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Chapter 1

Noise as a Random Process

Noise is any unwanted signal that interferes with a desired signal. Most
electronic noise can be categorized as being either random or determin-
istic. An example of deterministic noise is the hum in a loudspeaker
caused by an ac ripple on a power supply voltage in an ampli�er. An-
other example is the interference with television reception caused by a
nearby short wave transmitter. Deterministic noise is caused by an iden-
ti�able external source and can usually be eliminated by proper methods
of grounding, shielding, etc. The control of such noise is a topic of the
discipline known as electromagnetic compatibility.

Random noise is generated by almost everything in nature. In video
signals, noise appears as snow on the screen of a television set. In audio
signals, noise can be heard as a background hiss. In electronic circuits,
noise is controlled by careful design. Because it cannot be described
by any mathematical function, it must be described by probability and
statistics. Some of the important ideas of these disciplines that are ap-
plicable to noise analysis are described in this chapter.

1.1 Notation and Numerical Values of Constants

The notations used in this text for voltages and currents correspond to
the following conventions: dc bias values are indicated by an upper case
letter with upper case subscripts, e.g. VDS, IC . Instantaneous values of
small-signal variables are indicated by a lower-case letter with lower-case
subscripts, e.g. vs, ic. Total values, i.e. dc bias values plus small-signal
ac values, are indicated by a lower-case letter with upper-case subscripts,
e.g. vS, iC . Mean-square values of small-signal variables are represented
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2 CHAPTER 1. NOISE AS A RANDOM PROCESS

by a bar over the square of the variable, e.g. v2s , i2c , where the bar
indicates an arithmetic average of a statistical ensemble of functions.
The time average of a small-signal variable is represented by enclosing
the variable with the h·i symbols, e.g. �v2s®, �i2c®. For an ergodic process,
time averages are equal to ensemble averages, i.e.

�
v2s
®
= v2s . The root-

mean square or rms value of a variable is the square root of the mean-

square value, e.g.
q
v2s ,

q
i2c . Phasors are indicated by an upper-case

letter and lower-case subscripts, e.g. Vs, Ic.
Circuit symbols for independent sources are circular, symbols for

controlled sources have a diamond shape, and symbols for noise sources
are square. Voltage sources have a ± sign within the symbol and current
sources have an arrow. In the numerical evaluation of noise equations,
Boltzmann’s constant is k = 1.38× 10�23 J/K and the electronic charge
is q = 1.60 × 10�19 C. The standard temperature is denoted by T0 and
is taken to be T0 = 290o K. For this value, 4kT0 = 1.60× 10�20 and the
thermal voltage is VT = kT0/q = 25.0 mV.

1.2 The Probability Density Function

A deterministic process is one whose values are known for all time. For
example, the voltage v (t) = V1 + V2 sin�t, where V1, V2, and � are
constants, is a deterministic process. By de�nition, random noise is
non-deterministic. It cannot be represented by any mathematical func-
tion. For this reason, it must be characterized by a probability density
function. To illustrate how such a function is de�ned, let x represent
a random variable. For example, x might be the measured value of a
voltage or a current. Suppose that N measurements are made. Let us
divide the range of observed values into subintervals of width �x and
count the number of times that a measured value occurred in each. The
probability density function p (x) is de�ned by the limit

p (x) = lim
�x�0

1

�x

μ
lim
N��

# in the interval [x, x+�x]
N

¶
(1.1)

It follows from this de�nition that p (x) is a positive real function.
From the above de�nition, we can conclude that the fraction of total

measurements that lie in the range from x1 to x2 is the area under the
curve of p (x) between these values. Alternately, this area represents the
probability that a single observed value of x lies in this range. Symboli-



1.3. STATISTICAL AVERAGES 3

cally, we write

Prob (x1 � x � x2) =
Z x2

x1

p (x) dx (1.2)

Because x must satisfy �� < x <�, it follows that p (x) must satisfyZ �

��
p (x) dx = 1 (1.3)

In other words, it is certain that x falls in the range from �� to �.
The distribution function, or integrated probability density function,

P (x) is de�ned by

P (x) =

Z x

��
p (x) dx (1.4)

This function gives the probability that a single observed value lies in the
range from �� to x. From this de�nition, it follows that the probability
that a single observed value lies in the range from x1 to x2 is

Prob (x1 � x � x2) = P (x2)� P (x1) (1.5)

In addition, P (x) has the properties

P (��) = 0 (1.6)

P (�) = 1 (1.7)

d

dx
P (x) = p (x) (1.8)

1.3 Statistical Averages

There are two basic ways that the average or mean value of a random
variable can be de�ned. One is called a time average. The other is called
an ensemble average. The two are equal if the process which generates
the random variable is an ergodic process.

1.3.1 Time Averages

The de�nition of a time average is based on the de�nition of the average
value of a function in calculus. If x (t) is a function of time, then the
time average is denoted by hxi and is given by

hxi = 1

T

Z T

0
x (t) dt (1.9)
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where T is called the averaging time. It must be chosen long enough so
that the result would not be signi�cantly changed if T is increased. If
x is a voltage or a current, then hxi is simply its dc component. When
this expression is used to solve for the average value of a periodic signal,
T is usually chosen to be the period of the signal.

Example 1 A voltage is given by v (t) = V1 sin (2�t/T ), where V1 is a
positive real constant. Calculate the average value if v (t) is full-wave
recti�ed and if v (t) is half-wave recti�ed.

Solution. The average value of the full-wave recti�ed voltage is cal-
culated as follows:

h|v (t)|i = 1

T

Z T

0
|V1 sin (2�t/T )| dt = V1

2�

Z 2�

0
|sin �| d� = 2V1

�

The average value of the half-wave recti�ed voltage is 1/2 of this or V1/�.

Example 2 Solve for
�
v2 (t)

®
, where v (t) is the voltage given in Exam-

ple 1.

Solution. The average value of the squared voltage is calculated as
follows:�

v2 (t)
®
=
1

T

Z T

0
V 21 sin

2 (2�t/T ) dt =
V 21
2�

Z 2�

0
sin2 �d� =

V 21
2

It follows from this result that the rms value of v (t) is V1/
�
2.

1.3.2 Ensemble Averages

To illustrate the de�nition of an ensemble average, suppose that we have
N sources of a random variable. We assume that the sources are identical
in that each is governed by the same stationary process. Thus the output
of each source is described by the same probability density function. In
addition, we assume that the sources are independent in the sense that
the value of the output of one does not depend on the value of the output
of any other. Let the output of all N sources be observed at the same
time t1. If xi is the output of the ith source, the ensemble average of x
at t = t1 is de�ned by

x =
1

N

NX
i=1

xi (1.10)
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We assume that N is su�ciently large so that the result does not sig-
ni�cantly change if N is increased. If x is independent of the time at
which the N observations are made, the random process is said to be
stationary.

For a stationary random process, the average value is not a function
of the time at which it is calculated. That is, the average is the same if
it is repeated an hour later, a day later, or a week later. We will assume
here that all random processes are stationary. Although it is di�cult to
postulate any process that is truly stationary for all past time and all
future time, the concept of stationarity over a time interval of interest
in a system is appropriate here.

A random process is said to be ergodic if the time average given
by Eq. (1.9) can be replaced with the ensemble average given by Eq.
(1.10). For our purposes, we will assume that all random processes used
to model electronic noise are ergodic. Although the mathematical details
of ergodic processes are too involved to be investigated here, it can be
shown that an ergodic process is stationary but a stationary process is
not necessarily ergodic.

The ensemble average in Eq. (1.10) can be calculated from the prob-
ability density function for x. Out of N observed values, the number
of observations that lie in the interval from x to x + �x is Np (x)�x,
where we assume that �x is small. We multiply this number by x to
obtain the contribution of these values to the summation. Thus for each
interval of width �x, the contribution to the summation is Nxp (x)�x.
To complete the summation, we sum over all x and let �x� 0 to obtain
an integral over x. It follows that the ensemble average is given by

x =
1

N

·Z �

��
Nxp (x) dx

¸
=

Z �

��
xp (x) dx (1.11)

This equation can be generalized to obtain the ensemble average of any
function of a random variable. If f (x) is a function of x, the ensemble
average of f (x) is given by

f (x) =

Z �

��
f (x) p (x) dx (1.12)

Example 3 Calculate the mean square value of the function v (t) =
V1 cos�1t+ V2 cos�2t, where �1 6= �2.
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Solution. First, we start with the ensemble average of v2 to obtain

v2 = (V1 cos�1t+ V2 cos�2t)
2

= V 21 cos
2 �1t+ 2V1V2 cos�1t cos�2t+ V 22 cos

2 �2t

The ensemble average operation obeys the distributive law so that v2

can be written

v2 = V 21 cos
2 �1t+ 2V1V2cos�1t cos�2t+ V

2
2 cos

2 �2t

= V 21 cos
2 �1t+ V1V2

h
cos (�1 � �2) t+ cos (�1 + �2) t

i
+V 22 cos

2 �2t

Because a deterministic process is ergodic, the four ensemble averages
in the above expression can be replaced with time averages. The time
average of each term is evaluated over its respective period, which is
di�erent for each term. The expression reduces to

v2 = V 21
�
cos2 �1t

®
+ V1V2 [hcos (�1 � �2) ti+ hcos (�1 + �2) ti]

+V 22
�
cos2 �2t

®
=

V 21
2
+
V 22
2

1.4 Variance

The variance of a random variable x is de�ned as the average value of
(x� x)2. For example, if x is a voltage or a current, the variance is simply
the mean-square value of its ac component. We denote the variance by
�2. It is given by

�2 = (x� x)2 =
Z �

��
(x� x)2 p (x) dx (1.13)

The square-root of the variance, i.e. �, is called the standard deviation.
If x is a voltage or a current, its standard deviation is simply the rms
value of its ac component.

1.5 The Gaussian Probability Function

The Gaussian or normal probability density function is the most im-
portant probability function in the study of noise. If the variation in
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a process is caused by a large number N of random and unrelated oc-
currences, it can be shown that the probability density function for the
process tends to a Gaussian function in the limit as N � �. This is a
statement of what is known as the central limit theorem. Because elec-
tronic noise is generated by the randomness in the �ow of many current
carriers, it can be described by the normal density function.

Let x be a Gaussian random variable. Denote its mean or average
value by x and its mean-square value or variance by �2. The probability
density function is given by

p (x) =
1�
2��

exp

"
� (x� x)2
2�2

#
(1.14)

A plot of p (x) as a function of x is shown in Fig. 1.1. Because of
its shape, this plot is often referred to as a “bell-shaped curve.” The
maximum value occurs at x = x and is inversely proportional to �.
If � � 0, the maximum value approaches �, the width of the curve
approaches zero, and the function becomes a unit impulse.

Figure 1.1: Plot of the Gaussian probability density function.

The probability that a single observation of x lies between the limits
x � � and x + � is given by the area under the curve of p (x) between
these limits. It is equal to 0.683 or 68.3%. Because this is approximately
equal to 2/3, it has given rise to the saying that two-thirds of the time, a
random variable lies within plus or minus one standard deviation from its
average value. For example, if it is assumed that normal statistics apply
to the quiz grades of a class, then approximately 2/3 of the members
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of the class should have a grade within one standard deviation of the
average and 1/3 should have a grade outside this range, 1/6 on the
upper end and 1/6 on the lower end. In such applications, Eq. (1.10) is
used to calculate the quiz average x, where N is equal to the number of
students. The variance is calculated from

�2 =
1

N � 1
NX
i=1

(xi � x)2 (1.15)

Although it might seem that the N � 1 in this equation should be N , it
can be shown that N � 1 gives a better estimate of �2 when the sample
size is limited, i.e. when N is not large.

A plot of the distribution function given by Eq. (1.4) for the Gaussian
probability density function is shown in Fig. 1.2. The plot shows that
P (x) = 0.5. This means that the probability that x < x is 0.5. The
probability that x > x is 1� P (x) = 0.5.

Figure 1.2: Plot of the Gaussian distribution function.

1.5.1 Crest Factor

In circuit analysis, it is common to write voltages and currents as the
sum of a dc component and an ac component. The dc component is
called the bias or quiescent value. Because this is deterministic, it is not
considered to be a part of random electrical noise. Thus electronic noise
is usually modeled as a zero mean process. Let v (t) be a zero-mean
random noise voltage having a variance � = vrms. If v (t) is modeled as
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Table 1.1: Prob(|v| > v1)

v1 Prob(|v| > v1) % of time that |v| > v1
0.5vrms 0.617 61.7%
vrms 0.317 31.7%
2vrms 4.55× 10�2 4.55%

2.576vrms 1× 10�2 1%
3vrms 2.70× 10�3 0.270%
4vrms 6.33× 10�5 0.00633%

a Gaussian random variable, its probability density function is

p (v) =
1�

2�vrms
exp

· �v2
2v2rms

¸
(1.16)

We desire the probability that |v| > v1, where v1 > 0. This is given
by

Prob (|v| > v1) = 1�
Z v1

�v1
p (x) dx

= 1� [P (v1)� P (�v1)]
= 2 [1� P (v1)] (1.17)

where P (v) is the distribution function and we have used the relation
P (�v1) = 1�P (v1) for a zero-mean process. Table 1.1 gives this prob-
ability for several values of v1. When the probability is multiplied by
100%, the percent of time that |v| > v1 is obtained. It can be seen from
the table that the probability that |v| > 4vrms is essentially zero. This
means that if v is observed on an oscilloscope, the probability that it will
have a peak value less than 4vrms is almost unity.

The crest factor of a waveform is de�ned as the ratio of its peak
value to its rms value. This is a well de�ned quantity for a deterministic
process. In the case of the waveform of a random variable, however, it
cannot be de�ned with certainty. Instead, it is commonly speci�ed as a
function of the percent of the time that the peak value is greater than
(or less than) the speci�ed value. For example, our voltage v has a crest
factor that is greater than 2.576 only 1% of the time. This means, for
example, that if we observe the waveform of v on an oscilloscope for
100 seconds, the total time that peak value exceeds 2.576vrms is only 1
second out of the 100.
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1.6 Spectral Density

Let v (t) be a zero-mean random voltage that is de�ned over the time
interval �T/2 � t � T/2. We assume that v (t) = 0 outside this interval
and that the process is ergodic. The mean-square value of v (t) can be
written as the time average

v2 =
1

T

Z T/2

�T/2
v2 (t) dt (1.18)

We wish to de�ne a function of frequency Sv (f) such that v2 is also
given by

v2 =

Z �

0
Sv (f) df (1.19)

where we interpret Sv (f)�f as being the amount of v2 that is contained
in the frequency band from f to f+�f , where �f is small. In this case,
Sv (f) is called the spectral density of v (t). The spectral density de�ned
here is called the one-sided density because it is de�ned only for positive
frequencies.

Let F (f) be the Fourier transform of v (t). It is given by

F (f) =

Z T/2

�T/2
v (t) e�j2�ftdt (1.20)

It follows that v (t) is given by the inverse transform

v (t) =

Z �

��
F (f) ej2�ftdf (1.21)

Thus the mean-square value of v (t) over the interval from �T/2 to T/2
can be written

v2 =
1

T

Z T/2

�T/2
v (t) dt

Z �

��
F (f) ej2�ftdf

=
1

T

Z �

��
F (f) df

Z T/2

�T/2
v (t) ej2�ftdt

=

Z �

��
F (f)F (�f)

T
df

= 2

Z �

0

F (f)F (�f)
T

df (1.22)
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where the factor of 2 arises because the integration limits have been
changed from (��,�) to (0,�). This is possible because F (f)F (�f)
is an even function of f .

Because F (�f) = F � (f), an alternate way of writing the above
result is

v2 =

Z �

0

2 |F (f)|2
T

df (1.23)

When we compare this equation to Eq. (1.19), it follows that the spectral
density is given by

Sv (f) =
2 |F (f)|2

T
(1.24)

The units of Sv (f) are V2/Hz. It is tempting to say that we can take
a limit in this equation as T � � to obtain the spectral density for
a continuing random function of time that is de�ned over the interval
�� < t < �. However, there are mathematical problems associated
with this. These problems can be avoided if we use the autocorrelation
function to evaluate Sv (f). This is discussed in the following section.

1.7 Autocorrelation and the Spectral Density

The autocorrelation function � (�) for a random voltage function v (t) is
de�ned by

� (�) =
1

T

Z T/2

�T/2
v (t) v (t+ �) dt (1.25)

With the aid of the inverse Fourier transform of Eq. (1.21), we can write

� (�) =
1

T

Z T/2

�T/2
v (t) dt

Z �

��
F (f) ej2�f(t+�)df

=
1

T

Z �

��
F (f) ej2�f�df

Z T/2

�T/2
v (t) ej2�ftdt

=

Z �

��
F (f)F (�f)

T
ej2�f�df

=

Z �

��
|F (f)|2
T

ej2�f�df (1.26)

We now take the inverse Fourier transform of this equation to obtain

|F (f)|2
T

=

Z �

��
� (�) e�j2�f�d� (1.27)
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But Sv (f) = 2 |F (f)|2 /T , where we assume f � 0. It thus follows
that the spectral density is given by

Sv (f) = 2

Z �

��
� (�) e�j2�f�d� (1.28)

Note that the time T does not appear in this equation. Therefore, the
problems associated with taking the limit as T �� have disappeared.
This is somewhat an oversimpli�cation of the problems involved in taking
this limit, but it su�ces to say that the autocorrelation function of a
random variable is the key to its spectral density function.

The factor of 2 in Eq. (1.28) arises because we have de�ned the
spectral density as a “one-sided function,” i.e. only for f � 0. In some
texts, the spectral density is de�ned for both negative and positive f .
In this case, the 2 is absent from Eq. (1.28) and the lower limit on the
integral in Eq. (1.19) is ��. The one-sided de�nition simpli�es noise
analyses by eliminating the need for negative frequencies.



Chapter 2

Types of Noise

2.1 Thermal Noise

Thermal noise, also called Johnson noise, is generated by the random
thermal motion of electrons in a resistive material. It is present in all
circuit elements containing resistance and is independent of the compo-
sition of the resistance. It is modeled the same way in discrete-circuit
resistors and in integrated-circuit monolithic and thin-�lm resistors. The
phenomenon was discovered (or anticipated) by Schottky in 1918 when
he called it the “wärme�ect.,” in English now commonly called “thermal
noise.” It was �rst measured by Johnson in 1928. Several months after
Johnson described his work to Nyquist, Nyquist derived his famous for-
mula, based on the thermodynamics of a telephone line. Nyquist showed
that the mean-square open-circuit thermal noise voltage across a resistor
is given by

v2t = 4kTR�f (2.1)

where k is Boltzmann’s constant, T is the absolute or Kelvin tempera-
ture, R is the resistance, and �f is the bandwidth in Hz over which the
noise is measured. This equation is referred to as the Nyquist formula.
The corresponding mean-square short-circuit thermal noise current is
given by

i2t =
v2t
R2

=
4kT�f

R
(2.2)

The Thévenin and Norton thermal noise models of a resistor are
given in Fig. 2.1. Because noise is random, the source polarities are
arbitrary. In general, the polarities must be labeled when writing circuit

13



14 CHAPTER 2. TYPES OF NOISE

equations that involve small-signal or phasor voltages and currents. The
mean-square noise is independent of the assumed polarities.

Figure 2.1: Resistor noise models. (a) Th évenin. (b) Norton.

2.1.1 Derivation of the Nyquist Formula

Consider an ideal, lossless transmission line terminated at each end in
its characteristic resistance R as shown in Fig. 2.2. Because the line
is matched at each end, the thermal noise power fed into the line by
one of the resistors is completely absorbed by the other resistor. If both
resistors are at the same temperature, the system is said to be in thermal
equilibrium. Under this condition, each resistor must feed the same noise
power into the line. Otherwise, one would be heating up and the other
would be cooling o�.

Let the switches at the ends of the line be closed after equilibrium is
established. The shorted line then becomes a resonator with an in�nite
number of resonance modes. Let � be the wavelength of any mode.
Because the voltage at each end of the line is zero, it follows that the
length of the line must be equal to multiples of �/2, i.e. L = �/2, �,
3�/2, etc. The frequency of each mode is given by f = c/�, where c is the
phase velocity of the line. It follows that the resonance frequencies are
c/2L, c/L, 3c/2L, etc. Let the di�erence between two adjacent resonance

Figure 2.2: Circuit for derivation of the Nyquist formula.
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frequencies be denoted by �f . It follows that

�f =
c

2L
(2.3)

This can be made as small as desired by increasing L.
According to the equipartition theorem of statistical mechanics, there

is an energy of kT/2 joules associated with each degree of freedom
in a system. Each resonance mode in the transmission line has en-
ergy storage in both the electric �eld and in the magnetic �eld. For
a lossless line, these two energies are equal. Thus, there is an energy
2× kT/2 = kT stored in each mode. The energy per unit bandwidth is
given by kT/�f = 2kTL/c J/Hz. One-half of this energy comes from
each resistor, thus the energy per unit bandwidth per resistor is

w =
kT

2�f
=
kTL

c
(2.4)

Before the switches are closed, there are two independent waves prop-
agating on the line, one to the right and one to the left. The velocity
of propagation of each is the line phase velocity c. At the instant the
switches are shorted, the total energy in each wave is equal to the energy
delivered by either resistor in the immediately preceding time interval
given by td = L/c. It follows that the power per unit bandwidth in
W/Hz delivered by each resistor to the line during that interval is given
by

p =
w

td
= kT (2.5)

Let Na be the noise power over the band �f that is generated by one
resistor and absorbed by the other. This is called the available noise
power. It follows that Na is given by

Na = p�f = kT�f (2.6)

Let each resistor be modeled by a noise voltage vt in series with the
resistor. The corresponding current which �ows on the line is vt/2R.
The available noise power from either resistor can thus be written

Na =
³ vt
2R

´2 ×R = v2t
4R

(2.7)

By equating the two expressions for Na, we obtain

v2t = 4kTR�f (2.8)
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This is the Nyquist formula for the mean-square thermal noise voltage
in the band �f .

An application of the Nyquist formula at arbitrarily high frequencies
predicts that the total mean-square noise voltage diverges as �f ��.
This is called the ultraviolet catastrophe. However, it can be shown that
the expression is valid only as long as f ¿ kT/h, where h = 6.62×10�34
J·s is Plank’s constant. For T = 290 K, this gives f ¿ 6× 1012 Hz. In
general, the mean-square noise voltage is given by

v2t =
4hfR�f

exp (hf/kT )� 1 (2.9)

For f ¿ kT/h, this reduces to Eq. (2.8). Fig. 2.3 shows the variation
with frequency of the normalized available thermal noise power per unit
bandwidth Na/kT�f = v2t /4kTR�f for three temperatures: 290 K —
the standard temperature, 78 K — the temperature of liquid nitrogen,
and 4 K — the temperature of liquid helium. Eq. (2.8) holds only in the
regions where the curves have a value of unity. It can be seen that the
Nyquist formula can be in error for very high frequencies and/or very
low temperatures.

Figure 2.3: Plots of normalized available thermal noise power as a func-
tion of frequency for T = 290 K, 78 K, and 4 K.

2.1.2 Crest Factor

The crest factor of thermal noise is commonly taken to be 3 times the

rms value, i.e. 3
q
v2t . To calculate the probability that the instantaneous
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value is greater than the crest factor, a statistical model for the amplitude
distribution is required. It is common to use a Gaussian or normal
probability density function to calculate this. For a Gaussian random
variable, the probability that the magnitude of the instantaneous value
exceeds 3 times the rms value is 0.27%. Some references take the crest
value to be 4 times the rms value. In this case, the probability is 0.0063%.

2.1.3 Nyquist Formula for a Complex Impedance

Let Z be the complex impedance of a two terminal network. The mean-
square, open-circuit thermal noise voltage generated by the impedance
in the band �f is given by

v2t = 4kT Re (Z)�f (2.10)

Because Z is a function of frequency, �f must be small enough so that
Re (Z) is approximately a constant over the band. Otherwise, the noise
must be expressed by an integral. In the frequency band from f1 to f2,
the mean-square, open-circuit thermal noise voltage is given by

v2t = 4kT

Z f2

f1

Re (Z) df (2.11)

Let Y = 1/Z be the complex admittance of the network. The mean-
square, short-circuit thermal noise current in the band �f is given by

i2t = 4kT Re (Y )�f (2.12)

Over the band from f1 to f2 the mean-square noise current is

i2t = 4kT

Z f2

f1

Re (Y ) df (2.13)

2.1.4 Spectral Density

The spectral density of a noise source is de�ned as the mean-square
value of the source per unit bandwidth. In general, the spectral density
is a function of frequency. The voltage and current spectral densities,
respectively, for the thermal noise generated by a complex impedance Z
are given by

Sv (f) =
v2t
�f

= 4kT Re (Z) (2.14)
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Si (f) =
i2t
�f

= 4kT Re (Y ) (2.15)

where Y = 1/Z is the admittance.
The spectral density of the thermal noise generated by a resistor is

independent of frequency. In this case, the spectral density is often said
to be uniform or �at. It is also called white noise by analogy to white
light which also has a �at spectral density in the optical band.

2.1.5 Spot Noise Voltage and Current

The spot value of a noise voltage or current is the rms value of the noise
in a band of 1 Hz. It is given by the square root of the spectral density.
For example, the thermal spot noise voltage generated by a complex
impedance Z is given by

p
Sv (f) =

s
v2t
�f

=
p
4kT Re (Z) (2.16)

The units are read “volts per root Hz.” The spot noise current generated
by the impedance is given by

p
Si (f) =

s
i2t
�f

=
p
4kT Re (Y ) (2.17)

where Y = 1/Z. The units are read “amperes per root Hz.”

2.1.6 Noise Resistance

A mean-square noise voltage can be represented in terms of an equivalent
noise resistance Rn. Let v2n be the mean-square noise voltage in the
band �f . The noise resistance Rn is de�ned as the value of a resistor at
the standard temperature T0 = 290o K which generates the same noise
voltage. It is given by

Rn =
v2n

4kT0�f
(2.18)

2.1.7 Noise Conductance

A mean-square noise current can be represented in terms of an equiv-
alent noise conductance Gn. Let i2n be the mean-square noise current
in the band �f . The noise conductance Gn is de�ned as the value of
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a conductance at the standard temperature which generates the same
noise current. It is given by

Gn =
i2n

4kT0�f
(2.19)

2.1.8 Example Thermal Noise Calculations

Resistor Shunted by Capacitor

Figure 2.4(a) shows a resistor shunted by a capacitor. The impedance is
given by

Z = Rk 1

j�C
=

R

1 + j�RC
=

R

1 + (�RC)2
� j �R2C

1 + (�RC)2
(2.20)

The total open-circuit noise voltage across the resistor is given by

v2t =

Z �

0

4kTR

1 + (2�fRC)2
df =

2kT

�C

Z �

0

dx

1 + x2

=
2kT

�C

£
tan�1 x

¤�
0
=
kT

C
(2.21)

Note that this is independent of R. If C � 0, it predicts that v2t ��.
This is another statement of the ultraviolet catastrophe, which is physi-
cally impossible because the Nyquist formula does not hold at arbitrarily
high frequencies. All physical resistors exhibit a shunt capacitance be-
tween the leads. For example, if C = 1 pF, Eq. (2.21) predicts thatq
v2t = 6.3× 10�5 V. Noise calculated from Eq. (2.21) is often referred

to as “kT over C” noise.

Figure 2.4: (a) Parallel RC network. (b) Slepian-Goldner black-box
identi�cation problem.
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The Slepian-Goldner Problem

Figure 2.4(b) show two “black boxes,” each containing a two terminal
impedance. The impedance of the network in Box B is given by

Z = Rk 1
Cs

+RkLs = R

1 +RCs
+

Ls

1 + (L/R) s
(2.22)

If RC = L/R, or equivalently R =
p
L/C, it follows that Z = R. The

problem is as follows: given the two black boxes shown in Fig. 2.4(b)
containing ideal R, L, and C elements, if R =

p
L/C, how can the boxes

be distinguished between each other by terminal measurements alone?
Because the terminal impedances are the same, no transient or steady-

state measurement can be used to solve the problem. However, the two
networks can be made to have di�erent noise characteristics. If a dc
battery is connected across the terminals of each network, the current in
Box B would heat only the resistor in parallel with the capacitor. If the
mean-square noise voltage generated by each network is then measured,
it will be found that Box A generates more noise than Box B. This is
because the high frequency noise generated by the heated resistor in Box
B is shunted by the capacitor. Alternately, the spectral density of the
noise generated by Box A is �at while the spectral density of the noise
from Box B has a low-pass shelving characteristic, i.e. it is larger at low
frequencies than at high frequencies.

2.2 Shot Noise

Shot noise is generated by the random emission of electrons or by the
random passage of electrons and holes across a potential barrier. The
shot noise generated in a device is modeled by a parallel noise current
source. The mean-square shot noise current in the frequency band �f
is given by

i2sh = 2qI�f (2.23)

where q is the electronic charge and I is the dc current �owing through
the device. This equation was derived by Schottky in 1928 and is known
as the Schottky formula. The spectral density of shot noise is �at, thus
shot noise is white noise. It is commonly assumed that the amplitude
distribution can be modeled by a Gaussian or normal distribution. Thus
the relation between the crest factor and rms value for shot noise is the
same as it is for thermal noise.
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2.2.1 Derivation of the Schottky Formula

The derivation given here is not mathematically rigorous, but it illus-
trates the major steps. Consider the �ow of a current i (t) across a
potential barrier to consist of the random arrival of charges of value q.
Let the average number of charges per unit time be n so that the number
of charges in time T is given by N = nT . If the current associated with
each charge is modeled by a rectangular pulse of width �t, the current
waveform might appear as the one shown in Fig. 2.5. We assume that
�t is small enough so that the probability of more than one charge in
time �t is zero.

Figure 2.5: Current waveform.

Because the area under a pulse must be equal to the charge q, the
height of each pulse is q/�t. The dc component of the current is given
by

I = lim
T��

1

T

Z T/2

�T/2
i (t) dt = lim

T��
1

T
(q × nT ) = nq (2.24)

The integral in this equation represents the total charge arriving in the
time interval �T/2 � t � T/2. This is given by charge per pulse q
multiplied by the number of pulses N = nT in the interval.

The autocorrelation function for i (t) is the key to its spectral density
function. It is given by

� (�) = lim
T��

1

T

Z +T/2

�T/2
i (t) i (t+ �) dt (2.25)

Let us �rst consider the case where � = 0. Let the number of pulses
in the interval �T/2 � t � T/2 be N . There are N contributions to
the integral, each having the value (q/�t)2 × �t. The autocorrelation
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function is

�0 (0) = lim
T��

1

T

Z +T/2

�T/2
i2 (t) dt = lim

T��
1

T

·
N
³ q
�t

´2
�t

¸
= n

q2

�t
(2.26)

In the limit as �t� 0, �0 (0) can be written

�0 (0) = nq
2	 (0) = qI	 (0) = qI	 (�) (2.27)

where 	 (�) is the unit impulse function de�ned by the two properties

	 (x) = 0 for x 6= 0 (2.28)Z �

��
	 (x) dx = 1 (2.29)

Note that the units of 	 (x) are the units of the reciprocal of its argument
x. Otherwise, the integral would not be dimensionless.

Now consider the case where � 6= 0. Let the interval �T/2 � t � T/2
be divided into subintervals of width �t. If N pulses of width �t occur
in time T , then the probability that a single pulse of i (t) occurs in �t is
N�t/T = n�t. We assume that i (t) and i (t+ �) are independent. Thus
the probability that a pulse of i (t) and i (t+ �) simultaneously occurring
in �t is (n�t)2. The number of subintervals is T/�T . Thus the number
of subintervals in which a pulse of i (t) and i (t+ �) occurs simultaneously
is (n�t)2 × T/�T . The contribution to the autocorrelation integral for
each of these is (q/�t)2 × �t. Thus the autocorrelation function for
� > 0 is given by

�1 (�) = lim
T��

1

T

·
(n�t)2 × T

�t
×
³ q
�t

´2 ×�t¸ = (nq)2 = I2 (2.30)

It follows that the overall autocorrelation function is given by

� (�) = �0 (0) + �1 (�) = qI	 (�) + I
2 (2.31)

The two-sided spectral density of i (t) is given by the Fourier trans-
form of the autocorrelation function. It is

Si (f) =

Z �

��

£
Iq	 (�) + I2

¤
ej2�f�d� = qI + I2	 (f) (2.32)
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where the sifting property of the impulse function has been used to obtain
the �rst term. The second term follows from the integral

	 (x) =

Z �

��
ej2�xydy (2.33)

The spectral density consists of two components, one is a constant and
the other is an impulse at f = 0. The impulse term represents the
spectral density of the dc component of i (t). The constant represents
the spectral density of the shot noise component. When the latter is
multiplied by a bandwidth �f , the mean-square shot noise current in
the band from f to f +�f is obtained. It is given by qI�f . However,
because S (f) is two sided, f can be either positive or negative. If f is
restricted to be positive, the contribution due to the band from �f to
�f+�f must be added to the contribution in the band from f to f+�f .
This introduces a factor of 2 in the expression. Thus the mean-square
shot noise current in the band �f is given by

i2sh = 2qI�f (2.34)

where we consider the frequency be to positive. This is the Schottky
formula.

The Schottky formula predicts that the mean-square shot noise di-
verges in the limit as�f ��. This is similar to the ultraviolet catastro-
phe for thermal noise. It is a result of our letting �t� 0 in Eq. (2.26) to
obtain an impulse function. Because of the discrete nature of charge, it
is impossible to model the �ow of current by a series of zero width pulses.
When the �nite width of the current pulses is taken into account, the
low frequency limit of the spectral density is found to be given by Eq.
(2.32). As frequency is increased, the spectral density approaches zero
so that the total mean-square noise cannot diverge. However, Eq. (2.34)
is su�ciently accurate for frequencies of interest in electronic circuits.

2.3 Flicker Noise

Flicker noise is a noise that has a spectral density that is proportional
to 1/fn, where n ' 1. It is also called “1/f noise.” This type of
noise seems to be a systematic e�ect inherent in electrical conduction.
Various explanations of its origins have been made, but it remains an
ill-understood phenomenon. In resistive materials, its origin seems to
be caused by a �uctuation of the mobility of the free charge carriers.
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In semiconductors, it is generated by tunnelling e�ects in the surface
oxide layer of the material. It is also generated by the imperfect contact
between two conducting materials. In this case, it is called contact noise.

Flicker noise not only occurs in electrical systems. It has been ob-
served in biological systems, in �uctuations of the frequency of rotation
of the earth, in the �uctuations of variables in economics, and in the
power �uctuations of nuclear reactors. Indeed, it seems to be a system-
atic e�ect inherent in all physical processes.

The 1/f spectral density of �icker noise has been shown to hold down
to extremely low frequencies. With some devices, it has been shown to
hold down to frequencies as low as one cycle per month, where the noise
merges with the natural drift of the device. Measurements at frequencies
this low are very di�cult because of the long times required.

Flicker noise is modeled by a noise current source in parallel with a
device. In general, the mean-square �icker noise current in the frequency
band �f is given by

i2f =
KfI

m�f

fn
(2.35)

where I is the dc current, n ' 1, Kf is the �icker noise coe�cient, and
m is the �icker noise exponent.

2.3.1 Flicker Noise in Resistors

Flicker noise in resistors is called excess noise. It is caused by �uctuations
in the conductivity in the presence of a dc current. The �uctuations are
caused by the time variation in the path that the current takes through
the resistor. For example, if a high enough voltage is applied between two
electrodes, an arc develops. The path that the arc takes moves randomly
with time in a similar way that the path of current through a resistor
varies.

Let G = 1/R be the conductivity of a resistor R. If a dc voltage V
is applied to the resistor, a dc current �ows that is given by I = GV . If
G changes by an amount �G, it follows that I changes by an amount
�I = V�G. If we let iex = �I, it follows that the mean-square value of
iex is given by

i2ex = V
2�G2 = G2V 2

·
�G

G

¸2
(2.36)
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Experimental evidence suggests the relation·
�G

G

¸2
= Kf

�f

f
(2.37)

where Kf is the �icker noise coe�cient. It follows that

i2ex = G
2V 2Kf

�f

f
=
KfI

2�f

f
(2.38)

Carbon composition resistors are fabricated as a carbon rod with
electrodes attached to the ends. Of all resistor types, these exhibit the
most excess noise. Carbon �lm resistors exhibit less excess noise. These
are fabricated as a glass rod with a carbon �lm deposited on it. Because
the �lm is thin, there is less volume through which the current path can
vary. Metal �lm resistors generate less excess noise. These are fabricated
as a glass rod with a metal �lm deposited on it. For a given resistance,
a metal �lm must be thinner than a carbon �lm, thus decreasing the
volume through which the current path can vary. Wire wound resistors
exhibit the lowest excess noise. However, the inductance of these resistors
limit their application to low frequency design.

Because iex is de�ned with a dc voltage across the resistor, it repre-
sents an ac short-circuit noise current. Thus it is modeled by a current
source in parallel with the resistor. The circuit is shown in Fig. 2.6(a),
where it represents the thermal noise current. Fig. 2.6(b) shows the
circuit obtained when a Thévenin equivalent is made. In this circuit vt
represents the thermal noise voltage and vex represents the excess noise
voltage. Its mean square value is given by

v2ex = i
2
exR

2 =
KfI

2R2�f

f
=
KfV

2�f

f
(2.39)

where V . is the dc voltage across the resistor.
Figure 2.7 shows the plot of the spectral density for either i2ex or

v2ex as a function of frequency. The �icker noise corner frequency is the
frequency at which the low-frequency value is twice the high-frequency
thermal noise limit. At this frequency, the noise is 3 dB higher than the
thermal limit. The �icker noise corner frequency is given by

f�k =
KfI

2R2

4kT
=
KfV

2

4kT
(2.40)

Note that this is a function of the dc bias.
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Figure 2.6: Resistor noise models. (a) Norton. (b) Thévenin.

Figure 2.7: Plot of spectral density as a function of frequency showing
�icker noise corner frequency.



2.3. FLICKER NOISE 27

In the band from f1 to f2 the total excess noise current and voltage
are obtained by integrating the spectral densities over the band to obtain

i2ex = KfI
2

Z f2

f1

df

f
= KfI

2 ln

μ
f2
f1

¶
(2.41)

v2ex = KfV
2

Z f2

f1

df

f
= KfV

2 ln

μ
f2
f1

¶
(2.42)

The noise index of a resistor in dB is de�ned by

NI = 10 log

Ã
v2ex
V 2

!
= 10 log

Ã
i2ex
I2

!
(2.43)

where f2 = 10f1, v2ex is expressed in (μV )
2, and i2ex is expressed in (μA)

2.
The noise index can be expressed in terms of the �icker noise coe�cient
by

NI = 10 log
¡
1012Kf ln 10

¢
(2.44)

Given the noise index NI, the values of v2ex and i2ex in the range from f1
to f2 are given by

v2ex = 10
NI/10 × V 2 × log

μ
f2
f1

¶
(μV)2 (2.45)

i2ex = 10
NI/10 × I2 × log

μ
f2
f1

¶
(μA)2 (2.46)

Note that log (f2/f1) is the number of decades in the range from f1 to
f2.

Example 1 A resistor of value 10 k� has a dc voltage across it of 10
V. The noise index is NI = 2 dB. Calculate the �icker noise coe�cient
and the rms excess noise voltage and current generated by the resistor
over the band from 10 Hz to 10 kHz.

Solution.

Kf =
10NI/10�12

ln 10
= 6.88× 10�13

v2ex = 10
2/10 × 102 × log

μ
10000

10

¶
= 475 (μV)2q

v2ex = 21.8 μV
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The dc current through the resistor is I = 10/10, 000 = 0.001 A. Thus
we have

i2ex = 10
2/10 × 0.0012 × log

μ
10000

10

¶
= 4.75× 10�6 (μA)2

q
i2ex = 2.18 nA

2.4 Burst Noise

Burst noise is caused by a metallic impurity in a pn junction caused by a
manufacturing defect. It is minimized by improved fabrication processes.
When burst noise is ampli�ed and reproduced by a loudspeaker, it sounds
like corn popping. For this reason, it is also called popcorn noise. When
viewed on an oscilloscope, burst noise appears as �xed amplitude pulses
of randomly varying width and repetition rate. The rate can vary from
less than one pulse per minute to several hundred pulses per second.
Typically, the amplitude of burst noise is 2 to 100 times that of the
background thermal noise.



Chapter 3

Characteristics of Noise

3.1 Addition of Noise Signals

The addition deterministic signals is accomplished mathematically by
simply adding the functions which describe the individual signals. It is
straightforward then to calculate the peak, the average, the mean-square,
and the root-mean square values from the function representing the sum.
When random signals are added, however, there are no functions which
describe the signals. If the statistics of the signals are known, then the
statistics of the sum signal can be determined. In noise analyses, the
mean-square sum and the root-mean square (rms) sum of signals are the
quantities that are commonly of interest. The rms sum is simply the
square root of the mean-square sum. In the following, methods of calcu-
lating the mean-square sum of both real signals and signals represented
by phasors are described.

3.1.1 Real Signals

Let va (t) and vb (t) be two noise voltages having the mean-square values
v2a and v

2
b . The sum voltage is given by vsum (t) = va (t) + vb (t). The

mean-square value of the sum is calculated as follows:

v2sum = [va (t) + vb (t)]
2 = v2a (t) + 2va (t) vb (t) + v

2
b (t)

= v2a + 2


q
v2a

q
v2b + v

2
b (3.1)

29
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where 
 is the correlation coe�cient de�ned by


 =
va (t) vb (t)q
v2a

q
v2b

(3.2)

The correlation coe�cient can take on values in the range �1 � 
 � +1.
For the case 
 = 0, the voltages va (t) and vb (t) are said to be statistically
independent or uncorrelated.

Example 1 Figure 3.1(a) shows two resistors in series. The thermal
noise of each is modeled by a series voltage source. Calculate the mean-
square thermal noise voltage across the circuit and show that it is the
same as that generated by a resistor of value R1 +R2. Assume that the
two resistors generate independent noise.

Figure 3.1: (a) Figure for Example 1. (b) Figure for Example 2. (c)
Example circuit requiring a Y �� transformation.

Solution. The instantaneous thermal noise voltage is

vt = vt1 + vt2

The mean-square value is

v2t = (vt1 + vt2)
2 = v2t1 + 2vt1vt2 + v

2
t2 = 4kT (R1 +R2)�f

This is the mean-square thermal noise voltage generated by a resistor of
value R1 +R2.

Example 2 Figure 3.1(b) shows two resistors in parallel. The thermal
noise of each is modeled by a parallel current source. Calculate the mean-
square thermal noise voltage across the circuit and show that it is the
same as that generated by a resistor of value R1kR2. Assume that the
two resistors generate independent noise.
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Solution. The instantaneous thermal noise voltage is

vt = (it1 + it2)R1kR2
The mean-square value is

v2t = (it1 + it2)
2 (R1kR2)2 =

³
i2t1 + 2it1it2 + i

2
t2

´
(R1kR2)2

=

μ
4kT�f

R1
+
4kT�f

R1

¶
(R1kR2)2 = 4kT�f

μ
1

R1kR2

¶
(R1kR2)2

= 4kT (R1kR2)�f

This is the mean-square thermal noise voltage generated by a resistor of
value R1kR2.

It follows from the above two examples that the thermal noise gen-
erated by any resistive network which can be reduced to a single resistor
by making series and parallel combinations is the same as the thermal
noise generated by the equivalent resistance. An example network which
cannot be reduced to a single resistor by making series and parallel com-
binations is shown in Fig. 3.1(c). However, a Y �� transformation can
be used to convert the circuit into one which can.

