

0 • •  ....... ....... 

_ ... 
0 
0 

0 0 Y2(XI) 

0 0 Y I (X2) 

0 0 Yix2) 

0 0 YI (X3) -........ .. ........... . ........•.....• ........ 

........................ . .. .............. .... 

EM -/ yixM) 

0 eM YI(XM+ 1) 

where the (m/2, m/2) matrices E) and CI are defined by 

C - y4E-I. 
I - I I , 

i = 2, 3, ... , M: Ej = Y/ Yj I Cj _ I - I , 

The (m/2, I) matrices Ai and Bj are given by 

A 1 = -Y I I Y I (x d, 

AI 
BI 

A2 

B2 

AM 
BM 

BI =-YI3yl(xd- yI4E1-1A,; 

i = 2, 3, . . . , M - I: Ai = - Y/ C,-1 -I B,-1, 

For the Mth segment: 

By means of eqs (B. 1 9) to (B.28) the unknowns are obtained by 

and for i = I, 2, . . . , M - I : 

Yl(XM-I+.) = CM-I- I 
[yixM-I+ I ) + B M- d, 

yixM-I) = EM_I-1 [YI (XM_I+I) + AM-I]' 

(B. 18) 

(B. 1 9) 

(B.20) 

(B.21) 

(B.22) 

( 8. 23) 

(B.24) 

(B.25) 

(B.26) 

(8.27) 

(B. 28) 

(B.29) 

(B.30) 

(B.31) 

(B.32) 
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Equations (8. 1 9) to (8. 32) should be evaluated in succession, because each equa
tion involves the result obtained by the preceding equation. I f the fundamental 

variables y(x) are desired at more points than at the ends of the segments, they 
can be obtained from eq. (8. 14) provided that the values of Yj(x) at these points 
are stored during integration. 

The elements ot y(x) are the fundamental variables; for the membrane equa

tions y(x) is given by 

(8.33) 

for the general axisymmetric equations we have 

w 
u 

y(xl =LJ -. (8. 34) 

whereas for asymmetric vibrations 

lYI] 
y(x) = .... - = 

Y2 
( 8.35) 

The boundary conditions at the free outer edge are in all cases readily expressed 
in these fundamental variables (eqs (4. 18), (5. 13), (5.46» : 

(8. 36) 

In the general case, the axially driven inner edge is radially supported; hence 
the boundary conditions at XI (eqs (5.1 2) and (5.4 2) through (5.45» are linear 

combinations of the fundamental variab les y(x). Therefore new variables 1p(x} 
are introduced, on the first segment only, by means of a simple transformation 

tp(x) = Tl y(x) (8.37) 
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where Tt is an (m, m) nonsingular matrix constructed in such a way that the 
first half of 1p(xt), denoted by 'p)(x1), is known (see below). Hence, at the end 
of the first segment the fundamental variables are determined by 

(B.38) 

where 

(B.39) 

Comparing eq. (8.38) with eq. (B.14) we find that in eqs (B.19), (B. 20), (B.23), 

(B.24) and (B.32) }'lJ must be replaced by 'Ill, )'l(X) by 1pl(xd, and J'2(X) by 

1p2(X 1 ) . Then, after evaluation of all eqs (B.19) through (B.32), the latter equa

tion yields the value of tp2(X); the fundamental variables at Xl are then found 
by inverse transformation of eq. (B. 37). 

The transformation matrix T) is constructed by choosing the elements of 
1p(x) on the basis of the boundary conditions at the inner edge. In the case of 

the longitudinally driven conical membrane we take for the first element of 

1p(x) the longitudinal driving force F, at the inner edge and for the second 
element the longitudinal displacement lI(x d: 

From eqs (4.17), (B.33) and (B.37) we find 

T = 
[0 2:r Ra

J ) 1 O · 

If we take F, = I N, the first half of tp(xd is known, as required: 

( B.40) 

(B.4I) 

(B.42) 

I n the case of axisymmetric vibration including bending, we define tp{x 1 ) as 

follows: 

1p{x1) = 

277 Ra [Q(xd sin :< - NAxd cos :<] 
w(x) cos 'Y. + lI(X I ) sin:< 

(-lAx) ) 
-w(x1) sin :< + lI(x) cos :< 

NAxl) 

,'\lAx I ) 

of which the first half is known: 

(B. 43) 

(B.44 ) 
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The first element of tp(x I) is the axially applied driving force Fa at the inner 

edge (eq. (5. 12c)) and we take Fa = I N. The second element is the inner-edge 

displacement normal to the cone axis which must be zero (eq. (5.12a»). The third 
element is the angle of rotation at the inner edge, put equal to zero (eq. (5.12b»). 
The fourth element is the axial inner-edge displacement needed to compute the 
axial admittance Ya; since Fa = I N it follows that Yu is numerically equal to 

jrl) times the value of this fourth element. With eqs (B.34), (B.37) and (B.43) we 
find the following nonzero elements of the (6, 6) matrix TI: 

TI ( I, 4) = 2:7: Ra sin ex, 
TI (I, 5) = -2:7: Ra cos ex, 

TI (2, I) = TI (4, 2) = cos ex, 
TI (2, 2) = - TI (4, I) = sin ex, 
TI(3, 3) = TI(5, 5) = TI(6, 6) = I. 

(B.45) 

I n the case of asymmetric vibration including bending, tp(x I) differs only 
slightly from eq. (B.43): 

2:7: Ra [Qxn(xl) sin ex - Nxn(xd cos ex] 
wn(x I ) cos ex + uix I ) sin ex 

vlI(x I ) 
#x,,(xl) 

-wn(xd sin ex + lln(XI) cos ex 

Nxn(x I) 

Nn(xl) 
M.-.;n(x 1 ) 

(B.46) 

The transformation matrix T1 follows from eqs (B. 35) and (B.37); it has the 

following nonzero elements: 

TI(I, 5) = 2:7: Ra sin ':I.. 
TI( I, 6) ::-..= -2;:r Racos�, 
TI( 2, I) = T1 (5, 2) = cos !:i, 
TI(2, 2) = -TI(5, I) = sin �, 
T1(3, 3) = T) (4, 4) = T1(6, 6) --" TI(7, 7) =- T) (8, 8) = I. 

(B.47) 

From the boundary conditions eqs (5. 4 2) to (5.45) it follows for the upper half 
of tp(xd: 

(B.48 ) 

o 
where again the amplitude of the driving force in eq. (5.4 1) is taken I N. Of 
course the above transformation procedure can also be applied to the outer edge 
if the latter is submitted to boundary conditions different from those previously 
assumed. 
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APPENDIX C 

Strain-energy coefficient 

The strain-energy coefficient, primarily introduced by Kalnins 15) for the 
classification of modes, is defined as the ratio of the strain energy VIJ due to 
bending to the total strain energy of the cone: 

VB 
rJ = , 

Vs + VB 
(C.l) 

where Vs is the strain energy due to stretching of the middle surface. In the 
absence of internal losses we find for symmetric vibrations 18): 

7r E h sin � fb 
Vs = , (ex 2 + E/ + 2 V c.-c Eo) X dx, 

1- v-
a 

(C.2) 

(C.3) 

For the strains E.n Eo and the changes of curvature xx, Xo the following relations 
hold: 

du 
Ex = -, 

dx 

Eo = (li + HI cot �)/X, 

d(lx (CA) 
"x=-, 

dx 

"0 � (lx/x. 

The derivatives of the fundamental variables in the above equations can be 

written as a linear combination of these fundamental variables (eqs (A. !), ( A.6) 
and (A.8 ) ;  we find 

Ex = -v (li + HI cot �)/x + (I - v2 ) Nx/E h, 

E9 = (li � HI cot �)/x, 

Xx = -v fJx/x + 12 (I - v2 ) Mx/Eh3, 

Xo = (lx/x. 

(C.S) 

The right-hand sides of these equations are calculated simultaneously with the 

numerical determination of the solution Y(Xj) of the general symmetric differen
tial equations at the end points of each segment (appendix B). The integrals 

(C.2) and (C.3) are then determined using Simpson's rule. 
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APPENDIX D 

Basic formulas for the rigid-piston radiation 

The calculation of the sound radiation of a rigid circular piston vibrating in 

an infinite rigid baffle can be found in many textbooks on acoustics, e.g. in 
refs 10 and 26. The result for the sound pressure at a distant field point with 

coordinates r, g (see fig. 6.2) is 

!!o (t) Vr S 2J1(ko Rh sin g) 
p =-== jexp (-j ko r) ---------

2:r r ko Rh sin f{' 
(D.I) 

where ko is the sound wavenumber in air,!! o the air mass density, (t) the angular 
frequency, l'r, Rh, S the transverse velocity, the radius and the area of the piston 
respectively. 

The sound intensity at the distant field point is 

I -= p2/2!!oco (D.2) 
where Co is the sound velocity in air and p the amplitude of the sound pressure. 

The sound power radiated into semi-space is found by integrating the inten
sity over the hem i-spherical surface with radius r; the result is 

2 ( J1(2 ko Rh)) 
W = t !!o Co Vr S I - . 

ko Rh 
(0.3) 

In this thesis the radiating diaphragm is assumed to be driven by a sinusoidal 

axial force of which the amplitude Fa is frequency-independent. We will only 
consider frequencies lying above the fundamental resonant frequency fo of the 

mass-spring system formed by the total moving mass and the suspension. The 

motion is therefore essentially mass-controlled and we find for the piston veloc-

ity l'r according to Newton's law: 

1', - Fa/jwM d (D.4) 

where M d is the diaphragm or piston mass. Substituting eq. (0.4) into eq. 

(D.I), we find 

Qo Fa S 2J I (k 0 R h sin q;) 
p= ---- . exp (-j ko r). 

2:r r M d k 0 R h sing 
(D.5) 

The amplitude of the axial sound pressure then becomes frequency-independent: 

00 Fa S - ... 
Pu. �----. 2:r r Md 

The sound power radiated by the mass-controllej piston is 

(D. 6) 

(D.7) 
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APPENDIX E 

Measuring circuit for the motional impedance 

The block diagram (fig. 3.3) of the measuring circuit for the motional 

impedance was discussed in sec. 3.3. It consists of standard electronic parts with 
circuit diagrams which are not likely to cause difficulties. As an example the 

circuit diagram of the summation network is shown in fi g. E.I; the voltage 
followers provide the high input impedance of the network and deliver their 
output signals to a conventional adder with unity ga in. The circuit diagram of 
the current source (fig. E. 2) is likewise conventional, and can supply a maximum 

curren t of 40 rnA. For B (fig. 3.3) any operational amplifier with a power stage 
can in principle be used. 

AD507JH 
U, _----4-1:0-.... 10k 

AD507JH 

>-.....-...-....:.:... .... To 

From 
signal 
generator 

10k 

Fig. E.I. Circuit diagram of the summation network A in fig. 3.3. 

10k 

10k 

AD507JH 

9k7 10k 

1.·7pF 

Fig. E.2. Circuit diagram of the current source in fig. 3.3. 

recorder 
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APPEl\DIX F 

Time-ayerage fringe holography 

Cone vibration patterns shown in sec. 5. 12.2 are recorded holographically by 

means of the time-average fringe technique. A short description of this method 

will be given below. Further details can be found in the extensive literature on 
the subject 22.23) . 

The optical set�up is sketched in fig. F.I. The beam of a 5 0-mW helium-neon. 

laser is split into an ob ject beam and a reference beam. The object beam 

illuminates the sinusoidally vibrating loudspeaker diaphragm. Part of the reflect
ed light falls on a photographic plate, which at the same time is illuminated by 

the reference beam. The intensity of the latter is adjusted to a bout four times 

the intensity of the reflected light from the cone. Thus an interference pattern 
is created and recorded by the photographic plate during a time much longer 
than the cone vibration period (in practice several seconds), After development, 
the photographic plate - now called hologram - is replaced in its original 

position and illuminated only by the reference beam at fuJI strength (fig. f.2). 
In this way an infi nite number of exposures of the continually vibrating cone, 

recorded by the hologram, are now reconstructed and interfere with one 

Loser 

Loser 

Spl itter 
Object 
beam 

Reference 
beam 

Attenuator 

Lens + pinhole 

L.s. 

Photographic 
plate 

Fig . F.1. Set-up for time-average fringe holography. 

Reference 
beam 

� Camera 

� Hologram 

Fig. F.2. RCl.:onstruction of a vibration pattern. 
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another. Hence, fringes appear at places where the cone has a certain vibrational 
amplitude; cone parts at rest are normally reconstructed. The reconstructed 
image of the cone with the superimposed fringes can be photographed normally. 

It can be shown 22) that the intensity of the reconstructed image is propor
tional to J 0 2( q), where J 0 is the zero-order Bessel function of the first kind and 
CF the amplitude of the phase shift of the object beam caused by a transverse 

cone displacement w. It can be shown that 

CF = 2n w (cos CFl + cos CF2)/l 
where CFl is the angle between the direction of the object beam and the surface 
normal, CF2 the angle between the direction of the photographic plate and the 

Objecf beam To hologram 

Fig. F .3 . Detail of fig. F.t showing the directions of the illuminating beam and the photo
graphic plate. 

1 

6 
--. !fJ 

Fig. F.4. I ntensity of the reconstructed image as a function of the amplitude of the phase 
shift rp produced by the cone vibration. 
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surface normal (fig. F.3), and i. the wavelength of the laser light (632·8 nm). 
Figure F.4 shows J02 (<Ji) versus ff'. Cone parts at rest are reconstructed with full 
intensity (ff' = 0). When going from a node to an anti node, q; increases and the 

intensity becomes zero at the roots of the Bessel function. In this way fringes 

(black lines) appear on the reconstructed image. The transverse amplitude at 
these fringes can be found with the above equation. The intensity between the 

fringes is lower than the intensity of cone parts at rest (see e.g. fig. 5.30a). 
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APPEl\DIX G 

List of cones used in the calculations and measurements 

The cones are numbered according to their value of the semi-apex angle :x; 
the last digit is an ordinal number. The experimental cones are indicated by the 

letter e. 

geometry material 

'" '" '" 
d) ::l ::l ::l . - . - -

ei; "0 "0 ::l .S c: - - "0 >-. ... � t: � 0 .-:: COd d) C.) � I- -X c: '" OJ) 1;.1) 'f; c: 'Jl 0 d) "0 -0 'f; 'f; d) r � Q. C,) . s::: :J C,) C,) en -0 � I I c: c: 0 � I l- I- ...::.! :r; :r; .- C.) d.I ::l cr. � :J '" '" c: s::: ...... 0 � .-::l .- 0 :Jl d) s::: -c >- � 0 '" . - 0 ..... c: Q.. -

cone ':'J. Ra R" h E (I 'V (� 

number (0 ) (mm) (mm) (mm) 
(. 109 

(kg/m3 
N/m2) 

50. 1 50 17 83 0-1 2 600 0·3 0-1 
50.2e 50 17 83 0·23 2-4 1200 0·35 0·014 polycarbonate 

50.3 50 17 83 0·23 2 600 0-3 0·1 
50.4 50 17 166 0·1 2 600 0·3 0-1 
50.5 50 17 83 0·23 2·2 1160 0·3 0·1 
50.5e 50 17 83 0-27 2·2 1160 0·34 0·06 CAB*) 
52.1 52 17 83 0·3 2 600 0·3 0 
60.1 60 17 83 0·1 2 600 0·3 0·1 
60.2 60 17 83 0·26 2·2 1160 0·3 0·1 
60.2e 60 17 83 10-26 I 2·2 1160 0-34 0·06 CAB 
70.1 70 17 98 10·1 2 600 0·3 0·1 
70.2 70 17 83 0·1 I 2 600 0·3 0,) 
70.3 70 17 83 0· 1 I 2·2 )160 0·3 0·1 
70.3e 70 17 83 0·28 ' 2·2 1160 0·34 0·06 CAB 

.) Cellulose-aceta-butyrate. 

.. 
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ANAL YSIS OF BUCKLING AND VIBRATION 
OF RING-STIFFENED, SEGMENTED SHELLS OF 

REVOLUTIONt 

DAVID BUSHNELLt 
Lockheed Missiles and Space Company, Palo Alto, California 

Abstract-An energy formulation is used in conjunction with the method of finite differences to develop equations 
leading to buckling loads and vibration frequencies of segmented elastic shells of revolution supported by rings 
which are treated as discrete elastic structures. A quadratic form for the total potential and kinetic energy is 
derived through extensive use of matrix methods. The development is similar to that used in the finite element 
method, and is ideally suited for programming on the digital computer. Numerical results are presented in which 
two types of finite difference approximations are compared, and convergence properties of eigenvalues and 
eigenvectors are explored. 
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Beginning of shell meridian 
Ring cross-section area 
End of shell meridian 
Equation (14), equation (15) 

NOTATION 

Constitutive equation coefficients, equation (5) 
Displacement vector, equation (4e) 
Figure l(a) 
Equation (17) 
Young's modulus 
Equation (23), equation (24) 
Figure l(a) 
Equation (42) 
Shear modulus 
Equation (20), equation (21) 
Hamiltonian corresponding to n-wave pattern 
Finite difference mesh spacing 
Ring moment of inertia (subscripted) 
Ring torsion constant 
Number of shell segments in shell structure 
Stiffness matrices, equations (2), (45) and (46) 
Equations (38) and (39) 
Boundary condition designators for A end of shell meridian 
Boundary condition designators for B end of shell meridian 
Shell mass/area 
Mass matrix, equation (47) 
Total number of rings 
Bending moment resultants (subscripted) 
Number of circumferential waves in buckling or vibration mode 
Total number of stations at which H. is evaluated (e.g. 13 in Fig. l(b» 

t The development of the computer program based on the theory described herein was sponsored by the 
Structural Mechanics Laboratory of the Naval Ship Research and Development Center under Contract NOOOI4-
67-C-0256, NAVSHIPS Subproject ZF 013 01 01.  
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Prestress matrix, equation (4d) 
Equation (4f) 
Normal pressure 
Displacement vector, equation (10) 
Equation (35), equation (36) 
Parallel circle radius, Fig. I(a) 
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Equation (16) 
Arc length measured from point A 
Weighting factor for numerical integration 
Stress vector, equation (4a) 
Shell thickness 
Equation (26) 
Kinetic energy of shelL ring 
Meridional, axial displacement, Fig. I(a) 
Strain energy of shell, ring 
Constraint "energy" 
Circumferential displacement 
Axial load applied to ring centroid 
Normal, radial displacement, Fig. lea) 
Spherical shell edge angle 
Rotation around normal, equation (8c) 
Kronecker delta: of = 1 if i = j; 0 otherwise 
Strain vector, equations 4(b), (6) and (7) 
Lagrange multipliers for constraint conditions 
Eigenvalue 
Changes in curvature, equation (7) 
Rotation vector, equations (4c) and (8) 
Eigenfrequency 
Rotation about meridian, equation (8b) 
Rotation of meridian, equation (8a) 
Circumferential coordinate 
Poisson's ratio 

Ring centroid 
Critical 
ith mesh po in t 
Mesh point corresponding to ring attachment point 
Mesh point corresponding to ( ) - side of juncture 
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Prebuckling quantity 
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ShelL shear center, or with respect to axis parallel to shell meridian (Fig. l(a» 
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Meridional, circumferential directions 
Shear 

kth ring support 
mth set of constraints 
Transpose 
Figure lea) 
Differentiation with respect to S 
Figure I(a) 
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INTRODUCTION 

RECENT investigations have taken advantage of larger and faster computers to analyze 
more accurate models of shell structures, Cohen [1], [2] uses a step-by-step numerical 
integration technique to calculate buckling loads and vibration frequencies of ring
stiffened orthotropic shells of revolution. Kalnins [3] employs a similar method to calculate 
nonsymmetric deformations of segmented shells of revolution submitted to nonsymmetric 
loads. In [4] a computer program is described by which buckling loads are calculated for 
axisymmetrically loaded shells of revolution with gelleral wall construction and with ring 
supports at the edges. 

In this paper the finite difference method is used for the analysis of shells of revolution 
consisting of elastic shell segments joined by elastic rings. The shell segments may be of 
various geometries and wall constructions. There are two parts of the analysis: a part in 
which the axisymmetric state of an axisymmetrically loaded shell is calculated from non
linear theory, and a part in which buckling loads and natural frequencies corresponding 
to nonsymmetric displacements are calculated, Equilibrium equations similar to those 
derived by Reissner [5] are used for the prebuckling analysis, and an energy method based 
on kinematic relations given by Novoshilov [6] is used for the buckling and vibration 
analysis. The assumptions governing the analysis are: 

1 .  The material is Iinear-elastic. 
2. The Kirchhoff-Love hypothesis holds: normals to the undeformed surface remain 

unstrained and normal to the deformed middle surface. 
3. The structure and loads are axisymmetric, and the prebuckling or prestress deforma

tions are axisymmetric. 
4. The prebuckling deflections, while considered finite, are moderate. That is, the square 

of the meridional rotation can be neglected compared to unity. 
5. The ring stiffeners are reasonably "thin". That is, a typical cross-section dimension 

is small compared to the radius of the ring. 
6. The cross-sections of the rings remain undeformed during the deformations of the 

structure, and the rotation about the ring centroid is equal to the rotation of the shell 
meridian at the attachment point of the ring. 

7. The ring centroids coincide with the ring shear centers. 
8. If meridional stiffeners are present, they are numerous enough to include in the 

analysis by an averaging or "smearing" of their properties over any parallel circle 
of the shell structure. 

For axisymmetrically loaded shells of revolution the partial differential equations 
governing nonsymmetric buckling and vibration can be reduced to ordinary differential 
equations through separation of variables. These equations can be solved by application of 
numerical integration, finite difference, or finite element techniques. With the existence of 
large computers it is now practical to solve with reasonable accuracy almost any buckling 
or vibration problem for shells of revolution. It is, for instance, easy to include in the 
buckling or vibration equations prebuckling quantities as they are obtained from a non
linear analysis. While nonlinear equations were used for instance by Weinitschke [7J and 
Budiansky [8J for the symmetrical snapping of spherical caps, the influence of the pre buck -
ling displacements and stresses on bifurcation buckling was first recognized by Stein [9J 
for cylindrical shells and by Huang [to] for spherical caps. In cases such as that treated by 
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Stuhlman et al. in [l1J  with edge moments introducing hoop stresses in the shell, it is 
imperative that an accurate prebuckling analysis be used. 

This paper contains the buckling and vibration analysis only. The nonlinear prebuckling 
analysis for the axisymmetric prestress is given in [ 12], in the following it is assumed that 
this prestress state is known. Some numerical results are given in which two finite-difference 
schemes are compared, convergence properties are demonstrated, and the effects of round
off errors are revealed. Further numerical results are given in a separate paper [ l3] in 
which several comparisons are made between theory and experiment for the buckling of 
various shells of revolution. Some natural frequencies of an axially compressed, ring and 
stringer-stiffened cylinder are also given in [ l3]. 

It is felt that the major contribution of this paper is the derivation of a practical approach 
to the solution of a wide class of problems which confront the designer of complex shell 
structures. The development is similar to that used in the finite element method, and is 
ideally suited for programming on the digital computer. 

The numerical results in this paper and in [ 12] and [ l3] were obtained by means of a 
digital computer code called Bosor 2, which is based on the analyses presented here and in 
[ 12]. The Bosor 2 program has a broader capability than its predecessor the Bosor (Buckling 
of Shells of Revolution) program, which is based on the analysis in [4]. The extensions 
include: 

1 .  Analysis of segmented (composite) shells, such as cylindercone combinations or 
joined shells with dissimilar wall characteristics. 

2. Analysis of the free vibrations of prestressed, segmented, ring-stiffened shells of 
revolution. 

3. Analysis of shells with discrete rings at a number of stations along the meridian, 
rather than at the boundaries only. 

4. Use of more accurate kinematic relations. The analysis of [4] is based on Donnell
type equations. The analysis which follows is based on Novoshilov-type kinematic 
relations. 

5. Analysis of shells with wall properties which vary along the meridian. 
6. Increased generality of the type of axisymmetric loading applied to the shell. 

One of the more important extensions of the analysis of [4] is the capability of treating 
segmented shells. This capability can also be used to advantage in the analysis of simple 
shells. For instance a rather long cylinder submitted to pressure loading can be divided 
artificially into three segments: two edge segments in which stresses and displacements vary 
rapidly over short lengths, and a central segment in which deformations are uniform. 
The station spacing in the finite difference mesh can be small in the two edge segments and 
large in the central segment. It has been found from experience that it is better to divide 
the shell into segments, and thus to maintain uniform station spacing within each segment, 
rather than to vary the station spacing within any segment. 

ANAL YSIS FOR BUCKLING AND VIBRATION 

The nonlinear analysis for the axisymmetric prestress is given in [ 12]. In the present 
paper it is assumed that this prestress state is known. The quantities N10' N2o, Nor> and 
Xo appear in the buckling and vibration analyses as known variable coefficients. 
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The energy method used in the eigenvalue analysis is based on the definition of the 
Hamiltonian corresponding to an n-wave deformation pattern: 

where 

Us = shell strain energy 
U� = strain energy of kth ring stiffener 
T" = shell kinetic energy 

T� = kinetic energy of kth ring stiffener 
U� = ith set of constraint conditions. 

(1 ) 

The functional Hn is given in terms of the shell wall displacements and their derivatives. 
Integration along the shell meridian is performed numerically. The derivatives with 
respect to the meridional coordinate "s" are simulated by two and three point finite
difference formulas. The derivatives with respect to the circumferential coordinate e are 
eliminated because U = Un sin ne, V = Vn cos ne, W = Wn sin ne. In this way Hn, which is 
originally an integro-differential quadratic form, becomes an algebraic quadratic form. 
The constraint conditions are equations of displacement and rotation compatibility at 
junctures between shell segments and at the shell boundaries. 

The algebraic quadratic form Hn is expressed as: 

(2) 

The vector LqJ represents the dependent variables. These include the displacements at the 
meridional stations in the finite difference mesh and Lagrange multipliers corresponding 
to the constraint conditions. The matrix [K1] represents the stiffness matrix (including 
constraints) of the undeformed and unstressed structure; [K2] represents the contribution 
of the prestress terms N 10, N 20, Nor' and Xo to the stiffness matrix; and [M] represents the 
mass matrix. These matrices are symmetric. 

The problem is to find the value (eigenvalue) of a parameter which causes Hn to be an 
extremum. In vibration problems the eigenvalue parameter is the square of the frequency 
0

2
. In buckling problems the eigenvalue parameter may be the pressure amplitude p, or any 

line load or moment V, H or M applied to any ring. If some applied load is regarded as the 
eigenvalue parameter, the kinetic energy terms T" and T� are zero. The lowest eigenvalue 
then represents the bifurcation load and the eigenvector represents the mode shape. If, 
however, the applied load is fixed and 0

2 
is regarded as the eigenvalue parameter, the 

terms T" and T� are non-zero. The eigenvalues and eigenvectors then represent frequencies 
and mode shapes for prestressed shells of revolution. Minimization of H n with respect to 
all of the q-components generates a set of simultaneous linear homogeneous algebraic 
equations, the coefficient matrix of which is symmetric. Nontrivial solutions are obtained 
for these equations on the digital computer. 

Derivation of [K1], [K2], and [M] 
In the following derivation variables are used which are defined in Figs. 1 (a) and 1(b). 

These figures show a segmented, ring-stiffened shell supported at the end A by a ring and 
clamped at B. There are two intermediate rings, one in segment # 1 and one between 
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segments # 1 and #2. Fig. l(a) shows the structure and Fig. l(b) shows the corresponding 
finite-difference model. 

I t is necessary first to define the various components of strain energy and kinetic energy. 
The shell strain energy Us can be written as: 

where 

n: J
B 

US = 2 
A 

[LSJ{t:}+LwJ[NoHw}+LdJ[P]{d}]rds 

CLAMPED EDGE 

SEGMENT t12 

at D 

r---- c ------��--

I 
l--..- c, -��2-RING ATTACHMENT 

POINT 

EDGE WITH RING 

<al 

FIG. 1. Ring-stiffened shell with two segments. 

LSJ;: LNI,N2,NI2,MI,M2,M,J 

LeJ;: {e}T ;: Lei' e2, e12, XI' X2, 2XI2J 

L w J = Lx, 1/1, y J 

N,o 0 0 

[No] = 0 N20 0 

0 

LdJ ;: Lu, v, wJ 

[P] = 

-p/R, 

o 

-p' 

0 (NIO+N20) 

o -p' 

-p/R2 0 

o P(l/R, + 1/R2) 

(3) 

12 

(4) 



and 

Analysis of buckling and vibration of ring-stiffened, segmented shells of revolution 163 

Nl Cll C12 0 C14 C15 0 81 

N2 C12 C22 0 C24 C25 0 82 

N12 0 0 C33 0 0 C36 812 
= [CH8} = 

Ml C14 C24 0 C44 C45 0 Xl 
(5) 

M2 C1S C25 0 C45 CS5 0 X2 

Mt 0 0 C36 0 0 C66 2X12 

81 = u'+w/Rl+XOX 

82 = -nv/r+r'u/r+w/R2 (6) 

812 = v'-r'v/r+nu/r+Xoljl 

Xl = x' 

X2 = -nljl/r+r'x/r (7) 

2X12 = 2(-nx/r+r'IjI/r+v'/R2) 

X = w'-u/Rl 

IjI = nw/r-v/R2 (8) 

y = J.{nu/r-rv'/r-r'v/r). 

The first term in the integrand of equation (3) is contained in equation (3) of [2]; the 
second term appears in equation (2) of [14]; and the third term appears in equation (9) of 
[15]. The coefficients Cij of the constitutive equations (5) are given for various types of 
shell walls (eccentrically stiffened, layered orthotropic, fiber-wound, corrugated) in [16]. 
The values of C36 and C66 in the present analysis are equal to one-half the values given 
in [16] because of the multiplier 2 in the column vector component 2X12' The kinematic 
relations (6H8) which relate infinitesimal buckling strains, changes in curvature, and ro
tations to infinitesimal buckling displacements are given in equations (4.23) and equations 
(3.16) of [6] and Equations (7) and (12) of [2]. 

Figure l(b) shows the shell meridian with stations 1, 2, 3, 4, . . .  , 13 identified. The 
Hamiltonian Hn is expressed at these stations in terms of the displacement components 
Ui' Vi' and Wi' and the integration in equation (3) is replaced by summation over all stations. 
The tangential displacement components Uj and Vj occur at stations midway between the 
stations for Wj and Wj+ l' A similar arrangement of mesh points was used by Stein in [9]. 
At the ends of each segment there are "fictitious" points, shown as circles, which cor
respond to w-values. These points are needed for the expression of the first and second 
derivatives of w with respect to s at the ends of the segments. The arrangement of mesh 
points and displacements shown in Fig. l(b) has been determined to be superior to an 
arrangement in which Uj, Vj and Wj correspond to displacement components at a single 
point. More will be said about this in the section on Numerical Results. The station spacing 
in each segment is constant, but different spacings are used in different segments (hl -:f- h2 
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in Fig. l(b». The displacements and their derivatives at the ith station are: 

U = (Ui+Ui-I)/2 

u' = (Ui-Ui d/h 
v = (v;+vi-d/2 

v' = (Vi -Vi-l)/h 

It is convenient to define the vector lqd by 

From equations (6)-( 10) it follows that 

in which 

0 

0 

0 
[Bit] = 1 

h2 

-r'/2rh 

n 
rh 

-l/h 

r'/2r 

n/2r 

[ _1 __ (l/Rt)] 
hRl 2 

-r'/2rRl 
n 

rRl 

0 

-n/2r 

( -�-�) 

0 

n/2rR2 

( r' 2 ) ----
rR2 hRz 

l/h 

r'/2r 

n/2r 

[ _ _ 1 __ (l/RtY
J hRl 2 

-r'/2rRl 
n 

rRl 

W' 
= (wi+ I -Wi- d/2h, 

l/Rl 
1/R2 

0 

2 
-h2 

_n2/r2 

2
nr' 
r2 

0 0 

-n/2r 0 

(�-;�) 0 

0 1 
h2 

n/2rR2 r'/2rh 

( r' 2 ) n 
-rR2 + hRz rh 

(9) 

(lO) 

(11) 

(12) 

(13) 

(14) 
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-1/2h -1/2RI 0 0 -1/2RI 0 1/2h 

0 0 0 0 0 0 0 

0 0 -1/2Rz n/r 0 -1/2Rz 0 
[Bi2] = (15) 

0 0 0 0 0 0 0 

0 0 0 0 0 0 0 

0 0 0 0 0 0 0 

-1/2h -1/2RI 0 0 -1/2Rl 0 1/2h 

[RJ = 0 0 -1/2Rz n/r 0 -1/2R2 0 (16) 

0 n/4r 
( 1 r'

) 2h 4r 
0 n/4r 

( 
-;h -;�) 0 

0 1/2 0 0 1/2 0 0 

[D;] = 0 0 1/2 0 0 1/2 0 (17) 

0 0 0 1 0 0 0 

For convenience the subscript i has been omitted from the arrays in equations (14H16). 
The geometrical parameters r, r', I/RI' I/R2 and (I/Rd' are evaluated at every station. 
The station spacing h should also be subscripted, since it varies from segment to segment. 

Insertion of equations (5) and (llH16) into equation (3), and replacement of the 
integral with summation over the number of stations in the finite-difference mesh leads to 

N 
Us = i�1 ri�siLqd [[[BilY + Xo;[BilY] [CJ [[BiI] + Xo;[BiZ]] 

+ [RiY[N oJ [RJ + [DiY[PJ [DJ] {qJ 
(18) 

The integration weights �Si are equal to h for all stations except the end stations of each 
segment, at which �Si = h/2. The strain energy of the kth ring stiffener can be written in the 
form 

u* k s 

v* 
Uk _ 1t kL * * * Jk[Gk + Gk] 

s 
r--2

rCu.,v., w.,X I 2 
w* 

s 

x 

(19) 

in which r� is the radius to the centroid of the kth ring and ui, vi, and w: are the axial, 
circumferential, and radial displacements of the ring shear center. (In this paper the shear 
center is assumed to coincide with the centroid.) The quantity G1 is the stiffness matrix of 
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the unstressed ring, given from [IJ by 

n2(n2Ix+ GJ/E)/r; -n3Ixy/r; n4Ixy/r; n2(lx + GJ/E)/rc 

[G�J = � n2(A+ ly/r;) -n(A+ n2Iy/r;) -nlxy/rc 

rc A+ n41/r2 n21 Xy/rc y c 
(20) 

Symmetric Ix + n2GJ/E 

and G� represents the effect of prestress on the ring stiffness: 

n2 0 0 0 

[G�] = 
Nor 1 -n 0 

(21) 
r2 n2 0 c 

Symmetric 0 

The displacements and the rotation of the ring shear center during buckling are related to 
those of the point on the shell reference surface which corresponds to the attachment point 
of the ring (see Fig. l(a» by 

u* k u* 
s 

v* v* 
s 

= [E� + X:jE�] (22) 
w* w* 

s 

X X j 

in which [En is the transformation matrix for the undeformed shell, given by 

1 0 0 -el 

-e2n/r (1 + edr) -eln/r 0 
[E�] = (23) 

0 O· 1 ez 

0 0 0 1 

and [E�] represents the effect of "prebuckling" meridional rotation on the transformation 
(22): 

0 0 0 -ez 

e1n/r ez/r -ezn/r 0 
[E�] = 

0 0 0 -el 
(24) 

0 0 0 0 

In equations (20H24) the superscript k has been omitted from the arrays. The subscript j 
is the meridional station number corresponding to the ring attachment point. The vector 
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[u*, V*, W*, X]j is related to the vector lqjJ by 

u* 
v* 
W* (25) 

x j 

where 

0 r/2R2 0 -r' r/2R2 0 0 

0 0 1/2 0 0 1/2 0 
[T] = 

0 r'/2 0 r/R2 r'/2 0 0 
(26) 

-1/2h -1/2Rl 0 0 -1/2Rl 0 1/2h 

Equations (22) and (25) can be used for determination of U! in equation (19) in terms of {qj} : 

U! = i�LqjJ[Tf[E� + XOjE�f[G� +G�][E� + XOjE�][T]{qJ (27) 

The kinetic energy of the shell is given by 

1'. = �Q2 I: m(u2 + v2 + w2)r ds (28) 

which, by use of equations (4e) and (131 and with numerical integration can be written 
in the form: 

N 
1'. = �Q2 

i
�

l 
mjrjAsiLqd [D]T[I] [D]{qj}. (29) 

The quantity mj represents the mass/area at the ith station and [I] is the identity matrix. 
The kinetic energy of the kth ring is given by 

(30) 

Subscript c denotes ring centroid and j denotes meridional station corresponding to the 
ring attachment point. In this work the centroid is assumed to coincide with the shear 
center. By use of equations (4c), (12), (22) and (251 equation (30) can be written in the form 

where 

1 0 0 0 

0 1 0 0 
(T�] = 

0 0 1 0 
(32) 

0 0 0 I�/Ak 
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and 
0 0 0 

[nJ = 0 [k 
s - [�n (33) 

0 - J�n J
k 
n 

The mth constraint condition U� can be written in the form 

u*+ u*-

v*+ v*-
U� = LAT, Ai, ,13', A:;J [IJ 

w*+ 
+ [QT + Xo,QiJ (34) 

*-w 

X+ X 

in which subscript I refers to the meridional station corresponding to the mth juncture 
between segments, and [QTJ and [QiJ are analogous to the negatives of [E7J and [E�J: 

-1 0 0 d1 

nd2/r -(1 +ddr) nddr 0 
[QTJ = 

0 0 -1  -d2 
(35) 

0 0 0 -1 

0 0 0 d2 

-nddr -d2/r nd2/r 0 
[QiJ = 

0 0 0 d1 
(36) 

0 0 0 0 

In equations (35) and (36) superscript m has been omitted for convenience from the arrays. 
The AT, Ai, ,13', and A:; are the mth set of Lagrange multipliers associated with the lth station 
at which constraints are imposed on the quantities u*, v*, w* and X. For example, the 
constraint conditions between Segments # 1 and # 2  in Fig. 1 (m = 2, I = 7) arise from the 
requirement that the motion during buckling or vibration of point D relative to point C 

involves no deformation of the ring cross-section. The quantity AT corresponds to com
patibility of axial displacements u* - and u* + ; Ai corresponds to compatibility of cir
cumferential displacements v* - and v* + ; A3 to compatibility of radial displacements w*
and w* + ; and ,1.4 to compatibility of meridional rotations X - and X +. 

Displacement boundary conditions applied at the A and B ends of the meridian (see 
Fig. 1) take the form 

u* 

V* 
(37) 

X 
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in which at the end A of the meridian m = 1 with 

o 

o 

o o 

o o 

o 

o 

and at the end B of the meridian m = K + 1 (K = number of shell segments) with 

o 

o 

o o 

o o 

o 

o 

(38) 

(39) 

The quantities KA1, KA2, etc. and KB1, KB2, etc. are assigned values, either unity if the 
corresponding displacement component is zero or zero if the corresponding force com
ponent is zero. The displacement conditions correspond to a shell which is supported at 
distances dT and di from the reference surface. For the shell in Fig. l(a) the KA1, KA2, etc. 
would all be zero and the KB1, KB2, etc. would all be unity. The constraint conditions (34) 
and (37) can be written in terms of the vectors Lq+ J and Lq-J by introduction of equation (25).· 
The compatibility condition (34) can be written as a symmetric quadratic form in the follow-
ing way: 

with 

7x7 7x4 7x7 
[OJ [QTf [OJ 

4x7 4x4 4x7 
[FJ = [QTJ [OJ [TJ 

7x7 7x4 7x7 
[OJ [Tf [OJ 

Q = [QT + Xo,QiJ. 

The boundary conditions (37) take a similar form: 

[KQTf 

[0] 

[OJ 

[OJJ { -j (0] : . 

[0] q+ 

(40) 

(41) 

(42) 

(43) 

(44) 
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The three coefficient matrices [K1J, [KzJ and [M] in equation (2) can now be written 
through use of equations (18), (27), (29), (31), (34) and (40). The following expressions are 
obtained: 

LqJ[K1J{q} = � itll Lqd[ri�s;[Bi1Y[C;][Bi1J+ b{[TY[EIY[GIJ[EIJ[TJJ{q;} 

+ 01[q-, V llF.fJ 
[q j[ K ,]{ q) � i J. { [q ,j[,,<Is,{x.,[ B" j'[ C ,J[ B,,] + X.,[ B"j'[ C;] [B", 

+ X; [BiZY[C;] [BiZJ + [RiY[No;] [RJ + [DiY[P;] [DJ) 
'{ T T [ T[ +c5-! [TJ (Xo[E1J [G1 + GzJ E2J+ Xo[E2J G1 + G2J[E1J 

+ X;[E2Y[G1 + G2J [E2J + [E1Y[G2J [E1J) [TJ} ]{q;} 

Hk,v][p'fl 
11: N 

LqJ[M] {q} = '2 JI Lqd [m;ri&;[DY[IJ[DJ 

. T[ T T { } +biPrriA[TJ EI + XoiE2J [TAJ[E1 + XoiE2J[TJ+ [RJ [TBJ[RJ)] qi' 

(45) 

(46) 

(47) 

The b{ and b: are Kronecker deltas, and [FtJ and [F2J refer to equation ( 42 ) with the first 
and second parts of the matrix Q, respectively [equation (43)] . 

The coefficient matrices [KtJ, [K2J and [M] have the form shown in Fig. 2. This matrix 
corresponds to the shell modeled as shown in Fig. l(b). The boundary conditions at A 
contribute the elements [KQTJI and [KQTJi; the compatibility conditions for conformity 
of displacements and rotation at the juncture between Segment # 1 and Segment # 2 
contribute the elements [QTh, [QT)L [T), and [TY; and the boundary conditions at B 
contribute the elements [KQTh and [KQT)I. Expression of Hn at each of the stations 1 
through 13 leads to the sub-arrays of elements so labeled in Fig. 2. 

It can be shown that the equations generated by minimization of Hn [equation (48)J 
with respect to the displacement components Ui , Vi and Wi [indicated in Fig. l(b») are the 
Euler equations of the variational problem in finite difference form. The equations corres
ponding to 8H,j8ui = 0 and 8H,j8vi = 0 represent equilibrium of in-plane forces at the 
stations where the Ui and Vi are specified; those corresponding to 8H,j8wi = 0 represent 
equilibrium of normal forces at the stations where the Wi are specified. 

Solution of the eigenvalue problem 
The buckling loads or vibration frequencies are calculated from the set of linear, 

homogeneous, algebraic equations 

(48) 
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FIG. 2. Form of coefficient matrix with constraint conditions. This matrix corresponds to the model in 
Fig. J(b). 

for which non-trivial solutions exist if 

(49) 

The matrices [K1], [K2] and [M] are strongly banded. In vibration problems for prestressed 
shells calculation of the lowest 5 or so eigenvalues is straightforward. A "classical" eigen
value problem 

(50) 

is formulated, and the power method [ 17], [ 18] is used for calculation of the lowest few 
eigenvalues n2 for a particular wave number n. The number of eigenvalues which can be 
determined accurately depends on the number of mesh points in the finite difference 
analysis and the complexity ("waviness" in the meridional direction) of the mode shapes. 

