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PREFACE 

This work is intended primarily as a textbook for graduate students 
in electrical engineering and as a reference book for engineers concerned 
with the development or design of new magnetic devices. A familiar 
knowledge of the subject matier generally taught in undergraduate 
courses in electrical engineering is assumed. 

The book is divided into two parts: the first eight chapters in which 
the fundamental background theory and methods applicable to all 
types of magnetic circuits and non-rotary electromagnetic devices are 
developed, and the last six chapters in which these principles are applied 
to the solution of a variety of problems. These solutions have been 
developed in general terms, and each is followed by the detailed numeri
cal solution for a particular set of data. It has been my experience that 
such specific and detailed solutions are invaluable to students who must 
s(.udy by themselves or away from an instructor. 

The accurate solution of practical electromagnetic problems has 
always been difficult owing to the effects of magnetic leakage and the 
non-linear relationship between magnetic flux and .magnetic intensity 
in ferromagnet ic materials. Srecial methods have been developed to 
handle magnetic leakage, and great emphasis has been placed on graphi
cal and step-by-step methods for the practical solution of problems 
involving the non-linearity caused by hysteresis and saturation in iron, 
and the variation of magnetic leakage with motion. 

The material of this book has been presented to graduate students 
at the Stevens Institute of Technology for several years, both in the day 
school and in an evening lecture course covering a school year (one 
two-hour lecture and four hours of home preparation and problems per 
week). 

A large amount of quantitative data is presented, both on magnetic 
materials and electromagnets, many of which are original and have 
been obtained by painstaking laboratory work done at Stevens by 
graduate and undergraduate students working on these projects, and 
also by me. Thanka are due Stevens for providing the apparatus, 
facilities, and special magnetic equipment required. 

This work was undertaken in 1932 at the suggestion of Dr. Alan 
Hazeltine, formerly head of the Department of Electrical Engineering 
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VI PREFACE 

and at the present time Professor of Physical Mathematics at Stevens. 
Many of the methods presented represent an outgrowth from some 
original work on rational methods of magnet design done by Dr. Hazel
tine. I wish to acknowledge the scheme of "estimating permeance" of 
Chapter Y, and the design methods of Chapter X, as coming from this 
source. My thanks are also due Dr. Hazeltine for the many helpful 
suggestions and frequent time spent with me in consultation and check
ing some of the more difficult parts of the manuscript. 

Many of the original problems and methods used in the latter 
chapters are an outgrowth of my consulting practice. I am indebted 
to the Fairchild Aviation Corporation for the origin of many of the 
problems on dynamic characteristics and the models built and tested 
to check the computed results. 

My generous thanks are due the many instructors in the Electrical 
Engineering Department at Stevens who from time to time have 
assisted by making drawings, computations, and suggestions j to my 
colleague, Professor William L. Sullivan, for his criticism and helpful 
suggestions in connection with the development of the step-by-step 
methods of Chapter XII; to MI'. Harry W. Phair and MI'. Frank W. 
Stellwagen of the Fairchild Aviation Corporation for their assistance in 
correcting and criticizing the manuscriptj and to my wife, Mary D. 
Roters, for her assistance in correcting the proof and preparing the 
index. 

JAMAICA, N. Y. 
January, 1941 

HERBERT C. ROTERS 
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ELECTROMAGNETIC DEVICES 

CHAPTER I 

INTRODUCTION 

1. General 

This book is iotended primarily for those who will be responsible for 
the design and development of new magnetic equipment. Developments 
in this field have been very rapid, and the present indications are that 
I hey will continue to remain so. The airplane alone, particularly the 
military plane, has required the development of many new electro
magnetic devices for instruments and control. Two rea.sons for the 
necessity of control devices are the general inaccessibility of the equip
ment, which makes remote control desirable, and the severe requirements 
of functional operation of this type of equipment. 

Although the average electrical engineer is not necessarily interested 
in the design of electromagnetic devices, he is interested in the theory of 
their design. This is said because an iotelligent understanding of the 
operation ann limitat.ions of electromagnetic machinery and devices 
must be based upon a knowledge of the fundamental laws of electromag
netism, electromagnetic force relations, and the limitations of commer
cially available materials. 

Successful development work in any field cannot be predicated upon 
superficial knowledge, but in every instance must depend upon a sound 
understanding of the fundamentals of the field, coupled to an imagination 
toned down by practical experience. Though it is true that experience is 
cf inestimable value, it can sometimes be overrated. When dealing with 
the mathematically unpredictable, such as human emotions and rela
tions, experience, mellowed by maturity, is the essential requisite. When 
dealing with an inanimate object which functions in direct response to 
the laws of mechanics and electricity, an exact, quantitative knowledge 
is a requisite if an analysis or design from only a functional point of 
view is required. If the particular object is to be practically and eco
nomically applied, experience does become an essential factor. 

An exact quantitative knowledge of a subject can be gained only by 
breaking it down into its essential component parts, studying and mas

I 



2 INTRODUCTION ICHAP, I 

tering these, and then putting them together in their proper relation and 
perspective. This book has been written with this in mind. In the 
following articles the subject matter has been broken down by chapters 
to show the essential parts and their correlation. 

2. Properties of Magnetic Materials 

On this basis the first important subdivision is a knowlcdge of the 
materials available for building magnetic devices. Tremendous advances 
have been made in the last few years both in the number of types of 
magnetic materials available and in the improvement of their properties. 
These recent advances are discussed in thc latter part of this chapter. 
A full discussion of all the properties of magnetic materials which are 
important in predetermining the complete magnetic performance of 
direct� and alternating-current electromagnets, transformers, polarized 
chokes and transformers, permanent magnets, etc., is presented in 
Chapter II.  A very complete set of data, many of which wcre taken 
especially for the purpose at the Stevens' Laboratory, covering all the 
materials commercially available, is also presented. 

3. Factors Entering inlD the Efficient Design of an Electromagnet 

In actual operation, because of the transient and unsymmetrical 
nature of the magnetic cycle, the electromagnet is very complex. The 
energy changes occurring during a complete cycle include a storage of 
magnetic energy, mechanical work done, hysteresis energy loss, disgorge
ment of magnetic energy in the form of a spark, and finally the energy 
associated with the residual force. The efficiency of a magnetic device 
in any particular application depends on how skillfully the designer can 
control those energy changes which are desirable and mitigate those 
which are undesirable. Chapter III presents a complete discussion of all 
these energy changes, based on theoretical considerations and actual 
experimental data. 

4. Magnetic Circuit Calculations 

Predetermination of the magnetic saturation occurring in an electro
magnetic device, or the availahle magnetic potential across an air gap, 
depends upon an accurate analysis of the magnetic circuit. Magnetic 
circuit calculations range from a simple series magnetic circuit without 
leakage, to the more involved circuits with distributed leakage, unsym
metrical parallel circuits, polarized cores involving anhysteretic mag
netization and incremental permeabilities, and residual-flux predeter-
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mination for both soft and permanent magnet cores. All the various 
types of magnetic circuit calculations are covered in Chapter IV. 

6. Permeance of Air Paths 

The calculation of the permeance of flux paths throcgh air, or the 
more general problem of the determination of solenoidal or lamellar 
f-iclds, is a problem which, except for the more simple configurations, has 
ddied the efforts of mathematicians for conturies. A two-dimensional 
field emanating from continuous cylindrical surfaces can be evaluated 
analytically by a sufficiently astute mathematician. A two-dimensional 
field with discontinuities has been evaluated for the special case of inter
�cct.jng plane surfaces. In practice, however, simple two-dimensional 
fields do not occur. The actual field is always three-dimensional with 
Hcveral discontinuities in the form of corners and edges. With pat.ience, 
two-dimensional fields can be handled by the method of field mapping; 
but three-dimensional fields, unless they can be considered to vary in 
only two dimensions, are difficult, if not impossible, to handle. Accuracy 
in the predetermination of the force of a magnet is, to a very great 
measure, dependent upon the accurate evaluation of air-path per
meances. In Chapter V, a heuristic method of evaluating these per
meances is developed. The efficacy of any method of computation must 
ultimately depend on the accuracy of the results obtained and the rela
tive effort required. Numerous examples of computed results checkcd 
by experiment are given. 

6. Coils for Magnets 

The heart of any electromagnetic device is the exciting coil. The 
const.ruction of a coil, aside from the choice of wire size, is purely a 
mcchanical matter. Sufficient space must be provided for the required 
number of turns, sufficient insulation to withstand the highest probable 
Surge voltage, and a mechanical construction which will insure rugged
ncss, strength, high space factor, and low cost. Commercial winding 
pract.ice dictates coil construction, winding tolerances, insulation, etc. 
Chapter VI gives complete data on winding practice, and also the 
met.hod of computing coil performance. 

7. Temperature Rise 

Heating, as applied to average-sized electromagnets or other small 
non-moving electromagnetic devices, is discussed in Chapter VII. The 
actual temperature rise of a body as a function of time due to the internal 
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evolution of heat is complicated, depending upon its thermal capacity, 

thermal conductivity, and the heat-dissipating capacity of its external 
surfaces. The latter depends upon the nature of the radiating surface, 

its temperature, and whether or not the air surrounding it is still. The 

problem is first treated from a theoretical point of view under ideal 
conditions, and the results so derived are correlated with experimental 
data. In this manner, not only have the proper empirical constants been 
derived, but also the limits of validity of the various theoretical formulas 
have been determined. 

8. Electromagnetic Force Formulas 

The actual manner in which the work of a magnet will be obtained, 
that is, a large force through a short stroke or a small force through a 

long stroke, depends on the shape of the working pole faces. Force 
formulas, with all their limitations and corrections, and for all manner of 
pole-face shapes, and types of action, are derived in Chapter VIII. 

9. Magnet-Pole-Face Types 

The proper type of pole face. for any particular magnet depends on 
the relative values of the force and the stroke. The use of the right pole 
face results in the least weight for a given work. Chapter IX discusses 
the force-stroke characteristics of the various types of pole faces, and 
develops complete data for determining the most economical pole-face 
type for a given force-stroke characteristic. 

10. Design of Direct-Current Electromagnets 

The actual procedure of designing a magnet to meet givcn specifica

tions is, like all machine design problems, an essentially heuristic pro

cedure. All types of magnet, while essentially the same in fundamentals, 
differ in the detailed procedure necessary to get a working design. The 

amount of labor necessary to get a satisfactory and economical design 
depends on how close the first choice of basic design factors is to the 

optimum values. These optimum values, for any particular type, vary 
with the ratio of the force to the stroke. In Chapter X the criteria for 
an optimum design, the procedure of design, and basic design factors are 
detailed in such a manner that an optimum design can be obtained. with 
rapidity for any one of six basic types of electromagnet. 
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11. Time-Delayed Magnets 

In many instances it is necessary to provide for a time-delay action 

in an electromagnet. Thus, it is sometimes desired to delay the execution 
of the work of the magnet an appreciable time after the energizing 
iJOpulse has been initiated. When the time delay is short this can be 
incorporated in the electrical design of the magnet itself. When long 
time delays are necessary the delay mechanism must be external to the 
magnet. The problem of the predetermination of time delay can be 
handled mathematically with good results, provided that the inductance 
of the magnet remains substantially constant when the current varies, 
and there is no motion of the armature during the time-<lelay period. 
\rhen these conditions do not occur, the solution must be obtained by a 
stcp-by-step method applied to the differential equation for the circuit. 
Complete data on time-<lelay methods, with their mathematical solution, 
and the correlation of the mathematical solution with experimental 
results are given in Chapter XI. 