3.1.2 Phasor Signals

Let vs (t) be a sinusoidal voltage given by

vs (t) = Vp cos (�t+ �) (3.3)

The signal is said to have a peak value Vp and a phase �. The mean-
square value is given by

v2s (t) = V
2
p cos

2 (�t+ �) =
V 2p
2

(3.4)

An alternate expression for vs (t) is

vs (t) = Re
h
Vpe

j(�t+�)
i
= Re

³�
2Vse

j�t
´

(3.5)

where Vs is the phasor given by

Vs =
Vp�
2
ej� (3.6)
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The mean-square value of vs (t) can be calculated from Vs as follows:

v2s (t) = |Vs|2 = VsV �s =
Vp�
2
ej� × Vp�

2
e�j� =

V 2p
2

(3.7)

where the � denotes a complex conjugate. We can conclude that the
mean-square value of a sinusoidal signal is simply the square magnitude
of its phasor representation. The magnitude of the phasor represents
the rms value of the signal. With deterministic signals, the magnitude
of the phasor is often taken to represent the peak value of the variable
rather than the rms value. However, with non-deterministic noise signals,
there is no de�nable peak value. Therefore, it is convenient to take the
magnitude of the phasor to be the rms value.

It is often necessary to use phasor representations of noise volt-
ages and currents in writing equations for circuits containing capacitors
and/or inductors. In this case, both the magnitude and the phase of
the phasor are random variables. The ensemble average of the square
magnitude of the phasor represents the mean-square value of the noise
voltage or current in the band �f centered on the frequency of analysis.
To illustrate the addition of noise phasors, let Va and Vb be the phasor
representations of two noise voltages in the band �f at a particular fre-
quency. The sum is given by Vsum = Va + Vb. The mean-square sum is
denoted by v2sum and is calculated as follows:

v2sum = (Va + Vb)
¡
V �a + V �b

¢
= VaV �a + 2Re

¡
VaV �b

¢
+ VbV

�
b

= v2a + 2

q
v2a

q
v2b Re (�) + v

2
b (3.8)

where � is the complex correlation coe�cient de�ned by

� = �r + j�i =
VaV �bq
v2a

q
v2b

(3.9)

Equation (3.9) seems to imply that only the real part of � needs to be
known. In general, it is necessary to know both the real and imaginary
parts. To illustrate this, consider the sum Vsum = Vn + InZ, where Z is
a complex impedance. The mean-square sum is given by

v2sum = VnV �n + 2Re
¡
VnI�nZ�

¢
+ (InZ) (I�nZ�)

= v2n + 2

q
v2n

q
i2nRe (�Z

�) + i2n |Z|2 (3.10)
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where the correlation coe�cient � is given by

� = �r + j�i =
VnI�nq
v2n

q
i2n

(3.11)

For arbitrary Z, both �r and �i must be known to evaluate the term
Re (�Z�). Some references de�ne the correlation coe�cient to be � =

V �n In/
q
v2n

q
i2n. In this case, the correlation term in Eq. (3.10) is

Re (�Z).
Noise formulas derived by a phasor analysis of circuits containing

complex impedances can be converted into formulas for circuits contain-
ing real impedances, i.e. resistors, by setting to zero in the formulas
the reactive or imaginary part of all impedances and setting �i = 0 and
�r = 
, where 
 is real. However, the procedure cannot be done in re-
verse. For this reason, noise formulas derived by a phasor analysis are
the more general form of the formulas.

3.1.3 Correlation Impedance and Admittance

The concepts of a correlation impedance Z� and a correlation admittance
Y� between a noise voltage Vn and a noise current In are often used in
the noise literature. These are de�ned by

Z� = R� + jX� =
VnI�n
i2n

= �

q
v2nq
i2n

= (�r + j�i)

q
v2nq
i2n

(3.12)

Y� = G� + jB� =
V �n In
v2n

= ��

q
i2nq
v2n

= (�r � j�i)
q
i2nq
v2n

(3.13)

It follows that Z�Y� = |�|2. With these de�nitions, Eq. (3.10) can be
written in the alternate forms

v2sum = v2n + i
2
n

h
2Re (Z�Z

�) + |Z|2
i

= v2n
£
1 + 2Re

¡
Y �� Z

�¢¤+ i2n |Z|2 (3.14)

3.1.4 Example Noise Phasor Calculations

Parallel RC Network

Consider the parallel RC circuit shown in Fig. 3.2(a). The thermal noise
generated by the resistor is modeled by a series voltage source. Voltage
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division can be used to solve for the open circuit noise voltage across the
network. It is given by

Vn = Vt
1/j�C

R+ 1/j�C
=

Vt
1 + j�RC

(3.15)

The mean square voltage in the band �f is

v2n =

μ
Vt

1 + j�RC
× V �t
1� j�RC

¶
=

VtV �t
1 + (�RC)2

=
4kTR�f

1 + (2�fRC)2
(3.16)

Because this is a function of frequency, the band �f must be small.

Figure 3.2: Circuits for example noise phasor calculations.

The total noise is obtained by replacing �f with df and integrating.
It is

v2n =

Z �

0

4kTR

1 + (2�fRC)2
df (3.17)

This integral is evaluated in the Section 2.1.8 where it is shown that

v2n =
kT

C
(3.18)

This example illustrates a second method of solving for the total noise
generated by a parallel RC network.

Correlation Example

Consider the RLC network shown in Fig. 3.2(b). The thermal noise
generated by the resistor is modeled by a series voltage source. Voltage
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division can be used to solve for the open-circuit noise voltage. It is
given by

Vn(oc) = Vt
1/j�C

R+ j�Ls+ 1/j�C
=

Vt
1� �2LC + j�RC (3.19)

The short-circuit noise current is given by

In(sc) =
Vt

R+ j�L
=

Vt/R

1 + j�L/R
(3.20)

With s = j� and � = 2�f , the mean-square values are

v2n(oc) =
VtV �t

(1� �2LC)2 + (�RC)2 =
4kTR�f

(1� �2LC)2 + (�RC)2 (3.21)

i2n(sc) =
VtV �t /R2

1 + (�L/R)2
=

4kT�f/R

1 + (�L/R)2
(3.22)

To solve for the correlation coe�cient between Vn(oc) and In(sc), it is
necessary to evaluate Vn(oc)I�n(sc). It is given by

Vn(oc)I
�
n(sc) =

Vt
1� �2LC + j�RC

V �t /R
1� j�L/R

=
VtV

�
t /R

1 + j� (RC � L/R+ �2L2C/R) (3.23)

The correlation coe�cient is given by

� =
Vn(oc)I

�
n(sc)q

v2n(oc)

q
i2n(sc)

=
1q

v2n(oc)

q
i2n(sc)

VtV �t /R
1 + j� (RC � L/R+ �2L2C/R)

=

q
(1� �2LC)2 + (�RC)2

q
1 + (�L/R)2

1 + j� (RC � L/R+ �2L2C/R) (3.24)

Correlation Impedance and Admittance Example

The correlation impedance of Vn(oc) and In(sc) for the circuit in Fig.
3.2(b) is given by

Z� = �

q
v2n(oc)q
i2n(sc)

= R
1 + (�L/R)2

1 + j� (RC � L/R+ �2L2C/R) (3.25)
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The correlation admittance is

Y� = �
�

q
i2n(sc)q
v2n(oc)

=
1

R

¡
1� �2LC¢2 + (�RC)2

1� j� (RC � L/R+ �2L2C/R) (3.26)

3.2 Noise Bandwidth

The bandwidth of a �lter is commonly speci�ed as the half-power or �3
dB bandwidth. Given a �lter transfer function, the �3 dB bandwidth is
simply the band of frequencies over which the �lter gain is within 3 dB
of its maximum gain. It can be analytically determined from the �lter
transfer function or measured with a sinusoidal signal source. The noise
bandwidth of a �lter di�ers from the �3 dB bandwidth. It is de�ned for
a white noise signal rather than a sinusoidal signal. The noise bandwidth
is an important concept in noise analyses. It is used to relate the mean-
square noise voltage at the output of a �lter to the spectral density of
white noise at its input.

3.2.1 De�nition of Noise Bandwidth

The noise bandwidth of a �lter can be de�ned for low-pass and band-
pass �lters. We �rst do this for a low-pass �lter. Let the �lter have
the voltage gain transfer function A (s). Let the maximum value of
|A (j2�f)| be denoted by A0. If white noise voltage having the constant
spectral density Sv (f) = Kv is applied to the input of the �lter, the
mean-square output voltage is given by

v2o1 =

Z �

0
Sv (f) |A (j2�f)|2 df = Kv

Z �

0
|A (j2�f)|2 df (3.27)

Now let the white noise be applied to the input of an ideal low-pass �lter
having a gain of A0 for 0 � f � Bn and a gain of 0 elsewhere. The
mean-square output voltage is given by

v2o2 =

Z Bn

0
Sv (f)A

2
0df = KvA

2
0Bn (3.28)

If Bn is chosen so that v2o1 = v
2
o2, it follows by ratios that

Bn =
1

A20

Z �

0
|A (j2�f) |2df (3.29)
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We de�ne Bn as the noise bandwidth of the �lter. It is the bandwidth
of an ideal �lter which passes the same mean-square noise voltage, where
the input signal is white noise and the gain of the ideal �lter is equal
to the maximum value of the �lter gain. The noise bandwidth of a
band-pass �lter is de�ned in a similar way. Graphical interpretations are
shown in Fig.3.3.

Figure 3.3: Graphical interpretations of �lter noise bandwidths.

3.2.2 Noise Bandwidths of Low-Pass Filters

Two classes of low-pass �lters are often used in measuring noise. One
has n real poles, all with the same frequency. Its magnitude-squared
transfer function is given by

|A (j2�f)|2 = A20h
1 + (f/f0)

2
in (3.30)

The other is a n-pole Butterworth �lter. Its magnitude-squared transfer
function is given by

|A (j2�f)|2 = A20
1 + (f/f0)

2n (3.31)

For a given n, the Butterworth �lter exhibits the �attest response before
rollo�. However, because it has complex poles for n � 2, it exhibits
ringing in its transient response. When this is undesirable, the real pole
�lter is used.

Table 3.1 gives the noise bandwidth for the two �lters as a function
of the number of poles n for 1 � n � 5. For the real-pole �lter, the noise
bandwidth is given as a function of both the pole frequency f0 and the
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Table 3.1: Noise Bandwidths of Low-Pass Filters

Number
of Poles

Slope
dB/dec

Real Pole
Bn

Butterworth
Bn

1
2
3
4
5

20
40
60
80
100

1.571f0 1.571B3
0.785f0 1.220B3
0.589f0 1.155B3
0.491f0 1.129B3
0.420f0 1.114B3

1.571B3
1.111B3
1.042B3
1.026B3
1.017B3

�3 dB bandwidth B3. For the Butterworth �lter, the noise bandwidth
is given as a function of the �3 dB bandwidth B3, which is equal to
f0. The table shows that the noise bandwidth approaches the �3 dB
bandwidth as the number of poles is increased.

Figure 3.4 shows example plots of the dB gain versus frequency for
three 4th-order low-pass �lters. The low-frequency gain is normalized
to 0 dB for each. Curve a is for a Butterworth �lter. Curve b is for
a real pole �lter with the same f0 as the Butterworth. Curve c is for
a real pole �lter with f0 increased so that it has the same �3 dB fre-
quency as the Butterworth. From Table 3.1, it follows that the noise
bandwidth for curve c is greater than that of the Butterworth by the
factor 1.129/ (0.491× 1.026) = 2.24.

Figure 3.4: Example 4th order �lter responses.

The unit step response of the three �lters is shown in Fig. 3.5. Note
the damped ringing for the Butterworth case. The peak overshoot is
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approximately 11%. All three responses exhibit an apparent delay before
the voltage begins to rise. This is a characteristic of all low-pass �lters
of order greater than 1. Curve c exhibits the shortest rise time. This is
because the �lter exhibits the highest gain at high frequencies.

Figure 3.5: Unit step response for the three �lters of Fig. 3.4.

3.2.3 Noise Bandwidth of Band-Pass Filters.

Band-pass �lters are used in making spot noise measurements. The noise
bandwidth of the �lter must be small enough so that the spectral density
of the input noise is approximately constant over the bandwidth. The
spot noise voltage is obtained by dividing the rms noise output voltage
of the �lter by the square root of its noise bandwidth. Second-order
bandpass �lters are often used for these measurements. Such a �lter has
the voltage-gain transfer function

A (s) = A0
(1/Q) (s/2�f0)

(s/2�f0)
2 + (1/Q) (s/2�f0) + 1

(3.32)

where f0 is the resonance frequency and Q is the quality factor. For
s = j2�f , the maximum gain occurs at f = f0 and is equal to A0. The
noise bandwidth is given by

Bn =

Z �

0

(f/Qf0)
2 dfh

1� (f/f0)2
i2
+ (f/Qf0)

2
=
�f0
2Q

(3.33)

Let B3 be the �3 dB bandwidth of the �lter. The quality factor
is related to f0 and B3 by Q = f0/B3. It follows that an alternate
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expression for the noise bandwidth is

Bn =
�

2
B3 (3.34)

This expression is often used to approximate the noise bandwidth of
band-pass �lters of higher order than second.

A second-order band-pass �lter having real poles can be realized by
a �rst-order high-pass �lter in cascade with a �rst-order low-pass �lter.
Such a �lter is shown in Fig. 3.6. The op amp acts as a bu�er to prevent
loading e�ects. The transfer �lter function is

Vo
Vi

=
s/�1

1 + s/�1
× 1

1 + s/�2

=
�2

�1 + �2

(1/�1 + 1/�2) s

s2/�1�2 + (1/�1 + 1/�2) s+ 1
(3.35)

where the pole frequencies are given by

�1 = 2�f1 =
1

R1C1
(3.36)

�2 = 2�f2 =
1

R2C2
(3.37)

When Eq. (3.35) is compared to Eq. (3.32), it follows that

A0 =
�2

�1 + �2
=

f2
f1 + f2

(3.38)

�0 = 2�f0 =
�
�1�2 = 2�

p
f1f2 (3.39)

Q =
�0

�1 + �2
=

f0
f1 + f2

(3.40)

Note that the pole frequencies f1 and f2 are not the�3 dB frequencies
of the �lter. The�3 dB frequencies are obtained by setting |A (j2�f)|2 =
A20/2 and solving for f . The two solutions are

fb,a = f0

μ
1

2Q
±
r

1

4Q2
+ 1

¶
(3.41)

where the + sign is used for fb and the � sign for fa. The �3 dB
bandwidth B3 and the noise bandwidth Bn are given by

B3 =
f0
Q
= f1 + f2 = fb � fa (3.42)
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Figure 3.6: Band-pass �lter consisting of a high-pass �lter followed by a
low-pass �lter.

Bn =
�f0
2Q

=
�

2
(f1 + f2) =

�

2
(fb � fa) (3.43)

The Bode magnitude plot for the �lter is shown in Fig. 3.7. The asymp-
totic gain is unity in the midband region. The maximum value of the
actual gain is less than unity, i.e. A0 < 1.

Figure 3.7: Bode magnitude plot for the 2nd order band-pass �lter.

Example 3 A parallel RLC circuit is shown in Fig. 3.2(c) in which the
resistor is model by its Norton noise model. Calculate the mean-square
voltage across the circuit.

Solution. The impedance of the circuit can be written

Z (s) =

·
1

R
+
1

Ls
+ Cs

¸�1
= R

s/�0

(s/�0)
2 + (1/Q) (s/�0) + 1

(3.44)

where
�0 = 2�f0 =

1�
LC

(3.45)
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Q = �0RC = 2�f0RC (3.46)

Let Si (f) = 4kT/R be the spectral density of the thermal noise current.
The mean-square noise voltage across the circuit is given by

v2n =

Z �

0
Si (f) |Z (j2�f)|2 df = 4kT

R

Z �

0
|Z (j2�f)|2 df (3.47)

Because Z (s) is of the same form as Eq. (3.32) with A0 = R, the
integral in Eq. (3.47) is equal to R2 multiplied by the noise bandwidth
of a second-order �lter. Thus the mean-square noise voltage is given by

v2n =
4kT

R
R2
�f0
2Q

=
kT

C
(3.48)

This is the same as for the parallel RC circuit of Section 3.1.4. It follows
that the addition of a parallel inductor does not change the mean-square
voltage across a parallel RC circuit.

3.2.4 Measuring Noise Bandwidth of a Filter

The noise bandwidth of any �lter can be measured if a white noise source
and another �lter with a known noise bandwidth are available. The
maximum gain A0 of each �lter must be known. Consider the test setup
shown in Fig. 3.8. Let the spectral density of the source be denoted by
Sv (f) = S0. With both �lters driven simultaneously from the source,
the mean-square output voltages can be written

v2o1 = S0A
2
01Bn1 (3.49)

v2o2 = S0A
2
02Bn2 (3.50)

It follows by ratios that

Bn2 = Bn1 × A
2
01

A202
× v

2
o2

v2o1
(3.51)

3.3 Measuring Noise

Noise is usually measured at an ampli�er output where the voltage is the
largest and easiest to measure. The output noise is referred to the input
by dividing by the gain. A �lter with a known noise bandwidth should
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Figure 3.8: Illustration for measuring the noise bandwidth of a �lter.

precede the voltmeter to limit the bandwidth. The measuring voltmeter
should have a bandwidth that is at least 10 times the �lter bandwidth.
The voltmeter crest factor is the ratio of the peak input voltage to the
full scale rms meter reading at which the internal meter circuits overload.
For a sine-wave, the minimum voltmeter crest factor is

�
2. For noise

measurements, a higher crest factor is required. For Gaussian noise, a
crest factor of 3 gives an error of 0.27%. A crest factor of 4 gives an
error less than 0.0063%. To minimize errors caused by overload on noise
peaks, measurements should be made on the lower one-third to one-half
of the voltmeter scale.

A true rms voltmeter is preferred for noise measurements. Fig. 3.9
shows the block diagram of such a meter. The input signal vin is applied
to a calibrated attenuator which sets the voltage range of the meter.
The attenuator output voltage is labeled v. This voltage is squared by
an analog multiplier circuit. The average value of the squared voltage is
taken. A low-pass �lter performs this operation. The cuto� frequency
of the �lter must be much lower than the lowest frequency harmonic
in the squared voltage waveform. The square root of the output of the
averaging circuit is a dc voltage that is equal to the rms value of the ac
voltage output of the attenuator. The operations are summarized by the
equation

vrms =
p
hv2 (t)i (3.52)

where the symbols h·i denote a time average. This voltage is equal to the
rms value of vin to within a constant that is set by the input attenuator.

For a sine wave input signal, the internal signals are shown in the
�gure. Note that the squared voltage has a frequency that is twice the
input frequency and it always positive. For a sine wave, the average value
of the square of the voltage is one-half the peak value. The average value
is shown as a dashed line through the squared waveform. The averaging
circuit passes the dc value of the squared waveform. The display is
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Figure 3.9: Diagram of a true rms voltmeter showing internal voltage
waveforms.

typically an analog meter or a digital readout.
An average responding meter is one which responds to the average

recti�ed value of the input voltage but has a scale calibrated to read
rms. The block diagram of such a meter is shown in Fig. 3.10. The
circuit consists of an input attenuator which sets the voltmeter range, a
full-wave recti�er which takes the absolute value of the signal, a low-pass
�lter averaging circuit which passes the dc value of the recti�ed voltage,
a scale constant km, and a display. The scale constant is chosen so that
the display reads the rms value of the voltage when the input signal is a
sine wave.

Figure 3.10: Diagram of an average responding voltmeter showing inter-
nal waveforms.

Let the attenuator output voltage be given by v (t) = V1 sin (2�ft),
where V1 is a positive constant and f is the frequency. The period of the
voltage is T = 1/f . The average value of |v (t)| over one period is the
same as it is over one-half a period. This is obtained as follows:

h|v (t)|i = 2

T

Z T/2

0
|v (t)| dt = 2V1

T

Z T/2

0
sin (2�ft) dt =

2

�
V1 (3.53)
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The rms value of v (t) is given by

vrms =

s
2

T

Z T/2

0
v2 (t) dt =

s
2V 21
T

Z T/2

0
sin2 (2�ft) dt =

V1�
2

(3.54)

For the display to read the correct voltage, the scale constant km must
satisfy

vrms = km h|v (t)|i (3.55)

Thus km is given by

km =
vrms
h|v (t)|i =

V1/
�
2

2V1/�
=

�

2
�
2
= 1.11 (3.56)

Now let a noise voltage be applied to the meter. We assume that
the noise has an average or dc value of zero and that its amplitude
distribution can be modeled by a normal or Gaussian probability density
function. The meter reading is given by

vm =
�

2
�
2
h|v (t)|i = �

2
�
2

Z �

��
|v| p (v) dv (3.57)

where p (v) is the probability density function given by

p (v) =
1�

2�vrms
exp

μ �v2
2v2rms

¶
(3.58)

Because |v| p (v) is an even function, the integral in Eq. (3.57) is twice
the integral over positive values of v and is given by

vm = km × 2�
2�vrms

Z �

0
v exp

μ �v2
2v2rms

¶
dv

=
�

2
�
2
× 2�

2�vrms
× v2rms =

�
�

2
vrms (3.59)

It follows that the vrms is given by

vrms =
2�
�
vm = 1.128vm (3.60)

Thus the meter reading must be multiplied by 1.128 to obtain the correct
reading with a Gaussian noise voltage. This is a 2.416 dB increase.



Chapter 4

Ampli�er Noise Models

4.1 The vn � in Ampli�er Noise Model
A general noise model of an ampli�er can be obtained by re�ecting all
internal noise sources to the input. In order for the re�ected sources to
be independent of the source impedance, two noise sources are required
— a series voltage source and a shunt current source. In general, these
sources are correlated. The ampli�er noise model is described in this
section. The equivalent noise input voltage is derived for the case where
the source is represented by a Thévenin equivalent. In addition, the
equivalent noise input current is derived for the case where the source is
represented by a Norton equivalent. A more general phasor analysis is
used.

4.1.1 Thévenin Source

Equivalent Noise Input Voltage

Figure 4.1 shows the ampli�er noise model with a Thévenin input source,
where Vs is the source voltage, Zs = Rs + jXs is the source impedance,
Vts is the thermal noise voltage generated by the source, and Vn and In
are the noise sources representing the noise generated by the ampli�er.
The output voltage is given by

Vo = AVi
ZL

Zo + ZL
=

AZi
Zs + Zi

ZL
Zo + ZL

[Vs + (Vts + Vn + InZs)] (4.1)

where A is the voltage gain and Zi is the input impedance. The equiv-
alent noise input voltage Vni is de�ned as the voltage in series with Vs

46
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that generates the same noise voltage at the output as all noise sources
in the circuit. It consists of the terms in parenthesis in Eq. (4.1) and is
given by

Vni = Vts + Vn + InZs (4.2)

Note that this is independent of both A and Zi. It is simply the noise
voltage across Zi considering Zi to be an open circuit.

Figure 4.1: vn � in ampli�er model with Thevénin source.

The mean-square value of Vni is solved for as follows:

v2ni = (Vts + Vn + InZs) (V �ts + V �n + I�nZ�s )

= VtsV �ts + VnV �n + 2Re
£¡
VnI�n

¢
Z�s
¤
+ (InZs) (I�nZ�s )

= 4kT Re (Zs)�f + v2n + 2

q
v2n

q
i2nRe (�Z

�
s ) + i

2
n |Zs|2 (4.3)

where � = �r+j�i is the correlation coe�cient between Vn and In and it
is assumed that Vts is independent of both Vn and In. For |Zs| very small,
v2ni ' v2n and the correlation coe�cient is not important. Similarly, for
|Zs| very large, v2ni ' i2n |Zs|2 and the correlation coe�cient is again not
important.

E�ect of a Series Impedance at the Input

Figure 4.2 shows the input circuit of an ampli�er with an impedance Z1
added in series with a Thévenin source. The noise source Vt1 models the
thermal noise generated by Z1. As is shown above, the equivalent noise
voltage in series with the source can be solved for by �rst solving for the
open-circuit input voltage, i.e. the input voltage considering Zi to be an
open circuit. It is given by

Vi(oc) = Vs + Vts + Vt1 + Vn + In (Zs + Z1)

= Vs + Vni (4.4)
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where Vni is the equivalent noise voltage in series with the source. It is
given by

Vni = Vts + Vt1 + Vn + In (Zs + Z1)

= Vts + Vns + InsZs (4.5)

where Vns and Ins are the new values of Vn and In on the source side of
Z1. It follows from this equation that

Vns = Vn + Vt1 + InZ1 (4.6)

Ins = In (4.7)

Figure 4.2: Ampli�er input circuit with Thévenin source and series im-
pedance added at input.

It follows that the addition of a series impedance at the input of an
ampli�er increases the Vn noise but does not change the In noise. If Z1
is not to increase the noise, |Z1| should be as small as possible. If Z1
is lossless, it generates no noise itself so that Vt1 = 0. The mean-square
values and the correlation coe�cient for Vns and Ins are given by

v2ns = 4kT Re (Z1)�f + v
2
n + 2

q
v2n

q
i2nRe (�Z

�
1) + i

2
n |Z1|2 (4.8)

i2ns = i
2
n (4.9)

�s = � + Z1

s
i2n

v2n
(4.10)

The mean-square equivalent noise input voltage is given by

v2ni = 4kT Re (Zs + Z1)�f + v2n

+2

q
v2n

q
i2nRe [� (Z

�
s + Z

�
1)] + i

2
n |Zs + Z1|2 (4.11)
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E�ect of a Shunt Impedance at the Input

Figure 4.3 shows the input circuit of an ampli�er with an impedance
Z2 added in parallel with the source. The noise source It2 models the
thermal noise generated by Z2. The open-circuit input voltage is given
by

Vi(oc) = (Vs + Vts)
Z2

Zs + Z2
+ Vn + (It2 + In)ZskZ2

= (Vs + Vni)
Z2

Zs + Z2
(4.12)

where Vni is the equivalent noise voltage in series with the source. It is
given by

Vni = Vts + Vn

μ
1 +

Zs
Z2

¶
+ (It2 + In)Zs

= Vts + Vns + InsZs (4.13)

where Vns and Ins are the new values of Vn and In on the source side of
Z2. It follows from this equation that

Vns = Vn (4.14)

Ins = In + It2 +
Vn
Z2

(4.15)

Figure 4.3: Ampli�er input circuit with Thévenin source and shunt im-
pedance added at input.

It follows that the addition of a parallel impedance at the input of
an ampli�er increases the In noise but does not change the Vn noise. If
Z2 is not to increase the noise, |Z2| should be as large as possible. If Z2
is lossless, it generates no noise itself so that It2 = 0. The mean-square
values and the correlation coe�cient for Vns and Ins are given by

v2ns = v
2
n (4.16)
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i2ns = 4kT Re

μ
1

Z2

¶
�f +

v2n
|Z2|2

+ 2

q
v2n

q
i2nRe

μ
�

Z2

¶
+ i2n (4.17)

�s = � +
1

Z�2

s
v2n

i2n
(4.18)

The mean-square equivalent noise input voltage is given by

v2nis = 4kT Re

Ã
Zs +

|Zs|2
Z2

!
�f + v2n

¯̄̄̄
1 +

Zs
Z2

¯̄̄̄2
+2

q
v2n

q
i2nRe

·
�

μ
1 +

Zs
Z2

¶
Z�s

¸
+ i2n |Zs|2 (4.19)

Dc bias networks and rf matching networks usually consist of series
and parallel elements at the input to an ampli�er. The e�ect of these
elements on the ampli�er noise can be analyzed by transforming the Vn
and In sources from the ampli�er input back to the source by use of the
above relations. This is illustrated in the following example.

Example 1 Figure 4.4shows the input circuit of an ampli�er. It is given

that Rs = 75 �, R1 = 1 k�, C = 10 nF, R2 = 100 �,
q
v2n = 2 nV,q

i2n = 1.5 pA, � = 0.2+j0.1. The noise speci�cations are for a frequency

f = 100kHz and a bandwidth �f = 1 Hz. Calculate
q
v2ni in series with

the source.

Figure 4.4: Ampli�er input circuit.

Solution. To the left of R2q
v2na =

q
v2n = 2 nV
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q
i2na =

"
4kT�f

R2
+
v2n
R22

+ 2

q
v2n

q
i2nRe

μ
�

R2

¶
+ i2n

#1/2
= 24 pA

�a =
1

R2

s
v2n

i2n
+ � = 0.847 + j6.26× 10�3

The capacitor impedance is ZC = 1/j2�fC = �j159 �. To the left of Cq
v2nb =

·
v2na + 2

q
v2na

q
i2naRe (�aZ

�
C) + i

2
n |ZC |2

¸1/2
= 4.3 nV

q
i2nb =

q
i2na = 24 pA

�b = �a + ZC

vuut i2nb

v2nb
= 0.394� j0.885

To the left of R1 q
v2nc =

q
v2nb = 4.3 nVq

i2nc =

Ã
v2nb
R21

+
4kT�f

R1
+ i2nb

!1/2
= 26.3 pA

�c =
1

R1

s
v2nc

i2nc
+ �b = 0.523� j0.807

The equivalent noise voltage in series with the source isq
v2ni =

μ
4kTRs�f + v2nc + 2

q
v2nc

q
i2ncRe (�cRs) + i

2
ncR

2
s

¶1/2
= 5.69 nV

4.1.2 Norton Source

Figure 4.5 shows the ampli�er model with a Norton input source, where
Is is the source current, Zs is the source impedance, and Its is the thermal
noise current generated by the source. The output voltage is given by

Vo = AVi
ZL

Zo + ZL
= A (ZskZi) ZL

Zo + ZL

·
Is +

μ
Its +

Vn
Zs
+ In

¶¸
(4.20)
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where A is the voltage gain and Zi is the input impedance. The equiv-
alent noise input current Ini is de�ned as the current in parallel with Is
that generates the same noise voltage at the output as all noise sources
in the circuit. Its value is given by

Ini = Its +
Vn
Zs
+ In (4.21)

Like Vni, this is independent of both A and Zi. It is simply the current
through Zi considering Zi to be a short circuit.

Figure 4.5: vn � in ampli�er model with Norton source.

The mean-square value of Ini is solved for as follows:

i2ni =

μ
Its +

Vn
Zs
+ In

¶μ
I�ts +

V �n
Z�s

+ I�n

¶
= ItsI�ts +

μ
Vn
Zs

¶μ
V �n
Z�s

¶
+ 2Re

μ
VnI�n
Zs

¶
+ InI�n

= 4kT Re

μ
1

Zs

¶
�f +

v2n
|Zs|2

+ 2

q
v2n

q
i2nRe

μ
�

Zs

¶
+ i2n(4.22)

where � = �r+ j�i is the complex correlation coe�cient between Vn and
In.

E�ect of a Series Impedance at the Input

Figure 4.2 shows the input circuit of an ampli�er with an impedance Z1
added in series with a Norton source. The noise source Vt1 models the
thermal noise generated by Z1. As is shown above, the equivalent noise
current in parallel with the source can be solved for by �rst solving for
the short-circuit input current, i.e. the input current considering Zi to
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be a short circuit. It is given by

Ii(sc) =
Zs

Zs + Z1
(Is + Its) +

Vt1 + Vn
Zs + Z1

+ In

=
Zs

Zs + Z1
(Is + Ini) (4.23)

where Ini is the equivalent noise current in parallel with the source. It
is given by

Ini = Its +
Vt1 + Vn
Zs

+ In

μ
1 +

Z1
Zs

¶
= Its +

Vns
Zs

+ Ins (4.24)

where Vns and Ins are the new values of Vn and In on the source side of
Z1. It follows from this equation that

Vns = Vn + Vt1 + InZ1 (4.25)

Ins = In (4.26)

Note that these are identical to Eqs. (4.6) and (4.7) for the Thévenin
source.

Figure 4.6: Ampli�er input circuit with Norton source and series im-
pedance added at input.

It follows that the addition of a series impedance at the input of the
ampli�er increases the Vn noise but does not change the In noise. If Z1
is not to increase the noise, |Z1| should be as small as possible. If Z1
is lossless, it generates no noise itself so that Vt1 = 0. The mean-square
values and the correlation coe�cient for Vns and Ins are given by Eqs.
(4.8) through (4.10).The mean-square equivalent noise input current on
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the source side of Z1 is given by

i2ni = 4kT Re

μ
1

Zs
+

Z1

|Zs|2
¶
�f +

v2n
|Zs|2

+2

q
v2n

q
i2nRe

·
�

Zs

μ
1 +

Z�1
Z�s

¶¸
+ i2n

¯̄̄̄
1 +

Z1
Zs

¯̄̄̄2
(4.27)

E�ect of a Shunt Impedance at the Input

Figure 4.3 shows the input circuit of an ampli�er with an impedance
Z2 added in parallel with the source. The noise source It2 models the
thermal noise generated by Z2. The short-circuit input current is given
by

Ii(sc) = Is + Its + It2 + In +
Vn

ZskZ2
= Is + Ini (4.28)

where Ini is the equivalent noise current in parallel with the source. It
is given by

Ini = Its + It2 + In +
Vn

ZskZ2
= Its + Ins +

Vns
Zs

(4.29)

where Vns and Ins are the new values of Vn and In on the source side of
Z2. It follows from this equation that

Vns = Vn (4.30)

Ins = In + It2 +
Vn
Z2

(4.31)

Note that these are identical to Eqs. (4.14) and (4.15) for the Thévenin
source.

It follows that the addition of a parallel impedance at the input of
an ampli�er increases the In noise but does not change the Vn noise. If
Z2 is not to increase the noise, |Z2| should be as large as possible. If Z2
is lossless, it generates no noise itself so that It2 = 0. The mean-square
values and the correlation coe�cient for Vns and Ins are given by Eqs.
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Figure 4.7: Ampli�er input circuit with Norton source and shunt admit-
tance added at input.

(4.16) through (4.18). The mean-square equivalent noise input current
on the source side of Z2 is given by

i2ni = 4kT Re

μ
1

Zs
+
1

Z2

¶
�f + i2n

+2

q
v2n

q
i2nRe

μ
�

ZskZ2

¶
+

v2n
|ZskZ2|2

(4.32)

4.1.3 Measuring v2n and i2n
Let the ampli�er be driven by a source with a resistive output impedance,
i.e. Zs = Rs. With Vs = 0 in Eq. (4.1), the mean-square noise voltage
at the ampli�er output in Fig. 4.1(a) is given by

v2no =

¯̄̄̄
AZi

Rs + Zi

¯̄̄̄2 h
4kTRs�f + v2n

+2

q
v2n

q
i2nRsRe (�) + i

2
n |Rs|2

i
(4.33)

If the source is replaced by a short circuit, i.e. Rs = 0, this equation can
be solved for v2n to obtain

v2n =
v2no
|A|2 (4.34)

The value of A is measured at a frequency where the ampli�er gain is
a maximum. The gain is measured as the ratio of the ampli�er output
voltage to its input voltage and is independent of Rs.

Let a resistor R1 be added in series with the source. If R1 is very
large, the last term in Eq. (4.33) dominates and v2no can be written

v2no '
¯̄̄̄

AZi
Rs +R1 + Zi

¯̄̄̄2
i2n (Rs +R1)

2 (4.35)
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To solve for i2n, this equation implies that Zi must be known. This can be
circumvented by a simple procedure. Drive the ampli�er with the source
and the added resistor. Adjust the source voltage to obtain a convenient
voltage at the ampli�er output. Denote this by Vo1. The frequency
should be the same as that used to determine v2n. Disconnect the source
from the input and measure its open-circuit source voltage. Denote this
by Vs1. To minimize voltmeter loading, this should be measured with
the added resistor disconnected. It follows that¯̄̄̄

Vo1
Vs1

¯̄̄̄
=

¯̄̄̄
AZi

Rs +R1 + Zi

¯̄̄̄
(4.36)

Replace the source and added resistor at the ampli�er input with a
single resistor having the value Rs+R1. The mean-square output voltage
is given by

v2no =

¯̄̄̄
AZi

Rs +R1 + Zi

¯̄̄̄2
i2nR

2
s =

¯̄̄̄
Vo1
Vs1

¯̄̄̄2
i2n (Rs +R1)

2 (4.37)

This can be solved for i2n to obtain

i2n =

¯̄̄̄
Vs1
Vo1

¯̄̄̄2 v2no
(Rs +R1)

2 (4.38)

4.2 Noise in Multistage Ampli�ers

Figure 4.8 shows the �rst two stages of a multistage ampli�er having N
stages. The input circuit of each stage is modeled by its input impedance.
Each output circuit is modeled by a Norton equivalent circuit consisting
of a parallel current source and impedance. The equivalent noise input
voltage for each stage is shown as a series voltage source preceding that
stage. For the �rst stage, it is given by

Vni1 = Vts + Vn1 + In1Zs (4.39)

where Vts is the thermal noise generated by Rs = Re (Zs). For the
succeeding stages it is given by

Vnij = Vnj + InjZo(j�1) (4.40)

Note that each Zi and Zo is noiseless in the ampli�er noise model.
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Figure 4.8: Multi-stage ampli�er.

The short-circuit output current from the jth stage can be written

Ioj = gmjVij =
gmjZij

Zo(j�1) + Zij
Vij(oc) = GmjVij(oc) (4.41)

where gmj is the transconductance of the jth stage, Vij is the voltage
across Zij , Zo(j�1) = Zs for j = 1, and Vij(oc) is the open circuit input
voltage of the jth stage, i.e. the input voltage with Zij replaced with an
open circuit. This equation de�nes the transconductance Gmj given by

Gmj =
gmjZij

Zo(j�1) + Zij
(4.42)

It represents the ratio of the short-circuit output current to the open-
circuit input voltage of the jth stage.

The open-circuit input voltage to the (j + 1)st stage is given by

Vi(j+1)(oc) = IojZoj = GmjVij(oc)Zoj (4.43)

But the open-circuit input voltage to the (j + 1)st stage is equal to the
open-circuit output voltage of the jth stage, i.e. Vi(j+1)(oc) = Voj(oc).
Also, the open-circuit input voltage to the jth stage is the open-circuit
output voltage of the (j � 1)st stage, i.e. Vij(oc) = Vo(j�1)(oc). Thus we
can write

Vi(j+1)(oc)

Vij(oc)
=

Voj(oc)

Vo(j�1)(oc)
= GmjZoj (4.44)

Let Av = Vo/Vs be the overall voltage gain of the circuit. To calculate
Av, we set all noise sources to zero. For j = 1, Vo(j�1)(oc) = Vs. Thus we
can write

Av =
Vo1(oc)

Vs
× Vo2(oc)
Vo1(oc)

× · · · × VoN(oc)

Vo(N�1)(oc)
× Vo
VoN(oc)

= Gm1Zo1 ×Gm2Zo2 × · · · ×GmNZoN × ZL
ZoN + ZL

= Gm1Zo1 ×Gm2Zo2 × · · · ×GmN (ZoNkZL) (4.45)
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With the noise sources not set to zero, the open circuit input voltage
to the (j + 1)st stage is given by

Vi(j+1)(oc) = IojZoj + Vni(j+1) = GmjVij(oc)Zoj + Vni(j+1) (4.46)

But Vi(j+1)(oc) = Voj(oc) and Vij(oc) = Vo(j�1)(oc). Thus we can write

Voj(oc) = GmjVo(j�1)(oc)Zoj + Vni(j+1) (4.47)

The output voltage is given by
Don’t erase the spaces. They have a width of �0.13 inches. The

vertical space in the matrices has a height of 0.15 inches. This can be
changed to adjust the height of the brackets.

Vo = GmNVo(N�1)(oc) (ZoNkZL)
= GmN

£
Gm(N�1)Vo(N�2)(oc)Zo(N�1) + VniN

¤
(ZoNkZL)

= · · ·
= Av

·
Vs + Vni1 +

Vni2
Gm1Zo1

+ · · ·

+
VniN

Gm1Zo1Gm2Zo2 · · ·Gm(N�1)Zo(N�1)

¸
(4.48)

It follows from this equation that the equivalent noise input voltage in
series with Vs is given by

Vni = Vni1 +
Vni2

Gm1Zo1
+ · · ·+ VniN

Gm1Zo1Gm2Zo2 · · ·Gm(N�1)Zo(N�1)
= Vts + Vn1 + In1Zs +

Vn2 + In2Zo1
Gm1Zo1

+ · · ·

+
VnN + InNZo(N�1)

Gm1Zo1Gm2Zo2 · · ·Gm(N�1)Zo(N�1)
= Vts + Vn1 +

Vn2
Gm1Zo1

+
Vn3

Gm1Zo1Gm2Zo2

+ · · ·+ VnN
Gm1Zo1Gm2Zo2 · · ·Gm(N�1)Zo(N�1)

+In1Zs +
In2
Gm1

+
In3

Gm1Zo1Gm2

+ · · ·+ InN
Gm1Zo1Gm2Zo2 · · ·Gm(N�1)

(4.49)

It can be seen that the vn noise of any stage following the �rst stage
is divided by the open-circuit voltage gain of the �rst stage. If this
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gain is su�ciently high, the vn noise of all stages after the �rst stage
can be neglected. This also minimizes the in noise of all stages after
the second stage. The in noise of the second stage is divided by Gm1.
Unless Gm1 is large, the only way to minimize the in2 term is to use a
second stage which exhibits a low in noise. For a single bipolar transistor,
Gm � gm = IC/VT , where IC is the collector bias current and VT is the
thermal voltage. For IC = 1 mA and VT = 25 mV, gm = 0.04. For �eld
e�ect devices, the gm is usually lower. Therefore, minimization of the
in2 noise can be di�cult to achieve by maximizing Gm1.

Example 2 The �gure shows a two-stage ampli�er. It is given that
RS = 1 k�, RL = 10 k�. For each stage, Ri = 20 k�, Ro = 100 k�,

io = gmvi, gm = 1/25,
q
v2n = 10 nV, and

q
i2n1 = 1 pA, where �f = 1

Hz. The noise sources are uncorrelated. The noise generated by RL can
be neglected. (a) Solve for Gm = io(sc)/vi(oc) for each stage. (b) Solve for

the voltage gain A = vo/vs. (c) Solve for the components of
q
v2ni due to

vts, vn1, vn2, in1, and in2. (d) Solve for
q
v2ni due to all noise sources.

(e) Which noise component dominates?

Figure 4.9: Two stage ampli�er.

Solution. (a) Gm1 = gm1Ri1/ (RS +Ri1) = 1/25, Gm2 = gm2Ri2 ÷
(Ro2 +Ri2) = 1/50, (b) A = Gm1Ro1Gm2Ro2kRL = 7.27 × 105, (c)q
v2ts = 1.27 nV,

q
v2n1 = 10 nV,

q
v2n2/Gm1Ro1 = 2.5 pV,

q
i2n1RS =

100 pV,
q
i2n2/Gm1 = 25 pV,

q
v2ni = 10.1 nV. (d) The �rst stage

q
v2n1

noise dominates.
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4.3 Operational Ampli�er Noise

Op-amp noise models are variations of the vn� in ampli�er noise model.
The general noise model puts a noise voltage source and a noise current
source at each input to the op amp. Thus four noise sources are required.
In general, the sources are correlated. However, the correlation between
the two sources on one input and the two sources on the other input
would be expected to be weak. The general noise model is given in Fig.
4.10(a).