In buckling problems the eigenvalues of [K1 + K2] for given n can be found by "plotting" 
IK1 + K21 versus the eigenvalue parameter A. (A. = p, N 10, or other load) to obtain the load 
for which IK1 +K21 first vanishes. This technique was used in [4] for calculation of bifurca
tion loads of shells of revolution. On the other hand, a technique of successive approxima
tion, similar to that employed by Cohen [2] for buckling problems can be used. This 
technique involves the definition of a sequence of "classical" eigenvalue problems which 
yields a sequence of loads that converges to the load for which IK1 +K21 = o. A typical 
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"classical" eigenvalue problem in the sequence is 

[KI +K2Jq+)'k[K2Jq = 0. (51) 

Suppose the original load is PI' The prestress terms N 10, N 20, Nor and XO which appear in 
[K2J are calculated for this load by means of the nonlinear analysis described in [12]. Then 
from equation (51) a value AI is obtained. The new load is P2 = PI (1 +Ad. New values of 
N 10, N 20, etc. corresponding to P2 are now calculated from the nonlinear analysis of [12J 
and a new matrix [K2J is obtained. Then A2 is calculated from equation (51). The next value 
of the load is P3 = P2(1 +A2). The iteration process continues until Ak, the kth correction, 
is smaller than some preassigned number. Convergence in some typical cases is discussed 
in the section on numerical results. 

Truncation errors in modal stress resultants 
Since a finite number of mesh points is used in the finite difference analysis, truncation 

errors occur. These errors are particularly large in the evaluation of the modal stress 
resultants at the boundaries of a shell and at the junctures between shell segments. In the 
absence of edge displacement constraint conditions and edge rings the natural boundary 
conditions N 1 = 0, N 12 = 0, and Ql = ° should be satisfied at the boundaries of the shell. 
The modal forces N l' N 12, Ml and Ql should be continuous at any juncture between shell 
segments, provided that the meridian and its slope are continuous and that no ring support 
exists here. It can be shown that such is the case in the limit h -+ 0. The equations which 
correspond to three of the natural boundary conditions at the end "A" of the shell are 
oHjouo = 0, oHjovo = 0, and oHn/owo = ° (see Figs. 1 and 2). These equations yield, 
respectively: 

Nl +I1Nl = 0, N 12 + I1N 12 = 0, (52) 

where I1N 1, I1N 12 and 11M 1 are the truncation errors and are given approximately by: 

I1Nl = -�
r
(Nzr'+N12n-Nloxr/RdA' 

I1N12 = +� (N12rl+N2n+N2ot/lr/R2)A' (53) 

The quantities !!N1, I1N12 and I1Ml for the end "E" of the shell are given by equation (53) 
with the opposite signs. For a shell of many segments, equations (53) apply at the ends of 
each segment, even if rings are present at the junctures between segments. Errors in the 
modal stresses N z and M z at the ends of segments are given approximately by: 

I1Nz = C12I1NtlCll 
(54) 

11M2 = C4s11MtlC44· 

Figure 3 shows the discontinuities in modal stresses occurring between segments of shells. 
The top three plots give N 1, N 2 and N 12 for the buckling mode of a shallow spherical cap 
with an edge ring. The bottom plot gives Ml for the fundamental vibration mode of a 
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FIG. 3. Buckling and vibration modal stress resultants showing local truncation errors. 

cylinder with an ellipsoidal end closure. The circles at the juncture represent the stresses 
calculated by use of equations (5) and (6H9) without correction for the errors aN 1, aN 2, 
aN 12 and aM l' Subtraction of the errors (53) and (54) results in modal stresses which are 
continuous at the juncture. It is evident from Fig. 3 that these errors at the juncture and 
edge do not "propagate" into the adjacent shell segments. Similar results have been 
obtained at the boundaries of shells with partially free edges (e.g. simply-supported). 

Correction of the modal stresses at shell edges and junctures does not affect the eigen
values, and is therefore not of great significance in buckling and vibration analyses. How
ever, such corrections would have to be made in the finite difference stress analysis of shells. 
Similar behavior is expected, for example, in the stress analysis of non-symmetrically loaded 
shells by a two-dimensional finite difference scheme. Since the edge stresses are likely to be 
the largest, it is important to calculate them as accurately as possible. 

NUMERICAL RESULTS 

The computer program based on the nonlinear stress analysis of [12] and the linear 
stability and vibration analysis presented above has been checked through cases for which 
solutions are known. A rather extensive investigation has been performed of the convergence 
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properties of the eigenvalues with respect to number of points in the finite difference mesh 
and with respect to number of iterations required for the solution of nonlinear problems. 
Additional numerical results, including comparisons between test and theory, are given in 
[13]. 

Convergence properties 
Table 1 gives six examples of the convergence of the sequence of eigenvalue problems as 

defined by equation (51). The first two examples are for an externally pressurized spherical 
cap with an edge ring and a constant applied edge moment, Mo (see top of Fig. 3 for geo
metry). The zeroth iteration represents the program user's initial guess of the critical load. 
In Example 1 the convergence criterion for the pressure (0'1 %) is satisfied after four itera
tions. Example 2 represents a problem in which nonlinear effects are dominant because 
of the large edge moment M 0 = 0·8 in-Ib/in., applied to the spherical cap. Convergence of 
the pressure is rather slow, and calculations are terminated before the solution has con-

TABLE I. CONVERGENCE OF SEQUENCE OF EIGENVALUE PROBLEMS [K[ +K2Hq} + AJK2]{q} = 0 

Iteration 
number 

k 

0 
I 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 

Ex. It 
Sph. cap 
MG = 0·2 

PC' (psi) 

0·20000 
0·65002 
0·78577 
0·77928 
0·77965 

Ex. 2 
Sph. cap 
Me = 0·8 

Pcr (psi) 

0'[000 
0·1407 
0'1927 
0·2546 
0'3221 
0·3883 
0·4462 
0·4917 
0'5245 
0·5466 
0·5609 
0·5699 

Ex. 3 Ex. 4 Ex. 5 Ex. 6 
Cyl. (Fig. 4) Cyl. (Fig. 4) CyJ. (Fig. 4) CyJ. (Fig. 4) 

11 points 41 points 91 points 91 pts. D.P. 
N" (Ib/in.) N" (Ib/in.) Ncr (Ib/in.) N" (lb/in.) 

7750'0 7750·0 7750·0 7750·0 
7960·0 7766'3 7917·8 7775'5 
8021'9 7777-7 8098'0 7784'0 
8039-6 7781·5 8247'0 7786·8 
8044·6 7782·5 810304 7787-8 
8046·0 7778·4 8128·1 7788·1 
8046·4 7771·2 8135·2 

7779·6 8216·1 
7781·4 8260·4 

8192·8 
8009·8 
8257·6 

t Ex. 1 and 2 are for externally pressurized spherical caps with edge rings (see Fig. 3, top). Ex. 3-6 are for 
axially compressed, longitudinally stiffened cylinders (see Fig. 4). Ex. 6 calculations in double precision. 

verged to the required accuracy of 0·1 %. With a better initial guess for Pcr or if iterations are 
allowed to continue, a solution of Pcr = 0'582 psi is obtained. Examples 3-6 all apply to 
the same axially compressed cylindrical shell for which various numbers of mesh points 
are used (see Fig. 4 for geometry). The first three examples give results from single-precision 
calculations and the last example gives results from double-precision calculations. The 
accuracy required for computer "approval" of the solution is 0·01 %. It is seen that round
off errors cause some difficulty in Example 4 and prevent completely convergence in 
Example 5. It is also clear from Example 5 that a convergence criterion could be chosen 
(such as 1 %) which would lead to "approval" of the solution 8135·2 Ib-in. This load is not 
within 1 % of the correct load (7788'1 Ib/in.). It is evident from the double-precision cal
culations of Example 6, that round-off errors cause the discrepancy. Figure 4 shows how 
round-off errors can lead to erroneous results when calculations are performed in single 
precision. The loads corresponding to 41 and 51 mesh points are "converged" solutions in 
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FIG. 4. Convergence of buckling load with increase in number of mesh points. 

the sense of Table 1, but they do not have the required accuracy when compared with the 
solutions labeled "Double Precision". Further increase in the number of mesh points with 
single-precision calculations leads to further deterioration in the accuracy of the results. 

Table 2 gives buckling loads for a spherical shell with an edge angle tX = 1600 and a free 
edge. The wave number n = 2. Loads are tabulated as a function of the number and the 
distribution of mesh points. Run times for the Univac 1108 digital computer are also given. 
These are the times in seconds required for calculation of the buckling load for a single value 
of the wave number n. Nonlinear prebuckling effects are included. It is seen that much 
accuracy is gained in this case by division of the shell into two segments. Mesh points are 
concentrated in the edge region where the modal displacements vary rapidly. For two 
cases double-precision calculations were made as a check on the single-precision results. 

Figure 5 shows a cylindrical shell stiffened by small and large rings. It is desired to 
find the buckling pressure of this shell. In the analysis the small rings are "smeared out" 
(see [16J) and the intermittant large rings are treated as discrete elastic structures. The large 
rings cause significant local disturbances in the prebuckling and buckling modal behavior, 
as seen in Fig. 6. It is therefore advantageous to analyze the single shell in segments, con
centrating mesh points near the large rings where prebuckling and buckling modal displace
ments vary rapidly. 
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TABLE 2. BUCKLING LOADS OF A SPHERICAL SHELL, ex = 160°, A = 0, E = 0'91, v = 0·3 CONVERGENCE WITH 

NUMBER AND DISTRIBUTION OF MESH POINTS; COMPUTER TIME 

Buckling 
pressure 

Buckling 
pressure 

Number of 
mesh points 

How distributed p" x 107 (lb/in2) 
single 

precision 

p" x 107 (lb/in2) 
double 

precision 

Univac 1108 
computer time 

(seconds) 
single 

precision 

30 
40 
50 
60 
70 
80 
90 
97 

10,10 

15, 15 

20,20 

25,25 

30,30 

35,35 

40,40 

45,45 

1 Segment 
1 Segment 
1 Segment 
1 Segment 
1 Segment 
1 Segment 
1 Segment 
1 Segment 
2 Segments 

(0°_135°) (135°-160°) 
2 Segments 

(0°_135°) (135°-160°) 
2 Segments 

(0°_135°) (135°-160°) 
2 Segments 

(0°_135°) (135°-160°) 
2 Segments 

(00-135°) (135°-160°) 
2 Segments 

(0°-135°) (135°-160°) 
2 Segments 

(0°-135°) (135°-160°) 
2 Segments 

(0°_135°) (135°-160°) 

double 

19'345 
26·978 
30·730 
32'650 
33·761 
34-417 
34·866 
35·056 

33·594 

35·405 

35·872 

36·039 

36·090 

36·160 

36·157 

36·206 

36'175 

36·223 

1 
12.560" 

1 2.500 "---t-- 2.520 "--+- 2.520 "T 2.520 "-+- 2.500" 0.250 q 
0.240" r- I I I -L  �������wt��������s6ee�0�e�t�a�'1�8����--r-

2.000 _ .. - . -- . - ... - --- . --- . ---' - ---
�'� �--�����--�--. 

0.375"--1 I--

8·511 
10·235 
10·186 
11·794 
10-411 
11·847 
9·614 

10·069 

4·574 

5·626 

6·946 

8·595 

9-434 

10·670 

11·981 

13-223 

FIG. 5. Geometry of ring-stiffened cylinder submitted to external hydrostatic pressure. 



o 

�o 

z 
• -0-002 -
D 

-
... 
.!! 
"" 
u 
" 

s:> 
f 

CL 

.. -" 
• 
E 
• u 
.. 
Do .. 
... 
D ... 0 
E 
'" c: 
... 
u 
" III 

Q - 4  
:E 

:::l 

> 

� 

.. • .. .. 
• � -.. 

;; ... 
0 

:E 

N 
Z 

N 
Z 

:E 

'" 
:E 

o 
Arc length, $ Arc lenvth, , 

FIG. 6. Prestress state and buckling modal characteristics of the externally pressurized, ring-stiffened cylinder shown in Fig. 5. Single shell analyzed as six segments 
with mesh points concentrated around large rings. 

� ::s 
eo. 

'< 
[!i • t/> 
o ...., 
<:r 
� 
� ::s (JQ 
I>' 
5-
< 
a: 

�. o ::s 
o ... 

�. 
=. 
1il 
� 
I 
� 
2: 
[ 
u; 
o ...., 
(l < o 
C 
g. 
::> 

....... ..... 



::> 

> 
.. 
.l:! 
1;; � C> 
U 0 � 0 � � 0 

0 "'0 
0 
E 
" 0 
-0 � .c 
> 

Z 

N 
Z 

-0 1 1::; .� 

0 2 r- f ....... 

. 11/'4 - V\A _ 

o � • -NI{IJ 1 I VyyvvVVV 1 I V YVYW'f.J'i I ""Nw. . t" 
o 4 8 I:> 16 

Arc leng t h ,  

( a )  Finite d i fference scheme # 1  
s 

.. 
0 
-.. 

� 
� 
0 0 � 
0 � 
0 

0 "'0 0 
E 
" 0 
-
0 � 

.c 
:> 

::> 

> 

� 

z 

'" z 

-0 1 10;:  --

01  .I I "- ..I I '- ,..J I \. 
o • n 

Arc Itlng t h ,  

( b) Finite difference scherr>e #2 

s 

� 
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Comparison of two finite difference schemes 
Figures 7 and 8 show comparisons between a finite-difference scheme in which all the 

displacement components U i ,  Vi and Wi are specified at the same point (Scheme # 1) and 
the scheme indicated in Fig. 1 (b) and equations (9) (Scheme # 2). In the Scheme # I central 
differences are used everywhere except at the ends "A" and "8" of the shell, where forward 
and backward differences are used, respectively. With Scheme # 1 the coupling between 
adjacent Ui and Vi values is weak, since no second derivatives of these variables appear in the 
energy expression. This situation often leads to the "jumpy" behavior of the eigenvector 
and affects the accuracy of the eigenvalue. Figure 7 shows the fundamental vibration mode 
of a ring-stiffened cylinder as calculated by the two schemes. The cylinder and ring geo
metry are shown in Fig. 9. Figure 8 shows the buckling modal displacement U of the axially 
compressed cylinder depicted in Fig. 4. Convergence of the critical load with number of 
mesh points is far more rapid with the finite-difference Scheme # 2 than with Scheme # 1 .  

, ' S IMPLE -,� 3.045 " ,  0.06" I I SUPPORT 

f.'-t-.L_t- _ _  +_. -+ . - . ----Ie-

I 

--+-- 4.05'-' -+·1-. - 4.05"-' --+�-4.o5 
FIG. 9. Geometry of vibrating ring-stiffened cylinder. 
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AficTpaKT-l1cnOJlb3yeTcli 3HepfH'lecKali cjJOPMYJlHpOBKa BMeCTe C MeTOAOM KOHe'lHbIX pa·jHOCTell. , C 
l\CJIbIO BblBCAeHHlI ypaBHeHHiI:, npHBOAlIlI.\HX K HarpY3KaM BbIIl.\Y'l.HBaHHlI H 'l.aCTOTaM KOJle6aHHiI: cef
MeHTHblX ynpyrHx o60JlO'l.eK Bpall.\eHHlI, nOMeplKeHHblx KOJlbl\aMH. KOJlbl\a paCCMaTpHBaIOTCli KaK 
.lIHCKpeTHble ynpyrHe KOHCTPYKl\HH. AaeTcli KBa.llpaTKali cjJopMa .lIJlll nOJlHoR nOTeHl\HaJlbHOR H KHHeTH
'l.ecKoR 3HeprHH, nYTeM HHTeHcHBHoro npHMeHeHHlI MaTpH'l.HblX MeTO.llOB. Pa3pa6oTKa OKa3blBaeTCli 
nO.l106Ha K ToR, KOTopali HCnOJlb3yeTcli B MeTO.lle KOHe'l.HOrO 3JleMeHTa. OHa H.lIeaJlbHO nO.llXO.llHT ,lI,JllI 
nporpaMMHpOBKH Ha Bbl'l.HCnHTeJlbHble MaWHHbr. AaeTcli 'l.HCneHHble pe3ynbTaTbl, B KOTOPblX cpaBHH
BalOTcll ABa THna npH6nHlKeHHR B KOHe'l.HbIX pa3HOCTlIX. l1cCJle.llYIOTcli cBoRcTBa CXO,ll,HMOCTH C06cTBCHHbIX 
3Ha'l.eHHR H C06CTBCHHbiX BCKTOpOB. 
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Vibration patterns of a loudspeaker membrane at different times during the rise
and decay of the motion were recorded with the use of a holographic interferometry
method. It has been found that the processes of amplitude rise and decay differ from
each other; additionally it was found that the vibration patterns during transient
motions are different from those of the steady state patterns. The differences show that the
transient behaviour cannot be explained by simple growth (or decay) of the vibration
amplitude.

� 1996 Academic Press Limited

1. INTRODUCTION

In theoretical investigations into the prediction of the vibration distribution on the

surface of an electroacoustic transducer excited by an electric signal of a given

frequency it is assumed that the process under study satisfies the steady state conditions

[1]. However, in reality such conditions are practically never satisfied; it seems that

this is one of the reasons for which, for example, there is such a great discrepancy

between the subjective and objective evaluations of a transducer made by listeners [2].

Furthermore, acoustic investigations [3] indicate that the rise and decay of an acoustic

signal radiated by the loudspeaker cannot be described by means of an analytical model

which describes the forced vibrations of systems with one degree of freedom. Although

the vibrations of the coil that excites the membrane can be adequately described by means

of the model of a system with one degree of freedom, this assumption cannot be extended

to the transducer surface, especially at higher frequencies of the driving signal, when on

the membrane surface bending waves begin to appear—this is a typical system

with distributed constants. Moreover, the geometric configuration of the membrane

also affects the rise and decay of an acoustic signal [3]. It appears that the way the

vibrations rise and decay on the transducer surface has an important (and not well known)

influence on the transducer’s behaviour. The aim of the work described in this paper

was to make a preliminary analysis of the problem by using holographic methods

which allow a non-invasive inspection of the vibration distribution, simultaneously over

the entire vibrating surface. These methods have previously been applied to steady state

vibrations.
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2. AIM AND METHOD OF MEASUREMENTS

To obtain a holographic picture of an object, superposition of two laser beams is

recorded on light-sensitive material: one reflected from the vibrating surface (object beam)

and the unperturbed (reference beam). Those beams are marked with solid thick lines on

Figure 1. In the image reconstruction process the photographic plate (developed and fixed)

is illuminated with only the reference beam which allows viewing the image of the object

investigated.

This method can also be used with vibrating objects. With reference to the recording

mode two basic techniques can be distinguished: (1) Double Exposure Method, in which

two short laser pulses illuminate the vibrating object in different phases of its vibration;

(2) Time-Average Method, in which illumination of object is very long compared to the

vibration period.

The intensity of the picture is expressed by the formula

I(x, y)= I0(x, y)F 2[2�/�w(x, y)G], (1)

where I(x, y) is the intensity observed at the surface point x, y, I0(x, y) is the intensity

observed at x, y in the absence of vibrations, F() is the so-called characteristic function,

� is the wavelength of the laser light, w(x, y) is the amplitude of the vibrations at x, y on

the surface, and G is a geometrical factor, usually equal to two. The form of the

characteristic function F() depends on the method of holographic recordings. In the case

of the Double Exposure Method it assumes a cosine form. In the case of the Time-Average

Method it is J0(), the Bessel function of the first kind of zero order.

According to the formula (1), in the Double Exposure Method, for all the points of the

surface vibrating at an amplitude equal to a multiple of �/4 (or still) the brightness will

be maximum, whereas in the places whose vibration amplitude is expressed by the formula

w(x, y)= (�/8)+ n(�/4) (2)

(where n is an integer) the brightness of the image will be null. For a continuous

distribution of the deformations, a pattern of dark and light bands joining the points of

equal amplitude of vibrations, will be seen on the surface. It should be noticed however,

that the observed pattern does not imply unambiguously the locations of the vibration

nodes.

Figure 1. The experimental set-up used to register transient vibration patterns on transducer membrane.
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In the Time-Average Method (TAM) the process of the reconstruction also produces

a pattern of bright and dark fringes, but the decreasing envelope of the J0() function causes

only the nodal points to exhibit full brightness. The vibration amplitudes, corresponding

to the dark fringes (zeros of the Bessel function) are expressed by the formula

w(x, y)=0·19�+ n�/4. (3)

For typical laser wavelengths and the resolution accuracy of the interference fringes, the

measurable vibration amplitudes are within the range of 0·1 �m up to several �m.

Application of holographic interferometry in the study of vibration of electroacoustic

transducers driven by steady state signals has been described in many publications; see,

e.g., references [1, 4].

The application of optical holography methods to the visualization of vibration

distribution in transient states was proposed by Apprahamian et al. [5]. However, the

method was based on the simple application of the double exposure technique.

Apprahamian et al. investigated propagation of transverse waves in plates. A similar

technique was used [6] to investigate propagation of transient waves in a musical

instrument plate. Results of these investigations indicate that interpretation of the fringes

obtained is possible only for the outwardly propagating wave; i.e., for times in which the

propagating wave does not reach the outer edge of the system under study. In the case

of greater times a standing wave is created on the system surface, the character of the

fringes gets complicated and, especially, it becomes extremely difficult to determine points

with zero deflection (nodal lines) which are the reference points for the interpretation of

the entire interferogram. Due to the above problems, the method is not very useful, e.g.,

in the case of the analysis of vibration rise and decay on the membrane surface of an

electroacoustic transducer. Note that in this case a ‘‘pure’’ outwardly propagating wave

exists (depending on the type and size of the loudspeaker) only for the one or two first

periods of the signal rise [3, 7]. It appears that a method based on the TAM can be used

to visualize the vibration distribution during signal rise or decay.

As previously stated [4, 9], in the case of monochromatic, damped vibrations recorded

by TAM holograms, the contrast of the interference fringes pattern depends on the

so-called, total coefficient of damping � defined by the expression

�= �te , (4)

where � is the coefficient of damping and te is the duration of the hologram exposure.

Generally, interferograms obtained by this method help determine nodal locations (hence

making unequivocal interpretation possibe) irrespective of whether a travelling or a

standing wave is investigated. However, it is necessary, for the complete definition of the

distribution of the amplitudes, that the pattern of interference fringes exhibits proper

contrast: i.e. the � coefficient is low [8]. This condition is satisfied when the exposure time

is equal to one period of the oscillations of the driving signal [9]. The characteristic function

of the hologram obtained under these conditions has also been shown to be the J0 Bessel

function [9], and thus, the interpretation is the same as that of the interferograms recorded

in the classic TAM mode. In the same paper [9], there is also evidence presented that the

frequency change of the vibrations, which may occur during rise (decay) of the acoustic

signal, does not entail a significant change of contrast of the interference fringes pattern,

providing that this change of frequency is less than 20%. Reduction of the exposure time

te effects a properly contrasted pattern of interference fringes and makes possible the

visualization of the distribution of vibrations in both the rise and the decay transients of

the transducer excited signal.
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The analysis is possible even if in the process of rise (decay) the frequency is different

from the excitation frequency: e.g., it is an eigenfrequency of the loudspeaker membrane.

Equation (4) is obtained under the assumption that the damping coefficient � remains

constant during the oscillation decay period [9], but this assumption does not need to be

(and is not, as a rule) true [9] in the real decay process. Shortening of the exposure time

justifies the assumption that the damping coefficient remains unaltered during time, and

therefore recording to the distribution of the vibrations in pre-selected instants of the

duration of transient will allow a description of changes occuring in the membrane.

On the other hand, the application of the TAM requires that the excitation signal be

a sinewave (single frequency); in the case of a two- (multi-) frequency excitation the

contrast of the interference fringes rapidly deteriorates [4], which makes their

interpretation more difficult or even impossible.

Hence, apparent lowering of the contrast of the registered interference fringes could be

the evidence of a multi-frequency mode of vibration of the membrane and the process

should not be analyzed with this method. If the interferograms are of good contrast, the

membrane surface can safely be expected to vibrate at a single frequency, a result which

not only corroborates the applicability of this model but allows one to rule out, from the

transient model, the occurrence of superposition of the forced frequency oscillations and

the eigenfrequencies.

3. MEASUREMENT SET-UP

A measurement set-up as shown in Figure 1 was used. The set-up has been described

in reference [9] and its modified version in reference [3]. The basic goal is to obtain a

hologram which illustrates the amplitude distribution of vibrations on an investigated

object surface over one period of the driving signal rise or decay. This is done by strobing

a beam which illuminates the object under study in such a way that the length of the light

pulse is equal to one period of the signal exciting the object into vibrations. In the work

under discussion a standard holographic system (denoted in Figure 1 with a thick line)

was used. In the system a half reflecting mirror (50%) splits the laser beam into the

reference and object beams. The object beam illuminates the investigated object surface.

The reference beam diverges and is filtered by a lens-pinhole set (PH) and then illuminates

the holographic plate (HP), which records its interference with the light reflected from the

object. In this standard system a rotating disc (D) with a transparent slot was placed. For

each hologram recording, the width of the slot was so adjusted that the length of

illumination pulse was equal to one period of the driving signal. The excitation system

permitted a recording of holograms at a selected moment of the process under study—an

additional laser beam interrupted by a rotating disc (D) fell on the photodetector P. An

electric impulse from the photodetector, after amplification and initial time delay (T.D.)

initiated computer generation (�P) of a sinewave signal (with a set length and frequency).

The signal, after conversion into analog form (C/A) and amplification, excited the

transducer. A basic requirement of the system was to make the recording always at the

same moment of the excitation signal rise (decay). An electronic control system showed

in reference [9] provided for correlation between illumination moments and excitation

signals with an accuracy equal to half the period of excitation vibration. In the present

set-up the problem of half period inaccuracy (due to computer signal generation) was

eliminated. The selection of time delay between the onset of excitation signal and the object

illumination moment, i.e., the selection of the phase of the process under study, was made

on the basis of observation on a two-channel oscilloscope of the relative position of the

excitation signal and the signal from the photodetector (P1) placed in the reference beam
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of the holographic system. The system permits the recording of vibration patterns on

membranes of electroacoustic transducers both when the vibrations are either steady or

transient: i.e., during the rise and decay of vibrations. It seems that this is a first step in

defining the response of real electroacoustic transducers. A 50 mW He-Ne laser and

Agfa-Geavert 10E75 photographic plates were used to record the holograms. The

hologram registration time was equal to approximately 60 s. For such a long recording

time a very large degree of system stability is required. This concerns both mechanical

parameters and those of the electric (driving signal) system.

As was previously mentioned, an interpretation of the interferogram obtained by the

method described above was discussed in references [3] and [9]. It was shown that the

characteristic function does not differ from the characteristic function for the ‘‘classical’’
TAM provided that the ratio of the single period of vibrations, to the time of a single

membrane illumination is within the range of 0·8 and 1·2. This helps one to state that even

in the case when the frequency of vibrations on the transducer membrane in the rise or

decay process varies with respect to the frequency of driving signal the results can be

reliably interpreted.

It should be pointed out that it follows from the very essence of the problem that the

other assumption adopted when calculating the characteristic function for the ‘‘classical’’

TAM, namely constant vibration amplitude, is not satisfied. It was shown earlier [3, 7] that

interpretation of the interferogram requires the so-called total coefficient of damping

(which is the product of the exposure time and the coefficient of vibration damping, see

equation (4)) to be smaller or equal to 0·5. As the exposure time in the experiments was

equal to the length of one period of the driving signal, one can say that the condition was

satisfied (on the basis of estimation of the recording of an acoustic signal during rise and

decay).

4. RESULTS

The investigations were conducted for a midtone loudspeaker GDM 10.1.5 with a

paper conical membrane, manufactured by the TONSIL Loudspeaker Company. The

loudspeaker electric impedance was 8 ohms. The membrane semi-apex angle was �=67°;

inner radius Ri =12 mm; outer radius Ro =39 mm. The cone element breadth was equal

to 29 mm. The thickness of the membrane was h=0·45 mm, Young’s modulus was

E=1·35×10 N/m. The acoustical response curve of the loudspeaker is shown on

Figure 2.

It is known that the loudspeaker cone oscillates in a piston-like model at low frequencies,

but on the increase of the frequency of the driving signal, a bending wave develops on the

membrane surface. Both kinds of vibrations occur separately on the membrane—piston-

like vibrations (of rather long wavelength) in the inner part, and bending waves at the outer

Figure 2. Frequency response curve of investigated loudspeaker.
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part of the membrane [7]. The passage region constitutes the so-called transition circle; 

its radius R" depends on the material properties and the geometric configuration of 

membrane and on the frequency of the driving signal. This dependence is expressed by 

the formula [1] 

f = c cos a/(2nR"o), (5) 

where c = %p. It follows from equation (5) that in the case of GDM 10.1.5 loudspeaker 

membrane, R"o has the value of the outer radius Ro at the frequency 2·7 kHz-in the outer 

parts of the membrane a bending wave begins to appear, and with further increase of the 

driving frequency f the radius becomes smaller and the larger area of the membrane 

exhibits a bending wave pattern. At the frequency of 8-4 kHz, the transition circle radius 

is less then the inner radius of the cone, R" < R; and the bending wave propagates over 

the whole surface of the membrane. 

The range of frequencies of the forced vibrations is chosen in such a way as to 

simultaneously excite piston vibrations and bending waves on the membrane. The 

frequencies used in the experiment were chosen in an attempt to reflect some special points 

about the transfer function of the transducer. 

Figure 3. "Tone-burst" frequency 3200 Hz: (a) first period of signal rise; (b) third period of signal rise; 

(c) steady state; (d) first period of signal decay; (e) second period of signal decay; 
(f) fourth period of signal decay. 
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Figure 3 shows distributions of membrane vibrations at selected rise and decay moments 

of an excitation signal with a frequency of 3200 Hz. In the first period, following switching 

on the signal, the vibration amplitude distribution observed on the membrane surface is 

axisymmetrical (see Figure (a)). Near the coil the amplitude is low, while a significant 

increase in amplitude is observed near the transition circle. In the third period following 

switching on the excitation (Figure 3(b)) circumferential waves appear, which cause 

lowering of the symmetry of the vibration amplitude distribution. The amplitude of 

vibrations increases on the entire membrane surface, especially near the coil. The 

distribution differs slightly from that existing in the steady state (Figure 3(c)). Since the 

frequency of the excitation signal is low-the transition circle is located near the outer edge 

of the membrane-practically the entire membrane surface vibrates in a piston-like manner 

(the influence of circumferential waves is disregarded). In the first period following 

disconnection of the driving signal (Figure 3(d)), the vibration amplitude on the outer part 

of the membrane-near the transition circle-decreases, but insignificantly. On the other 

hand, a clear decrease in vibration amplitude near the voice-coil is observed. A similar 

effect is observed for the second period following disconnection of the driving signal 

(Figure 3(e)). In the fourth period following disconnection of the signal (Figure 3(f)), the 

character of the interferogram changes very clearly-near the voice-coil there is a nodal 

line while the outer part of the membrane is covered by dark fringes. This indicates the 

occurrence of large damping in the coil region and uniform vibration of the rest of the 

membrane area-which means that the standing wave on the membrane surface has 

vanished. 

Figure 4 shows interferograms recorded during the rise of a signal at a frequency of 

4000 Hz. In the first period following switching on the excitation (Figure 4(a)), the 

membrane deflects homogeneously; a node is observed only near the terminals of the wires 

supplying the electric signal to the coil. In the second rise period (Figurd 4(b )), the 

distribution changes-a vibration node in the part which connects the membrane to the 

Figure 4. "Tone-burst" frequency 4000 Hz: rise of signal; (a)first period; (b)second period; (c)fourth period; 
(d) fifth period. 
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outer suspension is observed. For the fourth period (Figure 4(c)) the differences of 

vibration amplitude on different parts of the membrane surface are visible; however the 

low contrast of the fringes indicates that the process of changing of vibration amplitude 

over the transducer surface continues. In the fifth rise period of the excitation signal 

(Figure 4(d)) a clear division into vibrations of the inner part and (separated by the nodal 

circle) vibrations of the outer part (the area of the bending wave) with a distinct anti-nodal 

area, is achieved. The steady state vibration for this frequency of the excitation signal is 

shown in Figure 5(a). Differences occurring between this distribution and the distribution 

shown in Figure 4(d) result mainly from amplitude differences between the excitation 

signals used in both cases. In the first period following disconnection of the excitation 

signal (Figure 5(b)) a nodal circle appears in the membrane area bordering the coil. In the 

outer area (bending wave) only a small decrease in the vibration amplitude is observed. 

The situation changes in the second period following disconnection of the forcing signal 

(Figure 5(c)). The contrast of the fringes is small, which indicates rapid damping of 

vibrations. Moreover, the region near the voice-coil is dark which means that vibrations 

near the coil reappear. In the fourth decay period (Figure 5(d)) the vibration amplitude 

is twice or three times smaller than the amplitude at steady state, and vibration locations 

are on both sides of the transition circle. Eight periods following the disconnection of the 

Figure 5. "Tone-burst" frequency 4000 Hz: decay of signal; (a) steady state; (b) first period; 
(c) second period; (d) fourth period; (e) eighth penod. 
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Figure 6. ‘‘Tone-burst’’ frequency 5800 Hz: rise of signal; second period (a); third period (b); fourth period
(c), fifth period (d).

excitation (Figure 5(e)), only the outer part of the membrane vibrates with

detectable amplitude—in this region, at steady state there was a maximum of the bending

wave.

The rise of a signal with a frequency of 5800 Hz is shown in Figure 6. A decrease of

the transducer response curve is observed for this frequency—see Figure 2. In the second

rise period the entire membrane surface (with the exception of the sector that includes the

wires supplying the signal to the coil) moves homogeneously: i.e., the membrane vibrates

in a piston-like manner (Figure 6(a)). A fundamental change in the character of vibration

distribution occurs in the third period of signal rise (Figure 6(b)). A standing wave appears

on the membrane surface. The maxima of the wave are near the transition circle and on

the outer edge. Vibrations of the remaining part of the membrane have an amplitude lower

than the experimental resolution. The low contrast of the interferogram is also apparent.

In the fourth period (Figure 6(c)) another maximum appears between those described

above. However, it is not as clear as the inner maximum. Note that the fringe contrast

has improved. One can say that the process of vibration distribution has ended since the

vibration distribution for the sixth period of signal rise (Figure 6(d)) does not differ from

the distribution shown in Figure 6(c). Following disconnection of the driving signal, clearly

outlined, high contrast fringes are observed, in the first decay period (Figure 7(a)), which

indicates that the steady state standing wave occurs on the membrane. Note that this

distribution basically does not differ from the distribution which characterized the steady

state (Figure 6(d)). In the second decay period (Figure 7(b)) the fringes contrast clearly

decreases, which means that the interference process between the wave propagating

outwardly from the voice-coil and the wave reflected from the outer suspension was

interrupted. This effect is also detectable in the third period following disconnection of the

forcing signal (Figure 7(c)). In the fourth period following disconnection of driving force

(Figure 7(d)) the fringes contrast increases, and the character of distribution, is

fundamentally changed. Only small vibrating areas are observed on the membrane. The
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Figure 7. ‘‘Tone-burst’’ frequency 5800 Hz: decay of signal; first period (a); second period (b); third period
(c); fourth period (d).

positions of these areas on the membrane overlaps the positions of vibration maxima in

the steady state.

Figure 8 shows vibration distributions during the rise and decay of a signal at a

frequency of 6450 Hz. In the second period of signal rise (Figure 8(a)) a maximum is

formed on the membrane surface. In addition, on the outer part of the membrane regions

of slightly higher vibration amplitude can be detected. In the fourth rise period, in addition

to the inner maximum, two additional maxima are observed (Figure 8(b)). This picture

does not change in the fifth rise period and is identical to the distribution in the steady

state (Figure 8(c)). In the decay process of the signal with the same frequency over the

first two periods (Figure 8(d)), the vibration amplitude is only slightly decreased. Probably,

a rapid decrease in contrast occurs in the third period following disconnection of the

excitation signal. In the fourth period (Figure 8(e)) only vibrations of small, well separated

areas are observed.

5. CONCLUSIONS

Despite the relatively small number of interferograms, one can draw general conclusions

on the behaviour of a transducer membrane during the transmission of transient signals.

It can be stated that the rise and decay process differ in respect to the character of the

effects occurring on the transducer membrane. In the rise process, a lack of circumferential

waves is observed in the first periods. Due to this, the vibration distributions have an axial

symmetry. Formation of a vibration maximum in the place in which a transition circle

appears for steady state at a given frequency is a characteristic effect in this period.

The presence of a relatively low vibration amplitude near the coil is hard to understand.

The time development of the transient reveals two effects on the membrane surface: the

appearance of circumferential standing waves which destroy the axial symmetry of the

distributions, and changes in the vibration distribution within the membrane. As a result
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Figure 8. "Tone-burst" frequency 6450 Hz: (a) second period of signal rise ; (b) fourth period of signal rise; 
(c) steady state ; (d) second period of signal decay; (eHourth period of signal decay. 

of this process, the vibration distribution adopts a form characteristic of the distribution 

occurring in the steady state. At the frequency of the excitation signal corresponding to 

the decrease of the transducer response curve, during the initial rise periods practically the 

entire membrane vibrates in a piston-like manner-the radiated pressure has a higher value 

than the pressure radiated under steady state conditions-in which the membrane area is 

divided into sectors vibrating in anti-phase. 

The signal decay process is entirely different. In the first periods following disconnection 

of the excitation signal no greater changes in the distribution shape are observed. The 

distribution amplitude also changes insignificantly. In later periods, the contrast of the 

fringes clearly decreases, which appears to be caused by large damping occurring on the 

membrane. This damping causes a decrease of the amplitude of the wave reflected from 

the outer edge. As a result, there are no conditions for the occurrence of a standing 

wave-characteristic of the steady state. Only a direct wave propagates on the 

surface-this involves the absence of vibration nodes. At this period, a nodal area begins 

to appear near the coil, which means that it is a highly damping element. At the final decay 

period, the fringes contrast is high, a greater part of the membrane area is at rest, and 

small amplitude vibrations are observed at places corresponding to the position of 

antinodes for the steady state. Vibrations of these areas seem to be independent. Since these 
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vibrations are not accompanied by wave movement, no scattering of energy on the

membrane edges is observed—the vibrations are poorly damped in the membrane material

and can therefore persist for a relatively long time. Decay of vibrations occurs from the

centre toward the edges of the membrane.

On the basis of the interferograms shown in this paper it could be stated that the process

of signal rise (decay) is not a simple change of vibration amplitude; the change of vibration

patterns can also be observed. This implies that the process could not necessarily be

assumed to be linear, and, for example, in describing it the steady state transfer function

certainly could not be used.

Note that the Fourier signal spectrum of ‘‘tone-burst’’ type is a multi-frequency

spectrum, while a high contrast of the interference fringes (except for the decay of the

standing wave, which is the result of damping of the wave reflected from the outer edge)

corroborates the statement [4] that the vibrations on the membrane surface are

single-frequency. The result suggests that the membrane ‘‘does not detect’’ the influence

of the rectangular window function imposed on the harmonic signal. This discrepancy

between theoretical assumptions and the research results is particularly drastic in the case

of the rise period of the excitation signal. It seems that further investigations are required

to explain it.
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sub-harmonic, super sub-harmonic and beat between them are observed. Our experimental
results show that non-linear vibrations in a thin shell are related to bending resonance.
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1. INTRODUCTION

Considering the revolution shell with monotonically increasing R
�
(s), the second principal

radius of curvature, there is one turning point in their linear vibration equations for

a certain frequency f when it is in the frequency interval (the transition range)

�E/�[2�R
�
(b)]�� f ��E/�[2�R

�
(a)]� (a)s)b), (1)

where E is the elastic modulus and � is the mass density. Also, for a certain frequency in

interval (1) the only turning point position s
*

can be found from

R
�
(s
*
)"�E/�(2� f )��. (2)

We can see that while the frequency f in interval (1) increases, the turning point shifts

from the outer edge (s"b) of the shell to the inner edge (s"a). Ross [1], Zhang and Zhang

[2], Tao and Zhang [3] and many others have done much research work on thin shell

vibrations in the transition region. They have obtained the turning point solutions for linear

vibrations in thin shells. According to the solutions, the bending vibrations occur outside

the turning point in the transition region. Furthermore, bending resonance will occur at

some frequencies. We have found that the non-linear vibrations of thin shells will "rst be

generated in the neighborhood of bending resonance frequencies.

The loudspeaker cone is a typical revolution thin shell. We discovered the bifurcation and

chaos of the sound radiation of loudspeakers in 1986 [4]. However, the signal of sound

radiation is actually the superposition of the sound pressures produced by vibrations in all

parts of the shell (the paper cone of the loudspeaker). So, the signal of sound radiation does

not re#ect directly the state of vibrations in every part of the shell. For instance, the

Owner
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Figure 1. The experimental apparatus: (1) the spectrum analyzer, (2) A/D, (3) the ampli"er, (4) the phototube,

(5) the modulator of vibration, (6) the generator, (7) the power ampli"er, and (8) laser beam.

wavelength of bending vibrations is very short; therefore, the sound pressure produced by

bending vibrations will be short circuited, so that it cannot be received at the receiving

point. Direct observation of vibrations is necessary for research into non-linear vibrations

in thin shells.

In this paper, we introduce an apparatus for directly picking up signals of bending

vibrations at any point of the thin shell through the technique of modulated laser. Based on

this method we have performed some experiments on non-linear vibrations of thin shells.

2. THE EXPERIMENTAL APPARATUS

The experimental apparatus is shown in Figure 1. The loudspeaker has a curved

generatrix. The curvature radius of the generatrix is 170 mm. The inner-edge radius is

7)95 mm and the outer-edge radius is 40)10 mm. The outer edge is free to move. A piece of

paper is glued perpendicularly onto the receiving point on the cone surface. The vibrations

of the paper modulate the laser beam partly passing through the paper. The modulated

beam is received, ampli"ed, and analyzed.

The driving signal voltage of the loudspeaker is normally smaller than 10 V. So the

oscillator and the power ampli"er are operated in the linear region.

The above-mentioned method of laser-beam modulation is very straightforward. Besides,

this method is appropriate for the observation of non-linear vibrations of loudspeakers.

Vibrations with large amplitude can be measured with this method because the amplitude

being modulated and the vibration displacement of the loudspeaker are on the same order

of magnitude.

We chose the observing points, A, B, C and D (Figure 2), so that the shell vibrations both

inside and outside the turning point can be observed.

3. THE EXPERIMENTAL RESULTS

The experimental results are shown in Figures 3}10, including the displacement

oscillograms and the corresponding frequency spectrograms. In the oscillograms, the

ampli"cation factor of display wave height A
�

and the scale length of abscissa ¹
�
are given.

In the spectrograms, the origin level is ¸
�

(given in every spectrogram), the origin frequency

0 Hz, the scale length of the ordinate 10 dB and the scale length of the abscissa is 1010 Hz.

In these "gures, the driving frequency f and driving voltage of the loudspeaker are given.

Some experimental results can be summarized as follows.
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Figure 2. Geometry of loudspeaker shell, A, B, C, D are the positions of observing points.

Figure 3. The phase diagram of bifurcation in f}< plane for the loudspeaker: region I is the 1/2 sub-harmonic

region, region I� the hysteresis region of 1/2 sub-harmonic, and region II is the super sub-harmonic region.

(1) When the driving voltage is equal to 1 V, the loudspeaker is in the linear vibration

state. The "rst, second and third bending resonance frequencies are measured as 2614, 3920,

and 5170 Hz respectively (Figure 13). When the driving voltage is increased and the driving

frequency approaches the bending resonance frequencies, the sub-harmonics will be

generated. Figure 3 is a phase diagram of measured bifurcation. Region I is the 1/2

sub-harmonic region and region I� is the hysteresis region of 1/2 sub-harmonic.