12. Quick-Acting or High-Speed Magnets 

The problem of predetermining the time of action of a magnet, 
though probably one of the most difficult problems in magnet design, 
is also the most fascinating. It is of particular interest in high-speed 
magnets, where the shortness of the time required for the magnet to 
complete its work is the yardstick of merit. Such magnets are used in 
many modern control devices. The problem is one of electrodynamies, 
involving two variables, space and time. The partial differential equa
tions that result, because of their non-constant coefficients, must be 
solved by a step-by-step integration. Complete details of the method of 
solution, and the correlation of the computed and experimental result! 
for an actual magnet, are given in Chapter XII. In addition, a rational 
method of developing a preliminary design for short-stroke high-speed 
magnets to meet required specifications is developed. 

13. Alternating-Current Magnets 

The alternating-current magnet differs from the direct-current mag
net, principally because the current through the coil is not determined 
by the resistance of the coil, as it is in a direct-current magnet, but 
ins tead is limited by the self-induced voltage produced by the alternating 
flux. As the flux linkage does not vary with the position of the plunger, 
the current dependJ on plunger position. This causes the alternating-
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current magnet to have an odd-shaped force-stroke characteristic. Aside 
from this, the fact that the flux is alternating produces other effects. 
Thus the force pulsates from zero to a maximum twice during each cycle 
of supply current. The average force, however, bears the same relation 
to the current as with direct current. In some applications where it is 
undesirable to allow the force to fall to zero it is necessary to split the 
working flux into two parts which are out of phase. This is generally 
accomplished by means of a shading coil. 

Alternating-current power magnets are, in general, undesirable. 
Their volt-ampere consumption, which bears a definite minimum rela
tionship to the frequency and the work, is high compared to that of the 
corresponding direct-current one. The iron circuit must be thoroughly 
laminated to prevent excessive eddy-current losses. Their one redeem
ing feature is that they are inherently high-speed magnets. They are 
extensively used as relays and for applications, such as electromagnetic 
hammers, which depend on the alternating-current characteristics. For 
power magnets it is common to use a direct-current magnet powered from 
a rectifier. Chapter XIII presents a complete discussion of the alternat
ing-current magnet from the above point of view and complete details 
regarding their design. 

14. Relays 

The relay, as its name implies, is a device intended to repeat or relay. 
In an electromagnetic sense it is a small-work magnet of low power 
consumption for closing contacts. However, from the point of view of 
design, the relay is very general and embraces all the problems of special 
magnets. Thus a relay must always be designed with respect to its 
residual force which determines the current at which it will release; in 
addition, it must often be designed with regard to its speed of action, or 
for a definite time delay. When operating on single-phase alternating 
current, shading coils must be used to prevent chattering. Power con
sumption, rather than heating, is the general design limitation which 
distinguishes it from a tractive magnet. Relays are discussed in Chapter 
XIV. 

RECENT ADVANCES IN FERROMAGNETIC MATERIALS 

It is safe to say that the only advance in the design of magnets in the 
last few years has been made because of new ferromagnetic materials I 

1 Extremely interesting discussions of new developments in this field and their 
commercial applications may be found in the following references: 

V. E. LEGO, "Survey of MagnetiC Materials and Applications in the Telephone 
System," Bell System Technical Journal, July, 1939. 
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which have been developed. In some instances, as with Permalloy and 

Alnico, the effect has heen so great as to change the whole course of 
design. 

16. Soft Magnetic Materials 

I n the field of the" soft magnetic" materials a complete exploration 
of all the possible alloys of iron, nickel, and cobalt has resulted in the 
production of many useful alloys. These alloys may be divided into 
I hree grou ps: 

I .  Ferronicke1s: iron-nickel alloys which have very high initial 
and maximum permeabilities and very low hysteresis loss. 

2. Ferrocobalts: iron-cobalt alloys which have a high permea
bility that endures well beyond the saturation limit of ordinary iron. 

3. Constant-permeability alloys: iron-nickel-cobalt alloys which 
have permeabilities that are invariant within limited ranges of flux 
density, and a hysteresis loss which is zero or negligihle. 

In the field of electromagnet design the first two of these are of 
special interest. Ferronickel (47 per cent) is of particular use in the 
design of sensitive relays. In this application it affords two important 
properties: a relatively high flux density with a very small magnetizing 
force, and a very small residual effect. In other applications the low 
hysteresis loss and high resistivity of ferronickel are very useful as they 
allow the construction of special devices, such as voltage generators and 
transformers, which must have negligible losses. Ferrocobalt is chiefly 
useful in tractive magnets where a high density of force is desirable and 
in other applications where its high saturation density results in a sub
slantial reduction in size and weight. It also has a high incremental 
penneability at high polarizing flux densities. Constant-permeability 
alloys are particularly suitable for use in circuit elements in which dis
tortion and energy loss must be a minimum. In the telephone industry, 
these materials are known as Pennalloy, Pennendur, and Penninvar, 
respectively. 

T. D. YENSEN, IIMagnetic Materials and Preparation," McGraw-Hill Book 
Co., 1937. This is the fourth chapter of a. book entitled "Introduction to Ferro
magnetism" by FRANCIS BITTER. 

C. E. WEBB, "Recent Developments in Magnetic Materials," Journal of the 
Imtitution of Electrical Engineers, March, 1938. 

. These articles are very extensive and have complete bibliogra.phies of all the 
Important references in the literature. 
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16. Tractive and Residual Effects in Commercial Soft 
Magnetic Materials 

[CHAP, I 

As tractive force is a very important consideration in the design of 
electromagnets and relays, Fig. 1 is presented in order to give a definite 
picture of the relative tractive effort which can be obtained from the 
various special alloys commercially obtainable. Z 

From these curves it is apparent that ferrocobalt is superior to 
ordinary iron in producing a tractive effect. UnfortunatelY, except for 
special applications, the price of ferrocobalt is prohibitive. The 34.5 per 
cent variety is much less expensive than the vanadium variety and is 
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FIG. 1. Curves of tractive effort as a function of magnetic intensity for various 
magnetic materials commercially available. Data for Curve 5 taken from Bell 

System Technical Journal, Vol. XVIII, No.3, page 43S. 

much easier to fabricate. The addition of vanadium is necessary if the 
product is to be rolled into sheets and also is advantageous as it increases 
the resistivity. On the other hand, where it is desired to produce a large 
force with very low magnetizing currents the ferronickel is shown to be 
supenor. 

In relays and sometimes in tractive magnets, the residual force pro
duced by the coercive intensity of the material is important. This 
effect can be compared only by an examination of the demagnetization 
curves of the materials. Figure 2 shows the demagnetization curves of 
the alloys of Fig. I,' except that for sample 12a which has been replaced 
by sample 12b. 

'The samples referred to in Figs. 1 and 2 are described in Art. 33, Chapter II. 
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In order to show the effect of the coercive intensity in producing 

residual tractive force, the force curves, A and B, have been drawn to the 

riJ!hl of the axis of ordinates. Curve A shows the residual produced when 
IIlf'rp is an ideal gap of zero length. in the magnetic circuit. The force 
\."I"t" are obtained by projecting, horizontally from the residual flux 
dt'I,:-,ities, on the axis of ordinates to Curve A as shown by the dashed 
!int':':. In actual practice, however, there is always an air gap in the 
w:tgllctic circuit. This air-gap length being taken as onc-one thou
s:lIIdth part 3 of the iron length, the air-gap permeance line OC may be 
drawn. The intersection of this line with the demagnetization curves 
gives the actual air-gap flux densities with the air gap present. Projecting 

1. 47% Ferronickel - Sample 1 1  Chap. II 
2. High·Sillcon Steel - .. 9 .. .. 
3. Swedish Charcoal Iron - .. I .. " 
4. 35% Ferrocobalt - .. 12b .. .. 
5. 2% v. 49% Ferrocobalt-.. 21 .. r 
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FlO. 2. Demagnetization curves and residual tractive dlort for various magnetic 
materials commercially available. 

these intersection points on the force curve B, by the horizontal lines 
shown, the residual forces are obtained. To make the comparison more 
vivid these forces are tabulated below. The advantage of ferronickel 
and high-silicon steel in producing a small residual effect is strikingly 
shown. 

17. Importance of Impurities in Soft Magnetic Materials 

The beginning of the development of magnetic materials may be 
dated at approximately the year 1900 when investigators attempted to 
find the cause of aging in transformer iron. In those days the best iron 

'This is about the smallest gap length that is commercially practicable in the 
uSUnl design. 
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RESIDUAL FORCE FOLLOWING EXCITATION TO SATURATION 

Residual Force, lb. per sq. in. 

Material 

No Air Gap 0.1% Air Gap 

47% ferronickel . . . . . . . . .  25 0.0035 
High-silicon steel. . . . . . . .  24 0.12 
Swedish charcoal iron . . . .  89 0.9 
35% ferrocobalt . . .. . . . . .  77 3 . 5 
2% V-49% ferrocobalt. . .  112 1.9 

available was Swedish charcoal iron. Owing to the low resistivity of this 
iron, the eddy-current loss was high, which when combined with the 
hysteresis loss produced a relatively high total core loss. It was found 
that the temperature rise of the iron due to its losses when used in 
transformers caused the core loss to increase rapidly, sometimes doubling 
it in the course of a few months. The only cure was to disassemble the 
transformers in order that the iron might be reannealed. 

Attempts were made to discover the cause of this effect, known as 
aging, and while there were conflicting theories, the cause has remained 
obscure until recently. However, practical progress was made, and in 
1900 Barrett, Brown, and Hadfield brought forth their silicon steel.. By 
alloying the charcoal iron with 2! per cent silicon they found that aging 
disappeared, hysteresis loss decreased 25 per cent, and the resistivity was 
increased fourfold, greatly reducing the total core loss. Since that time 
considerable study has been devoted to the iron-silicon alloys. The 
commercial product of today is far better than Hadfield's best laboratory 
alloy. 

The interesting feature of the reduction of iron loss by alloying with 
silicon is that the entire effect is now definitely traced to the removal of 
minute quantities of such impurities as oxygen and carbon by a process of 
absorption, which, thougb not actually removing the impurities in the 
physical sense, renders them impotent. 

Research work carried out during the last few years has indicated 
that absolutely pure iron is an ideal magnetic material, having zero 
hysteresis loss and infinite permeability. Actual experiments on single 
crystals 01 very pure iron have shown relative permeabilities of several 
hundred thousand and extremely low hysteresis loss. 

Iron of this exceptional quality has been produced only in the form of 
single crystals. The final removal of the last traces of impurities is 
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accomplished hy long annealing at high temperatures i n  a n  atmosphere 
of hydrogen. This not only reduces the ordinary oxides but also elimi
nates the residual amounts of carbon, sulphur, and phosphorus as gases 
(CR" RzS, PR.). Iron specially prepared and treated in this way has 
shown total impurities of the order of only 0.01 per cent. 

Commercially such material is at present impractical, owing to its 
high cost and the difficulty of producing it in the form of rods and 
sheets. Even if it could be produced it would not be desirable for alter
nating-current apparatus because of its low resistivity and consequently 
high eddy-current loss. For these reasons alloys using silicons, or some 
similar material such as aluminum or vanadium, which mitigate the 
effect of the residual impurities of commercial iron and at the same time 
produce a high resistivity, must still be used. 