Figure 4.10: Op-amp noise models.

If it is assumed that the op amp responds only to the di�erential
input voltage, the two noise voltage sources in the general model can be
replaced by a single noise voltage source at either input. Fig. 4.10(b)
shows the modi�ed model, where the source is put at the non-inverting
input and vn = vn1 � vn2. In general, vn in this circuit is correlated
to both in1 and in2. Its mean-square value is v2n = v2n1 + v

2
n2, where

correlation between vn1 and vn2 has been neglected.
An even simpler noise model can be obtained if the two noise current

sources are replaced by a single di�erential noise current source as shown
in Fig. 4.10(c). This model is not as accurate as the other two. In making
calculations that use speci�ed noise data on op-amps, it is important to
use the noise model for which the data apply. The following two examples
illustrate op amp noise calculations. In each case, the op amp is modeled
by the circuit in Fig. 4.10(b).

Example 3 Solve for v2ni for the op amp circuit in Fig. 4.11(a).

Solution. Because R2 connects between the two op-amp inputs, the
voltages at the two inputs due to vt1, vt2, and vt3 are correlated. This
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Figure 4.11: Example op amp circuits to illustrate noise calculations.

makes it impossible to calculate the thermal noise voltage at each input
in terms of the equivalent resistance seen looking out of the input. The
voltage at each input must be solved for in terms of each source. We do
this by superposition. We have

v+ = (vi + vt1)
R2 +R3

R1 +R2 +R3
+ (vt2 + vt3 + vo)

R1
R1 +R2 +R3

+ vn

+in1R1k (R2 +R3) + in2 R1R3
R1 +R2 +R3

(4.50)

v� = (vi + vt1 � vt2) R3
R1 +R2 +R3

+ (vt3 + vo)
R1 +R2

R1 +R2 +R3

+in1
R1R3

R1 +R2 +R3
+ in2 (R1 +R2) kR2 (4.51)

If we consider the op amp to be ideal except for its noise, its output
voltage can be solved for by setting v+ = v�. This yields

vo = vi + vt1 + vt2
R1 +R3
R2

� vt3

+vn

μ
1 +

R1 +R3
R2

¶
+ in1R1 � in2R3 (4.52)

Because the coe�cient of vi is unity in this equation, it follows that vni
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is the sum of the noise terms. Its mean-square value is given by

v2ni = 4kT

"
R1 +

(R1 +R3)
2

R2
+R3

#
�f + v2n

μ
1 +

R1 +R3
R2

¶2
+2
1

q
v2n

q
i2n1

μ
1 +

R1 +R3
R2

¶
R1

�2
2
q
v2n

q
i2n2

μ
1 +

R1 +R3
R2

¶
R3 + i2n1R

2
1 + i

2
n2R

2
3 (4.53)

where 
1 and 
2, respectively, are the correlation coe�cients between vn
and in1 and between vn and in2.

It is not common to see a resistor shunting the two inputs of an
op amp as R2 does in the circuit of Fig. 4.11(a). If the op amp is
considered to be ideal and noiseless, this resistor has no e�ect on the
circuit. When noise is included, Eq. (4.53) shows that the noise increases
as R2 is made smaller. An input compensation network consisting of a
resistor or a resistor in series with a capacitor is sometimes connected in
shunt between the two inputs of an op amp to prevent oscillations. This
network has the e�ect of reducing the loop gain of the circuit at high
frequencies. Although input compensation can be e�ective in eliminating
oscillation problems when other methods fail, Eq. (4.53) shows that it
should be used cautiously when noise is a consideration.

Example 4 Solve for v2ni for the op amp circuit in Fig. 4.11(b).

Solution. The circuit has a capacitor, thus a phasor analysis must be
used. Unlike the circuit of Fig. 4.11(a), there is no impedance element
connecting the two op amp inputs. This makes it possible to solve for
the thermal noise voltage at each input from the Thévenin impedance
looking out of that input. Using superposition, we can write

V+ = Vi + Vt1 + Vn + In1R1 (4.54)

V� = Vo
R2 + 1/j�C

R2 +R3 + 1/j�C
+ In2Z� + Vt� (4.55)

where Vt� is the thermal noise generated by the impedance Z� given by

Z� =
μ
R2 +

1

j�C

¶
kR3 = R3 (1 + j�R2C)

1 + j� (R2 +R3)C
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The output voltage can be solved for by setting V+ = V�. It is given by

Vo =
1 + j� (R2 +R3)C

1 + j�R2C

h
Vi + Vt1 + Vn

+In1R1 � In2Z� � Vt�
i

(4.56)

The equivalent noise input voltage is given by the sum of terms in the
brackets with the exception of the Vi term. Its mean-square value is

v2ni = 4kT

½
R1 +R3

1 + �2R2 (R2 +R3)C
2

1 + [� (R2 +R3)C]
2

¾
�f

+v2n + 2

q
v2n

q
i2n1R1Re (�1)

�2
q
v2n

q
i2n1Re

·
�2

R3 (1� j�R2C)
1� j� (R2 +R3)C

¸

+i2n1R
2
1 + i

2
n2

R23

h
1 + (�R2C)

2
i

1 + [� (R2 +R3)C]
2 (4.57)

where v2t� = 4kT Re (Z�) has been used and �1 and �2, respectively, are
the complex correlation coe�cients between Vn and In1 and between Vn
and In2.

4.4 Noise Reduction with Parallel Devices

A method which can be used to reduce the noise generated in an am-
pli�er input stage is to realize that stage with several active devices in
parallel, e.g. parallel BJTs or parallel FETs. Fig. 4.12 shows the dia-
gram of an ampli�er input stage having N identical devices in parallel.
For simplicity, only the �rst two are shown. The noise source Vts mod-
els the thermal noise generated by the source resistance Rs = Re (Zs).
Each ampli�er stage is modeled by the vn�in ampli�er noise model hav-
ing an input impedance Zi. The output circuit is modeled by a Norton
equivalent circuit consisting of a parallel current source and impedance.

To solve for the equivalent noise input voltage, we solve for the
Thévenin equivalent circuit seen looking out of the parallel connected
inputs. This circuit must contain all noise sources. As a �rst step in
doing this, the noise current sources Inj can all be combined into a sin-
gle current source with a value equal to the sum of the N currents. The
voltage in series with Vs which generates the same noise as this current is
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Figure 4.12: Parallel ampli�ers.

then Zs
P
Inj . The next step is to replace the noise voltage sources Vnj

with a single noise voltage in series with Vs. This source is equal to the
common-mode value of the Vnj sources, i.e. it has the value (1/N)

P
Vnj .

The �nal circuit is shown in Fig. 4.13 where the N ampli�er stages have
been combined into a single equivalent ampli�er.

Figure 4.13: Equivalent circuit.

Because the latter step is not obvious, a simple proof is presented
for the case N = 3. It is straightforward to extend the proof for other
values of N . The three noise sources Vn1, Vn2, and Vn3 can be written

Vn1 = Va + Vb + Vc (4.58)

Vn2 = Va � Vb + Vd (4.59)

Vn3 = Va � Vc � Vd (4.60)
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where Va, Vb, Vc, and Vd are given by

Va =
1

3
(Vn1 + Vn2 + Vn3) (4.61)

Vb =
1

3
(Vn1 � Vn2) (4.62)

Vc =
1

3
(Vn1 � Vn3) (4.63)

Vd =
1

3
(Vn2 � Vn3) (4.64)

Because of linearity, superposition of Va, Vb, Vc, and Vd can be used to
obtain the total response of the circuit. When Va alone is active, the
three sources are equal and the response of the circuit is the same as for
a single source Va in series with Vs. When Vb alone is active, ampli�ers
1 and 2 are driven di�erentially and the output currents cancel. The
same happens between ampli�ers 1 and 3 when Vc is active and between
ampli�ers 2 and 3 when Vd is active. This completes the proof.

It follows from Fig. 4.13 that the equivalent noise input voltage is
given by

Vni = Vts +
1

N

NX
j=1

Vnj + Zs

NX
j=1

Inj (4.65)

This has the mean-square value

v2ni = 4kTRs�f +
v2n
N
+ 2

q
v2n

q
i2nRe (�Z

�
s ) +Ni

2
n |Zs|2 (4.66)

where � is the correlation coe�cient between Vn and In for any one of
the N identical stages.

If Zs = 0, Eq. (4.66) reduces to v2ni = v2n/N . In this case, the
noise can theoretically be reduced to any desired level if N is made large
enough. For Zs 6= 0, Eq. (4.66) predicts that v2ni � � for N � 0 or
N � �. Thus there is a value of N that minimizes the noise. It is
solved for by setting dv2ni/dN = 0 and solving for N . It is given by

N =
1

|Zs|

s
v2n

i2n
(4.67)

This expression shows that N decreases as |Zs| increases. It follows that
the noise cannot be reduced by paralleling input devices if the source
impedance is large.
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4.5 Noise Reduction with an Input Transformer

A transformer at the input of an ampli�er may improve its noise per-
formance. Fig. 4.14(a) shows a signal source connected to an ampli�er
through a transformer with a turns ratio 1 : n. Resistors R1 and R2, re-
spectively, represent the primary and the secondary winding resistances.
Fig. 4.14(b) shows the equivalent circuit seen by the ampli�er input with
all noise sources shown. The source Vt1 represents the thermal noise
generated by the e�ective source resistance n2 (Rs +R1) + R2, where
Rs = Re (Zs). The open-circuit input voltage is given by

Vi(oc) = nVs + Vt1 + Vn + In
£
n2 (Zs +R1) +R2

¤
(4.68)

Figure 4.14: Transformer coupled ampli�er.

The equivalent noise input voltage referred to the source is obtained
by factoring the turns ratio n from the expression for Vi(oc) and retaining
all terms except the Vs term. It is given by

Vi(oc) =
Vt1 + Vn

n
+ In

·
n (Zs +R1) +

R2
n

¸
(4.69)

This expression obtained can be converted into a mean-square sum to
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obtain

v2ni = 4kT

μ
Rs +R1 +

R2
n2

¶
�f +

v2n
n2

+2Re

·
�

μ
Z�s +R1 +

R2
n2

¶¸q
v2n

q
i2n

+n2i2n

¯̄̄̄
Zs +R1 +

R2
n2

¯̄̄̄2
(4.70)

where � is the correlation coe�cient between Vn and In.
Because the series resistance of a transformer winding is proportional

to the number of turns in the winding, it follows that R2/R1 	 n. This
makes it di�cult to determine the value of n which minimizes v2ni. In
the case that |Zs| >> R1 + R2/n

2, the expression for v2nis is given ap-
proximately by

v2ni ' 4kTRs�f +
v2n
n2
+ 2

q
v2n

q
i2nRe (�Z

�
s ) + n

2i2n |Zs|2 (4.71)

This is minimized when n2 is given by

n2 =
1

|Zs|

s
v2n

i2n
(4.72)

In this case, the magnitude of the e�ective source impedance seen by the

ampli�er is n2 |Zs| =
q
v2n/

q
i2n.

If the source resistance is small, the transformer winding resistance
can be a signi�cant contributor to the thermal noise at the ampli�er
input. For this reason, a transformer can result in a decreased SNR
compared to the case without the transformer.



Chapter 5

RF Ampli�er Models

The rf (radio frequency) band bridges the range of frequencies from as
low as 9 kHz to frequencies of 10 GHz and higher. The lowest frequencies
are used for radio navigation and cw (continuous wave) systems such as
beacons. On the low end of the broadcast band, the North American am
broadcast band occupies the spectrum from 525 kHz to 1605 kHz. On
the upper end, airborne Doppler radar systems operate as high as 8.8
GHz.

5.1 Transmission Line Fundamentals

A transmission line is a waveguide system in which the propagating wave
is a TEM or transverse electromagnetic wave. To support such a wave,
the line must consist of at least two conductors. Coaxial transmission
lines are used at frequencies up to approximately 10 GHz. At the higher
frequencies, small-diameter lines are required. The smaller lines exhibit
higher losses and reduced power handling capability. These problems are
solved by replacing the transmission lines with waveguides at the higher
frequencies. Although the waves in a waveguide are not TEM waves,
transmission line models of waveguides are commonly used to analyze
waveguide systems.

5.1.1 Forward Wave

A transmission line is a one dimensional system which can support waves
propagating in only two directions. These are the forward direction and
the reverse direction. Although the waves consist of electric and magnetic

68
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�elds between the line conductors, they can be modeled by voltage and
current waves. Fig. 5.1(a) illustrates a transmission line section with a
wave propagating in the forward or +z direction. We assume a sinusoidal
excitation so that the voltage and current can be represented by phasors.
Let V +0 be the phasor amplitude of the forward wave. The phasor voltage
and current on the line are given by

V + (z) = V +0 e
�j�z (5.1)

I+ (z) =
V +0
Zc
e�j�z = V +0 Yce

�j�z (5.2)

where � is the propagation constant, Zc is the characteristic impedance,
and Yc is the characteristic admittance. For a lossless line, these are
given by

� = �
�
LC (5.3)

Zc =
1

Yc
=

r
L

C
(5.4)

where � = 2�f is the radian frequency, L is the line inductance per
meter (H/m), and C is the line capacitance per meter (F/m). For a
lossless line, �, Zc, and Yc are real. For a lossy line, they are complex.
The analysis presented here assumes a lossless line in all cases.

Figure 5.1: (a) Transmission line with a +z wave. (b) Transmission with
a �z wave. (c) Line of length `.

The time domain waves are obtained by multiplying the phasor rep-
resentations by exp (j�t) and taking the real part. If V +0 is real, the time
domain voltage is given by

v+ (t) = V +0 cos (�t� �z) (5.5)
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A point on the wave is de�ned by the condition �t� �z = �0, where �0
is a constant. It follows from this condition that � � �dz/dt = 0. The
velocity of the wave is given by

vp =
dz

dt
=
�

�
=

1�
LC

(5.6)

This velocity is called the phase velocity. The wavelength � is the dis-
tance the wave propagates in one period. It is given by

� = vpT =
vp
f
=
2�

�
(5.7)

The average power propagating in the forward wave is given by

P+ = ReV + (z) I+ (z)� = Re

Ã
V +0 V

+�
0

Zc

!
=
v+20
Zc

(5.8)

where v+20 is the mean-square value of V +0 . Note that P
+ is independent

of z because of the assumption of a lossless line.

5.1.2 Reverse Wave

Figure 5.1(b) illustrates a line with a wave propagating in the reverse
or �z direction. Note that the reference directions for the voltage and
current are taken to be the same as those for the forward wave. The
phasor voltage, phasor current, and average power �ow are given by

V � (z) = V �0 e
+j�z (5.9)

I� (z) = �V
�
0

Zc
e+j�z = �YcV �0 e+j�z (5.10)

P� = ReV � (z) [�I� (z)]� = Re
Ã
V �0 V

��
0

Zc

!
=
v�20
Zc

(5.11)

where v20 is the mean-square value of V
�
0 . At any point on the line, the

time domain solutions for the voltage and current vary sinusoidally with
time with a mean value of zero. The negative sign in the equation for
I� (z) means that the direction of instantaneous current �ow is to the
left in Fig. 5.1(b) when the instantaneous voltage is positive. Similarly,
the direction of current �ow is to the right when the voltage is negative.
The use of �I� (z) in the equation for P� is necessary to make the P�
positive when the source is to the right of the observation point.
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5.1.3 Re�ection Coe�cient

Figure 5.1(c) illustrates a line of length ` connected to a load impedance
ZL. At z = `, denote the phasor amplitudes of the forward and reverse
voltage waves by V +0 and V �0 , respectively. At the load, we can write

VL = V
+
0 + V �0 = ILZL (5.12)

IL =
V +0
Zc

� V
�
0

Zc
(5.13)

These equations can be solved for the load re�ection coe�cient �L given
by

�L =
V �0
V +0

=
ZL � Zc
ZL + Zc

=
bZL � 1bZL + 1 (5.14)

where bZL = ZL/Zc is the normalized load impedance. We conclude
from this equation that V �0 = 0 if ZL = Zc. Thus the characteristic
impedance of a line is equal to the value of the load impedance which
causes no re�ections. In this case, the load is said to be matched to
the line and the forward power propagating on the line is absorbed by
the load with no re�ected power. Alternately, �L can be expressed as
a function of the characteristic admittance Yc and the load admittance
YL = 1/ZL. It is given by

�L =
V �0
V +0

=
Yc � YL
Yc + YL

=
1� bYL
1 + bYL (5.15)

where bYL = YL/Yc is the normalized load admittance.
For any point 0 � z � ` on the line in Fig. 5.1(c), the total voltage

is given by
V (z) = V +0 e

�j�(z�`) + V �0 e
+j�(z�`) (5.16)

The re�ection coe�cient at that point is the ratio of the reverse voltage
to the forward voltage. It is given by

� (z) =
V �0 e

+j�(z�`)

V +0 e
�j�(z�`) = �Le

+j2�(z�`) (5.17)

It follows from the expressions that |� (z)| � 1. Thus a plot of � (z) on
the complex plane is a point that lies in or on a circle having a radius

 = 1. If z is increased, i.e. one moves closer to the load end, � (z)
rotates clockwise on a circle of radius 
 = |�L|. If z is decreased, i.e.
one moves away from the load end, � (z) rotates counterclockwise on
the same circle. If z is changed by �/2, 2�z changes by 2�. Thus � (z)
rotates 360o each time z changes by �/2.
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5.1.4 Transmission Coe�cient

The total voltage across the load in Fig. 5.1(c) is

VL = V
+
0 + V �0 = V +0 (1 + �L) (5.18)

The load transmission coe�cient �L is de�ned by

�L =
VL

V +0
= 1 + �L =

2ZL
Zc + ZL

(5.19)

Note that �L = 1 for ZL = Zc, �L = 0 for ZL = 0, and �L = 2 for
ZL � �. In the latter case, the re�ected wave is equal to the incident
wave so that the sum at z = ` has an amplitude that is twice that of the
incident wave.

5.1.5 Power Delivered to a Load

The power delivered to the load in Fig. 5.1(c) is given by

PL = ReVLI�L = Re
£
V +0 + V �0

¤ £¡
V +0 � V �0

¢
/Zc
¤�

=
1

Zc
ReV +0 (1 + �L)V

+�
0

¡
1� ��L

¢
=
v+20
Zc

³
1� |�L|2

´
(5.20)

This expression is of the form PL = P+ � P�, where P+ = v+20 /Zc is
the forward power and P� = |�L|2 P+ is the reverse power. Alternate
expressions for the load power are

PL = ReVL

μ
VL
ZL

¶�
= Re

Ã
VLV

�
L

Z�L

!
= v2LRe (Y

�
L ) = v

2
0+ |1 + �L|2Re (Y �L ) (5.21)

and

PL = Re (ILZL) I�L = Re
¡
ILI�LZL

¢
= i2LRe (ZL) =

v20+
Z2c

|1 + �L|2Re (ZL) (5.22)

where Y �L = 1/Z
�
L.
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5.1.6 Line Impedance

For 0 � z � `, the voltage in Fig. 5.1(c) is given by Eq. (5.16). The
current is given by

I (z) =
V +0
Zc
e�j�(z�`) � V

�
0

Zc
e+j�(z�`) (5.23)

The impedance seen looking into the line at z is Z (z) = V (z) /I (z). It
is given by

Z (z) = Zc
V +0 e

�j�(z�`) + V �0 e
+j�(z�`)

V +0 e
�j�(z�`) � V �0 e+j�(z�`)

= Zc
1 + �Le

+j2�(z�`)

1� �Le+j2�(z�`)
= Zc

bZL + j tan [� (`� z)]
1 + j bZL tan [� (`� z)] (5.24)

The admittance is given by

Y (z) = Yc
1� �Le+j2�(z�`)
1 + �Le+j2�(z�`)

= Yc
bYL + j tan [� (`� z)]
1 + j bYL tan [� (`� z)] (5.25)

5.2 The Smith Chart

The Smith chart is a polar plot of re�ection coe�cient on which curves of
constant normalized resistance and reactance are plotted. In Eq. (5.17),
let �0 = �L exp (�j2�`). It follows that the re�ection coe�cient can be
written

� (z) = �0e
+j2�z = |�0| e+j(2�z+�0) (5.26)

where �0 is the angle of �0. This equation de�nes the generalized re-
�ection coe�cient. It can be used to predict the re�ection coe�cient at
any point on the line in terms of the re�ection coe�cient �0 at z = 0.
The point z = 0 is arbitrary and can be at any point on the line. For
example, if z = 0 is taken to be a point between the source and the load,
z is positive when moving toward the load and negative when moving
away from the load. The angle of � (z) varies as 2�z = 4�z/� radians
or 360�z/� = 720z/� degrees. For positive z, � (z) rotates counter-
clockwise on a circle of radius 
 = |�0|. For negative z, � (z) rotates
clockwise on the same circle. If z is increased or decreased by �/4, the
angle changes by ±180o and � (z ± �/4) = �� (z). If z is increased or
decreased by �/2, the angle changes by ±360o and � (z ± �/2) = � (z).
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At any point on the line, the normalized impedance and the re�ection
coe�cient can be written in the rectangular forms

bZ (z) = Z

Zc
= r + jx (5.27)

� (z) =
bZ (z)� 1bZ (z) + 1 = p+ jq (5.28)

Thus we can write
p+ jq =

r + jx� 1
r + jx+ 1

(5.29)

When this equation is separated into its real and imaginary parts, the
following equations can be obtainedμ

p� r

1 + r

¶2
+ q2 =

1

(1 + r)2
(5.30)

(p� 1)2 +
μ
q � 1

x

¶2
=
1

x2
(5.31)

These equations represent circles in the (p, q) plane whose centers and
radii are functions of r and x. For constant r, � (z) lies on a circle of
radius 
 = 1/ (1 + r) centered at the point (r/ (1 + r) , 0). For constant
x, � (z) lies on a circle of radius 
 = 1/ |x| centered at the point (1, 1/x).
The magnitude sign is necessary because x can be either positive or
negative.

Figure 5.2 shows the Smith chart. The circles with centers on the
horizontal axis are circles of constant r. On the circle labeled r = 1, the
real part of the impedance is equal to Zc. The circles with centers above
the horizontal axis represent contours of constant x > 0. The circles with
centers below the horizontal axis represent contours of constant x < 0.
The horizontal axis represents x = 0. The left end of the horizontal axis
represents r = 0. The right end of the axis represents r =�. The origin
represents the point � (z) = 0. At this point, the line is matched andbZ (z) = 1, i.e. Z = Zc. Clockwise rotation corresponds to increasing z,
i.e. moving toward the load. Counterclockwise rotation corresponds to
decreasing z, i.e. moving toward the source.

The normalized impedance on the line is related to the re�ection
coe�cient by bZ (z) = Z (z)

Zc
=
1 + � (z)

1� � (z) (5.32)
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Figure 5.2: Impedance Smith chart. +z direction moves from the source
end toward the load end. �z direction moves from the load end toward
the source end.
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For the point �0 = 0.5�120o that is labeled in Fig. 5.2, this equation
gives bZ = 0.429 + j0.495. Intersecting arcs of the circles corresponding
to r = 0.429 and x = 0.495 are shown on the �gure. If z is increased by
±�/4, �0 rotates ±180o around the chart and the normalized impedance
is given by bZ (z ± �/4) = 1� � (z)

1 + � (z)
=

1bZ (z) = bY (z) (5.33)

Thus rotating 180o in either direction converts the normalized impedance
at z into the normalized admittance at z. This point is shown at the end
of the dashed line in Fig. 5.2 where an arc of the circle corresponding to
x = �1.16 is shown. For � (z) = 0.5�120o, we have bY (z) = 1� j1.16. It
follows that adding a parallel susceptance B = 1.16Zc across the line at
the point z will result in � (z) = 0, which is the condition for a matched
line. Note that rotating ±180o to convert bZ into bY and vice versa does
not correspond to a change in position z on the line.

The chart shown in Fig. 5.2 is an impedance chart. To obtain an
admittance chart, we write the normalized admittance on the line

bY (z) = Y (z)

Yc
=

Zc
Z (z)

=
1 + � (z)

1� � (z) = g + jb (5.34)

With � (z) = p+jq, the equations of constant g and b on the (p, q) plane
are found to be μ

p+
g

1 + g

¶2
+ q2 =

1

(1 + g)2
(5.35)

(p+ 1)2 +

μ
q +

1

b

¶2
=
1

b2
(5.36)

Contours of constant g are circles with centers at (�g/ (1 + g) , 0) and
radii 
 = 1/ (1 + g). Contours of constant b are circles with centers at
(�1,�1/b) and radii 
 = 1/ |b|.

The admittance chart is shown in Fig. 5.3. The circles with centers
on the horizontal axis are circles of constant g. On the circle labeled
g = 1, the real part of the admittance is equal to Yc. The circles with
centers above the horizontal axis represent contours of constant b < 0.
The circles with centers below the horizontal axis represent contours of
constant b > 0. The horizontal axis represents b = 0. The left end of the
horizontal axis represents g = �. The right end of the axis represents
g = 0. The origin represents the point � (z) = 0. At this point, the line
is matched and bY (z) = 1.
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Figure 5.3: Admittance Smith chart. +z direction moves from the source
end toward the load end. �z direction moves from the load end toward
the source end.
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The point �0 = 0.5�120o is labeled in Fig. 5.3. Note that this is at
the same position as it is in the impedance chart of Fig. 5.2. Thus the
re�ection coe�cient is invariant to a change from an impedance chart
to an admittance chart and vice versa. For � (z) = �0, Eq. (5.34)
gives bY (z) = 1 � j1.16. The dashed line in the �gure shows the �0
phasor rotated by 180o. This converts the normalized admittance into
the normalized impedance. It is given by bZ (z) = 0.429 + j0.495.
5.3 The Signal Flow Graph

S-parameter analysis is facilitated by the use of signal �ow graphs. A
signal �ow graph, or �ow graph for short, is a graphical representation
of a set of linear equations which can be used to write by inspection
the solution to the set of equations. For example, consider the set of
equations

x2 = Ax1 +Bx2 +Cx5 (5.37)

x3 = Dx1 +Ex2 (5.38)

x4 = Fx3 +Gx5 (5.39)

x5 = Hx4 (5.40)

x6 = Ix3 (5.41)

where x1 through x6 are variables and A through I are constants. These
equations can be represented graphically as shown in Fig. 5.4. The
graph has a node for each variable with branches connecting the nodes
labeled with the constants A through I. The node labeled x1 is called a
source node because it has only outgoing branches. The node labeled x6
is called a sink node because it has only incoming branches. The path
from x1 to x2 to x3 to x6 is called a forward path because it originates at
a source node and terminates at a non-source node and along which no
node is encountered twice. The path gain for this forward path is AEI.
The path from x2 to x3 to x4 to x5 and back to x2 is called a feedback
path because it originates and terminates on the same node and along
which no node is encountered more than once. The loop gain for this
feedback path is EFHC.

Mason’s formula can be used to calculate the transmission gain from
a source node to any non-source node in a �ow graph. The formula is

T =
1

�

X
k

Pk�k (5.42)
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Figure 5.4: Example signal �ow graph.

where Pk is the gain of the kth forward path, � is the graph determi-
nant, and �k is the determinant with the kth forward path erased. The
determinant is given by

� = 1� (sum of all loop gains)

+

μ
sum of the gain products of all possible
combinations of two non-touching loops

¶
�
μ

sum of the gain products of all possible
combinations of three non-touching loops

¶
+

μ
sum of the gain products of all possible
combinations of four non-touching loops

¶
� · · · (5.43)

For the �ow graph in Fig. 5.4, the objective is to solve for the gain
from node x1 to node x6. There are two forward paths from x1 to x6
and three loops. Two of the loops do not touch each other. Thus the
product of these two loop gains appears in the expression for �. The
path gains and the determinant are given by

P1 = AEI (5.44)

P2 = DI (5.45)

� = 1� (B + CEFH +GH) +B ×GH (5.46)

Path P1 touches two loops while path P2 touches one loop. The deter-
minants with each path erased are given by

�1 = 1�GH (5.47)
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�2 = 1� (B +GH) +B ×GH (5.48)

Thus the overall gain from x1 to x6 is given by

x6
x1
=
AEI × (1�GH) +DI × [1� (B +GH) +B ×GH]

1� (B + CEFH +GH) +B ×GH (5.49)

Example 1 Figure 5.5 shows a transmission line of length ` connected
between a source and a load. Draw the �ow graph for the system and use
it to solve for VL/Vs and the load power PL.

Figure 5.5: Transmission line connected between a source and load.

Solution. The source transmission coe�cient � s, the source re�ection
coe�cient �s, the load transmission coe�cient �L, and the load re�ection
coe�cient �L are given by

� s =
V +1
Vs

=
Zc

Zs + Zc
(5.50)

�s =
V +1
V �1

=
Zs � Zc
Zs + Zc

(5.51)

�L =
Vo

V +2
=

2ZL
Zc + ZL

(5.52)

�L =
V �2
V +2

=
ZL � Zc
ZL + Zc

(5.53)

In addition, we have the relations

V +2
V +1

=
V �1
V �2

= e�j�` (5.54)
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The �ow graph is shown in Fig. 5.6. There is one loop. The determinant
is

� = 1� �s�Le�j2�` (5.55)

It follows that

VL
Vs
=
1

�
� s�Le

�j�` =
� s�Le

�j�`

1� �s�Le�j2�` (5.56)

By the third relation in Eq. (5.21), the load power is given by

PL = v2LRe (Y
�
L ) = v

2
s

|� s�L|2
|1� �s�Le�j2�`|2

Re (Y �L )

Figure 5.6: Signal-�ow graph.

5.3.1 Thévenin and Norton Equivalents of Source and
Line

The Thévenin equivalent circuit seen looking to the left of ZL in Fig.
5.5 can be represented by an open-circuit voltage Vo(oc) in series with an
impedance Zout. The Norton equivalent circuit is a short-circuit current
Io(sc) in parallel with Zout. To calculate Vo(oc), we set ZL = �. In this
case, �L = 2 and �L = 1. It follows from Eqs. (5.55) and (5.56) that

Vo(oc) = Vs
2� se

�j�`

1� �se�j2�` (5.57)

Although Eqs. (5.23) or (5.24) can be used to solve for Zout, it
can also be solved for from the �ow graph. The impedance is given by
Zout = Vo(oc)/Io(sc), where Io(sc) is the current through ZL with ZL = 0.
In this case �L = 0 and �L = �1. Thus V �2 = �V +2 and Io(sc) is given
by

Io(sc) =
V +2
Zc

� V
�
2

Zc
=
Vs
Zc

2� se
�j�`

1 + �se�j2�`
(5.58)
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It follows that Zout is given by

Zout =
Vo(oc)

Io(sc)
= Zc

1 + �se
�j2�`

1� �se�j2�` (5.59)

With z = 0, this is one of the expressions in Eq. (5.24).

5.3.2 Series and Shunt Noise Sources

Figure 5.7(a) shows a section of line with a series noise voltage source and
a shunt noise current source. Forward and reverse propagating waves are
assumed at each end of the line. If the length of the line is considered
to be negligible, we can write

V +1 + V �1 + Vn = V
+
2 + V �2 (5.60)

V +1
Zc

� V
�
1

Zc
+ In =

V +2
Zc

� V
�
2

Zc
(5.61)

These equations can be solved for V +2 and V �1 to obtain

V +2 = V +1 +
Vn + InZc

2
(5.62)

V �1 = V �2 +
Vn � InZc

2
(5.63)

It follows from these equations that the voltage Vn appears as a common-
mode component of the V +2 and V �1 waves and InZc/2 appears as a
di�erential component. Fig. 5.7(b) shows the �ow graph for the circuit.
The nodes labeled Va and Vb are summing nodes which are not in the
circuit of Fig. 5.7(a).

5.4 S-Parameter Representation

The classical circuit models for two-port ampli�ers are the chain-matrix,
the y-matrix, and the z-matrix models. These are based primarily on an
impedance description of the circuits. As frequency is increased, volt-
age and current become increasingly di�cult to measure. The problems
can be circumvented with the scattering matrix or s-parameter two-port
model, which is based on transmission line concepts. The s parameters
are measured at rf and microwave frequencies with a network analyzer.
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Figure 5.7: (a) Section of line with a series voltage source and a shunt
current source. (b) Signal �ow graph.

Consider a device, e.g. an ampli�er, with transmission lines having a
characteristic impedance Zc connected to its input and to its output as
shown in Fig. 5.8. At the input, denote the phasor voltages propagating
in the +z and �z directions, respectively, by V +1 and V �1 . Similarly, at
the output, denote the phasor voltages by V +2 and V �2 . We can write

V �1 = s11V
+
1 + s12V

�
2 (5.64)

V +2 = s21V
+
1 + s22V

�
2 (5.65)

The coe�cients in these equations are called the s parameters. Note that
s11 is simply the re�ection coe�cient at the input. Similarly s22 is the
re�ection coe�cient at the output. The forward transmission coe�cient
is s21. The reverse transmission coe�cient is s12. Note that the second
subscript of each parameter refers to the input wave and the �rst refers
to the output wave.

Figure 5.8: Ampli�er with input and output transmission lines.

The convention used here is to label all waves traveling in the for-
ward or +z direction with a plus superscript and all waves traveling in
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the reverse or �z direction with a minus superscript. A more commonly
used convention is to label all waves traveling into a device with a plus
superscript and all waves traveling out of the device with a minus su-
perscript. When this convention is used in the analysis of multistage
devices, the reverse wave at the output of one stage corresponds to the
forward wave at the input to the following stage. The confusion of rever-
sal of the directions of the forward and reverse directions between stages
is eliminated with the notation used here.

5.4.1 Single-Stage Ampli�er

Figure 5.9 shows an ampli�er driven from a source having an output
impedance Zs. The ampli�er load impedance is ZL. Transmission lines
of characteristic impedance Zc connect the source and load to the ampli-
�er. We assume that the s parameters of the ampli�er are known. The
amplitude of the +z wave at the source is calculated as if the source is
connected to an in�nitely long transmission line having a characteristic
impedance Zc. It can be written V +1 = � sVs where � s is the voltage
division ratio given by

� s =
V +1
Vs

=
Zc

Zs + Zc
(5.66)

The load transmission coe�cient �L is calculated under the assumption
that the load is driven from a transmission line having a characteristic
impedance Zc. It is given by Eq. (5.19).

Figure 5.9: Single-stage ampli�er.

The re�ection coe�cients �s at the source and �L at the load are
calculated for incident waves on lines of characteristic impedance Zc. �L
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is given by Eq. (5.14) and �s is given by

�s =
V +1
V �1

=
Zs � Zc
Zs + Zc

(5.67)

The �ow graph for the system is shown in Fig. 5.10. There are
three loops in the graph, two of which do not touch. By Eq. (5.43), the
determinant is given by

� = 1�
h
s11�se

�j2�`1 + s22�Le�j2�`2 + s21�Ls12�se�j2�(`1+`2)
i

+s11�ss22�Le
�j2�(`1+`2) (5.68)

By Eq. (5.42), the voltage gain is given by

VL
Vs
=
1

�
� ss21�Le

�j�(`1+`2) (5.69)

By the third relation in Eq. (5.21), the power delivered to the load can
be written

PL = v2LRe (Y
�
L ) = v

2
s

¯̄̄� ss21�L
�

¯̄̄2
Re (Y �L )

where Y �L = 1/Z
�
L.

Figure 5.10: Ampli�er signal-�ow graph.

The input impedance looking into the ampli�er input terminals is
given by

Zin =
Vi
Ii
= Zc

V +2 + V �2
V +2 � V �2

= Zc
V +2 /Vs + V

�
2 /Vs

V +2 /Vs � V �2 /Vs
(5.70)

From the �ow graph, we have

V +2
Vs

=
1

�
� se

�j�`1
³
1� s22�Le�j2�`2

´
(5.71)
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V �2
Vs

=
1

�

h
� ss11e

�j�`1
³
1� s22�Le�j2�`2

´
+� ss21�Ls12e

�j�(`1+2`2)
i

(5.72)

When these are substituted into Eq. (5.70), we obtain

Zin = Zc
(1 + s11)

¡
1� s22�Le�j2�`2

¢
+ s21�Ls12e

�j2�`2

(1� s11) (1� s22�Le�j2�`2)� s21�Ls12e�j2�`2 (5.73)

By symmetry, the output impedance seen looking into the ampli�er out-
put terminals can be obtained by a simple change of subscripts to obtain

Zout = Zc
(1 + s22)

¡
1� s11�se�j2�`1

¢
+ s12�ss21e

�j2�`1

(1� s22) (1� s11�se�j2�`1)� s12�ss21e�j2�`1 (5.74)

The Thévenin equivalent circuit seen looking into the ampli�er out-
put terminals consists of the impedance Zout in series with a voltage
source Vo(oc). This voltage is simply the value of VL with RL = � and
`2 = 0. For RL =�, we have �L = 2. In this case, Vo(oc) and �(oc) are
given by

Vo(oc) =
2� ss21e

�j�`1

�(oc)
Vs (5.75)

�(oc) = 1�
h
s11�se

�j2�`1 + 2s22 + 2s21s12�se�j2�`1
i

+2s11�ss22e
�j2�`1 (5.76)

From the �ow graph and Eqs. (5.71) and (5.72), the ampli�er input
voltage is given by

Vi = V +2 + V �2

= Vs
� se

�j�`1

�

h
(1 + s11)

³
1� s22�Le�j2�`2

´
+s21�Ls12e

�j2�`2
i

(5.77)

The power delivered by the source to the ampli�er input is

Pi = v2i Re (Y
�
in)

= v2s

¯̄̄� s
�

¯̄̄2 ¯̄̄
(1 + s11)

³
1� s22�Le�j2�`2

´
+s21�Ls12e

�j2�`2
¯̄̄2
Re (Y �in) (5.78)
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where Yin = 1/Zin. It follows that the ampli�er power gain is

Gp =
PL
Pi

=
|s21�L|2Re (Y �L ) /Re (Y �in)

|(1 + s11) (1� s22�Le�j2�`2) + s21�Ls12e�j2�`2 |2
(5.79)

The equivalent expressions for the case where the source is connected
directly to the ampli�er with no transmission line can be obtained from
those above by setting `1 = 0. Similarly, setting `2 = 0 yields the expres-
sions for the case where the load is connected directly to the ampli�er.
Setting `1 = `2 = 0 yields the expressions for the case with neither trans-
mission line. The expressions for � s, �s, �L, and �L remain functions of
Zc, even if the transmission lines are not present. This is because the s
parameters are measured or calculated with transmission lines at both
the input and the output. The value of Zc used in the expressions for
� s, �s, �L, and �L must be the same as that used in the measurement
or calculation of the s parameters. For example, if `1 = `2 = 0, the
expressions for Zin, Zout, and Gp are

Zin = Zc
(1 + s11) (1� s22�L) + s21�Ls12
(1� s11) (1� s22�L)� s21�Ls12 (5.80)

Zout = Zc
(1 + s22) (1� s11�s) + s12�ss21
(1� s22) (1� s11�s)� s12�ss21 (5.81)

Gp =
|s21�L|2

|(1 + s11) (1� s22�L) + s21�Ls12|2
Re (Y �L )
Re
¡
Y �in
¢ (5.82)

Example 2 At the frequency f = 900 MHz, the measured s-parameters
of an ampli�er are s11 = 0.85��41o, s21 = 19.6�72o, s12 = 0.001�107o,
and s22 = 0.10� � 11o. The test �xture transmission line used to mea-
sure the s-parameters has a characteristic impedance Zc = 50 �. The
ampli�er is driven by a source with an output impedance Zs = 50 �.
The load impedance is ZL = 50 �. The source and load are connected
directly to the ampli�er, i.e. with no transmission lines. Calculate Zin,
Zout, and Gp.

Solution. �s, �L, and �L are calculated assuming zero-length 50 �
transmission lines connect the source and load to the ampli�er. The
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values are �s = 0, �L = 1, and �L = 0. Although � s is not required, its
value is � s = 0.5. Eqs. (5.80) — (5.82) give

Zin = 50
1 + 0.85�� 41o
1� 0.85�� 41o = 31.6� j127

Zout = 50
1 + 0.10�� 11o
1� 0.10�� 11o = 60.8� j2.35

Gp =
|19.6�72o|2

|1 + 0.85�� 41o|2
0.02

Re
h
(31.6 + j127)�1

i = 9.47× 103
The decibel value of Gp is 39.8 dB. Gp can be increased by adding match-
ing networks at the ampli�er input and output. Example matching net-
works are covered in the following.

5.4.2 vn � in Noise Model
Figure 5.11 shows a source and a load connected to an ampli�er with
noise sources at its input. We desire the equivalent noise input voltage
Vni in series with the source when the ampli�er is modeled by its s-
parameter model. A transmission line is assumed between the source
and the ampli�er. For the case where the output is connected to the
load by a transmission line, ZL is the impedance seen looking into the
transmission line.

Figure 5.11: Ampli�er with noise sources at its input.

The �ow graph for the circuit is shown in Fig. 5.12, where the noise
is modeled by the �ow graph of Fig. 5.7(b). There are three loops in the
graph, two which do not touch. The determinant is

� = 1�
³
s11�se

�j2�` + s22�L + s21�Ls12�se�j2�`
´

+s11�ss22�Le
�j2�` (5.83)
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There are three sources in the graph, all of which touch both loops. The
total output voltage is given by

VL =
1

�

·
(Vs + Vts) � ss21�Le

�j�` +
Vn + InZc

2
s21�L

+
Vn � InZc

2
�ss21�Le

�j2�`
¸

(5.84)

Figure 5.12: Flow graph for the ampli�er.

To obtain Vni, we factor the coe�cient of Vs from the brackets. After
doing this, Vni consists of all terms in the brackets following Vs. It is
given by

Vni = Vts +
Vne

j�`

2� s

³
1 + �se

�j2�`
´
+
InZce

j�`

2� s

³
1� �se�j2�`

´
(5.85)

The mean-square value is

v2ni = 4kT Re (Zs)�f +
v2n

4 |� s|2
¯̄̄
1 + �se

�j2�`
¯̄̄2

+

q
v2n

q
i2n

2 |� s|2
Re
n
�
h
1 + j2 Im

³
�se

�j�`
´
� |�s|2

i
Zc

o
+
i2nZ

2
c

4 |� s|2
¯̄̄
1� �se�j2�`

¯̄̄2
(5.86)

A case of special interest is for Zs = Zc. In this case, �s = 0, � s = 0.5,
and v2ni reduces to

v2ni = 4kT Re (Zs)�f + v
2
n + 2

q
v2n

q
i2nRe (�Z

�
s ) + i

2
n |Zs|2 (5.87)

This is identical to Eq. (5.2) for the case with no input transmission
line.
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5.5 Maximum Power Theorems

Figure 5.13 shows a source with an open-circuit voltage Vs and an output
impedance Zs = Rs + jXs connected to the input of an ampli�er. The
power delivered to Zi is given by

Pi =

¯̄̄̄
Vs

Zs + Zi

¯̄̄̄2
Re (Zi) =

v2sRi

(Rs +Ri)
2 + (Xs +Xi)

2 (5.88)

We seek the conditions which maximize Pi. There are two ways. One is
to vary Zs. The other is to vary Zi.

Figure 5.13: Ampli�er with source connected to its input.

Suppose that Zs is to be varied. Maximum power occurs whenRs = 0
and Xs = �Xi and is given by

Pi =
v2s
Ri

(5.89)

If Zi is varied, maximum power occurs when Ri = Rs and Xi = �Xs.
In this case, the power is called the available input power and is given
by

Pai =
v2s
4Rs

(5.90)

In this case, the input impedance is equal to the conjugate of the source
impedance, i.e. Zi = Z�s or Zs = Z�i . Such a condition is called a
conjugate impedance match.