Region II is the super sub-harmonic region. The di!erence between this phase diagram

and the general phase diagrams is that region I is contained in region II under some

conditions.

(2) When the driving voltage is 4)5 V and the frequency 2541 Hz, the oscillograms and

spectrograms of bending vibrations at points D, C and A are shown in Figures 4}6. The

vibration amplitudes at points D and C are larger than that at point A, which means that

the energy of non-linear vibrations in the thin shell is concentrated between points D and C.

According to our calculation, we can see that point C is very close to the turning point of the

cone shell. Obviously, the non-linear vibrations of the cone shell are "rst generated outside

the turning point.

(3) The oscillograms and spectrograms obtained at points A and D are shown in

Figures 7 and 8. (The driving voltage is equal to 4)5 V, and the frequency 2810 Hz.)

The 1/2 sub-harmonic is 28 dB larger than the fundamental wave at point D. So the

oscillogram is a sine wave diagram in which the frequency is equal to 1/2 sub-harmonic

(Figure 7). However, at point A the level of 1/2 sub-harmonic is only 5 dB larger than the

fundamental wave and it is 22 dB less than that at point D, which further indicates that the

non-linear vibrations in thin shells essentially exist outside the turning point of the thin

shell.
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Figure 4. (a) The transverse displacement at point D (A
�
"1, ¹

�
"0)879 ms/div, f"2541 Hz, 4)5 V). (b) The

spectrum of transverse displacement at point D (¸
�
"20 dB, f"2541 Hz, 4)5 V).

Figure 5. The transverse displacement at point C (A
�
"2, ¹

�
"0)738 ms/div, f"2541 Hz, 4)5 V).

(4) When the driving frequency approaches 3920 or 5170 Hz, there are more

sub-harmonics produced, which are shown in Figures 9 and 10.

(5) When the driving frequency approaches the "rst bending resonance frequency, two

sub-harmonics are generated. The arithmetic sum of their frequencies equals the

fundamental frequency and the di!erence between them is very small, so a &&beat'' is

produced (Figures 4}6).

4. ANALYSIS AND DISCUSSION

Some of the causes and phenomena of the non-linear vibrations of the loudspeaker cone

may be explained preliminarily using the theory of linear vibrations of shells.

(1) According to the linear vibration theory of thin shells, below the transition range the

bending vibrations are only boundary-layer e!ects, and in the transition range the
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Figure 6. The axial displacement at point A (A
�
"20, ¹

�
"0)790 ms/div, f"2541 Hz, 4)5 V). (b) The spectrum

of axial displacement at point A (¸
�
"0 dB, f"2541 Hz, <"4)5 V).

Figure 7. (a) The transverse displacement at point D (A
�
"1, ¹

�
"0)237 ms/div, f"2810 Hz, 4)5 V). (b) The

spectrum of transverse displacement at point D (¸
�
"20 dB, f"2810 Hz, 4)5 V).

non-decaying bending wave appears in the interval of s's
*

(as mentioned earlier, s
*

is the

position of the turning point, which shifts inward as the frequency increases). The frequency

response of the strain-energy coe$cient � can illustrate this more clearly, � was de"ned by
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Figure 8. The spectrum of axial displacement at point A (¸
�
"0 dB, f"2810 Hz, 4)5 V).

Figure 9. The spectrum of transverse displacement at point D (¸
�
"25 dB, f"3990 Hz, 5 V).

Figure 10. The spectrum of axial displacement at point A (¸
�
"0 dB, f"5170 Hz, 8)5 V).

Kalnins [5] as

�" <
�

<
�
#<

�

, (3)

where <
�

is the strain energy due to bending and <
�
is the strain energy due to stretching of

the middle surface of the cone. The frequency response of the coe$cient � of the loudspeaker

that we have used is calculated in Figure 11. The interval [ f
��
, f

��
] is the transition range.

From Figure 11 we can see that � is only about 0)5% below the transition region and that

� increases very fast in the transition region, which means that the bending vibrations are

produced in transition region. Therefore, the non-linear bending vibrations will also be

produced in the transition region under certain conditions.

(2) The bending solutions for vibrations of thin shells are fast varying and the membrane

solutions are slowly varying. It means the bending wavelength is short and the stretching
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Figure 11. The calculated frequency response of the strain-energy coe$cient �.

Figure 12. The calculated transverse and longitude displacement patterns of the cone at the third bending

resonance.

Figure 13. The measured frequency response of the transverse displacement w at point D.

wavelength is long. Furthermore, for the bending solutions the amplitude of transverse

displacement w is much larger than that of the longitude displacement u, and for the

membrane solutions they are on the same order of magnitude. Figure 12 shows the

calculated displacement w and u patterns of the axisymmetric vibrations of the loudspeaker

cone. The * in Figure 12 denotes the position of the turning point. Figure 12 also indicates

that the bending vibrations exist only outside the turning point, as mentioned in discussion

1. Figure 13 is the measured frequency response of the transverse displacement at point
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D when the driving voltage is 1 V, so that the shell vibrations are linear. We can see that the

displacement amplitude at the bending resonance frequencies is much larger than that at

non-resonance states. Since the value of the angle displacement �w/�s is large due to both

the short bending wavelength and the big amplitude of the transverse displacement at the

bending resonance when the driving frequency is close to the bending resonance

frequencies, the square term of the angle displacement �w/�s, the main non-linear factor for

axisymmetric thin shell vibrations, cannot be neglected in the geometric relation between

the strain component �
�

and the displacement. So the non-linear phenomena are "rst
produced at bending resonance and exist essentially outside the turning point of the cone

shell.
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the results are verified with numerical calculation.
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1. INTRODUCTION

Gol’denveizer et al. [1] pointed out that the axisymmetric vibration of revolution

thin shells may be described by only including the normal displacement w in the

following higher order equation

−�5� �
6

n=0

dn (s)
dnW
dsn �+ �

2

n=0

bn (s)
dnW
dsn =0 (d6 =1), (1)

where b2(s)=�2 −R−2
2 (s). When the frequency parameter � is in the frequency

interval (the transition range) where

min R−1
2 (s)���max R−1

2 (s) (a� s� b),

for any frequency there is a circle (s= s
*
) which divides the middle surface of the

shell into three parts along the longitude: a� s� s
*
, �s− s

*
�� 0 (�) and

s
*
� s� b. In the three parts b2(s) can be positive, zero and negative, respectively.

The corresponding solutions of equation (1) in these three parts have different

characteristics. The point s= s
*
[b2(s*)=0] is therefore called the turning point,

whose position can be shifted by changing frequency f. For f= ftb = c/[2�R*2 (b)]

(c=(E/�)1/2), the turning point is on the outer edge. As the frequency is increased,

the turning point shifts from the outer edge of the shell to the inner edge. For

f= fta = c/[2�R*2 (a)], the turning point is on the inner edge. Frequency f will find
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itself in one of the three frequency ranges: low frequency range ( f� ftb ), transition

range ( ftb � f� fta ) and high frequency range ( f� fta ).

The loudspeakers are shaped as a typical cone with a thin shell. According to

the theory of thin shells, in the low frequency range there is no bending resonance

of cones [2], because the actual size of loudspeaker cones is less than half the

wavelength [3], also there is no longitudinal resonance. The transition range is

actually beyond the effective frequency range of loudspeakers. So the natural

frequencies which really exert an influence on sound radiation of loudspeakers

only exist in the transition range. Recently, the uniformly valid solutions of

equation (1) in the transition range have been obtained, which was considered to

be difficult to resolve [4].

In the following context, the four bending solutions in the transition range will

be shown to be improved by redefining the first category of the generalized

functions. The frequency equation of vibration of cone shaped thin shells, which

is based on the uniformly valid solutions in the whole interval of s, has also been

obtained. Finally, the independent frequency equation of bending vibration will

be given.

2. THE BENDING SOLUTIONS IN TRANSITION RANGE

The uniformly valid solution of a thin shell in the transition range has been

obtained by Zhang and Zhang [4]. Their results will be used for obtaining the

bending solutions in the transition range.

According to Sander’s theory of thin shells, after separating time variable ei�t

the system of equations, which represents the free vibration of revolution thin

shells, may be written as

(L+ �5N)U=−(1− �2)�2U, (2)

where the operators are

L=�L11 L13

L31 L33� N=�N11 N13

N31 N33� U=� u
W�,

L11 =
d2

ds2 +
B'

B
d

ds
+

�

R1R2

−�B'

B�
2

,

L13 =�− 1

R1

+
�

R2� d

ds
−

B'

B � 1

R1

+
1

R2�−� 1

R1�,

L31 =� 1

R1

−
�

R2� d

ds
+

B'

B � �

R1

+
1

R2�,
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L33 =�− 1

R1

+
�

R2� 1

R1

+� �

R1

+
1

R2� 1

R2

,

N13 = (1− �2)
1

R1

d3

ds3 + . . . ,

N33 = (1− �2)�− d4

ds4 −2
B'

B
d3

ds3 +��B'

B�
2

−
1+ �

R1R2� d2

ds2

−��B'

B�
3

−
2

R1R2

B'

B
− �� 1

R1�
2 B'

B
+

�

R2 � 1

R1�'� d

ds�.
Here N11, N31 and the lower order differential terms of N13 are neglected because

they are so small that they do not contribute to our problem.

By introducing the Langer’s variable z and �

�= �−1z= �−1	(s)= �−1�54 	
s

s
*

b1/4
2 (x) dx�

4/5

,

and the new dependent variable

Y(�)=�b2(s)
�� �

1/8

W(s)= �
�

n=0

�nYn (�), (3)

and substituting them into equation (2), a series of equations are obtained as

follows:

ADY0(�)=0,

ADY1(�)= [a(z)D5 + 
(z)]Y0(z),

ADY2(�)= [a(z)D5 + 
(z)]Y1(z)+ �(z)D4Y0(z),

. . . (4)

where A and D are differential operators

D=
d

d�
, A=D5 − �D−2,

and �(z), 
(z) and �(z) are slowly varying coefficients.

The equation,

Af(�)=0, (5)

is referred to as the related equation corresponding to equation (2), the solutions

of which are called the related function.
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The solutions of the related equation (5), and their corresponding differentials

and integrals can all be expressed as

FK (�, P)=
1

2�i 	LK

t−p exp��t− t5

5� dt, (K=0, 1, . . . , 5, P=0, �1, �2. . . . ),

(6)

where LK represents the contours in complex t-plane, as shown in Figure 1. When

p=−1, FK are the solutions of equation (5). When p�−1, FK are their

differentials and integrals.

The first category of the generalized related function Zh (�, p) (h=1, 2, 3, 4) is

defined by the combination of FK as follows:

Z1(�, P)=−F3(�, P), Z2(�, P)=−i[F2(�, P)−F4(�, P)],

Z3(�, P)=−i[F1(�, P)−F5(�, P)], Z4(�, P)=F1(�, P)+F5(�, P),

for any real value of �, Zh (�, P) (h=1, 2, 3, 4) is identically a real function.

It is straightforward to verify that Zh (�, P) satisfies the following relations:

(A+P+1)Zh (�, P)=0, DnZh (�, P)=Zh (�, P− n), (7a, b)

Zh (�, P−5)− �Zh (�, P−1)+ (P−1)Zh (�, P)=0, (7c)

ADZh (�, P+1)=−(P+1)Zh (�, P). (7d)

From equation (4) and relations (7), Y0(�), Y1(�), Y2(�) . . . can be obtained in

terms of Zh (�, P). Inserting them back into equation (3) and expressing Zh (�, P)

Figure 1. Contours LK (K=0, 1, 2, 3, 4, 5) in the t-plane.
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Figure 2. (a) Geometric parameters and displacements; (b) positive direction of stress resultants;
(c) the moments.

(h=1, 2, 3, 4) as Zh (�, 0), Zh (�, 1), . . . , Zh (�, 4) by using the recursion formula
(7c), we may obtain Y(h)(�) in the following form

Y(h)(�)= �
4

n=0

�n�n (z, �)Zh (�, n), (h=1, 2, 3, 4),

where �n (z, �) are slowly varying coefficients.
The bending solutions can be expressed as

uh (�, �)= a1(S)Zh (�, 0)+ �
1(s)Zh (�, 1)+ . . . . ,

Wh (�, �)= a3(S)Zh (�, 0)+ . . . . (h=1, 2, 3, 4). (8)

Finally, by substituting equation (8) into equation (2), the bending solutions can
be written as (due to their uniform validity):

uh (�, �)= �5/8� 1

R1

−
�

R2��B(S
*
)

B(s) �
1/2

�	'(S
*
)

	'(s) �
3/2

1

	'(s)
Zh (�, 1),

Wh (�, �)= �−3/8�B(S
*
)

B(s) �
1/2

�	'(S
*
)

	'(s) �
3/2

Zh (�, 0) (h=1, 2, 3, 4). (9)

3. THE FREQUENCY EQUATION

The inner edge of the loudspeaker, to which the voice coil and inner suspension
are attached, is relatively stiff so that it can only move in the axial direction. In
fact the influence of the boundary conditions of the inner edge is not obvious for
bending resonance in the transition range [3]. The voice coil, as a simple loading
mass, has no obvious influence on the first few bending resonance frequencies. The
cone of the loudspeaker is moved by the axial force. The influence of outer
suspension can be neglected in the transition range, and so one can assume that
the outer edge is free. Thus, the eigen-boundary conditions of the loudspeaker
cone, which are dimensionlessly expressed, can be given by

Q(b)=N1(b)=M1(b)=0, W� (a)= u(a) sin (a)+W(a) cos (a)=0,


(a)=W'(a)=0, (1− �2)�4Q(a) sin (a)−N1 cos (a)=0, (10)
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where W� (a) is the displacement normal to the cone axis, (a) the angle

between the shell axis and the tangent along the longitude on the inner edge (see

Figure 2).

The stress resultants and moments can be expressed as

N1 = u'+ �
B'

B
u−� 1

R1

−
�

R2�W,

M1 =−� u
R1�'− �B'u

BR1

−W�− �
B'

B
W',

Q=−W�−
B'

B
W�−� �

R1R2

−�B'

B�
2

�W'−� u
R1��−

B'

B � u
R1�'

−� �

R1R2

−�B'

B�
2

� u
R1

. (11)

The asymptotic expressions for bending solution, as �� ��, can be obtained

by the method of steepest descent as follows:

S�S
*
, (��+�)

u1 −1/2 e−�

u2 cos (�− �/4)
�
�

�

�

�

�
�

�

�

	

�
�

�

�

�

�
�

�

�

	
u3

=�C1(s)
e� ,

u4 sin (�− �/4)+
2�/�	5/8

W1 1/2 e−�

W2 cos (�+ �/4)�
�

�

�

�

�
�

�

�

	

�
�

�

�

�

�
�

�

�

	
W3

=C2(s)
e� ,

(12)

W4 sin (�+ �/4)

s� s
*
, (��−�)

U1 e� sin (�+7/8�)

U2 e� cos (�+7/8�)
�
�

�

�

�

�
�

�

�

	

�
�

�

�

�

�
�

�

�

	
U3

=�C1(s)
e−� cos (�+5/8�)

,

U4 e−� sin (�+5/8�)

W1 e� sin (�+ �/8)

W2 e� cos (�+ �/8)
�
�

�

�

�

�
�

�

�

	

�
�

�

�

�

�
�

�

�

	
W3

=C2(s)
−e−� sin (�− �/8)

,
(13)

W4 e−� cos (�− �/8)
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where

C1(s)=
1


2� � 1

R1

−
�

R2��B(S
*
)

B(s) �
1/2 b(s

*
)3/10

�b2(s)�5/8

C2(s)=
1


2� �B(S
*
)

B(s) �
1/2 b(s

*
)3/10

�b2(s)�3/8

�= �(s)= �−1 	
s

s
*

b2(x)1/4 dx, �= �(s)=
�−1


2 	
s
*

S

[−b2(x)]1/4 dx,

b(s
*
)= b'2 (s)�s= s

*
. (14)

b(s
*
)� 0 because the point s= s

*
is a simple turning point.

The expression of singular membrane solution is obtained from reference [4].

u5 =P5(S)+1n�u(0)
6 (s),

W5 = r5(s)+1n�W(0)
6 (s)+ b1/2(S

*
)	5/8(s)b−3/8

2 (s)�B(s
*
)

B(s) �
1/2

, (15)

where P5(s), r5(s) are regular parts of the singular membrane solution, and u(0)
6 (s),

W 0
6 (s) are the leading terms of the regular membrane solution when �s− s

*
�� 0

(�).
Substituting equations (12), (13) and (15) into equation (11), the order of

magnitude relations for the four bending solutions in equation (11) are: u,
N1 �O(�), W�O(1), 
�O(�−1), M1 �O(�−2), Q�Q(�−3) and u, N1 �O(�1/2) for
the fourth bending solution when s� s

*
. For the regular membrane solution, these

variables are on the order of O(1), or O(�ln ��) for the singular membrane solution.
The exponential decay variables (the variables for the first bending solution

when s� s
*
, for the third and fourth bending solutions when s� s

*
) can be

neglected because �(s), �(s) are fast varying coefficients.
The general solutions of equation (2) consist of the above six solutions.
Suppose that they are in the following form.

u= �
6

i=1

Piui , W= �
6

i=1

PiWi ,

where P1, . . . , P6 are constants determined by boundary conditions (10).
Substituting them into equations (10) and (11), one obtains the frequency
equations from the assumption that the coefficient determinant of Pi is zero:

cos (a)[N15(a)N16(b)−N15(b)N16(a)]

×[M13(b)Q4(b)−Q3(b)M14(b)]

+[Q2(b)M13(b)−Q3(b)M12(b)][W� 5(a)N16(a)

−N15(a)W� 6(a)]N14(b)

×
1(a)/[W1(a)
2(a)−W2(a)
1(a)]=O(�−4), (16)
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Table 1

The parameters of the loudspeaker cone which is used for calculation

Outer edge radius 83 mm Young’s modulus 2×109 N/m2

Inner edge radius 17 mm Poisson’s ratio 0·3
Thickness 0·23 mm Mass density 600 kg/m3

Semi-apex angle 50°

where the last subscript of each variable denotes the nth solution, the order of

magnitude relation for the first item is O(�−5), and for the second item is O(�−4·5).

Noting that 
1(a)/[W1(a)
2(a)−W2(a)
1(a)]=−21/2 cos [�(a)− �/8] e−�(a)/C2(a),

and once again neglecting the exponential decay term, one can obtain the

independent bending frequency equation and the membrane frequency equation

as follows:

KB 	
b

S
*

(1−�−2R−2
2 )1/4 ds= �(b)= n� (n=0, 1, 2, . . . ), (17a)

N15(a)N16(b)−N15(b)N16(a)=0, (17b)

where Kb is the transverse wave number of the infinite flat plate.

According to the theory of vibration in a thin shell, the bending vibration only

occurs outside the turning pont (s= s
*
). The integral region of equation (17a) is

from s
*

to the outer edge. That conforms with the theory. From equation (17a)

one can see that the characteristics of the bending vibration only depend on the

material properties outside the turning point. These characteristics have been

applied to the measurement of the distribution of Young’s modulus along the

generatrix, which has been discussed elsewhere [5].

Furthermore, when �R2�1, the wave number of the bending wave is nearly the

transverse wave number of the infinite flat plate (when �R2 � 1·75, the error of

the above approach is less than 10%).

4. NUMERICAL CALCULATION

In order to prove the above theory, the bending resonance frequencies have been

calculated using equation (17a) and the results compared with those of numerical

calculation.

Table 2

The initial three bending resonance frequencies worked out by two methods. The fbrn

denotes the nth bending resonance frequency

Calculation method fbr1 (Hz) fbr2 (Hz) fbr3 (Hz)

Finite element 2366 2668 2993
Using equation (17a) 2251 2613 2925
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The finite element method has been used as the method of numerical calculation.

The parameters of the loudspeaker cone are listed in Table 1. The results of the

calculation are shown in Table 2. It can be seen from Table 1 that the error

between the results of the two calculation methods is about 5%.
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APPENDIX: LIST OF SYMBOLS

All the quantities are dimensionless with the exception of the characteristic shell

radius R*, the Young’s modulus E, the mass density � and all the quantities with

superscripts *.

The subscripts 1 and 2 denote the first and second principal co-ordinate,

respectively. B is Lame’s coefficient of the second principal co-ordinate.

s= s*/R* the first principal co-ordinate along

the longitude

R1 =R*1 /R*, R2 =R*2 /R*, B=B*/R* the geometrical parameters of the

middle surface

u= u*/R*, w=w*/R* the tangential and normal displace-

ments

N1, N2 =N*1 , N*2 /[Eh*(1− �2)] the stress resultants

M1, M2 =M*1 , M*2 /[Eh*R*�4] the moments

Q=Q*/[Eh* �4] the transverse—shear resultant

h= h*/R* thickness of the thin shell

�4 = �5 = h2/[12(1− �2)] parameter of the thickness of the thin

shell

�2 = ��2(R*)2/E the frequency parameter

The positive directions of stress resultants, moments and displacements are shown

in Figure 2.
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BIFURCATION AND CHAOS Of DIRECT RADIATION LOUDSPEAKER 

CHINESE PHYSICS LETTERS 
Vol.3, NO.I0(1986) 

WEI Rongjue, TAO Qintian, NI Wansun 

.. �. Nil .� & rrtlJr. 
(Institute of Acoustics, Nanjing University, Nanjing) 

(Received 11 December 1985) 

The bifurcation and Ct�08 of an 8" eona loudepeaker from £ts 
radiation in axiaL direction have been investigated by adopting 
an e:rperimentaZ setup quite simiZar to tr.at of measunng fre
quency response in an anechois room. Experiments show that 
tower order and more fractional 8ubha�onias of the fed-in 
signal begin to appear with inoreasing input voltage and even-
tualZy a chaotic state i8 reached. 

• 

The existence of subharmonics in ordinary electrodynamic cone loud

speakers has been observed and analyzed since the middle of 1930s
1-5 , 

but so far no experimental findings concerning lower subharmonics (less 
than 1/4 of the driving frequency) have been reported nor in most cases 

the measuring procedures clearly described. The present paper fur

nishes an example of such forced vibration systems that can manifest 
a number of fractional harmonics or bifurcations and the final chaotic 

state. The thresholds are found to vary from one speaker to the other 

in size and driving frequency, and to be dependent on the manufacturers; 

however, we believe the phenomena are universal. 

What we are going to report is an 8" cone loudspeaker with an impe

dance of 8 ohms and a rated power of 10 watts. The experiment is con
ducted in an anechoic chamber with the set -up shown schematically in 

fig.l. The microphone (BK4l45) is 40cm apart in axial and front direc

tions from the baffled loudspeaker. The linearity of the apparatus 

producing the electrical signals (audio frequency generator BK2010 and 

power amplifier DKlOO) as well as that o f  the receiving system (preampli

fier BK2627 and FFT SD340) must be ensured before the acoustical exper

iment. We do this by connecting the input voltage up to 27V across 

an 8 ohm carbon resister, instead of the loudspeaker, and then to pream

plifier and directly to FFT, the screen of which will show a line spec

trum of the fundamental only at a frequency within the range of 2000 
to 4000Hz (f ig. 2 ) . The dynamic range of such a microphone is much in 
excess of the maximum sound pressure level to be received (110dB), where 
the finite amplitude effect of the sound waves in the frequency range 
2-4kHz at a distance of 40cm is of neglegible amount (1.5%) as compared 

with the nonlinear distort ion of the loudspeaker. A bandpass f il ter 
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(BK2120) is introduced to suppress the fundamental between the pream
plif ier and the FFT so that the ul traharmonics and especially the sub
harmonics can be observed more clearly and the linearity of FFT is fur
ther guaranteed. 

Fig.l 

1. Generator (Type: BX2010) 
2. Power amplifier (Type DKIOO) 
3. Voltmeter (Type G8-9) 
4. Loudspeaker ceo, lOW) 
5. Resistance (an, 50W) 
6. Microphone (Type BK4145) 
7. Bandstop (Type BK2120) 
8. FFT Analyze (Type 50-340) 

Figure 3 shows 1/2 subharmonics at an input voltage of 8 V and an 

exciting frequency around 2.2kHz. It is about 26dB below the fundamental 
or about the. same order of magnitude as the first and second ultrahar
monics, but driving at a frequency of 2.4kHz. 

Fig.2 Fig.3 

The bandstop filter is employed in 'order to find out deeper subhar
monic of integer order only. The third suoharmonics is found at an BV 
driving voltage and a frequency 3. 56kHz (fig. 5): the 4th subharmonics 
at 27V, 3.76kHz (£i9.6): the 8th subharmonics at lav, 3.62kHz (fig.7),and 

the tenth at 27V, 3.94kHz (fig.8): and again 27V, 3.5kHz (fig.9) for the 
20th subharmonics. In addition, we have also found a number of other 
phenomena of bifurcations and chaos. The situation remains so even 
when the loudspeaker is driven within its rated power (fig.4). Finally 
from fig.10 or better from fig.ll we can see that the chaotic state 

is reached·�t a driving voltage l8V and a frequency of 2506Hz. 
One important remark we have to make is that, since our experiment 

was conducted in a certain period of time, the environmental temperature 
and humidity may affect somewhat our experimental results, but what 
is shown in the present paper is typical and reproducible. 



Vol. 3 « No .10 
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Fiq.6 

Fig.8 

Fig.10 
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Fig.9 
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The direct radiation loudspeaker, though simple in construct ion, 
is a nonlinear vibrating system, generated both by the suspension of 

voice coil etc., and by that of the paper cone even driven at a voltage 

wi thin its rated wattage. The term "nonlinear distortion" often refers 

only to the generation of higher harmonics by some people working in 

electroacoustics, but the problem of subharmonics h�s already been brou
ght to attention

2 
more than forty years ago. The generation of the ex

traneous frequencies would certainly result in unpleasant sound quality 
of reproduction system. The theory concerned with this is usually based 

on Mathieu equation or Duffing equat ion , which shows fractional har
monics6 bifurcation and chaos

7
,

8 
and will be discussed later in another 

article. 
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Effect of Bending on Vibrations of Spherical Shells 

A, KALNINS 

Departmem of Engineering and Applietl SckfICe, Yak University, Nt:U1 HaMl, Connututd 
(Received 11 July 1963) 

This paper is concerned with the vibration analysis of spherical shells, closed at one pole and open at the 
other, by means of the linear classical bending theory of shell!, }'requency equations are derived in terms 
of Legendre functions with complex indices, and for axisymmetric vibration the natural frequencies and 
mode shape!! are deduced for opening angles ranging from a shallow to a closed spherical shell, It is found 
that for all opening angles the frequency spectrum cons.ists of two coupled infinite sets of modes that can be 
labeled as bending (or flexural) and membrane modes. This distinction is made on the basis of the com
parison of the strain energies due to bending and stretching of each mode. It is also found that tbe membrane 
modes are practically independent of thickness, wbereas tbe bending modes vary with thickness. Previous 
analyses with the use of membrane tbeory have shown that one of two infinite sets of modes is spaced within 
a finite interval of the frequency spectrum, It is shown in this paper tbat this set of modes is a degenerate 
case of bending modes, and, if deduced by means of membrane theory, it is applicable only when the thick
ness of the shell is zero. When the bending theory is employed, tben the frequency interval for this set of 
modes extends to infinity for every value of thickness that is greater tban zero. 

INTRODUCTION 

ALTHOUGH the first papers on the vibration of 
thin, elastic, spherical shells precede the general 

formulation of the classical bending theory of shells, 
detailed investigations on this subject are still limited 
to some special configurations. In particular, only the 
vibration problems of closed and shallow spherical 
shells have received considerable previous attention. 
The closed shell was first examined by Lambl by means 
of the membrane theory, and then by Federhofer,t who 
employed the classical bending theory of shells. More
detailed treatments of vibration of a closed spherical 
shell were given by SilbigerM and by Baker,S who based 
their analyses on the results of Ref. 1. Investigations of 
axisymmetric, as well as nonsymrnetric, vibrations of 
shallow spherical shells within the scope of the classical 
bending theory are contained in numerous papers. A 
complete analysis of the natural frequencies and the 
mode shapes of free vibration of shallow spherical shells, 
together with references to other contributions, is given 

I H. Lamb, Pcoc. London Math. Soc. 14, 50-56 (1882). 
t K. Federhofer, Sitzber. Mad. Wiss. Wien, Math.-Naturw. KI. 

2A, 146, 57-69 (1937) . 
• A. Silbiger, J. Acoust. Soc. Am. 34, 862 (1962). 
4 A. Silbiger, "Free and Forced Vibrations of a Spherical Shell," 

CAA, Inc., Rept. U-I06-48 (Dec. 1960). 
• W. E. Baker, J. Acouat. Soc. Am. 33, 1749-1758 (1961). 
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in a paper by the present author.s In the case of non
shallow spherical shells, a system of equations of bending 
theory is derived for axisymmetric vibration by Naghdi 
and Kalnins.' In Ref. 7, the lowest natural frequency 
of a hemispherical shell is calculated as a function of 
thickness, and ca1culations of natural frequencies by 
means of the membrane theory are also included, In 
addition, some results on the vibration of a hemispheri
cal shell may be found in papers by LoveS and by 
Zwingli.-

In all the references cited above, where the membrane 
theory is employed, the following conclusions are 
reached: (a) the natural frequency spectnun consists 
of two infinite sets of modes; (b) one set of an infinite 
number of modes is spaced within a finite frequency 
interval. The second conclusion means that the inter
vals between the natural frequencies may become infi
nitely small, and such a situation appears to be physi
cally meaningless. 

It is the main object of this paper to present a com-

• A. Kalnins, Proc. Natl. Congr. Appl. Mech. 4th U. S., 225-233 
(1963). 

7 P. M, Naghdi and A. Kalnins, J. Appl. Mech. 29, 65-72 (1962). 
• A. E. H. Love, Phil . Trans. Roy. Soc. (London) A179, 491-546 

(1888). 
• H. Zwingli, "Elastische Schwingungen von Kugclschalen," 

dissertation, Tech. Hochschule in Zurich (1930) . 
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plete analysis of the natural frequencies and the mode 
shapes of free axisymmetric vibration of a nonshallow 
spherical shell having an axisymmetric configuration, 
and to reexamine the above conclusions with the use 
of the classical bending theory of shells. It is shown in 
the present paper that if the effects of bending are in· 
cluded in the analysis then, for spherical shells: (a) the 
natural frequency spectrum can be divided into two 
infinite sets of modes, which are interspersed and dis
tributed over the infinite frequency range; (b) the 
intervals between the natural frequencies of these sets 
do not approach zero. 

The analysis of this paper is concerned with the vibra
tion of a thin spherical shell that has a circular opening, 
axisyrrunetrically located, around one of its poles. The 
corncal angle tPo of the opening may be in the interval 
defined by QO<4to5180°. Explicit solutions in terms of 
Legendre functions are obtained from the general equa
tions derived in Refs. 2 and 7, and the frequency equa
tions are deduced for various natural bOWldary condi
tions imposed on the edge of the opening for an arbi
trary opening angle. By setting the bending stillness in 
the solutions equal to zero, the corresponding expres
sions given by membrane theory are obtained. Then, 
from the derived frequency equations, the natural fre
quencies and their corresponding mode shapes are 
calculated as functions of the opening angle and the 
thickness of the shell. In addition, the strain energy 
due to the bending and stretching associated with each 
mode is calculated and a bending-energy coefficient is 
obtained, which represents the ratio of the bending 
energy contained in the total energy of each mode. 

The results show that, in analogy to the results pre
dicted by the membrane theory, the modes of free 
vibration can again be classified into two groups, which 
are here designated as the bending and the membrane 
modes. This distinction is made on the basis of the 
value of the bending-slrain-energy coefficient. The 
distinct difference in the character of the bending and 
membrane modes is substantiated by the analysis of the 
corresponding mode shapes of each mode. Moreover, if 
in the results obtained by the bending theory the 
thickness of the shell is set equal to zero, then it is 
established that the bending modes degenerate to an 
infinite set of modes within a finite frequency interval, 
and that they are identical to the lower set of modes 
predicted by the membrane theory. It is concluded that, 
while the membrane theory of shells is capable of 
predicting accurately the membrane modes, the bending 
modes may be considerably in error if the bending 
effects are omitted. 

SOLUTIONS BY BENDING AND MEMBRANE 
THEORIES 

The separable homogeneous solutions to the axisym
metric vibration problem of thin elastic spherical shells 
with the inclusion of the effects of bending can be ob-

\ 
FIG. 1. Geometry of a spheri

cal shell. , i R -----', 
, 

, , 
\ . I 

_____ _ _ _____ J 

tained from the equations given in Refs. 2 and 7. If y 
denotes any relevant dependent variable, the solutions 
can be written in the following fonn: 

• 
y(�,t)� L: y,(�) co,wt, (I) 

i-I 

where w is the circular frequency, t is time, and q, denotes 
the angle measured from the z axis, as shown in Fig. 1. 
The actuall/>-dependent coefficients of the variables are 
given by 

w,� A J' ";(x)+ B,Q",(x), (2.) 

u,� -(H,)C,{AJ'.;'(x)+B,Q.;'(x»), (2b) 

Eh 
N,,� (HC,X,)[A ,P ";(x)+ B,Q.;(x») 

(I-,)R 

+(1-,) cot�C,[A,P.;'(x)+B,Q";'(x»)), (2c) 

Eh 
N,,� (I+,C,X,)[A,P.,(x)+B,Q.,(x») 

(I-,)R 

- (1- ,) co,�C,[A,P.;' (x)+ B,Q.;' (x»)), (2d) 

D 
M ,,�-[I + (I +,)C,)(X,[A ,P .,(x)+ B,Q,,(x») 

flY 

where 

+(1-,) cot�[AJ'.;'(x)+B,Q.,'(x»)), (20) 

-(1-,) cot4>[A,P,,'(x)+B,Q.,'(x»)), (2f) 

X[A,P.;'(x)+B,Q.,'(x»), (2g) 

1 + (X,-2)/[(1 +,) (I +1») 
C,� , (3.) 

1-,-X,+W-"')n'/(IH) 

n,� -0.5+ (0.25+X,)', (3b) 

I� 12h'/h', 

x=coS<jJ, 

(3c) 

(3d) 
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and the parameters X, are the three roots of the cubic 

,'-[4+ (1-",)0')" 

+�+(1-0(1-�W+(I+V(l-�(I-WD' 

+ (1-,)(1-"')[W-_
2

_ J 
1-, 

The nondimensional frequency parameter is defined as 

In the above equations, W, u denote the displacements 
of the middle surface in the direction of nand t (see 
Fig. 1); N�, N, are the membrane stress resultants; 
M •• M. are the moment resultants; Q is the transverse 
shear resultant; I' is Poisson's ratio; E is Young's 
modulus; h is the thickness of the shell; R denotes the 
radius of curvature of the middle surface j P is the mass 
density of the shell j and D is the bending stiffness 
defined by 

D-Ek'/[12(1-"')]' 
The symbols Pn(x). Qn(x) denote the Legendre func
tions of the first and second kind, respectively, as 
defined in Kratzer and Franz,'o and a prime denotes 
derivatives with respect to 4;1; Ai and Bi are arbitrary 
constants. 

If in the above equations the bending stiffness is set 
equal to zero, the corresponding, separable, homo· 
geneous solutions according to the membrane theory of 
spherical shells are obtained in the fonn 

w-[AP.(xHBQ.(x») cO'"'t, (5.) 

u-C[AP.'(xHBQ.'(x») cO'"'t, (5b) 

EkC 
N,-- (cot¢[AP.'(xHBQ.'(x») 

(1+,)R 

+[I+(I+,)O')[AP.(xHBQ.(x»)l cosw', (5c) 

EkC 1 
N.- cot¢[AP.'(xHBQ.'(x») 

(1+,)R 

1+(1+2,)0'+,(1+,)0' 

) + [AP.(xHBQ.(x») 
1-n2 

X co'"", (5d) 
where A and B are arbitrary constants and 

C-(I-W)/[I+(I+,)W), (00) 
n- -O.S+{2.2S+(I+,)0' 

X[3-(I-,)W)j(I-W)}'. (6b) 
10 A. Kratzer and W. Franz, Transunden� Funktiontn (Geest 

and Portig, Leipzig, 1960). 

It should be added that some of the roots of Eq. (4) 
and the corresponding Legendre functions are, in 
general, complex. However, since one root of the cubic 
is always real, and if the other two roots are complex 
then they are complex conjugates, it is possible to write 
all physical variables in tenns of real functions, which 
in this case are the real and imaginary parts of the 
Legendre functions. For this purpose, the arbitrary 
constants Ai and B. are expressed as complex con
jugates in terms of other real arbitrary constants. 

The solutions of Eqs. (2) and (5) can be applied to 
the study of free vibration of an elastic spherical shell 
bounded, in general, by any two concentric openings. 
In this paper, the opening around q,=0 is regarded as 
being degenerated to a point. Since the Legendre func
tion of the second kind is singular at 4>=0, then the 
arbitrary constants B in Eqs. (2) and (5) must be set 
equal to zero. For this reason, in the remainder of the 
paper the terms involving Q,,(x) are omitted. 

FREQUENCY EQUATIONS 

The solutions that include bending, derived above, 
are now applied to the study of free vibration of a 
spherical shell closed at one pole and open at the other. 
The frequency equation consists of the determinantal 
equation 

I D;; I -O (j, i-I,2,3), (7) 
where the elements Dj; depend on the boundary condi
tions prescribed at the open edge 4>=4>0. After the 
natural frequency, which satisfies Eq. (7), is determined, 
the corresponding mode shapes for all dependent vari
ables are given by Eqs, (2), where the arbitrary con
stants A2 and Aa are obtained in terms of a single 
multiplier Al in the form 

where 

A2=AI(D21Dn-D3ID23)/Do, (Sa) 

A a=A I (D31D'l2-D2IDn)/ Do, (Sb) 

(9) 

The elements Dj; for various conditions are: 

(a) Clamped edge: w(xo)=u(xo)=w'(xo)=O. 

D,,- P .,(x,), (lOa) 

D,;-C;P./(x,), (lOb) 

D,,- P./ (x,). (lOc) 

(b) Free edge: Q(x,)-N,(x,)-M,(x,)-O. 

D1;-[1+ (I + ,)C;)[,+X;-I)P./ (x,), (11.) 

D,,-(1-,) cot¢"c;P./(x,) 
+ (1+C;';)P .. (x,), (lib) 

D,,-[I + (1+ ,)C;)X;P .,(x,) 
+(1-,) cotW./(x,). (lie) 
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(c) RoUer-hinged edge :w(x,)�N.(x,)�M.(x,)�O. 
DH�P .. (X,). (12.) 
D,,� (1-,) cot<l>,c;p.:(x,)+(1+C;X;)P.;(x,). (12b) 
D,;�[1 + (1+ ,)C;]X;P .. (x,) 

+(1-,) cot<l>.>p.:(x,). (12c) 
(d) Fixed-hinged edge :w(x,)�"(x,)�M.(x,)�O. 

Du=P".(xo), 
D2;=CiP,,/(xo), 

D,;� [1 + (1 + ,)C;]X;p .. (x,) 

(13,) 
(13b) 

+(1-,) cotW.:(x,). (13c) 

In the above equations, xo=coStPo, and C. and 'to are 
given by Eqs. (3a) and (3b), respectively. 

When the problem of free vibration of a spherical 
shell is solved by means of the membrane theory, the 
solutions given by Eqs. (5) show that not all of the 
(our boundary conditions given above can be satisfied. 
Clearly, since the membrane theory asslUlles that 
Q=M<II=O, then the only other variable that may be 
prescribed at q,=tPo is either u or N <II. The case of 
N .(xo)=O in membrane theory corresponds to a free 
edge, and the natural frequencies for this case are 
obtained (rom 

cot<l>oP :(x,)+[I+ (I +,)!l']P .(x,)�O. (14) 
The remainder of the paper is concerned with the 

modes of free vibration predicted by the frequency 
equations given above. 

DETERMINATION OF MODES OF VIBRATION 

The character of the solution given by Eqs. (2) is 
strongly dependent on the character of the three indices 
nl, nt, ns given by Eq. (3b). For the purpose of iIIustra· 
tion of the various combinations of complex and real 
values that the indices may assume, Fig. 2 shows a plot 
of n. (i= 1,2,3) vs n for a given constant value of 1/ and 
hi R. The character of no varies little with the latter two 
parameters. 

S.ince one index is always real and positive, it may be 
arbItrarily denoted by nl. The indices n2 and t�3 are 
seen to be of a certain type within three distinct zones 
o( n as shown in Fig. 2. The first of the critical fre· 
quencies, which are the limit values of these zones, is 
denoted by 0 .. , and it varies only slightly with II and 
hiR. Within the range of the applicability of the 
classical theory of shells (i.e., for O<hIR::;0.05), this 
critical frequency lies in the interval 1 <{}",::;1.12. The 
case n ... = 1 corresponds to h-O and n ... = 1.12 is the 
value for hIR=O.05, where 1/=0.3. The second critical 
frequency, denoted by Or, also varies only slightly 
with .and h/R •• ndll,� 1.64975 for ,�O.3. h/R�O.02. 
The frequency for which n2= 0 is independent of hi R 
and is given by 

!l�[2/(1-,)]'. 

It should be noted that this frequency represents the 
natural frequency of free radial vibration of a thin 
spherical sheil.1I 

Thus, the variation of the character of nt and ?fa can 
be summarized as follows: 

Zone I 

Zone II 

jn2=b2+iba . 
. . ns=b2-tba 

jtt2=-!+ib2• 
. . 

ns=-!+tba 

Here, 02 and 03 are real numbers. 
It is clear that in Zone I it is necessary to make use 

of the identity 

P.N(x)�Re[P.+;.(x)]±i Im[P.+;.(x)]. (IS) 

which indicates that in Zone I the Legendre functions 
occurring in Eqs. (2) with indices 1f2 and na are complex 
conjugates. However, since C2, Ca and A2, Aa are then 
also complex conjugates, the fonn of the solution in 
Zone I remains the same, if the real and imaginary 
parts of the products of these complex conjugates are 
interpreted as the terms occurring in Eqs. (2) with the 
subscript i"",2 and i=3, respectively. In this way, the 
solu tion in Zone I can be expressed in terms of real 
functions. 

I t should be recalled that in the theory of Legendre 
functions the index t1= -0.5+io plays a special role 
and by some authors!2 the function P _0.,+ •• (%) is called 
the conical function. S ince the conical function is real 
and also the corresponding values of >"2, >"3 are real, the 
solution given in the fonn of Eqs. (2) is directly appli. 
cable in Zones II and III. 

Figure 2 also gives a dear illustration of the character 
of the solution that is obtained by means of the mem
brane theory of shells, using the solution given by Eqs. 
(5) and (6). Equation (6b) gives only one value (or the 
index n, which is plotted in Fig. 2 versus n and shown 
by the dashed curve. The index It is real in Zones I 
and III and it follows closely the corresponding indices 
nl and nt in these zones. It should be noted that now 
the first critical frequency 0 .. = 1. However, in the 
proximity of 0= 1, n departs from tJI and becomes in· 
finite at 0= 1. This fact was noted in Ref. 7, and it is of 
great significance in the evaluation of the natural fre· 
quencies by means of membrane theory, which are 
discussed in the following sections. In Zone II, the 
index tJ has the form 11= -0.5+ib, where b is real, and 
since the conical function possesses no zeroes with 

11 A. E. H. Love, A Trwtise on 'he Mathematiw Theory of 
Elasticity (Dover Publications, Tnc., New York, 1944), p. 287. 

11 W. Magnus and F. Oberhcttinger, Formulas and Theorems for 
the FUlJ(;tions of Mathematical Physics (Chelsea Publishing Co., 
New York, 1954), p. 74. 
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FIG. 2. Indices of Legendre functions vs frequency. 

respect to h, then it follows that the membrane theory 
of shells can predict no natural frequencies within Zone 
II, i.e., within 1 <n<n�. 