Other very important factors in the production of iron of super
magnetic qualities are grain size and grain orientation. It bas been 
definitely proved that as the grain size is increased the hysteresis loss is 
decreased. Furthermore, if the iron is rolled so that the axes of the 
grains have a paraliel orientation as compared to a random orientation, a 
material of exceedingly high permeability and low hysteresis loss is 
obtained. This latter process, known as "fibering," has the effect of 
giving the sheet magnetic properties resembling those of a single cry,tal. 
Such materials are commercially available.' 

In the case of ferronickel and ferrocobalt, prolonged annealing at high 
temperatures in an atmosphere of hydrogen has shown a remarkable 
improvement in their magnetic properties. Fifty per cent ferronickel 
when treated in this way has shown maximum permeabilities over 
150,000 as compared to about 40,000 for the usual product. This 
product is commercially available under the name of "Hipernik." 
Likewise, 2 per cent vanadium Permendur when specially hydrogen
annealed shows a large increase in permeability and a slight increase 
in saturation density. 

18. Structure and Grain Orientation of Magnetic Materials 

The accepted explanation of many of the effects just described is 
based upon the existence of a definite lattice structure of the crystals 
of the material which imparts to the crystal an axis of easy magnetiza
bility. Any portion of the matter having a continuous lattice structure 
and a definite orientation throughout is called a grain. An ideal magnet 
material will have regularity of the lattice structure throughout. As the 
regularity of the lattice structure is interrupted at the boundaries of the 
grains, anything which increases the number of grains or their random 
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orientation is undesirable. Likewise, anything which increases the size 
of the grains and decreases the random orientation of these grains is 
desirable. 

Impurities ill the metal tend to make the grain size small, as they 
constitute the focal points from which crystallization starts. Thus small 
particles of oxides and carbides, when present in solid solution in the 
metal, will cause the cryst.allization to start at many points simultane
ously, producing small grains. Consequently, the total absence of 
impurities is essential if large grains are to be produced. 

Another factor controlling the grain size is the manner in which the 
metal is worked and the subsequent heat treatment. Considerable 
success in producing large grains has been obtained with silicon steel by 
cold rolling followed by annealing. If this is done in a special way, a 
preferred orientation of the lattice structure of the grains can be obtained 
which results in a magnetic material having properties approaching that 
of a single crystal.' 

Cold working of a material will introduce internal strains or lattice 
distortions and tend to make it hard. Annealing by heating to a high 
temperature with. very slow cooling produces a homogeneous structure 
free from lattice distortion. Thus magnetic materials, which in the 
process of fabrication have been stressed beyond the elastic limit, should 
be carefully annealed. 

19. Hard Magnetic Materials 

Advances in this field also have been astounding in the last decade. 
In contrast to what has just been said about soft magnetic materials, the 
problem in producing a hard magnetic material is to introduce lattice 
distortion in the crystal deliberately. Such a distortion or strain in the 
material can be produced by cold working, but where it is intended to 
produce a strong permanent magnet material it is best done by quench 
hardening Or by dispersion hardening. Either process depends on the 
existence of a heterogeneous structure involving the presence of two 
components, one of which is dispersed in a finely divided form through
out the matrix causing severe lattice distortion. In all the earlier types 
of permanent-magnet steels, such as carbon, tungsten, chromium, and 
cobalt, the hardness depends on the formation of a martensitic structure 
on quenching. These steels have the inherent disadvantage that the 
martensitic structure producing the lattice distortion is unstable and 
subject to deterioration from vibration or high temperature . 

• See Art. 30, Chapter II. 
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In the last few. years new permanent-magnet materials have been 

r!cveloped in which the lattice distortion is produced by a dispersion of 
I he secono component in finely divided form throughout the matrix 
during a carefully controlled cooling process. Such stccls are known as 
dispersion-hardened alloys. The best-known materials in this group are 
Lhe nickel-iran-aluminum and nickel-iron-aluminum-cobalt alloys which 
nppear under the names of Nipermag and Alnico III, for the former 
group, and Alnico I, II, and IV for the latter group' 

These materials are fabricated by casting or sintering. Sintering is a 
process whereby a properly proportioned mixture of the ingredients of 
the alloy in a finely divided form are molded into a solid metal by a 
process involving the use of temperatures a few hundred degrees below 
the melting point in combination with very high pressures. When the 
material is cast it must be finished by grinding, and when sintered it is 
formed into molds to the finished size. 

These dispersion-hardened alloys have an exceedingly large hysteresis 
loss and hence form powerful permanent magnets. The commercial 
product averages about twice the available magnetic energy of the best 
grade of cobalt steel and several times that of the best grade of tungsten 
steel. This improvement is so great that it has revolutionized the design 
of many pieces of electrical equipment. Thus many types of small 
apparatus which formerly depended upon an electromagnetic winding to 
produce a constant flux can now be more economically designed utilizing 
these permanent-magnet materials. 

6 See Art. 32. Chapter II. 



CHAPTER II 

MAGNETIC PROPERTIES OF IRON 
AND SOME OF ITS ALLOYS 

20. Normal Hysteresis Loop and Magnetization Curve 

/ 

The magnetic performance of a piece of iron is dependent on its 
previous magnetic history, so much so in fact that certain apparatus, 
such as some sensitive relays, etc., must be operated in a definite mag
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FIG. 1. Hysteresis cycle in soft iron 
having no previous magnetic history 

(sample 3). 

netic sequence or cycle if they are to 
give reliable results.' This effect is 
due to a magnetic property of the' 
iron termed hysteresis, meaning a lag i 
that is, the effect lags behind the 
cause, and hence an immediate effect 
(magnetic flux) may be due to an im
mediate cause (magnetomotive force) 
modified by some previous cause of 
which the observer has no knowledge. 
It is for this reason that, before 
making any magnetic measurements 
on iron, it must first be put through 
a very definite magnetic cycle so that 
the previous history is known. For 
ease of comparison, all curves giving 
the relation between the flux and 
magnetomotive force of a piece of 
iron are usually plotted with flux 

density and magnetic intensity as axes. Such a curve is called a mag-· 
netization curve. 

Consider an iron ring sample which has been thoroughly demagne
tized,' Fig. 1. The ring sample is chosen merely for its simplicity and 

1 This is particularly true at flux densities well below the knee of the magnetization 
curve, in which range most sensitive relays operate. 

1 A piece of iron is demagnetized by subjecting it to a slowly reversing magnetic 
intensity, which haa nn initial value at least aa great as any previously applied value, 
and gradually decreases to zero. This process effectively removes the previous 
magnetic history of the iron. 

14 
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convenience ; for the sake of definiteness and proportion Fig. 1 has been 
drawn from actual test data taken on sample 3, the data for which are 
given on pages 47 and 69. 

As the exciting magnetomotive force on the ring is gradually increased 
the flux density rises on the curve shown by 0-1 of Fig. 1, reaching the 
flux density Bm at a magnetic intensity of Iim. Such a curve is called a 
rising magnetization curve. If, after reaching point 1, the magnetic 
intensity is gradually decreased, the flux density will fall along the 
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FlO. 2. Nonnal hysteresis loops and nonnal magnetization curve for soft iron 

(sample 3). 

curve 1-2, reaching the value B, at Ii = O. This flux density B, 
retained by the piece of iron after being magnetized is called th';-res-idual 
flux density, or retentivity. The cycle is continued by increasing Ii in 
the negative direction, causing the fiux to decrease along the curve 2-3. 
The value of magnetic intensity Ii, required to decrease the fiux density 
to zero is called the coercive magnetic intensity or the coercive force. The 
cycle is completed by allowing the magnetic intensity to decrease to 
-Hm and thence increase to +Iim causing the flux density to fall along 
the curve 3-4, and finally to rise along the curve 4-5-6-7. Point 7 
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,,;11 not in general coincide with point 1, being usually slightly lower. 
If the magnetic intensity is now varied from + H to - H back to + H 
several times, points 1 and 7 of these succeeding loops will gradually 
coincide, forming what is termed a normal or symmetrical hysteresis loop. 
When the magnetic intensity has been alternated sufficiently between 
the same positive and negative values to obtain a closed hysteresis loop, 
whether it be a symmetrical loop or not, the iron is said to be in the 
cyclic state. 

The locus of the extremities of the normal hysteresis loops of a 
material is called its normal magnet1'zation curve. Such a curve is shown 
in Fig. 2, for the same sample (3) as Fig. 1, along with several of the 
normal hysteresis loops from which it was derived. It will be noticed 
that at the higher magnetizations the normal magnetization curve lies 
outside the hysteresis loop. 

If the rising magnetization curve of Fig. 1 is plotted on Fig. 2 it will 
be almost indistinguishable from the normal magnetization curve except 
in the region of steep slope, where it is slightly lower. For all practical 
purposes we shall consider these two curves to coincide for mild steel. 

Figures 11 and 15 give nOrmal magnetization curves for many 
commercial materials. 

21. Permeability 

The.quotient of the flux density by the magnetic intensity as read 
from the normal magnetization curve is known as the absolute value 
of the normal permeability or merely the permeability of the material. 
If this permeability is divided by that of a vacuum the relative permea
bility is obtained. In references to ferromagnetic materials the permea
bility is almost always given relative to that of a vacuum, and hence, 
when we refer to the permeability hereafter, we shall mean the relative 
permeability unless specifically stated otherwise. • 

The permeability curve derived from the normal magnetization 
curve is shown in Fig. 2. The value of the permeability at B = 0, 
which is the slope of the tangent to the magnetization curve at B = 0 
divided by the permeability of air, is known as the initial permeability. 
It is equal to 300 for this sample, and generally is of the order of several 
hundred for the ordinary commercial material. 

Figure 15 shows normal permeability curves for several samples of 
commercial silicon steels. 

The maximum permeability, f:ihown as 3040 in li'ig. 2, occurs at that 
point on the normal magnetization curve where the line OA through the 
origin is tangent to it. Maximum permeabilities of commercial materials 
range from a few hundred to several thousand. 
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22. Incremental Permeability 

It is very convenient, when dealing with certain types of apparatus 
where a small alternating magnetic intensity is superposed on a con
stant magnetic intensity, to speak of the incremental permeability, which 
is the quotient of AB by AH, AH being in the reverse direction from the 
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FlO. 3a. Curves illustrating incremental penneability and its manner of variation. 

FlO. 3b. Empirical constants for Spooner's formula for incremental permeability. 
Reprinted from Spooner's " Properties and Testing of Magnet.ic Materials," by 

courtesy of the McGraw-Hill Book Co. 

change in H immediately preceding. There is no restriction as to the 
magnitude of AB or AH, or as to the position on the hysteresis loop or 
magnetization curve at which they are taken. 

Suppose that in Fig. 3a a direct polarizing magnetic intensity of 
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H 0 is impressed producing a constant flux density Bo as shown on the 
normal magnetization curve. Let there now be superposed upon H 0 a 
sinusoidal magnetic intensity Ho such that the resultant magnetic 
intensity will vary between the limits of H, and H 2 as shown. This will 
cause the flux density to rise along the normal magnetization curve 
(same as rising magnetization curve) from 0 until point 1 is reached, 
where the magnetic intensity is at its maximum value H,. At 1, Ho 
commences to decrease, causing the flux density to fall along a normal 
hysteresis loop until point 2 is reached, where the magnetic intensity 
is at its minimum value H2• At 2, lIo increases and the flux density 
rises along the dashed curve to 1 again, after which the minor hysteresis 
loop 1-2 is traced over and over. It is therefore apparent that as far 
as the change in flux density caused by H 0 is concerned the apparent 
absolute permeability of the iron is given by the slope tlBI tlIf of the 
axis of the minor loop 1-2. This permeability is known as the incre
mental permeability, and it is usually given relative to a vacuum. It 
is of chief interest in the design of chokes and transformers carrying 
direct current. 