5.6 Conjugate Matching Networks

In rf design, the source impedance is usually �xed and a matching net-
work between the source and the load is used to maximize the power
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absorbed by the load. For minimum power loss, the matching network
must be lossless. In order for the power delivered by the source to be a
maximum, the input impedance to the matching network must be equal
to the conjugate of the source impedance. For a lossless matching net-
work, the power absorbed by the load is equal to the power delivered by
the source.

Because the matching network maximizes the power delivered by
the source, it follows that it also maximizes the power absorbed by the
load. This could not be true unless the source impedance seen by the
load is equal to the conjugate of the load impedance. Otherwise, the
load impedance could be changed to increase the power absorbed by it,
which would cause the power delivered by the source to increase.

Based on the above argument for a single matching network, a gen-
eral impedance-transforming theorem for a cascade connection of lossless
networks can be described. It is as follows:

Impedance-Transforming Theorem Let a cascade of two-port net-
works containing only pure reactances connect between a signal
source and a load. If there is a conjugate match of impedances at
any junction between two of the networks, there will be a conju-
gate match of impedances at every other junction between the two
networks.

This theorem is used in the following to simplify the design of lossless
transforming networks.

5.6.1 Lumped-Parameter Matching Networks

The simplest matching network is a two element network consisting of
a series element and a shunt element. We assume that both the source
impedance and the load impedance are real, i.e. resistive. This is not a
restrictive assumption because a series or parallel reactance can always
be used to cancel the imaginary part of an impedance. Fig. 5.14 shows
a source connected to a load through two di�erent matching networks.
The network of Fig. 5.14(a) has the shunt element on the source side
of the circuit. This network can be used to obtain a conjugate match
for Rs > Ri. The network of Fig. 5.14(b) has the shunt element on the
load side of the network. It can be used to obtain a conjugate match for
Rs < Ri.
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Figure 5.14: Lossless two-element matching networks.

Consider the network in Fig. 5.14(a). The impedances Z1 and Z2
are given by

Z1 = RskjX1 = Rs × jX1
Rs + jX1

=
RsX

2
1

R2s +X
2
1

+ j
R2sX1
R2s +X

2
1

(5.91)

Z2 = Ri + jX2 (5.92)

Maximum power is delivered to Ri if the condition Z2 = Z�1 holds. This
leads to the equations

X1 = ±Rs
r

Ri
Rs �Ri (5.93)

X2 =
�RiRs
X1

(5.94)

Note that Rs must be greater than Ri for X1 and X2 to be real. There
are two solutions. If the positive solution is taken for X1, then X2 is
negative. The matching network has a high-pass response. Conversely,
if the negative solution is taken forX1, thenX2 is positive. The matching
network has a low-pass response.

Consider the network in Fig. 5.14(b). The impedances Z1 and Z2
are given by

Z1 = RikjX1 = Ri × jX1
Ri + jX1

=
RiX

2
1

R2i +X
2
1

+ j
R2iX1
R2i +X

2
1

(5.95)

Z2 = Rs + jX2 (5.96)

Maximum power is delivered to Ri if the condition Z1 = Z�2 holds. This
leads to the equations

X1 = ±Ri
r

Rs
Ri �Rs (5.97)
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X2 =
�RiRs
X1

(5.98)

Note that Ri must be greater than Rs for X1 and X2 to be real. As
for the matching network of Fig. 5.14(a), there are two solutions. If
the positive solution is taken for X1, then X2 is negative. The matching
network has a low-pass response. Conversely, if the negative solution is
taken for X1, then X2 is positive. The matching network has a high-pass
response.

Input-End Re�ection Coe�cient

Figure 5.15 shows a source connected to a matching network with an
input impedance Zim = Rim + jXim. The maximum available power to
drive the network is Pai = v2s/4Rs. This occurs when Zim = Rs. Under
this condition, the input voltage to the network is V1 = Vs/2. The
amount by which V1 deviates from Vs/2 is an indication of the amount
by which the power delivered to the network deviates from the maximum.
We de�ne the input-end re�ection coe�cient to the matching network
by

�im =
V1 � Vs/2
Vs/2

=
I1Zim � I1 (Rs + Zim) /2

I1 (Rs + Zim) /2
=
Zim �Rs
Zim +Rs

(5.99)

The power delivered to the network is given by

Pim =

¯̄̄̄
Vs

Rs + Zim

¯̄̄̄2
Re (Zim) =

v2s
|Rs + Zim|2

Rim (5.100)

Figure 5.15: Matching network between a source and an ampli�er.

The di�erence between the maximum power and the actual power
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into the network is

Pai � Pim =
v2s
4Rs

� v2s
|Rs + Zim|2

Rim

=
(Rim �Rs)2 +X2

im

(Rim +Rs)
2 +X2

im

v2s
4Rs

= |�im|2 Pai (5.101)

This can be solved for Pim to obtain

Pim =
³
1� |�im|2

´
Pai (5.102)

For maximum power delivered to the network, it follows that |�im|2 = 0.
This occurs when Rim = Rs and Xim = 0. With single-stage matching
networks, this condition can be achieved at a single frequency. With
two or more matching networks in cascade, an impedance match can be
obtained over a wider frequency band. This is illustrated in the next
section.

If the source impedance is complex, maximum power is delivered to
the network when Zim = Z�s . In this case, �im 6= 0. To use the concept
of an input-end re�ection coe�cient with a complex source impedance,
the reactive part of Zs must be considered to be part of the matching
network. Alternately, a reactance can be put in series with the source to
cancel the reactive component of Zs.

Matching Network Examples

Consider the case where a source having the output resistance Rs = 50 �
is to be matched to an ampli�er having the input resistance Ri = 25 � at
the frequency f = 10 MHz. Without a matching network, the input-end
re�ection coe�cient is �im = �1/3. Thus, without a matching network,
the ratio of the power delivered to the ampli�er to the maximum available
power is 1� |�im|2 = 8/9 or 88.9%.

The matching network of Fig. 5.14(a) with X1 > 0 is to be used to
match the source to the ampli�er. The circuit is shown in Fig. 5.15(a).
The element values are calculated from Eqs. (5.93) and (5.94) as follows:

X1 = 50

r
25

50� 25 = 50 �

X2 =
�25× 50
50

= �25 �
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L1 =
X1
2�107

= 0.796 μH

C2 =
�1

2�107X2
= 0.637 nF

Curve a in Fig. 5.17 shows the plot of the magnitude of the input-
end re�ection coe�cient as a function of frequency for the single-section
matching network.

Figure 5.16: Circuits for example matching network calculations. (a)
Single-section network. (b) Two-section network.

Figure 5.17: Re�ection coe�cient versus frequency for the circuits in
Fig. 5.16.

The bandwidth of the matching network can be increased by cas-
cading two or more networks. A two-section network is shown in Fig.
5.15(b). The network consists of a high-pass section in cascade with a
low-pass section. For optimal bandwidth, the input resistance to the sec-
ond network should be the geometrical mean of Rs and Ri, i.e.

�
RsRi.
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For the present example, this is
�
50× 25 = 35.36. The element values

in the matching network are calculated as follows:

X21 = �35.4
r

25

35.4� 25 = �54.9 �

X22 =
25× 35.36
54.9

= 16.1 �

C21 =
�1

2�107X21
= 2.90 nF

L22 =
X22
2�107

= 2.56 μH

X11 = 50

r
35.4

50� 35.4 = 77.7 �

X12 =
�35.36× 50

77.7
= �22.8 �

L11 =
X11
2�107

= 1.24 μH

C12 =
�1

2�107X12
= 0.699 nF

Curve b in Fig. 5.17 shows the plot of |�im|2 as a function of fre-
quency. Note the increased bandwidth compared to the single-section
network. For |�im|2 � 0.01, the bandwidth of the two-stage network is
approximately twice that of the single-stage network. The bandwidth
can be increased by increasing the number of stages. For example, two
of the matching networks shown in Fig. 5.15(b) can be cascaded to form
a four-stage network. The input resistance of each stage should be the
geometric mean of the input resistances of the stages at its input and
at its output. For four stages, it follows that the input resistance of the
third stage should be Ri3 =

�
RsRi, the input resistance of the second

stage should be Ri2 =
�
RsRi3, and the input resistance of the fourth

stage should be Ri4 =
�
Ri3Ri.

Broadband matching networks can be designed so that |�im|2 is less
than a speci�ed value over a desired frequency band. The approx-
imating functions are often taken to be those used in network syn-
thesis. For example, a Butterworth approximation is one for which
m |�im|2 /�m = 0 for 1 � m � 2n � 1, where n is the order of the
transfer function. Curve (b) in Fig. 5.17 is a Butterworth approxima-
tion. For a Chebyshev approximation, |�im|2 ripples between 0 and a
speci�ed maximum value over the band. The design of the Chebyshev
networks can be tedious without computer design tools.
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5.6.2 Transmission Line Matching Networks

At higher frequencies, inductors and capacitors become increasingly dif-
�cult to realize as lumped-parameter elements. These problems are often
circumvented by the use of microstrip transmission line matching net-
works. Two such networks are described below.

The Quarter-Wave Transformer

The quarter-wave transformer consists of a section of line having a length
equal to �/4. Consider the line shown in Fig. 5.1(c). For ` = �/4, we
have �` = �/2. It follows from Eq. (5.24) that the input impedance at
z = 0 is given by

Z (0) = Zc
1bZL = Z2c

ZL
(5.103)

The quarter-wave transformer is often used as a matching network. The
characteristic impedance of the line must be equal to the geometric mean
of the load impedance and the desired input impedance to the trans-
former. Broadband matching networks can be designed that consist of
a cascade of quarter-wave transformers, each section having a di�erent
characteristic impedance.

Two-Line Matching Networks

A transmission line of length ` with a short circuit for its load exhibits
an input impedance given by

Z = jZc tan (�`) = jZc tan

μ
2�`

�

¶
(5.104)

where Zc is the characteristic impedance of the line. This can be made
to be either inductive or capacitive by varying `. The shorted line is
used as the shunt element in a matching network with its load end is
connected to signal ground. The series element is usually realized with
a transmission line that is used not as an impedance element but as an
impedance transforming element. Such a network is illustrated in Fig.
5.18. The design of this network is described below for a conjugate match
at the ampli�er input.

It is desired to calculate the lengths of the two transmission lines in
Fig. 5.18 so that the ampli�er sees a source impedance equal to Z�i .
We assume that the source impedance is real and equal to Rs. Let the
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Figure 5.18: Ampli�er with transmission line matching network.

characteristic impedance of T1 be Zc1 and that of T2 be Zc2. Looking out
of the ampli�er input into T1, the desired re�ection coe�cient is given
by

�11 =
Z�i � Zc1
Z�i + Zc1

(5.105)

Let the re�ection coe�cient at the source end of T1 be �12. This is given
by

�12 =
RskjX2 � Zc1
RskjX2 + Zc1 (5.106)

where jX2 is the reactance seen looking into T2.
Because the magnitude of the re�ection coe�cient is independent

of position on the line, it follows that |�12| = |�11|. This leads to the
equation ¯̄̄̄

RskjX2 � Zc1
RskjX2 + Zc1

¯̄̄̄
= |�11| (5.107)

This can be solved for X2 to obtain

X2 = ±Zc1
"

1� |�11|2
|�11|2 (1 + Zc1/Rs)2 � (1� Zc1/Rs)2

#1/2
(5.108)

where the positive solution minimizes the length of T2. It follows that
the electrical length of T2 is given by

�`2 = tan
�1
μ±X2
Zc2

¶
(5.109)

To obtain a realizable solution, the quantity in the brackets in Eq.
(5.108) must be positive. This is true if

|�11| >
¯̄̄̄
Rs � Zc1
Rs + Zc1

¯̄̄̄
(5.110)
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The re�ection coe�cient at the ampli�er end of T1 is equal to the
re�ection coe�cient at the source end multiplied by exp (�j2�`1). It
follows that

�11 = �12 exp (�j2�`1) (5.111)

Solution for the electrical length of T1 yields

�`1 =
1

2
arg

μ
�12
�11

¶
(5.112)

Example 3 At the frequency f = 900 MHz, the input impedance of an
ampli�er is measured to be Zi = 31.6 � j127 �. Determine the lengths
`1 and `2 of the transmission lines in the network of Fig. 5.18 which
cause the source impedance seen by the ampli�er to be the conjugate of
Zi. The source impedance is Rs = 50 �. The characteristic impedance
of the two transmission lines in the network is 75 �.

Solution. The desired impedance seen looking out of the ampli�er
input is Z�i = 31.6 + j127. By Eq. (5.105), the re�ection coe�cient at
the ampli�er end of T1 is

�11 =
31.6 + j127� 75
31.6 + j127 + 75

= 0.418 + j0.693

This has the magnitude
|�11| = 0.809

The reactance of T2 is calculated from Eq. (5.108) to obtain

X2 = 75

·
1� 0.8092

0.8092 (1 + 75/50)2 � (1� 75/50)2
¸1/2

= 22.5

where the positive solution has been used. By Eq. (5.109), the electrical
length of T2 is

�`2 = tan
�1
μ
22.5

75

¶
= 16.7o

The re�ection coe�cient at the source end of T1 is calculated from Eq.
(5.106) to obtain

�12 =
50kj22.5� 75
50kj22.5 + 75 = �0.713 + j0.384
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By Eq. (5.112), the electrical length of T1 is

�`1 =
1

2
arg

μ
�12
�11

¶
=
1

2
arg

μ�0.713 + j0.384
0.418 + j0.693

¶
= 46.4o

As a check of the impedance seen looking into T1, we have

Z = Zc1
RskjX2 + jZc1 tan (�`2)
Zc1 + j (RskjX2) tan (�`2)

= 75
21.02 + j122.0

42.96 + j27.28
= 31.6 + j127

This is the desired value.



Chapter 6

Noise Speci�cations

6.1 Signal-to-Noise Ratio

The signal-to-noise ratio is usually measured at the output of an ampli�er
where the signal and noise voltages are larger and easier to measure. It
is given by SNR = v2so/v2no, where v2so is the mean-square signal output
voltage and v2no is the mean-square noise output voltage. It is usually

speci�ed in dB by the relation 10 log
³
v2so/v

2
no

´
. When calculating the

SNR with the vn � in ampli�er noise model, it is convenient to make
the calculation at the ampli�er input. When the source is modeled by
a Thévenin source, the SNR is given by SNR = v2s/v

2
ni, where v

2
s is

the mean-square source voltage and v2ni is the mean-square equivalent
input noise voltage. When it is modeled by a Norton source, it is given
by SNR = i2s/i

2
ni, where i

2
s is the mean-square source current and i

2
ni is

the mean-square equivalent input noise current. Expressions are derived
below for the SNR for both cases. The source impedance and admittance
which maximizes the SNR are also derived.

6.1.1 Thévenin Source

When the source is modeled by a Thévenin equivalent circuit as in Fig.
6.1, the signal-to-noise ratio is given by SNR = v2s/v

2
ni. When Eq. (4.3)

is used for v2ni, it follows that the SNR is given by

SNR =
v2s

v2ni
=

v2s

4kTRs�f + v2n + 2

q
v2n

q
i2nRe (�Z

�
s ) + i

2
n |Zs|2

(6.1)

101
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where Zs = Rs + jXs and � = �r + j�i. It is expressed in dB by the

relation 10 log
³
v2s/v

2
ni

´
. It is maximized by minimizing v2ni. The source

impedance which minimizes v2ni can be obtained by setting v
2
ni/Rs = 0

and v2ni/Xs = 0 and solving for Rs and Xs. The solution for Rs is
negative. Because this is not realizable, Rs = 0 is the realizable solution
for the least noise. The source impedance which minimizes v2ni is given
by

Zs = Rs + jXs = 0� j�i
s
v2n

i2n
(6.2)

Figure 6.1: Ampli�er with Thévenin source.

Because minimum noise occurs for Rs = 0, it can be concluded that a
resistor should never be connected in series with a source at an ampli�er
input if noise performance is a design criterion. If a series resistor is
required, e.g. for stability, it should be much smaller than Rs. Although
the output impedance of a source is usually �xed, the SNR can be
improved by adding a reactance in series with the source which makes
the total series reactance equal to the imaginary part of Zs in Eq. (6.2).
When this is the case, v2ni is given by

v2ni = 4kTRs�f + v
2
n

¡
1� �2i

¢
+ 2�rRs

q
v2n

q
i2n + i

2
nR

2
s (6.3)

6.1.2 Norton Source

When the source is modeled by a Norton equivalent circuit as in Fig.
6.2, the signal-to-noise ratio is given by SNR = i2s/i

2
ni. When Eq. (4.22)

is used for i2ni, it follows that the SNR is given by

SNR =
i2s

i2ni
=

i2s

4kTGs�f + v2n |Ys|2 + 2
q
v2n

q
i2nRe (�Ys) + i

2
n

(6.4)
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where Ys = Gs + jBs and � = �r + j�i. It is expressed in dB by the

relation 10 log
³
i2s/i

2
ni

´
. It is maximized by minimizing i2ni. The source

admittance which minimizes i2ni can be obtained by setting i
2
ni/Gs = 0

and i2ni/Bs = 0 and solving for Gs and Bs. The solution for Gs is
negative. Because this is not realizable, Gs = 0 is the realizable solution
for the least noise. The source admittance which minimizes i2ni is given
by

Ys = Gs + jBs = 0 + j�i

s
i2n

v2n
(6.5)

Figure 6.2: Ampli�er with Norton source.

Because minimum noise occurs for Gs = 0, it can be concluded that
a resistor should never be connected in parallel with a source at an
ampli�er input if noise performance is a design criterion. If a parallel
resistor is required, e.g. as part of a bias network, it should be much
larger than 1/Gs. Although the output admittance of a source is usually
�xed, the SNR can be improved by adding a susceptance in parallel
with the source which makes the total parallel susceptance equal to the
imaginary part of Ys in Eq. (6.5). When this is the case, i2ni is given by

i2ni = 4kTGs�f + v
2
nG

2
s + 2�rGs

q
v2n

q
i2n + i

2
n

¡
1� �2i

¢
(6.6)

6.2 Noise Factor and Noise Figure

The noise factor F of an ampli�er is de�ned as the ratio of its actual
SNR and the SNR if the ampli�er is noiseless, where the temperature
is taken to be the standard temperature T0. When it is expressed in dB,
it is called noise �gure and is given by NF = 10 log (F ). In this section,
the noise factor is derived for an ampli�er driven by a Thévenin source
and by a Norton source. Often, it is convenient to express F in terms of
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the ampli�er noise resistance Rn and noise conductance Gn de�ned in
Eqs. (2.18) and (2.19) and the correlation impedance Z� and correlation
admittance Y� de�ned in Eqs. (3.12) and (3.13). For reference, the
expressions for these are repeated below.

Rn =
v2n

4kT0�f
(6.7)

Gn =
i2n

4kT0�f
(6.8)

Z� = R� + jX� = �

r
Rn
Gn

= (�r + j�i)

r
Rn
Gn

(6.9)

Y� = G� + jB� = �

r
Gn
Rn

= (�r � j�i)
r
Gn
Rn

(6.10)

Note that Rn and Gn, respectively, represent normalized values of v2n
and i2n, where the normalization factor is 4kT0�f .

6.2.1 Thévenin Source

Consider the ampli�er model in Fig. 6.1. If the ampli�er is noiseless,
the signal-to-noise ratio given by SNR = v2s/v

2
ts, where v2s is the mean-

square source voltage and v2ts is the mean-square thermal noise voltage
generated by the source impedance. The noise factor F is obtained by
dividing this equation by Eq. (6.1) to obtain

F =

³
v2s/v

2
ts

´
³
v2s/v

2
ni

´ = v2ni

v2ts
= 1 +

v2n + 2

q
v2n

q
i2nRe (�Z

�
s ) + i

2
n |Zs|2

4kT0Rs�f
(6.11)

It follows from this expression that a noiseless ampli�er has the noise
factor F = 1. An alternate expression for F is obtained when the am-
pli�er noise parameters are expressed in terms of Rn, Gn, and Z� . It
is

F = 1 +
Rn + 2GnRe (Z�Z

�
s ) +Gn |Zs|2

Rs
(6.12)

The value of Zs which minimizes F is called the optimum source
impedance and is denoted by Zso. It is obtained by setting F/Rs = 0
and F/Xs = 0 and solving for Rs and Xs. The impedance is given by

Zso = Rso+ jXso =

·q
1� �2i � j�i

¸s
v2n

i2n
=

r
Rn
Gn

�X2
� � jX� (6.13)
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Note that the imaginary part of Zso is equal to the imaginary part of Zs in
Eq. (6.2) which maximizes the signal-to-noise ratio. The corresponding
minimum value of the noise factor is given by

F0 = 1 +

q
v2n

q
i2n

2kT0�f

μ
�r +

q
1� �2i

¶
= 1 + 2Gn (R� +Rso) (6.14)

We next wish to express F in terms of F0 and Zso. It follows from
Eqs. (6.12) and (6.14) that the di�erence F � F0 is given by

F � F0 =
Rn + 2Gn (R�Rs +X�Xs) +Gn |Zs|2

Rs
� 2Gn (R� +Rso)

=
Rn � 2Gn (RsoRs �X�Xs) +Gn |Zs|2

Rs

=
Rn � 2Gn (RsoRs +XsoXs) +Gn |Zs|2

Rs
(6.15)

The square in the numerator of this expression can be completed by
adding and subtracting the term Gn

¡
R2so +X

2
so

¢
= Gn |Zso|2. This leads

to the equation

F � F0 =
Rn +Gn

h
(Rs �Rso)2 + (Xs �Xso)2 � |Zso|2

i
Rs

(6.16)

From Eq. (6.13), we have |Zso|2 = Rn/Gn. It follows that F can be
written

F = F0 +
Gn
Rs

h
(Rs �Rso)2 + (Xs �Xso)2

i
= F0 +

Gn
Rs

|Zs � Zso|2 (6.17)

Example 1 Calculate F and NF for the ampli�er in Example 1 for

which Rs = 75 � and
q
v2ni = 5.69 nV. Assume �f = 1 Hz and T =

T0 = 290 K.

Solution. The thermal noise voltage of the source is
q
v2ts =

�
4kTRs =

1.10 nV. Thus the noise factor is F = 5.69/1.10 = 5.17. The noise �gure
is NF = 10 log 5.17 = 7.13 dB.
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Example 2 With a 50 � transmission line test �xture, the re�ection
coe�cient seen looking out of the input terminals of an ampli�er that
minimizes its noise factor F at 900 MHz is determined to be �so =
0.7�23.7o. Determine the lengths `1 and `2 of the transmission lines in
the network of Fig. 6.3 which cause the source impedance seen by the
ampli�er to be the optimum source impedance Zso. The source impedance
is Rs = 50 �. The characteristic impedance of the two transmission lines
in the network is 75 �.

Figure 6.3: Transmission line noise matching network.

Solution. With Zc = 50 �, i.e. the line impedance of the text �xture
used to measure �so, the optimum source impedance is given by

Zso = Zc
1 + �so
1� �so = 50

1 + 0.7 cos 23.7o + j0.7 sin 23.7o

1� 0.7 cos 23.7o � j0.7 sin 23.7o
= 122.6 + j135.2

By Eq. (5.105), the re�ection coe�cient at the ampli�er end of T1 is

�11 =
122.6 + j135.2� 75
122.6 + j135.2 + 75

= 0.4230 + j0.3539

This has the magnitude
|�11| = 0.5988

The reactance of T2 is calculated from Eq. (5.108) to obtain

X2 = 75

·
1� 0.59882

0.59882 (1 + 75/50)2 � (1� 75/50)2
¸1/2

= 42.58

where the positive solution has been used. By Eq. (5.109), the electrical
length of T2 is

�`2 = tan
�1
μ
42.58

75

¶
= 29.58o
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The re�ection coe�cient at the source end of T1 is calculated from Eq.
(5.106) to obtain

�12 =
50kj42.58� 75
50kj42.58 + 75 = �0.4654 + j0.3767

By Eq. (5.112), the electrical length of T1 is

�`1 =
1

2
arg

μ
�12
�11

¶
=
1

2
arg

μ�0.4654 + j0.3767
0.4830 + j0.3539

¶
= 52.39o

As a check of the impedance seen looking into T1, we have

Z = Zc1
RskjX2 + jZc1 tan (�`2)
Zc1 + j (RskjX2) tan (�`2)

= 75
21.02 + j122.0

42.96 + j27.28
= 122.6 + j135.2

This is the desired value.

6.2.2 Norton Source

Consider the ampli�er model in Fig. 6.2. If the ampli�er is noiseless,
the signal-to-noise ratio given by SNR = i2s/i

2
ts, where i2s is the mean-

square source current and i2ts is the mean-square thermal noise current
generated by the source impedance. The noise factor F is obtained by
dividing this equation by Eq. (6.4) to obtain

F =

³
i2s/i

2
ts

´
³
i2s/i

2
ni

´ = i2ni

i2ts
= 1 +

v2n |Ys|2 + 2
q
v2n

q
i2nRe (�Ys) + i

2
n

4kT0Gs�f
(6.18)

An alternate expression for F is obtained when the ampli�er noise pa-
rameters are expressed in terms of Rn, Gn, and Y� . It is

F = 1 +
Rn |Ys|2 + 2RnRe (Y�Ys) +Gn

Gs
(6.19)

The value of Ys that minimizes F is called the optimum source ad-
mittance and is denoted by Yso. It is obtained by setting F/Gs = 0
and F/Bs = 0 and solving for Gs and Bs. The admittance is given by

Yso = Gso + jBso =

·q
1� �2i + j�i

¸s
i2n

v2n
=

r
Gn
Rn

�B2� + jB� (6.20)
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Note that this is the reciprocal of the optimum source impedance, i.e.
Y0 = 1/Zso. Also, the imaginary part of Y0 is equal to the imaginary
part of Ys in Eq. (6.5) which maximizes the signal-to-noise ratio. The
corresponding minimum value of the noise factor is given by

F0 = 1 +

q
v2n

q
i2n

2kT0�f

μ
�r +

q
1� �2i

¶
= 1 + 2Rn (G� +Gso) (6.21)

We next wish to express F in terms of F0 and Y0. It follows from
Eqs. (6.19) and (6.21) that the di�erence F � F0 is given by

F � F0 =
Rn |Ys|2 + 2Rn (G�Gs �B�Bs) +Gn

Gs
� 2Rn (G� +Gso)

=
Rn |Ys|2 � 2Rn (GsoGs +B�Bs) +Gn

Gs

=
Rn |Ys|2 � 2Rn (GsoGs +B0Bs) +Gn

Gs
(6.22)

The square in the numerator of this expression can be completed by
adding and subtracting the term Rn

¡
G2so +B

2
so

¢
= Rn |Yso|2. This leads

to the equation

F � F0 =
Rn

h
(Gs �Gso)2 + (Bs �Bso)2 � |Y0|2

i
+Gn

Gs
(6.23)

From Eq. (6.20), we have |Yso|2 = Gn/Rn. It follows that F can be
written

F = F0 +
Rn
Gs

h
(Gs �Gso)2 + (Bs �Bso)2

i
= F0 +

Rn
Gs
|Ys � Yso|2 (6.24)

6.2.3 The Noise Factor Fallacy

The noise factor can be a misleading speci�cation. If an attempt is made
to minimize F by adding resistors either in series or in parallel with the
source at the input of an ampli�er, the SNR is always decreased. This is
referred to as the noise factor fallacy or the noise �gure fallacy. Potential
confusion can be avoided if low-noise ampli�ers are designed to maximize
the SNR. This is accomplished by minimizing the equivalent noise input
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voltage. If a series resistor must be included at the ampli�er input, its
value should be much smaller than the source impedance. If a parallel
resistor must be included at the ampli�er input, its value should be much
larger than the source impedance.

Example 3 An ampli�er has an input resistance Ri = 150 �. For

�f = 1 Hz, its noise parameters are
q
v2n = 2 nV,

q
i2n = 10 pA, and


 = 0.1. It is driven from a source having an output resistance Rs = 50
�. (a) Calculate v2ni, F , and NF . (c) A resistance is added in series
with the source impedance to minimize F . Calculate the new v2ni, F , and
NF . (e) Calculate the change in the signal-to-noise ratio.

Solution. (a) v2ni = 4kTRs�f + v
2
n + 2


q
v2n

q
i2nRs + i

2
nR

2
s = 5.25×

10�18 V2. (b) F = v2ni/4kTRs�f = 6.56, NF = 10 logF = 8.17 dB. (c)

Rso =

q
v2n/i

2
n = 200 �, v

2
ni = 4kTRso�f+v

2
n+2


q
v2n

q
i2nRso+i

2
nR

2
so =

1.2 × 10�17 V2, F = v2ni/4kTRso�f = 3.75, NF = 10 logF = 5.74 dB.
(e) The dB change in the SNR is 10 log

¡
5.25× 10�18/1.2× 10�17¢ =

�3.59 dB.
The above example illustrates how the noise �gure appears to be

increased but the signal-to-noise ratio is decreased by adding resistance
in series with an ampli�er input. The fallacy comes from treating the
added resistance as part of the source rather than part of the ampli�er.
In reality, the ampli�er noise is increased by the added resistor, but the
source noise remains constant. The correct way to calculate the noise
factor with the added resistor is F = v2ni/4kTRs�f which gives F = 15
and NF = 11.8 dB. Thus the noise �gure is degraded by the same
amount as the signal-to-noise ratio.

6.3 Noise Temperature

The internal noise generated by an ampli�er can be expressed as an
equivalent input-termination noise temperature. When the source is rep-
resented by a Thévenin equivalent circuit, the noise temperature Tn is
the temperature of the source resistance that generates a thermal noise
voltage equal to the internal noise generated in the ampli�er when re-
ferred to its input. For the Thévenin source, the noise temperature is
de�ned by

4kTnRs�f = v2n + 2

q
v2n

q
i2nRe (�Z

�
s ) + i

2
n |Zs|2 (6.25)
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where Rs = Re (Zs). It follows that the noise temperature is given by

Tn =
v2n + 2

q
v2n

q
i2nRe (�Z

�
s ) + i

2
n |Zs|2

4kRs�f
=

v2ni
4kRs�f

� T (6.26)

where v2ni is the mean-square equivalent input noise voltage in the band
�f and T is the temperature of Rs.

When the source is represented by a Norton equivalent circuit, the
noise temperature is the temperature of the source conductance that
generates a thermal noise current equal to the internal noise generated
in the ampli�er when referred to its input. It is given by

Tn =
v2n |Ys|2 + 2

q
v2n

q
i2nRe (�Ys) + i

2
n

4kGs�f
=

i2ni
4kGs�f

� T (6.27)

where Gs = Re (Ys), i2ni is the mean-square short-circuit noise current
generated by the source in the band �f , and T is the temperature of
Gs.

If the temperature of the source is T0, the noise temperature is related
to the noise factor by

Tn = T0 (F � 1) (6.28)

This holds for either the Thévenin or the Norton source.

6.4 Noise Factor of a Multistage Ampli�er

The circuit model for a multi-stage ampli�er is shown in Fig. 6.4. It is
shown in Section 4.2 that the equivalent noise input voltage is given by

Vni = Vts + Vn1 +
Vn2

Gm1Zo1
+

Vn3
Gm1Zo1Gm2Zo2

+ · · ·+ VnN
Gm1Zo1Gm2Zo2 · · ·Gm(N�1)Zo(N�1)

+In1Zs +
In2
Gm1

+
In3

Gm1Zo1Gm2

+ · · ·+ InN
Gm1Zo1Gm2Zo2 · · ·Gm(N�1)

(6.29)

The equivalent transconductance Gmj is the ratio of the short-circuit
output current from the jth stage to its open-circuit input voltage. It is
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given by

Gmj =
Ioj
Vij(oc)

=
gmjZij

Zo(j�1) + Zij
(6.30)

where gmj = Ioj/Vij andVij is the input voltage across Zij . The noise
factor of the ampli�er is given by

F =
v2ni

4kTRs�f

=
1

4kTRs�f

·
v2ni1 +

v2ni2
|Gm1Zo1|2

+ · · ·

+
v2niN¯̄

Gm1Zo1Gm2Zo2 · · ·Gm(N�1)Zo(N�1)
¯̄2 ¸ (6.31)

where Rs = Re (Zs).

Figure 6.4: Multi-stage ampli�er.

We wish to express F as a function of the noise factor of each stage.
The noise factors are given by

F1 =
v2ni1

4kTRs�f

F2 = 1 +
v2ni2

4kTRo1�f
...

FN = 1 +
v2niN

4kTRo(N�1)�f
(6.32)

where Roj = Re (Zoj). It follows from Eq. (6.31) and (6.32) that F can
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be written

F = F1 +
(F2 � 1)Ro1
|Gm1Zo1|2Rs

+ · · ·

+
(FN � 1)Ro(N�1)¯̄

Gm1Zo1Gm2Zo2 · · ·Gm(N�1)Zo(N�1)
¯̄2
Rs

(6.33)

We next express F as a function of the available power gains of the
stages. For the �rst stage, the current through Zi1 is Ii1 = Vs/ (Zs + Zi1).
The power delivered by the source to Zi1 is given by

Pi1 = i2i1Ri1 =
v2sRi1

|Zs + Zi1|2
=

v2sRi1

(Rs +Ri1)
2 + (Xs +Xi1)

2 (6.34)

The maximum value of Pi1 is called the available input power Pai1. It is
solved for by setting Pi1/Ri1 = 0 and Pi1/Xi1 = 0 and solving for
Ri1 and Xi1. The solutions are Ri1 = Rs and Xi1 = �Xs, i.e. Zi1 = Z�s .
It follows that Pai1 is given by

Pai1 =
v2s
4Rs

(6.35)

For the second stage, the current through Zi2 is Ii2 = Io1Zo1/ (Zo1 + Zi2),
where Io1 = Gm1Vs. The power delivered to Zi2 is the power output from
the �rst stage. It is given by

Po1 = i2i2Ri2 =
i2o1 |Zo1|2
|Zo1 + Zi2|2

Ri2

=
|Gm1Zo1|2 v2s

(Ro1 +Ri2)
2 + (Xo1 +Xi2)

2Ri2 (6.36)

The maximum value of Po1 is called the available output power Pao1
from the �rst stage. It is solved for by setting Po1/Ri2 = 0 and
Po1/Xi2 = 0 and solving for Ri2 and Xi2. The solutions are Ri2 = Ro1
and Xi2 = �Xo1, i.e. Zi2 = Z�o1. It follows that Pao1 is given by

Pao1 =
|Gm1Zo1|2 v2s

4Ro1
(6.37)

The available power gain Ga1 of the �rst stage is given by

Ga1 =
Pao1
Pai1

=
|Gm1Zo1|2Rs

Ro1
(6.38)
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Similarly, it can be shown that the available power gain Gaj of the jth
stage is given by

Gaj =
Paoj
Paij

=
|GmjZoj |2Ro(j�1)

Roj
(6.39)

With these de�nitions, it follows that Eq. (6.33) for F can be written

F = F1 +
F2 � 1
Ga1

+ · · ·+ FN � 1
Ga1Ga2 · · ·Ga(N�1)

(6.40)

This is the desired result.
If Ga1 can be made large enough, the above equation implies that

F ' F1. However, increasing Ga1 may not make (F2 � 1) /Ga1 approach
zero. For example, consider the case where Zo1 = Ro1+ j0. In this case,
Ga1 is given by

Ga1 = |Gm1|2RsRo1 (6.41)

If Ro1 is increased, Ga1 can be made arbitrarily large. The contribution
to F by the second-stage noise is given by

F2 � 1
Ga1

=
1

4kTRs�f

"
v2n2

G2m1R
2
o1

+
i2n2
G2m1

#
(6.42)

This cannot be made arbitrarily small by making Ro1 arbitrarily large
unless i2n2 is negligible.

Let Tn be the noise temperature of the overall ampli�er and Tnj the
noise temperature of the jth stage. Eq. (6.28) can be used to express
the noise factors in Eq. (6.40) in terms of the noise temperatures. It
follows that the noise temperature of the multistage ampli�er is given by

Tn = Tn1 +
Tn2
Ga1

+ · · ·+ TnN
Ga1Ga2 · · ·Ga(N�1)

(6.43)

6.5 E�ect of a Matching Network on Noise

6.5.1 Thévenin Source

Figure 6.5 shows a matching network between a signal source and the
input to an ampli�er. We assume that the matching network is lossless.
Denote its input and output impedances, respectively, by Zim = Rim +



114 CHAPTER 6. NOISE SPECIFICATIONS

jXim and Zom = Rom + jXom. The power delivered to the matching
network by the source is

Pim =

¯̄̄̄
Vs

Zs + Zim

¯̄̄̄2
Re (Zim) =

v2s
|Zs + Zim|2

Rim (6.44)

Let Vis be the voltage across the ampli�er input due to Vs and let Zi =
Ri+ jXi. The power delivered to the ampli�er by the matching network
is

Pom =

¯̄̄̄
Vis
Zi

¯̄̄̄2
Re (Zi) =

v2is
|Zi|2

Ri (6.45)

Because the matching network is lossless, we have Pim = Pom. This leads
to the relation

v2is =
Rim
Ri

¯̄̄̄
Zi

Zs + Zim

¯̄̄̄2
v2s (6.46)

Figure 6.5: Ampli�er with a Thévenin source and an input matching
network.

Let Vi1 be the voltage across the ampli�er input due to Vs and Vts.
Its mean-square value is obtained by adding the mean square value of
Vts to that of Vs in Eq. (6.46) to obtain

v2i1 =
Rim
Ri

¯̄̄̄
Zi

Zs + Zim

¯̄̄̄2 ³
v2s + 4kTRs�f

´
(6.47)

This equation can be rewritten

v2i1 =

¯̄̄̄
Zi

Zi + Zom

¯̄̄̄2 "Rim
Ri

¯̄̄̄
Zi + Zom
Zs + Zim

¯̄̄̄2 ³
v2s + 4kTRs�f

´#

=

¯̄̄̄
Zi

Zi + Zom

¯̄̄̄2 ³
v2is(oc) + v

2
its(oc)

´
(6.48)
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where v2is(oc) is the mean-square open-circuit signal input voltage due

to Vs and v2its(oc) is the mean-square open-circuit thermal noise input
voltage due to Rs. The latter is given by

v2its(oc) =
Rim
Ri

¯̄̄̄
Zi + Zom
Zs + Zim

¯̄̄̄2
4kTRs�f (6.49)

This equation must be of the form v2its(oc) = 4kTRom�f , where Rom =
Re (Zom). It follows that Rom is given by

Rom =
v2its(oc)

4kT�f
=
Rim
Ri

¯̄̄̄
Zi + Zom
Zs + Zim

¯̄̄̄2
Rs (6.50)

When this equation is solved for Rim/Ri and the result used in Eq.
(6.47), it follows that

v2i1 =

¯̄̄̄
Zi

Zi + Zom

¯̄̄̄2 Rom
Rs

³
v2s + 4kTRs�f

´
(6.51)

It might seem a contradiction that Rom in Eq. (6.50) is a function of Zi.
However, the dependence cancels because Zim is also a function of Zi.

Let Vi2 be the voltage across the ampli�er input due to the ampli�er
noise sources Vn and In. It is given by

Vi2 = Vn
Zi

Zi + Zom
+ InZikZom (6.52)

The mean-square value is

v2i2 =

¯̄̄̄
Zi

Zi + Zom

¯̄̄̄2 ·
v2n + 2

q
v2n

q
i2nRe (�Z

�
om) + i

2
n |Zom|2

¸
(6.53)

The total mean-square input voltage to the ampli�er is given by

v2i = v2i1 + v
2
i2

=

¯̄̄̄
Zi

Zi + Zom

¯̄̄̄2 Rom
Rs

·
v2s + 4kTRs�f

+
Rs
Rom

μ
v2n + 2

q
v2n

q
i2nRe (�Z

�
om) + i

2
n |Zom|2

¶ ¸
(6.54)

It follows from this expression that the mean-square equivalent noise
input voltage in series with vs is

v2ni = 4kTRs�f +
Rs
Rom

·
v2n + 2

q
v2n

q
i2nRe (�Z

�
om) + i

2
n |Zom|2

¸
(6.55)
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The noise factor is given by

F =
v2ni

4kTRs�f
= 1 +

v2n + 2

q
v2n

q
i2nRe (�Z

�
om) + i

2
n |Zom|2

4kTRom�f
(6.56)

This is the same as the noise factor calculated at the output of the
matching network. The basic reason that the noise factors at the source
and at the output of the matching network are equal is because a lossless
matching network cannot add noise. Thus it follows that the signal-to-
noise ratio is also the same at the input to the matching network as it is
at the input to the ampli�er. However, these conclusions do not hold for
a lossy matching network. Eq. (6.56) can be used to predict the noise
factor for any arbitrary matching network. For example, Zom might be
chosen to be the optimum source impedance to minimize F . Alternately,
it could be chosen for a conjugate impedance match to maximize the
power gain. Such calculations are illustrated in Example 4.

For a conjugate match, the condition Zom = Z�i must hold. In this
case, Rom = Ri and the expression for v2ni in Eq. (6.55) reduces to

v2ni = 4kTRs�f +
Rs
Ri

·
v2n + 2

q
v2n

q
i2nRe (�Zi) + i

2
n |Z�i |2

¸
(6.57)

The noise factor is

F =
v2ni

4kTRs�f
= 1 +

v2n + 2

q
v2n

q
i2nRe (�Zi) + i

2
n |Z�i |2

4kTRi�f
(6.58)

Because of the dependence of v2ni and F on Zi, it is di�cult to predict
from these equations how changes in Zi a�ect the noise. This is because
Vn, In, and � in the noise model are, in general, related to Zi. For
example, Vn, In, �, and Zi may all be functions of the bias current in
the ampli�er input stage. A change in the bias current to vary Zi can
cause a change in Vn, In, and �. Thus the e�ects cannot be examined in
detail unless the relations between the variables are known.

Example 4 An ampli�er is driven from a source with a resistive output
impedance Rs = 50 �. At the operating frequency of f = 10 MHz,
the ampli�er has a resistive input impedance Ri = 25 � and the noise

parameters
q
v2n/�f = 0.447 nV/

�
Hz,

q
i2n = 31 pA/

�
Hz, and � =

0.12 � j0.44. (a) Calculate the noise �gure with a conjugate impedance
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matching network between the source and the ampli�er. (b) Calculate
the noise �gure if the matching network is designed so that the ampli�er
sees its optimum source impedance. (c) Calculate the decrease in power
gain with the second matching network.