With this interpretation of the character of the 
indices of the Legendre functions, the actual calculation 
of the natural frequencies is carried out for given values 
of the opening angle CPo, Poisson's ratio P, thickness 
ratio hI R. and the prescribed boundary conditions at 
¢=</1o. The natural frequencies n,: (where i represents 
the mode number) for the bending theory are obtained 
as the infinite number of roots of Eq. (7)13 with respect 
to n. This is done by evaluating the detenninant given 
by Eq, (7) for successively incremented values of n. 
If the detenninant changes sign, the natural frequency 
n, is determined by inverse interpolation. The accuracy 
of the natural frequency can be as great as desired, de� 
pending on the size of the frequency increment. Once 
n. is known, the actual mode shapes are determined for 
all relevant variables from Eqs. (8) and (2). The same 
procedure is followed for the membrane solution, where 
the zeroes of Eq. (14) detennine ni, and the mode 
shapes are directly given by Eqs. (5). 

CLASSIFICATION OF MODES OF VIBRATION 

When the consecutive natural frequencies {li (say, 
for i= 1, 2, ... , 9) and their corresponding mode shapes 
are evaluated in the manner described in the preceding 
section for a given set of v, hI R, "'0, and boundary 
conditions, it is observed that some of the modes are of 
a different character than others. This is reminiscent of 
the previously observed phenomenon in Ref. 6 that 
for shallow spherical shells the modes of vibration fall 
into two distinct groups, which were designated in 
Ref. 6 as the transverse and longitudinal modes. It may 

II All calculations carried out in this paper were performed on 
the IBM-709 computer at the Vale Computer Center. Since the 
elements of Eq. (7) and the solutions given by Eqs. (2) involve 
Legendre functions, the author has prepared for this pu� a 
subroutine that can calculate Legendre functions P .. (cOS4» with 
arbitrary complex indices valid in the interval 0.$.;<180°. 

be of interest to find out whether or not such a c1assi� 
fication of modes is also possible if the conditions of 
shallowness do not apply. Instead of using the ratio wlu 
as the criterion for the classification of the modes as it 
was done in Ref. 6, it turns out that for nonshallow 
shells the comparison of the strain energy due to the 
bending and membrane strains is more applicable. 

Denoting the strain energy due to the stretching of 
the middle surface of the shell by V. and due to the 
bending of the shell by V 6, the strain-energy expressions 

Eh'lrR2 f." 
V.=-- (f.2+2"t.t,+Eft) si�, 

1-,,2 II 

E"rR' f." 
V 6= (k,l+2"k.k,+kl) sinq,d"" 

12(1-") • 

where the middle surface strains are expressed as 

"� (I/R)(u'+w), 

,,� (I/R)(cot¢u+w), 

and the bending strains as 

k.� (I/R')(u'-w"), 

k.� (1/ R') (u-w') cO\4>, 

(160) 

(16b) 

(170) 

(17b) 

(IBa) 

(18b) 

in tenns of the displacements that are given by Eqs. 
(2a, b). A eonvenicnt parameter '7 is introduced through 
the ratio 

(19) 

for the estimate of relative bending in each mode of 
vibration. 

It is apparent from Table I that the parameter '7 

TABLE 1. Natural frequencies � for hjR .... 0.05, 4>",,60°, " ... 0.3. 

, Free edge Fixed-hinged Roller-hinged Clamped 
n , n , n , n , 

I 0.931 0.053 0.962 0.318 0.995 0.233 UI06 0.041 
2 1.088 0.520 1.334 0.448 1.381 0.656 1.391 0.699 
3 1.533 0.745 2.128 0.802 2.110 0.875 2.375 0.755 
4 2.348 0.900 3.176 0.933 2.546 0.005 3 .... 0.850 
5 2.544 0.0006 3.988 0.054- 3.183 0.953 3.991 0.049 
6 3.497 0.954 4.515 0.935 4.563 0.985 4.974 0.950 
7 4.951 0.974 6.231 0.968 5.530 0.001 6.690 0.955 
8 5.230 0.0009 6.235 0.990 1.113 0.034 
9 6.693 0.987 

serves its purpose. When the first successive modes of 
vibration of a spherical shell subjected to four different 
boundary conditions are calculated and the correspond
ing TI for each mode obtained, it is discovered that, in 
general, the ratios 1/ tend to increase with the mode 
number in a smooth fashion. However, some modes are 
detected in all cases for which 1/ is an order of magnitude 
smaller than the numbers fonning the smooth curve. 
For this reason, the modes that have a large percentage 
of energy due to the bending of the shell are called 
bending modes and those having a small ." are called 
membrane modes. 
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For example, with reference to Table I, among the 
first nine modes for the free edge, the fifth and the eighth 
are membrane modes, while the others are bending 
modes. Similar conclusions are easily reached for the 
other boundary conditions. 

It is also of interest to examine the corresponding 
mode shapes of the bending and the membrane modes. 
This is done for the eight modes shown in Table I for 
the case of a roller-hinged edge, and the displacements 
wand 14 are plotted in Fig. 3. Again, it is seen that the 
two membrane modes have a different character. If the 
number of nodes of wand u are examined, it is seen 
that this number increases by one for each successive 
mode, as it should, except for the membrane modes, 
which appear to have a separate count of nodes. 

FIG. 3. Relative 
displacements of 
modes of vibration 
vs conical angle for 
h/R-0.05, .",,0.3, 
4>0'" 60°, and a roller
hinged edge. 
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The distinction between the bending and the mem
brane modes can be made for all values of opening angle 
and boundary conditions. The easiest test for the deter
mination of the character of each mode is based on the 
strain-energy coefficient 1/. This classification of the 
modes is of great importance in the study of vibration 
characteristics of nonshallow spherical shells, and it 
may be applicable to other shells of revolution. 

DISCUSSION OF RESULTS 

The different characters of the modes of vibration 
according to the classification of the preceding section 
can be further studied from the examination of the 
variation of the natural frequencies with the thickness 
ratio hI R. Such plots are shown in Figs. 4--6. In Figs. 4 
and 5, the first three bending modes and the first 
membrane mode are shown for the case of a free edge 
and CPo=60Q and cpo=90Q, respectively. Figure 6 shows 
the first ten bending modes and the first two membrane 
modes for a closed shell. For all figures, the Poisson's 
ratio 11=0.3. 

FIG. 4. Natural n 
frequency vs h/R for 
free edge at �0=60°, 
bending theory. 
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It should be noted that the variation of the natural 
frequency of the bending modes increases wi th the 
thickness and with the mode number. Also, for smaller 
opening angles, the variation is more pronounced than 
for larger values of CPo. Since the membrane modes occur 
at relatively high values of n in comparison to the first 
bending mode, the variation of only a few of the mem
brane modes with hlR was investigated. The conclusion 
was reached that the membrane modes have very small 
variations with hI R. The results of Figs. 4-6 are now 
compared to the corresponding results obtained by 
means of membrane theory. 

Since all natural frequencies in the absence of the 
effects of bending are independent of the thickness, a 
plot of no predicted by membrane theory vs the only 
other relevant parameter CPo is shown in Fig. 7 for the 

FIG. 5. Natural 
frequency vs h/R for 
free edge at 4>0_90°, 
bending theory. 
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FIC. 6. Natural 
frequency vs hi R 
for a closed spherical 
shell, bending theory. 

case of a free edge. It is seen that for all opening angles 
a set of an infinite number of modes (called the lower 
set) is spaced within the dotted area shown in Fig. 7, 
while another infinite set of modes (the upper set) is 
found to lie above the line n= 1. The two distinct sets 
of modes obtained by means of membrane theory were 
first discovered by Lamb! for a closed spherical shell, 
and their existence was subsequently confinned for 
the axisynunetric vibration of a hemispherical shell by 
LoveS and for nonsymmetric vibration by Nagbdi and 
Kalnins.7 

While the upper set of modes seems to be physically 
acceptable, the lower set contains an infinite number 
of modes within a finite frequency interval, 0<0< 1. 
Moreover, the intervals between the natural frequencies 
of the lower set tend to zero when the critical frequency 
0= 1 is approached. A complete explanation of this 
seemingly anomalous vibration bebavior predicted by 
membrane theory is found in the study of the effects of 
bending on the lower set of modes of vibration. 

Examination of the bending modes shown in Figs. 
4-6 reveals that if h=O the natural frequencies are 
identical to those of the lower set predicted by mem
brane theory, and for h=O they all fall below the limit 
value n= 1. As soon as the shell is allowed to have a 
thickness greater than zero, however small, this limiting 
frequency disappears and the range of the natural fre
quencies of the bending modes extends to infinity. 

Thus, the conclusion is reached that the lower set 
of modes predicted by membrane theory is really a 
degenerate set of bending modes that is valid onJy for 
h=O. Since the bending energy of these modes is pre
dominant, it seems reasonable to expect that they 
cannot be accurately predicted by membrane theory, 
where the bending effects are completely neglected. On 
the other hand, the membrane modes shown in Figs. 
4-6 agree well with the upper set of modes predicted by 

membrane theory, The value of the natural frequencies 
of the membrane modes at h=O is almost the same as 
that at h/R=O.OS. Again, this should be expected since 
in these modes the membrane strain energy is pre
dominant, and, consequently, the membrane theory 
should give good results. 

COMPARISON TO SHALLOW-SHELL THEORY 

In order to obtain some bounds on the validity of the 
theory of shallow spherical shells, it is of interest to 
compare the actual natural frequencies obtained in 
this paper with those that are predicted by the theory 
of shallow shells and given in Ref. 6. For this purpose, 
the natural frequencies of the lowest mode of vibration 
are shown in Fig. 8 plotted vs aiR (where a=R sin4'o), 
which is a measure of shallowness. The dashed curve 
shown in Fig. 8 represents the results obtained in Ref. 6 
by means of the theory of shallow shells. At a/R=O.5, 
which corresponds to 4'0= 30°, the percentage error in 
the lowest natural frequency of shallow-shell theory 
is 2.5%. If this error is regarded as the maximum 
allowable error, then it may be concluded that a/ R=0.5 
is the limit of the theory of shallow spherical shells. 
Such a limit is in agreement with that which was pre
viously suggested by Reissncrl4 (i.e., H/a5,O.25, where 
H represents the maximum shell rise), since for shallow 
spherical shells H=a'l/2R. 

When the modes for the case 4'0=30° are compared 
to the corresponding results of Ref. 6, it follows that 
the transverse modes are bending modes and the longi
tudinal modes are membrane modes. However, the 
ratio of the maximum values of transverse and longi-
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U E. Reissner, Quart. Appl. Math. 13, 279-290 (1955). 
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tudinal displacements of the bending and membrane 
modes does not appear to be a valid criterion for the 
classification of the modes if the shell cannot be con
sidered shallow (i.e., for a/ R>O.S). This can be seen 
from Fig. 9, where the mode shapes of the lowest mode 
of vibration,U which is a bending mode, are shown for 
increasing values of the opening angle 4>0. Clearly, the 
ratio u/w is small for 4>0= 30°, but it increases rapidly 
with 4>0. An important conclusion drawn from the 
results shown in Fig. 9 is that the longitudinal inertia 
is not negligible in bending modes for nonshallow shells. 
Another interesting point can be made with respect to 
the transverse vibrations of shallow spherical shells. 
1t was established in Ref. 6 that if the longitudinal
inertia terms in the theory of shallow shells are neg
lected, then the longitudinal modes cannot be obtained. 
In this paper, it is shown that the longitudinal modes 
for shallow shells are membrane modes, and that only 
these modes can be accurately predicted by membrane 
theory. It must be concluded that membrane theory 
cannot be used to predict transverse modes of vibration. 
If it is used, then the result was shown in Ref. 16 to be 
a single, degenerate, natural frequency at n= I, which, 
with reference to Fig. 7, represents the limiting line of 
all degenerate bending modes predicted by membrane 
theory. 

CONCLUSION 

From the results presented in this paper, it is con
cluded that the complete vibration spectrum of a non� 
5hallow spherical shell consists of two infinite, inter
spersed sets of modes distinguished by a predominant 
bending or membrane strain·energy component. These 
modes are defined as bending and membrane modes. 
Tt is shown that the transverse modes of shallow 

FIG. 8. Lowest 
natural frequency 
vs aiR for a clamped 
edge, bending theory. 
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U The mode shapes of the lowest mode of vibration of a shallow 
spherical shell with a free edge are included in A. Kalnins and P. 
M. Naghdi, J. Acoust. Soc. Am. 32, 342-347 (1960). In comparing 
the grapb of this reference with the ¢"",,30° mode of Fig. 9, it 
should be recalled that in this reference the displacement com
ponents that are parallel and perpendicular to the axis of sym
metry were employed. 

11M. W. JohniKln and E. Reissner, Quart. AppJ. Math. IS, 
367-380 (1958). 
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spherical shells are bending modes and the longitudinal 
modes are membrane modes. Moreover, the distinction 
of the modes according to the ratio of the maximum 
values of the displacements is not meaningful for non
shallow spherical shells, and it follows that the neglect 
of the tangential-inertia tenn for nonshallow shells is 
not justified. 

It is further concluded that the membrane theory of 
shells can detennine accurately the membrane modes, 
but that it predicts bending modes that are valid only 
at h=O. The accuracy of membrane theory is still good 
for small values of h and for low mode numbers. 

Finally, it is of interest to remark that a theorem in 
the theory of surfaces was proved by ]el1ettl7 in 1855. 
Tt stales: "The most general displacement, which a 
closed, oval, inexte-nsihk surface admits of, is that oj a 
rigid body." The precise interpretation of this theorem 
with regard to the theory of shells is that a closed shell 
cannot undergo purely inextensional defonnation. How
ever, the theorem should not be interpreted to mean 
that the membrane (or extensional) theory will always 
give accurate results if it is applied to a closed shell. 
The results of this paper support this statement. For ex
ample, with reference to Fig. 6, the natural frequency of 
the ninth mode of a closed spherical shell for h/ R= 0.05 
is about double that predicted by membrane theory. 
On the other hand, Jellett's theorem, if interpreted 
correctly, is also supported by the results of this paper, 
since no modes are found for which the extension of 
the middle surface is identically zero. 
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DYNAMIC ANALYSIS 

'!HI BLATIVI CCltPLlXI!lIS O. 
PtArl AND SHILL nBlA1'lCltS 

A.V. Lei ••• 
))eJ)art_at of !allaHuq Medlalca 
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The wfbratlon. of plat.. and .h.ll. i. a vaat and ca.plicat.d 
ft.ld. !be llain pulp •• of the ,n . . nt paper 1a to .. ,ar.te out 
the varlo .. ec.pt.xiti •• which can arla •• and to Identify thoae 
which typicaUy exlat III .h.ll rihat10n ,lObi ... that an not 
._11, fo .. d In plate •• 

lllnoDVCTlCM 

'late. ..d .hella an frequently occur
Ins al ... ne. In .tructural .p,llcationa. Thay 
typically exl.t In tvo for.l: 

1. M caaponenta of laqer atruetuna. 

2. M npn.entatlona of cc.,let. atrue
tun •• 

'o� clya..s.c I_tina .ltuationa lt le lltpor
talle to len.,., the n.ult. of frae wtbraUon 
.tudle. In order to: 

1. Awld the naoaant. natural fraq_n
eie •• 

2. bow the ah..,.a (ad ... oclatad 
.tn •••• ) of the ao4 .. excit.d In a 
forced wtbr.tlon. 

3. H .... the nonal 80Clu (e1gnfunc
tion') .... ded for • I .... r.l. cJyn_lc 
an.lya18. 

A ,lat. or abell Ie a .truccur.l .1 ... llt h ... 
lnl an lnfinit. n_ber of delre.. of fn.
cia.; that i., It 1 • •  continuout. rath.r 
th_ diacnt •• ay.t_ h."linl n infinite 
n.aber of fne wtbraUoa frequtnete • •  nd 
.., ... h.,... H .... r, In aoat ."l1catioa. 
It 11 uaually .ufflc1ent to know the fint 
(1 •••• love.t) .... 1'.1 fnquencl •• and .ode 
.h., ••. 

A b ... I. al.o a contlnuout .y.tea 
haftn" an Inftnt t. nlilber of ftbraUon 
fnqunda • .nd aode .h..,... Howewr. the 
probl.. 1. aach ... ttcally only an.-clt .. n
.tonal, when .. ,lata. aM .belh an tvo
eli .... I ... l. A thin ... rana requln. a 
tvo-cltMUlonal tIOCfal, but the orcler of the 
cllff.tenUa1 aquaUan. of aoUon <nel the 
n __ 1' of .ella coacltUan.) 18 oaly half .. 

"r.at aa for the plate or .hell havinl bend
In" .tUfn •••• 

A vaet literature exi.ta for the fleld 
of plat. and .hell wfbrattan.. Tvo ",0-
�r.,h., .,00\8ond by MASA [1.2), ven "ritt.n 
by the author a deca... ",0 and vere publl.hed 
by the U. S. Gowrnaent 'rlnUnK Office. The 
oa. de.lina vtth plat . vibration. Included 
approxt .. tely 500 nfenne •• ; the •• cood ooe 
h •• about 1000. Recent .uney. (3.4) ineli
cate that the lit�r.ture of plate vibrationa 
h.. 110ft th_ doub led atnc:e then. ¥hU. a 
fev htmclnd _re pubU.h.d p.pera, nport • • 
th •••• t etc. ha .. recatly appeanel illvolwtnl 
free wtbraUou of .hell •• 

ror the.e ,.a.on. the .ubject of vibra
tiona of plat •• and .heU. Ie • rather CGIIPhx 
and conf.inl one. The puq.oa •• of the pre
MIlt pa,.r an to: 

1. Point out the type. of coaplexl
ti •• that art.e. 

2. laph .. i.. the c-"leatU •• which 
t"lcall, axi.t In .hell vibration 
prob.. chat are .. ually aoe fo_d 
for plat ••• 

CLASSICAL PLArI VIIIATICMS 

By • "plate" ve _an a flat .l .... t hav
in. a thlsna.. <n) wht ell ie IlUch ...tIer 
th_ It. l.n"th 01' vidth. rilUre 1 .han a 
,lat. of arbitrary. curvilinear .h.... The 
eta.elc.l theory of thin plat.. 'e applica
bl. for Itlc � I/I.f} • when "« II ia the 
... n .. t l.nlth cll __ loa. If the plet. ia 
not flat . but h .. canatun, no .. tcar h_ 
... U. va v111 call It a ".hell". In"'d, 
.. va .hall ... later, • wry .. U __ t 
of can.tun c_ ca •• 1i�1flc_t ch .... 

— 1 —
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a 

Figure 1. P!ate of arbitrary ahape 

in the free Vibration frequenele.. We will 
consider only the traneHe (a-direction) 
motions: that i.. the bending nbration IIOdeS. 
The in-plane vibration. .re at auc:h hilher 
frequencies for a tbin plate. Only f�. 
und...,.d nbration. will be taken UP. and 
the plate .. teriel will be ...... eI to be 
laotropic. hOlllOgeneoua. and linearly elas
tic. Finally. to .void the endlea. coaplica
tiona of cCIIIIPlex structure •• • tiffenen auc'" 
a. edle be ... will not be included. The.e 
are the restrictions for prOble .. addre •• ed 
in the first 8 cbapters of [1). for which 
hundreds of references extst. and will be 
called tbe ·'cl •• ical theory". 

The clasaical theory of plate .ibration 
ta Roverned by the well-known differenttal 
equation of !DOtion 

(1) 

where .M/" ,. .u'.(,�.��,.Jls the transwne 
displacement I' h .... dendty per unit .ur
face area of the plate. t 18 time, 0 h the 
fl.xural r1�idtty liven by 

E. 18 the lIOdu1ue of e1 .. Uc1ty. II i. a�a1ta 
the thiCkne.s, " ia Pota.on's ratio • •  nd 
C7·ts the b1haraon1c differenttal operator 
Riven b, 

(3) 

in rectanKular coordinatea. Aleeraatel,. the 
probl_ .. , be atated in tena. of an .eq, 
fonaulaUon. 

In additton. eo coapletely detenaine the 
probl .. , the bOUDdary (or edle) conditiona 
aust be Itlven. There are th ree clu.iea1 
boundary condition.: 

1. Claped - aero deflection anel aero 
no�a1 elope. 

2. Siaply .upported - aero deflectioa 
_d .. ro nOnlAl bendlnl ___ nt. 

3. Frea - .ero nonaal beacltaa __ t ad 
aero nonal .bear (the Kirchhoff 
shear> • 

In this cIe.cHpthe paper va .111 not bother 
vitb the well-known (cf. (1» .. theaaUcal 
.tat ... nt. of the abow boundary conditiona. 
Suffice It to .ay that the, lnwbe K ad 
cleri.attw. of up to the third order in """ and 
�. EI .. tlc eelle re.tr.tnt. (i •••• dt.trtbut.d 
tr ... 1.t1 .. 1 .. d/or rotation.1 .PHaa.) Nault 
In I1ne.r ca.bln.ttoaa of the deflection •• 
elope .. ..... t. and .hears. Laur. ecf •• (5-6 J) 
h.. aohed a ,reat _rtety of the latter prob-
1 .... 

Solutions to Iq.(l)are .vatl.ble In 
rect_sular. pol.r .nd elliptical coordlnat .. 
Cd •• ll]. Chapter 1). which perait ._ u
.ct re.ult. for free .tbratlOD frequeacle. 
.. d IIOde .hape. of pl.t.a of reetanaular. 
c1 Rular and elliptical nape. Speciflcall,. 
the fol 1DWln� ah.pes h ... ex.ct .olutlona: 

1. "ct.nlul.r - .01U, hannl tvo 
opposite aide. .1.,ly .upport.d (6 
ea ••• out of 21 posaible ODe.). 

2. Circular - .olld and .nnular. all 
boundary condUiOD •• 

3. Elliptical - .olld .nd _nu1.r, all 
bound.ry conditione. 

T.Uns exact .olutton. to Ecr. (1) and .... U
tutinl th •• Into the boundary cODdltiOD. 
,bld. a frequency detaralnatt. the root. 
of which .re the nondlM1laion.l fnq ..... c' 
par ... ter. (.il.n •• l .... ). For an .x.ct .olu
tion the cleterainant w111 be of fintte ai_ 
(indeed, no l.qer tha fourth ON.r). S_
.tltutl"R the e1�.n •• l .... back into the bound
.ry eondttlOQ equat1ea. ,telda the eorreep .... -
1n8 .ade .hape. (.ilanfunctton.). 

Beca.e the entt.,...tric aoct •• of the 
— 2 —



eo_ probl ... yield acraisht aodal U •• 
(linea of •• 1'0 defl.ction) of antl.,...try 

which duplicate at.,ly .upport.d boundary con
ditioaa . there are a fev additional .ha,.. 
haYial •• act .olution •• contained within thoae 
abow. £...,le. ar . ... icircle. aDd ... i
alltpaa. and othar aactor. of .olid and annu
lar circular and .lliptical plat ••• and the 
laoual •• riKht trtansl •• 

aut .oat cla •• ical plate vibration prob-
1_ haw no .xact .olution.. Thi. te lIener
ally true for the Iraat �ariaty of other poa
.ible boundary .hape. (e.g •• parallelogra •• 
trape.oUal. trtanlular. atc.) .. _11 a. tha 
IS othar c.... of ractanlular plate. � 
haYiq two opJ)oait. atde • •  i.,ly .upported. 
Other coaplication. which leaerally J)rohibit 
obtaininll exact .olution. include: 

1. nt.continuous boundary condition. 
( e.R •• a .traight adll. which i. 
cl_J)ad alon" one J)ortion and eith.r 
.iaply .upport.d or free alonK the 
re .. indar) • 

2. Point .upJ)ort. - in the corn.ra. 
alons the adle. or int.rnal. 

3. Added mae. (e.R •• point ...... 
repre.enUnl acc:alerc.atar •• 
equlpaent aounUnl). 

4. Cutout. (and cracta) - iat.rnal 
01' e.ternal (e., • •  aquare J)late 
with a round hola. aaw cut). 

Thue for lIO.t fr�e YibraUon probl •••• 
• ".n for cla •• ical th.ory. appl'oxi .. t • 
• olution _thode .... t be .... d. Iy far. 
the .o.t ... eful and POltular _thoda ara the 
Rayla1lh-RtU�alerUn _thod. . Th. 
Ray la1sh .. thod (7.8 J ..... an ..... d aod • 
• hape and calculat.. the corra.pondins na
tural frequency by .ettins the ... tau. po
tential .nel'lY i" the vibraUon cycl • •  qual 
to the .. xi_. kin.tic e".�y. The n.ultant 
freq ... ncy i. too hiSh . (t.e •• an up1'&r bound 
to the true fraq_ney) d_ to the .odd 
con.traint. introduced by the non-exact 
a •• .sed IIOde .hape. The Rita _thod (9.101 
i.,ro ... upon the Rayle1lh procedure by 
allowinll wore th.n a .i,,�le deflection 
f.mcUon. and choo.inl the ba.t "mix" of 
the deflection f.mction. by • alni.IalnR 
"roc.... The CaluUn _thod (111 appean 
to be quite differ."t than the other two -
Indeed. it il a weillht.d re.idual rather than 
a stationary functlonal .. thod - but • •  
tran.formatlon Ihows tha t It i. coaJ)letely 
• quival.nt to the other two for the free 
vibration ellenvalue probl .. if ... ed correc t-
ly. Oth.r apJ)roxi .. t. _thode .... d frequently 
on plate vibration problea. include: Point 
.. tchinl. finite ala .. ntl. flnlt. dlff.r
ence. and various rather difficult .. thods 
for Obtainlnl lower bound. to frequencl ••• 

aut in .pite of the coaplexiti •• _"tton
.d abo .. . and the lack of exact .olutlona. the 
.olutton of cl ... ical plate vibration probl ... 
i. relatively atrallhtforward. Typical aolu
tion. yield nondi_n.ional frequency para
_tan of tha fon 

(4) 

wh.re a te .oae ch aractertetic lea�th of the 
" late • It is found that ).. depend. upon at 
!!!.!!. only two tY1tea of par_t.n. One 
te Pote.on·. ratio (11). this .nten the 
prob 1 .. . xplicitly through the boundary COD-
di tion.. in e .. e. haYiIlS one or aora free 
nraight edg •• or on. or aore staply .upport
ed or free curviUnear eelle.. Thus. for a 
claaped circular plate or a ai.ply ·aupport.d 
rectanlular J)lat •• A doe. not depend upon 1/ • 

But. ina .. uc h .. D depen d. upon ZI (via •• Eq. 
(2» • u> it.el f alway. depend. upon J/ • 

The other par_t en of the J)robl.a are 
thoae ne.ded to deftn. the boundary ahape. 
POI' a rectanlular or aanular circular plat •• 
for • ...,,1 •• a .iade a/II ratio 18 .uffi
ci.nt . where for the tint CMe it repr •• enta 
the lan�th-to-vidth ratio and for the .acODd 
c ... It i. lnn.r radius to outer radius. 
La •• Nllular .h." .. TeCluire ura nODdl-n
elonal Kaoaetrie par_t.n. For ax�le. 
the c:aatilevered trianRle in 'llure 2 
requln. Q/IJ _d the .u. ratio .<./J . 

Q----9'4 

c 

� b 

1 
'i_ure 2. Skew c8fttll.�red plate • 

COMPLEXITIES IN PLATE THEORY 

Ani.otropic platea require aore elastic 

conatanta to be defined. In the aoat len
.ral ca.a the flaxural relidity con.tant 
liyen by Eq. (2) ia replac.d by fi.e independ
ent rllidity con.tants. and F�. (1) .ust 
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be expanded to 

()� d�" C>�M'" 
4·� .; �:) ;I� -I' �P} &'J � .. � • "% v.t ."� 'I U) 

+ 12 �i� +'" �,� f Ct� 
.., 'J���J �;-. ��I'" + w = " 

in rectanlu lar coordin.te.. 'or .. orthotro
pic pl.t • •  aore .Iaple fo� I • •  uffici.nt: 

-'!o.� ,. .... ,. ,. .... ��, 
0.. g � ., I) cI .M IJ. 0 .-or 

.� '.,.'" + - ''1' iJ1I.::!,a + "1 'ill" (6) 
4):� + f ;}t:L : 0 

Similar equatloos c.n be vrttten for pl.ce • 
.. de of aatertala ha¥inR curv111n •• r ortho
cropy (e.R., polar orthotropy). 

Equ.tion (S) h .. , In general, no exact 
• olution. Howwr. Eq. (6) c.n be aolwd 
in the ..... Mer .. Eq. (1), and ,ielda 
exact solution. to the . .. aix proble,.. 
as for an isotropic pl.te (i.e., tvo oppo
.ite edges .iaply supported). 

Consider next • plate .ubjected to in

plane forces . In general . the bOWldary Of 
the pl.te can be .ubjected to inplane, dia
trtbuted tensile or ca.pres.ive forces � 
and Af� per unit length. and .n biplane 
.he.rtiR force, AV� , �er unit length in. for 
eXaliple. rectangullr coordinates. A ... ply 
sU1'Ported rectanRular plate h.ving unifot'll 
(i.e., eonstant) inplane forces 1 • •  hown In 
'I�ure 1. Or inplene forces can be caused 

by internal body or re.idual stre.se •• 
The.e initially applied force. are all 
a •• umed to be st.tic. The effect of inplene 
forces upon the .. the .. Uc.l problem is to 
repl.ce lero on the ri�ht-hand-.ide. of 
Eq •• (I), (5) end (6) by 

(7) 

vhere � , N.� and #.� denote the 
poeitiw (tensile) inplane forces per unit 
lenRth ob.e rved at a typic.l point (.� ''I') 
within the pl.te .nd, gefterally, .re fWlc
tion. of "'" .nd j. 

In the .pedal c .. e when � end Nf 
.re con. tent ewryvh.re within the pl.t. , " 
and N�. 0 ,Eq. (7) h •• • n exact 
solutiO« vhich. again, corre.pond. to the 
rect.ngular pl.te ha¥ins two opposite .ide. 
.isply 'U1'ported. But many iaportent prac
tic.l c •••• • rt.e wh.re the .boft ... uaption. 
cen be .. de •• , for exa.ple, the tr.n.wrs. 
vib ration. of a ai •• ll. fin .ubj.cted to 
larse .cealer.tion in it. plene (12). 

'or v.rtabl. thickne.. Dlate. the flex
ural rtRidtty, DJ .. no longer . con.tent 
_d, conMquently, neith.r .. II. Thu •• 
for .x.mple Eq. (1) �.n.rali&e. to 

'i NJ( 

I� !-t ...!..- t t .!...- NJ(y 
-

J 
r----------o -------- 1 r-
I I 

-JI b1r-N - I 1 - Y 
I I 

- J L ____________________ l r-L-----------------------�----- x 
Nxy -

, , , 

'igure 1. Simply .upported rect_sulat" pl.t. 
having UDifor. inplane force •• 

2.(" %) " )( (to (;IN \! f) V JIQ' - (I- /J "1 � .#.t,L 

&. ) �p.r 
')1" (8) 

vbere IJ .. I' (�¥./ �). Ttli. equation h .. 
vartable coefficient. and h .. no exact .0-
lution. although the Raylelgh-Rlta-Calerkin 
aethoda .re •••• nti.lly no 80re difficult to 
apply. An ... zlnR nuaber of publicationa 
have b.en re«:entl, devoted to thl. probl_ -
.t leut 24 in the l .. t three ye.n (4). 

The effect. of .urroUiutly _dia are 
aip1ficant In two wry laportant .ay.: 

1. Alaost.U theoretical ruulu are 
fot" plat.. vtbratins in a v.cuua, 
vberea. a1Jlo.t all expert_ntal 
re.ulu .re In air. 

2. Surroundlnl liquid., .uch .... t.r, 
cause draatlc decre.... fro. the 
n .tural frequeneie. calculated In e 
v.cu ... 

The decrea.e In frequency iI t of cours., 
!Uinly due to the n.ea.e1ty of 8O¥ins .ddi
tional .... . and not due to d.-pins. Eftil 
the pre.ence of all' at .tmo.ph.ric prea.ure 
viII often reduce the frequeucle. by 5-10 
percent ( •• e (1). p. 302). lnva.tigaton 
are .oaetl.. UIlav.re of thb _el .tt.pt 
to live unwarrant.d justlfic.tion for the 
differenee. betwe.n their relati .. ly clOie 
theoretical and ex,eriaental re.ult •• 

Larae de flecti� chan.e the pl.te vlbr.
tion probl_ to be a nonlinear ooe. Thil c:_ 
take place In at leaat three va,.: 
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1. S�ffteiently large atraina to require 
nonlin.ar atreaa-atrain equationa. 

2. Large alope. in the defl.cted aur
facea .  ao that the usual a.auap
tions of rep lacing SIll 8 by t�H" 
and etAS 8 by unity are no longer 
vaUd. 

3. Inplane ... brane farces generated by 
the tranqverse motion of the plate. 

The latter phen�non can ... ily occur to .ig
nifieant degree in plate vibrstions and ia a 
''hard apring" ty1)e of nonlin eadty: that 1s. 
the frequency increase. vith the amplitude of 
vibration. Indeed, an amplitude on the order 
of the p late thickness viII typically increase 
the frequency by about JO percent if the ed�ea 
are Teatraine d again.t lnplane motion. This 
phena.enan is therefOTe easily the aourc. of 
.uch experl_ntal error. Analytical resulta 
are often obtained by the Calerkin .. thod. 
using an as.uaed made ahape. Ref1ectinR the 
current interest in solving nonlinear probl_ •• 
at least 72 referencea can be found in the laat 
aeyen yeara dealing with this type of probl .. 
[3.4). 

In 1877 Lord Rayleigh (7) ahowed how the 
addition of "rotatory" (in the language of his 
day) inertia effect. to tho.e of classica l 
tranalational inertia affected the flexural 
vibration frequenc1es of be.... Tl ... henko 
(13) in 1921 ahoved that the effects of shear 
defonation. previously disresarded. are at 
le .. t equally import ant . The effects of in
cluding eith er rota!I inertia or ahear deform
ation an to decr.... the frequenc:te. frOil 
those calculat.d by clasaical theory. and are 
.specially .ignificant for relatively thick 
( Ir/ til. > I/ZI) ) plates . .. well as be.a. 
The fint conaist.nt. dyn_ic, thick plate 
theorl •• were presented by Uny .. d (14) and 
MindUn [lS) and the latter is videly used to
day. The re .ulting plate theori •• ar e sixth 
oreler .yst .. of differential equations, re
qui rlng the a.,eel fication of three b oundary 
conditions per edge. 

E .. .,.l •• of nonhG!Oleneous plates include 
the fo11ov1ol: 

1. Macerial heterogenetty varytnl con
continuo .. ly (e.I., E· &(�/I�I») due to .arying denat ty ( •• R.. aty
rof�. rubber) or larae te.perature 
gradienU. 

2. Layered ( or .andwich) platea. 

Of particular illpOrtanee tocl., in the latter 
eategory are l_tnated platea .. de of cOlipostte 
Mtertala. The equationa of 1IOtion for aueh 
,lat •• do not alvaya p.,.tt uncovplinl of the 
lapl... ...d tranawrae vibration .ode.. and 
the re.ultlng vtbratlon freqUinciea can be aig
nlflcantly lower than thoae predicted by an 
"equialent orthotr'opie theory" (16). 

SHELL VIBRATIONS 

A ahell. like a plate. 1. al.o a three
dl_adonal body which. for the aake of reduc
ing the formi dable cOliplexity of the proble_, 
1a replaced by a tv o-dillendonal proble.. All 
deformations are then characteriaed by dis
p1aceMnts of the middle 8urface. as cODtraat
ed with the _tdplane for a plate. A typical. 
open ahell, having thick ... aa It, 18 ahown In 
Figure 4. Radii of curvature, R, and R", in 
tv o orthogonal directions are abo .hown. It 
ahou1d be n oted that It and R� are leneral-
1y not equal. not conatant. and not even auf
ficient to define the middle .urface. un1eas 
they are prin Cipal curvatures. 

'llure 4. A ahell haYin. arbitrary curva
tuna. 

ConWlrael, I a plate is a .pedal cue of 
a ahen when If, .. R & - CIO at.U pointe I 
In all 4i nctlona. Therefore . all of the 
cO!plexitie. which exlat for plate. aDd are 
discusaed on the previoue pa.ea al.o exiat for 
.he1la. That ia. for e�ple. ahel1s can ha .. 
i rreRular .haped boundaties, discontinuous 
boundary conditions, point supports, cutouts. 

orthotroplc .. terial. var iable thickn .... 
• hear deformation .ad rotary Inertia. and so 
on. for 811 typea of curvatures. But ah.l1 
Yibration analysis (and experi .. n t) ta consi
derably lIOre cOliplex than for plate. for the 
fo11owlnl re .. ona: 

1. Curvature .pecification. 

2. lending and atretching of the middle 
aurface are coupled. 

3. An eighth order .,ste. of differ
ential equation. of .otion (vlthout 
ahear defor.ation). 

4. Four boundary condition. required 
per edKe. 
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s. Three ti.es as uny .hell frequendes 
.. plate frequencies. 

6. No unhenally accepted set of equa
tions which cOMprises the cl .. sical 
theory. 

7. Additional seometric parameten to 
be specifie d. 

I. The ncncl1l1ensional frequency para
met ers are always functions of 
Poisson's r atio. 

9. Mode shapes of t h e  lowest natur al 
frequencies are aeldom obvious. 

10. Test specillen. are .ore cl1fficult 
to fabricate. 

11. Experi.ental fixture • .  md .uure
.ent lIethoda al"e 111 Jre cOIIPlex. 

CUl"Vature speCification is by itself a 
.inor compl exity. It is lIerely a .. t t er of 
defininR the shell in �uestion. The added 
complexity ari.es from the vast number of 
i�ortant curvatul"es which are of interest. 
A practical list lIust necessarily incl ude: 

1. Cireular cylindl"ical. 

2. Elliptical. oval and other nonc i�
cular cylindrical. 

3. Conic al. 

4. Spherical. 

S. Ellipsoidal (or spheroidal). 

6. Toroidal. 

7. Pal"aboloidal. hyperboloidal. 0«1 .. 1 
and other .hell. of revolution. 

8. Hyperbolic-o�raboloidal 

9. Others. 

The la.t cateRory is inevitable. no matter haw 
lonR the Uat. 

That the bendin,. and stretchinR of the 
middle surface of a shell are (al�t alwavs) 
coupled is no doubt the 1I0St si.-ificant dif
ference between a typical shell and a 'lat 
plAte. Indeed, in the usual case, the aell
brane forces caused by the stretchin� re.ult 
in considerable atiffenln. and. hence, in
creased frequencies. The enormous increase 
tn the fundamental vibration frequency of a 

1i1lC)ly aupport ed square panel due to the pre
senee of a slllaU alDOunt of CUl"Vature wa. de
monstrated tn (17) (aee Table 2, �. 182). 

The couplin� b etween bendinR and stretch
in� also requires that the equations of 110-
tion, when shear defor.ation is nev,lected, 

.re of the .ish th order. n.at 18, the tl".a
vene and tanRenti.l .ott .. a do not UIlCOuple 
aa they do fOI" • t,pical plat e. Conaider. 
for .x..,le, a cil"culal" cylindrical .bell . .. 
shawn in 'isure S. The t hree independent 
cOllf)onenta of diaplacetaent .re 1/. V (taa
Renti.l) .nd Mr (tran._rae). The two-dl_n
.i ... l preble. ia st.ted In t . .... of the .« 
(axial) and e (circ.ferenU.l) cOOl"clinates. 
The widely-used Donaell-Muahtarl .quatioaa of 
aoUon Cell be wri tten in Mt rtx fon .. 

X,-t • 

;C,� = 

L.:l J • 

�� �� 
�Jl �J 
�.I� ��J 

= 

o 

o 

o 

(9) 

�",i are differ_Ual operators 

a&. 
(10) 

�, • (j.,. 11) -
.l u.4�8 

ot;, 1& 
"L 

a� 

��. 
� 

")� 

vbere 4 -I%-/R and �. II /IZ /f&. Juet 
haw .uch .ore cOIIpl.x th ••• equations are th_ 
the one for a plat •• Eq. (I), can be .... by 
lookinR at the opentol" ��� in lei.. (10). 
which cont.ins Eq. (l) in it. laat two tena. 
And the.e particulal" equation. of �tlO1l are 
often used because the, are the _t .illpla 
fo� a.ail8hl. includlnl both beadinR and 
.tretchift� effects. Con.ldel"atiOll of .hear 
defolWation nau1t. In a 10th order .yat .. of 
equaUons. an order not frequently foad in 
the broad .c� of .. the .. tical playaice. 

An e1�hth order s,.t .. of equations re
quirea the .tate .. ftt of four boundary condi
tions along each edRe. Two of the •• are .. ao
ciated with the trans .. rs e conatl"atnts ( .. 1ft 
plAt. bendinR) and two with the tanSeDtial con
atralnt. ( .. In plate atretchlftR). The state

..nta of t hese conditions i. ftot partlculal"ly 
difficult. Coapl.xity .1'1 •••• rathel". fra-
the larte nu.ber of po.aible caabinationa of 
them. For exa.,,1e, a closed circular cylindri
cal shell . as shown 1ft Fhure 5. h .. 1)6 pos-
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I ... 

�\ ... \ "-'-

Piaure 5. Cloeed circular cy11adrlcal .hell 
and coordlaate .y.t.a. 

alble ca.binatiOlUl of "slaple" boundary con
ditions along its tvo boundariea, � .. 0 and 

,� ."l : 

Because of the aforeMfttioned to...,11nR, 
the tran.vene di.plac..-nt � reutn. cOUfJled 
with the tana.ntial di.placnent •• '" aad ,V. 
Pree vibr.tlon .ia.nvalue prOblea8 therefore 
reault ia. typic.lly, cubic equationa In a 
nondl..,.aional frequeacy par_tel' (A), ra
ther than 11 .... 1' frequency equations .. for 
plate.. n.e cubic equations yield three real 
root. for A. POI' a thin, circular cylindri
cal •• ell the ... lle.t (lowe.t frequency) 
root wUl usUlilly correapond to a pred_inant
h (but not purely) flezural lIOde, whUe the 
other tv. frequenci •• will correapoad to pre
d_inantly stretchinl IIOciel of vibration. 

Equation (1) 1a univenaUy .ccepted as 
the Rowminlt, cl .. dcal equation of aottori 
for a thin plate. Unfortun.t.ly, a Iiallar 
stateaent cannot be .. de for thin .hella. A 
atudy of thia .ituation (.ee [2), Ch. 1 and 2) 
tumed up at t ... t 20 ind.pendent worlta by 
acadea1ciana, yieldln� eqUiltlon. of IIOtion. 
Car.ful ca.parlaon ahow.d that about half of 
thea vere COMpletely aqul.alent to tho •• of 
othan. POl' circular cylindrical ahelll, for 
.zeaple, It w .. shown that ((2J. pp. 32-34) 
.ach independent •• t of equationa of aotion 
can be wrlttan a. 