If H 0 is increased so that the resultant magnetic intensity varies 
between H 3 and lI. the incremental permeability will be proportional to 
the slope of the line 3-4 as shown. In general for a given biasing 
magnetic intensity below the knee of the normal magnetization curve 
the incremental permeability first increases and then decreases as the 
magnitude of H (J is increased. 

If H 0 is kept constant at some value which is not very small, the 
incremental permeability will decrease as the polarizing flux density 
increases. This is because the tops of the hysteresis loops become flatter 
with increasing magnetizations, as can be seen from Fig. 3a. 

If If 0 is allowed to approach zero the incremental permeability is 
proportional to the initial slope of the descending branch of the normal 
hysteresis loop corresponding to Ho. This p",ticular incremental 
permeability is called the reversible permeability. Because the descend
ing branch of the hysteresis loop has less slope as the magnetization is 
increased the reversible permeability is always less than the initial per
meability. The reversible permeability is of particular interest where 
the superposed magnetic intensity · is very small, as occurs in audio� 
frequency transformers. As tlB is usually the independent variable in 
most applications dealing with incremental permeability, the values of 
incremental permeability are always plotted as a function of tlB instead 
of as a function of tlIf. 

When dealing with incremental permeabilitics it makes considerable 
difference whether the variation in flux density or the variation in mag-
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netic intensity is the independent variable. In Fig. 3a, H has been made 

thc independent variable, and it will be noticed that the impressed sinu

soidal variation H a produces a flux density variation Bo. which is not 

sinusoidal. Furthermore, Be is not superposed upon the flux density 

Bo that would be produced by the polarizing magnetic intensity Ii 0, but 
upon Bp, which is greater than Bo, depending upon the magnitude of Ha. 

Thus, when H a is the independent variable the value of the polarizing 

flux density Bp is not easily determinable. Likewise, the wave form of 
the induced voltage Ea will be very complex compared to that of Ha. 

Il a will be the independent variable in constant current circuits and in 
some resonant circuits. Thus if an inductance is connected in the plate 
circuit of a screen-grid tube, the alternating component of plate current 

is dctermined almost entirely by the applied grid voltage. 
More often, however, the flux-density variation is the independent 

variable. This is true in aU constant- or substantially constant-voltage 
circuits; thus in a transformer supplying a half-wave rectifier the varia
tion in flux density is forced to be sinusoidal because the supply voltage 
is sinusoidal; in a filter choke operating from a low-impedance tube the 
wave form of voltage across the choke, and hence the flux variation, is 
also determined entirely by the wave form of the supply voltage. 

The discussion so far might lead one to believe that the incremental 
permeability is defined if the magnitude of I!.B or I!.H is specified, together 
with either the polarizing magnetic intensity H 0, or the polarizing flux 
density Bpo This, however, is not true, and in order that the incremental 
permeability be determinate it is necessary that the wave shape of I!.B 
or I!.ll be defined in addition. 

Referring to Fig. 3c, if a sinusoidal variation in magnetic intensity, 
equal to I!.H and polarized by H 0, is impressed on the magnetization 
curve shown it will produce the wave of /lux density variation designated 
by B, having a total pulsation of I!.B as shown. The incremental permea
bility will then be designated as I!.B/ I!.ll. If, however, the same mag
nitude of pulsation I!.ll, alternating about the same polarizing intensity 
HOI but not sinusoidal in shape, is impressed on the magnetization curve 
it will produce the wave of flux-density variation designated as B' having 
a total pulsation of I!.B' as shown. The incremental permeability of the 
sample will be designated as I!.B' / I!.ll. It is quite obvious from the figure 
that these two values of incremental permeability obtained for the same 
specified value of I!.H and II ° are not the same. The same conclusion 
Would be reached if I!.B and Bp were specified in magnitUde. It therefore 
follows that if the incremental permeability is to be determinate the wave 
shape of either I!.B or I!.H must be specified besides the value of polarizing 
flux density or magnetic intensity. 
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The most useful definition 3 of incremental permeability is that where 
the pulsation in flux density is maintained sinusoidal, and where H 0 is 
specified, thus : 

�. = Il B  
(IlB sinusoidal) 

IlH 

The sinusoidal wave shape for t::.B is the most corrunon one, as most 
apparatus operates on an impressed voltage of sinusoidal wave form. 
This will produce a sinusoidal flux wave if the circuit resistance is small. 

B 

H 

compared to the reactance, 
as is usual. Likewise the 
value of polarizing cur
rent, and hence H 0, arc 
generally known, whereas 
the value of the polariz
ing flux density is seldom 
known. 

Figure 3c also shows 
that the polarizing fiux 
density is dependent on 
the wave sbape. Tbus B. 
and B�, for the sinusoidal 
and distorted waves, re
spectively, are not the 
same even though IlH and 

FIG. 3c. Curves illustrating the effect of wave form Ho are the same. 
on incremental permeability. Wave-shape distortion 

is appreciable only for the 
higher values of IlB. Thus from 0 to 3 kilomaxwells per square inch, 
which covers the operating range of audio-frequency transformers, the 
incremental permeability is independent of wave form. 

In Fig. 19 are sbown curves of the incremental permeability plotted 
as a function of the maximum superposed sinusoidal alternating flux 
density IlBj2, for various values of Ho. The data are given for samples 
7, 8, and 9 of low-, medium-, and high-silicon steel, respectively.' 

These curves sbow that the incremental permeability increases with 

3 L. G. A. Sim, «Incremental Permeability and Inductance:  The Role of Wave
form in Measurement," Wl'teless Engineer, Vol. 12, 1935, Nos. 136, 137. 

, The data shown in Fig. 19 were taken by Charles Rouault, and checked by Igor 
Bensin, as a thesis project at Stevens Institute under the supervision of the author. 
For a complete description of the experimental method and a critical discussion of the 
results see II An Investigation of Incremental Permeability," by Charles Rouault, 
Stevens Institute, June, 1939, and " An Improved Method of Measuring Incremental 
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superposed alternating fiux density for any constant value of polarizing 

mngnetic intensity until the maximum flux density reached in the cycle 
P:ISSCS the knee of the saturation curve. For any constant value of 
,lIperposed alternating flux density the incremental permeability 
decreases as the polarizing magnetic intensity increases. 

Where no experimental data are available, the incremental pCl'mea
hility can be approximated by an empirical method if the normal magne
f i1.ation or permeability curve for the material is known. This method, 
dl'\'cloped by Spooner,' is based on the experimental fact that, if the 
iJlcremental permeability is plotted as a function of the flux pulsation IlB 
(the maximum flux density of the tip of the minor loop being held 
constant), the result will be very close to a straight line which can be 
rl'presented by the simple equation 

p.. a: a + b X tlB 

The incremental permeability is further found to be a function of the 
fiux density of the top of the minor loop farthest removed from zero. 
The resulting formula for incremental permeability is : 

JJ.. = JJ.Bm (a + b X IlB), (1) 
where JJ.Bm is the normal permeability corresponding to the top of the 

minor loop farthest removed from zero. 
IlB is the amplitude of the total fiux pulsation of the minor loop 

expressed in kilomaxwells per square inch. 
a and b are constants which have been determined experimen

tally from tests of various magnetic materials. The values 
of these constants are given in Fig. 3b. 

!lcrmeability," by Igor Bensin, Stevens Institute, June, 1940. Briefly, Mr. Rouault 
excited a thoroughly laminated ring sample with a. variable sinusoidal voltage derived 
from a commercial power line through a variable auto-transformer. In series with 
the exciting circuit, a low-resistance source of direct current for polarizing and a 
standard resistance were inserted. The total resistance .drop to alternating current 
was never allowed to exceed 10 per cent of the impressed voltage in order to avoid 
distortion of the impressed sinusoidal wave form. The magnitude of I1B was co.m
puted from the measured r.m.S. value of voltage induced in an insulated eoil wound 
on the sample, and the cross section of the sample. l1H waa determined by com
paring thc current wave, obtained by impressing the voltage drop across the standard 
rC'Sistl\nce on a cathode-ray oscillograph, with a. standard sine wave shape of known 
'··m.s. value. This comparison was based on making the crest-to-trough value of the 
standard wavE) the same as that of the distorted exciting wave, and thence computing 
MJ as 2y2 Er.m .•. N IRJi, where Er.m .... is the root mean square value of the standard 
Comparison wave, N the turns on the exciting winding, R. the resistance of the 
standard, and It the mean length of the iron ring sample. 

I Thomas Spooner, "Permeability," Jour. A.l.E.E., Vol. 42, p. 42; January, 1923. 
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Spooner states that this method gives results with fair accuracy for 
all classes of ferromagnetic materials if the amplitude of !!.B is considera
ble, but that for very small values of !!.B (reversible permeability) it is 
unreliable." One difficulty sometimes encountered in applying this 
method is finding the flux density Bm at the tip of the minor loop if the 
polarizing magnetic intensity H 0 is given instead of the polarizing flux 
density Bp. If anhysteretic magnetization curves, like those of Figs. 
18a and b, are available it may be calculated as Bp + (!!.B/2) if the 
even harmonic distortion of flux pulsation !!.B is small. If the maximum 
value of the alternating magnetic intensity H. is known, Bm may be 
approximated from the normal magnetization curve corresponding to a 
magnetic intensity equal to H 0 + H., provided that Bm so located is 
above the point of maximum permeability. For Bm below the point 
of maximum permeability Spooner states that the effective magnetiza
tion curve may be. taken as a straight line between the origin and the 
point of the normal magnetization curve corresponding to maximum 
permeability. 

It will he noticed that another effect of superposing an alternating 
field on that produced by a direct current is to change the apparent 
permeability of the iron for direct current. Referring to Fig. 3a, the 
permeability for the direct magnetizing force Ho alone is Bo/Ho, while 
with the alternating flux density B. superposed it becomes Bp/Ho. 
Spooner ' states that when !!.B is small the apparent permeability over 
the entire range of the magnetization curve up to fairly high densities is 
increased over the normal value, but when !!.B is large it is reduced, and 
at high densities is less than the normal permeability. 

If the incremental permeability of the iron is known, the value of 
the polarizing flux density Bp can he approximately 7 determined for any 
value of !!.B and Ho as follows: From !!.B and 1'. calculate !!.H. Then 
BI, the maximum minor loop density, can be determined from the normal 
magnetization curve from HI equal to Ho + (!!.H/2). Subtracting 
!!.B/2 from B" the polarizing flux density Bp can be found. The value 
of Bp plotted against H 0 for constant values of !!.B or !!.H is sometimes 
called an anhysteretic curve (apparent magnetization curve with super
posed alternating flux). Such curves, obtained experimentally, are 

IQ Data. taken by Bensin (op. cit.) indicate that AB should be not less than about 
20 kilomaxwells per square inch . 

• T. Spooner I "Effect of a Superposed Alternating Field on Apparent Magnetic 
Permeability and Hysteresis Loss," Physical Review, 1925. 

T Owing to the even harmonic distortion present in either the alternat.ing flux 
density or magnetic intensity variation the axis of either cannot be determined 
exactly by taking the mean of the maximum �nd minimum values. 
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given in Fig. 18a and b for samples 8 and 9 of medium- and high-silicon 

steel, respectively. 