Solution. (a)

NF = 10 log

��1 + v2n + 2
q
v2n

q
i2nRe (�Zi) + i

2
n |Z�i |2

4kTRi�f

��
= 5.062 dB

(b) The optimum source impedance is given by Eq. (6.13). It is

Zso =

·q
1� �2i � j�i

¸s
v2n

i2n
= 13 + j6.35

Thus the noise �gure is

NF = 10 log

��1 + v2n + 2
q
v2n

q
i2nRe (�Z

�
so) + i

2
n |Zso|2

4kT Re (Zso)�f

��
= 4.414 dB

This is 0.648 dB lower than for part (a).
(c) By Eq. (6.48), v2is(oc)/v

2
s = 25/50 = 0.5 for part (a) and v

2
is(oc)/v

2
s =

13/50 = 0.26 for part (b). In general, the power delivered to the ampli�er
input is

Pi =

¯̄̄̄
Zi

Zom + Zi

¯̄̄̄2 v2is(oc)
Ri

For part (a), we have

Pi(a) =

¯̄̄̄
25

25 + 25

¯̄̄̄2 0.5v2s
25

= 0.005v2s

For part (b)

Pi(b) =

¯̄̄̄
25

13� j6.35 + 25
¯̄̄̄2 0.26v2s

25
= 0.00439v2s

It follows that the power gain of the ampli�er drops by 12.2%, or by
0.567 dB, with the optimum source impedance.
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6.5.2 Norton Source

Figure 6.6 shows an ampli�er with a Norton source at its input. The
solutions for the mean-squared noise current in parallel with Is and the
noise factor follow the derivations of Eqs. (6.55) and (6.56) for the am-
pli�er with a Thévenin source. The mean-square input noise current is
given by

i2ni = 4kTGs�f +
Gs
Gom

·
v2n |Yom|2 + 2

q
v2n

q
i2nRe (�Yom) + i

2
n

¸
(6.59)

where Gs = Re (Ys) and Yom = Gom + jBom. The noise factor is given
by

F =
i2ni

4kTGs�f
= 1 +

v2n |Yom|2 + 2
q
v2n

q
i2nRe (�Yom) + i

2
n

4kTGom�f
(6.60)

For a conjugate match, Yom = Y �i . In this case i2ni and F are given by

i2ni = 4kTGs�f +
Gs
Gi

·
v2n |Y �i |2 + 2

q
v2n

q
i2nRe (�Y

�
i ) + i

2
n

¸
(6.61)

F =
i2ni

4kTGs�f
= 1 +

v2n |Y �i |2 + 2
q
v2n

q
i2nRe (�Y

�
i ) + i

2
n

4kTGi�f
(6.62)

Figure 6.6: Ampli�er with a Norton source and an input matching net-
work.

6.6 Noise Circles

In rf design, the contours of constant F on the Smith chart for the re-
�ection coe�cient seen looking out of an ampli�er input are important.
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These contours are circles. Thus they are called noise circles. These cir-
cles are developed below for both the impedance and admittance Smith
charts.

6.6.1 Thévenin Source

Fig. 6.7 shows an ampli�er with a Thévenin source and a lossless input
matching network. Let the impedance seen looking into the output of
the matching network be Zom. Imagine a zero length transmission line
of characteristic impedance Zc connected between the matching network
and the ampli�er input. Let �om be the re�ection coe�cient seen looking
out of the ampli�er into this line. It is given by

�om =
Zom � Zc
Zom + Zc

=
bZom � 1bZom + 1 (6.63)

where bZom = Zom/Zc.

Figure 6.7: Ampli�er with a Thévenin source and a lossless input match-
ing network.

Equation (6.63) can be solved for bZom to obtain
bZom = 1 + �om

1� �om (6.64)

Let �0 be the re�ection coe�cient corresponding to Zom = Zso, where
Zso is the optimum source impedance which minimizes F . We can write

bZom � bZso = 1 + �om
1� �om �

1 + �0
1� �0 = 2

�om � �0
(1� �om) (1� �0) (6.65)

Let � bZ = bZom � bZso, �om = p+ jq, and �0 = p0 + jq0. It follows that¯̄̄
� bZ ¯̄̄2 = 4 (p� p0)2 + (q � q0)2h

(1� p)2 + q2
i
|1� �0|2

(6.66)
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The above equation can be put into the form

(p� a)2 + (q � b)2 = c2 (6.67)

where

a =
4p0 � |1� �0|2

¯̄̄
� bZ ¯̄̄2

4� |1� �0|2
¯̄̄
� bZ ¯̄̄2 (6.68)

b =
4q0

4� |1� �0|2
¯̄̄
� bZ ¯̄̄2 (6.69)

c2 = a2 + b2 �
4 |�0|2 � |1� �0|2

¯̄̄
� bZ ¯̄̄2

4� |1� �0|2
¯̄̄
� bZ ¯̄̄2 (6.70)

For
¯̄̄
� bZ ¯̄̄ a constant, Eq. (6.67) represents a circle of radius c that is

centered at the point � = a+ jb on the Smith chart.
By Eq. (6.17), the noise factor can be written

F = F0 +
Gn
Rs
|�Z|2 = F0 + GnZ

2
c

Rs

¯̄̄
� bZ ¯̄̄2 (6.71)

Because F is constant for
¯̄̄
� bZ ¯̄̄ a constant, it follows that the contours of

constant F on the Smith chart are the circles de�ned by Eq. (6.67). For
� bZ = 0, the circles degenerate into a point located at the point � = �0.

Figure 6.8(a) shows an example impedance Smith chart with the
point �0 = 0.5� � 135o and three surrounding noise circles labeled �1,
�2, and �3, corresponding to

¯̄̄
� bZ ¯̄̄ = 0.15, ¯̄̄� bZ ¯̄̄ = 0.3, and ¯̄̄� bZ ¯̄̄ = 0.45,

respectively.

Example 5 An ampli�er is driven from a source with an output im-
pedance Zs = 60 �. The ampli�er has an input spot noise currentq
i2n/�f = 20 pA/

�
Hz. The optimum noise �gure is NF0 = 1.5 dB

when the source impedance is 30 � j20 �. (a) If a zero-length trans-
mission line having a characteristic impedance Zc = 50 � is connected
between the source and the ampli�er, calculate the re�ection coe�cient
� seen looking out of the ampli�er input. (b) Calculate the optimum
re�ection coe�cient �0. (c) Use Eq. (6.17) to calculate the noise �gure
when the ampli�er is driven from the source with an impedance Zs = 60
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Figure 6.8: Smith charts showing the optimum re�ection coe�cient �0
and three noise circles. (a) Impedance chart. (b) Admittance chart.

�. (d) Calculate the center coordinates and the radius of the noise circle
that �om lies on. (e) Calculate the equivalent spot noise input voltageq
v2ni/�f .

Solution. (a) Looking into the zero-length transmission line, the re-
�ection coe�cient is

� =
60� 50
60 + 50

= 0.091

(b) For Zs = Zso, the optimum re�ection coe�cient is

�0 =
30� j20� 50
30� j20 + 50 = �0.176� j0.294

(c) Gn =
¡
20× 10�9¢2 /1.6 × 10�20 = 0.025, F0 = 101.5/10 = 1.413,

|Zs � Z0|2 = 1300

F = 1.413 +
0.025

60
1300 = 1.954

NF = 10 log 1.954 = 2.91 dB
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(d) x0 = �0.176, y0 = �0.294, |�0|2 = 0.118, |1� �0|2 = 1.471¯̄̄̄
�Z

Zc

¯̄̄̄2
=

¯̄̄̄
60� (30� j20)

50

¯̄̄̄2
= 0.52

a =
4× (�0.176)� 1.471× 0.52

4� 1.471× 0.52 = �0.455

b =
4× (�0.294)
4� 1.471× 0.52 = �0.364

c =

·
0.4552 + 0.3642 � 4× 0.118� 1.471× 0.52

4� 1.471× 0.52
¸1/2

= 0.656

(e)
q
v2ni/�f =

�
F4kT0Rs = 1.37 nV/

�
Hz.

6.6.2 Norton Source

Figure 6.9 shows an ampli�er and input matching network with the
source modeled by a Norton equivalent circuit. Let a zero length trans-
mission line with characteristic admittance Yc be connected between the
network and the ampli�er input. The re�ection coe�cient �om seen look-
ing out of the ampli�er input can be expressed in terms of the admittance
Ymo seen looking into the output of the matching network. It is given by

�om =
Yc � Yom
Yc + Yom

=
1� bYom
1 + bYom (6.72)

where bYom = Yom/Yc. This equation can be solved for bYom to obtain
bYom = 1� �om

1 + �om
(6.73)

Let �0 be the re�ection coe�cient corresponding to Yom = Yso, where
Yso is the optimum source admittance which minimizes F . We can write

bYom � bYso = 1� �om
1 + �om

� 1� �0
1 + �0

= 2
�0 � �om

(1 + �om) (1 + �0)
(6.74)

Let �bY = bYom � bYso, �om = p+ jq, and �0 = p0 + jq0. It follows that¯̄̄
�bY ¯̄̄2 = 4 (p0 � p)2 + (q0 � q)2h

(1 + p)2 + q2
i
|1 + �0|2

(6.75)
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Figure 6.9: Ampli�er with a Norton source and a lossless input matching
network.

This equation can be put into the form of Eq. (6.67) where the constants
a, b, and c are given by

a =
4p0 + |1 + �0|2

¯̄̄
�bY ¯̄̄2

4� |1 + �0|2
¯̄̄
�bY ¯̄̄2 (6.76)

b =
4q0

4� |1 + �0|2
¯̄̄
�bY ¯̄̄2 (6.77)

c2 = a2 + b2 �
4 |�0|2 � |1 + �0|2

¯̄̄
�bY ¯̄̄2

4� |1 + �0|2
¯̄̄
�bY ¯̄̄2 (6.78)

For
¯̄̄
�bY ¯̄̄ a constant, Eq. (6.67) represents a circle of radius c that is

centered at the point � = a+ jb on the Smith chart.
By Eq. (6.24), the noise factor can be written

F = F0 +
Rn
Gs
|�Y |2 = F0 + RnY

2
c

Gs

¯̄̄
�bY ¯̄̄2 (6.79)

Because F is constant for
¯̄̄
�bY ¯̄̄ a constant, it follows that the contours

of constant F on the admittance Smith chart are the circles de�ned by
Eq. (6.67). For �bY = 0, the circles degenerate into a point located at
the point � = �0.

Figure 6.8(b) shows an example admittance Smith chart with the
point �0 = 0.5� � 135o and three surrounding noise circles labeled �1,
�2, and �3, corresponding to

¯̄̄
�bY ¯̄̄ = 0.525, ¯̄̄�bY ¯̄̄ = 0.983, and ¯̄̄�bY ¯̄̄ =
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1.354, respectively. These values are chosen to give the same radii of the
corresponding circles on the two charts. It follows from Eqs. (6.71) and
(6.79), however, that the value of F on corresponding circles is not the

same unless
¯̄̄
� bZ ¯̄̄ and ¯̄̄�bY ¯̄̄ satisfy the relation

GnZ
2
c

Rs

¯̄̄
� bZ ¯̄̄2 = RnY

2
c

Gs

¯̄̄
�bY ¯̄̄2 (6.80)

A common use of the Smith chart is to rotate 180o around the center
to convert a normalized impedance into a normalized admittance and
vice versa. The above results show that rotating the noise circles by
180o does not necessarily convert the circles on an impedance chart into
the circles on an admittance chart and vice versa.

6.7 Gain Circles

Compromises are often made in rf ampli�er design between lowest noise
and highest gain. In Sec. 6.6, the contours on the Smith chart of constant
noise factor are derived. In this section, the contours of constant gain
are derived. Like the noise factor contours, the constant gain contours
are circles. Thus they are called gain circles. Given the Smith chart
with both the noise circles and the gain circles plotted for a particular
ampli�er, the e�ect of the input matching network on both noise and
gain can be easily visualized.

6.7.1 Thévenin Source

Consider the ampli�er model of Fig. 6.7. By Eq. (6.51), the mean-square
signal voltage across Zi is given by

v2i =

¯̄̄̄
Zi

Zi + Zom

¯̄̄̄2 Rom
Rs

v2s (6.81)

where Rom = Re (Zom) and Rs = Re (Zs). The power delivered to Zi is
given by

Pi = i2i Re (Zi) =
v2i
|Zi|2

Ri =
v2s

|Zi + Zom|2
RiRom
Rs

(6.82)

The maximum value of Pi occurs when Zom = Z�i and is given by

Pi(max) =
v2s
4Rs

(6.83)
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The power gain Gp of the input matching network is given by

Gp =
Pi

Pi(max)
=

4RiRom

|Zi + Zom|2
(6.84)

Let us write Zom = Z�i + �Z, where �Z = �R + j�X represents
the amount by which Zom deviates from Z�i . Thus we can write Rom =
Ri +�R and Zi + Zom = 2Ri +�Z. It follows that Gp can be written

Gp =
4Ri (Ri +�R)

|2Ri +�Z|2
=

4Ri (Ri +�R)

4Ri (Ri +�R) + |�Z|2
(6.85)

This expression is of the form

Gp =
1

1 + h
(6.86)

where h is given by

h =
|�Z|2

4Ri (Ri +�R)
=

�R2 +�X2

4Ri (Ri +�R)
(6.87)

On a contour for which Gp is constant, h must be independent of �Z.
Eq. (6.87) can be rewritten �R2 � 4hRi�R + �X2 = 4R2i h. After
completing the square, this equation can be put into the form

(�R� 2hRi)2 +�X2 = |�Z � 2hRi|2 = 4R2i h (1 + h) (6.88)

For h a constant, it follows from this equation that Gp is constant on the
contours for which |�Z � 2hRi|2 is constant.

To solve for the gain contours, we can write

�Z � 2hRi = (Zom � Z�i )� 2hRi = Zom � Zh (6.89)

where Zh is the impedance given by

Zh = (1 + 2h)Ri � jXi (6.90)

For the case h = 0, note that Zh = Z�i and Gp is a maximum. De�ne
the normalized impedances bZom = Zom/Zc, bZh = Zh/Zc, � bZ = �Z/Zc,
and bRi = Ri/Zc. It follows from Eqs. (6.88) and (6.89) that¯̄̄ bZom � bZh ¯̄̄2 = ¯̄̄� bZ � 2h bRi ¯̄̄2 = 4 bR2i h (1 + h) (6.91)
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Let a zero length transmission line having a characteristic impedance
Zc be connected between the matching network and the ampli�er input.
The re�ection coe�cient �om = p+ jq seen looking out of the ampli�er
input is given by Eq. (6.63). Let �h = ph + jqh be the value of �om if
the matching network is removed and replaced with the impedance Zh.
Following Eq. (6.65) for the derivation of the noise circles, we can relatebZom � bZh to �om and �h as follows:

bZom � bZh = 1 + �om
1� �om �

1 + �h
1� �h = 2

�om � �h
(1� �om) (1� �h) (6.92)

The squared magnitude is given by¯̄̄ bZom � bZh ¯̄̄2 = 4 (p� ph)2 + (q � qh)2h
(1� p)2 + q2

i
|1� �h|2

(6.93)

When Eq. (6.88) is used for
¯̄̄ bZom � bZh ¯̄̄2, we can write

bR2i h (1 + h) = (p� ph)2 + (q � qh)2h
(1� p)2 + q2

i
|1� �h|2

(6.94)

By analogy to Eqs. (6.66) — (6.70) for the noise circles, it follows
from Eq. (6.94) that the contours of constant Gp on the Smith chart are
circles of radius c centered at the point � = a+ jb, where a, b, and c are
given by

a =
ph � |1� �h|2 bR2i h (1 + h)
1� |1� �h|2 bR2i h (1 + h) (6.95)

b =
qh

1� |1� �h|2 bR2i h (1 + h) (6.96)

c2 = a2 + b2 � |�h|
2 � |1� �h|2 bR2i h (1 + h)

1� |1� �h|2 bR2i h (1 + h) (6.97)

Figure 6.10(a) shows an example impedance Smith chart with the
point ��i = 0.3�45o labeled G0 and three surrounding gain circles labeled
G1, G2, andG3, corresponding to gains lower thanG0 by 1 dB (h = 0.26),
2 dB (h = 0.58), and 3 dB (h = 1), respectively.

Example 6 The ampli�er of Example 2 in Chapter 5 is driven from a
source with the output impedance Zs = 50 �. The ampli�er has the input
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Figure 6.10: (a) Impedance Smith chart showing example gain circles
corresponding to 0, �1, �2, and �3 dB. (b) Corresponding admittance
Smith chart.

impedance Zin = 31.6� j127 and a gain of 39.8 dB. (a) Calculate Gp for
the input network. (b) Calculate a, b, and c for the gain circle on which
Gp lies. (c) Calculate the new overall gain of the ampli�er if a conjugate
matching network is added between the source and the ampli�er. Assume
zero-length transmission lines with the characteristic impedance Zc = 50
� for the Smith chart calculations.

Solution. (a) Because there is no input matching network, Zom =
Zs = 50 �. Thus �Z = Zom � Z�in = 18.4� j127 and

h =
18.42 + 1272

4× 31.6× (31.6 + 18.4) = 2.61

Gp =
1

1 + 2.61
= 0.277 or � 5.57 dB

(b) bZh = [(1 + 2× 2.61)× 31.6 + j127] /50 = 3.93 + j2.54,
�h =

³ bZh � 1´ /³ bZh + 1´ = 0.679 + j0.165, |�h| = 0.699,
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|1� �h| = 0.361, bRi = 31.6/50 = 0.632
a =

0.679� 0.3612 × 0.6322 × 2.61× 3.61
1� 0.3612 × 0.6322 × 2.61× 3.61 = 0.373

b =
0.165

1� 0.3612 × 0.6322 × 2.61× 3.61 = 0.324

c =

·
a2 + b2 � 0.699

2 � 0.3612 × 0.6322 × 2.61× 3.61
1� 0.3612 × 0.6322 × 2.61× 3.61

¸1/2
= 0.493

(c) The addition of a conjugate matching network at the input would
increase the gain to 39.8 + 5.6 = 45.4 dB.

6.7.2 Norton Source

Consider the ampli�er model of Fig. 6.9, where the source is represented
by a Norton equivalent. With v2s = i2s |Zs|2, Ys = 1/Zs, v2i = i2i |Zi|2,
Yi = 1/Zi, and Yom = 1/Zom, it follows from Eq. (6.51) that the mean-
square signal current through Yi is given by

i2i =

¯̄̄̄
Yi

Yi + Yom

¯̄̄̄2 Gom
Gs

i2s (6.98)

where Gom = Re (Yom) and Gs = Re (Ys). The power delivered to Yi is
given by

Pi = i2i Re

μ
1

Yi

¶
=

i2i
|Yi|2

Gi =
i2s

|Yi + Yom|2
GiGom
Gs

(6.99)

The maximum value of Pi occurs when Yom = Y �i and is given by

Pi(max) =
i2s
4Gs

(6.100)

The power gain Gp of the input matching network is given by

Gp =
Pi

Pi(max)
=

4GiGom

|Yi + Yom|2
(6.101)
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Let us write Yom = Y �i + �Y , where �Y = �G + j�B represents
the amount by which Yom deviates from Y �i . Thus we can write Gom =
Gi +�G and Yi + Yom = 2Gi +�Y . It follows that Gp can be written

Gp =
4Gi (Gi +�G)

|2Gi +�Y |2
=

4Gi (Gi +�G)

4Gi (Gi +�G) + |�Y |2
(6.102)

This expression is of the form

Gp =
1

1 + h
(6.103)

where h is given by

h =
|�Y |2

4Gi (Gi +�G)
=

�G2 +�B2

4Gi (Gi +�G)
(6.104)

On a contour for which Gp is constant, h must be independent of �Y .
Eq. (6.104) can be rewritten �G2 � 4hGi�G + �B2 = 4G2ih. After
completing the square, this equation can be put into the form

(�G� 2hGi)2 +�B2 = |�Y � 2hGi|2 = 4G2ih (1 + h) (6.105)

For h a constant, it follows from this equation that Gp is constant on the
contours for which |�Y � 2hGi|2 is constant.

To solve for the gain contours, we can write

�Y � 2hGi = (Yom � Y �i )� 2hGi = Yom � Yh (6.106)

where Yh is the admittance given by

Yh = (1 + 2h)Gi � jBi (6.107)

For the case h = 0, note that Yh = Y �i and Gp is a maximum. De�ne
the normalized admittances bYom = Yom/Yc, bYh = Yh/Yc, �bY = �Y/Yc,
and bGi = Gi/Yc. It follows from Eqs. (6.105) and (6.106) that¯̄̄ bYom � bYh ¯̄̄2 = ¯̄̄�bY � 2h bGi ¯̄̄2 = 4 bG2ih (1 + h) (6.108)

Let a zero length transmission line having a characteristic admittance
Yc be connected between the matching network and the ampli�er input.
The re�ection coe�cient �om = p+ jq seen looking out of the ampli�er
input is given by Eq. (6.72). Let �h = ph + jqh be the value of �om if
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the matching network is removed and replaced with the admittance Yh.
Following Eq. (6.74) for the derivation of the noise circles, we can relatebYom � bYh to �om and �h as follows:

bYom � bYh = 1� �om
1 + �om

� 1� �h
1 + �h

= 2
�h � �om

(1� �om) (1� �h) (6.109)

The squared magnitude is given by

¯̄̄ bYom � bYh ¯̄̄2 = 4 (ph � p)2 + (qh � q)2h
(1 + p)2 + q2

i
|1 + �h|2

(6.110)

When Eq. (6.108) is used for
¯̄̄ bYom � bYh ¯̄̄2, we can write

bG2ih (1 + h) = (ph � p)2 + (qh � q)2h
(1 + p)2 + q2

i
|1 + �h|2

(6.111)

By analogy to Eqs. (6.75) — (6.78) for the noise circles, it follows
from Eq. (6.111) that the contours of constant Gp on the Smith chart
are circles of radius c centered at the point � = a+ jb, where a, b, and
c are given by

a =
ph + |1 + �h|2 bG2ih (1 + h)
1� |1 + �h|2 bG2ih (1 + h) (6.112)

b =
qh

1� |1 + �h|2 bG2ih (1 + h) (6.113)

c2 = a2 + b2 � |�h|
2 � |1 + �h|2 bG2ih (1 + h)

1� |1 + �h|2 bG2ih (1 + h) (6.114)

For the same values of h, the gain circles for an admittance chart are
the same as for an impedance chart. Fig. 6.10(b) shows the admittance
chart circles corresponding to the impedance chart circles in Fig. 6.10(a).
On corresponding circles having the same value of h on the two charts,
|�Z| and |�Y | satisfy

|�Z|2
Ri (Ri +�R)

=
|�Y |2

Gi (Gi +�G)
(6.115)
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6.8 Measuring the Noise Factor

6.8.1 Method 1

This method is the most general one because it does not require knowl-
edge of either the ampli�er gain or its noise bandwidth. Consider the
noise model of an ampli�er given in Fig. 6.11. Consider the source to be
a white noise source having the spectral density Sv (f) = VsV �s /�f =
v2s/�f . The total noise voltage at the output can be written

Vo = A

·
(Vs + Vts + Vn)

Zi
Zs + Zi

+ In (ZskZi)
¸

=
AZi

Zs + Zi
(Vs + Vts + Vn + InZs) (6.116)

The mean-square value is given by

v2o =

¯̄̄̄
AZi

Zs + Zi

¯̄̄̄2 ·
Sv (f)Bn + 4kTRsBn + v2n

+2

q
v2n

q
i2nRe (�Z

�
s ) + i

2
n |Zs|2

¸
(6.117)

where Bn is the ampli�er noise bandwidth.

Figure 6.11: Ampli�er driven by a white noise source.

Let v2o1 be the value of v2o with the noise source at the input set to
zero, i.e. Sv (f) = 0. Now, let Sv (f) be increased until the rms output

voltage increases by a factor r, i.e.
q
v2o = r

q
v2o1. It follows by taking

the ratio of the two mean-square voltages that

r2 = 1 +
Sv (f)Bn

4kTRsBn + v2n + 2

q
v2n

q
i2nRe (�Z

�
s ) + i

2
n |Zs|2

= 1 +
Sv (f)

F × 4kT0Rs (6.118)
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where F is the noise factor given by Eq. (6.11).
The above equation can be solved for F to obtain

F =
Sv (f)

(r2 � 1)× 4kT0Rs (6.119)

In making measurements, a commonly used value for r is r =
�
2. In

this case, the output noise voltage increases by 3 dB when the source is
activated. Note that the expression for F is independent of Bn, A, and
Zi.

6.8.2 Method 2

This method replaces the white noise source in Fig. 6.11 with a sinusoidal
source. The frequency should be chosen for maximum gain. The noise
bandwidth Bn of the ampli�er must be known. An often used alternative
is to estimate Bn with the equation

Bn =
�

2
B3 (6.120)

where B3 is the �3 dB bandwidth. This expression is exact if the am-
pli�er has a �rst-order low-pass response or a second-order band-pass
response.

The mean-square output voltage is given by

v2o =

¯̄̄̄
AZi

Zs + Zi

¯̄̄̄2 ·
v2s + 4kTRsBn + v

2
n

+2

q
v2n

q
i2nRe (�Z

�
s ) + i

2
n |Zs|2

¸
(6.121)

where v2s is the mean-square open-circuit source voltage. With Vs = 0,
the mean-square noise output voltage is measured. Denote this by v2o1.
Increase Vs until the rms output voltage increases by the factor r. It
follows by taking the ratio of the two mean-square voltages that

r2 = 1 +
v2s

4kTRsBn + v2n + 2

q
v2n

q
i2nRe (�Z

�
s ) + i

2
n |Zs|2

= 1 +
v2s

F × 4kT0BnRs (6.122)

Solution for F yields

F =
v2s

(r2 � 1)× 4kT0BnRs (6.123)
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6.8.3 Method 3

Unlike the above methods, this method requires knowledge of both Bn
and the ampli�er gain. The gain is measured with a sine-wave source
having an open-circuit output voltage Vs and an output resistance Rs,
where Rs is the value of the source resistance for which the noise factor
is to be measured. With the source connected to the ampli�er input,
adjust the voltage to obtain a convenient voltage at the ampli�er out-
put. Denote this by Vo1. The frequency should be chosen for maximum
gain. Next, disconnect the source from the ampli�er input and measure
its open-circuit output voltage. Denote this by Vs1. Let A0 be the mag-
nitude of the gain at the test frequency. With reference to the model in
Fig. 6.11, it is given by

A0 =

¯̄̄̄
Vo1
Vs1

¯̄̄̄
=

¯̄̄̄
AZi

Rs + Zi

¯̄̄̄
(6.124)

This is the gain including the loading e�ects at the input. The next step
is to measure the noise bandwidth Bn. An often used alternative is to
estimate Bn with Eq. (6.120).

The source is then replaced with a resistor of value Rs and the am-
pli�er noise output voltage is measured. The mean-square value is given
by

v2no =

¯̄̄̄
AZi

Zs + Zi

¯̄̄̄2
v2ni = 4kT0RsBnFA

2
0 (6.125)

This equation can be solved for F to obtain

F =
v2no

4kT0RsBnA20
(6.126)

6.9 Determination of Noise Parameters

Let the noise factor F be measured for N values of source admittance,
where N � 4. Denote the noise factor values by Fi and the source
admittance values by Yi = Gi + jBi. By Eq. (6.19), we can write

Fi = 1 +Rn

μ
Gi +

B2i
Gi

¶
+ 2RnG� � 2RnB�Bi

Gi
+
Gn
Gi

(6.127)

where Y� = G� + jB� is the correlation admittance given by Eq. (6.10).
The object is to use the measured values of F to determine the noise
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resistance Rn, the noise conductance Gn, and the correlation admittance
Y�.

De�ne the mean-square error function

²2 =
X·

(Fi � 1)�Rn
μ
Gi +

B2i
Gi

¶
� 2RnG�

+2RnB�
Bi
Gi
� Gn
Gi

¸2
(6.128)

where the summation extends over the range 1 � i � N . The values of
Rn, Gn, G� , and B� which minimize ²2 represent a best estimate of the
noise parameters. These values can be obtained by simultaneous solution
of the set of equations ²2/Rn = 0, ²2/Gn = 0, ²2/ (RnG�) = 0,
and ²2/ (RnB�) = 0, where RnG� and RnB� are considered indepen-
dent variables. This procedure leads to the following solution:����

Rn
2RnG�
�2RnB�
Gn

���� = A�1
�����
P³

Gi +
B2i
Gi

´
(Fi � 1)P

(Fi � 1)P Bi
Gi
(Fi � 1)P 1

Gi
(Fi � 1)

����� (6.129)

where the matrix A is given by

A =

���������

P³
Gi +

B2i
Gi

´2 P
Gi +

B2i
Gi

P
Bi +

B3i
G2i

P
1 +

B2i
G2iP

Gi +
B2i
Gi

N
P Bi

Gi

P 1
GiP

Bi +
B3i
G2i

P Bi
Gi

P B2i
G2i

P Bi
G2iP

1 +
B2i
G2i

P 1
Gi

P Bi
G2i

P 1
G2i

���������
(6.130)

The matrix A is singular if the ratios am1,n/am2,n are equal for all
elements in any two rows. With 4 rows, there are 6 combinations of two
rows. It follows that the matrix is singular if the values of Gi and Bi lie
on one of the contours de�ned by

G2 +B2 = k21 (6.131)

(G� k2)2 +B2 = k22 (6.132)

G+ (B � k3)2 = k23 (6.133)

B = k4G (6.134)
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G = k5 (6.135)

B = k6 (6.136)

where k1 through k6 are constants. Fig. 6.12 shows example plots of
these equations on the (G,B) plane. The ks are chosen so that the
curves intersect at two common points. The curves are labeled a through
f, corresponding in order to Eqs. (6.131) through (6.136). Two curves
are labeled c, d, and f, corresponding to positive and negative values of
k3, k4, and k6.

Figure 6.12: Example contours on which the matrix A is singular.

Given the solution for Rn, Gn, G� , and B� , the solutions for v2n, i2n,
and � are

v2n = 4kT0Rn�f (6.137)

i2n = 4kT0Gn�f (6.138)

� =

s
v2n

i2n
(G� � jB�) (6.139)

Because the quantity (F � 1) is involved in the calculations, large per-
centage errors in (F � 1) can be caused by small percentage errors in
F when F has a value close to 1. Thus the solutions can be sensitive
to experimental errors. Another problem lies in the choice of the values
of Gi and Bi for which F is measured. If the values lie on or near one
of the curves which makes the A matrix singular, the solutions can be
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unstable. To minimize this problem, the values of Gi and Bi should be
chosen randomly.



Chapter 7

Noise in Diodes and BJTs

7.1 Junction Diode Noise Model

The current in a pn junction diode consists of two components — the
forward di�usion current IF and the reverse saturation current IS . The
total current is given by I = IF � IS . The forward di�usion current is
a function of the diode voltage V and is given by IF = IS exp (V/nVT ),
where n is the emission coe�cient and VT is the thermal voltage. For
discrete silicon diodes n ' 2 whereas for integrated circuit silicon diodes
and discrete germanium diodes n ' 1. Both IF and IS generate uncor-
related shot noise. The total mean-square noise current is given by

i2n = 2q (IF + IS)�f = 2q (I + 2IS)�f ' 2qI�f (7.1)

where the approximation holds for a forward biased diode for which
I >> IS . Fig. 7.1(a) shows the diode noise model. In Fig. 7.1(b), the
diode is replaced by its small-signal resistance given by

rd =
nVT
I + IS

' nVT
I

(7.2)

The mean-square open-circuit noise voltage across the diode is

v2n = i
2
nr
2
d = 2qI�f

μ
nVT
I + IS

¶2
' 2qn2V 2T�f

I
(7.3)

At low-frequencies, the diode exhibits �icker noise. When this is
included, the total mean-square noise current is given by

i2n = 2q (I + 2IS)�f +
KfI�f

f
' 2qI�f + KfI�f

f
(7.4)

137
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Figure 7.1: (a) Diode noise model. (b) Small-signal model.

A plot of i2n versus f for a constant�f exhibits a slope of �10 dB/decade
for very low frequencies and a slope of zero for higher frequencies. The
two terms in Eq. (7.4) are equal at the frequency where the noise current
is up 3 dB compared to its high-frequency limit. This frequency is called
the �icker noise corner frequency.

Diodes are often used as noise sources in circuits. Specially processed
zener diodes are fabricated as solid-state noise diodes. The noise mecha-
nism in these is called avalanche noise and it is associated with the diode
reverse breakdown current. For a given breakdown current, avalanche
noise is much greater than the shot noise in the same current.

7.2 BJT Device Equations

Figure 7.2 shows the circuit symbols for the npn and pnp BJTs. In
the active mode, the collector-base junction is reverse biased and the
base-emitter junction is forward biased. Because of recombinations of
the minority and majority carriers, the equations for the currents can be
divided into three regions: low, mid, and high. For the npn device, the
currents are given by

Low Level:

iB = ISE

·
exp

μ
vBE
nVT

¶
� 1
¸

(7.5)

iC = IS

·
exp

μ
vBE
VT

¶
� 1
¸

(7.6)

Mid Level:

iB =
IS
�F

·
exp

μ
vBE
VT

¶
� 1
¸

(7.7)

iC = IS

·
exp

μ
vBE
VT

¶
� 1
¸

(7.8)
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High Level:

iB =
IS
�F

·
exp

μ
vBE
VT

¶
� 1
¸

(7.9)

iC = IS

r
IK
ISO

·
exp

μ
vBE
2VT

¶
� 1
¸

(7.10)

where all leakage currents that are a function of vCB have been neglected.
In the current equations, IS is the saturation current and �F is the mid-
level base-to-collector current gain. These are functions of the collector-
base voltage and are given by

IS = ISO

μ
1 +

vCB
VA

¶
= ISO

μ
1 +

vCE � vBE
VA

¶
(7.11)

�F = �FO

μ
1 +

vCB
VA

¶
= �FO

μ
1 +

vCE � vBE
VA

¶
(7.12)

Figure 7.2: BJT circuit symbols.

In the equations for iB and iC , VA is the Early voltage and ISO and
�FO, respectively, are the zero bias values of IS and �F . The constant n
is the emission coe�cient or ideality factor of the base-emitter junction.
It accounts for recombinations of holes and electrons in the base-emitter
junction at low levels. Its value, typically in the range 1 � n � 4, is
determined by the slope of the plot of ln (iC) versus vBE at low levels.
The default value in SPICE is n = 1.5. The constant ISE is determined
by the value of iB where transition from the low-level to the mid-level
region occurs. The constant IK is determined by the value of iC where
transition from the mid-level to the high-level region occurs. Note that
IS/�F = IS0/�F0 so that iB is not a function of vCB in the mid-level
region. The equations apply to the pnp device if the subscripts BE and
CB are reversed.
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Figure 7.3 shows a typical plot of iC versus vBE for vCE constant. The
plot is called the transfer characteristics. There is a threshold voltage
above which the current appears to increase rapidly. This voltage is
typically 0.5 to 0.6 V. In the forward active region, the base-to-emitter
voltage is typically 0.6 to 0.7 V. Figure 7.4 shows typical plots of iC versus
vCE for iB constant. The plots are called the output characteristics. Note
that the slope approaches a constant as vCE is increased. If the straight
line portions of the curves are extended back so that they intersect the
vCE axis, they would intersect at the voltage vCE = �VA+ vBE ' �VA.
For vCE small, vBE > vCE and the BJT is in the saturation region.

Figure 7.3: Typical plot of iC versus vBE for vCE constant.

In the Gummel-Poon model of the BJT, the current equations are
combined to write the general equations for iB and iC as follows:

iB = ISE

·
exp

μ
vBE
nVT

¶
� 1
¸
+
ISO
�FO

·
exp

μ
vBE
VT

¶
� 1
¸

(7.13)

iC =
IS
Kq

·
exp

μ
vBE
VT

¶
� 1
¸

(7.14)

where Kq is given by

Kq =
1

2
+

s
1

4
+
IS
IK

·
exp

μ
vBE
VT

¶
� 1
¸
= 1 +

iC
IK

(7.15)

Fig. 7.5 illustrates typical plots of ln (iC) and ln (iB) versus vBE,
where it is assumed that vCB is held constant. At low levels, the iC
curve exhibits a slopem = 1 while the iB curve exhibits a slopem = 1/n,
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Figure 7.4: Plots of iC versus vCE for iB constant.

where the value n = 1.5 has been used. At mid levels, both curves exhibit
a slope m = 1. At high levels, the iC curve exhibits a slope m = 1/2
while the iB curve exhibits a slope m = 1. It follows that the ratio of iC
to iB is approximately constant at mid levels and decreases at low and
high levels.

7.2.1 Current Gains

Let the collector and base currents be written as the sum of a dc com-
ponent and a small-signal ac component as follows:

iC = IC + ic (7.16)

iB = IB + ib (7.17)

The dc current gain �Fdc is de�ned as the ratio of IC to IB. It is
straightforward to show that it is given by

�Fdc =
�F

1 +
IC
IK

+
�F ISE
IC

"μ
1 +

IC
IS
+

I2C
ISIK

¶1/n
� 1
# (7.18)

Because �F and IS are functions of the collector-base voltage VCB,
it follows that �Fdc is a function of both IC and VCB. If vCB is held
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Figure 7.5: Example plots of ln (iC) and ln (iB) versus vBE.

constant so that the change in iC is due to a change in vBE, the small-
signal change in base current can be written

ib =
IB
IC

ic =

·


IC

μ
IC
�Fdc

¶¸
ic =

ic
�Fac

(7.19)

where �Fac is the small-signal ac current gain given by

�Fac =

·


IC

μ
IC
�Fdc

¶¸�1
=

�Fμ
1 +

2IC
IK

¶"
1 +

�F ISE
nIS

μ
1 +

IC
IS
+

I2C
ISIK

¶ 1
n
�1# (7.20)

Note that �Fac is de�ned for a constant vCB. In the small-signal models,
it is common to de�ne the small-signal ac current gain with a constant
vCE, i.e. vce = 0. This is de�ned in the next section, where the symbol
� is used.

Typical plots of the two current gains as a function of IC are shown in
Fig. 7.6 where log scales are used. At low levels, the gains decrease with
decreasing IC because the base current decreases at a slower rate than
the collector current. At high levels, the gains decrease with increasing
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IC because the collector current increases at a slower rate than the base
current. At mid levels, both gains are approximately constant and have
the same value. In the �gure, the mid-level range is approximately two
decades wide.

Figure 7.6: Log-log plots of �Fdc and �Fac as functions of IC .

The emitter-collector dc current gain �Fdc is de�ned as the ratio of
the dc collector current IC to the dc emitter current IE. To solve for
this, we can write

IE = IB + IC =

μ
1

�Fdc
+ 1

¶
IC =

1 + �Fdc
�Fdc

IC (7.21)

It follows that

�Fdc =
IC
IE
=

�Fdc
1 + �Fdc

(7.22)

Thus the dc currents are related by the equations

IC = �FdcIB = �FdcIE (7.23)

7.3 Bias Equation

Figure 7.7(a) shows the BJT with the external circuits represented by
Thévenin dc circuits. If the BJT is biased in the active region, we can
write

VBB � VEE = IBRBB + VBE + IEREE

=
IC
�Fdc

RBB + VBE +
IC
�Fdc

REE (7.24)
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This equation can be solved for IC to obtain

IC =
VBB � VEE � VBE

RBB/�Fdc +REE/�Fdc
(7.25)

It can be seen from Fig. 7.3 that large changes in IC are associated
with small changes in VBE. This makes it possible to calculate IC by
assuming typical values of VBE. Values in the range from 0.6 to 0.7
V are commonly used. In addition, �Fdc and �Fdc are functions of IC
and VCB. Mid-level values are commonly assumed for the current gains.
Typical values are �Fdc = 100 and �Fdc = 1/1.01.

Figure 7.7: (a) BJT dc bias circuit. (b) Circuit for Example 1.

Example 1 Figure 7.7(b) shows a BJT dc bias circuit. It is given that
V + = 15 V, R1 = 20 k�, R2 = 10 k�, R3 = R4 = 3 k�, R5 = R6 = 2
k�. Solve for IC1 and IC2. Assume VBE = 0.7 V and �Fdc = 100 for
each transistor.

Solution. For Q1, we have VBB1 = V +R2/ (R1 +R2), RBB1 =
R1kR2, VEE1 = �IB2R4 = �IC2R4/�, VEE1 = 0, and REE1 = R4.
For Q2, we have VBB2 = IE1R4 = IC1R4/�Fdc, RBB2 = R4, VEE2 = 0,
REE2 = R6. Thus the bias equations are

V +
R2

R1 +R2
+
IC2
�Fdc

R4 = VBE +
IC1
�Fdc

R1kR2 + IC1
�Fdc

R4

IC1
�Fdc

R4 = VBE +
IC2
�Fdc

R4 +
IC2
�Fdc

R6

These equations can be solved simultaneously to obtain IC1 = 1.41 mA
and IC2 = 1.74 mA.
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7.4 Small-Signal Models

There are two small-signal circuit models which are commonly used to
analyze BJT circuits. These are the hybrid-� model and the T model.
The two models are equivalent and give identical results. They are de-
scribed below.

7.4.1 Hybrid-� Model

Let each current and voltage be written as the sum of a dc component
and a small-signal ac component. The currents are given by Eqs. (7.16)
and (7.17). The voltages can be written

vBE = VBE + vbe (7.26)

vCB = VCB + vcb (7.27)

If the ac components are su�ciently small, ic can be written

ic =
IC
VBE

vbe +
IC
VCB

vcb =
IC
VBE

vbe +
IC
VCB

(vce � vbe)

=

μ
IC
VBE

� IC
VCB

¶
vbe +

IC
VCB

vce = gmvbe +
vce
r0

(7.28)

This equation de�nes the transconductance gm = IC/VBE�IC/VCB
and the collector-emitter resistance r0 = (IC/VCB)

�1. With the aid
of Eqs. (7.11) and (7.14), it follows that r0 is given by

r0 =

μ
IC
VCB

¶�1
=

½
KqISO
VA

·
exp

μ
vBE
VT

¶
� 1
¸¾�1

=
VA + VCB

IC
(7.29)

To solve for gm, we �rst solve for IC/VBE. Eqs. (7.14) and (7.15)
can be combined to write

IC +
I2C
IK

= IS

·
exp

μ
VBE
VT

¶
� 1
¸

(7.30)

It follows from this equation thatμ
1 +

2IC
IK

¶
IC
VBE

=
IS
VT
exp (VBE/VT ) =

IC (1 + IC/IK) + IS
VT

(7.31)



146 CHAPTER 7. NOISE IN DIODES AND BJTS

which can be solved for IC/VBE . It follows that the transconductance
is given by

gm =
IC
VBE

� IC
VCB

=
IC (1 + IC/IK) + IS
VT (1 + 2IC/IK)

� 1

r0
(7.32)

It is clear from Eq. (7.13) that iB is a function of vBE only. We wish
to solve for the small-signal ac base current given by ib = (IB/VBE) vbe.
This equation de�nes the small-signal ac base-emitter resistance r� =
vb/ib = (IB/VBE)

�1. Although Eq. (7.13) can be used to solve for
this, we use a di�erent approach. The small-signal ac collector current
can be written

ic = gmvbe +
vce
r0
=

μ
gm +

1

r0

¶
vbe +

vcb
r0
= �Facib +

vcb
r0

(7.33)

It follows from this equation thatμ
gm +

1

r0

¶
vbe = �Facib (7.34)

Thus r� is given by

r� =
vbe
ib
=

�Fac
gm + 1/r0

(7.35)

The small-signal ac current gain � is de�ned as the ratio of ic to ib
with vCE constant, i.e. vce = 0. To solve for this, we can write for ic

ic = gmvbe +
vce
r0
= gmibr� +

vce
r0
= �ib +

vce
r0

(7.36)

It follows from this that � is given by

� = gmr� =
gm�Fac
gm + 1/r0

(7.37)

Thus far, we have neglected the base spreading resistance rx. This is
the ohmic resistance of the base contact in the BJT. When it is included
in the model, it appears in series with the base lead. Because the base
region is very narrow, the connection exhibits a resistance which often
cannot be neglected. Fig. 7.8(a) shows the hybrid-� small-signal model
with rx included. The currents are given by

ic = i
0
c +

vce
r0

(7.38)
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Figure 7.8: (a) Hybrid-� model. (b) T model.

i0c = gmv� = �ib (7.39)

ib =
vbe
r�

(7.40)

where r0, gm, �, and r� are given above.
The equations derived above are based on the Gummel-Poon model

of the BJT in the forward active region. The equations are often approx-
imated by assuming that the mid-level current equations hold. In this
case, �Fdc, �Fac, r0, gm, r�, and � are given by

�Fdc = �Fac = �F (7.41)

r0 =
VCB + VA

IC
(7.42)

gm =
IC + IS
VT

� 1

r0
' IC
VT

(7.43)

r� =
�Fac

gm + 1/r0
' VT
IB

(7.44)

� = gmr� ' IC
IB
= �F (7.45)

The approximations in these equations are commonly used for hand cal-
culations.