(11) 

wh.r. t "6' j 11 tha vector d1lplace1llent coa-

ponent., " , AI' and V, .. in tbe for-at of 
iq. (9). Furthal'llOre, (�I can be wrltt.n for 
.ach "theory" .. 

(12) 

where [ �,p'H] 11 the differential operator 
accordlnlt to the Donnell-MU8ht.rt theory, the 
eleaents of which were �iven la Eq •• (10), and 
[ fL,."U) ] 11 a "aodtfyinlt" operator to be add
.el for the appropriate theory. What 11 inter
.aUnlt 11 that each e1eaent of ( �"'(I� ] la 
aultiplled by the thlckn ••• par ... ter, 
� _ /'&/IL /(2. , a tera which appeareel in 
only 0l'.1 J (aee Eq • •  (10» of (ot'PAH J, aDd 
that.A, 1. an .xtre .. ly a .. ll a .. ber for 01'
elinary, thin sheIla. 

The latter fact ha. led sa-e .uthor. to 
believe that frequencies obtained fr.. all thia 
.hell theories are, for �ractical purpOle., the 
..... A care ful atudy perforaed ia [lJ, pp'. 
44�I, ,hows that th1l 11 far fr_ the cue. 
Indeed. the videlY-U8ed Donnell-Muahtari 
theory it.elf i. highly inaccurate In deter
ainiaR frequencie. of .cae aod.s of .hell vi
bration. SiaUar deaonstratlon Vu provided 
earlier in the excellent vork of 'on"" 
(18,19). 

The complexity of the equation. of aotion 
ha. led to further .iaplication., in the .t
tem�t to obtain more tractable .olutioas. 
AnlonR thee. are: 

1. MeIIlbran. theory - a fourth order 
theory ne�lectia� bendinlt .tlffaea • •  

2. Iaextenelonal theory - • fourth 
order theory neRlectlnR etretchlag 
.Uffn •••• 

3. MaRlectinK tangentlal Inertia tera.. 

4. NeRlectinR terms containinK .A:&. and 
.,( � in the characuri.tic equations. 

and .any others of a aature Ii.-ilar to the lut 
one. Unfortunately, each type of liapllfi
cation can re.ult in very large errors in 
.0IIe type. of problns. 

POI' a flat rectan�ular paae l (i.e •• a 
olate) .l�ly supported alon •• 11 four .dltel, 
the frequenc� .,ar_ters depend UfJOft only the 
a • .,ect ratio. al �. For a cylindricaUy 
curved .,anel they depend upon tvo additional 
lIt.oaetric parMeten ( .. y 11/1'< and tI/� ) 
a. veil .a Poi.ann'. ratio. explicitly. ThUi. 
a careful • .,ar ... trlc Itudy for the .hell 
panel I. con.lderably .ore involved. 

ARain, AS A relatively .i�le problea. 
conaider the closed, circular cylindrical ahell 
.hown in 'l�ure S. Let the end. be a""ported 
by ahur dlaphra __ 1 (alao caUed "fre.l, IUfJ-
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ported" 01' "aillply aupported" elaevll.r. in the 
literatuTe). whieh ia a sen.rali.ation of .i.
ply aupported edsa conditiona for a plate. 
For thia proble •• a eiaple exact solution fOT 
the freq uenc:1es ancl aode .ha.,e. can be found 
(cf •• (1). ch. 2). It 1. found that the dls
placementa t .... the fom 

(13) 

..IV" C S/lf�� � ,-,',s"I!(} ,·,v�r 

where cl '" • ""T /L and '" and" are inte
tters. 'The reaultant .ode ahapes can be lden
t! fled by the aUillbar of axial half-wa.,.a (") 
and the a..mer of c:1rc.ferential va.,.a (11). 
Typical nodal patterna (�anlns. lines of 
".#V • ,, ) are depicted In nllure 6. 

.. -4 
CIRCUMFERENTIAL. NODAL NoTTE .... 

� 
� �-.'-=-�--- ' .... 

-� 
",-2 ",-3 

AXIAL NODAL NoTTE"" 

AXIAL NODE 

nltur. 6. Nodal patterna for circular cylin
drical .hell. aupported at both 
end. by .h.ar di.,hr ..... 

One i.portant question ia: " Of aU the 
p08.1ble combination. of 111 _d 1'1. vhich 
• h •• the lowe.t frequency?" '0r",. tha an.
WI' 18 ai."le: m. I • Su,po.a we .ay f"r-

ther that the .hell h .. par_ten II/It .. 
1/4'11 and �/A • S' • a .heU of _eSerat. 

thickne •• and lensth. The exact .01ution fl'Oll 
above yield. a lowe.t f�uency p.r ... t.r 
wA V � 0- ;;2.)/1 of .bout III. � • for 11-" 
(.ee (2). 'isure 2.lS). Th.t i •• the fUDdaaea
tal lIocIe h .. three circ.ferenU.l v..... !'he 
fint e1Sht frequencie •• and their ... ocl.ted 
"" aftd 1'1. are li.ted below. ia order: 

1. •• 1. a • 3 
2. •• 1 • a • 2 
3. a· I, ft • 4 
4. tII- 2. a - 4 
5. a- 2, a - 3 
6. •• I, a • 5 
7. •• I, n • 1 
8. •• I, a .  6 

with the eiRhth frequency heiDi only about 
three U.s •• hi�h .. the fint. We aote th.t 
the "ben bindiftll _de" ( 11 = I ) h .. only the 
• .. ftth lCIIIIUt fncaueQC" .d th.t two of the 
lower OIl •• h ... . ftD two uial h.lf ....... ia 
thetr _de ahape.. Th.re.ft literall, d_ •• 

of frequencies lower tIr_ that of the fint 
"breathtn. "e" ( 11. 1/1 ) .  Thus. the pNdic
tt. of the IIOde .hape for the lcNe.t. 01' ., 
oth.r, _de t. not .t .11 obvious. 

'ind1, •• ,.e eaa cut out. fl.t pl.t. 
a,.ct_ fre. a ptace of aheet Mtal. H .... r. 
fabrteaUa. _.t typea of .hell • •  ccul'.tel, t. 
a auch .ore difficult ta.k. Aftd f1a41 .. the 
N •• anc •• ..,en .... c.U' Nqufn. _N a.
pUcated aqutPM1lt; for • ..-pta. h_ ...... 
keep .aDd p.tterae OIl •• he1l?: 
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Preface to the Reprinted Edition 

The Acoustical Society of America is reprinting this book, along with my previously published one, 
"Vibration of Plates," as a service to the technical community with no commercial expectations. I am very 
pleased that they are doing this, for both books have been in great demand, and have been out of print 
for a long time. 

I wrote the two books because I felt that there was a great need for them. At least I needed them, and 
therefore thought that many others did, too. In this respect my expectations have been exceeded. During 



the intervening two decades since they appeared, I have received scores of letters and phone calls from 
people, often asking questions, who are grateful for their existence. Science Citation Index shows that 
both books are cited many times every year in the published literature. Thus, I feel that my time was well 
spent in writing them. 

"Vibration of Plates" refers to approximately 500 research publications, whereas "Vibration of Shells" 
includes approximately 1000. This is not surprising, because the scale of knowledge for shells is at least 
one order of magnitude greater than for plates. Most obviously, whereas a plate is one special case of a 
shell (zero curvature), there are innumerable other shells having their distinct curvatures (e.g., circular 
cylindrical, noncircular cylindrical, conical, spherical, ellipsoidal, paraboloidal, toroidal, hyperbolic 
paraboloidal). Moreover, the "complicating effects" such as anisotropy, initial stresses, variable 
thickness, surrounding media (e.g., water, air), large (nonlinear) deflections, shear deformation and 
rotary inertia, and nonhomogeneity (including laminated composites) which may be present in plates are 
all equally possible for shells. But, the number of possible types of "simple" boundary conditions (i.e., not 
including elastic supports) is also far greater for a shell than for a plate. Whereas any of 4 sets of 
boundary conditions exist mathematically for a typical edge of a plate (although one is physically 
impossible), 16 sets exist for a shell boundary. 

Not only are there more problems to be studied for shells than for plates, but the need for their study is 
greater. Shells are the most efficient structures available to mankind, and they should be used more in 
design than they are. They are certainly more difficult to design and fabricate than plates. Fabrication 
difficulties are being decreased as, for example, with laminated composite materials where curved 
surfaces are equally easy to lay up as are flat surfaces. Design is held back by the complexity of shell 
analysis and the need for more complete information in design handbooks or in summarizing 
monographs such as this one. 

In spite of this great need, much less has been published about shell vibrations than about plate 
vibrations during the past two decades. Whereas the plate vibration literature has at least quadrupled (to 
more than 2000 references), the rate of publication in shell vibrations has probably decreased. Although I 
cannot document this statement with numbers, I believe that the numbers of shell vibration papers during 
each of the past two decades are less than that for the preceding decade (1963-1973). This is 
unfortunate. Whereas many analysts capable of dealing with these complicated problems have moved 
on to other challenging problems in the field of mechanics, not many have taken their places. 

A great deal of shell analysis, including vibration analysis, is currently being done with finite element 
computer programs. Such computational capability is marvelous when the analyst formulating the 
computer program understands shell theory and applications, and the user (e.g., designer) understands 
how shells can behave. Otherwise very poor results may be obtained. I often see such poor results in the 
published literature; the authors, who are supposedly knowledgeable researchers, are not even aware 
that they are poor because they have not bothered to check their analytical procedure against accurate 
results which are available in certain special cases. 

Readers interested in further general perspectives on shell vibrations are invited to peruse the paper 
"The Relative Complexities of Plate and Shell Vibrations" which I wrote for The Shock and Vibration 
Bulletin (Bulletin 50, Part 3, pp. 1-9, Sept. 1980). 

As could be expected, some errors did appear in this work. A total of seven errors were found that have 
been corrected in this reprinted edition. Corrections are on pages 32, 35, 81, 125, 132, 309, and 321. 

I want to thank Dr. Mauro Pierucci of San Diego State University who, as Chairman of the Book 
Committee of the Acoustical Society of America, initiated this reprinting effort and followed it through to 
its fruition. 



Arthur W. Leissa 
The Ohio State University 
May 10, 1993 

Preface to the Original Edition 

This monograph is the second in a series dedicated to the organization and summarization of knowledge 
existing in the field of continuum vibrations. The first monograph, entitled Vibration of Plates, was 
published in 1969, also by the National Aeronautics and Space Administration. 

The objectives of the present work are the same as those of the previous one, namely, to provide 

(1) A comprehensive presentation of available results for free vibration frequencies and mode shapes 
which can be used by the design or development engineer. 

(2) A summary of known results for the researcher, facilitating comparison of future theoretical and 
experimental results, and delineating by implication those problems which need further study. 

The scope of the present monograph is also the same as that of the previous one in that 

(1) Materials are assumed to be linearly elastic. 

(2) Structures were not included in this study, although some attention has been given to the accuracy of 
representing a stiffened shell as an orthotropic shell for purposes of vibration analysis. 

The key to a comprehensive monograph such as this is organization. Careful organization not only 
makes the completed work more understandable and useful to the reader, but also facilitates the writing. 
Although much of the organization can be seen from the Contents, I will attempt to explain it further 
below. 

Shells have all the characteristics of plates along with an additional one--curvature. This we have 
cylindrical (noncircular, as well as circular), conical, spherical, ellipsoidal, paraboloidal, toroidal, and 
hyperbolic paraboliodal shells as practical examples of various curvatures. The plate, on the other hand, 
is the special limiting case of a shell having no curvature. So called "curved plates" found in the literature 
are, in reality, shells. Thus, the primary classifier of the field of shell vibrations is chosen to be curvature. 
For a given curvature (say circular cylindrical, for example) the available literature is dived as to whether 
complicating effects such as anisotropy, initial stresses, variable thickness, large deflections, 
nonhomogeneity, shear deformation and rotary inertia, and the effects of surrounding media are present 
or not. The next subdivision of organization is boundary shape. Thus, a circular cylindrical shell can be 
open or closed, have boundaries which are parallel to the principal coordinates or not, and have cutouts 
or not. Once the boundary shape is determined, attention is given to the possible types of fixity that can 
exist along each edge (i.e., the boundary conditions).. Finally, attention is given to such special 
considerations as point supports or added point masses. Thus, for each type of curvature, the 
organization of the previous monograph Vibration of Plates is followed. 

In addition to having the added complexity of curvature, shells are more complicated than plates because 
their bending cannot, in general, be separated from their stretching. Thus, a "classical" bending theory of 
shells is governing by an eighth order system of governing partial differential equations of motion, while a 
corresponding plate bending theory is only of the fourth order. This added complexity enters into the 
problem not only by means of more complex equations of motion, but through the boundary conditions 
as well. The classical bending theory of plates requires only two conditions to be specified along an 
edge, while a corresponding shell theory requires four specified conditions. 



To demonstrate the significance of the latter point, consider a flat panel (i.e., a plate) which is simply 
supported along two of its opposite edges. The number of possible problems which can then arise, 
considering all combinations of "simple" boundary conditions which can exist on the remaining two 
edges, is 10. For a cylindrically curved panel (i.e. , a shell) the corresponding number is 136! 

To complicate matters further, whereas all academicians will agree on the form of the classical, fourth 
order equations of motion for a plate, such agreement does not exist in shell theory. Numerous different 
shell theories have been derived and are used. Thus, if analytical results for frequencies and mode 
shapes of a given shell configuration are presented, strictly speaking, the shell theory used in the 
calculations must be specified. For the sake of separating and defining clearly the various shell theories 
commonly found in the shell vibration literature, chapter 1 is devoted to their derivation, with special 
emphasis being given to the identification of points in the derivation where the different assumptions are 
made which give rise to the different theories. 

Statements are found in the literature which imply the equivalence of all eighth order shell theories. The 
accuracy of such statements is examined carefully in chapter 2 on a problem for which exact solutions 
exist--the closed circular cylindrical shell supported at both ends by shear diaphragms. Extensive 
comparisons of results from the various shell theories are made with those from the exact, three 
dimensional elasticity theory. 

In addition to the differences in the theories, simplifications are often made in the resulting equations of 
motion or the characteristic (frequency) equations. These simplifications include, among others: 
neglecting certain (hopefully) small terms in the equations of motion, neglect of the tangential inertia 
terms, linearization of the characteristic equations, and assuming that the wave length in one direction is 
considerably longer than in the other. Comparisons of the effects of these simplifications are also made 
in chapter 2. 

Comparing plate and shell vibrations, it is found that shell frequencies are more closely spaced and less 
easily identified, both analytically and experimentally. Furthermore, the fundamental (lowest frequency) 
made for a shell is generally not all obvious, whereas for a plate it usually is. 

There are more parameters required to define the shell vibration problem. For example, consider a 
rectangular plate simply supported on all its edges. The complete frequency spectrum is determined by 
varying one parameter--the length-to width ratio. For the cylindrically curved panel having the same edge 
conditions, however, three additional parameters can be independently varied--the thickness-to-radius 
ratio, the length-to radius-ratio, and Poisson's ratio. 

The present monograph contains approximately 1000 references. Of these, more than half deal with 
circular cylindrical shells. Therefore, two chapters were devoted to this voluminous topic. Chapter 2 deals 
with the results of classical theory while complicating effects are studied in chapter 3. By contrast, very 
little work has been done with noncircular cylindrical shells, and these results are summarized in chapter 
4. Chapter 5 is devoted to circular conical shells. 

Because of the complexity of the field of shell vibrations are described above, and because of my own 
limitations in time and organizational capability, the following sacrifices had to be made in the present 
monograph: 

(1) There are undoubtedly more relevant references which have been unknowingly omitted from this 
work than in the previous one. This is mainly due to the comparative recentness of the shell vibrations 
literature. 

(2) Chapter 6 is only a bibliography for the vibrations of spherical and other shells. 



(3) Numerous forms of nondimensional frequency parameters as given in the literature are used directly 
without conversion to a common parameter. 

For these shortcomings I sincerely apologize to all my readers. 

The support of the National Aeronautics and Space Administration is gratefully acknowledged, 
particularly that of Mr. Douglas Michel, who sees the value of devoting time and effort to making 
available research results useful to mankind, as well as to the creation of new knowledge. I wish to thank 
Messrs. S.G. Sampath, Adel Kadi, and Ting-hwa Wang, three of my doctoral students, for their devotion 
to this work. Without their help in supervising the procurement of the relevant literature, in providing 
analytical help (particularly in chapters 1 and 2), and in editing the manuscript, this monograph would not 
have been possible--indeed, I would not have undertaken it. I also wish to thank Drs. Robert Fulton, 
Francis Niedenfuhr, Herbert Reismann, and Carl Popelar for their technical advice. Finally, the enormous 
editorial assistance of Mr. Chester Ball, and Mrs. Ada Simon is gratefully acknowledged. 

Arthur W. Leissa 
The Ohio State University 

© Acoustical Society of America 
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A new method for analysing nonlinear and non-stationary data has been devel-
oped. The key part of the method is the ‘empirical mode decomposition’ method
with which any complicated data set can be decomposed into a finite and often
small number of ‘intrinsic mode functions’ that admit well-behaved Hilbert trans-
forms. This decomposition method is adaptive, and, therefore, highly efficient. Since
the decomposition is based on the local characteristic time scale of the data, it is
applicable to nonlinear and non-stationary processes. With the Hilbert transform,
the ‘instrinic mode functions’ yield instantaneous frequencies as functions of time
that give sharp identifications of imbedded structures. The final presentation of the
results is an energy–frequency–time distribution, designated as the Hilbert spectrum.
In this method, the main conceptual innovations are the introduction of ‘intrinsic
mode functions’ based on local properties of the signal, which makes the instanta-
neous frequency meaningful; and the introduction of the instantaneous frequencies
for complicated data sets, which eliminate the need for spurious harmonics to rep-
resent nonlinear and non-stationary signals. Examples from the numerical results of
the classical nonlinear equation systems and data representing natural phenomena
are given to demonstrate the power of this new method. Classical nonlinear system
data are especially interesting, for they serve to illustrate the roles played by the
nonlinear and non-stationary effects in the energy–frequency–time distribution.

Keywords: non-stationary time series; nonlinear differential equations;
frequency–time spectrum; Hilbert spectral analysis; intrinsic time scale;

empirical mode decomposition

1. Introduction

Data analysis is a necessary part in pure research and practical applications. Imper-
fect as some data might be, they represent the reality sensed by us; consequently,
data analysis serves two purposes: to determine the parameters needed to construct
the necessary model, and to confirm the model we constructed to represent the phe-
nomenon. Unfortunately, the data, whether from physical measurements or numerical
modelling, most likely will have one or more of the following problems: (a) the total
data span is too short; (b) the data are non-stationary; and (c) the data represent
nonlinear processes. Although each of the above problems can be real by itself, the
first two are related, for a data section shorter than the longest time scale of a sta-
tionary process can appear to be non-stationary. Facing such data, we have limited
options to use in the analysis.

Historically, Fourier spectral analysis has provided a general method for examin-
ing the global energy–frequency distributions. As a result, the term ‘spectrum’ has
become almost synonymous with the Fourier transform of the data. Partially because
of its prowess and partially because of its simplicity, Fourier analysis has dominated
the data analysis efforts since soon after its introduction, and has been applied to
all kinds of data. Although the Fourier transform is valid under extremely general
conditions (see, for example, Titchmarsh 1948), there are some crucial restrictions of
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Nonlinear and non-stationary time series analysis 905

the Fourier spectral analysis: the system must be linear; and the data must be strict-
ly periodic or stationary; otherwise, the resulting spectrum will make little physical
sense.

The stationarity requirement is not particular to the Fourier spectral analysis;
it is a general one for most of the available data analysis methods. Therefore, it
behoves us to review the definitions of stationarity here. According to the traditional
definition, a time series, X(t), is stationary in the wide sense, if, for all t,

E(|X(t)2|) < ∞,

E(X(t)) = m,

C(X(t1), X(t2)) = C(X(t1 + τ), X(t2 + τ)) = C(t1 − t2),

⎫⎪⎪⎬
⎪⎪⎭ (1.1)

in which E(·) is the expected value defined as the ensemble average of the quantity,
and C(·) is the covariance function. Stationarity in the wide sense is also known
as weak stationarity, covariance stationarity or second-order stationarity (see, for
example, Brockwell & Davis 1991). A time series, X(t), is strictly stationary, if the
joint distribution of

[X(t1), X(t2), . . . , X(tn)] and [X(t1 + τ), X(t2 + τ), . . . , X(tn + τ)] (1.2)

are the same for all ti and τ . Thus, a strictly stationary process with finite second
moments is also weakly stationary, but the inverse is not true. Both definitions are
rigorous but idealized. Other less rigorous definitions for stationarity have also been
used; for example, piecewise stationarity is for any random variable that is stationary
within a limited time span, and asymptotically stationary is for any random variable
that is stationary when τ in equations (1.1) or (1.2) approaches infinity. In practice,
we can only have data for finite time spans; therefore, even to check these defini-
tions, we have to make approximations. Few of the data sets, from either natural
phenomena or artificial sources, can satisfy these definitions. It may be argued that
the difficulty of invoking stationarity as well as ergodicity is not on principle but
on practicality: we just cannot have enough data to cover all possible points in the
phase plane; therefore, most of the cases facing us are transient in nature. This is
the reality; we are forced to face it.

Other than stationarity, Fourier spectral analysis also requires linearity. Although
many natural phenomena can be approximated by linear systems, they also have
the tendency to be nonlinear whenever their variations become finite in amplitude.
Compounding these complications is the imperfection of our probes or numerical
schemes; the interactions of the imperfect probes even with a perfect linear system
can make the final data nonlinear. For the above reasons, the available data are usu-
ally of finite duration, non-stationary and from systems that are frequently nonlinear,
either intrinsically or through interactions with the imperfect probes or numerical
schemes. Under these conditions, Fourier spectral analysis is of limited use. For lack
of alternatives, however, Fourier spectral analysis is still used to process such data.
The uncritical use of Fourier spectral analysis and the insouciant adoption of the
stationary and linear assumptions may give misleading results; some of those are
described as follows.

First, the Fourier spectrum defines uniform harmonic components globally; there-
fore, it needs many additional harmonic components to simulate non-stationary data
that are non-uniform globally. As a result, it spreads the energy over a wide frequen-
cy range. For example, using a delta function to represent a flash of light will give
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a phase-locked wide white Fourier spectrum. Here, many Fourier components are
added to simulate the non-stationary nature of the data in the time domain, but
their existence diverts energy to a much wider frequency domain. Constrained by
the energy conservation, these spurious harmonics and the wide frequency spectrum
cannot faithfully represent the true energy density in the frequency space. More seri-
ously, the Fourier representation also requires the existence of negative light intensity
so that the components can cancel out one another to give the final delta function.
Thus, the Fourier components might make mathematical sense, but do not really
make physical sense at all. Although no physical process can be represented exactly
by a delta function, some data such as the near-field strong earthquake records are
of extremely short durations lasting only a few seconds to tens of seconds at most.
Such records almost approach a delta function, and they always give artificially wide
Fourier spectra.

Second, Fourier spectral analysis uses linear superposition of trigonometric func-
tions; therefore, it needs additional harmonic components to simulate the deformed
wave-profiles. Such deformations, as will be shown later, are the direct consequence
of nonlinear effects. Whenever the form of the data deviates from a pure sine or
cosine function, the Fourier spectrum will contain harmonics. As explained above,
both non-stationarity and nonlinearity can induce spurious harmonic components
that cause energy spreading. The consequence is the misleading energy–frequency
distribution for nonlinear and non-stationary data.

In this paper, we will present a new data analysis method based on the empirical
mode decomposition (EMD) method, which will generate a collection of intrinsic
mode functions (IMF). The decomposition is based on the direct extraction of the
energy associated with various intrinsic time scales, the most important parameters
of the system. Expressed in IMFs, they have well-behaved Hilbert transforms, from
which the instantaneous frequencies can be calculated. Thus, we can localize any
event on the time as well as the frequency axis. The decomposition can also be viewed
as an expansion of the data in terms of the IMFs. Then, these IMFs, based on and
derived from the data, can serve as the basis of that expansion which can be linear
or nonlinear as dictated by the data, and it is complete and almost orthogonal. Most
important of all, it is adaptive. As will be shown later in more detail, locality and
adaptivity are the necessary conditions for the basis for expanding nonlinear and
non-stationary time series; orthogonality is not a necessary criterion for our basis
selection for a nonlinear system. The principle of this basis construction is based
on the physical time scales that characterize the oscillations of the phenomena. The
local energy and the instantaneous frequency derived from the IMFs through the
Hilbert transform can give us a full energy–frequency–time distribution of the data.
Such a representation is designated as the Hilbert spectrum; it would be ideal for
nonlinear and non-stationary data analysis.

We have obtained good results and new insights by applying the combination of
the EMD and Hilbert spectral analysis methods to various data: from the numerical
results of the classical nonlinear equation systems to data representing natural phe-
nomena. The classical nonlinear systems serve to illustrate the roles played by the
nonlinear effects in the energy–frequency–time distribution. With the low degrees
of freedom, they can train our eyes for more complicated cases. Some limitations of
this method will also be discussed and the conclusions presented. Before introducing
the new method, we will first review the present available data analysis methods for
non-stationary processes.
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2. Review of non-stationary data processing methods

We will first give a brief survey of the methods available for processing non-
stationary data. Since most of the methods still depend on Fourier analysis, they
are limited to linear systems only. Of the few methods available, the adoption of
any method is almost strictly determined according to the special field in which the
application is made. The available methods are reviewed as follows.

(a ) The spectrogram
The spectrogram is the most basic method, which is nothing but a limited time

window-width Fourier spectral analysis. By successively sliding the window along the
time axis, one can get a time–frequency distribution. Since it relies on the tradition-
al Fourier spectral analysis, one has to assume the data to be piecewise stationary.
This assumption is not always justified in non-stationary data. Even if the data are
piecewise stationary how can we guarantee that the window size adopted always
coincides with the stationary time scales? What can we learn about the variations
longer than the local stationary time scale? Will the collection of the locally station-
ary pieces constitute some longer period phenomena? Furthermore, there are also
practical difficulties in applying the method: in order to localize an event in time,
the window width must be narrow, but, on the other hand, the frequency resolu-
tion requires longer time series. These conflicting requirements render this method
of limited usage. It is, however, extremely easy to implement with the fast Fourier
transform; thus, it has attracted a wide following. Most applications of this method
are for qualitative display of speech pattern analysis (see, for example, Oppenheim
& Schafer 1989).

(b ) The wavelet analysis
The wavelet approach is essentially an adjustable window Fourier spectral analysis

with the following general definition:

W (a, b;X, ψ) = |a|−1/2
∫ ∞

−∞
X(t)ψ∗

(
t − b

a

)
dt, (2.1)

in which ψ∗(·) is the basic wavelet function that satisfies certain very general condi-
tions, a is the dilation factor and b is the translation of the origin. Although time and
frequency do not appear explicitly in the transformed result, the variable 1/a gives
the frequency scale and b, the temporal location of an event. An intuitive physical
explanation of equation (2.1) is very simple: W (a, b;X, ψ) is the ‘energy’ of X of
scale a at t = b.

Because of this basic form of at+b involved in the transformation, it is also known
as affine wavelet analysis. For specific applications, the basic wavelet function, ψ∗(·),
can be modified according to special needs, but the form has to be given before the
analysis. In most common applications, however, the Morlet wavelet is defined as
Gaussian enveloped sine and cosine wave groups with 5.5 waves (see, for example,
Chan 1995). Generally, ψ∗(·) is not orthogonal for different a for continuous wavelets.
Although one can make the wavelet orthogonal by selecting a discrete set of a, this
discrete wavelet analysis will miss physical signals having scale different from the
selected discrete set of a. Continuous or discrete, the wavelet analysis is basically a
linear analysis. A very appealing feature of the wavelet analysis is that it provides a
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uniform resolution for all the scales. Limited by the size of the basic wavelet function,
the downside of the uniform resolution is uniformly poor resolution.

Although wavelet analysis has been available only in the last ten years or so, it has
become extremely popular. Indeed, it is very useful in analysing data with gradual
frequency changes. Since it has an analytic form for the result, it has attracted
extensive attention of the applied mathematicians. Most of its applications have
been in edge detection and image compression. Limited applications have also been
made to the time–frequency distribution in time series (see, for example, Farge 1992;
Long et al. 1993) and two-dimensional images (Spedding et al. 1993).

Versatile as the wavelet analysis is, the problem with the most commonly used
Morlet wavelet is its leakage generated by the limited length of the basic wavelet
function, which makes the quantitative definition of the energy–frequency–time dis-
tribution difficult. Sometimes, the interpretation of the wavelet can also be counter-
intuitive. For example, to define a change occurring locally, one must look for the
result in the high-frequency range, for the higher the frequency the more localized the
basic wavelet will be. If a local event occurs only in the low-frequency range, one will
still be forced to look for its effects in the high-frequency range. Such interpretation
will be difficult if it is possible at all (see, for example, Huang et al. 1996). Another
difficulty of the wavelet analysis is its non-adaptive nature. Once the basic wavelet
is selected, one will have to use it to analyse all the data. Since the most commonly
used Morlet wavelet is Fourier based, it also suffers the many shortcomings of Fouri-
er spectral analysis: it can only give a physically meaningful interpretation to linear
phenomena; it can resolve the interwave frequency modulation provided the frequen-
cy variation is gradual, but it cannot resolve the intrawave frequency modulation
because the basic wavelet has a length of 5.5 waves. In spite of all these problems,
wavelet analysis is still the best available non-stationary data analysis method so far;
therefore, we will use it in this paper as a reference to establish the validity and the
calibration of the Hilbert spectrum.

(c ) The Wigner–Ville distribution
The Wigner–Ville distribution is sometimes also referred to as the Heisenberg

wavelet. By definition, it is the Fourier transform of the central covariance function.
For any time series, X(t), we can define the central variance as

Cc(τ, t) = X(t − 1
2τ)X∗(t + 1

2τ). (2.2)

Then the Wigner–Ville distribution is

V (ω, t) =
∫ ∞

−∞
Cc(τ, t)e−iωτ dτ. (2.3)

This transform has been treated extensively by Claasen & Mecklenbräuker (1980a,
b, c) and by Cohen (1995). It has been extremely popular with the electrical engi-
neering community.

The difficulty with this method is the severe cross terms as indicated by the exis-
tence of negative power for some frequency ranges. Although this shortcoming can
be eliminated by using the Kernel method (see, for example, Cohen 1995), the result
is, then, basically that of a windowed Fourier analysis; therefore, it suffers all the lim-
itations of the Fourier analysis. An extension of this method has been made by Yen
(1994), who used the Wigner–Ville distribution to define wave packets that reduce
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a complicated data set to a finite number of simple components. This extension
is very powerful and can be applied to a variety of problems. The applications to
complicated data, however, require a great amount of judgement.

(d ) Evolutionary spectrum
The evolutionary spectrum was first proposed by Priestley (1965). The basic idea

is to extend the classic Fourier spectral analysis to a more generalized basis: from
sine or cosine to a family of orthogonal functions {φ(ω, t)} indexed by time, t, and
defined for all real ω, the frequency. Then, any real random variable, X(t), can be
expressed as

X(t) =
∫ ∞

−∞
φ(ω, t) dA(ω, t), (2.4)

in which dA(ω, t), the Stieltjes function for the amplitude, is related to the spectrum
as

E(|dA(ω, t)|2) = dμ(ω, t) = S(ω, t) dω, (2.5)
where μ(ω, t) is the spectrum, and S(ω, t) is the spectral density at a specific time
t, also designated as the evolutionary spectrum. If for each fixed ω, φ(ω, t) has a
Fourier transform

φ(ω, t) = a(ω, t)eiΩ(ω)t, (2.6)
then the function of a(ω, t) is the envelope of φ(ω, t), and Ω(ω) is the frequency. If,
further, we can treat Ω(ω) as a single valued function of ω, then

φ(ω, t) = α(ω, t)eiωt. (2.7)

Thus, the original data can be expanded in a family of amplitude modulated trigono-
metric functions.

The evolutionary spectral analysis is very popular in the earthquake communi-
ty (see, for example, Liu 1970, 1971, 1973; Lin & Cai 1995). The difficulty of its
application is to find a method to define the basis, {φ(ω, t)}. In principle, for this
method to work, the basis has to be defined a posteriori . So far, no systematic way
has been offered; therefore, constructing an evolutionary spectrum from the given
data is impossible. As a result, in the earthquake community, the applications of this
method have changed the problem from data analysis to data simulation: an evo-
lutionary spectrum will be assumed, then the signal will be reconstituted based on
the assumed spectrum. Although there is some general resemblance to the simulated
earthquake signal with the real data, it is not the data that generated the spectrum.
Consequently, evolutionary spectrum analysis has never been very useful. As will
be shown, the EMD can replace the evolutionary spectrum with a truly adaptive
representation for the non-stationary processes.

(e ) The empirical orthogonal function expansion (EOF)
The empirical orthogonal function expansion (EOF) is also known as the principal

component analysis, or singular value decomposition method. The essence of EOF
is briefly summarized as follows: for any real z(x, t), the EOF will reduce it to

z(x, t) =
n∑
1

ak(t)fk(x), (2.8)
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in which
fj · fk = δjk. (2.9)

The orthonormal basis, {fk}, is the collection of the empirical eigenfunctions defined
by

C · fk = λkfk, (2.10)
where C is the sum of the inner products of the variable.

EOF represents a radical departure from all the above methods, for the expansion
basis is derived from the data; therefore, it is a posteriori , and highly efficient. The
critical flaw of EOF is that it only gives a distribution of the variance in the modes
defined by {fk}, but this distribution by itself does not suggest scales or frequency
content of the signal. Although it is tempting to interpret each mode as indepen-
dent variations, this interpretation should be viewed with great care, for the EOF
decomposition is not unique. A single component out of a non-unique decomposition,
even if the basis is orthogonal, does not usually contain physical meaning. Recently,
Vautard & Ghil (1989) proposed the singular spectral analysis method, which is the
Fourier transform of the EOF. Here again, we have to be sure that each EOF com-
ponent is stationary, otherwise the Fourier spectral analysis will make little sense
on the EOF components. Unfortunately, there is no guarantee that EOF compo-
nents from a nonlinear and non-stationary data set will all be linear and stationary.
Consequently, singular spectral analysis is not a real improvement. Because of its
adaptive nature, however, the EOF method has been very popular, especially in the
oceanography and meteorology communities (see, for example, Simpson 1991).

(f ) Other miscellaneous methods
Other than the above methods, there are also some miscellaneous methods such as

least square estimation of the trend, smoothing by moving averaging, and differencing
to generate stationary data. Methods like these, though useful, are too specialized
to be of general use. They will not be discussed any further here. Additional details
can be found in many standard data processing books (see, for example, Brockwell
& Davis 1991).

All the above methods are designed to modify the global representation of the
Fourier analysis, but they all failed in one way or the other. Having reviewed the
methods, we can summarize the necessary conditions for the basis to represent a
nonlinear and non-stationary time series: (a) complete; (b) orthogonal; (c) local; and
(d) adaptive.

The first condition guarantees the degree of precision of the expansion; the second
condition guarantees positivity of energy and avoids leakage. They are the standard
requirements for all the linear expansion methods. For nonlinear expansions, the
orthogonality condition needs to be modified. The details will be discussed later. But
even these basic conditions are not satisfied by some of the above mentioned meth-
ods. The additional conditions are particular to the nonlinear and non-stationary
data. The requirement for locality is the most crucial for non-stationarity, for in
such data there is no time scale; therefore, all events have to be identified by the
time of their occurences. Consequently, we require both the amplitude (or energy)
and the frequency to be functions of time. The requirement for adaptivity is also
crucial for both nonlinear and non-stationary data, for only by adapting to the local
variations of the data can the decomposition fully account for the underlying physics
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of the processes and not just to fulfil the mathematical requirements for fitting the
data. This is especially important for the nonlinear phenomena, for a manifestation
of nonlinearity is the ‘harmonic distortion’ in the Fourier analysis. The degree of
distortion depends on the severity of nonlinearity; therefore, one cannot expect a
predetermined basis to fit all the phenomena. An easy way to generate the necessary
adaptive basis is to derive the basis from the data.

In this paper, we will introduce a general method which requires two steps in
analysing the data as follows. The first step is to preprocess the data by the empirical
mode decomposition method, with which the data are decomposed into a number
of intrinsic mode function components. Thus, we will expand the data in a basis
derived from the data. The second step is to apply the Hilbert transform to the
decomposed IMFs and construct the energy–frequency–time distribution, designated
as the Hilbert spectrum, from which the time localities of events will be preserved. In
other words, we need the instantaneous frequency and energy rather than the global
frequency and energy defined by the Fourier spectral analysis. Therefore, before going
any further, we have to clarify the definition of the instantaneous frequency.

3. Instantaneous frequency

The notion of the instantaneous energy or the instantaneous envelope of the signal
is well accepted; the notion of the instantaneous frequency, on the other hand, has
been highly controversial. Existing opinions range from editing it out of existence
(Shekel 1953) to accepting it but only for special ‘monocomponent’ signals (Boashash
1992; Cohen 1995).

There are two basic difficulties with accepting the idea of an instantaneous fre-
quency as follows. The first one arises from the deeply entrenched influence of the
Fourier spectral analysis. In the traditional Fourier analysis, the frequency is defined
for the sine or cosine function spanning the whole data length with constant ampli-
tude. As an extension of this definition, the instantaneous frequencies also have to
relate to either a sine or a cosine function. Thus, we need at least one full oscillation
of a sine or a cosine wave to define the local frequency value. According to this logic,
nothing shorter than a full wave will do. Such a definition would not make sense for
non-stationary data for which the frequency has to change values from time to time.
The second difficulty arises from the non-unique way in defining the instantaneous
frequency. Nevertheless, this difficulty is no longer serious since the introduction of
the means to make the data analytical through the Hilbert transform. Difficulties,
however, still exist as ‘paradoxes’ discussed by Cohen (1995). For an arbitrary time
series, X(t), we can always have its Hilbert Transform, Y (t), as

Y (t) =
1
π

P

∫ ∞

−∞

X(t′)
t − t′ dt′, (3.1)

where P indicates the Cauchy principal value. This transform exists for all functions
of class Lp (see, for example, Titchmarsh 1948). With this definition, X(t) and Y (t)
form the complex conjugate pair, so we can have an analytic signal, Z(t), as

Z(t) = X(t) + iY (t) = a(t)eiθ(t), (3.2)

in which

a(t) = [X2(t) + Y 2(t)]1/2, θ(t) = arctan
(

Y (t)
X(t)

)
. (3.3)
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Theoretically, there are infinitely many ways of defining the imaginary part, but the
Hilbert transform provides a unique way of defining the imaginary part so that the
result is an analytic function. A brief tutorial on the Hilbert transform with the
emphasis on its physical interpretation can be found in Bendat & Piersol (1986).
Essentially equation (3.1) defines the Hilbert transform as the convolution of X(t)
with 1/t; therefore, it emphasizes the local properties of X(t). In equation (3.2), the
polar coordinate expression further clarifies the local nature of this representation: it
is the best local fit of an amplitude and phase varying trigonometric function to X(t).
Even with the Hilbert transform, there is still considerable controversy in defining
the instantaneous frequency as

ω =
dθ(t)
dt

. (3.4)

This leads Cohen (1995) to introduce the term, ‘monocomponent function’. In prin-
ciple, some limitations on the data are necessary, for the instantaneous frequency
given in equation (3.4) is a single value function of time. At any given time, there
is only one frequency value; therefore, it can only represent one component, hence
‘monocomponent’. Unfortunately, no clear definition of the ‘monocomponent’ signal
was given to judge whether a function is or is not ‘monocomponent’. For lack of
a precise definition, ‘narrow band’ was adopted as a limitation on the data for the
instantaneous frequency to make sense (Schwartz et al. 1966).

There are two definitions for bandwidth. The first one is used in the study of the
probability properties of the signals and waves, where the processes are assumed to
be stationary and Gaussian. Then, the bandwidth can be defined in terms of spectral
moments as follows. The expected number of zero crossings per unit time is given by

N0 =
1
π

(
m2

m0

)1/2

, (3.5)

while the expected number of extrema per unit time is given by

N1 =
1
π

(
m4

m2

)1/2

, (3.6)

in which mi is the ith moment of the spectrum. Therefore, the parameter, ν, defined
as

N2
1 − N2

0 =
1
π2

m4m0 − m2
2

m2m0
=

1
π2 ν2, (3.7)

offers a standard bandwidth measure (see, for example, Rice 1944a, b, 1945a, b;
Longuet-Higgins 1957). For a narrow band signal ν = 0, the expected numbers
of extrema and zero crossings have to equal.

The second definition is a more general one; it is again based on the moments of
the spectrum, but in a different way. Let us take a complex valued function in polar
coordinates as

z(t) = a(t)eiθ(t), (3.8)
with both a(t) and θ(t) being functions of time. If this function has a spectrum,
S(ω), then the mean frequency is given by

〈ω〉 =
∫

ω|S(ω)|2 dω, (3.9)
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which can be expressed in another way as

〈ω〉 =
∫

z∗(t)
1
i

d
dt

z(t) dt

=
∫ (

θ̇(t) − i
ȧ(t)
a(t)

)
a2(t) dt

=
∫

θ̇(t)a2(t) dt. (3.10)

Based on this expression, Cohen (1995) suggested that θ̇ be treated as the instanta-
neous frequency. With these notations, the bandwidth can be defined as

ν2 =
(ω − 〈ω〉)2

〈ω〉2 =
1

〈ω〉2
∫

(ω − 〈ω〉)2|S(ω)|2 dω

=
1

〈ω〉2
∫

z∗(t)
(

1
i

d
dt

− 〈ω〉
)2

z(t) dt

=
1

〈ω〉2
[ ∫

ȧ2(t) dt +
∫

(θ̇(t) − 〈ω〉)2a2(t) dt

]
. (3.11)

For a narrow band signal, this value has to be small, then both a and θ have to be
gradually varying functions. Unfortunately, both equations (3.7) and (3.11) defined
the bandwidth in the global sense; they are both overly restrictive and lack preci-
sion at the same time. Consequently, the bandwidth limitation on the Hilbert trans-
form to give a meaningful instantaneous frequency has never been firmly established.
For example, Melville (1983) had faithfully filtered the data within the bandwidth
requirement, but he still obtained many non-physical negative frequency values. It
should be mentioned here that using filtering to obtain a narrow band signal is unsat-
isfactory for another reason: the filtered data have already been contaminated by the
spurious harmonics caused by the nonlinearity and non-stationarity as discussed in
the introduction.

In order to obtain meaningful instantaneous frequency, restrictive conditions have
to be imposed on the data as discussed by Gabor (1946), Bedrosian (1963) and,
more recently, Boashash (1992): for any function to have a meaningful instantaneous
frequency, the real part of its Fourier transform has to have only positive frequency.
This restriction can be proven mathematically as shown in Titchmarsh (1948) but it
is still global. For data analysis, we have to translate this requirement into physically
implementable steps to develop a simple method for applications. For this purpose,
we have to modify the restriction condition from a global one to a local one, and the
basis has to satisfy the necessary conditions listed in the last section.