23. Saturation 

As the flux density of a piece of iron increases, the slope of the magne

tization curve equal to dB/dH, sometimes called the differential permea
bilit,y, first increases and then decreases. When the differential pet'mea
hility is only a few times greater than that of a vacuum the iron is 
said to be saturated. The term saturation as ordinarily used is broad, 

including almost the entire range of the magnetization curve above the 
sharp bend called the knee. However, there is a very definite flux 
density, called the saturation density, designated by B" that the iron 
itself will carry. Any 
flux density in excess 
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sity that would exist in Flo. 4a. Separation of the flux of a piece of iron into 
the absence of the iron its ferric component and air component. 

if the magnetic inten-
sity were maintained constant. The actual flux density in the iron can 
then be expressed by the following equation:  

B = BI + �H 
This is illustrated in Fig. 4a for a sample (8) of medium-silicon steel : 

The saturation density B. can be extrapolated from data at lower 
densities by means of the following well-known relation : 8 

PI = k(B. - BI) 

• This relation, first discovered by Frohlich, was later modified by Kennelly so as 
to be in a more useful form. Kennelly, Trans. A.I.E.E., Vol. 8, p. 485, 1891; or see 
Steinmetz, uTheory and Calculation of Electric CirCUits," First Edition, p. 43, 
McCraw_Hill Book Co. 
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which states that the permeability is proportional to the magnetiza
bility. If we introduce for ferric permeability N its equivalent B,/ If 
and solve for BI we will obtain:  

If B I = -1--['""{ 
- + kB. B. 

Letting liB, = �, and 11kB, = ", we have: 

If BI = -,.---=: " + �If 

H 
VI = - = " + uH BI 

where VI is the ferric reluctivity. In other words, the law may be stated 
that the ferric reluctivity is a linear function of the magnetic intensity ; 
if VI is plotted against If for any sample of steel the points should fall 
on a straight line. Actually, however, it is found that this law does not 
hold until the knee of the saturation curve has been passed. 

In Fig. 4b, the ferric reluctivity as computed from the normal mag
netization curve 1 of Fig. 110, for a sample of annealed Swedish charcoal 
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FIO. 4b. Ferric reluctivity curves for extrapolating for the saturation density 
by Kennelly'S method. 

iron, is shown plotted against the magnetic intensity. It will be noticed 
that the straight part of the curve which can he extrapolated, hegins at 
about 400 ampere-turns per inch; this point will vary with different 
materials, some .uch as cobalt steel requiring a much higher value of 
magnetic intensity before straightening out. 

The slope of this curve is equal to 0.00717, corresponding to a value 
of B. equal to 139.4 kilomaxwells per square inch. The intercept " is 
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considered to be a measure of the magnetic hardness of the material; 

t hat is, the greater the Q, the harder the material. 
In Table II there are given the saturation densities B. for various 

l11agnetic materials. Those for samples 1, 7, 8, 9, 11, 12a, 12b, and 20 
have been extrapolated from their normal magnetization curves by the 
above method. 

24. Residual Flux Density and Coercive Intensity 

It is often desirable, when dealing with the force produced by the 
residual flux of a magnet, or with permanent magnets, to know the 
value of the residual flux density Bn and the coercive intensity H" that 
will be produced by various maximum-values of magnetic intensity. If 
the coercive intensity and the residual flux density are plotted as func
tions of the maximum magnetizing intensity it will be found that these 
curves have the same shape as normal magnetization curves (see Fig. 13). 
Sanford and Cheney' have found that these curves, because of their 
r-:imilarity to ordinary magnetization curves, may be extrapolated in an 
exactly similar manner. Thus if Hml B, or Hml H, are plotted against 
If,. as the independent variable, the resulting curves have the same shape 
as those of 'I plotted against H, discussed in Art. 23. The following 
analytical expressions, which they hl>ve checked to a high order of 
precision, result : 

Hm 
- = a, + b,Hm 
B, 

Hm 
- = a2 + b2Hm 
Fl, 

(5) 

(6) 

a! and a2 are intercepts on the axis of ordinates, and bi and b2 are the 
reciprocals of the saturation values of B, and Ji" respectively. These 
expressions, like that of Art. 23, cannot be used at very low values of 
11'11) where the reluctivity curve VI is not a straight line. 

111 Fig. 5a are shown curves of H ml B, and Fl ml H, plotted against Fl m 
fo;- sample 1 of annealed Swedish charcoal iron. From these curves the 
values of b, = 0.01275 and b2 = 0.3775 are obtained, giving saturation 
values of B, = 78.4 and Fl, = 2.65, respectively. In Fig. 5b are shown 
'"n,lar curves taken from data by Sanford and Cheney' for 36 per cent cobalt permanent-magnet steel. These curves give values of b, = 0.01736 and b2 = 0.002295, corresponding to saturation values of 
13, = 57.6 and H, = 436, respectively. 

Ii' I "The Variation of Residual Induction and Coercive Force with Magnetizing 
' orcc " B S ' ur tandards Sci. Paper, 384, 1920. 
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Figures 5c and od show H, and B, plotted against Hm for both sam· 
pIes. Nate the exact resemblance to ordinary magnetization curves. Ir 

�� � ��11 , .. ;0'.' �� r"" , >l" V 
140 7 / ' "  V 

'" V 120 6 
,'m/ 

; " -/ ; sc - / V 100 /' I� /< / ' ".(8, 
80 4 

60 / V / / 
/ / ,'---' ./ 40 2 � 1/ t--' 

20 1 � - -

0 00 100 200 '00 40 H 100 2( �O " 00 4000 
Hili a. t. lin. 

FIG. 5a. 

H". a.-t./in. 

FIO. 5b. 

Flos. 5a and 5b. HmIH" and Hm/Br plotted as 0. function of the maximum 
magnetizing intensity. 
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FIGS. 5c and 5d. Residual flux density and coercive intensity plotted as n function 
of the maximum magnetizing intensity. 

Figs. l3a and l3b curves are given for B, and H, as a function of Hm for 
various kinds of steel. Table II also gives values of B, and H, for 
various steels. 
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26. Energy Changes Occurring during Magnetic Cycles 

In Fig. 6 is shown a normal hysteresis loop for a sample of commer

cial mild cold-rolled steel, obtained aftcr the iron was put in the cyclic 

state. Consider the energy changes as the loop is traversed. Starting at 

point 6 and going toward 2 it is seen 8 7 
that the flux is rising in the iron 8", --------

and, hence, inducing a voltage act- Br 3 
ing against the current through the 
exciting coil. This causes energy 
to be abstracted from the electric 
circuit, the value of which is 

IBm 
ll'6_2 = H dB 

-B, 
joules per 

cubic inch 

-H 

, 
I He I , , o ' 

4 / I 
4' 

d8 

6 -Br 
_ _ _ _ _ _ _  8 

- 8  

2 

H 

and is evidently equal to the arca 
6-1-2-7-6 of the figure. During the 
ncxt step of the cycle 2-3, energy is 5 

returned to the electric circuit from .. 
FlO. 6. Energy changes occurring durthe iron, as the induced voltage due 

iog a normal hysteresis cycle. 
to the falling flux linkage is in the 
same direction as the falling exciting current. Tlus energy is given by 
thc integral : 

IB' W2-3 = H dB joules per cubic inch 
+Bm 

and is cqual to the area 3-2-7-3 of the figure. The last two steps of the 
cycle, namely, 3 to 5 and 5 to 6, are identical with the first two steps 
because of the symmetry of the loop about the origin. Hence the net 
encrgy taken from the circuit during the complete magnetic cycle will be 
equal to 2W 6-2 - 2W 2-3, which evidently is the total arca inside of the 
loop. 

This energy appears as heat in the iron, and because it is abstracted 
from the electric circuit by the phenomenon of magnetic hysteresis it is 
called the hysteresis energy loss. This loss, in joules per cubic inch of 
ilon, is therefore equal to the area inside of a continuous hysteresis loop, 
thc coordinates of which are webers per square inch and ampere-turns 
PCI' inch. 

The normal hysteresis loop is of particular interest in apparatus where 
the flux goes through a cycle having equal positive and negative values, 
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as occurs in most alternating�current apparatus. Then where the flux 
variations are periodic one can speak of the hysteresis power loss per 
cubic inch, equal to the product of the area of the loop by the frequency 
of the supply in cycles per second. This is evidently the average rate at 
which energy is being dissipated as heat. For such alternating-flux 
apparatus a magnetic material having small hysteresis loss is desirable 
from the point of view of increasing the efficiency and decreasing the 
size. For this purpose silicon is alloyed with steel producing the so-called 
" silicon steels/' which have a very low hysteresis loss. 

It is possible to evaluate the hysteresis loss only for a complete mag
netic cycle, that is, where the flux is brought back to its original value by 
purely electrical means. As an illustration of the lack of meaning of 
assigning definite energy forms to the various areas of the loop consider 
the following: Does the area 0-1-2-7-{) of Fig. 6 represent the energy 
storcd in the iron due to the flux density Bm? 

If the iron had been originally demagnetized the flux density would 
have risen to Bm along the curve 0-2, and the energy abstracted from 
the electric circuit would have been equal to the area 0-2-7-{). This 
area certainly does not equal area 0-1-2-7-{), but nevertheless the energy 
in the iron at a flux density of Bm is the same no matter whether one 
arrives along curve 0-2 or 1-2; hence, area 0-1-2-7-{) cannot be equal 
to the energy stored in the iron by Bm. However, neither does the area 
0-2-7-0 represent the energy stored by Bm, because during the change 
0-2 some hysteresis loss has occurred, and therefore the area 0-2-7-{) is 
greater than the available stored energy due to Em ; that is, some of the 
energy abstracted from the electric circuit, has already been dissipated as 
heat in the iron. The fact of the matter is that the only way one could 
determine the energy stored by Bm would be to subtract, from the area 
0-2-7-{), the hysteresis loss occurring during 0-2, which would have to 
be measured by a calorimeter. 

Now consider the area 3-4--{}-3. Does this represent the energy 
stored in the iron by the residual flux density B;! Since this area repre
sents energy abstracted from the electric circuit when the flux density is 
decreased from B, to zero, it cannot be energy stored in the iron but must 
represent the energy input to the iron necessary to demagnetize it. How
ever, at point 4 the iron is not completely demagnetized because it still 
has stored energy. Thus, if at 4 the exciting magnetic intensity H, is 
removed the flux density will rise to point 0', returning to the electric 
circuit the energy equal to the area 4--{}-Q'-4. Besides returning tills 
energy the iron will still have some stored magnetic energy due to the 
flux density 0'. To actually demagnetize the iron it is necessary to apply 
a negative magnetic intensity greater than II, which will decrease the 
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flux density to 4', such that when the magnetic intensity is removed the 
flux density will rise to point 0 along the curve 4'-0." 

In other words, at point 3 the iron has stored magnetic energy due 
to the residual density B, which could be evaluated by means of a 
calorimeter as previously mentioned, and in order to remove this stored 
energy, more energy equal to area 3-4'-0-3 must be put into the iron. 
Consequently, the stored energy at 3 due to B" plus the area 3-4'-{)-3, 
must go into hysteresis loss when the iron is demagnetized. The area 

3-4-0-3, therefore, is merely approximately equal to the energy input 
necessary to demagnetize it from the residual flux density B,. In no 
cvent, though, can hysteresis loss be evaluated electrically until the 
magnetic cycle has been completed. 