7.4.2 T Model

The T model replaces the resistor r� in series with the base with a
resistor re in series with the emitter. This resistor is called the emitter
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intrinsic resistance. To solve for re, we �rst solve for the small-signal ac
emitter-to-collector current gain �. In Fig. 7.8, the current i0e can be
written

i0e = ib + i
0
c =

μ
1

�
+ 1

¶
i0c =

1 + �

�
i0c =

i0c
�

(7.46)

where � is given by

� =
i0c
i0e
=

�

1 + �
(7.47)

Thus the current i0c can be written

i0c = �i
0
e (7.48)

The voltage v� can be related to i0e as follows:

v� = ibr� =
i0c
�
r� =

�i0e
�
r� = i

0
e

r�
1 + �

(7.49)

It follows that the intrinsic emitter resistance is given by

re =
v�
i0e
=

r�
1 + �

' VT
(1 + �F ) IB

=
VT
IE

(7.50)

where the approximation is based on Eqs. (7.44) and (7.45). This ap-
proximation is often used for hand calculations. The T model of the BJT
is shown in Fig. 7.8(b). The currents in both the � and T models are
related by the equations

i0c = gmv� = �ib = �i
0
e (7.51)

7.5 Small-Signal Equivalent Circuits

Several equivalent circuits are derived below which facilitate writing
small-signal low-frequency equations for the BJT. We assume that the
circuits external to the device can be represented by Thévenin equiva-
lent circuits. The Norton equivalent circuit seen looking into the collector
and the Thévenin equivalent circuits seen looking into the base and the
emitter are derived. Several examples are given which illustrate use of
the equivalent circuits.



7.5. SMALL-SIGNAL EQUIVALENT CIRCUITS 149

7.5.1 Simpli�ed T Model

Figure 7.9 shows the T model with a Thévenin source in series with the
base. We wish to solve for an equivalent circuit in which the source
�i0e connects from the collector node to ground rather than from the
collector node to the B’ node. The �rst step is to replace the source
with two identical series sources with the common node grounded. The
circuit is shown in Fig. 7.10(a). The object is to absorb the left �i0e
source into the base-emitter circuit.

Figure 7.9: T model with Thévenin source connected to the base.

Figure 7.10: (a) Circuit with the i0c source replaced by identical series
sources. (b) Simpli�ed T model.

For the circuit in Fig. 7.10(a), we can write

ve = vtb � i0e
1 + �

(Rtb + rx)� i0ere = �vtb � i0e
μ
Rtb + rx
1 + �

+ re

¶
(7.52)
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Let us de�ne the resistance r0e by

r0e =
Rtb + rx
1 + �

+ re =
Rtb + rx + r�

1 + �
(7.53)

With this de�nition, ve is given by

ve = vtb � i0er0e (7.54)

The circuit which models this equation is shown in Fig. 7.10(b). This
will be called the simpli�ed T model. It predicts the same emitter and
collector currents as the circuit in Fig. 7.9. Note that the resistors Rtb
and rx do not appear in this circuit. They are part of the resistor r0e.

7.5.2 Norton Collector Circuit

The Norton equivalent circuit seen looking into the collector can be used
to solve for the response of the common-emitter and common-base stages.
It consists of a parallel current source ic(sc) and resistor ric from the
collector to signal ground. Fig. 7.11(a) shows the BJT with Thévenin
sources connected to its base and emitter. With the collector grounded,
the collector current is the short-circuit or Norton collector current. To
solve for this, we use the simpli�ed T model in Fig. 7.11(b). We use
superposition of vtb and vte to solve for ic(sc).

Figure 7.11: (a) BJT with Thevenin sources connected to the base and
the emitter. (b) Simpli�ed T model.
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With vte = 0, it follows from Fig. 7.11(b) that

ic(sc) = �i0e + i0 = �i
0
e � i0e

Rte
r0 +Rte

=
vtb

r0e +Rtekr0

μ
�� Rte

r0 +Rte

¶
(7.55)

With vtb = 0, we have

ic(sc) = �i0e + i0 = �ie
r0

r0 + r0e
+ ie

r0e
r0 + r0e

= � vte
Rte + r0ekr0

�r0 + r
0
e

r0 + r0e
(7.56)

These equations can be combined to obtain

ic(sc) =
vtb

r0e +Rtekr0

μ
�� Rte

r0 +Rte

¶
� vte
Rte + r0ekr0

�r0 + r
0
e

r0 + r0e
(7.57)

This equation is of the form

ic(sc) = Gmbvtb �Gmevte (7.58)

where

Gmb =
1

r0e +Rtekr0

μ
�� Rte

r0 +Rte

¶
=

�

r0e +Rtekr0
r0 �Rte/�
r0 +Rte

(7.59)

Gme =
1

Rte + r0ekr0
�r0 + r

0
e

r0 + r0e
=

�

r0e +Rtekr0
r0 + r

0
e/�

r0 +Rte
(7.60)

The next step is to solve for the resistance seen looking into the
collector with vtb = vte = 0. Figure 7.12(a) shows the simpli�ed T
model with a test source connected to the collector. The resistance seen
looking into the collector is given by ric = vt/ic. To solve for ric, we can
write

ic = �i0e + i0 = ��i0
Rte

r0e +Rte
+ i0

=
vt

r0 + r0ekRte

μ
1� �Rte

r0e +Rte

¶
(7.61)

It follows that ric is given by

ric =
vt
ic
=

r0 + r
0
ekRte

1� �Rte/ (r0e +Rte)
(7.62)
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Figure 7.12: (a) Circuit for calculating ric. (b) Norton collector circuit.

The Norton equivalent circuit seen looking into the collector is shown in
Fig. 7.12(b).

For the case r0 À Rte and r0 À r0e, we can write

ic(sc) = Gm (vtb � vte) (7.63)

where

Gm =
�

r0e +Rte
(7.64)

The value of ic(sc) calculated with this approximation is simply the value
of �i0e, where i0e is calculated with r0 considered to be an open circuit.
The term “r0 approximations” is used in the following when r0 is ne-
glected in calculating ic(sc) but not neglected in calculating ric.

7.5.3 Thévenin Emitter Circuit

The Thévenin equivalent circuit seen looking into the emitter is useful
in calculating the response of common-collector stages. It consists of a
voltage source ve(oc) in series with a resistor rie from the emitter node
to signal ground. Fig. 7.13(a) shows the BJT symbol with a Thévenin
source connected to the base. The resistor Rtc represents the external
load resistance in series with the collector. With the emitter open cir-
cuited, we denote the emitter voltage by ve(oc). The voltage source in
the Thévenin emitter circuit has this value. To solve for it, we use the
simpli�ed T model in Fig. 7.13(b).

The current i0e can be solved for by superposition of the sources vtb
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Figure 7.13: (a) BJT with Thévenin source connected to the base. (b)
Simpli�ed T model circuit for calculating ve(oc).

and �i0e. It is given by

i0e =
vtb

r0e + r0 +Rtc
+ �i0e

Rtc
r0e + r0 +Rtc

(7.65)

This can be solved for i0e to obtain

i0e =
vtb

r0e + r0 + (1� �)Rtc
=

vtb
r0e + r0 +Rtc/ (1 + �)

(7.66)

The open-circuit emitter voltage is given by

ve(oc) = vtb � i0er0e = vtb
r0 +Rtc/ (1 + �)

r0e + r0 +Rtc/ (1 + �)
(7.67)

We next solve for the resistance seen looking into the emitter node.
It can be solved for as the ratio of the open-circuit emitter voltage ve(oc)
to the short-circuit emitter current. The circuit for calculating the short-
circuit current is shown in Fig. 7.14(a). By superposition of i0e and �i0e,
we can write

ie(sc) = i0e � �i0e
Rtc

r0 +Rtc
= i0e

r0 + (1� �)Rtc
r0 +Rtc

=
vtb
r0e

r0 +Rtc/ (1 + �)

r0 +Rtc
(7.68)

The resistance seen looking into the emitter is given by

rie =
ve(oc)

ie(sc)
= r0e

r0 +Rtc
r0e + r0 +Rtc/ (1 + �)

(7.69)

The Thévenin equivalent circuit seen looking into the emitter is shown
in Fig. 7.14(b).
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Figure 7.14: (a) Circuit for calculating ie(sc). (b) Thévenin emitter cir-
cuit.

7.5.4 Thévenin Base Circuit

Although the base is not an output terminal, the Thévenin equivalent
circuit seen looking into the base is useful in calculating the base current.
It consists of a voltage source vb(oc) in series with a resistor rib from the
base node to signal ground. Fig. 7.15(a) shows the BJT symbol with
a Thévenin source connected to its emitter. Fig. 7.15(b) shows the T
model for calculating the open-circuit base voltage. Because ib = 0, it
follows that i0e = 0. Thus there is no drop across rx and re so that vb(oc)
is given by

vb(oc) = ve = vte
r0 +Rtc

Rte + r0 +Rtc
(7.70)

The next step is to solve for the resistance seen looking into the base.
It can be calculated by setting vte = 0 and connecting a test current
source it to the base. It is given by rib = vb/it. Fig. 7.16(a) shows
the T circuit for calculating vb, where the current source �it has been
divided into identical series sources with their common node grounded
to simplify use of superposition. By superposition of it and the two �it
sources, we can write

vb = itrx + (it + �it) [rx + re +Rtek (r0 +Rtc)]� �it RtcRte
Rtc + r0

(7.71)

This can be solved for rib to obtain

rib =
vb
it
= rx + (1 + �) [re +Rtek (r0 +Rtc)]� �RtcRte

Rtc + r0 +Rte
(7.72)

The Thévenin base circuit is shown in Fig. 7.16(b).
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Figure 7.15: (a) BJT with Thevenin source connected to the emitter.
(b) T model for calculating vb(oc).

Figure 7.16: (a) Circuit for calculating vb. (b) Thévenin base circuit.
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7.5.5 Summary of Models

Figure 7.17 summarizes the four equivalent circuits derived above.

Figure 7.17: Summary of the small-signal equivalent circuits.

7.6 Example Ampli�er Circuits

This section describes several examples which illustrate the use of the
small-signal equivalent circuits derived above to write by inspection the
voltage gain, the input resistance, and the output resistance of both
single-stage and two-stage ampli�ers.

7.6.1 The Common-Emitter Ampli�er

Figure 7.18(a) shows the ac signal circuit of a common-emitter ampli�er.
We assume that the bias solution and the small-signal resistances r0e
and r0 are known. The output voltage and output resistance can be
calculated by replacing the circuit seen looking into the collector by the
Norton equivalent circuit of Fig. 7.12(b). With the aid of this circuit,
we can write

vo = �ic(sc) (rickRtc) = �Gmb (rickRtc) vtb (7.73)

rout = rickRtc (7.74)
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where Gmb and ric, respectively, are given by Eqs. (7.59) and (7.62).
The input resistance is given by

rin = Rtb + rib (7.75)

where rib is given by Eq. (7.72).

Figure 7.18: (a) Common-emitter ampli�er. (b) Common-collector am-
pli�er. (c) Common-base ampli�er.

7.6.2 The Common-Collector Ampli�er

Figure 7.18(b) shows the ac signal circuit of a common-collector ampli-
�er. We assume that the bias solution and the small-signal resistances
r0e and r0 are known. The output voltage and output resistance can be
calculated by replacing the circuit seen looking into the emitter by the
Thévenin equivalent circuit of Fig. 7.14(b). With the aid of this circuit,
we can write

vo = ve(oc)
Rte

rie +Rte
=

r0 +Rtc/ (1 + �)

r0e + r0 +Rtc/ (1 + �)
Rte

rie +Rte
vtb (7.76)

rout = riekRte (7.77)

where rie is given by Eq. (7.69). The input resistance is given by

rin = Rtb + rib (7.78)

where rib is given by Eq. (7.72).
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7.6.3 The Common-Base Ampli�er

Figure 7.18(c) shows the ac signal circuit of a common-base ampli�er.
We assume that the bias solution and the small-signal parameters r0s
and r0 are known. The output voltage and output resistance can be
calculated by replacing the circuit seen looking into the collector by the
Norton equivalent circuit of Fig. 7.12(b). The input resistance can be
calculated by replacing the circuit seen looking into the emitter by the
Thévenin equivalent circuit of Fig. 7.14 with ve(oc) = 0. With the aid of
this circuit, we can write

vo = �ic(sc) (rickRtc) = Gme (rickRtc) vte (7.79)

rout = rickRtc (7.80)

rin = Rte + rie (7.81)

where Gme, ric, and rie, respectively, are given by Eqs. (7.60), (7.62),
and (7.69).

7.6.4 The CE/CC Ampli�er

Figure 7.19(a) shows the ac signal circuit of a two-stage ampli�er con-
sisting of a CE stage followed by a CC stage. Such a circuit is used to
obtain a high voltage gain and a low output resistance. The voltage gain
can be written

vo
vtb1

=
ic1(sc)

vtb1

vtb2
ic1(sc)

ve2(oc)

vtb2

vo
ve2(oc)

= Gmb1 [� (ric1kRC1)] r0
r0e2 + r0

Rte2
rie2 +Rte2

(7.82)

where r0e2 is calculated with Rtb2 = ric1kRC1. The input and output
resistances are given by

rin = Rtb1 + rib1 (7.83)

rout = rie2kRte2 (7.84)

Although not a part of the solution, the resistance seen looking out of
the collector of Q1 is Rtc1 = RC1krib2.
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Figure 7.19: (a) CE-CC ampli�er. (b) Cascode ampli�er.

7.6.5 The Cascode Ampli�er

Figure 7.19(b) shows the ac signal circuit of a cascode ampli�er. The
voltage gain can be written

vo
vtb1

=
ic1(sc)
vtb1

vte2
ic1(sc)

ic2(sc)
vte2

vo
ic2(sc)

= Gm1 (�ric1) (�Gme2) (�ric2kRtc2)

where Gme2 and ric2 are calculated with Rte2 = ric1. The input and
output resistances are given by

rin = Rtb1 + rib1

rout = Rtc2kric2
The resistance seen looking out of the collector of Q1 is Rtc1 = rie2.

A second cascode ampli�er is shown in Fig. 7.20(a) where a pnp
transistor is used for the second stage. The voltage gain is given by

vo
vtb1

=
ic1(sc)

vtb1

vte2
ic1(sc)

ic2(sc)

vte2

vo
ic2(sc)

= Gm1 (�ric1kRC1) (�Gme2) (�ric2kRtc2)

where Rte2 = RC1kric1 and Rtc1 = RC1krie2. The expressions for rin and
rout are the same as for the cascode ampli�er in Fig. 7.19(b).
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Figure 7.20: (a) Second cascode ampli�er. (b) Di�erential ampli�er.

7.6.6 The Di�erential Ampli�er

Figure 7.20(b) shows the ac signal circuit of a di�erential ampli�er. For
the case of an active tail bias supply, the resistor RQ represents its small-
signal ac resistance. We assume that the transistors are identical, biased
at the same currents and voltages, and have identical small-signal pa-
rameters. Looking out of the emitter of Q1, the Thévenin voltage and
resistance are given by

vte1 = ve2(oc)
RQ

RQ +RE + rie

= vtb2
r0 +Rtc/ (1 + �)

r0e + r0 +Rtc/ (1 + �)
RQ

RQ +RE + rie
(7.85)

Rte1 = RE +RQk (RE + rie) (7.86)

The small-signal collector voltage of Q1 is given by

vo1 = �ic1(sc) (rickRtc) = � (Gmbvtb1 �Gmevte1) (rickRtc)
= �Gmb (rickRtc) vtb1

+Gme
r0 +Rtc/ (1 + �)

r0e + r0 +Rtc/ (1 + �)
RQ

rie +RE +RQ
vtb2 (7.87)

By symmetry, vo2 is obtained by interchanging the subscripts 1 and 2 in
this equation. The small-signal resistance seen looking into either output
is

rout = Rtckric (7.88)
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where ric calculated from Eq. (7.62) with Rte = RE + RQk (RE + rie).
Although not labeled on the circuit, the input resistance seen by both
vtb1 and vtb2 is rin = rib.

A second solution of the di� amp can be obtained by replacing vtb1
and vtb2 with di�erential and common-mode components as follows:

vtb1 = vi(cm) +
vi(d)

2
(7.89)

vtb2 = vi(cm) �
vi(d)

2
(7.90)

where vi(d) = vtb1 � vtb2 and vi(cm) = (vtb1 + vtb2) /2. Superposition of
vi(d) and vi(cm) can be used to solve for vo1 and vo2. With vi(cm) = 0, the
e�ects of vtb1 = vi(d)/2 and vtb2 = �vi(d)/2 are to cause vq = 0. Thus
the vq node can be grounded and the circuit can be divided into two
common-emitter stages in which Rte(d) = RE for each transistor. In this
case, vo1(d) can be written

vo1(d) =
ic1(sc)

vtb1(d)

vo1(d)

ic1(sc)
vtb1(d) = Gm(d)

¡�ric(d)kRtc¢ vi(d)2
= Gm(d)

¡�ric(d)kRtc¢ vtb1 � vtb22
(7.91)

By symmetry vo2(d) = �vo1(d).
With vi(d) = 0, the e�ects of vtb1 = vtb2 = vi(cm) are to cause the

emitter currents in Q1 and Q2 to change by the same amounts. If RQ is
replaced by two parallel resistors of value 2RQ, it follows by symmetry
that the circuit can be separated into two common-emitter stages each
with Rte(cm) = RE + 2RQ. In this case, vo1(cm) can be written

vo1(cm) =
ic1(sc)
vtb1(cm)

vo1(cm)
ic1(sc)

vtb1(cm) = Gm(cm)
¡�ric(cm)kRtc¢ vi(cm)

= Gm(cm)
¡�ric(cm)kRtc¢ vtb1 + vtb22

(7.92)

By symmetry vo2(cm) = vo1(cm).
Because Rte is di�erent for the di�erential and common-mode cir-

cuits, Gm, ric, and rib are di�erent. However, the total solution vo1 =
vo1(d)+ vo1(cm) is the same as that given by Eq. (7.87), and similarly for
vo2. The small-signal base currents can be written ib1 = vi(cm)/rib(cm) +
vi(d)/rib(d) and ib2 = vi(cm)/rib(cm)�vi(d)/rib(d). IfRQ ��, the common-
mode solutions are zero. In this case, the di�erential solutions can be
used for the total solutions. If RQ À RE + rie, the common-mode solu-
tions are often approximated by zero.
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7.7 Small-Signal High-Frequency Models

Figure 7.21 shows the hybrid-� and T models for the BJT with the base-
emitter capacitance c� and the base-collector capacitance cμ added. The
capacitor ccs is the collector-substrate capacitance which in present in
monolithic integrated-circuit devices but is omitted in discrete devices.
These capacitors model charge storage in the device which a�ects its
high-frequency performance. They are given by

c� = cje +
�F IC
VT

(7.93)

cμ =
cjc

[1 + VCB/�C ]
mc

(7.94)

ccs =
cjcs

[1 + VCS/�C ]
mc

(7.95)

where IC is the dc collector current, VCB is the dc collector to base
voltage, VCS is the dc collector to substrate voltage, cje is the zero-
bias junction capacitance of the base-emitter junction, �F is the forward
transit time of the base-emitter junction, cjc is the zero-bias junction
capacitance of the base-collector junction, cjcs is the zero-bias collector-
substrate capacitance, �C is the built-in potential, andmc is the junction
exponential factor. For integrated circuit lateral pnp transistors, ccs is
replaced with a capacitor cbs from base to substrate.

Figure 7.21: High-frequency small-signal models of the BJT. (a) Hybrid-
� model. (b) T model.

In these models, the currents are related by

i0c = gmv� = �i
0
b = �i

0
e (7.96)
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These relations are the same as those in Eq. (7.51) with ib replaced with
i0b.

7.8 BJT Noise Model

The principle noise sources in a BJT are thermal noise in the base spread-
ing resistance rx, shot noise and �icker noise in the base bias current IB,
and shot noise in the collector bias current IC . Fig. 7.22 shows the BJT
symbols with the noise sources added. The base spreading resistance rx
is modeled as an external resistor in series with the base. The polarity
of the noise sources is arbitrary. Each has been chosen so as to cause an
increase in the collector current.

Figure 7.22: BJT circuit symbols with noise sources added.

The source vtx in Fig. 7.22 models the thermal noise in rx. The
shot noise and �icker noise in the base bias current IB are modeled by
ishb + ifb. The shot noise in the collector bias current IC is modeled by
ishc. In the band �f , these have the mean-square values

v2tx = 4kTrx�f (7.97)

i2shb = 2qIB�f (7.98)

i2fb =
KfIB�f

f
(7.99)

i2shc = 2qIC�f (7.100)

The �icker noise can increase signi�cantly if the base-emitter junction is
subjected to reverse breakdown. This might occur during power supply
turn-on or by the application of too large an input voltage. A normally
reverse-biased diode in parallel with the base-emitter junction is often
used to prevent it.
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7.8.1 Noise Equivalent Input Voltage

Figure 7.23 shows the npn BJT with the collector connected to signal
ground. The external base and emitter circuits are modeled by Thévenin
equivalent circuits. With v2 = 0, the circuit models a common-emitter
or CE stage. With v1 = 0, it models a common-base or CB stage. The
noise sources vt1, and vt2, respectively, model the thermal noise in R1
and R2. In the band �f , these have the mean-square values

v2t1 = 4kTR1�f (7.101)

v2t2 = 4kTR2�f (7.102)

Figure 7.23: BJT noise model with external base and emitter circuits
model by Thévenin sources.

The short-circuit collector output current can be written

ic(sc) = Gmbvtb �Gmevte + ishc (7.103)

where Gmb and Gme are given by Eqs.(7.59) and (7.60) with Rtb = R1,
Rte = R2, and

vtb = v1 + vt1 + vtx + (ishb + ifb) (R1 + rx) (7.104)

vte = v2 + vt2 + (ishc � ishb � ifb)R2 (7.105)
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The equivalent noise input voltage vni can be expressed as a voltage in
series with either v1 or v2. Because the common-emitter ampli�er is
most often seen, we will express it as a voltage in series with v1. First,
we factor Gmb from Eq. (7.103) to obtain

ic(sc) = Gmb

½
v1 + vt1 + vtx + (ishb + ifb) (R1 + rx)

�Gme
Gmb

[v2 + vt2 + (ishc � ishb � ifb)R2]

+
ishc
Gmb

¾
(7.106)

The equivalent noise voltage in series with v1 is given by all terms in the
brackets except the v1 and v2 terms. It is given by

vni = vt1 + vtx � vt2Gme
Gmb

+ (ishb + ifb)

·
R1 + rx +R2

Gme
Gmb

¸
+
ishc
Gmb

(1�GmeR2) (7.107)

After some algebra, this can be reduced to

vni = vt1 + vtx � vt2 r0 + r
0
e/�

r0 �R2/�
+(ishb + ifb)

·
R1 + rx +R2

r0 + r
0
e/�

r0 �R2/�
¸

+ishc
r0

r0 �R2/�
·
R1 + rx +R2

�
+
VT
IC

¸
(7.108)

To express vni as a voltage in series with v2, this equation is multiplied
by Gmb/Gme.

The mean-square value of vni is given by

v2ni = v2t1 + v
2
tx + v

2
t2

μ
r0 + r

0
e/�

r0 �R2/�
¶2

+
³
i2shb + i

2
fb

´μ
R1 + rx +R2

r0 + r
0
e/�

r0 �R2/�
¶2

+i2shc

μ
r0

r0 �R2/�
¶2μR1 + rx +R2

�
+
VT
IC

¶2
(7.109)
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which reduces to

v2ni = 4kT

"
R1 + rx +R2

μ
r0 + r

0
e/�

r0 �R2/�
¶2#

�f

+

μ
2qIB�f +

KfIB�f

f

¶μ
R1 + rx +R2

r0 + r
0
e/�

r0 �R2/�
¶2

+2qIC�f

μ
r0

r0 �R2/�
¶2μR1 + rx +R2

�
+
VT
IC

¶2
(7.110)

This expression gives the mean-square equivalent noise input voltage for
the CE ampli�er. To obtain v2ni for the CB ampli�er, this expression is
multiplied by (Gmb/Gme)

2.
Equation (7.110) can be simpli�ed if it is assumed that r0 À R2/�

and r0 À r0e/�, i.e. we assume the r0 approximations hold. With these
approximations, Eq. (7.110) can be written

v2ni = 4kT (R1 + rx +R2)�f

+

μ
2qIB�f +

KfIB�f

f

¶
(R1 + rx +R2)

2

+2qIC�f

μ
R1 + rx +R2

�
+
VT
IC

¶2
(7.111)

This approximation applies to both the CE and the CB ampli�ers. It
is used in the following to obtain the optimum bias current for the BJT
and in comparing the CE and CB ampli�ers.

7.8.2 vn � in Noise Models
Two vn� in noise models of the BJT are shown in Fig. 7.24. The model
of Fig. 7.24(a) assumes that rx is an external resistor in series with
the base. The asterisk indicates that rx is to be considered noiseless.
The model of Fig. 7.24(b) assumes that rx is internal to the BJT. Both
models are solved for below. We use Eq. (7.108) to solve for the values
of vn and in for both models. Because vni given by this equation is
the voltage in series with the base, R1 must be considered to be the
resistance of the signal source. In the vn � in model, the in noise source
connects between signal ground and the input. Therefore, R2 must be
set to zero in the circuit to solve for in. Otherwise, R2 would appear in
the model and in would connect from the base to the lower node of R2.
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In this case, Eq. (7.108) becomes

vni = vt1 + vtx + (ishb + ifb) (R1 + rx) + ishc

μ
R1 + rx
�

+
VT
IC

¶
(7.112)

Figure 7.24: Two vn � in ampli�er models of the BJT.

First Model

For the �rst model, we write Eq. (7.112) in the form

vni = vts + vn + in (Rs + rx) (7.113)

where vts = vt1 and Rs = R1. It follows that vn and in are given by

vn = vtx + ishc
VT
IC

(7.114)

in = ishb + ifb +
ishc
�

(7.115)

These expressions can be converted into mean-square sums to obtain

v2n = 4kTrx�f + 2qIC�f

μ
VT
IC

¶2
= 4kTrx�f + 2kT

VT
IC
�f (7.116)

i2n = 2qIB�f +
KfIB�f

f
+ 2q

IC

�2
�f (7.117)

Because ishc appears in the expressions for both vn and in, the cor-
relation coe�cient is not zero. It is given by


 =
2kT�f

�

q
v2n

q
i2n

(7.118)

The �rst form of the vn � in BJT noise model is shown in Fig. 7.24(a).
The asterisk indicates that the base spreading resistance r�x is considered
to be a noiseless resistor. It’s noise is included in the expression for v2n.
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Second Model

For the second model, we write Eq. (7.112) in the form

vni = vts + vn + inRs (7.119)

where vts = vt1 and Rs = R1. It follows that vn and in are given by

vn = vtx +

μ
ishb + ifb +

ishc
�

¶
rx + ishc

VT
IC

(7.120)

in = ishb + ifb +
ishc
�

(7.121)

These expressions can be converted into mean-square sums to obtain

v2n = 4kTrx�f +

μ
2qIB�f +

KfIB�f

f

¶
r2x

+2qIC�f

μ
rx
�
+
VT
IC

¶2
(7.122)

i2n = 2qIB�f +
KfIB
f

�f +
2qIC

�2
�f (7.123)

In this case, ishb, ifb, and ishc appear in the expressions for both vn
and in. The correlation coe�cient is given by


 =
1q
v2n

q
i2n

· μ
2qIB�f +

KfIB�f

f

¶
rx

+2q
IC
�
�f

μ
rx
�
+
VT
IC

¶ ¸
(7.124)

The second form of the vn�in BJT noise model is shown in Fig. 7.24(b).
The �rst form has the simplest equations.

7.8.3 Parallel BJTs

One method of reducing the thermal noise generated by rx is to oper-
ate several BJTs in parallel. Compared to a single BJT biased at the
collector current IC , N identical BJTs operated in parallel, each with a
collector current IC/N , generate the same shot and �icker noise as the
single transistor, but the e�ective value of rx is reduced to rx/N .
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7.8.4 Flicker Noise Corner Frequency

The expression for i2n in each form of the BJT vn � in noise model is
the same. The equations predict that a plot of the spectral density
i2n/�f versus frequency would exhibit a slope of �10 dB/decade at low
frequencies and a slope of zero at higher frequencies. Such a plot is
shown in Fig. 7.25 The �icker noise corner frequency is the frequency at
which i2n is up 3 dB compared to its higher frequency value. This is the
frequency for which the center term in Eqs. (7.117) and (7.123) is equal
to the sum of the �rst and last terms. It is given by

f�k =
Kf

2qIB (1 + 1/�)
(7.125)

For f > f�k, the thermal noise dominates. For f < f�k, the �icker noise
dominates. An experimental method for determining the �icker noise
coe�cient Kf for a BJT is to measure the �icker noise corner frequency
and use Eq. (7.125) to calculate Kf .

Figure 7.25: Plot of i2n/�f as a function of frequency.

7.8.5 Methods of Measuring rx

Three methods for measuring the base spreading resistance are described
below. The �rst two require measuring data at several points. A mod-
i�cation of the second method is based on a single measurement. In
addition, a method for measuring i2c (sc) is described.
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Method 1

Consider a common-emitter ampli�er with a source resistanceR1 in series
with the base and with R2 = 0. At very low frequencies, the �icker noise
dominates and v2ni is approximately given by

v2ni =
KfIB�f

f
(R1 + rx)

2 (7.126)

The corresponding noise factor is

F =
v2ni

4kTR1�f
=
KfIB
4kTf

μ
R1 + 2rx +

r2x
R1

¶
(7.127)

The value of R1 which minimizes F is found by setting F/R1 = 0 and
is given by R1 = rx. It follows that rx can be measured by determining
the value of R1 which minimizes the value of F at low frequencies. The
value of R1 is then equal to rx.

Method 2

Consider a common-emitter ampli�er with R1 = R2 = 0. Above the
�icker noise range, the mean-square, short-circuit collector output cur-
rent can be written

i2c (sc) = 2qIC�f +

·
�

rx/ (1 + �) + re

¸2 ¡
4kTrx�f + 2qIB�fr

2
x

¢
' 2qIC�f +

μ
IC
VT

¶2 ¡
4kTrx�f + 2qIB�fr

2
x

¢
=

4q�f

VT

μ
ICVT
2

+ I2Crx +
I3Cr

2
x

2�VT

¶
(7.128)

where the approximation assumes that re À rx/ (1 + �). It follows from
Eq. (7.128) that

i2c (sc)

I2C
× VT
4q�f

=
VT
2IC

+ rx +
ICr

2
x

2�VT
(7.129)

If this is plotted as a function of IC , the curve exhibits a minimum at
IC = VT

�
�/rx. At this current, we have

i2c (sc)

I2C

¯̄̄̄
¯
min

× VT
4q�f

= rx

μ
1 +

1

2
�
�

¶
(7.130)
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This equation can be solved for rx. For large �, the solution is relatively
independent of �. A source of error with this method is the temperature
variation of the transistor with its bias current, thus causing VT to change
with bias current.

Figure 7.26 illustrates the theoretical variation of i2c (sc)VT/4q�f and³
i2c (sc)/I

2
C

´
(VT/4q�f) with IC for �f = 1 Hz. The assumed transistor

parameters are � = 100 and rx = 60 �. It can be seen from Fig. 7.26(b)

that the range over which
³
i2c(sc)/I

2
C

´
(VT/4q�f) is a minimum is fairly

broad, thus making it di�cult to experimentally determine the value of
IC at the minimum. A possible method of improving the accuracy would
be to perform a least squares curve �t of Eq. (7.130) to measured data.

Figure 7.26: (a) log
³
i2c (sc) × VT/4q�f

´
versus IC in mA. (b)³

i2c (sc)/I
2
C

´
(VT/4q�f) versus IC in mA.

Method 3

A variation of Method 2 is to measure i2c (sc) × (VT/4q�f) for a single
value of IC and solve Eq. (7.128) for rx. The solution is

rx =
�VT
IC

	
�
"
1 +

1

�

Ã
i2c (sc)

8qIC�f
� 1
!#1/2

� 1
�� (7.131)

This method eliminates the potential error caused by temperature vari-
ations for di�erent values of IC .
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Measuring i2c(sc)

Figure 7.27 shows a circuit for measuring i2c (sc). An op amp is connected
as a current to voltage converter. We assume the capacitors are short
circuits for the noise signals. Because the collector of the BJT connects
to a virtual ac signal ground, the signal voltage at the collector is zero.
Therefore, the small-signal collector current is the Norton current ic(sc).
The dc emitter bias current is given by

IE =
�VBE � V �

RE
(7.132)

The small-signal voltage at the inverting op amp input is given by

v� = vo
RC

RF +RC
� vni � ic(sc)RCkRF (7.133)

where vni is the equivalent noise input voltage of the op amp, including
the thermal noise of RC and RF . Because v� = 0, this equation can be
solved for vo to obtain

vo = vni

μ
1 +

RF
RC

¶
+ ic(sc)RF (7.134)

Because the noise sources are not correlated, the contribution due to
ic(sc) can be obtained by �rst measuring v2o with the transistor removed.

Denote this measurement by v2o1. Let the value with the transistor in
the circuit be v2o2. It follows that i

2
c (sc) is given by

i2c (sc) =
v2o2 � v2o1
R2F

(7.135)

We assume here that v2ni is the same with the transistor in or out of
the circuit. This is strictly true only for r0 À RCkRF , where r0 is the
collector-emitter resistance of the transistor. This is because the op amp
in noise current �ows through RCkRF with the transistor removed and
through r0kRCkRF in the circuit. The condition that both capacitors
be ac short circuits in the band over which the noise is measured are

CE À 1

2�fre
(7.136)

CC À 1

2�fRC
(7.137)

where f is the lowest frequency of interest and re = VT/IE is the lower
bound on the small-signal resistance seen by CE.
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Figure 7.27: Test circuit for measuring i2c (sc).

7.8.6 Optimum Bias Current

Let us assume in Eq. (7.110) that the frequency is high enough so that
�icker noise can be neglected. In addition, let us assume that r0 is large
enough so that the approximation r0 � � can be used. With these
approximations, v2ni can be written

v2ni = 4kT (R1 + rx +R2)�f + 2q
IC
�
�f (R1 + rx +R2)

2

+2qIC�f

μ
R1 + rx +R2

�
+
VT
IC

¶2
(7.138)

It can be seen that v2ni �� if IC � 0 or if IC ��. It follows that there
is a value of IC which minimizes v2ni. This current is called the optimum
collector bias current and it is denoted by IC(opt). It is obtained by

setting dv2ni/dIC = 0 and solving for IC . It is given by

IC(opt) =
VT

R1 + rx +R2
× ��

1 + �
(7.139)

When the BJT is biased at IC(opt), let the equivalent noise input

voltage be denoted by v2ni(min). It is given by

v2ni(min) = 4kT (R1 + rx +R2)�f ×
�
1 + ��

1 + � � 1 (7.140)
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For minimum noise, this equation shows that the series resistance in the
external base and emitter circuits should be minimized and that the BJT
should have a small rx and a high �.

Although v2ni(min) decreases as � increases, the sensitivity is not that
great for the range of � for most BJTs. Fig. 7.28 shows a plot of the dB
change in v2ni(min) a function of � for 100 � � � 10000, where the 0 dB
reference level corresponds to � = 100. Most BJTs have a � in the range
100 � � � 1000. As � increases over this range, v2ni(min) decreases by
0.32 dB. Superbeta transistors have a � in the range 1000 � � � 10000.
As � increases over this range, v2ni(min) decreases by only 0.096 dB. It
can be concluded that only a slight improvement in noise performance
can be expected by using higher � BJTs when the device is biased at
IC(opt).

Figure 7.28: dB change in v2ni(min) as a function of �.

If IC 6= IC(opt), v2ni can be written

v2ni = v
2
ni(min)

Ã
1 +

0.5
¡
IC/IC(opt) + IC(opt)/IC

¢� 1
1 +

�
1 + �

!
(7.141)

Example plots of v2ni/v
2
ni(min) versus IC/IC(opt) are given in Fig. 7.29,

where a log scale is used for the horizontal axis. Curve (a) is for � =
10000, curve (b) is for � = 1000, and curve (c) is for � = 100. The plots
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exhibit even symmetry about the vertical line de�ned by IC/IC(opt) = 1.

This means, for example, that v2ni is the same for IC = IC(opt)/2 as for

IC = 2IC(opt). The �gure shows that the sensitivity of v2ni to changes
in IC decreases as � increases. For example, at IC = IC(opt)/2 and

IC = 2IC(opt), v2ni is greater than v
2
ni(min) by 0.097 dB for � = 100, by

0.033 dB for � = 1000, and by 0.010 dB for � = 10000.

Figure 7.29: dB change in v2ni as a function of IC/IC(opt).

7.9 Comparison of CE and CB Stages

When r0 À r0e/� and r0 À R2/�, the above analysis shows that the
noise performance of the CE ampli�er is the same as the CB ampli�er.
If the noise generated by the following stage cannot be neglected, the
CE ampli�er can have the lower noise. In this section, we investigate the
e�ect of the noise generated by the following stage. We assume that r0
is large enough so that the collector current can be calculated with Eqs.
(7.63) and (7.64), i.e. we use the r0 approximations. Let the second
stage be modeled by a vn � in ampli�er noise model having the noise
sources vn2 and in2 and the correlation coe�cient 
2. Let vni be the new
noise equivalent input voltage when the second stage noise is included.
Following Eq. (4.49), this is given by

vni = vni1 +
vn2

Gm1ric1
+
in2
Gm1

(7.142)
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where vni1 is the equivalent noise input voltage of the �rst stage and
ric is its collector output resistance. It follows from this equation that
the vn2 contribution is the lowest for the �rst-stage con�guration that
exhibits the largest Gm1ric1 product. The in2 contribution is lowest for
the �rst-stage con�guration which exhibits the largest Gm1.

For a CE �rst stage, let R1 = Rs and R2 = 0, where Rs is the source
resistance. For a CB �rst stage, let R1 = 0 and R2 = Rs. If we use Eq.
(7.62) for ric1 and Eq. (7.64) for Gm1, it follows that the ratio of the
Gm1ric1 products for the two con�gurations is

Gm1(CE)ric1(CE)

Gm1(CB)ric1(CB)
=

r0
r0 + [re + rx/ (1 + �)] kRs ' 1 (7.143)

This result shows that the noise contributed by vn2 is approximately the
same for the two con�gurations. The ratio of the Gm1 terms for the two
con�gurations is

Gm1(CE)

Gm1(CB)
=

rx/ (1 + �) + re +Rs
(Rs + rx) / (1 + �) + re

(7.144)

For Rs = 0, this ratio is unity. In this case, the noise contributed by
in2 is the same for the two con�gurations. For Rs large, the ratio ap-
proaches (1 + �). In this case, the e�ect of the second stage in noise
on the CB ampli�er is greater than on the CE ampli�er. Thus the CE
ampli�er is the preferred topology for low-noise applications when the
source resistance is not small.

7.10 CC Stage

Figure 7.30 shows the circuit diagram of a CC ampli�er with its output
connected to the input of a second stage that is modeled with the vn� in
ampli�er noise model. For a small-signal ac analysis, the bias sources are
not shown. The resistors rx and r0 and all BJT noise sources are shown
external to the BJT. The source it2 models the thermal noise current in
R2. If the circuit seen looking to the left of Zi2 is replaced with a Norton
equivalent circuit, it follows that the voltage across Ri2 is proportional
to the Norton current in the circuit. This is the short-circuit current
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through Ri2, i.e. the current ii2 evaluated with Ri2 = 0. It is given by

ii2(sc) = i0e � (ishb + ifb) + ishc + it2 +
vn2
R2kr0 + in2

=
v1 + vt1 + vtx + (ishb + ifb) (R1 + rx) + vn2

r0e
� (ishb + ifb) + ishc + it2 + vn2

R2kr0 + in2 (7.145)

where i0e = vtb/r0e has been used and r0e is given by Eq. (7.53). It follows
that the equivalent noise input voltage is given by

vni = vt1 + vtx + vn2

μ
1 +

r0e
R2kr0

¶
+(ishb + ifb)

¡
R1 + rx � r0e

¢
+(ishc + it2 + in2) r

0
e (7.146)

This can be converted into a mean-square sum to obtain

v2ni = 4kT (R1 + rx)�f + v2n2

μ
1 +

r0e
R2kr0

¶2
+2
2

q
v2n2

q
i2n2

μ
1 +

r0e
R2kr0

¶
r0e

+

μ
2qIB�f +

KfIB�f

f

¶¡
R1 + rx � r0e

¢2
+

μ
2qIC�f +

4kT�f

R2
+ i2n2

¶
r02e (7.147)

where 
2 is the correlation coe�cient between vn2 and in2.
Compared to the second stage by itself, it can be seen from Eq.

(7.147) that the CC stage increases the second-stage vn noise. The
second-stage in noise is decreased if r0e < R1. The noise voltage generated
by the transistor base shot and �icker noise currents can be cancelled if
r0e = R1 + rx. For R2 >> 2VT/IC , the thermal noise generated by R2
can be neglected compared to the shot noise in IC .

7.11 The Di� Amp

Figure 7.31(a) shows a BJT di� amp circuit. For an ac small-signal
analysis, the bias sources are not shown. It is assumed that the BJTs
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Figure 7.30: Common-collector stage.

are matched and biased at equal currents. The emitter resistors labeled
R2 are included for completeness. For lowest noise, these should be small
compared to Rs. The source inq models the noise current generated by
the tail current source and the resistor rq models its small-signal output
resistance.

Figure 7.31: (a) Di�erential ampli�er. (b) Cascode ampli�er.

For minimum noise output from the di�-amp, the output must be
proportional to the di�erential short-circuit output current iod(sc) =
ic1(sc) � ic2(sc). The subtraction cancels the common-mode output noise
generated by inq. Although a current-mirror active load can be used to
realize the subtraction, the lowest noise performance is obtained with a
resistive load. With a resistive load on each collector, a second di�-amp
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is required to subtract the output signals. The analysis presented here
assumes that the output is taken di�erentially. In addition, it is assumed
that rq is large enough so that it can be approximated by an open circuit
in the small-signal analysis. This is equivalent to the assumption of a
high common-mode rejection ratio.

The simplest method to calculate the equivalent noise input voltage
of the di� amp is to exploit symmetry by resolving all sources into their
di�erential and common-mode components. The common-mode compo-
nents are all canceled when the output is taken di�erentially. There-
fore, only the di�erential components are required. When the sources
are replaced by their di�erential components, the node labeled va in Fig.
7.31(a) can be grounded. This decouples the di� amp into two CE stages.