Let us consider some simple examples to illustrate these restrictions physically, by
examining the function,

x(t) = sin t. (3.12)
Its Hilbert transform is simply cos t. The phase plot of x–y is a simple circle of unit
radius as in figure 1a. The phase function is a straight line as shown in figure 1b
and the instantaneous frequency, shown in figure 1c, is a constant as expected. If we
move the mean off by an amount α, say, then,

x(t) = α + sin t. (3.13)
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Figure 1. Physical interpretation of instantaneous frequency. (a) The phase plane for the model
functions of x(t) = α + sin t. (a) α = 0; (b) α < 1; (c) α > 1. (b) The unwrapped phase function
of the model functions. (c) The instantaneous frequency computed according to equation (3.4).

The phase plot of x–y is still a simple circle independent of the value of α, but the
centre of the circle will be displaced by the amount of α as illustrated in figure 1a.
If α < 1, the centre is still within the circle. Under this condition, the function has
already violated a restriction, for its Fourier spectrum has a DC term; nevertheless,
the mean zero-crossing frequency is still the same as in the case for α = 0, but the
phase function and the instantaneous frequency will be very different as shown in
figures 1b, c. If α > 1, the centre is outside the circle; thus, the function no longer
satisfies the required conditions. Then both the phase function and the instantaneous
frequency will assume negative values as shown in figures 1b, c, which are meaningless.
These simple examples illustrate physically that, for a simple signal such as a sine
function, the instantaneous frequency can be defined only if we restrict the function
to be symmetric locally with respect to the zero mean level.

For general data, any riding waves would be equivalent to the case of α > 1 locally;
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any asymmetric wave form will be equivalent to the case of α < 1, but non-zero,
locally. In order to have a meaningful instantaneous frequency, this local restriction
should be used in lieu of the global requirements given previously. Furthermore, this
local restriction also suggests a method to decompose the data into components for
which the instantaneous frequency can be defined. The examples presented above,
however, actually lead us to the definition of a class of functions, based on its local
properties, designated as intrinsic mode function (IMF) for which the instantaneous
frequency can be defined everywhere. The limitation of interest here is not on the
existence of the Hilbert transform which is general and global, but on the existence
of a meaningful instantaneous frequency which is restrictive and local.

4. Intrinsic mode functions

The simple examples given above provide more physical interpretation of the
restrictive conditions; they also suggest a practical way to decompose the data so
that the components all satisfy the conditions imposed on them. Physically, the nec-
essary conditions for us to define a meaningful instantaneous frequency are that the
functions are symmetric with respect to the local zero mean, and have the same num-
bers of zero crossings and extrema. Based on these observations, we propose a class
of functions designated as intrinsic mode functions here with the following formal
definition.

An intrinsic mode function (IMF) is a function that satisfies two conditions: (1)
in the whole data set, the number of extrema and the number of zero crossings must
either equal or differ at most by one; and (2) at any point, the mean value of the
envelope defined by the local maxima and the envelope defined by the local minima
is zero.

The first condition is obvious; it is similar to the traditional narrow band require-
ments for a stationary Gaussian process. The second condition is a new idea; it
modifies the classical global requirement to a local one; it is necessary so that the
instantaneous frequency will not have the unwanted fluctuations induced by asym-
metric wave forms. Ideally, the requirement should be ‘the local mean of the data
being zero’. For non-stationary data, the ‘local mean’ involves a ‘local time scale’ to
compute the mean, which is impossible to define. As a surrogate, we use the local
mean of the envelopes defined by the local maxima and the local minima to force the
local symmetry instead. This is a necessary approximation to avoid the definition of
a local averaging time scale. Although it will introduce an alias in the instantaneous
frequency for nonlinearly deformed waves, the effects of nonlinearity are much weak-
er in comparison with non-stationarity as we will discuss later. With the physical
approach and the approximation adopted here, the method does not always guar-
antee a perfect instantaneous frequency under all conditions. Nevertheless, we will
show that, even under the worst conditions, the instantaneous frequency so defined
is still consistent with the physics of the system studied.

The name ‘intrinsic mode function’ is adopted because it represents the oscillation
mode imbedded in the data. With this definition, the IMF in each cycle, defined by
the zero crossings, involves only one mode of oscillation, no complex riding waves are
allowed. With this definition, an IMF is not restricted to a narrow band signal, and it
can be both amplitude and frequency modulated. In fact, it can be non-stationary. As
discussed above, purely frequency or amplitude modulated functions can be IMFs
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Figure 2. A typical intrinsic mode function with the same numbers of zero crossings and
extrema, and symmetry of the upper and lower envelopes with respect to zero.

even though they have finite bandwidth according to the traditional definition. A
typical IMF is shown in figure 2.

Having defined IMF, we will show that the definition given in equation (3.4)
gives the best instantaneous frequency. An IMF after the Hilbert transform can
be expressed as in equation (3.2). If we perform a Fourier transform on Z(t), we
have

W (ω) =
∫ ∞

−∞
a(t)eiθ(t)e−iωt dt, =

∫ ∞

−∞
a(t)ei(θ(t)−ωt) dt. (4.1)

Then by the stationary phase method (see, for example, Copson 1967), the maximum
contribution to W (ω) is given by the frequency satisfying the condition

d
dt

(θ(t) − ωt) = 0; (4.2)

therefore, equation (3.4) follows. Although mathematically, the application of the
stationary phase method requires a large parameter for the exponential function,
the adoption here can be justified if the frequency, ω, is high compared with the
inversed local time scale of the amplitude variation. Therefore, this definition fits
the best for gradually changing amplitude. Even with this condition, this is still a
much better definition for instantaneous frequency than the zero-crossing frequency;
it is also better than the integral definition suggested by Cohen (1995) as given in
equation (3.10). Furthermore, it agrees with the definition of frequency for the classic
wave theory (see, for example, Whitham 1975).

As given in equation (4.2) and the simple analogy given in equations (3.2)–(3.4),
the frequency defined through the stationary phase approximation agrees also with
the best fit sinusoidal function locally; therefore, we do not need a whole oscillatory
period to define a frequency value. We can define it for every point with the val-
ue changing from point to point. In this sense, even a monotonic function can be
treated as part of an oscillatory function and have instantaneous frequency assigned
according to equation (3.4). Any frequency variation is designated as frequency mod-
ulation. There are actually two types of frequency modulations: the interwave and
the intrawave modulations. The first type is familiar to us; the frequency of the
oscillation is gradually changing with the waves in a dispersive system. Technically,
in the dispersive waves, the frequency is also changing within one wave, but that
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was not emphasized either for convenience, or for lack of a more precise frequency
definition. The second type is less familiar, but it is also a common phenomenon: if
the frequency changes from time to time within a wave its profile can no longer be
a simple sine or cosine function. Therefore, any wave-profile deformation from the
simple sinusoidal form implies the intrawave frequency modulation. In the past such
phenomena were treated as harmonic distortions. We will show in detail later that
most such deformations are better viewed as intrawave frequency modulation, for
the intrawave frequency modulation is more physical.

In order to use this unique definition of instantaneous frequency, we have to reduce
an arbitrary data set into IMF components from which an instantaneous frequency
value can be assigned to each IMF component. Consequently, for complicated data,
we can have more than one instantaneous frequency at a time locally. We will intro-
duce the empirical mode decomposition method to reduce the data into the needed
IMFs.

5. The empirical mode decomposition method: the sifting process

Knowing the well-behaved Hilbert transforms of the IMF components is only the
starting point. Unfortunately, most of the data are not IMFs. At any given time, the
data may involve more than one oscillatory mode; that is why the simple Hilbert
transform cannot provide the full description of the frequency content for the general
data as reported by Long et al. (1995). We have to decompose the data into IMF
components. Here, we will introduce a new method to deal with both non-stationary
and nonlinear data by decomposing the signal first, and discuss the physical mean-
ing of this decomposition later. Contrary to almost all the previous methods, this
new method is intuitive, direct, a posteriori and adaptive, with the basis of the
decomposition based on, and derived from, the data.

The decomposition is based on the assumptions: (1) the signal has at least two
extrema—one maximum and one minimum; (2) the characteristic time scale is
defined by the time lapse between the extrema; and (3) if the data were totally
devoid of extrema but contained only inflection points, then it can be differenti-
ated once or more times to reveal the extrema. Final results can be obtained by
integration(s) of the components.

The essence of the method is to identify the intrinsic oscillatory modes by their
characteristic time scales in the data empirically, and then decompose the data
accordingly. According to Drazin (1992), the first step of data analysis is to examine
the data by eye. From this examination, one can immediately identify the different
scales directly in two ways: by the time lapse between the successive alternations of
local maxima and minima; and by the time lapse between the successive zero cross-
ings. The interlaced local extrema and zero crossings give us the complicated data:
one undulation is riding on top of another, and they, in turn, are riding on still other
undulations, and so on. Each of these undulations defines a characteristic scale of the
data; it is intrinsic to the process. We have decided to adopt the time lapse between
successive extrema as the definition of the time scale for the intrinsic oscillatory
mode, because it not only gives a much finer resolution of the oscillatory modes, but
also can be applied to data with non-zero mean, either all positive or all negative
values, without zero crossings. A systematic way to extract them, designated as the
sifting process, is described as follows.
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Figure 3. Illustration of the sifting processes: (a) the original data; (b) the data in thin solid
line, with the upper and lower envelopes in dot-dashed lines and the mean in thick solid line;
(c) the difference between the data and m1. This is still not an IMF, for there are negative local
maxima and positive minima suggesting riding waves.

By virtue of the IMF definition, the decomposition method can simply use the
envelopes defined by the local maxima and minima separately. Once the extrema are
identified, all the local maxima are connected by a cubic spline line as the upper
envelope. Repeat the procedure for the local minima to produce the lower envelope.
The upper and lower envelopes should cover all the data between them. Their mean is
designated as m1, and the difference between the data and m1 is the first component,
h1, i.e.

X(t) − m1 = h1. (5.1)

The procedure is illustrated in figures 3a–c (figure 3a gives the data; figure 3b gives
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Figure 4. Illustration of the effects of repeated sifting process: (a) after one more sifting of the
result in figure 3c, the result is still asymmetric and still not a IMF; (b) after three siftings, the
result is much improved, but more sifting needed to eliminate the asymmetry. The final IMF is
shown in figure 2 after nine siftings.

the data in the thin solid line, the upper and the lower envelopes in the dot-dashed
lines, and their mean in the thick solid line, which bisects the data very well; and fig-
ure 3c gives the difference between the data and the local mean as in equation (5.1)).

Ideally, h1 should be an IMF, for the construction of h1 described above seems to
have been made to satisfy all the requirements of IMF. In reality, however, overshoots
and undershoots are common, which can also generate new extrema, and shift or
exaggerate the existing ones. The imperfection of the overshoots and undershoots
can be found at the 4.6 and 4.7 s points in figure 3b. Their effects, however, are
not direct, for it is the mean, not the envelopes, that will enter the sifting process.
Nevertheless, the problem is real. Even if the fitting is perfect, a gentle hump on
a slope can be amplified to become a local extremum in changing the local zero
from a rectangular to a curvilinear coordinate system. An example can be found for
the hump between the 4.5 and 4.6 s range in the data in figure 3a. After the first
round of sifting, the hump becomes a local maximum at the same time location as
in figure 3c. New extrema generated in this way actually recover the proper modes
lost in the initial examination. In fact, the sifting process can recover low-amplitude
riding waves with repeated siftings.

Still another complication is that the envelope mean may be different from the
true local mean for nonlinear data; consequently, some asymmetric wave forms can
still exist no matter how many times the data are sifted. We have to accept this
approximation as discussed before.
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Other than these theoretical difficulties, on the practical side, serious problems of
the spline fitting can occur near the ends, where the cubic spline fitting can have
large swings. Left by themselves, the end swings can eventually propagate inward and
corrupt the whole data span especially in the low-frequency components. We have
devised a numerical method to eliminate the end effects; details will be given later.
At any rate, improving the spline fitting is absolutely necessary. Even with these
problems, the sifting process can still extract the essential scales from the data.

The sifting process serves two purposes: to eliminate riding waves; and to make
the wave-profiles more symmetric. Toward this end, the sifting process has to be
repeated more times. In the second sifting process, h1 is treated as the data, then

h1 − m11 = h11. (5.2)

Figure 4a shows the much improved result after the second sifting, but there are still
local maxima below the zero line. After another sifting, the result is given in figure 4b.
Now all the local maxima are positive, and all the local minima are negative, but
many waves are still asymmetric. We can repeat this sifting procedure k times, until
h1k is an IMF, that is

h1(k−1) − m1k = h1k, (5.3)
the result is shown in figure 2 after nine siftings. Then, it is designated as

c1 = h1k, (5.4)

the first IMF component from the data.
As described above, the process is indeed like sifting: to separate the finest local

mode from the data first based only on the characteristic time scale. The sifting
process, however, has two effects: (a) to eliminate riding waves; and (b) to smooth
uneven amplitudes.

While the first condition is absolutely necessary for the instantaneous frequency to
be meaningful, the second condition is also necessary in case the neighbouring wave
amplitudes have too large a disparity. Unfortunately, the second effect, when carried
to the extreme, could obliterate the physically meaningful amplitude fluctuations.
Therefore, the sifting process should be applied with care, for carrying the process
to an extreme could make the resulting IMF a pure frequency modulated signal of
constant amplitude. To guarantee that the IMF components retain enough physical
sense of both amplitude and frequency modulations, we have to determine a criterion
for the sifting process to stop. This can be accomplished by limiting the size of the
standard deviation, SD, computed from the two consecutive sifting results as

SD =
T∑

t=0

[
|(h1(k−1)(t) − h1k(t))|2

h2
1(k−1)(t)

]
. (5.5)

A typical value for SD can be set between 0.2 and 0.3. As a comparison, the two
Fourier spectra, computed by shifting only five out of 1024 points from the same
data, can have an equivalent SD of 0.2–0.3 calculated point-by-point. Therefore, a
SD value of 0.2–0.3 for the sifting procedure is a very rigorous limitation for the
difference between siftings.

Overall, c1 should contain the finest scale or the shortest period component of the
signal. We can separate c1 from the rest of the data by

X(t) − c1 = r1. (5.6)

Proc. R. Soc. Lond. A (1998)



Nonlinear and non-stationary time series analysis 921

Time (s)

W
in

d 
sp

ee
d 

(m
s–

1 )

Figure 5. Calibrated wind data from a wind-wave tunnel.

Since the residue, r1, still contains information of longer period components, it is
treated as the new data and subjected to the same sifting process as described
above. This procedure can be repeated on all the subsequent rjs, and the result is

r1 − c2 = r2, . . . , rn−1 − cn = rn. (5.7)

The sifting process can be stopped by any of the following predetermined criteria:
either when the component, cn, or the residue, rn, becomes so small that it is less
than the predetermined value of substantial consequence, or when the residue, rn,
becomes a monotonic function from which no more IMF can be extracted. Even for
data with zero mean, the final residue can still be different from zero; for data with
a trend, then the final residue should be that trend. By summing up equations (5.6)
and (5.7), we finally obtain

X(t) =
n∑

i=1

ci + rn. (5.8)

Thus, we achieved a decomposition of the data into n-empirical modes, and a residue,
rn, which can be either the mean trend or a constant. As discussed here, to apply the
EMD method, a mean or zero reference is not required; EMD only needs the locations
of the local extrema. The zero references for each component will be generated by
the sifting process. Without the need of the zero reference, EMD eliminates the
troublesome step of removing the mean values for the large DC term in data with
non-zero mean, an unexpected benefit.

To illustrate the sifting process, we will use a set of wind data collected in a labo-
ratory wind-wave tunnel (Huang & Long 1980) with a high-frequency response Pitot
tube located 10 cm above the mean water level. The wind speed was recorded under
the condition of the initial onset of water waves from a calm surface. Calibrated
wind data are given in figure 5. Clearly, the data are quite complicated with many
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Figure 6. The resulting empirical mode decomposition components from the wind data: (a) the
original data and the components c1–c4; (b) the components c5–c9. Notice the last component,
c9, is not an IMF; it is the trend.
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local extrema but no zero crossings, for the time series represents all positive num-
bers. Although the mean can be treated as a zero reference, defining it is hard, for
the whole process is transient. This example illustrates the advantage of adopting
the successive extrema for defining the time scale; it also illustrates the difficulties of
dealing with non-stationary data: even a meaningful mean is impossible to define, but
for EMD this difficulty is eliminated. Figures 6a, b summarize all the IMF obtained
from this repeated sifting processes. We have a total of nine components. Comparing
this with the traditional Fourier expansion, one can immediately see the efficiency
of the EMD: the expansion of a turbulence data set with only nine terms. From the
result, one can see a general separation of the data into locally non-overlapping time
scale components. In some components, such as c1 and c3, the signals are intermit-
tent, then the neighbouring components might contain oscillations of the same scale,
but signals of the same time scale would never occur at the same locations in two
different IMF components.

Finally, let us examine the physical meaning of each IMF component. The com-
ponents of the EMD are usually physical, for the characteristic scales are physical.
Nevertheless, this is not strictly true, for there are cases when a certain scale of a
phenomenon is intermittent. Then, the decomposed component could contain two
scales in one IMF component. Therefore, the physical meaning of the decomposition
comes only in the totality of the decomposed components in the Hilbert spectrum.
Even with the entire set of decomposed components, sound physical interpretation
is still not guaranteed for other decompositions such as Fourier expansion. Further
discussions will be given later in detail. Having established the decomposition, we
should check the completeness and orthogonality of this decomposition. Because this
decomposition is a posteriori , the check should also be a posteriori .

6. Completeness and orthogonality

By virtue of the decomposition, completeness is given, for equation (5.8) is an
identity. As a check of the completeness for the wind data numerically, we can recon-
struct the data from the IMF components starting from the longest to the shortest
periods in the sequence from figure 7a–j. Figure 7a gives the data and the longest
period component, c9, which is the residue trend, not an IMF. By itself, the fitting of
the trend is quite impressive, and it is very physical: the gradual decrease of the mean
wind speed indicates the lack of drag from the calm surface initially and the increase
of drag after the generation of wind waves. As the mean wind speed decreases, the
amplitude of the fluctuation increases, another indication of wind–wave interactions.
If we add the next longest period component, c8, the trend of the sum, c9 + c8, takes
a remarkable turn, and the fitting to the data looks greatly improved as shown in
figure 7b. By successively adding more components with increasing frequency, we
have the results in the series of figures 7c–i. The gradual change from the monotonic
trend to the final reconstruction is illustrative by itself. By the time we reach the
sum of IMF components up to c3 in figure 7g, we essentially have recovered all the
energy containing eddies already. The components with the highest frequencies add
little more energy, but they make the data look more complicated. In fact, the high-
est frequency component is probably not physical, for the digitizing rate of the Pitot
tube is too slow to capture the high-frequency variations. As a result, the data are
jagged artificially by the digitalizing steps at this frequency.
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Figure 7. Numerical proof of the completeness of the EMD through reconstruction of the original
data from the IMF components. (a) Data (in the dotted line) and the c9 component (in the
solid line). c9 serves as a running mean, but it is not obtained from either mean or filtering. (b)
Data (in the dotted line) and the sum of c9–c8 components (in the solid line). (c) Data (in the
dotted line) and the sum of c9–c7 components (in the solid line). (d) Data (in the dotted line)
and the sum of c9–c6 components (in the solid line).

The difference between the reconstructed data from the sum of all the IMFs and
the original data is shown in figure 7j, in which the maximum amplitude is less
than 5 × 10−15, the roundoff error from the precision of the computer. Thus, the
completeness is established both theoretically by equation (5.8), and numerically by
figure 7j.

The orthogonality is satisfied in all practical sense, but it is not guaranteed theo-
retically. Let us discuss the practical aspect first. By virtue of the decomposition, the
elements should all be locally orthogonal to each other, for each element is obtained
from the difference between the signal and its local mean through the maximal and
minimal envelopes; therefore,

(x(t) − x(t)) · x(t) = 0. (6.1)

Nevertheless, equation (6.1) is not strictly true, because the mean is computed via
the envelopes, hence it is not the true mean. Furthermore, each successive IMF com-
ponent is only part of the signal constituting x(t). Because of these approximations,
leakage is unavoidable. Any leakage, however, should be small.

The orthogonality of the EMD components should also be checked a posteriori
numerically as follows: let us first write equation (5.8) as

X(t) =
n+1∑
j=1

Cj(t), (6.2)

in which we have included rn as an additional element. To check the orthogonality
of the IMFs from EMD, we define an index based on the most intuitive way: first,
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Figure 7. Cont. (e) Data (in the dotted line) and the sum of c9–c5 components (in the solid line).
(f) Data (in the dotted line) and the sum of c9–c4 components (in the solid line). (g) Data (in
the dotted line) and the sum of c9–c3 components (in the solid line). By now, we seem to have
recovered all the energy containing eddies. (h) Data (in the dotted line) and the sum of c9–c2
components (in the solid line). (i) Data (in the dotted line) and the sum of c9–c1 components (in
the solid line). This is the final reconstruction of the data from the IMFs. It appears no different
from the original data. (j) The difference between the original data and the reconstructed one;
the difference is the limit of the computational precision of the personal computer (PC) used.

let us form the square of the signal as

X2(t) =
n+1∑
j=1

C2
j (t) + 2

n+1∑
j=1

n+1∑
k=1

Cj(t)Ck(t). (6.3)

If the decomposition is orthogonal, then the cross terms given in the second part
on the right-hand side should be zero. With this expression, an overall index of
orthogonality, IO, is defined as

IO =
T∑

t=0

( n+1∑
j=1

n+1∑
k=1

Cj(t)Ck(t)/X2(t)
)

. (6.4)

For the wind data given above, the IO value is only 0.0067. Orthogonality can also

Proc. R. Soc. Lond. A (1998)



926 N. E. Huang and others

0

10

20

0 10 20 30
time (s)

fr
eq

ue
nc

y 
(H

z)

Figure 8. The Hilbert spectrum for the wind data with 200 frequency cells. The wind energy
appears in skeleton lines representing each IMF.
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Figure 9. The Morlet wavelet spectrum for the wind data with the same number of frequency
cells. Wind energy appears in smoothed contours with a rich energy distribution in the high
harmonics.
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Figure 10. A 15 × 15 weighted Gaussian filtered Hilbert spectrum. The appearance gives a
better comparison with the wavelet result, but the information content has been degraded.

be defined for any two components, Cf and Cg. The measure of orthogonality will,
then, be

IOfg =
∑

t

CfCg

C2
f + C2

g

. (6.5)

It should be noted that, although the definition of orthogonality seems to be global,
the real meaning here applies only locally. For some special data, the neighbouring
components could certainly have sections of data carrying the same frequency at
different time durations. But locally, any two components should be orthogonal for
all practical purposes. The amount of leakage usually depends on the length of data as
well as the decomposition results. In reality, because of the finite data length, even
pure sinusoidal components with different frequencies are not exactly orthogonal.
That is why the continuous wavelet in the most commonly used Morlet form suffers
severe leakage. For the EMD method, we found the leakage to be typically less than
1%. For extremely short data, the leakage could be as high as 5%, which is comparable
to that from a set of pure sinusoidal waves of the same data length.

Theoretically, the EMD method guarantees orthogonality only on the strength of
equation (6.1). Orthogonality actually depends on the decomposition method. Let us
consider two Stokian waves each having many harmonics. Separately, they are IMFs,
of course, and each represents a free travelling wave. If the frequency of one Stokian
wave coincides with the frequency of a harmonic of the other, then the two waves
are no longer orthogonal in the Fourier sense. EMD, however, can still separate
the two Stokian wave trains. Such a decomposition is physical, but the separated
IMF components are not orthogonal. Therefore, orthogonality is a requirement only
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for linear decomposition systems; it would not make physical sense for a nonlinear
decomposition as in EMD. Fortunately, in most cases encountered, the leakage is
small.

7. The Hilbert spectrum

Having obtained the intrinsic mode function components, we will have no diffi-
culties in applying the Hilbert transform to each component, and computing the
instantaneous frequency according to equation (3.4). After performing the Hilbert
transform on each IMF component, we can express the data in the following form:

X(t) =
n∑

j=1

aj(t) exp
(

i
∫

ωj(t) dt

)
. (7.1)

Here we have left out the residue, rn, on purpose, for it is either a monotonic func-
tion, or a constant. Although the Hilbert transform can treat the monotonic trend as
part of a longer oscillation, the energy involved in the residual trend could be over-
powering. In consideration of the uncertainty of the longer trend, and in the interest
of information contained in the other low-energy and higher-frequency components,
the final non-IMF component should be left out. It, however, could be included, if
physical considerations justify its inclusion.

Equation (7.1) gives both the amplitude and the frequency of each component as
functions of time. The same data if expanded in Fourier representation would be

X(t) =
∞∑

j=1

ajeiωjt, (7.2)

with both aj and ωj constants. The contrast between equations (7.1) and (7.2) is
clear: the IMF represents a generalized Fourier expansion. The variable amplitude
and the instantaneous frequency have not only greatly improved the efficiency of
the expansion, but also enabled the expansion to accommodate non-stationary data.
With IMF expansion, the amplitude and the frequency modulations are also clearly
separated. Thus, we have broken through the restriction of the constant amplitude
and fixed-frequency Fourier expansion, and arrived at a variable amplitude and fre-
quency representation. This expression is numerical. If a function is more desired,
an empirical polynomial expression can be easily derived from the IMFs.

Equation (7.1) also enables us to represent the amplitude and the instantaneous
frequency as functions of time in a three-dimensional plot, in which the amplitude
can be contoured on the frequency–time plane. This frequency–time distribution of
the amplitude is designated as the Hilbert amplitude spectrum, H(ω, t), or simply
Hilbert spectrum. If amplitude squared is more desirable commonly to represent
energy density, then the squared values of amplitude can be substituted to produce
the Hilbert energy spectrum just as well.

Various forms of Hilbert spectra presentations can be made: the colour coded maps
and the contour maps all with or without smoothing. The Hilbert spectrum in the
colour map format for the wind data is given in figure 8. This spectrum gives a
very different appearance in comparison with the corresponding wavelet spectrum
shown in figure 9. While the Hilbert spectrum appears only in the skeleton form
with emphasis on the frequency variations of each IMF, the Wavelet analysis result
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gives a smoothed energy contour map with a rich distribution of higher harmonics.
If a more continuous form is preferred, two smoothing methods can be applied.
The first one is to use a weighted spatial filter with which to average over a range
of cells. However, such a smoothing degrades both frequency and time resolutions.
If we applied this approach with large enough spatial averaging, we would get a
result similar to what the wavelet analysis would give. Even here, we still will not be
encumbered by the many spurious harmonics as in the Fourier-based wavelet analysis.
For example, a 15 × 15 weighted Gaussian filter will give the smoothed spectrum as
in figure 10, which gives a better resemblance to the wavelet result, though not
necessarily a better physical interpretation than the original, for the information
content has been degraded. In the smoothed form, however, the energy density and
its trends of evolution as functions of frequency and time are easier to identify. In
general, if more quantitative results are desired, the original skeleton presentation is
better; if more qualitative results are desired, the smoothed presentation is better.
As a guide, the first look of the data is better in the smoothed format.

The alternative to the spatial smoothing is to select a lower frequency resolution
and leave the time axis undisturbed. The advantage of this approach is the preser-
vation of events’ locations, but gives a more continuous frequency variation. Fur-
thermore, with low-frequency resolution, we also save some computation time. The
optimal frequency resolution in the Hilbert spectrum can be computed as follows.

Let the total data length be T , and the digitizing rate be Δt. Then the lowest
frequency one can extract from the data is 1/T Hz, which is also the limit of frequency
resolution for the data. The highest frequency one can extract from the data is
1/(nΔt) Hz, in which n represents the minimum number of Δt needed to define the
frequency accurately. Since the Hilbert transform defines instantaneous frequency by
differentiation, we do need more data points to define an oscillation. The absolute
minimum number of data points is five for a whole sine wave. We do not need a whole
sine wave to define its frequency, but we do need many points within any part of the
wave to get a stable derivative. Therefore, the maximum number of the frequency
cells, N , of the Hilbert spectrum should be

N =
(1/nΔt)
(1/T )

=
T

nΔt
. (7.3)

In order to make the derivative stable, we have averaged over three adjacent cell
values for the final presentation. The wind data, digitized at a rate of 0.01 s, has a
total length of 30 s. Therefore, the highest frequency we can extract is 25 Hz. The
total cell size could be 600 but they have been averaged to 200 as used in figure 8.

With the Hilbert spectrum defined, we can also define the marginal spectrum,
h(ω), as

h(ω) =
∫ T

0
H(ω, t) dt. (7.4)

In figure 11 the solid line gives the corresponding marginal spectrum of the Hilbert
spectrum given in figure 8. The marginal spectrum offers a measure of total amplitude
(or energy) contribution from each frequency value. It represents the cumulated
amplitude over the entire data span in a probabilistic sense. As pointed out by Huang
et al. (1996), the frequency in either H(ω, t) or h(ω) has a totally different meaning
from the Fourier spectral analysis. In the Fourier representation, the existence of
energy at a frequency, ω, means a component of a sine or a cosine wave persisted
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Figure 11. The comparison of the marginal Hilbert spectrum (the solid line) and the Fourier spec-
trum (the dotted line) all from the same wind data. The Fourier spectrum is dominated by the
DC term due to the non-zero mean wind; it is also meaningless because of the non-stationarity
of the data.

through the time span of the data. Here, the existence of energy at the frequency,
ω, means only that, in the whole time span of the data, there is a higher likelihood
for such a wave to have appeared locally. In fact, the Hilbert spectrum is a weighted
non-normalized joint amplitude–frequency–time distribution. The weight assigned
to each time–frequency cell is the local amplitude. Consequently, the frequency in
the marginal spectrum indicates only the likelihood that an oscillation with such
a frequency exists. The exact occurrence time of that oscillation is given in the full
Hilbert spectrum. The corresponding Fourier spectrum of the wind data is also given
in figure 11 in a dotted line. There is little similarity between the Fourier spectrum
and the marginal spectrum. While the Fourier spectrum is dominated by the DC
term because of the non-zero mean wind speed, the marginal spectrum gives a nearly
continuous distribution of energy. The Fourier spectrum is meaningless physically,
for the data is not stationary.

In addition to the marginal spectrum, we can also define the instantaneous energy
density level, IE, as

IE(t) =
∫

ω

H2(ω, t) dω. (7.5)

Obviously, this IE also depends on time; it can be used to check the energy fluctua-
tion.

With the energy–frequency–time distribution given, we can discuss the definition
of stationarity quantitatively now. As we stated in the introduction, the classic defi-
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Figure 12. The variation of the degree of stationarity and the degree of statistical stationarity.
In computing the DSS, time averages of 10, 50, 100 and 300 have been used. The DSS indeed
decreases with the length of averaging especially in the high-frequency range.

nitions of stationarity given in equations (1.1) and (1.2) are dichotomous: a process
is either stationary or non-stationary, the description is only qualitative. Such defi-
nitions are both stringent and useless at the same time: few data sets can satisfy the
rigour of these definitions; consequently, no one even bothers using them for checking
the stationarity. As a result, data as non-stationary as earthquake and seismolog-
ical signals are routinely treated as stationary (see, for example, Hu et al. 1996).
Sometimes, for some obvious non-stationary data, two less stringent definitions are
invoked: the piecewise stationary; and the asymptotically stationary. These defini-
tions are still dichotomous. To quantify the statistical processes further, an index
is needed to give a quantitative measure of how far the process deviates from sta-
tionarity; a prerequisite for such a definition is a method to present the data in
the frequency–time space. Now, having established the Hilbert spectrum, we can
introduce the index of stationarity as follows.

The first step to define the degree of stationarity, DS(ω), is to find the mean
marginal spectrum, n(ω), as

n(ω) =
1
T

h(ω). (7.6)

Then, the degree of stationarity is defined as

DS(ω) =
1
T

∫ T

0

(
1 − H(ω, t)

n(ω)

)2

dt, (7.7)

in which the integrand is similar to the intermittency defined in the wavelet analysis.
We decided to adopt the integration representation because it gives a quantitative
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Figure 13. The intermittence and the DSS. (a) A linear plot of the DSS with 100 time step
average. Energy at 7 and 17 Hz are highly energetic and intermittent. (b) A section of wind data
demonstrating the presence of energetic and intermittent oscillations at 7 and 17 Hz.

measure of the whole data set. Obviously, for a stationary process, the Hilbert spec-
trum cannot be a function of time. Then, the Hilbert spectrum will consist of only
horizontal contour lines; DS(ω) will then be identically zero. Only under this con-
dition will the marginal spectrum be identical to the Fourier spectrum, then the
Fourier spectrum will also make physical sense. If the Hilbert spectrum depends on
time, the index will not be zero, then the Fourier spectrum will cease to make phys-
ical sense. The higher the index value, the more non-stationary is the process. The
DS for the wind data is shown in figure 12. As the index shows, the data are highly
non-stationary especially for the high-frequency components.

Equation (7.7) defines the stationarity as a function of frequency. This is neces-
sary, for certain frequency components can be non-stationary while other components
remain stationary. An example is the sporadic riding wind waves on otherwise uni-
form swell: the low-frequency swell component is stationary, while the high-frequency
wind waves are intermittent, and hence non-stationary.

The degree of stationarity can also be a function of time implicitly, for the defini-
tion depends on the time length of integration in equations (7.6) and (7.7). Therefore,
a process can be piecewise stationary. On the other hand, for a singular outburst in
an otherwise stationary signal, the process can be regarded as almost stationary if
we take a long time integral, but non-stationary if we look at the immediate neigh-
bourhood of the outburst. Stationarity can be a complicated property of the process:
for any data shorter than a typical long wave period, the process may look transient,
yet as the data length gets longer, the process can have many longer wave periods
and becomes stationary. On the other hand the data can be locally stationary while
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in a long time sense non-stationary. An index is therefore not only useful but also
necessary to quantify the process and give a measure of the stationarity.

The degree of stationarity defined in equation (7.7) can be modified slightly to
include the statistically stationary signals, for which the degree of statistic station-
arity, DSS(ω, ΔT ), is defined as

DSS(ω, ΔT ) =
1
T

∫ T

0

(
1 − H(ω, t)

n(ω)

)2

dt, (7.8)

where the overline indicates averaging over a definite but shorter time span, ΔT , than
the overall time duration of the data, T . For periodic motions, the ΔT can be the
period. Such a time scale, however, is hard to define precisely for high-dimensional
non-stationary dynamic systems. Even with this difficulty, the definition for DSS
could be more useful in characterizing random variables from natural phenomena.
Obviously, DSS will depend on both frequency and the averaging time span. For the
wind data taken as an example, the DSS with ΔT as a parameter is given in figure 12
with ΔT = 10, 50, 100 and 300 time steps, respectively. The results show that
while the high-frequency components are non-stationary, they can still be statistically
stationary. Two frequency bands at 7 and 17 Hz are highly non-stationary as the DSS
averaged at 100 time steps shows in figure 13a. These components are intermittent
as can be seen in the IMF components and the marginal spectrum. A section of the
original wind data is also plotted in figure 13b to demonstrate that there are indeed
prominent 7 and 17 Hz time scale oscillations.

8. Validation and calibration of the Hilbert spectrum

Through the empirical mode decomposition and the associated Hilbert spectral
analysis we obtained the probabilistic Hilbert spectrum representation of the non-
stationary data. Now, we will validate the approach and the results, and calibrate
its fidelity compared with the best existing method, the wavelet analysis. Before
proceeding further, let us first examine the physical meaning of EMD.

Historically, there are two important methods to expand a function in series: the
Taylor and the Fourier expansions, both powerful but based on totally different
approaches. The Taylor series for a function, f(t), is expanded near a point, t0, as

f(t+ t0) = f(t0)+ f ′(t0)(t− t0)+ f ′′(t0) 1
2(t− t0)2 + · · ·+ f (n)(t0)((t− t0)n/n!)+ · · · ,

(8.1)
in which the primes and (n) indicate the order of differentiation. The Fourier expan-
sion for the same function is expanded globally as,

f(t) =
n∑

j=0

ajeiωjt, (8.2)

in which the coefficients, aj , are given by

aj =
1
2π

∫
t

f(t)e−iωjt dt. (8.3)

From equations (8.1) and (8.2), the different mathematical principles in deriving the
expansions are quite clear. While the Taylor expansion is based on the properties of
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Figure 14. A calibration of time localization of the Hilbert spectrum analysis. (a) The calibration
data, a single sine wave. (b) The Hilbert spectrum for the calibration signal: the energy is highly
localized in time and frequency, though there are some end effects. (c) The Morlet wavelet
spectrum for the calibration signal: the calibration signal is localized by the high-frequency
components, yet the energy distribution in the frequency space spreads widely in comparison
with the Hilbert spectrum.

the function at a point through differentiation, the Fourier expansion is based on the
properties of the function over the whole time span through integration. Although
both expansions are valid within the range of convergency, there are different require-
ments on each function: one of the necessary conditions for the Taylor expansion to
exist is that the function has to be analytic to the nth order. Such a restriction is not
necessary for the Fourier expansion, which can be applied to functions with denu-
merable finite jumps. The Fourier expansion introduces a powerful idea: to expand
a function with any orthogonal and complete basis. Therefore, there are infinitely
many ways to decompose a signal. For example, a signal can be decomposed into
simple harmonic components with the Fourier transform. By the same token, the
same signal can also be decomposed into Hermite polynomials, or some other special
functions such as Legendre or Laguerre polynomials. In fact any collection of orthog-
onal functions can serve as the basis for a decomposition for a linear system. Once we
have a complete and orthogonal basis, the expansion is mathematically correct even
for a transient nonlinear system, as testified by the results produced by the classical
perturbation analysis for nonlinear differential equations. Whether this mathemati-
cally correct expansion also makes physical sense is entirely a separate, but crucial,
problem. In general, we believe the answer provided by any linear expansion for a
nonlinear system, such as the answer obtained by the perturbation method, should
not make physical sense. This conclusion can be argued from two different direc-
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(a)

(b)

Time (s)

2nd order Stokes wave

Figure 15. Validation of the intrawave frequency modulation with Stokian waves. (a) The pro-
file of a second-order Stokes wave in deep water with sharp crests and rounded-off troughs in
comparison with the pure cosine waves. (b) The IMF generated by the Stokes wave, there is only
one component; the constant off-set is not shown.

tions: first, a nonlinear system does not admit an answer by superposition; second,
the perturbation method is forcing a linear approximation on a nonlinear system.
Both of the above arguments are true; therefore, it is fortuitous to have the sum of
the linear system to approximate the full nonlinear system. It is entirely different to
also ask each individual component in the linear system to have physical meaning
related to the full nonlinear system.

EMD expansion is at the same time both different from and similar to the above
expansions. It is based on both integration, as in the Hilbert transform given in
equation (3.1), and differentiation, as in the instantaneous frequency given in equa-
tion (3.4). The integration in the Hilbert transform is not exactly global, for it is
the convolution of the function with 1/t, which makes the result extremely local.
Essentially, the Hilbert transform gives the best fit with a sinusoidal function to the
data weighted by 1/t.

Let us compare how local the Hilbert transform can be with the result from wavelet
analysis by considering an isolated sine wave given in figure 14a. With wavelet anal-
ysis we get the spectrum in figure 14c, in which the event is well defined on the time
axis by the high-frequency components, even though the event is a low-frequency
wave. In the result, neither the energy density nor the frequency is well localized;
they give a counter-intuitive interpretation of the wavelet spectrum: to look for defi-
nition of a low-frequency event in the high-frequency range. When the same data are
treated by the Hilbert spectral analysis, we have the result in figure 14b, in which the
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Figure 16. Morlet wavelet spectrum for the Stokes wave showing two bands of energy for the
fundamental and the harmonics around 0.03 and 0.06 Hz as expected from the traditional view.
The end effect of the wavelet analysis is clearly visible.

energy is well localized in both frequency and time domains. This simple example
illustrates the unique property of the Hilbert spectrum in elimination of the spurious
harmonic components to represent the non-stationary data.

Next, let us examine the validity and the implication of the instantaneous fre-
quency for nonlinear data through the idealized Stokes wave in deep water, which is
a classic example of using harmonic components to represent nonlinear wave form
distortion (see, for example, Lamb 1932). It is also the first successful application of
the perturbation method to solve a nonlinear analytic equation system for a natural
phenomenon. To second order, the profile is given by

X(t) = 1
2a2k + a cos ωt + 1

2a2k cos 2ωt + · · · , (8.4)

in which a is the amplitude and k is the wave number. For a = 1, ak = 0.2, and ω =
1
32 Hz, the wave-profile is shown in figure 15a. Because of the harmonic distortion,
the wave form shows sharpened crests and rounded-off troughs, which make the
crests and troughs asymmetric with respect to the mean surface. Processed with
EMD, these data yield only one IMF component, shown also in figure 15b, with
a constant offset component not shown. The Stokes wave is deformed due to the
harmonic distortion; it is asymmetric with respect to the mean, while the IMF is
symmetric. Although this wave has only one characteristic scale, the wavelet analysis
result shown in figure 16 gives two bands of energy. The IMF data can be processed
immediately to give the Hilbert spectrum as shown in figure 17, which has only one
frequency band centred around 0.03 Hz, the fundamental frequency of the wave train,
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Figure 17. The Hilbert spectrum from the IMF with forced symmetry of the profile in which the
intrawave frequency modulation interpretation of the Stokes wave is clear. In the Hilbert spec-
trum the frequency variation is bounded in a narrow range around 0.03 Hz with no harmonics.

but there is an intrawave frequency modulation with a magnitude range of 0.02–
0.04 Hz. This intrawave frequency modulation has been totally ignored in the past,
for the traditional definition of frequency is based on the reciprocal of periodicity.
Consequently, the notion of intrawave frequency modulation cannot be represented
or discussed. Is the intrawave frequency modulation meaningful? What is its physical
significance? To answer these questions, let us consider a simple model wave given
by

X(t) = cos(ωt + ε sin ωt). (8.5)

Figure 18a gives the profile of this wave together with the cosine wave given by the
dotted line. This wave shows the harmonic distortion similar to the Stokes wave
given in figure 15a: sharpened crests and rounded-off troughs. In the past, this kind
of wave form has been treated as a typical case of harmonic distortion. Indeed, the
second-order approximation of equation (8.5) is

X(t) = cos(ωt + ε sin ωt)

= cos ωt cos(ε sin ωt) − sin ωt sin(ε sin ωt)

≈ cos ωt − εsin2ωt ≈ (1 − 1
2ε) cos ωt + 1

2ε cos 2ωt. (8.6)

This expression is very similar to the one given in equation (8.4).
Equation (8.6), however, is only an approximation to the full expression of equa-
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(a)

(b)

Time (s)
Figure 18. Model wave with intrawave frequency modulation to simulate the Stokes wave. (a)
Profile of the model wave showing the same characteristics as the Stokes wave: sharp crest and
rounded-off trough. A pure cosine wave is shown by a dotted line for reference. (b) Frequency of
the model wave computed from Hilbert transform (solid line) and equation (8.8) (dotted line).
The agreement is excellent for this case.

tion (8.5), which satisfies the following highly nonlinear differential equation:†
d2x

dt2
+ (ω + εω cos ωt)2x − εω2 sin ωt(1 − x2)1/2 = 0. (8.7)

Although this equation bears no relationship to the system generating the Stokes
wave, the example illustrates that harmonic components are the results of using
a linear system to simulate the nonlinear one. Although the final solution form is
similar to the real one, the harmonic components have no physical meaning other
than providing better mathematical approximation.