26. Normal Hysteresis Loss 

In Fig. 12 are shown a series of normal hysteresis loops for various 
materials. The toW symmetrical hysteresis loss (complete loops) in 
joules per cubic inch per cycle is shown plotted as a function of the 
maximum loop density Bm, on log-log paper in Fig. 14, by the curves 
labeled D. These curves have been obtained by measuring the sym
metrical loop areas of Fig. 12. In Fig. 17b are shown similar curves of 
normal hysteresis loss for samples 8 and 9 of silicon steel. The data 
for these curves were obtained by exciting the sample with alternating 
current and measuring the total core loss with a wattmeter. Correction 
was made for the eddy-current loss occurring. 

It will be noticed that these curves can, for a portion of their length, 
be represented by straight lines, the equation of which will be: 

log, W. = log K + n log Bm 

where W. is the hysteresis energy loss in joules per cubic inch per cycle, 
log K is the intercept on the axis of ordinates for Bm = 1, and n is the 
slope of the straight line. Or, taking the antilog of both sides of the 
equation, we have 

W h = KB!:. joules per cubic inch per cycle (7) 
This is Steinmetz's equation for hysteresis loss : in general it can only be 
applied over a limited range of flux density. In Table I the values for 

10 It must not be thought, however, that the magnetic state 0 so obtained will be 
identical with what would have been obtained had the iron been demagnetized by 
successive reversals. Actually the slope of the curve 4'-0 at the origin will be greater 
than the slope of the normal magnetization curve

· 
at this point. It is apparent, then, 

that, even though the iron is demagnetized as far as any of the ordinary tests would 
show, it has not been returned to its virgin state; that is, it retains a magnetic history. 
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K and n ,  evaluated from Figs. 14 and 17, are given for limited ranges of 
flux density. These constants can he evaluated only from experimental 
data for the particular iron in question, as they depend not only on the 
composition of the iron, but also on the heat treatment, mechanical 
working, etc. For this reason the values given in the table should not 
be considered as necessarily representative. 

TABLE I 

Sample K n Range of Bm 

1 0.010 X 10-3 2 . 00 48 to 80 
2 0.0068 " 1 .63 48 to 80 
3 0.0063 " 1 . 62 32 to 80 
4 0.047 " 1 . 50 32 to 100 
8 0.0047 " 1 . 57 20 to 80 
9 0.0019 " 1 . 70 25 to 75 

27. Total Iron Loss Due to an Alternating Magnetic Field 

In the presence of a purely alternating magnetic field there will he, 
besides the normal hysteresis loss discussed in the last article, a power 
loss due to the presence of circulating currents in the cross section of the 

iron flux path. These currents, known as eddy 

'd c H 

currents, are produced hy the voltages induced in 
the perimeters of the cross sections of the iron 
path by the alternating magnetic field passing 
through the cross sections. Thus, in Fig. 70 is 
shown the cross section of an iron lamination ha v M 

ing a thickness t inches and a width large com
pared to the thickness. The magnetic flux passing 
normal to the cross section is represented hy the 
dots. The path for eddy currents is normal to 

FlO. 70. Eddy-cur- the flux lines and parallel to the center line of the 
rent loss in an iron 

lamination as shown by the dashed arrows. The lamination. 
eddy-current density at any .distance x from the 

center of the lamination is equal to the voltage induced in one turn 
by the flux in area a-b--c--il divided hy the resistivity of the metal, or 

• X dB", 4ktfB",x 
�8 = - -- = 

p dt p 
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The power loss density due to eddy currents will then be: 

., 16k}!' B;'x' 
Pc = pte = 

p 

and the total power Joss in the section of lamination will be: 

16k'f'B' f"-'I' 16k'f'B' t3 P _ f. m 2d _ / m II - X x -
p " - 0  3 X 8 X p 

3 1  

and the loss due to eddy currents per unit volume of material is then 

p, � � kif' B;'t' watts per cubic inch 
3p 

(8) 

where Bm is the maximum value (!J.Bm/2) of the cyclic loop density in 
webers per square inch, t the thickness of the laminations in inches, and 
p the resistivity of the laminations in ohms in an inch cube. 

It is thus seen that for any given lamination the eddy-current loss 
will vary as the square 
of: the maximum cyclic 
flux density, the frequen
cy, or the form factor of 
the induced wave of volt
age producing the eddy 
currents. The constant 
4/3p is usually deter
mined by measuring the 
eddy-current loss experi
mentally, as it is found in 
actual practice that the 
eddy-current loss depends 
not only upon the resis
tivity of the sheet but also 
on the grain size, in
creasing as the grain size 
increases,ll 
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FlO. 7b. Separation of total core loss into eddy
current and hysteresis components. 

In Fig. 16a are shown curves of total core loss at two frequencies as a 
function of Bm for low-, medium-, and high-silicon steel. Figure 16b 
gives the same data in terms of frequency for different values of Bm. 

The eddy-current loss of a sample of iron at any value of Bm can be 
easily determined from readings of the total core loss for two different 

11 See ° Propcrt.ics and Testing of Magnetic Materials," by Thomas Spooner, 
McGraw-Hili Book Co., First Edition, 1927, p. 25, also Chapter VII. 



32 MAGNETIC PROPERTIES OF IRON [CHAP. II 

frequencies by plotting the energy loss per cycle against the frequency. 
As the hysteresis loss per cycle does not depend on frequency, and the 
eddy-current loss per cycle varies directly as the frequency, the plot 
will be a straight line, the intercept of which on the axis of ordinates 
will be the hysteresis loss pcr cycle. If this loss is subtracted from the 
total loss per cycle the difference will be the eddy-current loss per cycle. 
Figure 7b shows such a plot for sample 9a of 29 gauge silicon steel, the 
data being taken from Fig. 160 or 16b. From Fig. 7b it can be calculated 
that of the total core loss of 0.65 watt per pound for sample 9a at 
Em = 64$ kmax. per sq. in. and a frequency of 60 cycles per second ; 
0.1464 watt, equal to 0.00244 X 60, is the eddy-current loss; and 
0.504 watt, equal to 0.00840 X 60, is hysteresis loss. 

The data of Figs. 16a and 16b, while given for 29 gauge sheet only, 
may be extended to cover the iron loss for other thicknesses by correcting 
the eddy-current component of the loss for the change in thickness. 

28. Unsymmetrical Hysteresis Loss in Direct-Current 
Electromagnets, etc. 

In a direct-current electromagnet the normal magnetic cycle of the 
iron is quite complicated. For all practical purposes, however, this 
cycle is approximated quite closely by a loop having the normal mag
netization curve for the rising branch and the demagnetization curve 
of a normal hysteresis loop for the descending branch. Such a loop is 
shown in Fig. 6 by the rising line 4'-{)-2 and the falling line 2-3-4'. 
Each time an electromagnet goes through a complete cycle of operation, 
energy equal to the area of this loop will be dissipated as heat per unit 
volume of iron. 

Consider the simple ring magnet illustrated in Fig. 80. Let the air 
gap at the beginning of the working stroke be g, and at the end of the 
working stroke be g2; assume that the flux density throughout the 
iron is constant. When the coil circuit is closed (air gap held constant 
at g,l the flux in the iron will build up along the curve 0-1, Fig. Be, to 4>" 
causing the flux density in the iron to reach the value E, of Fig. 8b. 
If the air gap is now allowed to decrease from g, to g2, the flux in the 
iron will increase from 4>1 to 4>2, causing the flux density to rise to E • .  
Magnetically the same result would have been obtained by decreasing 
the air gap first and then applying the magnetomotive force, in which 
case the curve 0-2 of Fig. Be would have resulted. This curve is obtained 
by adding together the rising magnetization curve of the entire piece of 
iron, computed from curve 0-1-2 of Fig. 8b, and the magnetization curve 
for the air gap shown by line 0-7 of Fig. Be. Likewise the demag-
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netization curve 2-3-4-5 for the entire magnet (iron and air gap) can 
be determined in exactly the same manner. When the coil circuit is 
broken the flux will decrease along this demagnetization curve to 
point 4, corresponding to the flux density B,. The cycle of the magnet 
is completed by increasing the air gap from g. to g,. This will require 
mechanical energy. If the permeance of the air gap at g2 is large 
compared to that at g, the flux can, for all practical purposes, be con
sidered to fall to zero along curve 4-0, Fig. 8e. 

It is now possible to evaluate the effects of hysteresis from a practical 
point of view. First, if the cycle of the magnet were ideal there would 
be no losses of energy of any kind and the total area of the rectangle 
0-1'-2-8-0 would be available as mechanical work." Of this total area 
certain portions are unavailable ; area 4-3-2-7-8-4 is returned to the 
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FIG. 8. Unsymmetrica.l hysteresis cycle of direct-current electromagnets. 

electric circuit in the form of a spark when the coil circuit is interrupted, 
and area 0-2-3-4-6-0 is lost owing to hysteresis. Area 3-2-7-3 repre
sents the energy returned to the electric circuit by the iron and corre
sponds to area 3-2-7-3 of Fig. ·8b. Area 0-2-3-6-0 represents that 
portion of the hysteresis loss which is supplied directly by the electric 
circuit and corresponds to a.rea 0-1-2-3-6-0 of Fig. 8b. Area 
0-6-3-7-8-4-0 represents the energy stored in the air gap (length g.) 
just before the coil circuit is opened. After the coil circuit has been 
opene<1 the energy of the air gap is represented by area 0--{i-4-0. The 
difference between these two energies is divided into two portions : 
part 4-3-7-8-4, which is returned to the electric circuit; and part 
4-6-3-4, which is consumed in demagnetizing the iron from the residual 
flux density B3 (at zero air-gap length) to the actual residual flux 
density B" and corresponds to area 4--{i-3-4 of Fig. 8b. When the 
armature is moved mechanically from g. to g, the flux will fall from 

12. This is explained in detai l  in Chapter III. 
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4 to 0 if the permeance in position gl can be considered small compared 
to that in position g2. 

The energy changes involved during this latter process can be 
evaluated if the change from 4 to 0 is made electrically. This can be 
done by increasing the coil current in the negative direction (air 
gap = g2) until point 5 is reached and opening the coil circuit. This 
will reduce the flux to zero, and the mechanical motion from 92 to gl can 
now be carried out without expending any energy. In this cycle of 
operations the energy left in the air gap (area 0-6-4-0) wiII be dissipated, 
and, in addition, energy represented by area 0-5-4-0 will be taken from 
the electric circuit. These two energies evidently correspond to area 
0-6-4-5-0 of Fig. 8b and constitute the energy necessary to demagnetize 
the iron from E. to zero. 

Summing up : In a complete cycle of the magnet the hysteresis loss 
wiII be equal to area 0-2-3-4-5-0 of Fig. 8e; or the loss per cubic inch of 
iron wiII be the area of the loop of Fig. 8b. Of this total loss, part 
0-6-3-4-0 is supplied by the stored energy of the air gap, and 
part 5-0-4-5 by mechanical means. Of the total work available from 
the ideal magnetic cycle, namely area <l>mF m, the portion 0-2-3-4-0 may 
be considered as lost as the result of hysteresis and portion 4-3-2-7-S-4 
lost by its return to the electric circuit. 

To make possible the predetermination of hysteresis cycles for elec
tromagnets, the loops of Fig. 12 have been plotted from actual data 
taken on the samples indicated. These loops may be used directly to 
construct the complete hysteresis cycle as shown in Fig. 8e. Loops for 
values of Em other than those given on Fig. 12 may be approximated by 
finding the values H" B" and H m for the particular desired value of Em 
from the data of Figs. 1 1  and 13 and then drawing a curve through these 
points of the same shape as the adjacent loops of Fig. 12. 