Consider the e�ect of the base shot noise currents. De�ne the dif-
ferential base shot noise current by ishb(d) = (ishb1 � ishb2) /2. For Q1,
replace ishb1 with +ishb(d). For Q2, replace ishb2 with �ishb(d). The dif-
ferential short-circuit collector output current iod(sc) = ic1(sc) � ic2(sc) is
proportional to ishb(d) �

¡�ishb(d)¢ = ishb1 � ishb2. If ishb1 and ishb2 are
not correlated, it follows that i2od(sc) contains a term that is proportional

to i2shb1 + i
2
shb2. Because i

2
shb1 = i

2
shb2, the base current shot noise is in-

creased by 3 dB compared to a CE ampli�er. Likewise, the thermal noise
of the base spreading resistance, the thermal noise of R1 and R2, the base
current �icker noise, and the collector current shot noise are increased by
3 dB compared to the CE ampli�er. The mean-square equivalent noise
input voltage of the di� amp is given by 2v2ni, where v

2
ni is given by Eq.

(7.111). Above the �icker noise corner frequency, the noise is minimized
when each BJT is biased at a collector current given by Eq. (7.139).

7.12 The Cascode Ampli�er

Figure 7.31(a) shows a cascode ampli�er. The noise source vni1 mod-
els the noise generated by R1, R2, and Q1. Its mean-square value is
given by Eqs. (7.110) and (7.111). Although an exact solution can be
obtained, the assumption that r01 = r02 = � simpli�es solution of the
noise contribution of Q2. With this approximation, we can write

ic2(sc) = �2ie2 + ishc2

= �2 [Gm1 (v1 + vni1) + ishb2 + ifb2 � ishc2] + ishc2
= �2Gm1 (v1 + vni) (7.148)
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where Gm1 is given by Eq. (7.64) and vni is given by

vni = vni1 +
1

�2Gm1

μ
ishb2 + ifb2 +

ishc2
�2

¶
(7.149)

This can be converted into a mean-square voltage to obtain

v2ni = v2ni1 +
1

�22

μ
rx1 +R1
�1

+
VT
IC1

+R2

¶2Ã
2qIB2�f

+
KfIB2�f

f
+ 2q

IC2

�22
�f

!
(7.150)

The thermal noise voltage of rx2 does not contribute to vni. This is
because the small-signal resistance seen looking out of the emitter of Q2
is in�nite when the small-signal collector-emitter resistances are assumed
to be open circuits. Thus a voltage at the base of Q2 cannot change its
collector current.

7.13 The BJT at High Frequencies

Figure 7.32 shows the high-frequency T model of the BJT with the emit-
ter grounded and the base driven by a voltage source having the output
impedance Zs = Rs + jXs. The base-emitter capacitance c� and the
collector-base capacitance cμ are given by

c� = cje +
�F IC
VT

(7.151)

cμ =
cjc

[1 + VCB/�C ]
mc

(7.152)

where cje is the zero-bias junction capacitance of the base-emitter junc-
tion, �F is the forward transit time of the base-emitter junction, cjc
is the zero-bias junction capacitance of the base-collector junction, �C
is the built-in potential, and mc is the junction exponential factor. All
noise sources are shown in the circuit except the base �icker noise current
which can be neglected at high frequencies.

For Ic(sc) we can write

Ic(sc) = �I
0
e � j�cμV 0b + Ishc = I 0e (�� j�cμre) + Ishc (7.153)
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Figure 7.32: Common-emitter ampli�er.

where V 0b = I
0
ere has been used. To solve for I

0
e, we can write

V 0b = I
0
ere =

·
Vs + Vts + Vtx
Zs + rx

+ �I 0e + Ishb
¸
Zp1 (7.154)

where Zp1 and cT are given by

Zp1 = (Zs + rx) k 1

j�cT
kre (7.155)

cT = c� + cμ (7.156)

Eq. (7.154) can be solved for I 0e to obtain

I 0e =
·
Vs + Vts + Vtx
Zs + rx

+ Ishb

¸
Zp1

re � �Zp1 (7.157)

Thus Ic(sc) is given by

Ic(sc) = (�� j�cμre)
·
Vs + Vts + Vtx
Zs + rx

+ Ishb

¸
Zp1

re � �Zp1 + Ishc (7.158)

It is straightforward to show that this reduces to

Ic(sc) = Gmb (�)

μ
Vs + Vts + Vtx + Ishb (Zs + rx) +

Ishc
Gmb (�)

¶
(7.159)

where Gmb (�) is given by

Gmb (�) =
�� j�cμreμ

1

1 + �
+ j�cT re

¶
(Zs + rx) + re

(7.160)



182 CHAPTER 7. NOISE IN DIODES AND BJTS

For � = 0, this reduces to

Gmb (0) =
�

Rs + rx
1 + �

+ re

(7.161)

which agrees with Eq. 7.59 for the case Rtb = Rs and Rte = 0.

7.13.1 Equivalent Noise Input Voltage

The equivalent noise input voltage is given by the sum of the terms in
the brackets in Eq. (7.159) with the Vs term omitted. It is given by

Vni = Vts + Vtx + Ishb (Zs + rx) +
Ishc

1� j�cμVT/IC
×
·μ
1

�
+ j�cT

VT
IC

¶
(Zs + rx) +

VT
IC

¸
(7.162)

where re/� = r�/� and � = �/ (1 + �) have been used. The mean-
square value is given by

v2ni = 4kT (Rs + rx)�f + 2qIB�f
h
(Rs + rx)

2 +X2
s

i
+

2qIC�f

1 + (�cμVT/IC)
2

(·
Rs + rx
�

+
VT
IC
(1� �cTXs)

¸2
+

·
Xs
�
+ �cT

VT
IC
(Rs + rx)

¸2)
(7.163)

The noise factor is given by

F =
v2ni

4kTRs�f
(7.164)

If we assume that cμ ¿ c�, c� ' �F IC/VT , and �2c2μr2e << �2, the
values ofXs and IC can be solved for to minimize v2ni. These are obtained
by setting v2ni/Xs = 0 and v2ni/IC = 0 and solving the equations
simultaneously. It is straightforward to show that Xs and IC are given
by

Xs = ��F (Rs + rx)
��
1 + �

(7.165)

IC =
VT

(Rs + rx)
¡
1 + ���2�2F

¢ × ��
1 + �

(7.166)
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The corresponding expressions for v2ni and F are

v2ni = 4kT (Rs + rx)�f

�
1 + ��

1 + � � 1 (7.167)

F =

μ
1 +

rx
Rs

¶ �
1 + ��

1 + � � 1 (7.168)

7.13.2 Vn � In Noise Model
As with the low-frequency analysis, two noise models can be obtained,
one with rx represented by an external noiseless resistor and the other
with rx inside the transistor. These are described below.

First Model

Equation (7.162) is of the form

Vni = Vts + Vtx + Ishb (Zs + rx)

+
Ishc

1� j�cμVT/IC

·μ
1

�
+ j�cT

VT
IC

¶
(Zs + rx) +

VT
IC

¸
= Vts + Vn + In (Zs + rx) (7.169)

It follows that Vn and In are given by

Vn = Vtx +
Ishc

1� j�cμVT/IC
VT
IC

(7.170)

In = Ishb +
Ishc

1� j�cμVT /IC

μ
1

�
+ j�cT

VT
IC

¶
(7.171)

The mean-square values and the correlation coe�cient are given by

v2n = 4kTrx�f +
1

1 + (�cμVT/IC)
2

2kTVT�f

IC
(7.172)

i2n = 2qIB�f +
2qIC�f

1 + (�cμVT/IC)
2

"
1

�2
+

μ
�cT

VT
IC

¶2#
(7.173)

� =
1q
v2n

q
i2n

2kT�f

1 + (�cμVT/IC)
2

μ
1

�
� j�cT VT

IC

¶
(7.174)
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Figure 7.33: Vn � In noise models of the CE ampli�er.

The model is shown in Fig. 7.33(a). The resistor r�x is a noiseless resistor
in the model. Its noise is included in Vn.

Because rx is a noiseless resistor external to the transistor, the op-
timum source impedance which minimizes the noise factor given by Eq.
(6.13) does not apply. It can be shown that the optimum source im-
pedance is given by

Zso =

"
v2n

i2n

¡
1� �2i

¢
+ 2�rrx

s
v2n

i2n
+ r2x

#1/2
� j�i

s
v2n

i2n
(7.175)

Second Model

Equation (7.159) is of the form

Ic(sc) = Gm (�) (Vs + Vts + Vn + InZs) (7.176)

It follows that Vn and In are given by

Vn = Vtx+ Ishbrx+
Ishc

1� j�cμVT/IC

·μ
1

�
+ j�cT

VT
IC

¶
rx +

VT
IC

¸
(7.177)

In = Ishb +
Ishc

1� j�cμVT /IC

μ
1

�
+ j�cT

VT
IC

¶
(7.178)

The mean-square values and the correlation coe�cient are given by

v2n = 4kTrx�f + 2qIB�fr
2
x +

2qIC�f

1 + (�cμVT/IC)
2

×
"μ
rx
�
+
VT
IC

¶2
+

μ
�cT

VT
IC
rx

¶2#
(7.179)
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i2n = 2qIB�f +
2qIC�f

1 + (�cμVT/IC)
2

"
1

�2
+

μ
�cT

VT
IC

¶2#
(7.180)

� =
1q
v2n

q
i2n

·
2qIB�frx +

2qIC�f

1 + (�cμVT/IC)
2

×
·μ
1

�
+ j�cT

VT
IC

¶
rx +

VT
IC

¸μ
1

�
� j�cT VT

IC

¶ ¸
(7.181)

The model is shown in Fig. 7.33(b).

7.13.3 Ampli�er Equivalent Circuit

To solve for the impedance seen looking into the collector, we use the
circuit in Fig. 7.32. We can write

V 0b =
£
j�cμVt + �I

0
e

¤
Zp1 =

·
j�cμVt + �

V 0b
re

¸
Zp1 (7.182)

where Zp1 is de�ned in Eq. 7.155. This equation can be solved for V 0b to
obtain

V 0b =
j�cμZp1

1� �Zp1/reVt (7.183)

The current I 0c is given by

I 0c = j�cμ
¡
Vt � V 0b

¢
+ �I 0e = j�cμ

¡
Vt � V 0b

¢
+ �

V 0b
re

=

·
j�cμ +

μ
�

re
� j�cμ

¶
j�cμZp1

1� �Zp1/re

¸
Vt

= j�cμ
1/Zp1 � j�cμ
1/Zp1 � �/re Vt =

Vt
Z 0ic

(7.184)

The above equation de�nes the impedance Z 0ic given by

Z 0ic =
1

j�cμ

1/Zp1 � �/re
1/Zp1 � j�cμ

=
1

j�cμ

1

Zs + rx
+
1

r�
+ j�cT

1

Zs + rx
+
1

re
+ j�c�

(7.185)
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Figure 7.34: Circuit for calculating the collector impedance Zic.

where r� = re/ (1� �) has been used. The impedance Zic seen looking
into the collector is given by

Zic = r0kZ 0ic (7.186)

The Norton equivalent circuit seen looking into the collector is thus the
current Ic(sc) in parallel with the impedance Zic.

To solve for the input impedance, we �rst solve for the input im-
pedance seen looking into the V 0b node. The circuit in Fig. 7.35 shows
the V 0b node driven by a test source Vt with a load impedance ZL from
collector to ground. To facilitate the use of superposition in solving for
Ib, the �I 0e source is replaced by two series sources of the same value
with the common node grounded. By superposition, we can write

Ib =
Vt
Zp2

� �I 0e + �I 0e
r0kZL

r0kZL + 1/j�cμ
= Vt

μ
1

Zp2
� �

re

1/j�cμ
r0kZL + 1/j�cμ

¶
(7.187)

where I 0e = Vt/re has been used and Zp2 is given by

Zp2 = rek 1

j�c�
k
μ

1

j�cμ
+ r0kZL

¶
(7.188)

The resistance seen looking into the V 0b node is given by Vt/Ib. When
rx is added to this, the input resistance seen looking into the Vb node is
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Figure 7.35: Circuit for calculating Zib.

obtained. It is given by

Zib = rx +

·
1

Zp2
� �

re

1

1 + j�cμ (r0kZL)
¸�1

= rx +

��� 1
r�
+ j�c� + j�cμ

1 +
�

re
(r0kZL)

1 + j�cμ (r0kZL)

���
�1

(7.189)

For ZL = 0, this reduces to Zib = rx + r�k (1/j�cT ), a result which can
be written by inspection of the circuit. The equivalent circuit of the
common-emitter ampli�er is shown in Fig. 7.36.

Figure 7.36: Equivalent circuit of the common-emitter ampli�er.

Example 2 Figure 7.37 shows the ac signal circuit of a common-emitter
ampli�er with an input matching network. The noise is modeled with the
�rst Vn � In noise model of Fig. 7.33(a). The BJT is biased at IC = 1
mA and VCB = 10 V and has the parameters � = 100, rx = 40 �,
VA = 30 V, cjc = 10 pF, cje = 15 pF, and �F = 0.5 ns. The operating
frequency is 10 MHz. The source resistance is Rs = 50 �. (a) Calculate
the optimum source impedance Zso which minimizes the noise factor. (b)
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Calculate L1 and C2 so that the bjt sees Zso. (c) Calculate the voltage
gain if the ampli�er is conjugately matched to its load impedance. (d)
Calculate the base input impedance Zib. (e) Calculate the noise �gure.

Figure 7.37: Common-emitter ampli�er with noise matching network.

Solution. The small-signal parameters are � = �/ (1 + �) = 0.99,
r0 = (VA + VCB) /IC = 40 k�, re = �VT/IC = 24.8 �, r� = �VT /IC =
2.5 k�, c� = cje+�F IC/VT = 35 pF, cμ = cjc/ (1 + VCB/0.75)

0.33 = 4.15
pF, and cT = c� + cμ = 39.2 pF. (a) Eqs. (7.172) through (7.174) give
v2n = 8.4 × 10�19 V2/Hz, i2n = 4.44 × 10�24 A2/Hz, and � = 0.0414 �
j0.255. The optimum source impedance is calculated from Eq. (7.175)
to obtain Zso = 424 + j111 �. (b) By Eqs. (5.97) and (5.97), X1 =
424
p
50/ (424� 50) = 169 and X2 = �424 × 50/169 = �152, where

the + sign is chosen for X1. Thus L1 = X1/2�f = 268 μH and C2 =
�1/2�X2 = 10.5 nF. (c)Eqs. (7.160), (7.185), and (7.186) give Gmb =
0.0162 � j0.0213 S and Zic = 170 � j225 � or 242 � in parallel with
�j321 �. For a conjugately matched load, the load impedance must
be ZL = 154 + j116 � or 468 � in parallel with �j353 �. The output
voltage is given by Vo = �Ic(sc) (ZickZL) = �GmbVs (ZickZL). Thus the
voltage gain is

Vo
Vs
= �Gmb (ZickZL) = 6.26�127o (15.9 dB)

(d) Eq. (7.189) gives Zib = �42.4 � j187 �. With an input impedance
that has a negative real part, the circuit can oscillate if the total series
resistance is not positive. The total series input impedance is Zso+Zib =
382 � j76.6, which has a positive real part. Thus the circuit will not
oscillate at the design frequency. This does not mean that it will not
oscillate at another frequency, for the series resistance can be negative
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at other frequencies, depending on the source and load impedances. (e)
Eq. (6.14) for the optimum noise factor F0 holds only for the second
Vn � In noise model where rx is not external to the BJT. Thus F0 must
be calculated from the “long way.” We have

F0 = 1 +
v2n +

q
v2n

q
i2nRe [� (Z

�
so + rx)] + i

2
n |Zso + rx|2

4kT0Re (Zso)�f
= 1.27

where the impedance through which In �ows is Zso+rx. The noise �gure
is NF = 10 logF0 = 1.03 dB. It is left as an exercise to show that the
second Vn � In noise model gives the same answers.



Chapter 8

Noise in JFETs

The circuit symbols for the junction FET or JFET are shown in Fig. 8.1.
There are two types of devices, the n-channel and the p-channel. Each
device has gate (G), drain (D), and source (S) terminals. The drain and
source connect through a semiconductor channel. A diode junction sep-
arates the gate from the channel. For proper operation as an amplifying
device, this junction must be reverse biased. This requires vGS < 0 for
the n-channel device and vGS > 0 for the p-channel device. The principle
noise sources in the JFET are thermal noise and �icker noise generated
in the channel. If the gate bias current cannot be neglected, the shot
noise generated by it must also be included.

Figure 8.1: JFET circuit symbols. (a) N channel. (b) P channel.

8.1 Device Equations

The discussion here applies to the n-channel JFET. The equations apply
to the p-channel device if the subscripts for the voltage between any

190
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two of the device terminals are reversed, e.g. vGS becomes vSG. The
JFET must be biased with the gate-source junction reverse biased to
prevent the �ow of gate current, i.e. vGS < 0 for the n-channel device
and vGS > 0 for the p-channel device. The gate current is then equal to
the reverse saturation current of the junction. This current is very small
and is usually neglected in bias and small-signal calculations. However,
its e�ect is included in the noise model given here. The JFET is biased
in the active mode or the saturation region when vDS � vGS � VTO,
where VTO is the threshold or pinch-o� voltage, which is negative.

In the saturation region, the drain current is given by

iD = � (vGS � VTO)2 for vGS � VTO
= 0 for vGS < VTO (8.1)

where � is the transconductance coe�cient given by

� = �0 (1 + �vDS) (8.2)

In this equation, �0 is the zero-bias value of �, i.e. the value with vDS =
0, and � is the channel-length modulation parameter which accounts
for the change in � with drain-source voltage. Because iG ' 0 in the
pinch-o� region, the source current is equal to the drain current, i.e.
iS = iD.

A second way of writing the JFET current is

iD = IDSS

μ
1� vGS

VTO

¶2
for vGS � VTO

= 0 for vGS < VTO (8.3)

where IDSS is the drain-source saturation current, i.e. the value of iD
with vGS = 0. It is given by

IDSS = �V
2
TO = �0 (1 + �vDS)V

2
TO (8.4)

Typical device parameters are �0 = 2 × 10�4 A/V2, VTO = �4 V, and
� = 0.01 V�1.

Figure 8.2 shows the typical variation of the drain current iD with
gate-to-source voltage vGS for VTO � vGS � 0. The slope of the curve is
the small-signal transconductance gm. For vGS < VTO, the drain current
is zero. For vGS > 0, gate current �ows. Fig. 8.2 shows the typical
variation of drain current iD with drain-to-source voltage vDS for eight
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values of VGS in the range VTO < VGS � 0. The dashed line separates
the linear or triode region from the active or saturation region. In the
saturation region, the slope of the curves is the reciprocal of the small-
signal drain-source resistance r0.

Figure 8.2: Plot of ID versus VGS for constant VDS .

Figure 8.3: Plot of ID versus VDS for eight values of VGS .
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8.2 Bias Equation

Figure 8.4 shows the JFET with the external circuits represented by
Thévenin dc circuits. If the JFET is in the pinch-o� region, the following
equations for ID hold:

ID = � (VGS � VTO)2 (8.5)

VGS = VGG � (VSS + IDRSS) (8.6)

� = �0 (1 + �VDS) (8.7)

VDS = (VDD � IDRDD)� (VSS + IDRSS) (8.8)

Because this is a set of nonlinear equations, a closed form solution for
ID cannot be easily written unless it is assumed that � is not a function
of VDS . This assumption requires the condition �VDS ¿ 1. In this case,
the equations can be solved for ID to obtain

ID =
1

4�R2SS

hp
1 + 4�RSS (VGG � VSS � VTO)� 1

i2
(8.9)

Figure 8.4: JFET dc bias circuit.

Unless �VDS ¿ 1, Eq. (8.9) is only an approximate solution. A
numerical procedure for obtaining a more accurate solution is to �rst
calculate ID with � = �0. Then calculate VDS and the new value of �
from which a new value for ID can be calculated. The procedure can
be repeated until the solution for ID converges. Alternately, computer
tools can be used to obtain a numerical solution to the set of nonlinear
equations.
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8.3 Small-Signal Models

There are two small-signal circuit models which are commonly used to
analyze JFET circuits. These are the hybrid-� model and the T model.
The two models are equivalent and give identical results. They are de-
scribed below.

8.3.1 Hybrid-� Model

Let the drain current and each voltage be written as the sum of a dc
component and a small-signal ac component as follows:

iD = ID + id (8.10)

vGS = VGS + vgs (8.11)

vDS = VDS + vds (8.12)

If the ac components are su�ciently small, we can write

id =
ID
VGS

vgs +
ID
VDS

vds (8.13)

where the derivatives are evaluated at the dc bias values. Let us de�ne

gm =
ID
VGS

= 2� (VGS � VTO) = 2
p
�ID (8.14)

r0 =

·
ID
VDS

¸�1
=
h
�0� (VGS � VTO)2

i�1
=
VDS + 1/�

ID
(8.15)

The drain current can thus be written

id = i
0
d +

vds
r0

(8.16)

where
i0d = i

0
s = gmvgs (8.17)

The gate current is given by ig = i0s � i0d = 0. The small-signal circuit
which models these equations is given in Fig. 8.5(a). This is called the
hybrid-� model. The resistor rd is the parasitic resistance in series with
the drain contact. It has a typical value of 50 to 100 �. Often it is
neglected in calculations. This is done in the following. It is simple to
account for rd in any equation by adding it to the external drain load
resistance.
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Figure 8.5: (a) JFET hybrid-� model. (b) T model.

8.3.2 T Model

The T model of the JFET is shown in Fig. 8.5(b). The resistor r0 is
given by Eq. (8.15). The resistor rs is given by

rs =
1

gm
(8.18)

where gm is the transconductance de�ned in Eq. (8.14). The currents
are given by

id = i
0
d +

vds
r0

(8.19)

i0d = i
0
s =

vgs
rs
= gmvgs (8.20)

ig = i
0
s � i0d = 0 (8.21)

The currents are the same as for the hybrid-� model. Therefore, the two
models are equivalent.

8.4 Small-Signal Equivalent Circuits

Several equivalent circuits are derived below which facilitate writing
small-signal low-frequency equations for the JFET. We assume that the
circuits external to the device can be represented by Thévenin equivalent
circuits. The Norton equivalent circuit seen looking into the drain and
the Thévenin equivalent circuit seen looking into the source are derived.
Several examples are given which illustrate use of the equivalent circuits.
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8.4.1 Simpli�ed T Model

Figure 8.6(a) shows the JFET T model with a Thévenin source in series
with the gate. We wish to solve for the equivalent circuit in which the
source i0d connects from the drain node to ground rather than from the
drain node to the gate node. We call this the simpli�ed T model. Aside
for the subscripts, the T model in Fig. 8.5(b) is identical to the T model
in Fig. 7.8(b) for the BJT with rx = 0. Therefore, the simpli�ed T
model for the JFET must be of the same form as the simpli�ed T model
for the BJT in Fig. 7.9. Because ig = 0, the e�ective current gains of
the JFET are � = 1 and � = �. The simpli�ed T model is shown in
Fig. 8.6(b), where i0d and rs are given by

i0d = i
0
s (8.22)

rs =
1

gm
(8.23)

Figure 8.6: (a) JFET T model with Thévenin source connected to the
gate. (b) Simpli�ed T model.

8.4.2 Norton Drain Circuit

The Norton equivalent circuit seen looking into the drain can be used to
solve for the response of the common-source and common-gate stages.
Fig. 8.7(a) shows the JFET with Thévenin sources connected to its
gate and source. The Norton drain circuit follows directly from the
BJT Norton collector circuit of Fig. 7.12(b) with appropriate changes
in subscripts and the substitutions � = 1, and � =�, and rx = 0. The
circuit is given in Fig. 8.7(b), where id(sc) and rid are given by

id(sc) = Gmgvtg �Gmsvts (8.24)
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rid =
r0 + rskRts

1�Rts/ (rs +Rts) = r0
μ
1 +

Rts
rs

¶
+Rts (8.25)

The two transconductances Gmg and Gms are given by

Gmg =
1

rs +Rtskr0
r0

r0 +Rts
(8.26)

Gms =
1

Rts + rskr0 (8.27)

Figure 8.7: (a) JFET with Thévenin sources connected to the gate and
the source. (b) Norton drain circuit.

For the case r0 À Rts and r0 À rs, we can write

id(sc) = Gm (vtg � vts) (8.28)

where
Gm =

1

rs +Rts
(8.29)

The value of id(sc) calculated with this approximation is simply the value
of i0s calculated with r0 considered to be an open circuit. The term
“r0 approximations” is used in the following when r0 is neglected in
calculating id(sc) but not neglected in calculating rid.

8.4.3 Thévenin Source Circuit

The Thévenin equivalent circuit seen looking into the source is useful in
calculating the response of common-drain stages. Fig. 8.8(a) shows the
JFET symbol with a Thévenin source connected to the gate. The resistor
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Rtd represents the external load resistance in series with the drain. The
Thévenin source seen looking into the source follows directly from the
Thévenin emitter circuit for the BJT with appropriate subscript changes
and the substitutions � = 1, � = �, and rx = 0. The circuit is shown
in Fig. 8.8(b), where vs(oc) and ris are given by

vs(oc) = vtg
r0

rs + r0
(8.30)

ris = rs
r0 +Rtd
rs + r0

(8.31)

When Rtd = 0, note that ris = rskr0.

Figure 8.8: (a) JFET with Thévenin source connected to the gate. (b)
Thévenin equivalent circuit seen looking into the source.

8.4.4 Summary of Models

Figure 8.9 summarizes the four equivalent circuits derived above.

8.5 Example Ampli�er Circuits

8.5.1 The Common-Source Ampli�er

Figure 8.10(a) shows the ac signal circuit of a JFET common-source am-
pli�er. We assume that the bias solution and the small-signal resistances
rs and r0 are known. The output voltage and output resistance can be
calculated by replacing the circuit seen looking into the drain by the
Norton equivalent circuit given in Fig. 8.10(b). These are given by

vo = �id(sc) (ridkRtd) = �Gmg (ridkRtd) vtg (8.32)
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Figure 8.9: Summary of the small-signal equivalent circuits.

rout = ridkRtd (8.33)

where Gmg and rid, respectively, are given by Eqs. (8.26) and (8.25).
Because the gate current is zero, the input resistance is in�nite.

8.5.2 The Common-Drain Ampli�er

Figure 8.10(b) shows the ac signal circuit of a JFET common-drain am-
pli�er. We assume that the bias solution and the small-signal resistances
rs and r0 are known. The output voltage and output resistance can be
calculated by replacing the circuit seen looking into the source by the
Thévenin equivalent circuit given in Fig. 8.8(b). These are given by

vo = vs(oc)
Rts

ris +Rts
=

r0
rs + r0

Rts
ris +Rts

vtg (8.34)

rout = riskRts (8.35)

where vs(oc) and ris, respectively, are given by Eqs. (8.30) and (8.31).
Because the gate current is zero, the input resistance is in�nite.

8.5.3 The Common-Gate Ampli�er

Figure 8.10(c) shows the ac signal circuit of a JFET common-gate ampli-
�er. We assume that the bias solution and the small-signal parameters
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Figure 8.10: (a) Common-source ampli�er. (b) Common-drain ampli�er.
(c) Common-gate ampli�er.

rs and r0 are known. The output voltage and output resistance can be
calculated by replacing the circuit seen looking into the drain by the
Norton equivalent circuit given in Fig. 8.7(b). The input resistance can
be calculated by replacing the circuit seen looking into the source by the
Thévenin equivalent circuit given in Fig. 8.8 with vs(oc) = 0. These are
given by

vo = �id(sc) (ridkRtd) = Gms (ridkRtd) vtg (8.36)

rout = ridkRtd (8.37)

rin = Rts + ris (8.38)

where Gms, rid, and ris, respectively, are given by Eqs. (8.27), (8.25),
and (8.31).

8.6 Small-Signal High-Frequency Models

Figure 8.11 shows the hybrid-� and T models for the JFET with the
gate-source capacitance cgs and the gate-drain capacitance cgd added.
The capacitor cgss is the gate-substrate capacitance which in present in
integrated-circuit devices but is omitted in discrete devices. These capac-
itors model charge storage in the device which a�ect its high-frequency
performance. They are given by

cgs =
cgs0

(1 + VSG/�0)
1/3

(8.39)
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cgd =
cgd0

(1 + VDG/�0)
1/3

(8.40)

cgss =
cgss0

(1 + VSSG/�0)
1/2

(8.41)

where VSG, VDG, and VSSG are dc bias voltages; cgs0, cgd0, and cgss0 are
the zero-bias values; and �0 is the built-in potential. The voltage VSSG
is the gate to substrate voltage.

Figure 8.11: Small-signal high-frequency models of the JFET. (a)
Hybrid-� model. (b) T model.

8.7 Noise Model

The principle noise sources in a JFET are thermal noise and �icker noise
in the channel. If the gate current cannot be neglected, then the shot
noise in the gate current must be included. Fig. 8.12 shows the JFET
symbols with the noise sources added. The polarity of the sources is
arbitrary. Each has been chosen so as to cause an increase in the drain
current. The source ishg models the shot noise in the gate bias current IG.
This noise is usually neglected when the gate-source junction is reverse
biased. The thermal noise and �icker noise in the drain bias current ID
are modeled by itd + ifd. In the band �f , these have the mean-square
values

i2shg = 2qIG�f (8.42)

i2td = 4kT

μ
2gm
3

¶
�f (8.43)
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i2fd =
KfID�f

f
(8.44)

Figure 8.12: JFET symbols with noise sources added.

8.7.1 Noise Equivalent Input Voltage

Figure 8.13(a) shows the n-channel JFET with the drain connected to
signal ground. The external gate and source circuits are modeled by
Thévenin equivalent circuits. With v2 = 0, the circuit models a common-
source or CS stage. With v1 = 0, it models a common-gate or CG stage.
The noise sources vt1, and vt2, respectively, model the thermal noise in
R1 and R2. In the band �f , these have the mean-square values

v2t1 = 4kTR1�f (8.45)

v2t2 = 4kTR2�f (8.46)

The short-circuit drain output current can be written

id(sc) = Gmgvtg �Gmsvts + itd + ifd (8.47)

where Gmg and Gms are given by Eqs. (8.26) and (8.27) with Rts = R2
and

vtg = v1 + vt1 + ishgR1 (8.48)

vts = v2 + vt2 + (itd + ifd � ishg)R2 (8.49)

The equivalent noise input voltage vni can be expressed as a voltage in
series with either v1 or v2. Because the common-source ampli�er is most
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Figure 8.13: (a) JFET with Thévenin sources connected to the gate and
the source. (b) JFET vn � in model.

often seen, we will express it as a voltage in series with v1. First, we
factor Gmg from Eq. (8.47) to obtain

id(sc) = Gmg

½
v1 + vt1 + ishgR1

�Gms
Gmg

[v2 + vt2 + (itd + ifd � ishg)R2]

+
itd + ifd
Gmg

¾
(8.50)

The equivalent noise voltage in series with v1 is given by all terms in the
brackets except the v1 and v2 terms. It is given by

vni = vt1 � vt2Gms
Gmg

+ ishg

·
R1 +R2

Gms
Gmg

¸
+
itd + ifd
Gmg

(1�GmsR2) (8.51)

After some algebra, this can be reduced to

vni = vt1 � vt2
μ
1 +

rs
r0

¶
+ ishg

·
R1 +R2

μ
1 +

rs
r0

¶¸
+(itd + ifd) rs (8.52)
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To express vni as a voltage in series with v2, this equation is multiplied
by Gmg/Gms.

The mean-square value of vni is given by

v2ni = v2t1 + v
2
t2

μ
1 +

rs
r0

¶2
+ i2shg

·
R1 +R2

μ
1 +

rs
r0

¶¸2
+
³
i2td + i

2
fd

´
r2s (8.53)

which further reduces to

v2ni = 4kT

"
R1 +R2

μ
1 +

1

gmr0

¶2#
�f

+2qIG�f

·
R1 +R2

μ
1 +

1

gmr0

¶¸2
+4kT

μ
2

3gm

¶
�f +

KfID�f

g2mf
(8.54)

This expression gives the mean-square equivalent noise input voltage for
the CS ampli�er. To obtain v2ni for the CG ampli�er, this expression is
multiplied by (Gmg/Gms)

2. Note that the thermal noise current gener-
ated in the channel, when expressed as an equivalent voltage in series
with the gate, is the same as the open-circuit thermal noise voltage of a
resistor of value R = 2/3gm.

8.7.2 vn � in Noise Model
The vn � in noise model of the JFET is shown in Fig. 8.13(b). We use
Eq. (8.52) to solve for the values of vn and in in this circuit. Because
vni given by this equation is the voltage in series with the gate, R1 must
be considered to be the resistance of the signal source. In the vn � in
model, the in noise source connects between the gate and source. For this
reason, R2 must be set to zero in the circuit to solve for in. Otherwise,
the noise contributed by R2 would appear in the model and in would
connect from the gate to the lower node of R2. With R2 = 0, Eq. (8.52)
becomes

vni = vt1 + ishgR1 + (itd + ifd) rs (8.55)

This equation is of the form vni = vts + vn + inRs, where vts = vt1 and
Rs = R1. It follows that vn and in are given by

vn = (itd + ifd) rs (8.56)
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in = ishg (8.57)

The mean-square values are

v2n =
i2td + i

2
fd

g2m
= 4kT

μ
2

3gm

¶
�f +

KfID�f

g2mf

=
4kT�f

3
�
�ID

+
Kf�f

4�f
(8.58)

i2n = i
2
shg = 2qIG�f (8.59)

If the gate shot noise can be neglected, the dominant noise above
the �icker noise range is the thermal noise generated in the channel. Its
mean-square value is inversely proportional to

�
ID. It follows that this

noise decreases by 1.5 dB each time the drain bias current is doubled.
Thus there is no optimum bias current which minimizes the thermal
noise. The JFET is often biased at ID = IDSS/2 in low-noise design,
where IDSS = �V 2TO is the drain-source saturation current, i.e. the drain
current with vGS = 0.

The gate bias current IG is commonly assumed to be zero when the
gate-channel junction is reverse biased. For a high source impedance,
the e�ect of the gate current on the noise might not be negligible. In
particular, attention must be paid to the variation of the gate current
with drain-gate voltage. In general, the gate current increases with drain-
gate voltage. Some devices exhibit a threshold e�ect such that the gate
current increases rapidly when the drain-gate voltage exceeds some value.
The drain-gate voltage at which this occurs is called the IG breakpoint.
It is typically in the range of 8 to 40 V.

8.7.3 Flicker Noise Corner Frequency

Figure 8.14 shows a plot of the spectral density v2n/�f as a function of
frequency for the JFET. The lower frequency at which the plot is twice
its high frequency limit is called the �icker noise corner frequency. This
is labeled f�k in the �gure. At this frequency, the thermal noise and the
�icker noise are equal. The �icker noise corner frequency can be solved
for by equating the thermal and �icker noise components in Eq. (8.58).
It is given by

f�k =
3Kf
16kT

s
ID
�

(8.60)
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For f > f�k, the thermal noise dominates. For f < f�k, the �icker noise
dominates. An experimental method for determining the �icker noise
coe�cient is to measure the �icker noise corner frequency and use Eq.
(8.60) to calculate Kf .

Figure 8.14: Plot of v2ni/�f versus frequency showing the �icker noise
corner frequency.

8.8 Comparison of the JFET and the BJT

An exact comparison of the BJT and the FET is impossible, in general,
because the noise performance of each is so dependent on device para-
meters and bias currents. The JFET exhibits only vn noise, whereas the
BJT exhibits both vn and in noise. For a low source resistance, the BJT
vn noise is its dominant noise. In this case, the BJT usually has a lower
noise than the JFET. For a high source resistance, the BJT in noise
can cause it to exhibit more noise than the FET. This assumes that the
BJT bias current remains �xed as the source resistance is increased. If
the BJT is biased for minimum noise, the collector bias current must be
decreased as the source resistance is increased. In this case, the FET
may not be the better choice device for the lowest noise.

To make an example comparison of the noise performance of the BJT
and the JFET, typical numerical values for device parameters must be
assumed. Although the conclusions may not be applicable to speci�c
devices, such an example serves to illustrate the di�erences between the
devices. Because �icker noise is so device dependent, it will be neglected.
For the BJT, we will assume that rx = 40 �, VA =�, and � = 500. For
the JFET, we will assume the parameters � = 5×10�4 A/V2, � = 0, and
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VT0 = �2 V. For these values, the drain-to-source saturation current is
IDSS = �V

2
TO = 2 mA.

Let the BJT be connected as a common-emitter ampli�er with its
emitter connected to ac ground. We calculate the noise both for a con-
stant collector bias current and for the optimum collector bias current
IC(opt). Let the JFET be connected as a common-source ampli�er with
its source connected to ac ground. We calculate the noise for a constant
drain bias current. For the constant current cases, we will assume that
both the BJT and the JFET are biased at 1 mA so that the devices are
compared at the same power dissipation. This assumes the same bias
voltage across each device.

Let Rs be the source resistance. For IC = 1 mA, the BJT spot noise
voltage in V/

�
Hz iss

v2ni
�f

=

·
4kT (Rs + rx) + 2qIB (Rs + rx)

2

+2qIC

μ
Rs + rx
�

+
VT
IC

¶2 ¸
=

·
3.58× 10�141.30× 107 (Rs + 40) + 500 (Rs + 40)2

+(Rs + 13000)
2

¸1/2
(8.61)

For IC = IC(opt), it iss
v2ni
�f

=

·
4kT (R1 + rx +R2)�f ×

�
1 + ��

1 + � � 1
¸1/2

= 1.32× 10�10
p
Rs + 40 (8.62)

For ID = 1 mA, the JFET spot noise voltage iss
v2ni
�f

=

·
4kTRs +

4kT�f

3
�
�ID

¸1/2
= 1.29× 10�10

p
Rs + 471 (8.63)

Figure 8.15 shows the plots of
q
v2ni/�f versus Rs for the three cases.

Curve (a) is a plot of (8.61). Curve (b) is a plot of (8.62). Curve (c) is
a plot of (8.63). For Rs small, the two BJT cases give the lowest noise.
Although the curves almost coincide, the noise is slightly lower for the
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BJT biased at IC(opt). For Rs large, the JFET and the BJT biased at
IC(opt) give the lowest noise. Although the curves almost coincide, the
JFET noise is slightly lower than the BJT noise. For Rs in the 3 to 4 k�
range, the JFET and the BJT biased at IC = 1 mA give approximately
the same noise, while the BJT biased at IC(opt) gives slightly lower noise.

Figure 8.15: Spot noise voltage versus source resistance. (a) BJT biased
at 1 mA. (b) BJT biased at IC(opt). (c) JFET biased at 1 mA.

It can be concluded that the BJT gives better noise performance
for low Rs. For large Rs, the BJT and JFET give approximately the
same noise performance provided that the BJT is biased at IC(opt). For
large Rs, IC(opt) for the BJT can become very small. A very small bias
current is a disadvantage when the ampli�er slew rate, e.g. in an op-amp
design, is a consideration. For this reason, the JFET may be preferable
when the source resistance is high. These conclusions neglect �icker noise
e�ects. Flicker noise is so device dependent that it is di�cult to make
general conclusions. However, the JFET usually exhibits more �icker
noise at low frequencies than the BJT. In JFETs not selected for low
�icker noise, the �icker noise corner frequency can be as high as several
kHz. In MOSFETs, it can be even higher.

A consideration in the noise comparisons of the CE BJT and CS
JFET ampli�ers is the di�erence in input bias currents. To prevent the
BJT input bias current from �owing through the signal source, either a
coupling capacitor or an o�set current source is required. The value of
a coupling capacitor may be large if it is chosen to minimize the noise.
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Because there is no such thing as a noiseless current source, an o�set
current source can increase the noise. The zero FET gate current can
eliminate the need for the capacitor and o�set current source.



Chapter 9

Noise in MOSFETs

Whereas the JFET has a diode junction between the gate and the chan-
nel, the metal-oxide semiconductor FET or MOSFET di�ers primarily
in that it has an oxide insulating layer separating the gate and the chan-
nel. The circuit symbols are shown in Fig. 9.1. Each device has gate
(G), drain (D), and source (S) terminals. Four of the symbols show an
additional terminal called the body (B) which is not normally used as
an input or an output. It connects to the drain-source channel through
a diode junction. In discrete MOSFETs, the body lead is connected in-
ternally to the source. When this is the case, it is omitted on the symbol
as shown in four of the MOSFET symbols. In integrated-circuit MOS-
FETs, the body usually connects to a dc power supply rail which reverse
biases the body-channel junction. In the latter case, the so-called “body
e�ect” must be accounted for when analyzing the circuit.

The principle noise sources in the MOSFET are thermal noise and
�icker noise generated in the channel. Flicker noise in a MOSFET is
usually larger than in a JFET because the MOSFET is a surface device
in which the �uctuating occupancy of traps in the oxide modulate the
conducting surface channel all along the channel. The relations between
the �icker noise and the MOSFET geometry and bias conditions depend
on the fabrication process. In most cases, the �icker noise, when referred
to the input, is independent of the bias voltage and current and is in-
versely proportional to the product of the active gate area and the gate
oxide capacitance per unit area.

210
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Figure 9.1: MOSFET symbols.

9.1 Device Equations

The discussion here applies to the n-channel MOSFET. The equations
apply to the p-channel device if the subscripts for the voltage between
any two of the device terminals are reversed, e.g. vGS becomes vSG. The
n-channel MOSFET is biased in the active mode or saturation region for
vDS � vGS � vTH , where vTH is the threshold voltage. This voltage is
negative for the depletion-mode device and positive for the enhancement-
mode device. It is a function of the body-source voltage and is given by

vTH = VTO + �
³p

�� vBS �
p
�
´

(9.1)

where VTO is the value of vTH with vBS = 0, � is the body threshold
parameter, � is the surface potential, and vBS is the body-source voltage.
In the saturation region, the drain current is given by

iD =
k0

2

W

L
(1 + �vDS) (vGS � vTH)2 for vGS � VTO

= 0 for vGS < VTO (9.2)

where W is the channel width, L is the channel length, � is the channel-
length modulation parameter, and k0 is given by

k0 = μ0Cox = μ0
²ox
tox

In this equation, μ0 is the average carrier mobility, Cox is the gate oxide
capacitance per unity area, ²ox is the permittivity of the oxide layer,
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and tox is its thickness. It is convenient to de�ne a transconductance
coe�cient K given by

K = K0 (1 + �vDS) (9.3)

where K0 is the zero-bias value of K given by

K0 =
k0

2

W

L
(9.4)

With this de�nition, the drain current can be written

iD = K (vGS � vTH)2 (9.5)

Note that K plays the same role in the MOSFET drain current equation
that � plays in the JFET drain current equation given in Eq. (8.1). In
some texts, the K in Eq. (9.5) is replaced with K/2. In this case, the
factor 1/2 in Eq. (9.4) is omitted.

Figure 9.2 shows the typical variation of drain current with gate-
to-source voltage for a constant drain-to-source voltage and zero body-
to-source voltage. In this case, the threshold voltage is a constant, i.e.
vTH = VTO. For vGS � VTO, the drain current is zero. For vGS > VTO,
the drain current increases approxiamtely as the square of the gate-
to-source voltage. The slope of the curve represents the small-signal
transconductance gm, which is de�ned in the next section. Fig. 9.3
shows the typical variation of drain current with drain-to-source voltage
for a several values of gate-to-source votlage vGS and zero body-to-source
voltage vBS . The dashed line divides the triode region from the satura-
tion or active region. In the saturation region, the slope of the curves
represents the reciprocal of the small-signal drain-source resistance r0,
which is de�ned in the next section.