As given in equation (8.5), the function is clearly a frequency modulated wave
with the modulating frequency equal to that of the main oscillating frequency. The
frequency given by the classic wave theory for this model wave is

Ω =
dθ

dt
= ω(1 + ε cos ωt). (8.8)

With ω = 1 Hz and ε = 0.5, the frequency values are plotted in figure 18b, with the
solid line representing the values given by the Hilbert transform and equation (3.4),
and the dotted line representing the values given in equation (8.8). Both methods
give similar variation of the frequency with only minor deviation at the extreme
values.

The agreement between the two methods confirms that a deformed sinusoidal wave

† Note added in proof: It can also be shown that a general form of equation (8.5), X(t) = cos(ωt +
εf(t)), satisfies a linear differential equation with variable coefficients.
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Figure 19. Comparison of the wavelet spectrum with the Hilbert spectrum for the model
intrawave frequency modulated wave. (a) The Morlet wavelet spectrum of the model wave
showing a rich complement of harmonics to simulate the wave-profile deformation due to the
intrawave frequency modulation: the main energy is located around 0.03 Hz, with the harmon-
ic at 0.06 Hz as expected. (b) The Hilbert spectrum for the same data showing the intrawave
frequency modulation as the model wave simulated. These results are almost identical to those
shown in figures 16 and 17.

Proc. R. Soc. Lond. A (1998)



940 N. E. Huang and others

Time (s)

Figure 20. Data for an amplitude modulated wave: a single carrier with exponentially decaying
envelope.
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Figure 21. The Hilbert spectrum of the data shown in figure 20. This example shows that the
amplitude modulation can also generate intrawave frequency modulation, but the range of the
modulation is only ±1.5%.
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Figure 22. The wavelet spectrum from the same data shown in figure 20. In this representation,
the end effect is very prominent; the frequency is widely spread. As a comparison of wavelet
and Hilbert spectral analysis, the Hilbert spectrum is also plotted in this figure in contour lines,
which shows up as a thin line around 0.03 Hz. This example illustrates two points: the Hilbert
spectrum has much better frequency definition, and the amplitude-variation-induced frequency
modulation is small.

should be interpreted as an intrawave frequency modulated wave; it is more physical.
To illustrate the non-physical representation using harmonics, let us consider the
water-wave problem again. Traditionally, the gravity water waves have always been
represented by the harmonics to account for the nonlinear distortion. The inclusion of
the harmonics, however, introduced a difficulty: not all components follow the same
dispersion relationship. As a result, we are forced to divide the components into the
‘free’ and the ‘forced’ waves. The ‘free’ waves are the fundamentals that follow the
dispersion relationship; the ‘forced’ waves are the harmonics that are bound to the
fundamentals. In a wave spectrum, one cannot clearly separate the ‘free’ from the
‘forced’ unless the wave is monochromatic. This division is a consequence of using a
linear system to approximate the nonlinear one; it is totally artificial. We will return
to this point later with more examples.

Now let us examine the data analysis results from different methods: The wavelet
analysis result for the model data given in equation (8.5) is shown in figure 19a, while
the Hilbert spectrum is shown in figure 19b. Comparison between the wavelet analysis
and Hilbert spectra pairs in figures 19a versus 19b shows that the intrawave frequency
modulation is a new and better physical interpretation for the energy–frequency–time
distribution for the Stokian waves. The difference is again clear: the Hilbert spectrum
clearly resolves the intrawave frequency modulation, while the wavelet result gives
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Figure 23. The comparisons among the Fourier (dotted line), marginal Hilbert (solid line) and
wavelet spectra (dashed line): it is obvious that the end effects and the leakage of the wavelet
analysis renders the marginal spectrum almost useless. Even the Fourier spectrum is sharper
than the marginal wavelet spectrum, but it totally failed to show the time variation of the signal.
The marginal Hilbert is still sharp to define the carrier frequency.

a smeared average frequency range over which the main wave energy resides. There
is a total lack of detail beyond this smoothed mean, which is to be expected, for
the wavelet determines the frequency based on the Fourier transform in a window
with 5.5 waves. Any change shorter than this window will be obscured. Other than
the lack of details, Fourier-based analysis also spreads energy to the high-frequency
range as the harmonics. Traditionally, these harmonics are viewed as a matter of
fact, but the new method here reveals that the Fourier expansion is a mathematical
approximation to a nonlinear physical process, in which the true physical meaning
is beyond the reach of Fourier-based analysis.

The above examples have not only validated the EMD and the Hilbert spectrum
representation, but also clarified the conditions under which the spurious harmonics
are generated in the Fourier-based analysis: nonlinearity and non-stationarity. The
nonlinear case is illustrated by the Stokes waves, and the non-stationary case by the
single sine wave. By comparison, this nonlinear distortion of the wave form causes
much fewer serious non-physical harmonic terms in Fourier analysis than the non-
stationary data. In the past, this crucial problem has not been addressed. Typically,
the perturbation analysis gives a solution in series expansion. Each term is the solu-
tion of a linear equation. Although the infinite series expansion is so powerful that
it can approximate some transient phenomena with uniform amplitude components,
their physical meaning has never been examined critically. The mathematical success
has obscured our physical insights.
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To illustrate the cause of intrawave frequency modulation further, let us consider
an example of an amplitude modulated wave given by

x = exp(−0.01t) cos 2
32πt, (8.9)

for t from 1–512 s. The wave form is given in figure 20. Since this wave is already an
IMF, there is no need for invoking EMD. The Hilbert spectrum of the data is shown
in figure 21. Clearly, the amplitude has introduced a 1.5% instantaneous frequency
modulation around the mean of the carrier frequency. This frequency modulation
should not be a surprise, equation (3.11) has already indicated that amplitude varia-
tions could cause a frequency fluctuation, but not a change of the mean. The uneven
range of the frequency modulation is caused by the Gibbs phenomenon through the
Hilbert transform. To get a realistic appraisal of the fluctuation range, the same
data are processed by the Morlet wavelet analysis with the result given in figure 22,
in which the Hilbert spectrum is superimposed in contour lines for comparison. On
this scale, the frequency modulation in the Hilbert spectrum appears as a single thin
line. The wavelet results not only spread the frequency over a wide range, but also
contain severe end effects caused by the Gibbs phenomenon. To explore the differ-
ences among the various spectral representations further, the marginal Hilbert and
wavelet spectra are plotted together with the Fourier spectrum in figure 23. One can
immediately see the sharpness of the Hilbert marginal spectrum in its definition of
the mean frequency. In this case, the Fourier (dotted line) is actually sharper than
the marginal wavelet spectrum, though the Fourier spectrum has totally missed the
amplitude variation as a function of time. The spreading of energy in the wavelet
analysis is due both to the leakage and the end effects. In all fairness, it should be
noted that the marginal spectrum for a non-stationary time series does not make
sense. This example only intends to make a reference to the Fourier analysis. More
importantly, this example also demonstrates that, while amplitude variation can
cause intrawave modulation, the effects of amplitude-induced intrawave modulation
are negligible compared with the nonlinear distortion.

Finally, let us examine the resolution power of the EMD and Hilbert spectral anal-
ysis by the following examples. First, let us consider the case of a simple cosine wave
with one frequency suddenly switching to another frequency as shown in figure 24a,
the classic example used in many reports to illustrate the power of wavelet analysis in
frequency–time distributions. The standard Morlet wavelet analysis clearly identifies
the local frequency before and after the frequency switch as well as the location of the
frequency switch as in figure 24b. At the same time, the result also shows the leakage
of the energy to the neighbouring modes, and the smearing of the precise time loca-
tion of the frequency switch event in the lower-frequency range. Figure 24c shows the
result of Hilbert spectral analysis from the same data. Here we can see much sharper
frequency definitions and the time location of the frequency switch than those shown
in figure 24b. Although the finite data length and the sharp frequency change both
contribute to some oscillation of the frequency in the Hilbert spectrum due to the
Gibbs phenomena, the range of variation is insignificant compared with the leakage
in the wavelet analysis result.

Second, let us consider the case of the linear sum of two cosine waves as

x(t) = cos 2
30πt + cos 2

34πt, (8.10)

again over t from 1–512 s, with the wave form given in figure 25. The slight asymmet-
ric wave form suggests that the EMD method has to be used. If the sifting process
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Figure 24. Comparison between the wavelet spectrum and the Hilbert spectrum for the classic
frequency shift cosine waves: (a) the data from the frequency shift cosine waves; (b) the Morlet
wavelet spectrum for the same data showing poor frequency and time localizations for the
frequency shift event.
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Figure 24. Cont. (c) The Hilbert spectrum for the data showing sharp frequency and time
localizations. Some frequency oscillations are visible due to the Gibbs phenomena, but the
magnitude of these frequency oscillations is insignificant compared to the wavelet spectrum.

Time (s)
Figure 25. Data of the linear superimposed cosine waves given in equation (8.10): cos( 2

30πt)+
cos( 2

34πt). The data show the expected beats. Although the wave form is asymmetric, the
envelopes should be symmetric.
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Figure 26. The first four IMF components after stringent application of EMD. There are up
to 3000 siftings for some components. The first components, c1, indeed shows 512/30 = 17
waves; while the second components, c2, shows 512/34 = 15 waves. The other components are
of negligible energy. While the EMD succeeded in extracting the intrinsic time scale of the
processes, the components failed to give the exact constant amplitudes and frequencies, a flaw
due to the accumulation of errors from the imperfect spline fittings in the sifting processes.

Data and Sum c1 to c2

Data and Sum c1 to c4

Time (s)
Figure 27. The reconstruction of the signal from the IMFs for the linear superimposed cosine
waves given in equation (8.10) and figure 25. Data shown in dotted lines, and the reconstructions
shown in solid lines. The upper panel shows the sum of the first two terms. In this reconstruction,
the difference between the data and the reconstruction is small. The lower panel shows the sum of
the first four terms. In this reconstruction, the difference between the data and the reconstruction
is negligible except at the begining due to end effects.
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Figure 28. The comparison between the wavelet spectrum (in colour) and the Hilbert spectrum
(in contour lines). Both methods show a similar energy frequency distribution, and both methods
treat the data as a time varying signal.

is used with limited number of siftings as in the regular problems, no IMF will be
produced, for the data are already an IMF to the first order of approximation. To
force the EMD to extract different components, an extremely stringent criterion is
invoked here. After up to 3000 siftings, EMD produces eight components from the
data. The first four are shown in figure 26. As one can see, the first two components
carry most of the energy. They represent the 1

30 Hz (17 waves in the given time span)
and 1

32 Hz (15 waves) components, respectively. Comparisons of the sums of the first
two and the first four components with the full data are given in figure 27. The
difference between the two-term sum and the data is already small; the difference
between the four-term sum and the data is negligible except near the ends.

From the IMFs, the Hilbert spectrum is constructed and presented in contour lines
in figure 28, in which the Morlet wavelet spectrum from the same data is also given
in colour. The agreement between the two methods is obvious. Again, the wavelet
result shows severe leakage. Neither method shows two distinct linear components;
both methods treated the beats as an amplitude modulation wave. Figure 29 gives
the marginal spectra from both Hilbert and Morlet wavelet spectra, together with
the Fourier spectrum. From this figure, it is clear that none of the three methods
can separate the peaks of the two linear components. For this linear and stationary
case the wavelet performs the worst. Although EMD succeeded in extracting the
two components, the IMFs have been severely contaminated through the thousands
of spline fitting in the siftings. As a result, the instantaneous frequencies of the
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Figure 29. The comparisons between the Fourier (dotted line), marginal Hilbert (solid line) and
wavelet spectra (dashed line): the Fourier spectrum should give the true frequency distribution,
but it also failed to separate the frequency of the two components. It does, however, give a clear
definition of the range of their frequencies. It is obvious that the leakage of the wavelet analysis
renders the marginal spectrum almost useless. The marginal Hilbert is still sharp to define the
mean frequency, but also fails to separate the components.

components become overlapped to form a single peak located near the mean value.
The Fourier spectrum, though, also fails to separate the components for this short
data span that we have here, it can clearly define the frequencies by repeated folding
of the data to increase the total data span. Longer data will certainly help the EMD
by limiting the end effects, but the key problem is not the data length but spline
fitting. Unless and until a better spline fitting is implemented, EMD will not be able
to improve the instantaneous frequency definition in this case. Using the higher-order
spline with a condition on higher-order continuity will certainly improve the result.
Before then, the Fourier analysis, but not the Wavelet, should be used for the known
stationary time series.

With these idealized examples, we have established the validity and the limitations
of the Hilbert spectral analysis. Next, we will present some applications in numer-
ically computed results from low-dimensional nonlinear equations, and some data
from observations.

9. Applications

In this section, we will demonstrate applications through a number of examples
roughly divided into two categories: the first category contains numerical solutions
from some low-dimensional classical nonlinear equations; the second category con-
tains the applications to specific natural phenomena and laboratory data that include
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wave data from both the laboratory and the field, the equatorial region ocean surface
elevation measured by altimeter, earthquake records and turbulence. In all the cases,
the EMD and Hilbert spectral analysis will offer physical insight.

(a ) Numerical results from classic nonlinear systems
We will first present some examples on classic nonlinear systems. The advantage

of studying these systems is their simplicity, yet they contain all the essentials of the
possible nonlinear effects. All these systems have been studied extensively; therefore,
most of their dynamic characteristics are familiar, though the detailed physics may
not necessarily be well appreciated. Using them as examples with the new method,
we can contrast the different views and gain new insights, which will also help us in
interpreting more complicated cases in high-degrees-of-freedom natural phenomena.

(i) Duffing equation
The Duffing equation is one of the simplest nonlinear equations with the form,

d2x

dt2
+ x + εx3 = γ cos ωt, (9.1)

in which ε is a small parameter, γ is the amplitude of the oscillatory driving force
with a basic frequency ω. The homogeneous part of the equation has the unperturbed
Hamiltonian,

H0 = 1
2 ẋ2 + 1

2x2 + 1
4εx4, (9.2)

in which ẋ is the time derivative of x. For ε = −1; the intrinsic frequency can
be shown to be 0.124 Hz. Traditionally, Duffing’s equation has been solved by the
perturbation method (see, for example, Drazin 1992) with the solution expressed as
a series of the basic frequency and all its superharmonics. Such a solution is no doubt
correct mathematically, for the perturbation method generates the superharmonics
to approximate the highly deformed wave form due to the nonlinearity as

x(t) = cos ωt + ε cos 3ωt + ε2 cos 6ωt + · · · . (9.3)

This solution from the perturbation method is a typical example of approximating a
nonlinear system with a collection of linear ones. Collectively, they show the correct
wave-profile, but neither collectively nor individually will the components give any
physically meaningful representation of the full nonlinear system. Equation (9.1),
however, can be rewritten as

d2x

dt2
+ x(1 + εx2) = γ cos ωt. (9.4)

In this form, it offers a clearer physical interpretation of the equation: it can be
viewed as representing a simple spring–mass system with a forcing function. The
spring constant, however, is not a constant, but varies with position of the mass.
The equation can equally be viewed as representing a pendulum with a forcing func-
tion. The pendulum length, however, is not constant, but varies with the angle of
the swing. Either of these views suggests that the oscillation is not one of a con-
stant frequency within a period. And the changing of spring constant or the length
of the pendulum calls for local change of ‘instantaneous frequency’, an intrawave
frequency modulation. This conception of intrawave frequency modulation clearly
makes physical sense from equation (9.4). It offers more detailed information than
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the Hamiltonian system, in which the averaged frequency is defined as

∂J

∂t
= 0 and ω =

∂θ

∂t
=

∂H(J)
∂J

, (9.5)

with J as the averaged action density defined by

J =
1
2π

∫ ∫
dpdq, (9.6)

in which θ is the angular variable, p and q are the generalized momentum and
the coordinate respectively, and H is the total Hamiltonian in terms of the action
density variable. In these canonical expressions, the most important parameter is the
averaged period or frequency, based on which the Poincaré section and the modern
topological view of the dynamic system are built. With such a view, the shape of
the phase plane is not as important as the time needed to trace a full cycle. As long
as they are closed curves, they are topologically equivalent. Yet the different shapes
of the phase curves represent the different details of the oscillations. Such details
can only be represented by the instantaneous frequency, as will be shown presently.
The motion described by equation (9.4) clearly requires the instantaneous frequency
variation to specify its full physical details.

Now let us examine a specific example by taking γ = 0.1; ε = −1; ω = 1
25 Hz;

and the initial conditions: {x(0);x′(0)} = {1, 1}. Numerically integrating equations
(9.1) and (9.4) give the solutions for x(t) and x′(t) in figure 30 with the phase plane
presentation in figure 31. Two features stand out from the phase diagram. First,
the phase diagram shows continuous winding, an indication of no fixed period for
the oscillation. Second, the shape of the phase diagram is strongly deformed from a
simple circle, which gives both the sharp peaks and troughs in the time series data.
The sharpness of the peaks and the troughs requires the Fourier expansion of the
solution to contain many harmonics.

When subjected to the EMD, this numerical result yields only three prominent
IMF components as shown in figure 32: a uniform amplitude high-frequency com-
ponent representing the intrinsic frequency of the system; a uniform intermediate
frequency component representing the forcing function; and a low-frequency compo-
nent representing the very low-intensity subharmonics. The first, and most energetic,
component is highly deformed from the simple sinusoidal profile, a clear indication of
the nonlinear nature of the oscillator. Yet, this component represents a physical enti-
ty, and is treated as such by the EMD, a clear indication that the EMD can indeed
analyse nonlinear data. In the Hilbert spectrum given in figure 33, the intrinsic fre-
quency shows strong intrawave frequency modulation, which is presented as variable
frequency oscillating between 0.06 and 0.18 Hz, with a weighted mean around 0.1 Hz,
the averaged frequency as predicted by the Hamiltonian method. The detailed vari-
ations of the intrinsic frequency indicate that it contains both inter- and intrawave
frequency modulations. The forcing function is also clearly shown with the expected
frequency. The only unexpected component is the low-frequency and low-amplitude
signal. It represents the slow aperiodic wobbling of the phase; therefore, it is real.
Although an explanation is needed for its generation and its physical significance,
its existence has been reported by Kevorkian (1966).

When the same data are treated with the Morlet wavelet analysis with the same
total number of frequency resolutions, the results are given in figure 34. The richness
of the harmonics is generated by the sharpness of the wave crests and troughs.
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Figure 30. Numerical solution for the Duffing equation. The oscillation is highly nonlinear as
indicated by the deformed wave-profile with pointed crests and troughs.
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Figure 31. The phase diagram of the Duffing equation solutions with continuous winding indi-
cating no fixed period of the oscillations. The strongly deformed shape from a simple circle gives
the pointed crests and troughs of the time series data.
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Figure 32. The IMF components of the Duffing equation from EMD: the first component is
nonlinear, but it is a physical mode. This example shows that EMD is a nonlinear decomposition
method.

Figure 33. The Hilbert spectrum for the Duffing equation solution showing a strongly intrawave
frequency modulated oscillation and two low-frequency oscillations. The intermediate frequency
component is the forcing function.

Although the forcing function and the intrinsic frequency are still discernible as wide
belts of energy concentration, all the details of the intrinsic frequency variations are
totally lost.

To show that the highest frequency IMF is indeed intrawave modulated, let us
consider the following mathematical model:

X(t) = cos(ωt + ε sin 2ωt). (9.7)

According to the classic wave theory, this expression is a clear case of intrawave
frequency modulation similar to that of the Stokes waves. Using the same expansion
as in equation (8.6), one can show that equation (9.7) can be reduced to

X(t) ≈ (1 − 1
2ε) cos ωt + 1

2ε cos 3ωt + · · · , (9.8)

which is the second-order approximation of the series solution for the Duffing equa-
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Figure 34. The Morlet wavelet spectrum for the Duffing equation solution showing a rich dis-
tribution of harmonics but no details of the intra- or interwave frequency modulations. Notice
the scale of this figure. If the Hilbert spectrum is plotted on this scale, all the information is
confined to the region between 0.05 and 0.15 Hz.

tion. For ε = 0.3 and ω = 1
64 Hz, the wave-profile represented by equation (9.7) is

given in figure 35 with the frequency computed from either the Hilbert transform
through equation (3.4) and the classic wave theory. The differences are caused by
the leakage of energy into the negative frequency range, but the overall agreements
are still clear. Here again we have two views for the same mathematical expression.
The one based on the classic wave theory is the more physical one. It calls for an
intrawave frequency modulation.

Now, let us use the Hilbert spectrum and the wavelet analysis methods on this
expression. The results are shown in figures 36 and 37, respectively. The Hilbert
spectrum clearly shows the intrawave modulation, in agreement with the classic wave
theory, while the wavelet result is encumbered by the harmonics. Thus, we prove
again that intrawave frequency modulation is physical. This simple example again
illustrates that the instantaneous frequency, with intrawave frequency modulation
defined by the EMD and Hilbert spectrum, does make physical sense. In fact, such
an instantaneous frequency presentation actually reveals more details of the system:
it reveals the variation of the frequency within one period, a view never seen before.
Again, the wavelet result spreads energy over a much wider frequency range, but
fails to give any true detailed frequency variations.

Based on the new idea of intrawave frequency modulation, one can easily pick
out the minute variations of the waves in the IMF component and in the original
data computed from the Duffing equation. With the Hilbert spectrum as a guide,
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Figure 35. An intrawave frequency modulated Duffing wave: (a) the wave-profile for the model
based on equation (9.7) showing the distinct Duffing wave form; (b) the instantaneous frequency
of the Duffing wave model based on Hilbert transform (solid line) and based on the classical
wave theory and equation (3.4) (dotted line).

the unevenness of the intrawave frequency variation can be shown to have one-to-one
correspondence with the variations of the data. This observation is consistent with
the non-repeating phase function as in figure 31. In figure 33, a much lower frequency
of the forcing function at 0.04 Hz is also clearly shown. Additionally, we can also see a
faint suggestion of still lower frequency subharmonics reported by Kevorkian (1966).

(ii) Lorenz equation
The famous Lorenz equation (Lorenz 1963) was proposed initially to study deter-

ministic non-periodic flow. It can be regarded as the starting point of the modern
chaos investigation. The standard form of the Lorenz equation is

ẋ = −σx + σy, ẏ = rx − y − xz, ż = −bz + xy, (9.9)

in which σ, r and b are positive constant parameters. The Lorenz system is dis-
sipative; therefore, it is not a Hamiltonian system. The divergence of the velocity
is

∂ẋ

∂x
+

∂ẏ

∂y
+

∂ż

∂z
= −(σ + b + 1) < 0, (9.10)

therefore, the volume of the fluid will eventually tend to zero, suggesting that the
system has an attractor or attractors.

With σ = 10, b = 3, r = 20, this system has three stationary points: (0, 0, 0),
(
√

57,
√

57, 19) and (−√
57,−√

57, 19). From the initial position of (10, 0, 0), the
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Figure 36. The Hilbert spectrum for the model intrawave frequency modulated wave,
equation (9.7).
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Figure 37. The Morlet spectrum for the model wave based on equation (9.7), in which the
intrawave modulation is represented by the non-physical harmonics located at 0.05 Hz.
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Z

Y X

Figure 38. The three-dimensional representation of the numerical solution for the Lorenz
equation with σ = 10, b = 3, r = 20 and the initial position of (10, 0, 0).

(a)

(b)

Time (s)

X

Figure 39. The numerical solution of the Lorenz equation: (a) the x-component of the numerical
solution; (b) the Fourier spectrum for the x-component. Since the data are transient, the wide
spectrum does not make physical sense.

solution depicts a spiral motion converging to one of the point attractors at
(−√

57,−√
57, 19) as shown in figure 38. The x-component and its Fourier spec-

trum are shown in figure 39. The Fourier spectrum shows a sharp peak at 1.4 Hz and
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Figure 40. The Morlet wavelet spectrum for the Lorenz equation. The transient property, the
harmonic, and the edge effect of the wavelet analysis are all clearly shown.

its harmonics at 2.8 Hz. Additionally, there are broad energy distributions in order
to simulate the transient property of the signal. A Morlet wavelet analysis result of
the same signal, shown in figure 40, reveals the transient property of the signal, the
harmonic components and the edge effects. As discussed previously, the transient
property of the data indicates that the Fourier spectrum is useless here.

The EMD, when applied to the signal, yields two IMF components: both tran-
sient, but with totally different frequencies and damping characteristics as shown in
figure 41. The Hilbert spectrum is given in figure 42, in which we can see an oscil-
lation with a frequency centred around 1.4 Hz and a low-frequency relaxation, again
a surprise as in the Duffing system. All these variations can be seen through the
linearized equation near (−√

57,−√
57, 19), which gives the following eigenvalues:

−13.56−0.22+9.17i, and −0.22−9.17i. Notice that 9.17/2π = 1.46 Hz, which is the
main oscillating frequency. The main frequency exhibits similar intrawave frequency
modulation as in other nonlinear systems: the further from this equilibrium point,
the stronger the nonlinearity. Although the amplitude variations can also cause some
intrawave frequency modulation as shown in figure 21, the magnitude of such effects
should be small in comparison to the nonlinear effects. In view of physical analogy
with the Duffing equation as in equation (9.4), and the discussions on all the pre-
vious cases, we believe the frequency–time distribution in the Hilbert spectrum is
more physical. The intrawave frequency modulations not only present a clear phys-
ical picture of the motion, but also eliminate the need for the spurious harmonics.
Again the low-frequency component needs a better interpretation.
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Figure 41. The two IMF components for the Lorenz equation solution. The solution, though,
looks symmetric. It can actually be decomposed into two components with different frequency
ranges.
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Figure 42. The Hilbert spectrum for the Lorenz equation solution. The transient nature of both
components are clear. The main component is also intrawave modulated, a clear indication of
the nonlinear effect of the oscillation.
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Figure 43. The numerical solution of the Rössler equation given in equation (9.11), for the
period-doubling case: (a) the three-dimensional representation; (b) the two-dimensional repre-
sentation.
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Figure 44. The time series for the numerical solution of the Rössler equation given in
equation (9.11).
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Figure 45. The IMF components of the x-components of the Rössler equation given in equa-
tion (9.11): component c1 is non-uniform but the most energetic; c2 is uniform; and the last
component contains negligible energy.

Figure 46. The Hilbert spectrum for the x-component. The most energetic component shows
regular intra- and interwave frequency modulations. The frequency variations bear one-to-one
correspondence with the time series data or the IMF component.

(iii) Rössler equation
The Rössler equation is given by the system,

ẋ = −(y + z), ẏ = x + 1
5y, ż = 1

5 + z(x − μ), (9.11)

in which μ is a constant parameter. We will just study the regular case with μ = 3.5,
which represents the famous period-doubling event. Figure 43 presents the phase dia-
gram; figure 44, the time series of the components. The wave form of the x-component
is regular with an exact period of twice the high-frequency oscillation. The Fouri-
er spectrum of x gives many harmonics, the characteristics of the Rössler system.
Applying the EMD method to the data, we have only three IMF components as
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Figure 47. The Morlet wavelet spectrum shows only harmonics and some indication of
interwave frequency modulation. There are no details for the intrawave frequency modulations.

shown in figure 45: a seemingly uniform high-frequency component; an intermediate
frequency component; and a low-intensity low-frequency component with non-zero
mean. As this system contains exactly two time scales, this extra low-frequency com-
ponent must be generated by numerical error. With the energy level only 10−6 times
that of the fundamental oscillation, its existence here has no dynamic consequence.
The remaining two periods are exactly once and twice that of the fundamental one.

The corresponding Hilbert spectrum, shown in figure 46, contains only two promi-
nent components: the high-frequency component fluctuating widely between 0.15 and
0.26 Hz, and the steady low-frequency band at 0.1 Hz. As shown in figure 46, the fluc-
tuating high-frequency component is strictly periodic with two basic wave periods
as the period doubling requires. Still, within the two wave periods, the frequency
undergoes intrawave frequency modulation that corresponds to the alternative long
and more rounded waves interlaced with the short and much sharper ones. With this
as a guide, one can see this frequency change clearly from the first IMF component.
Here, we have both intrawave and interwave frequency modulations. To represent
such a case with either Fourier spectrum or wavelet analysis, one would need many
harmonics as shown in figure 47. Notice again here the difference of the scales on the
frequency axis in figures 46 and 47. All the interesting details pertinent to the fre-
quency doubling can be seen clearly in the Hilbert spectrum, while the wavelet only
gives a profuse display of harmonics with little physically significant detail. Thus, for
the first time, the details of frequency variations have been determined quantitative-
ly. No other methods can match the resolution power displayed here. The example
also illustrates the advantage of not requiring the IMF components to be orthogo-
nal: here the two components in the frequency-doubling event share many of their
harmonics if expanded in the linear Fourier modes; then, the components are not
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(a)

(b)

Figure 48. Comparison between the marginal spectrum and the Fourier spectrum for the Rössler
equation: (a) the marginal spectrum showing the low-frequency oscillation near 0.1 Hz, and
the high bimodal frequency distribution around 0.2 Hz generated by the intrawave frequency
modulation; (b) the Fourier spectrum contains only harmonics with no indication of the two
time scales involved in the period doubling. The main peak is the weighted mean of the physical
time scales.

orthogonal. Yet, each component is physically distinct from the other with different
characteristic time scales. Since EMD is based on the time scale and not on the insis-
tence of orthogonality, it has overcome the shortcomings of the orthogonal Fourier
expansion, and successfully decomposed the data into two nonlinear components.

Another interesting comparison of the frequency contents from different represen-
tations is in the marginal spectrum and the Fourier spectrum given in figures 48a, b,
respectively. The marginal spectrum gives a low-frequency peak and a broad bimodal
distribution near the main peak frequency, suggesting a typical distribution of a peri-
odic variable. None of the peaks in the marginal spectrum agree with the main peak
in the Fourier spectrum, at 0.18 Hz and its harmonics. The 0.18 Hz oscillation given
by the Fourier spectrum is neither the observed nor the physical frequency; it is the
weighted mean of the broad band of interlaced long and short waves. This example
illustrates that even the main Fourier peak could be non-physical, an unexpected
but shocking revelation.

(b ) Observational data from laboratory and field experiments
The main applications of the present method are to the time series analysis. In

this part, we will present a variety of data to illustrate the usefulness of the combined
EMD and Hilbert spectrum applied to controlled and natural phenomena.
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Figure 49. The surface elevation data from a mechanically generated regular sinusoidal wave
train with initial frequency 2.5 Hz. The horizontal axis is time, the vertical axis is the distance
from the wave maker in metres. As the data show, the initial regular wave soon becomes highly
modulated as the wave moves down the tank.

(i) Laboratory wave data
Laboratory data from mechanically generated waves were used by Huang et al.

(1996) to study the nonlinear evolution processes. Under the action of weak nonlinear
interactions, the frequency of the waves will downshift as they propagate, a process
necessary for the waves to become longer and grow higher under the wind. In the
narrow band wave field, the downshift has been shown as the consequence of the well-
known Benjamin–Fier instability (Benjamin & Fier 1967). The process is assumed
to be gradual and continuous. With the resolution power of the present method, we
want to show that the wave evolution process is not continuous and gradual but local
and discrete; that the well-known frequency downshift is an accumulation of discrete
fusion of n to (n−1) waves, also known as ‘crest pairing’ (Ramamonjiarisoa & Mollo-
Christensen 1979), and ‘lost crest’ (Lake & Yuan 1978). We will present some results
reported by Huang et al. (1996) to illustrate the application of the Hilbert spectral
analysis.

The data were collected in the wind-wave tank at NASA Wallops Flight Facility
(Huang & Long 1980; Huang et al. 1996). Surface elevations were recorded at eight
stations along the tank for a mechanically generated sinusoidal wave. Huang et al.
(1996) used the Hilbert transform and examined the change of the phase of the wave
trains. The waves are mechanically generated by a wave maker driven at 2.5 Hz with
the raw data of the test for all eight stations given in figure 49. After performing the
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(a)

(b)

Figure 50. The phase function of the wave records from all eight stations. (a) The unwrapped
phase function showing the phase function seems to have evolved gradually down the tank. The
highest values are for the first four stations; the first time the phase deviates from the value of
the first four stations is at station 5. (b) The phase function change relative to the values at
station 1. All the changes are shown to be concentrated at a certain narrow region, while the
phase function values remain unchanged at all other points. The amount of the changes stay at
a discrete value, 2π.

Hilbert transform on the data, the unwrapped phase functions for all eight stations
are shown in figure 50a, which indeed suggests the gradual change of the phase
function. The decrease in the slope of the phase function indicates the decrease of the
mean frequency. The slopes of the first four stations, however, stay almost identical
to that of the first station. The first phase function that shows any deviation from
this initially closely clustered group is at station 5. To this scale, the frequency
change seems small and gradual. To examine the variation in more detail, we take
the difference of the phase functions of all stations with respect to the first station,
which is our initial condition. The difference is shown in figure 50b, from which we
can see that the changes of the phase functions are the results of a series of steps
with the sharp jumps confined in very short time spans.

To quantify these phase variations, we plot the phase change with respect to that
of the first station in phase–amplitude diagrams in figure 51 for stations 2, 4, 5
and 6. The phase–amplitude diagram for station 5 shows that the phase starts to
jump, which reflects the sudden shift of the phase function shown in figure 50b. These
phase changes are very similar to the phase dislocations. As the number of jumps
increases, the phase function seems to become a continuous and almost smoothly
sloped line. But even for those cases, the amount of phase change involved in each
jump, as revealed by the amplitude–phase diagram, is still constant for all the phase
jumps: 2π. The 2π jump means a loss of exactly one wave in the process.
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(a) (b)

(c) (d)

Figure 51. The phase-amplitude diagrams for stations 2, 4, 5 and 6. (a) Station 2, either the
amplitude or the phase have large variations in their values. (b) Station 4, the amplitude vari-
ation becomes large, yet the phase stays constant. (c) Station 5, both amplitude and phase
undergo large changes. The phase, however, stays only at discrete values, the multiples of 2π.
(d) Station 6, the phase values continue to expand, but always stay at the discrete jumps.

Let us now examine the wave elevation data in detail at the jump points. The time
series data are expanded and displayed in figure 52 in a two-way comparison. When
we superimpose the data from station 5 with its phase difference from station 1, we
find the jump in the phase is easily associated with a single wave within one wave
period. Then we superimpose the raw elevation data from station 5 on those from
station 1 also shown in figure 52. One can immediately see that all the wave peaks
line up except at the location of the jump, where two waves become one; there is
a loss of one wave in each phase jump event. All the changes are local, abrupt and
discrete.

The Hilbert spectrum is shown in figure 53, in which one can identify very local
events of abrupt change of frequency at the 25 and 48 s locations. The Hilbert spec-
trum reveals the typical intrawave frequency modulations of the Stokian water waves
and the more striking local shifts of frequency to a lower value at the locations coin-
ciding with the phase jumps shown in figure 50b. Another interesting phenomenon
shows up in the marginal spectrum given in figure 54a, where there is a much wider
frequency distribution than expected caused by the intrawave frequency modula-
tions. Furthermore, there is also a slight tendency for energy being shifted to the
subharmonics frequency. Whether this energy flux is related to the subharmonic
instability studied by Longuet-Higgins (1978) deserves further investigation. The
Fourier spectrum, given in figure 54b, shows only sidebands and harmonics without
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Figure 52. A two way comparison of the wave-profile change at the location of a phase jump.
Surface elevation data at station 5 is given in the solid line; the data at station 1, in the dotted
line serving as a time scale; and the phase change for station 5, in the dashed line. At around
the 49 s location where the phase value jumps, the wave at station 5 has a fusion of two waves
into one.

any suggestion of the local nature of the wave evolution. Again, the Morlet wavelet
analysis from the same data, shown in figure 55, fails to resolve any of the local
changes.

Using the Hilbert transform, we can examine the evolution of the weakly nonlinear
wave trains in detail. Although the processes have always been assumed to be glob-
ally stationary, the Hilbert transform reveals that the processes are actually abrupt
and local. Such variations are locally inhomogeneous; thus, they cannot be analysed
adequately by Fourier analysis. Furthermore, the local variations are abrupt and
discrete, having the typical characteristics of particles. The frequency downshift is a
cumulative effect of fusions of two waves into one, or three waves into two, etc. The
fusion processes are irreversible. This asymmetry is due to the preferred direction
of downward energy flow. Our results also raise concerns over the past assumptions
on gradual and continuous variations of the wave number and frequency of a wave
train. With the discrete jumps and the particle-like nature of the individual wave,
there may be a need for a new paradigm to represent the abrupt and discrete changes
analytically. It will be a new challenge for nonlinear wave study.

Before leaving this section, let us also examine the data from station 1 to illustrate
the effects of the nonlinear distortion of the water-wave surface. Because the emphasis
is on the nonlinear distortion, we have first smoothed the data by a weighted running
average so that the small irregularity will not cause mode mixing. A selected section
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Figure 53. The Hilbert spectrum for the wave data at station 5. Other than the two locations
of phase jumps, the frequency of the wave train stays at a very narrow range of intrawave
modulation, and could be considered as having gradual and continuous frequency changes. But
at the phase jump locations, the frequency of the wave train undergoes so much change as to
make the assumption of a gradual and continuous function invalid.

(a)

(b)

Figure 54. Comparison of the marginal spectrum and the Fourier spectrum at station 5. (a) The
marginal spectrum for station 5 showing a relative wide distribution of frequency, and a slight
tendency for energy to move into the subharmonics. (b) The Fourier spectrum for station 5
showing only the narrow fundamental frequency and the sidebands.
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Figure 55. The Morlet wavelet spectrum for the data from station 5. The locations of the
frequency changes have to be inferred from the high-frequency ranges, yet the changes are
towards lower frequency by fusion. This counter-intuitive interpretation and the quality of the
results make the wavelet spectrum hard to interpret.

of the data (5 s in length) and their Hilbert and wavelet spectra are given in figures 56
and 57, respectively. In figure 56, one can see the intrawave frequency modulation as
shown in the model equation (8.5). The frequency fluctuates within a very narrow
range around 2.5 Hz, the frequency of the wave maker. In general, the high local
frequency values line up with the peaks, and the low local frequency values line up
with the troughs as expected of the Stokes waves. In fact, it has been shown by Huang
et al. (1990a, b) that the gravity water wave can be approximated well by the Stokes
model. On more detailed examination, however, the alignment is not perfect: there is
a slight but systematic shift of the phase toward the wave front, an indication of the
front–back asymmetry of the wave-profile. In wavelet results shown in figure 57, one
can no longer see any intrawave frequency modulation. Instead, there are harmonics
again that line up with the wave front, those alignments confirm the Hilbert spectrum
result: the waves have front and back asymmetry. In the wavelet spectrum, the energy
containing frequency range is much wider than that in the Hilbert spectrum, an
indication of energy leakage of the wavelet analysis. This comparison illustrates that
the nonlinear wave distortion can indeed be explained by the much more physical
interpretation as the intrawave frequency modulation.

Before ending this section, a few words on the Fourier representation of the wave
field are necessary. Because the Fourier expansion of the wave field is so natural, it
has been deeply associated with wave studies, so much so that thinking in terms of
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Figure 56. The Hilbert spectrum for a selected 5 s at station 1 with the surface elevation data
plotted on an arbitrary scale. The Hilbert spectrum shows the intrawave frequency modulation
of the water waves, an indication of the nonlinear surface distortion similar to the Stokes wave.
But detailed comparison shows that there is a phase shift in the real data: the front of the wave
is distorted more than the back even without wind, a physical process failed to be modelled by
the Stokes wave.

Fourier components becomes a matter of fact. But these harmonics are not physical,
they are not the solutions to any nonlinear equations. Furthermore, it is well known
that a monochromatic wave is unstable; one cannot assume a collection of such
components to exist for all the time everywhere to synthesize the whole wave field
to explain the physical phenomena. A new paradigm is needed.

(ii) Field wave data
The field data of waves were collected by the NOAA New Tidal Gauge, located

at Duck North Carolina, at the high data rate of 1 Hz. Figure 58 shows the raw
data for 60 min. This is typical ocean wave data from the field stations: random and
almost ‘statistically stationary’. In the past, these types of data were treated with
Fourier analysis. In fact, the studies of the wave spectra from Fourier analysis have
been a main subject of the wave research (see, for example, Huang et al. 1990a).
These data, when subject to the EMD method, yield eight components as shown
in figure 59, with the last component indicating the tidal variation. The Hilbert
spectrum is given in figure 60 and the corresponding wavelet spectrum in figure 61.
While both spectra show a energy concentration around 0.1 Hz, the wavelet spectrum
gives a much more continuous distribution in time, and much wider spread of energy
consisting primarily of the harmonics in the frequency axis.
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Figure 57. The Morlet wavelet spectrum of the same selected section as in figure 56. The wavelet
spectrum fails to show the intrawave frequency modulation, but the leakage smears the energy
over a much wider frequency range. The location of the harmonics, however, show the same
phase shift towards the wave front as in the Hilbert spectrum.

To examine the results in detail, a short section of the data covering only 5 min
is plotted in three ways. First, the Hilbert and the wavelet spectra are plotted sepa-
rately with the corresponding surface elevation of the wave data in figures 62 and 63,
respectively. In this expanded form, the Hilbert spectrum is very different from the
wavelet spectrum. Then, the two different spectra are also plotted together with the
Hilbert spectrum in contour lines superimposed on the wavelet spectrum in figure 64.
In these presentations, they both show similar locations of energy concentration in
time and frequency axes, but the Hilbert spectrum gives a sharper and more refined
definition of the energy contour in figures 62 and 64. Take the data and the spectra
near 57 min location for example: the data show a packet of high-amplitude low-
frequency waves with frequency increasing and amplitude decreasing both before
and after the packet. Both of these trends are vividly portrayed by the Hilbert spec-
trum, but they are only vaguely suggested in the wavelet spectrum. These variations
suggested that the ocean waves are non-stationary, a conclusion supported by Huang
et al. (1996).

Finally, let us also compare the marginal spectra from both the Hilbert and wavelet
spectra with that of the Fourier spectrum in figure 65, in which the values of the
spectra are staggered for clarity: the top line is the wavelet result; the middle one
is the Hilbert spectrum; and the bottom is the Fourier spectrum. The contrast is
similar to the cases discussed in the calibration and validation section: due to the
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Figure 58. Field wave data measured at a tidal station covering a time span of 1 h. Because of
the tides, the mean is not zero.

leakage, the wavelet spectrum is totally devoid of detail. While the Hilbert and direct
Fourier spectra both show rich frequency contents, the lack of high harmonics due
to either the nonlinear or the non-stationary effects in the Hilbert spectrum suggest
that it can portray the energy–frequency presentation more precisely.

(iii) Tide and tsunami data
The field wave data selected here were also collected by the NOAA New Tidal

Gauge. This gauge, located inside Kahului Harbour, Maui, is capable of recording
data at 1 min steps. Figure 66 shows the raw data from the tidal gauge for five
days from October 4–9, 1994. On October 5, tsunami-induced waves arrived at the
site and created water level changes of a magnitude comparable to that of the tidal
signal. Although the tidal data are traditionally analysed with Fourier expansion the
added tsunami waves are transient. The combination, therefore, makes the whole
time series non-stationary. Filtering cannot remove the tsunami signal cleanly, for
the transient data and the tide will have many harmonic components in the same
frequency range.