To facilitate evaluating the energy losses corresponding to the 
various loop areas the data given in Fig. 14 have been determined 
from the loops of Fig. 12. Curve A gives the energy loss of iron corre
sponding to the complete magnetic cycle, area 0-2-3-5-0 of Figs. Sb or Se. 
This curve can be extrapolated to higher values of Em if desired. 
Curve C gives the energy required to demagnetize the iron from the 
residual density E" area 0-3-5-0 of Figs. 8b or Se. This energy 
approaches a definite maximum because the demagnetization curve 
quickly approaches a definite limit as saturation is reached. This is 
shown by the relatively small area inclosed between the dashed 
magnetization curves (labeled Em = E,) and those corresponding to 
Em = 100 of Fig. 12. Curve E gives the energy returned to the electric 
circuit by the iron and corresponds to area 3-2-7-3 of Figs. Sb or Se. 
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This curve cannot be safely extrapolated. Values for Bm greater than 
100 can be approximated by adding to the value at Bm = 100, a value 
approximated from the area back of the normal magnetization curve for 
the increment over Bm = 100. Partial areas like 4-6-3-4 Or 0-6-3-4-0 
can be approximated by taking a part of the value as given by Ourve C, 
which part can be estimated from the residual density B, and the shape 
of the demagnetization curve as given on the loops of Fig. 12. Area 
0-2-3-0 is obtained by subtracting the value given on Ourve C from 
that given by Curve A .  

29. Unsymmetrical Hysteresis Loops in Alternating-Current Apparatus 

Un�YIllmetrical hysteresis cycles arc also of interest in apparatus 
,\"hith carries an alternating flux superposed upon a constant flux. This 
occurs in transformers or chokes carrying direct current, such as audio
frequency chokes, audio-frequency transformers, and transformers sup
plying half-wave rcctifiers. In these cascs the hystcresis loss for a given 
alternating Bux density depends upon the displacement produced by the 
polarizing magnetic intensity I and may sometimes be as great as several 
times the normal hysteresis loss produced when the polarizing magnetic 
intensity is zero. The ratio of the loss for the displaced loop to that of 
the normal loop is called the displacement factor. A series of such loops 
ha\·ing the same B amplitude but different displacements arc shown in 
Fig. 9a,13 while in Fig. 9b 13 a series of such loops having the same B 
displacement for a varying B amplitude are shown. 

In Fig. 17a the displacement factors for various values of polarizing 
magnetic intensities Ho are shown plotted as a function of the maximum 
cyclic Bux density (1)8)/2 (see Fig. 3) of the displaced hysteresis loops 
for samples 8 and 9 of silicon steel. In Fig. 17b the normal hysteresis loss 
for the two samples is shown plotted. The data of Fig. 17 were obtained 
by making alternating-current measurements on the iron samples in the 
following manner: The iron samples, in the form of rings with the lamina
tions well insulated with varnish, were provided with three insulated 
windings. One winding was connected to a 60-cycle alternating-current 
source to provide an alternating magnetic flux. A wattmeter was uscd to 
measure the power input to tills winding. Another winding was con
nected to a high-resistance direct-current v.oltmeter through a rectifying 
commutator in order to measure the true value of the flux variation 6B 
produced by the alternating current. The third winding was connected 

13 Figures 9a and 9b are taken from data from "Properties and Testing of Mag
netic Materials," by Thomas Spooner, McGraw-Hill Book Co. 
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in series with a choke coil to a direct-current supply in order to produce 
the polarizing magnetic intensity Ho. The wattmeter reading was 
corrected ior all extraneous power loss, that is, copper loss in the exciting 
winding, loss in the direct-current voltmeter, alternating-current power 
loss in the direct-current magnetizing circuit, and eddy-current loss in 

the iron. The eddy-current loss was obtained by measuring the core 

loss at two different frequencies with zero polarizing magnetic flux 
density and extrapolating in the usual manner. Flux variations were 
maintained sinusoidal by keeping the resistance in the exciting winding 

low and using a variable-voltage source of good wave form. 
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FIG. 9b. Unsymmetrical hysteresis 
loops having different B amplitudes 

but the same displa.cement. 

Reprinted from II Properties and Testing of Magnetic Materials" by Thomas 
Spooner, by courtesy of the McGraw-Hill Book Co. 

The hysteresis loss for any value of Ho and I!.B/2 is obtained by 

multiplying the displacement factor obtained from Fig. 17a by the cor
responding normal hysteresis loss from Fig. 17b. It wiII be noticed that 
the displacement factor increases as Ho increases for any constant value 

of I!.B/2, and decreases as I!.B/2 increases for any constant value of Ho. 

In other words, the displacement factor increases as the center of the 
displaced loop is further removed from the origin. This, however, is not 
true over the entire range of flux densities; it has been found by Edgar " 
that when the alternating flux density I!.B/2 exceeds a certain critical 
value the displacement factor becomes negative, and that below this 
density the hysteresis loss for constant values of I!.B/2 first rises as 

H 0 or Bp increases as shown in Fig. 17, then approaches a maximum 1 
and finally, at high values of minor loop tip densities, (B. + I!.B/2), 
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decreases. The data of Fig. 17 do not show the latter two changes for 
the reason that they have not been carried to high enough values . of 
(Bp + tlB /2). 

The data of Fig. 17 do not give any information regarding the value 
of Bp, the polarizing flux density, due to any value of H o. For any given 
value of Ho the polarizing flux density Bp will vary, depending upon 
(tlB/2), the maximum value of the superposed magnetic flux density. 
In Figs. 18a and b, values of Bp plotted as a function of Ho for constant 
values of tlB /2 are shown. These data were obtained while taking those 
of Fig. 17 by reversing H 0 with the alternating flux density tlB /2 super
posed and reading tlBp on a ballistic galvanometer. By using these 
curves in conjunction with Fig. 17 the displacement factor in terms of 
tlB /2 and Bp may be obtained." Bp may also be obtained by the method 
outlined at the end of Art. 22. 

In Figs. 18c and 18d are given curves of alternating flux density 
tlB /2 plotted as a function of the r.m.s. alternating magnetic intensity 
H. for various constant values of Ho. These data were obtained while 
taking those of Fig. 17. It is useful for calculating the required alternat
ing-current excitation for apparatus having a superposed direct excita
tion, and can be used where the alternating flux wave form is sinusoidal. 

Where specific data like those of Figs. 18c and 18d are not available 
the alternating-current excitation in the presence of direct excitation 
may be calculated from the data of Fig. 19 as follows: For any given 
value of tlB /2 and H 0 the incremental permeability JlA may be found 
from Fig. 19. The crest-to-crest value of tlH will then be given by the 
equation 

tlB 
tlH = 

JlA 
(9) 

If the minor loop is such that the wave of alternating magnetic intensity 
can be assumed fairly sinusoidal the r.m.S. exciting magnetic intensity 
will be 

tlH tlB 
(H) - -- - ampere-turns per inch (10) 

'.m.'. - 2y2 - 2V2JlA 

14 A good many data on this subject are given in this way. See Chapter VI, 
"Properties and Testing of Magnetic Materials," Thomas Spooner, McGraw-Hill 
Book Co.j I f  Magnetic Properties of Sheet Steel under Superposed Alternating Field 
and Unsymmetrical Hysteresis Losses," Yasujiro Niwa and Yoshihiro Asami, Dept. 
of Communications, Tokyo, Japan, Researche. of the Electrotechnical Laboratory, 124, 
June, 1923 j 4 'Loss Characteristics of Silicon Steel at 60 Cycles with D-C Excitation," 
R. F. Edgar, TranI, A.I.E.E., Vol. 52, p. 721, September, 1933. 
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where t.B is the total alternating flux pulsation in kilomaxwells pel' 
square inch and 1" is the absolute incremental permeability in kilo
maxwells per ampere-turll in an inch cube, equal to the values given in 
Fig. 19 multiplied by 0.00319. 

30. Effect of Grain Direction and Machining Strains on the 
Magnetic Properties of Steels 

The permeability and iron loss vary considerably with the grain 
direction. Spooner states that, for electrical sheet, a flux direction 
perpendicular to the grain direction will cause the permeability through
out its entire range to be about 75 per cent of that obtained with the 
flux parallel to the grain, while the hysteresis loss is increased about 14 
per cent. Likewise the coercive intensity is about 25 per cent greater. 
It is generally desirable to use the iron parallel to the grain direction, 
especially when it is desired to build a sensitive relay where high per
meability and low coercive intensity arc advantageous. In tractive 
magnets which usually operate at high flux densities it is not so irepo,r
tanto 

Recently silicon steels of exceptionally high permeabilit,y and low 
hysteresis loss at both low and high flux densities have 'been produced 
by a special method of cold rolling and annealing. When the method is 
properly carried out a fine-grained material having magnetic and elec
trical properties approaching those of a single crystal are obtained. 
Losses as low as 0.46 watt per pound at 60 cycles pel' second and Bm = 
64.5 kmax. pel' sq. in., and maximum permeabilities as high as 22,000 
mcasured in the direction of rolling, have been reported." 

Machining a piece of iron is decidedly detrimental to its magnetic 
properties. It seems that the metal for a considerable depth behind the 
machined surface is strained, causing it to have a low permeability and a 
high coercive intensity. Cold working such as hammering or rolling has 
a similar effect. These undesirable effects can be completely removed by 
annealing the iron. This is accomplished by heating the iron to a maxi
mum temperature of about 7600 C. and then allowing it to cool very 
slawly. The iron should not be allowed to come in contact with oxygen 
during this process as the resulting oxidation is detrimental to the 
magnetic properties. The maximum annealing temperature varies 
slightly ,,1th different kinds of steel. 

U I INew Development in Electrical Strip Steels Characterized by Fine Grain 
Structure Approaching the Propert.ies of a Single Crystal," by Norman P. Goss, 
Tram. Am. Soc. Metals, Vol. 23, p. 511, 1935. 
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The importance of machining strains depends upon the size of the 
piece of iron. If the dimensions are small, then a considerable percent
age of the total volume will be affected and annealing is very necessary, 
whereas with a large piece it is relatively unimportant. The effect of 
machining strains can be seen by comparing curves 1 and 2 of Fig. lla, 
both of which are for Swedish charcoal iron. Ring sample 1 was 
machined from a solid bar and has relatively small dimensions but was 
thoroughly annealed. Ring sample 2 was machined out of i-inch dead 
soft plate as received, and was given no heat treatment after machining. 
Its dimensions are considerably larger than those of sample 1. For 
low flux densities the magnetization curve of sample 2 is much lower than 
that of sample 1 ;  at the higher densities the difference is not so marked. 
Likewise by referring to Figs. 12 and 13 it will be seen that the coercive 
intensity of sample 2 is much greater than that of sample 1 .  

31. Magnetic Materials for Electromagnets 

American Ingot Iron. This is the purest form of iron commercially 
refined in open-hearth furnaces. The total impurities do not exceed 0.16 
per cent, the carbon content being only of the order of 0.01 per cent. It 
has high electrical conductivity, high permeability, and low coercive 
intensity. It can be obtained in the form of bars and plates (hot-rolled), 
cold-rolled strip, and wire. Magnetic data for this iron are given in Figs. 
lla, 12, 13, 14, and Table II. To bring out the best magnetic properties 
it must be very carefully annealed after machining. A maximum tem
perature of 14000 F. or 7600 C. followed by slow cooling is recommended. 
Generally speaking, for direct-current electromagnets this material is the 
best obtainable. Unfortunately this iron, except for sheet and strip 
stock, can be purchased only in large quantities, usually rolled special to 
order. In sheet form this iron can be obtained hydrogen-annealed, a 
form having much higher permeability. 