9.2 Bias Equation

Figure 9.4 shows the MOSFET with the external circuits represented
by Thévenin dc circuits. If the MOSFET is in the pinch-o� region, the
following equations for ID hold:

ID = K (VGS � VTH)2 (9.6)

VGS = VGG � (VSS + IDRSS) (9.7)

K = K0 (1 + �VDS) (9.8)
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Figure 9.2: Drain current iD versus gate-to-source voltage vGS for con-
stant drain-to-source voltage vDS.

Figure 9.3: Drain current iD versus drain-to-source voltage vDS for con-
stant gate-to-source voltage vGS.
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VDS = (VDD � IDRDD)� (VSS + IDRSS) (9.9)

Because this is a set of nonlinear equations, a closed form solution for ID
cannot be easily written unless it is assumed that K is not a function of
VDS and VTH is not a function of VBS . The former assumption requires
the condition �VDS ¿ 1. With these assumptions, the equations can be
solved for ID to obtain

ID =
1

4KR2SS

hp
1 + 4KRSS (VGG � VSS � VTH)� 1

i2
(9.10)

Figure 9.4: MOSFET dc bias circuit.

Unless �VDS ¿ 1 and the dependence of VTH on VBS is neglected,
Eq. (9.10) is only an approximate solution. A numerical procedure for
obtaining a more accurate solution is to �rst calculate ID with K = K0
and VTH = VTO. Then calculate VDS and the new values of K and VTH
from which a new value for ID can be calculated. The procedure can
be repeated until the solution for ID converges. Alternately, computer
tools can be used to obtain a numerical solution to the set of nonlinear
equations.

9.3 Small-Signal Models

There are two small-signal circuit models which are commonly used to
analyze MOSFET circuits. These are the hybrid-� model and the T
model. The two models are equivalent and give identical results. They
are described below.
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9.3.1 Hybrid-� Model

Let the drain current and each voltage be written as the sum of a dc
component and a small-signal ac component as follows:

iD = ID + id (9.11)

vGS = VGS + vgs (9.12)

vBS = VBS + vbs (9.13)

vDS = VDS + vds (9.14)

If the ac components are su�ciently small, we can write

id =
ID
VGS

vgs +
ID
VBS

vbs +
ID
VDS

vds (9.15)

where the derivatives are evaluated at the dc bias values. Let us de�ne

gm =
ID
VGS

= 2K (VGS � VTH) = 2
p
KID (9.16)

gmb =
ID
VBS

= �2K (VGS � VTH) VTH
VBS

=
�
�
KID�

�� VBS
= �gm (9.17)

� =
�

2
�
�� VBS

(9.18)

r0 =

·
ID
VDS

¸�1
=

·
k0

2

W

L
� (VGS � VTH)2

¸�1
=
VDS + 1/�

ID
(9.19)

The small-signal drain current can thus be written

id = idg + idb +
vds
r0

(9.20)

where
idg = gmvgs (9.21)

idb = gmbvbs (9.22)

The small-signal circuit which models these equations is given in Fig.
9.5. This is called the hybrid-� model.
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Figure 9.5: Hybrid-� model of the MOSFET.

9.3.2 T Model

The T model of the MOSFET is shown in Fig. 9.6. The resistor r0 is
given by Eq. (9.19). The resistors rs and rsb are given by

rs =
1

gm
(9.23)

rsb =
1

gmb
=

1

�gm
=
rs
�

(9.24)

where gm and gmb are the transconductances de�ned in Eqs. (9.16) and
(9.17). The currents are given by

id = isg + isb +
vds
r0

(9.25)

isg =
vgs
rs
= gmvgs (9.26)

isb =
vbs
rsb

= gmbvbs (9.27)

The currents are the same as for the hybrid-� model. Therefore, the two
models are equivalent. Note that the gate and body currents are zero
because the two controlled sources supply the currents that �ow through
rs and rsb.

9.4 Small-Signal Equivalent Circuits

Several equivalent circuits are derived below which facilitate writing
small-signal low-frequency equations for the MOSFET. We assume that
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Figure 9.6: T model of the MOSFET.

the circuits external to the device can be represented by Thévenin equiv-
alent circuits. The Norton eqivalent circuit seen looking into the drain
and the Thévenin equivalent circuit seen looking into the source are de-
rived. Several examples are given which illustrate use of the equivalent
circuits.

9.4.1 Simpli�ed T Model

Figure 9.7 shows the MOSFET T model with a Thévenin source in series
with the gate and the body connected to signal ground. We wish to solve
for the equivalent circuit in which the sources isg and isb are replaced
by a single source which connects from the drain node to ground having
the value i0d = i0s. We call this the simpli�ed T model. The �rst step
is to look up into the branch labeled i0s and form a Thévenin equivalent
circuit. With i0s = 0, we can use voltage division to write

vs(oc) = vtg
rsb

rs + rsb
= vtg

rs/�

rs + rs/�
=

vtg
1 + �

(9.28)

With vtg = 0, the resistance r0s seen looking up into the branch labeled
i0s is

r0s = rskrsb =
rs
1 + �

=
1

(1 + �) gm
(9.29)

The simpli�ed T model is shown in Fig.9.8. Compared to the cor-
responding circuit for the JFET, the MOSFET circuit replaces vtg with
vtg/ (1 + �) and rs with r0s = rs/ (1 + �). The circuit is derived with the
assumption that the body lead connects to signal ground. In the case
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Figure 9.7: T model with Thévenin source connected to the gate and the
body connected to signal ground.

that the body lead connects to the source lead, it follows from Fig. 9.7
that isb = 0. In this case, the MOSFET circuit is identical to the JFET
circuit. Connecting the body to the source is equivalent to setting � = 0
in the MOSFET equations.

Figure 9.8: Simpli�ed T model.

9.4.2 Norton Drain Circuit

Figure 9.9(a) shows the MOSFET with Thévenin sources connected to
its gate and source leads and the body lead connected to signal ground.
The Norton equivalent circuit seen looking into the drain can be obtained
from that for the JFET by incorporating the factor 1/ (1 + �) into the
equation for Gmg and using r0s = 1/ (1 + �) gm in place of rs = 1/gm.
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The circuit is given in Fig. 9.9(b), where id(sc) and rid are given by

id(sc) = Gmgvtg �Gmsvts (9.30)

rid = r0

μ
1 +

Rts
r0s

¶
+Rts (9.31)

The transonductances Gmg and Gms are given by

Gmg =
1

1 + �

1

r0s +Rtskr0
r0

r0 +Rts

=
1

1 + �

1

Rts + r0skr0
r0

r0 + r0s
(9.32)

Gms =
1

Rts + r0skr0
(9.33)

The equations for the case where the body is connected to the source are
obtained by setting � = 0. In this case, r0s = rs and the equations become
identical to those for the JFET. For the case Rts = 0, the equations for
Gmg and Gms reduce to

Gmg =
1

1 + �

1

r0s
= gm (9.34)

Gms =
1

r0skr0
= (1 + �) gm +

1

r0
(9.35)

Figure 9.9: (a) MOSFET with Thévenin sources connected to the gate
and source. (b) Norton drain circuit.
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For the case r0 À Rts and r0 À r0s, we can write

Gmg =
1

1 + �

1

r0s +Rts
(9.36)

and
Gms =

1

r0s +Rts
(9.37)

The value of id(sc) calculated with these approximations is simply the
value of i0s calculated with r0 considered to be an open circuit. The
term “r0 approximations” is used in the following when r0 is neglected
in calculating id(sc) but not neglected in calculating rid.

9.4.3 Thévenin Source Circuit

Figure 9.10(a) shows the MOSFET with a Thévenin source connected to
its gate, the body lead connected to signal ground, and the external drain
load represented by the resistor Rtd. The Thévenin equivalent circuit
seen looking into the source can be obtained from the corresponding
circuit for the JFET by replacing vtg with vtg/ (1 + �) and rs = 1/gm
with r0s = 1/ (1 + �) gm. The circuit is given in Fig. 9.10(b), where vs(oc)
and ris are given by

vs(oc) =
vtg
1 + �

r0
r0s + r0

(9.38)

ris = r
0
s

r0 +Rtd
r0s + r0

(9.39)

The equations for the case where the body is connected to the source are
obtained by setting � = 0. In this case, the equations become identical
to those for the JFET.

9.4.4 Summary of Models

Figure 9.11 summarizes the four equivalent circuits derived above. For
the case where the body is connected to the source, set � = 0 in the
equations.

9.5 Example Ampli�er Circuits

This section describes several examples which illustrate the use of the
small-signal equivalent circuits derived above to write by inspection the
voltage gain, the input resistance, and the output resistance of several
ampli�er circuits.
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Figure 9.10: (a) MOSFET with Thévenin source connected to gate. (b)
Thévenin source circuit.

Figure 9.11: Summary of the small-signal equivalent circuits. Set � = 0
if the body is connected to the source.
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9.5.1 Common-Source Ampli�er

Figure 9.12(a) shows a common-source ampli�er. The active device is
M1. Its load consists of a current-mirror active load consisting of M2

and M3. The current source IQ sets the drain current in M3 which is
mirrored into the drain of M2. Because the source-to-drain voltage of
M2 is larger than that ofM3, the Early e�ect causes the dc drain current
in M2 to be slightly larger than IQ. The input voltage can be written
vI = VB + vi, where VB is a dc bias voltage which sets the drain current
in M1. It must be equal to the drain current in M2 in order for the dc
component of the output voltage to be stable. In any application of the
circuit, VB would be set by feedback. Looking out of the drain of M1,
the resistance to ac signal ground is Rtd1 = r02.

Figure 9.12: (a) CMOS common-source ampli�er. (b) Common-drain
ampli�er.

The voltage gain of the circuit can be written

vo
vi
=
id1(sc)
vi

vo
id1(sc)

= Gmg1 × (�rid1kr02) (9.40)

where Gmg1 is given by Eq. (9.32), rid1 is given by Eq. (9.31), and
Rts1 = RS. The body e�ect cancels if RS = 0. The output resistance is
given by

rout = rid1kr02 (9.41)

9.5.2 Common-Drain Ampli�er

Figure 9.12(b) shows a common-drain ampli�er. The active device is
M1. Its load consists of a current-mirror active load consisting of M2
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and M3. The current source IQ sets the drain current in M3 which is
mirrored into the drain of M2. As with the common-source ampli�er,
the Early e�ect makes the drain current in M2 slightly larger than that
in M3. The input voltage can be written vI = VB + vi, where VB is a dc
bias voltage which sets the dc component of the output voltage. Looking
out of the source of M1, the resistance to ac signal ground is Rts1 = r02.
The voltage gain can be written

vo
vi
=
vs1(oc)

vi

vo
vs1(oc)

=
1

1 + �1

r01
r0s1 + r01

r02
r02 + ris1

(9.42)

where ris1is given by Eq. (9.39). The output resistance is given by

rout = ris1kr02 (9.43)

9.5.3 Common-Gate Ampli�er

Figure 9.13(a) shows a common-gate ampli�er. The active device is M1.
Its load consists of a current-mirror active load consisting ofM2 andM3.
The current source IQ sets the drain current inM3 which is mirrored into
the drain of M2. As with the common-source ampli�er, the Early e�ect
makes the drain current in M2 slightly larger than that in M3. The dc
voltage VB is a dc bias voltage which sets the drain current inM1 which
must be equal to the drain current in M2 in order for the dc component
of the output voltage to be stable. In any application of the circuit, VB
would be set by feedback. Looking out of the drain of M1, the resistance
to ac signal ground is Rtd1 = r02.

The voltage gain of the circuit can be written

vo
vi
=
id1(sc)

vi

v0
id1(sc)

= �Gms1 × (�rid1kr02) (9.44)

where Gms1 is given by Eq. (9.33) and rid1 is given by Eq. (9.31). The
input and output resistances are given by

rin = Ri + ris1 (9.45)

rout = rid1kr02 (9.46)

where ris1is given by Eq. (9.39).
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Figure 9.13: (a) CMOS Common-gate ampli�er. (b) CMOS di�erential
ampli�er.

9.5.4 Di�erential Ampli�er

A MOS di�erential ampli�er with an active current-mirror load is shown
in Fig. 9.13(b). The object is to determine the Norton equivalent circuit
seen looking into the output. To do this, the output is connected to ac
signal ground, which is indicated by the dashed line. It will be assumed
that the Early e�ect can be neglected in all devices in calculating io(sc)
but not neglected in calculating rout, i.e. we use the r0 approximations.
We can write

io(sc) = id1(sc) � id3(sc) = id1(sc) � id4(sc) = id1(sc) � id2(sc) (9.47)

Because the tail supply is a current source, the currents id1 and id2 can
be calculated by replacing vi1 and vi2 with their di�erential components.
In this case, the ac signal voltage at the sources of M1 and M2 is zero.
Let vi1 = vi(d)/2 and vi2 = �vi(d)/2, where vid = vi1 � vi2. It follows by
symmetry that id2(sc) = �id1(sc) so that io(sc) is given by

io(sc) = 2id1(sc) = 2Gmg1
vi(d)

2

= 2
1

(1 + �)

1

r0s

vi(d)

2
= gm1 × (vi1 � vi2) (9.48)

where Eq. (9.36) with Rts = 0 is used for Gmg. Note that the body e�ect
cancels. This is because the source-to-body ac signal voltage is zero for
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the di�erential input signals. The output resistance is given by

rout = r01kr03 (9.49)

Note that rid1 = r01 because Rts1 = Rts2 = 0 for the di�erential input
signals.

9.6 Small-Signal High-Frequency Models

Figures 9.14 and 9.15 show the hybrid-� and T models for the MOSFET
with the gate-source capacitance cgs, the source-body capacitance csb,
the drain-body capacitance cdb, the drain-gate capacitance cdg, and the
gate-body capacitance cgbadded. These capacitors model charge storage
in the device which a�ect its high-frequency performance. The �rst three
capacitors are given by

cgs =
2

3
WLCox (9.50)

csb =
csb0

(1 + VSB/�0)
1/2

(9.51)

cdb =
cdb0

(1 + VDB/�0)
1/2

(9.52)

where VSB and VDB are dc bias voltages; csb0 and cdb0 are zero-bias
values; and �0 is the built-in potential. Capacitors cgd and cgb model
parasitic capacitances. For IC devices, cgd is typically in the range of 1
to 10 fF for small devices and cgb is in the range of 0.04 to 0.15 fF per
square micron of interconnect.

Figure 9.14: High-frequency hybrid-� model.
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Figure 9.15: High-frequency T model.

9.7 Noise Model

The principle noise sources in a MOSFET are thermal noise and �icker
noise in the channel. Fig. 9.16 shows the device symbols with the noise
sources added. The polarity of the sources is arbitrary. Each has been
chosen so as to cause an increase in the drain current. The thermal
noise and �icker noise in the drain bias current ID are modeled by the
current source labeled itd + ifd. In the band �f , itd and ifd have the
mean-square values

i2td = 4kT

μ
2gm
3

¶
�f (9.53)

i2fd =
KfID�f

fL2Cox
(9.54)

Figure 9.16: MOSFET symbols with noise sources added.
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9.7.1 Equivalent Noise Input Voltage

Figure 9.17(a) shows the n-channel MOSFET with the drain and body
connected to signal ground. The external gate and source circuits are
modeled by Thévenin equivalent circuits. With v2 = 0, the circuit models
a common-source or CS stage. With v1 = 0, it models a common-gate or
CG stage. The noise sources vt1, and vt2, respectively, model the thermal
noise in R1 and R2. In the band �f , these have the mean-square values

v2t1 = 4kTR1�f (9.55)

v2t2 = 4kTR2�f (9.56)

Figure 9.17: (a) MOSFET with Thevenin sources connected to the gate
and source. (b) vn � in noise model.

The short-circuit drain output current can be written

id(sc) = Gmgvtg �Gmsvts + itd + ifd (9.57)

where Gmg and Gms are given by Eqs. (9.32) and (9.33) with Rts = R2,
and vtg and vtg are given by

vtg = v1 + vt1 (9.58)

vts = v2 + vt2 + (itd + ifd)R2 (9.59)
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The equivalent noise input voltage vni can be expressed as a voltage in
series with either v1 or v2. Because the common-source ampli�er is most
often seen, we will express it as a voltage in series with v1. First, we
factor Gmg from Eq. (9.57) to obtain

id(sc) = Gmg

½
v1 + vt1

�Gms
Gmg

[v2 + vt2 + (itd + ifd)R2] +
itd + ifd
Gmg

¾
(9.60)

The equivalent noise voltage in series with v1 is given by all terms in the
brackets except the v1 and v2 terms. It is given by

vni = vt1 � vt2Gms
Gmg

+
itd + ifd
Gmg

(1�GmsR2) (9.61)

After some algebra, this can be reduced to

vni = vt1 � vt2 (1 + �)
μ
1 +

r0s
r0

¶
+ (itd + ifd) (1 + �) r

0
s (9.62)

To express vni as a voltage in series with v2, this equation is multiplied
by Gmg/Gms.

The mean-square value of vni is given by

v2ni = v
2
t1 + v

2
t2 (1 + �)

2

μ
1 +

r0s
r0

¶2
+
³
i2td + i

2
fd

´
(1 + �)2 r02s (9.63)

which reduces to

v2ni = 4kT

"
R1 +R2

μ
1 + �+

1

gmr0

¶2#
�f

+
4kT�f

3
�
KID

+
Kf�f

4KfL2Cox
(9.64)

where � = 0 for the case where the body is connected to the source.
This expression gives the mean-square equivalent noise input voltage for
the CS ampli�er. To obtain v2ni for the CG ampli�er, this expression is
multiplied by (Gmg/Gms)

2.
For minimum noise in the MOSFET, it can be concluded from Eq.

(9.64) that the series resistance in the external gate and source circuits
should be minimized and the device should have a high transconductance
parameter K and a low �icker noise coe�cient Kf . The component of
v2ni due to the channel thermal noise is proportional to 1/

�
ID. This

decreases by 1.5 dB each time ID is doubled.
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9.7.2 vn � in Noise Model
For the MOSFET vn� in noise model, the mean-square values of vn and
in are given by

v2n =
4kT

3
�
KID

�f +
Kf

4KfL2Cox
�f (9.65)

i2n = 0 (9.66)

Fig. 9.17(b) shows the model.

9.7.3 Flicker Noise Corner Frequency

The plot of v2n/�f as a function of frequency would be identical to that
shown for the JFET in Figure 8.14. The lower frequency at which the
plot is twice its high frequency limit is called the �icker noise corner
frequency, which is labeled f�k in the �gure. At this frequency, the
thermal noise and the �icker noise are equal. The �icker noise corner
frequency can be solved for by equating the thermal and �icker noise
components in the equation for v2n in Eq. (9.65). It is given by

f�k =
3Kf

16kTL2Cox

r
ID
K

(9.67)

For f > f�k, the thermal noise dominates. For f < f�k, the �icker noise
dominates. An experimental method for determining the �icker noise
coe�cient is to measure the �icker noise corner frequency and use Eq.
(9.67) to calculate Kf .

9.7.4 MOSFET Di�erential Ampli�er

The BJT di� amp noise is 3 dB greater than the noise for a common-
emitter stage. Similarly, MOSFET di� amp noise is 3 dB greater than the
noise of the common-source stage. This assumes that the signal output
from the di� amp is taken di�erentially. Otherwise, the common-mode
noise generated by the tail current bias supply is not canceled.

9.8 Low-Frequency Noise Examples

The equivalent noise input voltage at low frequencies is determined below
for four example MOSFET circuits. It is assumed that the frequency is
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low enough so that the dominant component of the noise is �icker noise.
In this case, the mean-square noise voltage is approximately given by

v2n =
Kf

4KfL2Cox
�f (9.68)

It is straightforward to modify the results for the higher frequency case
where the dominant component of the noise is thermal noise or for the
more general case where both thermal noise and �icker noise are in-
cluded. The circuits are shown in Fig. 9.18. The analysis assumes that
each transistor is operated in the saturation region and the noise sources
are uncorrelated. Because the MOSFET exhibits no current noise, the
output resistance of the signal source is omitted with no loss in generality.

9.8.1 CS Ampli�er with Enhancement-Mode Load

Figure 9.18(a) shows a single-channel NMOS enhancement-mode CS am-
pli�er with an active NMOS enhancement-mode load. It is assumed that
the two MOSFETs have matched model parameters and are biased at
the same current. With vo = 0, the short-circuit output current can be
written

io(sc) = gm1 (vs + vn1)� gm2vn2 (9.69)

The equivalent noise input voltage is obtained by factoring gm1 from
the expression and retaining all terms except the vs term. It has the
mean-square value

v2ni = v
2
n1 +

μ
gm2
gm1

¶2
v2n2 (9.70)

When the low-frequency approximation in Eq. (9.68) is used for each v2n
term, the expression for v2ni reduces to

v2ni =
Kf�f

2μnC
2
oxW1L1f

"
1 +

μ
L1
L2

¶2#
(9.71)

The value of L1 which minimizes this is L1 = L2. The noise can be
reduced further by increasing W1 and L2. The noise is independent of
W2.

9.8.2 CS Ampli�er with Depletion-Mode Load

Figure 9.18(b) shows a single-channel NMOS enhancement-mode CS am-
pli�er with an active NMOS depletion-mode load. It is assumed that the



9.8. LOW-FREQUENCY NOISE EXAMPLES 231

Figure 9.18: MOSFET circuit examples for low-frequency noise calcula-
tions.
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two MOSFETs are biased at the same current. With vo = 0, the expres-
sion for io(sc) is the same as for the circuit of Fig. 9.18(a). Therefore,
the expression for vni is the same. However, the two MOSFETs cannot
be assumed to have the same �icker noise coe�cient. The low-frequency
expression for v2ni is

v2ni =
Kf1�f

2μnC
2
oxW1L1f

"
1 +

Kf2
Kf1

μ
L1
L2

¶2#
(9.72)

The value of L1 which minimizes this is L1 = L2
p
Kf1/Kf2. The noise

can be reduced further by increasing W1 and L2. The noise is indepen-
dent of W2.

9.8.3 CMOS Ampli�er

Figure 9.18(c) shows a push-pull complementary MOSFET (CMOS) am-
pli�er. It is assumed that the two MOSFETs are biased at the same
current. With vo = 0, the short-circuit output current is given by

io(sc) = gm1 (vs + vn1) + gm2 (vs + vn2) (9.73)

The equivalent noise input voltage is obtained by factoring (gm1 + gm2)
from the equation and retaining all terms except the vs term. It has the
mean-square value

v2ni =
g2m1v

2
n1 + g

2
m2v

2
n2

(gm1 + gm2)
2 (9.74)

In order for the quiescent output voltage to be midway between the rail
voltages, the circuit is commonly designed with gm1 = gm2. When this
is true and the low-frequency approximation in Eq. (9.68) is used for
each v2n term, v

2
ni can be written

v2ni =
1

2

·
Kf1�f

2μnC
2
oxW1L1f

+
Kf2�f

2μpC
2
oxW2L2f

¸
(9.75)

The noise can be decreased by increasing the size of both transistors.
For gm1 6= gm2, a technique for further reducing v2ni is to increase L for
the MOSFET for which Kf/μ is the largest.
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9.8.4 Di�erential Ampli�er with Active Load

Figure 9.18(d) shows a di�-amp with a current-mirror active load. It is
assumed thatM1 andM3 have matched model parameters and similarly
for M2 and M4. In addition, it is assumed that all four transistors are
biased at the same current so that gm1 = gm3 and gm2 = gm4. Because
the noise generated by the tail source is a common-mode signal, it is
cancelled at the output by the current mirror load and is not modeled
in the circuit. The di�erential input voltage is given by vid = vs+ vn1 �
vn3. The component of the short-circuit output current due to vid is
io(sc) = gm1vid. To solve for the component of io(sc) due to vn2 and vn4,
the sources vs, vn1, and vn3 are set to zero. This forces M4 to have
zero drain signal current. Thus the gate of M4 is a signal ground and
io(sc) = �gm2 (vn2 � vn4). The total short-circuit output current is given
by

io(sc) = gm1 (vs + vn1 � vn3) + gm2 (vn2 � vn4) (9.76)

The equivalent noise input voltage is obtained by factoring gm1 from this
equation and retaining all terms except the vs term. The mean-square
value is

v2ni = v
2
n1 + v

2
n3 +

μ
gm2
gm1

¶2 ³
v2n2 + v

2
n4

´
(9.77)

When the low-frequency approximation in Eq. (9.68) is used for each v2n
term, v2ni can be written

v2ni =
Kf1�f

μpC
2
oxW1L1f

"
1 +

Kf2
Kf1

μ
L1
L2

¶2#
(9.78)

The noise can be reduced by increasing W1 and L2 and by making L1 =
L2
p
Kf1/Kf2. The expression is independent of W2.



Chapter 10

Noise in Feedback
Ampli�ers

10.1 E�ect of Feedback on Noise

Figure 10.1 shows the block diagram of a two-stage ampli�er with feed-
back. The equivalent noise input voltage to each stage is modeled as an
external input. The feedback network is assumed to be noiseless, for its
noise can be included in vni1. The output voltage is given by

vo = A2 [vni2 +A1 (vni1 + vi � bvo)] (10.1)

This equation can be solved for vo to obtain

vo =
A1A2

1 + bA1A2

μ
vi + vni1 +

vni2
A1

¶
(10.2)

The voltage gain of the ampli�er is thus given by

Av =
vo
vi
=

A1A2
1 + bA1A2

(10.3)

The ratio of the open-loop gain to the closed-loop gain is de�ned as the
amount of feedback. It is given by

Amount of Feedback = 1 + bA1A2 = 1 + bA (10.4)

where A = A1A2. This is often expressed in dB with the equation
20 log (1 + bA).

234
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Figure 10.1: Two stage ampli�er with feedback.

It follows from Eq. (10.2) that the equivalent noise input voltage is
given by

vni = vni1 +
vni2
A1

(10.5)

This equation shows that vni is independent of the feedback. Like noise,
non-linear distortion generated in an ampli�er circuit can be modeled by
an equivalent distortion input voltage. Thus it follows that distortion
generated by an ampli�er is also independent of the feedback when it
is expressed as an equivalent input voltage. This equation implies that
the noise generated by the second stage is inversely proportional to the
gain of the �rst stage. This is only true if the gain of the �rst stage
is independent of its output resistance. Otherwise, the in noise of the
second stage causes vni2 to increase if A1 is increased by increasing the
�rst stage output resistance. These e�ects are covered in more detail in
the section on multi-stage ampli�ers.

It is often said that feedback increases the signal-to-noise ratio and
reduces the percent distortion in an ampli�er. Eq. (10.5) implies that
this is not correct. However, if the amplitude of the signal input voltage
vi is increased when feedback is added so that the amplitude of the
signal component of vo remains constant, then the signal-to-noise ratio
is increased by the amount of feedback and the percent distortion is
reduced by the amount of feedback. As an example, the open-loop gain
of an op amp is typically about 2×105 at very low frequencies. To obtain
a 1 V signal at its output with no feedback, the input voltage must be 5
μV. If feedback is used to reduce the gain to 10, the noise and distortion
at the output would be reduced by a factor of 2 × 105. To obtain the
same 1 V signal at the output, the input voltage must be increased to 0.1
V. The signal-to-noise ratio at the output would then be increased by a
factor of 2×105 or by 86 dB. The percent distortion would be decreased
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by that factor.

10.2 Series-Shunt Ampli�er Example

Figure 10.2(a) shows the simpli�ed diagram of a series-shunt feedback
ampli�er with a BJT input stage. The following stages are modeled by a
current-controlled voltage source, where Ri2 is its input resistance, Ro2
is its output resistance, and Rm2 is its transresistance. The bias sources
and networks are omitted for a small-signal ac analysis. In order for the
feedback to be negative, the gain from vs to vo must be non-inverting.
Thus Rm2 must be positive.

The feedback network is in the form of a voltage divider and consists
of resistorsRF andRE. The feedback ratio b is the ratio ve1/vo calculated
with ie1 = 0. It is given by

b =
ve1
vo

¯̄̄̄
ie1=0

=
RE

RE +RF
(10.6)

If the loop gain is su�ciently high, ve1 � vs so that the above equation
can be used to obtain

vo
vs
' 1

b
= 1 +

RF
RE

(10.7)

This is the familiar expression for the voltage gain of a non-inverting op
amp having the same feedback network.

Figure 10.2: Ampli�er with series-shunt feedback.

For a small-signal ac analysis, let us assume that the collector-emitter
resistance r0 of Q1 is large enough so that it can be neglected. In this
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case, ric in the collector equivalent circuit of Fig. 7.12(b) is an open
circuit, ic1 = ic1(sc), and ie1 = �ic1. The output voltage is given by

vo = Rm2ic1
RF +RE

Ro2 +RF +RE
+ ie1

RERo2
Ro2 +RF +RE

' Rm2ic1
RF +RE

Ro2 +RF +RE
(10.8)

where the approximation neglects the contribution of ie1 to vo. Because
the e�ect of the negative feedback is to make ie1 smaller, this approxi-
mation is commonly made in the analysis circuits having series summing
at the input.

The circuit in Fig. 10.2(b) can be used to solve for ic1. The �gure
shows the circuit seen looking out of the emitter of Q1 replaced by a
Thèvenin equivalent circuit with respect to vo. The equivalent noise in-
put voltage is modeled by the source vni. We assume that this models the
noise generated by Rs, Q1, REkRF , and the following stages. Following
Eq. (7.63), we can write

ic1 = Gm1 (vs + vni � bvo) (10.9)

where Gm1 and r0e are given by

Gm1 =
�

r0e +REkRF
(10.10)

r0e =
Rs + rx
1 + �

+ re (10.11)

Equations (10.8) and (10.9) can be combined to obtain

vo = Gm1Rm2
RF +RE

Ro2 +RF +RE
(vs + vni � bvo)

= Avo (vs + vni � bvo) (10.12)

where Avo is the voltage gain with feedback removed given by

Avo = Gm1Rm2
RF +RE

Ro2 +RF +RE
(10.13)

Eq. (10.12) can be solved for vo to obtain

vo =
Avo

1 + bAvo
(vs + vni) (10.14)
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This equation is in the familiar form for the output voltage of a
series-shunt feedback ampli�er. When the noise generated by the stages
following Q1 is neglected and it is assumed that r0 is large, the value
of v2ni is obtained from Eq. (7.111) with R1 replaced with Rs and R2
replaced with REkRF . It is given by

v2ni = 4kT (Rs + rx +REkRF )�f
+

μ
2qIB�f +

KfIB�f

f

¶
�f (Rs + rx +REkRF )2

+2qIC�f

·
Rs + rx +REkRF

�
+
VT
IC

¸2
(10.15)

For minimum noise, REkRF should be small compared to Rs + rx and
the BJT should be biased at IC(opt). The resistance REkRF cannot be
zero because the ampli�er gain is set by the ratio of RF to RE.

10.3 Shunt-Shunt Ampli�er Example

Figure 10.3(a) shows the simpli�ed diagram of a shunt-shunt feedback
ampli�er with a BJT input stage. The following stages are modeled by a
current-controlled voltage source, where Ri2 is its input resistance, Ro2
is its output resistance, and Rm2 is its transresistance. The bias sources
and networks are omitted for a small-signal ac analysis. Note that the
polarity of the current-controlled voltage source is reversed compared to
that in Fig. 10.2(a). In order for the feedback to be negative, the gain
from vs to vo must be inverting. Thus Rm2 must be positive.

The feedback network consists of the resistor RF connecting the out-
put to the input. The feedback ratio b is the ratio if/vo calculated with
vb1 = 0. It is given by

b =
if
vo

¯̄̄̄
vb1=0

=
1

RF
(10.16)

If the loop gain is su�ciently high, vb1 � 0 and if � �is so that the
above equation can be used to obtain

vo
is
' �1

b
= �Rf (10.17)

If the input source is a Thèvenin source having a voltage vs = isRs in
series with Rs, then is = vs/Rs and Eq. (10.17) gives vo/vs ' �RF/Rs.
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Figure 10.3: Ampli�er with shunt-shunt feedback.

This is the familiar expression for the voltage gain of an inverting op
amp having the same feedback network.

For a small-signal ac analysis, let us assume that the collector-emitter
resistance r0 of Q1 is large enough so that it can be neglected. In this
case, ric in the collector equivalent circuit of Fig. 7.12(b) is an open
circuit and ic1 = ic1(sc). The output voltage is given by

vo = �Rm2ic1 RF
Ro2 +RF

+ vb1
Ro2

Ro2 +RF

' �Rm2ic1 RF
Ro2 +RF

(10.18)

where the approximation neglects the contribution of vb1 to vo. Because
the e�ect of the negative feedback is to make vb1 smaller, this approxima-
tion is commonly made in the analysis of circuits having shunt summing
at the input.

The circuit in Fig. 10.3(b) can be used to solve for ic1. The �g-
ure shows the circuit seen looking out of the base of Q1 replaced by a
Thèvenin equivalent circuit with respect to is and vo. The equivalent
noise input voltage is modeled by the source vni. We will assume that
the noise of the stage following Q1 can be neglected so that vni models
the noise generated by Q1 and RskRF . Following Eq. (7.63), we can
write

ic1 = Gm1 [(is + bvo)RskRF + vni]
= Gm1RskRF

·
is + bvo +

vni
RskRF

¸
(10.19)
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where Gm1 and r0e are given by

Gm1 =
�

r0e +R2
(10.20)

r0e =
RskRF + rx
1 + �

+ re (10.21)

Equations (10.18) and (10.19) can be combined to obtain

vo = �Gm1Rm2 RF
Ro2 +RF

RskRF
·
is + bvo +

vni
RskRF

¸
= �Rmo

·
is + bvo +

vni
RskRF

¸
(10.22)

where Rmo is the negative of the transresistance gain with feedback re-
moved given by

Rmo = Gm1Rm2
RF

Ro2 +RF
RskRF (10.23)

Eq. (10.22) can be solved for vo to obtain

vo =
�Rmo
1 + bRmo

μ
is +

vni
RskRF

¶
(10.24)

This equation is in the familiar form for the output voltage of a shunt-
shunt feedback ampli�er. In order to minimize confusion in equations
caused by constants that have negative values, b and Rmo have been
de�ned here so that both are positive. Some texts de�ne these to be the
negative of the de�nitions used here.

The equivalent noise input current in parallel with is is given by
ini = vni/RskRF . When the noise generated by the stages following Q1
is neglected and it is assumed that r0 is large, the value of v2ni is obtained
from Eq. (7.111) with R1 replaced with RskRF . It is given by

i2ni =
4kT�f

RskRF

μ
1 +

rx +R2
RskRF

¶
+

μ
2qIB�f +

KfIB�f

f

¶μ
1 +

rx +R2
RskRF

¶2
+2qIC�f

·
1

�
+

1

RskRF

μ
rx +R2
�

+
VT
IC

¶¸2
(10.25)

The noise is minimized by making R2 small and by making RF large
compared to Rs. In addition, the BJT should be biased at IC(opt).
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10.4 Design Example

The example design of a low-noise feedback ampli�er having a voltage
gain of 50 (34 dB) is presented in this section. The circuit is typical of
a low-noise microphone preampli�er. The theoretically predicted noise
performance of the circuit is compared to that predicted by a SPICE
simulation.

Figure 10.4 shows the circuit diagram. The ampli�er has a di� amp
input stage with a JFET current source for its tail supply. The di�
amp is followed by a second di� amp which cancels the common-mode
noise generated by the JFET. This topology is commonly used in low-
noise monolithic op amps. Resistors RC1 and RC2 together form what is
called a quiet load on the input di� amp. A resistor is called a quiet load
because it generates less noise than would be generated by an active load
such as a current mirror or a dc current source. Active loads generate
more noise because they amplify their own internal noise.

Figure 10.4: Example circuit.

The signal source is assumed to have the resistance Rs = 200 �. This
is a typical output resistance for a microphone. If C1 is considered to be
an ac short circuit, the source is connected to the base of Q1 through an
input coupling network that is in the form of a voltage divider having a
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gain R1kR2/ (Rs +R1kR2). For minimum noise, R1kR2 must be large
compared to Rs. With R1 = R2 = 40 k�, it follows that R1kR2 is 20 k�.
This is 100 times larger than Rs. With these resistor values, the e�ective
midband source resistance seen by the base of Q1 is RSkR1kR2 = 198 �.

The feedback network consists of R3, R4, R5, and C2. If we assume
that the loop gain is large, the midband voltage gain is given by the
reciprocal of the feedback ratio. If C2 is considered to be an ac short
circuit, the gain is given by 1 + (R3kR4)/R5 which is speci�ed to be
equal to 50. For minimum dc o�set at the output, the dc resistances
seen looking out of the bases of Q1 and Q2 must be the same, where the
resistance seen looking out of the base of Q2 is calculated with vo = 0.
Thus we must have R2 = R3. The noise analysis of the BJT di� amp
in Fig. 7.31 assumes equal source resistances at its two inputs. For the
source resistances seen by Q1 and Q2 in the present circuit to be equal
at midband frequencies where C1 and C2 are ac short circuits, we must
have RSkR1kR2 = R3kR4kR5. The values R3 = 40 k�, R4 = 13.2 k�,
and R5 = 202 � satisfy the gain and resistance relations.

The outputs from the input di� amp (Q1 andQ2) are connected to the
input of a second di� amp (Q3 and Q4) which cancels the common-mode
noise generated by J1. The second di� amp has an active current-mirror
load (Q5 and Q6) which drives the complementary common-collector
output stage (Q8 and Q9). The base bias voltage for the output stage is
provided by a VBE multiplier voltage reference (Q7). The resistor values
given in the SPICE deck for the circuit are calculated to bias Q3 through
Q6 at 1 mA each, Q7 at 0.75 mA, and Q8 and Q9 at 2 mA each.

Capacitor C1 prevents the base bias current in Q1 from �owing in
the input source. Capacitor C2 gives 100% dc feedback for bias stabil-
ity. To minimize their e�ect on noise, these capacitors must be large
enough so that each is a signal short circuit in the transfer function
for the impedance seen looking out of the bases of Q1 and Q2 at au-
dio frequencies. This minimizes the small-signal resistance seen by the
BJTs. To meet this condition, C1 and C2 must be calculated so that
the zero frequency in each impedance transfer function is 20 Hz or
lower. This requires (RSkR1)C1 = (R4kR5)C2 � 1/ (2�20). The val-
ues C1 = C2 = 40 μF satisfy this condition. The lower �3 dB cuto�
frequency is set by the zero in the voltage gain transfer function of the
feedback network. For the values given in the SPICE deck, the lower
cuto� frequency is f` = (R4 +R5)/[2�R5(R3 +R4)C2] = 5 Hz.

Capacitors C3 and C4 frequency compensate the two forward paths
in the ampli�er and set the gain-bandwidth product. It can be shown
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that the two capacitors must have the same value and that the gain-
bandwidth product is given approximately by fx = IQ/ (4�CVT ), where
IQ is the di�-amp tail current and C = C3 = C4. The upper�3 dB cuto�
frequency is given by fu = fx/A, where A is the magnitude of the voltage
gain with feedback. The value of C used in the example is 120 pF. This
gives the ampli�er an upper cuto� frequency of approximately 1MHz.

For Q1 and Q2, let us assume that rx = 40 �, � = 500, VT =
0.0259 V, and T = 300 K. For the e�ective source resistance of 198 �,
the value of IC(opt) calculated from (7.139) is IC(opt) = 2.92 mA. Eq.

(7.141) predicts a decrease in v2ni of 0.23 dB if a collector current of 1 mA
is used instead of the optimum value. This is the bias current chosen for
the example. Thus the drain current in J1 must be 2 mA. If we assume
the JFET parameters VTO = �2.4 V and � = 5× 10�4 A/V2, it follows
that RS1 = 200 �. For the di� amp, the mean-square equivalent noise
input voltage is calculated by doubling the value calculated from (7.138).

It follows that
q
v2ni/�f = 2.95 × 10�9 V/

�
Hz. This is the equivalent

noise input voltage in series with either BJT base. To transform it into
the equivalent noise input voltage in series with vs, it must be divided by

R1kR2/ (Rs +R1kR2). Thus we obtain
q
v2ni/�f = 2.98×10�9 V/

�
Hz.

The SPICE deck given in Table 10.1 gives the numerical values of all
elements and model parameters used in the simulation. Although the
model parameters for the JFET and the BJTs are representative, they
do not represent the parameters for any speci�c device. The value for
the forward current gain BF is chosen to give Q1 and Q2 a �F of 500
for the assumed Early voltage VA = 100 V. To illustrate the calculation
of �icker noise, we assume that the �icker noise corner frequency for in
has the value f�k = 150 Hz. The value of the �icker noise coe�cient is
calculated from (7.125) to obtain Kf = 4.81× 10�17.

Figures 10.5 and 10.6. show the results of the SPICE simulation. Fig.
10.5 shows the ampli�er gain in dB versus frequency. The gain at 1 kHz
is labeled 33.9 dB. Fig. 10.6 shows the equivalent noise input voltage
referred to the source and the output noise, where the values are calcu-
lated for a bandwidth �f = 1 Hz. At 1 kHz, the equivalent input noise
referred to the source is 2.93 nV. This is greater than the theoretically
predicted value by less than 2%. The low frequency rise in the noise due
to �icker noise can be seen in the �gure. The frequency below which the
�icker noise begins to rise is lower than the �icker noise corner frequency
of 150 Hz. This is because the noise sources in the circuit other than the
in noise raise the midband noise level to e�ectively lower the frequency



244 CHAPTER 10. NOISE IN FEEDBACK AMPLIFIERS

Table 10.1: SPICE Deck for the Design Example

DESIGN EXAMPLE J1 7 7 18 J1
VPLUS 17 0 DC 15 Q1 5 3 7 N1
VMINUS 18 0 DC -15 Q2 6 4 7 N1
VS 1 0 AC 1V Q3 9 6 8 P1
RS 1 2 200 Q4 12 5 8 N1
R1 0 2 40K Q5 9 9 10 N1
R2 0 3 40K Q6 14 9 11 N1
R3 4 19 40K Q7 12 13 14 N1
R4 19 20 13.2K Q8 17 12 15 N1
R5 0 20 202 Q9 18 14 16 P1
R6 8 17 1.5K .MODEL N1 NPN IS=12.6F
R7 12 13 4.4K +BF=448 RB=40 VA=100
R8 13 14 2.6K +TF=240P CJC=6.7P
RC1 5 17 1.51K +KF=4.81E-17
RC2 6 17 1.51K .MODEL P1 PNP IS=12.6F
RE5 10 18 1.5K +BF=448 RB=40 VA=100 TF=240P
RE6 11 18 1.5K +CJC=6.7P KF=4.81E-17
RE8 15 19 100 .MODEL J1 NJF VTO=-2.4
RE9 16 19 100 +BETA=5E-4
RS1 18 21 200 .OP
C1 2 3 40U .AC DEC 20 10 1MEG
C2 4 20 40U .NOISE V(19) VS
C3 6 17 270P .PROBE
C4 5 12 270P .END
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at which �icker noise appears to rise. SPICE calculates the equivalent
noise input voltage referred to the source at any frequency by dividing
the output noise by the gain at that frequency.

Figure 10.5: Gain versus frequency.

Figure 10.6: Input and output noise versus frequency.
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