The EMD method yields eight IMF components from the data as shown in fig-
ure 67. Because the time scales of the tide and the tsunami waves are so different,
the eight IMF components can be easily divided into two groups: the high-frequency
signal representing the tsunami-induced waves; and the last three low-frequency com-
ponents representing the tide. After the IMFs were used to reconstitute the two
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Figure 59. The IMF components derived from the data shown in figure 58: there are eight

components with the last one showing the tidal range.

separate wave motions, the raw data, the tidal component and the tsunami-induced
waves are plotted together in figure 68. Here, the EMD serves as a filter to separate
the tide and the transient tsunami without any ambiguity.

Figure 69 gives the Hilbert spectrum from which the arrival time and the frequency
change of the tsunami waves are clearly shown in this energy–frequency–time distri-
bution. Besides the clear dispersion properties of the tsunami waves, there are two
more interesting new observations: first, the variations of the tsunami wave frequen-
cy are phase locked with the tidal cycle; second, the tsunami waves in the harbour
lasted many tidal cycles, with a frequency of half a cycle per hour. Such a period
would not fit into the limited space inside the harbour of Kahului. The more likely
explanation is for the tsunami waves being trapped in the bay, which has a much
larger area for the wave to propagate. Details of the oscillation will be discussed in
a separate paper.

In the above presentation, the tidal components are not emphasized. As a demon-
stration of the versatility of the Hilbert spectral analysis, the tidal components can
be selected to construct the Hilbert spectrum. The result is given in figure 70, in
which both the diurnal and semi-diurnal tides are clearly shown. In the marginal
spectrum of the tidal components in figure 71, however, the frequency for the semi-
diurnal tide is much more variable, especially at the time when the tsunami had
just arrived, and towards the end of the measurement period. This variability seen
in the marginal spectrum raises an interesting problem: whether there is interaction
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Figure 60. The 9 × 9 smoothed Hilbert spectrum for the data given in figure 58. The spectrum
is extremely nodular, an indication that the wave is not stationary.
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Figure 61. The Morlet wavelet spectrum of the data given in figure 58. Though the spectrum
is more continuous, the energy distribution is still a function of time. Furthermore, there is a
wider energy smearing in frequency space by the leakage and the harmonics.
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Figure 62. The Hilbert spectrum of a 5 min selected section of the data plotted with the surface
elevation superimposed in an arbitrary scale. This figure illustrates the closeness of tracking
energy–frequency variation in the Hilbert spectral presentation: notice the wave packet near the
57th minute. The wave energy decreases both before and after the packet, while the frequency
increases. These and other variation are clearly represented.

between the tide and the tsunami. Compared to the traditional Fourier spectrum,
the marginal spectrum again shows the absence of the harmonics. The reason seems
to be clear: the tidal waves measured at a coastal station should be nonlinear because
the shallow water propagation is governed by a nonlinear equation. The absence of
the harmonics raises a question concerning the best way to present the tidal data.
Should one use harmonic analysis? Or should one accept the intrawave frequency
modulation to represent the nonlinearity? This is another interesting question for
further study. Based on the discussion so far, it seems that the intrawave frequency
modulation representation would be more physical.

(iv) Altimeter data from the equatorial ocean
Satellite altimetry has been a powerful technique for large scale ocean circulation

studies (Huang et al. 1978; Robinson et al. 1983). Because of the importance of
the equatorial region in determining the global climate pattern, the altimeter data
have been used extensively to study the dynamics of this area (Miller et al. 1988;
Miller & Cheney 1990; Zheng et al. 1994, 1995). The accepted view of the equatorial
dynamics is the propagation of Kelvin waves forced by variable wind stress (Byod
1980; Zheng et al. 1995). In this model, the wave propagation will leave a surface
elevation signature of the order of 10 cm, which can be measured by the satellite
altimeter. Such continuous available data now are derived from both crossover and
collinear differences (Miller & Cheney 1990), covering the period from April 1985
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Figure 63. The same representation as in figure 62 with the Morlet wavelet spectrum. Due to
the leakage, the tracking of the energy–frequency variation is much less tight.
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Figure 64. Comparison between the Hilbert spectrum (in contour lines) and the Morlet wavelet
spectrum (in colour). While they both show similar energy–frequency distributions, the Hilbert
spectrum gives a much sharper definition of the energy.
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Figure 65. The comparison of the Fourier (the bottom line), marginal Hilbert (the middle line)
and wavelet (the top line) spectra. While the wavelet spectrum lacks details, the Fourier spec-
trum gives spurious harmonics to represent the nonlinear and non-stationary nature of the data.
The true spectrum of energy–frequency should be the Hilbert spectrum.

to September 1989. The final data have a spatial resolution of 8◦ longitude by 1◦

latitude. A typical time series on the equatorial sea surface elevation data at 174◦ E
is given in figure 72.

Limited by the data length and complicated by the dynamics, all the past inves-
tigators have problems in processing this obviously non-stationary data. We have
analysed the data using two methods: the wavelet analysis and the Hilbert spectral
analysis. Although the wavelet results, given in figure 73 show the fluctuation of
energy as a function of time and frequency, the energy distribution as a function of
time and frequency is too diffused to yield any quantitative information.

The EMD method on the same sets of data yields four IMF components and a
residual trend as shown in figure 74. The corresponding Hilbert spectrum is given
in figure 75. The sharpness of the frequency–time resolution in the Hilbert spectrum
is obvious. The most important properties of the wave are the strong intrawave
frequency modulations. Each wave group will have a frequency change over 1.2–
9.6 cycles per year within a period of 50–200 days. When we started the investigation
of data using Hilbert spectral analysis, this was the first time we encountered the
strong intrawave frequency modulation. The curious frequency variations led us to
the re-examination of the classical nonlinear systems, which eventually clarified the
role of intrawave frequency modulations. In the present example, one can argue that,
with the ocean depth as a small fraction of the horizontal extent, the low-frequency
geophysical wave motions are in shallow water, then the wave motions must be
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Figure 66. The tidal data collected inside the Kahului Harbour, Maui, from October 4–9, 1994.
On October 5, tsunami waves reached the tidal station with a signal of comparable strength to
that of the tides. Though the tides can be regular, the tsunami waves are transient.
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Time (h) Time (h)

Figure 67. The eight IMF components obtained by the EMD method. The time scales of the
tides and the tsunami waves are clearly separable.
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Figure 68. Separation of the tides and the tsunami waves by the IMF components: the raw data
are shown in the dotted line; the tides represented by the sum of the last three IMFs shown in
the solid line; and the tsunami waves represented by the sum of the first five IMFs shown in the
thick solid line at the bottom. This example illustrates the capability of using EMD to separate
transient noise from data.

governed by nonlinear equations. Although frequency modulation phenomena are
known to exist in wavelet analysis, the strength and the clearness of the modulations
as shown here are seldom seen in other natural phenomena by other time–frequency
distribution methods.

The dynamics of the equatorial Kelvin waves have been discussed extensively
by Zheng et al. (1995). They concluded that steady wind cannot excite sustained
Kelvin waves, but the variable wind, especially the westerly wind burst, can cause
resonant interactions of the excited Kelvin waves with an intrinsic frequency of (1.0±
0.2) × 10−2 cycles per day, or 0.22–0.34 cycles per year. A prevailing band of energy
can be easily seen in figure 75. At around 400 days after the starting date of the
data, a combination of strong low-frequency (less than 0.5 cycles per year) and high-
frequency (4–5 cycles per year) events occurred, which coincided with the onset of the
1986–1987 El Niño. Although the Hilbert spectrum shows some energy distribution
anomaly, we need more data to deduce the characteristics of such special events
as El Niño. Further discussion will be given separately. Time series data at different
locations can be synthesized to produce a four-dimensional Hilbert spectrum to show
the energy–frequency–time–space evolution. The details of this will be discussed later
in a separate paper.
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Figure 69. The Hilbert spectrum for the tides and the tsunami waves: the frequency of the
tsunami wave is phase locked with the tidal cycle. A surprising aspect of the tsunami waves
is the length of time they lasted. Both the diurnal and the semi-diurnal tidal cycles are also
resolved.

(v) Earthquake data
All the earthquakes are transient (Anderson 1991); the data are, therefore, non-

stationary. For lack of alternatives, in seismology as well as earthquake engineering,
most data are still processed with the Fourier analysis (Geller & Ohminato 1994;
Scherbaum 1994). The difficulties with the Fourier spectral analysis are associated
with the nonlinear and the non-stationary nature of the data. Such methods cannot
reveal the detailed information in the dispersion properties, the wave form defor-
mation, and the energy–frequency distribution. All these properties are needed for
understanding of the crest structure geophysics in general, and deducing the site
specific ground motions in particular.

Most of the near field strong earthquake ground motions are of extremely short
duration, lasting only a few ten to a few seconds at most. Such records always give
artificially wide Fourier spectra because of the non-stationarity. The wide frequency
distribution will dilute the energy content everywhere on the frequency axis and
mask the true energy–frequency distribution, and result in under estimation of the
energy density at the critical resonant frequency for specific structures.

Although the earthquake wave motion has always been treated as a linear process,
the strong ground motion may not be linear as revealed by the distorted wave forms
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Figure 70. The Hilbert spectrum from the tidal components: in this detailed representation,
neither the diurnal nor the semi-diurnal tides are of constant frequencies. The variation of the
semi-diurnal tide is of particular interest; it shows possible interaction with the tsunami waves.

in the data (Newmark & Rosenblueth 1971). The rich higher harmonics, a typical
consequence of Fourier analysis when applied to nonlinearly deformed signals, have
also contributed to clouding the characteristics of the real signal.

Finally, to apply the Fourier analysis, some kind of window must be used to elimi-
nate the end effects and to facilitate computation. For a truly non-stationary process,
there is no time scale to guide the choice of the window size. A long time window
(10 s, say) is necessary for resolving low frequency (0.1 Hz) which are critical for
modern high-rise structures, but too long a window will be plagued by the non-
stationarity. Such a difficulty has never been fully resolved when Fourier spectral
analysis is applied to earthquake data.

As explained above, both non-stationarity and nonlinearity can induce artificial
frequency smearing and reduce the true energy density. We will use a few sets of
data to illustrate EMD and the Hilbert spectral analysis technique with the fol-
lowing emphases: to illustrate the gross misrepresentation of the energy–frequency
distribution by the Fourier spectrum. We will use the well-tested data from the El
Centro earthquake to illustrate our point here.

The original data are shown in figure 76. These data, when decomposed by EMD,
give ten components as shown in figure 77, with the corresponding Hilbert spectrum
given in figure 78. From the Hilbert spectrum, we can see the diffused energy in
the high-frequency range, while the persistent energy resides along horizontal belts
below 1 Hz. To assure the Hilbert spectrum is a valid representation of the energy–
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Figure 71. The marginal Hilbert spectrum of the tidal components only. The wider distribu-
tion of the semi-diurnal frequency indicates the possible interactions with other environmental
conditions.

Figure 72. Altimeter data over the equatorial sea at 174◦ E on the Equator. The starting date
of the data was 1 April 1985.

Proc. R. Soc. Lond. A (1998)



982 N. E. Huang and others

10

0

8

6

4

2

160012008000 400
time (days)

fr
eq

ue
nc

y 
(c

yc
le

s/
a)

Figure 73. The Morlet wavelet spectrum for the altimeter data showing interwave frequency
modulations.

c1

c2

c3

c4

c5

Figure 74. The IMF components from data through the EMD method.
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Figure 75. The Hilbert spectrum for the altimeter data showing the much sharper frequency
modulations of both inter- and intrawave types. A major energy concentration near 400–500 days
after the initiation of the data coincides with the 1986-87 El Niño.

frequency–time distribution we also used the standard Morlet wavelet analysis on the
same data. The result is given in figure 79. Direct comparison between the Hilbert
spectrum and the wavelet analysis is not easy, for the Hilbert spectrum gives too
many details. A 15 × 15-point smoothing gives the smoothed spectrum in figure 80.
Now the similarity is reassuring: they show a similar pattern of energy concentra-
tion in the low-frequency range. But the difference really calls for alternatives: being
Fourier based, the wavelet result gives much more pronounced high-frequency com-
ponents than does the Hilbert spectrum, a built-in deficiency in the Fourier analysis
discussed in the last section.

Other than the Hilbert spectrum, the marginal spectrum and the corresponding
Fourier spectrum are presented in figures 81a–d. Although our results are presented
with linear scales and in terms of frequency rather than period, the energy–frequency
distribution with further smoothing is consistent with the previous analysis of the
data shown in Newmark & Rosenblueth (1971). The Fourier spectrum has a much
wider energy distribution; consequently, the energy content for any frequency is also
much lower than the corresponding values in the Hilbert spectrum. Furthermore,
the two spectra have drastically different energy distribution patterns caused by the
tendency for energy smearing of the Fourier spectrum. While both spectra give a
decreasing trend in energy density as a function of frequency, the Fourier spectrum
shows a conspicuous lack of energy in the low-frequency range (less than 1 Hz), as
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Figure 76. The earthquake data of El Centro, vertical acceleration in cm s−1.
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Figure 77. The ten IMF components obtained from the data shown in figure 76 through the
EMD method.
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Figure 78. The Hilbert spectrum for the earthquake data. There is considerable frequency varia-
tion during the period of the strong ground motion; most of the energy, however, is concentrated
in the low-frequency range with the frequency less than 5 Hz.

shown in the detailed spectra covering only the 0–5 Hz frequency range. The low-
frequency range critical to the high-rise structures is severely under represented.

This peakiness of energy located at a very narrow frequency range can cause reso-
nance oscillation of buildings, and has been observed to have caused great destruction
at Mexico City during the 1985 earthquake. Hadley et al. (1991) studied such a case
and attributed the peakiness to soil-induced amplification of the ground motion. He
further concluded that the oscillation could not be duplicated by any linear model.
The new Hilbert spectral analysis has clearly identified the new oscillation mode
similar to the case studied by Hadley et al. (1991) but from a different cause. Such
oscillation modes would have been totally obscured by Fourier spectral analysis.
From the Fourier spectra, there are no clear-cut corner frequency or frequencies for
one to construct the envelope spectrum (Aki & Richards 1980). There are also no
discernible stationary segments as postulated by the time history envelope method.
We also have to notice that even the criteria used to establish such segments based
on the earthquake energy are still under debate currently (Boore & Atlinson 1987).
In summary, there is no alternative to the Hilbert spectral analysis in earthquake or
seismology studies.

(vi) The laboratory wind data
Finally, let us return to the laboratory wind data used at the beginning to illus-

trate the sifting and Hilbert spectral analysis procedures. In the smoothed form,
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Figure 79. The Morlet wavelet spectrum for the same data as in figure 78. The overall energy
distributions are similar to the Hilbert spectrum but the distribution is much diffused, and there
is a lack of low-frequency components and an abundance of higher harmonics.

the Hilbert spectrum looks similar to the wavelet analysis result, yet they are still
different. Two prominent differences stand out: the first is the absence of the higher
harmonics in the Hilbert spectrum compared with the wavelet result; the second is
the appearance of frequency modulated ridges of energy in the Hilbert spectrum.
Both characteristics of the Hilbert spectrum are new and significant.

In the Hilbert spectrum, we can see the increase in energy density with time,
especially after 10 s following the initiation of the data. Most of the new energy
is in the 2–5 Hz range with strong continuous frequency modulation rather than
the richness of high-harmonic components in the wavelet analysis. As the frequency
modulation is the signature of nonlinear mechanisms, the Hilbert spectrum clearly
shows the nonlinear properties of the turbulent flows.

From the IMF components, we can see that c2 through c6 are of the same mag-
nitude. Collectively, they represent the bulk of the turbulent energy. All these com-
ponents are highly intermittent, as indicated by the stationarity index study. Even
after averaging, the DSS still indicates strong peaks at 7 and 17 Hz, which corre-
spond to the first two peaks of the marginal spectrum in figure 11. These frequency
ranges are represented by the components c2 through c6. In order to study the ener-
gy in this frequency range in detail, a special Hilbert spectrum for the components
c2 through c6 is constructed as in figure 82. We cannot detect any change in the
overall energy level, but we can certainly see the intermittency. According to Liu &
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Figure 80. A 15 × 15 Gaussian filter smoothed Hilbert spectrum. It still shows better frequency
and time localization than the wavelet spectrum given in figure 79.

Liu (1995), nonlinearity and intermittency are the common properties of the turbu-
lent flows. Let us examine the instantaneous energy density as shown in figure 83.
As expected, the fluctuating components of the wind contain relatively low energy
compared with the mean wind, or the trend, as shown by the dotted line. If the
energy of the trend is added to the fluctuation, the overall energy is quite levelled,
but the density is too high to be shown with the fluctuating components. In fig-
ure 83, the overall energy density has been divided by 100 in order to plot the two
curves together for comparison. Because the total energy is dominated by the mean
wind, we have recommended its omission in construction of the Hilbert spectrum. It
can easily overwhelm all the other components; therefore, it should not be included
unless specially justified. Construction of the special Hilbert spectrum with selected
IMF components is an equivalent of bandpass filtering through EMD, yet it is differ-
ent from the Fourier bandpass filtering, for we are not restricted by the stationarity
requirement as in the Fourier analysis.

10. Discussion

In this paper, we have presented the empirical mode decomposition method and
the associated Hilbert spectral analysis. The combination has proven to be versatile
and robust in analysis of nonlinear and non-stationary data. Although the new idea
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(a) (b)
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Figure 81. The comparison of the marginal spectrum and the Fourier spectrum for the earthquake
data. (a) Fourier spectrum with full frequency range. Most of the energy is concentrated in the
frequency range below 5 Hz. (b) Fourier spectrum for the detailed 5 Hz range. The energy fills
over the whole range, with low density below 2 Hz. (c) Marginal spectrum with full frequency
range. Most of the energy is concentrated in an even narrower range than the Fourier spectrum.
Because of this narrow distribution in the frequency space, the energy density is at least a factor
of three higher than the Fourier spectrum. (d) Marginal spectrum for the detailed 5 Hz range.
The energy is still unevenly distributed with the concentration on the lower than 2 Hz range.
The high density and low frequency should cause major concerns for earthquake engineering,
for this is exactly the range of resonance for the high-rise buildings.

of an adaptive basis makes the method highly effective and physically sound, there
are, however, areas needing future attention.

First the spline fitting needs improvements. As the description of the sifting process
indicates, the spline fitting is the essential step in generating the intrinsic mode
function, the basis for the Hilbert spectral analysis. Although the present envelope-
mean method works well in most cases, problems still exist. The cubic spline fitting
adopted here has both overshoot and undershoot problems. These problems can
be alleviated by using more sophisticated spline methods, such as the taut spline
in which the tension of the spline curve can be adjusted. But our trials of taut
spline showed only marginal improvement. The alternative is the higher-order spline
programs which would be more time consuming. Exploration of the higher-order
spline is underway. Even with this problem, we believe that we have detected most of
the dynamic characteristics of the data examined. Any improvements would probably
be marginal.

As the spline procedure is time consuming, more efficient methods can be devised

Proc. R. Soc. Lond. A (1998)



Nonlinear and non-stationary time series analysis 989

time (s)

fr
eq

ue
nc

y 
(H

z)

0 10 20 30
1

3

5

7

9

Figure 82. The special Hilbert spectrum with only the energy-containing IMFs (c2–c6). The
turbulent flow is dominated by the intermittence and frequency modulations, a sure sign that
nonlinear mechanisms are at work.

by using simple means of successive extrema instead from the envelope mean. In this
way, only one spline fitting is required rather than two. It is easier to implement, but
the shortcomings are the more severe amplitude averaging effects when the neigh-
bouring extrema are of different magnitudes. The successive-mean method will have
a stronger forcing to reach uniform amplitudes, in which the true physics associated
with amplitude will be destroyed. Only for problems where the amplitudes of the
components are nearly constant should this method be used.

Either the envelope-mean or the successive-mean method when applied with the
requirement of absolute symmetry will produce the absurd result of uniform ampli-
tude IMFs. Therefore, the criteria in the sifting process should be chosen judiciously.
One should avoid the too stringent criterion that we would get uniform amplitude
IMFs; on the other hand, one should also avoid too loose a criterion that would
produce components deviating too much from IMFs. The results as reported in the
sifting section were arrived at by our somewhat limited experience. With this new
approach, further studies and quantitative criteria perhaps are worthwhile to explore.

Second, the end effects need more improvements, too. There are two types of end
effects: in the spline fitting; and in the Hilbert transform. It is well known that the
most serious problem of the spline fitting is at the ends, where cubic splines can have
wide swings if left unattended. We have adopted a method of adding characteristic
waves at the ends which are defined by the two consecutive extrema for both their
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Figure 83. The instantaneous energy density of the fluctuating components only (dotted line)
and the overall energy density with the trend included (solid line). The component representing
the trend can easily overwhelm the fluctuating components; therefore, it should not be included
unless specially justified.

frequency and amplitude of the added waves. This method has confined the large
swings successfully. Further studies are needed to guarantee that the ends would not
corrupt the data and propagate to the interior.

Other than the spline fitting, the Hilbert transform also has end effects, for the
numerical method to implement the Hilbert transformation is based on the Fourier
transform. Since the first and the last points of the data are usually of different
values, the Fourier transform will induce additional components to bridge over the
difference resulting in the well-known Gibbs phenomena. To eliminate it in the Fouri-
er transform, various windows have been adopted (see, for example, Brigham 1974).
In our applications, instead of a window which will eliminate some useful data at
the end, we have again added two characteristic waves at either end. These attached
waves begin at the slightly enlarged data set with zero, and likewise end it with a
zero level. Thus, the annoying Gibbs phenomena are greatly reduced.

Third, we have to be careful in the case of weak signals imbedded in stronger ones.
Both the envelope-mean and successive-mean methods depend on the existence of
extrema. In fact, our method is built on the identification of scale from successive
extrema. If weak signals are imbedded in other strong ones, the extrema might not
even be visible to the eyes; however, the sifting process can still pick them up. If the
weak signals are phase locked with, and occur only at, the maximum slope regions
of the strong signals, then we would have difficulty picking them up. In this case, the
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weak signals appear as intrawave frequency modulations. If it is necessary to separate
them, the data can be differentiated once before processing. Since differentiation is
a linear operation, it will neither create nor annihilate scales. Therefore, such an
operation could be used if needed. It is also observed that, for strictly linear and
stationary data, Fourier spectral analysis can produce superior results.

Fourth, the Hilbert transform needs over-sampled data to define the instantaneous
frequency precisely. In Fourier analysis, the Nyquist frequency is defined by two
points per wave. But the frequency is defined for a wave covering the whole data
span. In our analysis, the instantaneous frequency is defined through a differentiation
process, and thus more data points will help to define the frequency more accurately.
Based on our experience, a minimum number of data points to define a frequency
is five (or 4Δt). The lack of fine time steps can be alleviated by interpolating more
points between the available data. As a spline interpretation would neither create
nor annihilate scales, it also can be used for the interpolation when the data are
very jagged from being under-sampled. The smoothed data, though, have a longer
length and are sometimes easier to process. The interpretation serves to give better
frequency definition.

Fifth, we should reiterate the strength of the EMD method. EMD is built on the
idea of identifying the various scales in the data, the quantities of great physical
significance; therefore, in the sifting procedure, orthogonality is not a consideration,
but scales are. Since orthogonal decomposition is a characteristic for linear systems,
violating this restriction is not a shortcoming but a breakthrough. Therefore, the
decomposed IMFs may or may not be orthogonal. As such, this method can be
applied to nonlinear data. Though the IMFs in most cases are practically orthogonal,
it is a coincidence rather than a requirement of the EMD. The dependence on the
existence of scale for mode definition has one limitation: the decomposition method
cannot separate signals when their frequencies are too close. In this case, there would
not be any characteristic scale; therefore, physically they are identical. This may be
the most severe limitation of this method, if we count it as one. Details of the
restrictions will be studied later. Another advantage of the method is the effective
use of all the data. In the sifting process, the longest scale is defined by the full
length of the data. As a result, EMD can define many long period oscillations. As is
well known, the Hilbert transform tends to identify the highest frequency (Boashash
1992), the extraction of the long-period components is indeed an unexpected bonus
of the EMD.

Finally, though the EMD method will give IMF components, the individual compo-
nent does not guarantee a well-defined physical meaning. This is true for all decom-
positions, especially for the methods with a priori basis. In most cases, however,
the IMFs do carry physical significance. Great caution should be exercised in mak-
ing such attempts. The rule for interpreting the physical significance of the IMFs is
that the scales should be clearly separated. Together with the Hilbert spectrum, the
totality of the presentation should give a much more detailed representation of the
physical processes.

11. Conclusions

The combination of the empirical mode decomposition (EMD) method and the
associated Hilbert spectral analysis has offered a powerful method for nonlinear non-
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stationary data analysis. Central to the present approach is the sifting process to
produce the IMFs, which enables complicated data to be reduced into such a form
that the instantaneous frequencies can be defined. These IMFs forming the basis of
the decomposition are complete and practically orthogonal. The expansion in terms
of the IMF basis has the appearance of a generalized Fourier analysis with variable
amplitudes and frequencies. It is the first local and adaptive method in frequency–
time analysis.

A great advantage of EMD and Hilbert spectral analysis is the effective use of the
data. In EMD, we have used all the data in defining the longest period component.
Furthermore, we do not need a whole wave to define the local frequency, for the
Hilbert transform gives the best fit local sine or cosine form to the local data; there-
fore, the frequency resolution for any point is uniformly defined by the stationary
phase method or local derivative of the phase. This advantage is especially effective
in extracting the low-frequency oscillations. Unlike the wavelet analysis, the instanta-
neous frequency can still be localized in time even for the longest period component
without spreading energy over wide frequency and time ranges. Still, another advan-
tage of EMD and Hilbert spectral analysis is its application to transient data without
zero or mean references; the trend or the DC term is automatically eliminated. The
introduction of the Hilbert spectrum also provided a quantitative measure of the
degree of stationarity. Various examples presented here testify to the usefulness of
this new method.

Other than the practical methodology, the most important conceptual innovations
of the present study are the physical significance assigned to the instantaneous fre-
quency for each mode of a complicated data set, and the introduction of the IMF.
By adopting the instantaneous frequency, we can clearly define both the inter- and
intrawave frequency modulations in a wave train. Such frequency modulations are
totally lost in Fourier spectral analysis, and only the interwave frequency modula-
tion can be vaguely depicted in the wavelet analysis. Yet, both the interwave and
the intrawave frequency modulations are critical in interpretation of oscillatory phe-
nomena: the former explains the wave form deformation by nonlinear effects, which
traditionally has been taken as the harmonic distortion; the latter explains the dis-
persive propagation of waves. The intrawave frequency modulation offers new insight
into nonlinear oscillation systems in more detail than the modern topological treat-
ment. By adopting the instantaneous frequency, we have not only eliminated the
need for higher harmonics to simulate the nonlinearly deformed waves, but also the
spurious harmonics to simulate the non-stationary data. We believe this new method
can give us new physical insight in all other nonlinear and non-stationary phenome-
na. The instantaneous frequency can only be defined for IMF, which is defined here
based on the local properties of the data rather than the global restrictions proposed
before.

We have only begun to explore the full physical interpretations of the Hilbert
spectra for complicated data. Associated properties of the marginal spectra and
various definitions of stationarity also need to be explored in the future.
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and Professor T. Y. Wu of the California Institute of Technology for their encouragement,
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1 Introduction

The characterization and the separation of amplitude and frequency modulated signals is a classical

problem of signal analysis and signal processing. Applications can be found in many situations, such

as for instance radar/sonar detection and speech processing [10]. Many methods have been proposed

in the past few years to analyze the time-frequency localization of signals. The most noticeable are the

family of bilinear representations such as the Wigner representation and its generalizations (see [1, 7]

for a review) and the linear representations such as the wavelet and Gabor transforms.

In 1990 by the Marseille group proposed a new algorithm (see [6] for a survey) based on the study

of the phase of the wavelet (or Gabor) transform. The present work is an attempt to extend the latter

to noisy situations. The main thrust of this correspondence is to use the localization properties of

the modulus of the transform (which is generally more robust than the phase, eventhough the latter

provides more precise estimates [6]). In the case of frequency-modulated signals, the wavelet transform

is “concentrated” in the neighborhood of curves (the ridges of the transform). We develop a scheme

in which these curves are searched as such, in a (high dimensional) space of ridges, via a stochastic

relaxation procedure. This alternate characterization of the ridges is better suited to the needs of

noisy signal analyses. We also propose a stable method for signal reconstruction from the numerically

computed ridges. This method is also based on an L2-minimization procedure.

For the sake of simplicity, our discussion is restricted to the case of the wavelet transform. But since

our algorithms deal only with post-processing of time-frequency transforms, they can be extended to

any time-frequency energetic representations. The case of the Gabor transform will be considered in

the companion paper [4] where still another stochastic search algorithm, adapted to different situations,

will be introduced.

We close this introduction with a short summary of the contents of the paper. Section 2 below

is devoted to the statement of the problem and the definition of the ridges, Section 3 presents the

main features of the variational problems which we propose and solve to estimate the ridges. We also

give a Bayesian interpretation of this approach and we describe how one can modify the penalization

functional in order to accommodate the presence of an additive noise in the signal. This section ends

with a discussion of an example of a bat sound signal which we embed in noise. Section 4 is devoted to a

quick account of the reconstruction problem. Namely, given a set of points in the time-scale domain, find

the signal most likely to have a ridge going through these points. As before we outline the mathematical

derivations and we illustrate the efficiency of the method on a numerical example.
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2 Ridges

The first goal of this section is to set up an abstract formalism for the mathematical definition of

the ridges of functions of two variables. Then, we propose two Monte Carlo algorithms to detect and

identify these ridges. Let ψ ∈ L1(IR) be such that 0 < cψ =
∫∞
0 |ψ̂(ξ)|2 dξ/ξ <∞, i.e. fulfills the wavelet

admissibility condition. The corresponding wavelet transform of f(x) is given by:

Tf (b, a) = 〈f, ψ(b,a)〉 =
1

a

∫ ∞

−∞
f(x)ψ

(
x− b

a

)
dx = e−ϕ

∫ ∞

−∞
f(x)ψ (e−ϕ(x− b))dx , (1)

where we have introduced the auxiliary variable ϕ = log(a). We are mostly interested in frequency

modulated signals which can be written as the sum of finitely many components of the form:

f(x) = A(x) cosφ(x) , (2)

but for the purpose of the present correspondence we shall restrict ourselves to monocomponent signals.

See [4] for a detailed analysis of the multicomponent case. It is convenient to use the so-called “pro-

gressive wavelets”, i.e. with vanishing negative frequencies. If ψ(x) is such a wavelet, then the wavelet

coefficients of f(x) are given by: Tf (b, a) = 〈f, ψ(b,a)〉 =
1
2〈Zf , ψ(b,a)〉 where Zf (x) is the “analytic signal”

of f(x) given by: Zf (x) =
1
π P.

∫
f(x+y)dyy , where P denotes principal value integral. It is well-known [1]

that a signal of the form (2) with A(x) and φ′(x) slowly varying gives Zf (x) ≈ A(x) exp{iφ(x)}. If we

assume that the Fourier transform ψ̂(ξ) is peaked near a particular value ξ = ω0 of the frequency, like

for instance the Morlet wavelet given in the Fourier domain by ψ̂(ξ) = exp{−(ξ − 2π)2/2}, it follows

from standard arguments [6] that the wavelet transform may be approximated as:

Tf (b, a) ≈
1

2
A(b) exp{iφ(b)}ψ̂(aφ′(b)) +O(|A′|/|A|, |φφ′′|/|φ′|2) . (3)

From the localization properties of the wavelet in the Fourier domain one can see that the modulus |Tf |

of the wavelet transform is essentially maximum in the neighborhood of a curve a = ar(b) = expϕ(b),

the ridge of the wavelet transform, related to the instantaneous frequency of the signal by ar(b) =

eϕr(b) = ω0/φ
′(b). In [6], the phase coherence of the wavelet transform was used to get a numerical

estimate of the ridge. Since the phase can be somewhat difficult to control in noisy situations, we shall

mainly focus here on the localization of the maxima of the modulus of the wavelet transform.

3 Ridge Detection: Variational Approaches

The purpose of this section is to give two examples of ridge detection algorithms both derived from

variational problems. In both cases the ridge is searched in a high-dimensional space of curves and the
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ridge estimate appears as the graph of the argument of the minimization of a suitable penalty function.

Unlike the methods in [6], the penalty function is mainly on the square modulus of the wavelet transform.

The loss of accuracy is weak, since the signals for which the methods are designed are supposed to have

slowly varying frequencies. In the first case, the ridge is the graph of a function b → ϕ(b) while it is

the graph of a parametric curve in the second case. The results of this section can be used beyond the

single component case (the wavelet transform has a single ridge) when the ridges can be separated by

a preprocessing localization procedure and then analyzed separately.

3.1 A Direct Search Algorithm: We first assume that the ridge of the wavelet transform of the

signal f can be parametrized by a function b ↪→ ϕ(b) defined for all the values of b. For the sake of

the present discussion we denote by Φ the space of all the twice differentiable functions with square

integrable derivatives. We then define the penalty function Ff on the set Φ of ridge candidates ϕ by:

Ff (ϕ) = −

∫
|Tf (b, e

ϕ(b))|2db+

∫ [
λϕ′(b)2 + μϕ′′(b)2

]
db (4)

Such a penalty function clearly implements the two following features: the smoothness of the ridge and

the localization in the time-frequency plane (for λ = μ = 0, minimizing Ff (ϕ) is equivalent to searching

maxima of |Tf |
2 in the a direction). Our estimate of the unknown ridge of the wavelet transform of

the signal f will be the function ϕ(b) which minimizes Ff (ϕ). The Euler equation associated with this

minimization problem can easily be obtained, and once discretized into a finite difference equations,

solved numerically. However, such an approach is efficient only for weak noise. The presence of a strong

noise component implies the existence of many local extrema in which the algorithm may get trapped.

We need a procedure which can jump over the local extrema to reach the global one(s). A natural

candidate for this is the simulated annealing algorithm [9].

3.2 Snake Penalization We now consider a ridge as a parametrized curve r : s ∈ [0, 1] → r(s) =

[ρ1(s), ρ2(s)] in the time-scale plane. The ridge then takes the form of a “snake” (see [8] for a description

of the method in an image processing context). We use a cost function which takes into account the

modulus of the wavelet transform, as well as additional terms needed in order to ensure the smoothness

of the ridge (both in the b and a directions). We set:

Ff (r) = −

∫
|Tf (ρ1(s), ρ2(s)) |

2ds+

∫ [
λaρ

′
2(s)

2 + μaρ
′′
2(s)

2 + λbρ
′
1(s)

2 + μbρ
′′
1(s)

2
]
ds , (5)

where λa, λb, μa and μb are positive constants. In the “snake terminology” of [8] the second term

is the “internal energy” of the snake. Its role is to control the smoothness and the rigidity of the

snake. The first term is the “external energy” of the snake. It accounts for the interaction of the snake

with the wavelet transform modulus. For the reasons mentioned in the previous section, we turn to
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stochastic optimization techniques (see [8] for a direct solution of the corresponding Euler equations)

for the numerical solution of such a minimization problem.

Remark: In many applications the signal f(x) is the sum of a pure component f0(x) and a noise

component n(x). When some information on the noise is available, it may be included into the penalty

function (see e.g [3, 4, 5] for more details on this point).

3.3 Bayesian Interpretation: Both ridge detection procedures have a Bayesian interpretation.

Let us present it in the case of the direct search. Consider the prior probability measure defined for-

mally by μprior(dϕ) = Z−1
1 exp{−

∫ [
μa|ϕ

′(b)|2 + λa|ϕ
′′(b)|2

]
db} ′′dϕ′′ and the conditional probability

μϕ(df) = Z−1
2 e

∫
|Tf (b,ϕ(b))|

2 ′′df ′′ . which gives the probalility, conditioned by ϕ, that the signal is in the

infinitesimal ′′df ′′ in the space of finite energy signals. Then according to Bayes’ rule, the conditional

probability knowing the signal is given by μposterior(dϕ|f) = exp−F [ϕ]′′dϕ′′/Z for some constant Z.

Maximizing μposterior(dϕ|f) is equivalent to minimizing (4).

3.4 Cost Minimization by Simulated Annealing: We included the ridge detection procedures

described above in a package of S functions made available on the Internet [5]. The implementation

was done by solving the variational problems by simulated annealing (see [9] for background on this

combinatorial optimization technique). The details are spelled out in [3] and the book [5].

3.5 Examples: Numerical experiments have been made on various types of academic and real signals.

We illustrate the method described above with a (real) sonar signal emitted by certain species of bats.

The signal is frequency modulated, with approximately hyperbolic instantaneous frequency. The wavelet

transform (w.r.t. Morlet’s wavelet) was computed for frequencies ranging from νs/16 to νs/2, with νs the

sampling frequency, in geometric progression (i.e. of the form a = 2a
n/20
0 , n = 0, . . . 59). Figure 1 shows

the wavelet transform of the signal (left) and the wavelet transform of the same signal with additive

Gaussian white noise, with input SNR = −5dB. Superimposed are the ridges estimated with the direct

search procedure. Both transforms are coded with gray levels proportional to their modulus square. In

Figure 2, we show the ridge estimated with the snake procedure (left, notice that the boundaries have

been fairly well reproduced), and a comparison of ridge estimations in various situations (right).

4 Reconstruction from the Skeleton on a Ridge

We present in this section a new algorithmic reconstruction of a signal from the knowledge of sample

values of its wavelet transform on the ridges of its modulus. For the sake of simplicity we restrict

ourselves to the case of a single ridge. See nevertheless [4] for the analysis (in the case of the Gabor

transform) of the more general case of finitely many arbitrary ridges. Let us focus on ridges given in
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the form b → ϕ(b). In practical applications one only knows sample points (b1, a1), . . . , (bn, an) and

the smooth function b ↪→ ϕ(b) which we use in lieu of the true (unknown) ridge function is merely a

guess which one constructs from the sample points. We use a smoothing spline (but any other kind of

nonlinear regression curve would do as well). From now on, ϕ(b) is a smooth ridge function which is

constructed from the n sample data points.

4.1 Statement of the Problem: We are concerned with the implementation of the folk belief

that a signal can be characterized by the values of the restriction of its wavelet transform to its ridges.

Illustrations can be found in [6], where it is shown that in the case of signals of the form (2) the

restriction of the wavelet transform to its ridge of the wavelet transform behaves as A(x) exp[iφ(x)] (see

also [10] for similar remarks for the Gabor transform in the context of speech, yielding good quality

reconstruction with high compression rate). Such an approach can be used in non-noisy situations, but

it does fail in the presence of a significant noise component. We assume that the values of the wavelet

transform, say zj , are known at sample points (bj , aj). The set of sample points together with the values

zj constitutes the wavelet transform skeleton of the signal to be reconstructed. We look for a signal

f(x) of finite energy whose wavelet transform has the graph of the function ar(b) as ridge and satisfies:

Tf (bj , aj) = zj , j = 1, . . . , n . (6)

4.2 The Penalization Approach: We use a strategy which was successfully used by Mallat and

Zhong to reconstruct a signal from the extrema of its dyadic wavelet transform [11, 2]. In the present

setting, we look for a signal f(x) which satisfies the constraints (6) while the L2-norm in the scale

variable a of the modulus is kept to a minimum for each b. This may be achieved by minimizing

F1(f) =
1

cψ

∫
db

∫
da

|a|
|Tf (b, a)|

2 (7)

(note that when the integration is performed on the whole half-plane, F1(f) = ||f ||2 by the energy

conservation formula). Since the cost function F1(f) is a quadratic form in the unknown function f , the

solution is easily computed by means of Lagrange multipliers. A solution can be constructed as a linear

combination of the wavelets ψ(bj ,aj) at the sample points of the ridge, the coefficients being given by the

solution of a n×n linear system. This solution is not completely satisfactory, especially when the number

of sample points is small. It ignores the empirical fact that (in most of the practical cases) the restriction

of the modulus |Tf (b, a)| to the ridge, i.e. the function b ↪→ |Tf (b, ar(b))|, is smooth and slowly varying.

In order to force the solution of the constrained optimization problem to respect this requirement, we

introduce the extra term F̃2(f) =
∫ bmax

bmin

∣∣∣ d
db |Tf (b, ar(b))|

∣∣∣2 db, and consider the minimization of the cost

function F̃ (f) = F1(f)+εF̃2(f) where the free parameter ε > 0 is chosen to balance the two contributions

to the penalty. Unfortunately, F̃2(f) is not quadratic in f . In order to remedy this problem we remark
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that according to the analysis of [6], d
dbΩ(b, ar(b)) ≈ F ′(b) = ω0/ar(b) , where Ωf (b, a) = arg Tf (b, a).

Then we replace F̃2(f) by a quadratic form which gives a good approximation of it, and F̃ with

F (f) =
1

cψ

∫
db

∫
da

|a|
|Tf (b, a)|

2 + ε

∫ bmax

bmin

(
|
d

db
Tf (b, ϕ(b))|

2 −
ω2
0

ϕ(b)2
|Tf (b, ϕ(b))|

2

)
db = 〈Qf, f〉 . (8)

4.3 Solution of the Optimization Problem: The constrained minimization problem can be solved

using Lagrange multipliers. The solution is given by

f̂(x) =
∑2n

j=1 λjQ
−1ψj(x) (9)

where Q is the operator (matrix after discretization of the problem) defined in (8) and the functions ψj

are defined by: ψj(x) = a−1
j ψ ((x− bj)/aj) , j = 1, . . . , n, The Lagrange multipliers are determined by

imposing the constraints (6). This gives a system of (2n) × (2n) linear real equations from which the

Lagrange multipliers λj ’s can be computed.

4.4 Examples: To illustrate the reconstruction procedure, we selected a subset of n = 500 consecutive

samples from the bat signal (Figure 3, left). We used 40 sample points on the estimate of the ridge and

the value ε = .5 to reconstruct the signal. The result of the reconstruction is given at the bottom of

Figure 3. As may be seen, the reconstruction is of extremely good quality. An analysis (not presented

here) of the modulus of the wavelet transform of the reconstructed signal shows that, because we chose

a ridge estimate which ignored the existence of a secondary ridge, the latter is not present in the

reconstruction. Further results (see [4, 5]) confirm the quality of the reconstruction method. This

justifies a posteriori the approximation we made in the definition of the quadratic penalty function.

5 Conclusions

We presented a new approach to the problem of ridge detection in an energetic distribution of a sig-

nal. Our approach is based on the minimization of a penalty function on the set of all possible ridge

candidates. The penalty function takes into account a-priori information on the signal (namely the

time-frequency representation of the signal which is essentially localized around a curve, this curve is

smooth,...) and possibly on the noise (through an a-priori noise model, or simulations). The mini-

mization is achieved through Monte-Carlo type methods. We also proposed a new synthesis procedure

which requires only a small number of values of the transform on the ridge and which is very robust

to noise. We have focused here on the case where the time-frequency representation is given by the

square modulus of the wavelet transform (the scale variable being interpreted as an inverse frequency

variable). Any time-frequency representation can be used as well. The case of the the square modulus

of the Gabor transform will be considered in a forthcoming publication. [4].
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Figure 1: Left) Intensity plot of the modulus square of the wavelet transform of the bat signal. The

ridge superimposed. Right) Ridge estimate, annealing method; SNR = −5dB.
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Figure 2: Left) Ridge estimate, snake method; SNR = −5dB. Right) Comparison of several ridge

estimates for the bat sonar signal. Notice that the scale is now increasing upward as opposed to all the

other plots where it is increasing downward.
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Figure 3: Top) Bat signal used to illustrate the reconstruction procedure. Bottom) Result of the

reconstruction from the values of the wavelet transform at the 40 points of the estimate of the ridge.
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