Cold-Rolled Steel. From a practical point of view, when building. 
tractive magnets and other devices that operate at high flux densities, a 
good-quality mild cold-rolled steel will be found satisfactory. In strip 
stock, that is, strips having a thickness between 0.010 and i-inch 
maximum, the usual steel is a low-carbon steel with a bright finish, 
designated as S.A.E. 10-10 having between 0.05 and 0.15 per cent carbon. 
It is furnished in four degrees of hardness : dead soft, i hard, ! hard, 
and full hard. The dead soft steel wiII take a 180u bend in either grain 
direction, the i hard wiII take a 1800 bend across the grain only, the ! 
hard will take a 900 bend across the grain only, and the full hard cannot 
be bent in either grain direction without cracking. In bar stock, that is, 
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bars and rods over i incb thick, the usual steel is one having slightly 
more carbon, between 0.15 and 0.25 per cent, designated as S.A.E. 10-20 . .  

This steel is not ailllealed or heat-treated after the final finish. Its 
hardness corresponds to about that of the ! hard strip. Data for both 
of these materials are shown in Figs. 11a, 12, 13, 14, and Table II. It 
will be noticed that the S.A.E. 10-20 steel has a very low permeability 
at the low flux densities, without annealing; it can be used without 
annealing for tractive magnets working at high flux densities. The 
advantage of using this material is the ease with which it can be obtained 
in a variety of sizes and shapes, the ease with which it can he machined, 
and its fine finish. For the most efficient results, the final machined 
magnet should he annealed. 

Where a free machining steel is required, as, for ·instance, in parts 
to be made by a screw machine, S.A.E. 1112 may be used. Magnetically 
I,his steel is only slightly inferior to S.A.E. 10-10. 

Swedish Charcoal Iron. The best grade of Swedish charcoal iron is 
practically identical in its magnetic properties to pure American ingot 
iron. For that reason only one set of curves and data is given for these 
two irons in Figs. 11a, 12, 13, 14, and Table II. These curves have been 
obtained from a sample of Swedish charcoal iron and check very well for 
other published curves for American ingot iron. These irons cannot 
generally be purchased from open stocks but must be specially ordered. 

Cast Steel. Where the shell or some other part of a large magnet is 
of intricate shape, it probably is of advantage to make it of cast steel. 
Magnetically this material is very superior to cast iron, having a satura
tion density of 135.5 kmax. per sq. in., which is only slightly less than 
that of pure iron (see Table II). Owing to the variation in composition 
and heat treatment, cast steels differ greatly in their magnetic charac
teristics. A representative magnetization curve for this material is 
shown in Fig. 11a. 

Cast Iron. Cast iron as a magnetic material is rather inferior. Its 
use can be justified only because of cheapness and ease of casting and 
machining. Its saturation density is about 90 kmax. per sq. in. This 
material like cast steel varies greatly, depending upon its composition. 
A representative magnetization curve is shown in Fig. 11a. 

Malleable Cast Iron. Recently there has been developed a highly 
magnetic form of cast iron which is sold under various trade names." 

If The Newark Malleable Iron Works manufactures this iron under the trade 
Dame of Magtiz. Other manufacturers are: Eastern Malleable Iron Co., Delaware; 
National Malleable and Steel Castings Co., Cleveland. For �dition&l magnetic 
data see "Symposium on Malleable Iron Castings," June 26, 1931, A.S.T.M. and 
American Foundrymen's Association. 
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This iron is made irom a white-iron base, the exact composition and 
process oi manuiacture being a secret. It can be cast in intricate shapes 
and requires careiul annealing aiter casting to develop its best magnetic 
properties. The mechanical properties and machinability oi this iron are 
about the same as ior malleable cast iron. Its cost is about twice that oi 
ordinary gray-iron castings. Magnetically, up to densitics of 80 kmax. 
per sq. in" it is superior to ordinary ! hard machine steel, having a higher 
permeability and a lower coercive intensity ; and up to 60 kmax. per 
sq. in. it is comparable to cast steel. This cast iron should be very useiul 
ior the yokes and pole cores oi magnets where an ir tricate shape is 
desirable or economical. For detailed data on an annealed casting oi this 
iron see Figs. Ua, 13a, 13b, and Table II. 

Electrical Sheet Steel. This material is used in the construction oi 
all electrical machinery in which the flux is rapidly changing or alter
nating. It is made oi high-quality open-hearth steel with varying 
percentages oi silicon. Manuiacturers usually grade these sheets on 

the basis oi their core loss (combined hysteresis and eddy-current losses) , 
there beiny usually about six grades. Those grades having the lowest 
core loss have the highest silicon conJ;ent. The silicon content ranges 
irom about '4t per cent in the highest-grade transiormer steel to aboul 
0.5 per cent in so-called U armature " grade which is used for the arma
tures of small direct-current machines. The term I t  silicon steel lJ is 
usually applied to only those steels having in excess oi about 1 per cent 
silicon. Our interest in these steels is merely confined to ·their use in 
alternating-current electromagnets, choke coils, and transformers 
carrying direct cur:ent. For choke coils and alternating-current 
electromagnets a mcdium silicon (approximately 2.5 pel' cent) is suitable; 
for transformers carrying direct current a high silicon content is 
desirable. 

These sheets are manuiactured in thicknesses ranging irom 29 to 
22 U. S. gauge, except the high-silicon sheet which is not made in the 
heavier gauges, but is oiten made in lighter gauges, 32, 36, and 43 ior 
special radio applications. Data ior low, medium, and high silicon 
sll'els are given in Figs. 15, 16, 17, 18, 19, and Table II.  

Electrical Bar Steel. Bar and strip stock oi the same manuiacture 
and composition as electrical sheet steel is available in several per
centages of silicon. Its low coercive intensity makes it desirable in a 
relay requiring small residual force, and its high resistivity is usp-ful 
where it is necessary to mitigate the effect oi eddy currents as in high
speed direct-current magnets or in alternating-current magnets. In 
the latter application it is practical to make the plungers oi small 
alternating-current magnets oi solid silicon steel, while those oi the 



42 MAGNETIC PROPERTIES OF IRON [CHAP.·n 

larger magnets can also be made of the solid bar stock provided that 
radial slots are milled in to break up the eddy-current paths. 

Iron-Nickel Alloys. There are two rather important iron-nickel 
alloys, one having approximately 50 per cent nickel, known as " Nicaloi " 
(General Electric Co.) or " Hipernik " (Westinghouse Electric and 
Manufacturing Co.), and the other having 78.5 per cent nickel known 
as " Permalloy " (Western Electric Co. ) ;  all these nickel-iron alloys 
require a very careful annealing process after machine working to 
develop their best magnetic properties. 

Permalloy. This is a very remarkable alloy distinguished particu
larly for its high initial and maximum permeabilities. The initial per
meability is about 9,000, and the maximum permeability is as high as 
100,000 at 32.2 kmax. per sq. in. Another property which makes it 
useful is its extremely low coercive intensity and hysteresis loss. It 
should therefore be particularly useful for sensitive relays which are to 
have very low residual forces. At present it is used extensively in the 
telephone industry to load cables. Its disadvantages are that it requires 
a very careful heat treatment and is very susceptible to mechanical 
strains; likewise it is difficult to obtain. Data for this material are 
given in Fig. lIb. 

Fifty Per Cent Nickel-Iron. This alloy, though having lower initial 
and maximum permeabilities than those of Permalloy, about 5,000 and 
32,000, respectively, is in many ways morc of a practical commercial 
material for general use. It does not require such an exacting heat 
treatment, nor is it so affected by mechanical strainsi al�o its saturation 
density is higher, being about 100 kmax. per sq. in. Likewise the 
material can be more readily purchased. It is available in all the usual 
rolled forms, including sheets, plates, bars, rods, and strips. It, like 
Permalloy, has a very low coercive intensity and s;nall hysteresis loss. 
The main use of this metal at present is for the cores of high-quality 
audio-frequency traIJsformol's and chokes, wher� its high incremental 
permeability is essential. It is also useful for the cores of particularly 
sensitive relays wh('l'o low coercive intensity and high permeability are 
essential. Data for an alloy of this type (47 pcr cent Ni) manufactured 
by the Alleghcny Steel Co., under the name of " Allegheny Elcctric 
Metal," are given in Figs. llb, 12g, and Table II .  

Iron-Cobalt Alloys. These alloys are unusual because their normal 
permeability remains high up to high values of flux density and the 
incremental permeability is much higher than that of other materials 
in the presence of strong polarizing flux densities, 75 kmax. per sq. in. 
and up. The saturation density of these alloys is about 12 per cent 
higher than that of iron. This makes them particularly useful for 
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electromagnets where the space is definitely limited or where high force 
densities or flux densities are desired. The high incremental permea
bility at high polarizations is useful in polarized devices like telephone 
receivers, where it enhances the sensitivity. 

There are two iron-cobalt alloys that are useful: an aUoy containing 
34.5 per cent cobalt corresponding to the compound FezCo, and another 
containing 50 pel' cent cobalt. This material cannot readily be CMt 
directly into its final shape as the molten metal is very viscous and has a 
tendency to form blow holes. It is generally CMt in the form of a 
billet, then hammer-forged into a bar, and then rolled if necessary. Me
chanical working is quite essential to develop structure. The process of 
heat treatment is very important if the alloy is to develop its best mag
netic properties. At the present time, owing to the cost of cobalt and 
also to the difficulty of manufacture, ferrocobalt is relatively expensive. 

Data for two commercial samples (12a and 12b) containing 34.5 per 
cent cobalt are given in Figs. llb and 12k and Table II .  

Data for a sample of Permendur containing 50 pel' cent cobalt and 
2.0 per cent vanadium are given in Fig. llb and Table II, Chapter II, 
and Figs. 1 and 2, Chapter I .  

Iron-Nickel·Cobalt Alloys. There has been developed recently a 
group of iron-nickel-cobalt alloys, known as " Perminvar," 17 having with 
certain heat treatments a very constant permeability and unusually 
small hysteresis losses at low flux densities. Data for this material are 
given in Table II.  

Iron-Nickel-Chromium-Silicon Alloys. These alloys are char
acterized by having their critical temperatures " depressed into the low
temperature range. They are useful in the construction of temperature
controlled apparatus such as thermal relays or contactors, reactors whose 
reactance varies with temperature, and special devices like transformers 
whose output can be made to vary with temperature. An alloy of 45 pel' 
cent Ni, 5 per cent Cr, and 50 per cent iron has a Curie point of 3250 C. ; 
one of 45 pel' cent Ni, 15 pel; cent Cr, and 40 per cent iron has a Curie 
point of 590 C." 

11 "Magnetic Properties of Perminvar," G. W. Elmen, Bell Sys. Tech. J., Janu
ary, 1929. 

18 The critical temperature or Curie point is the temperature at which a ferro
magnetic material becomes non-magnetic. The critical temperatures for nickel, iron, 
and cobalt, are 352, 780, and 11200 C., respectively. The permeability of these 
materials remains substantially constant with temperature until about 500 C. below 
the Curie point and then rapidly decreases to unity at the Curie point. 

19 For a discussion of these materials see "Temperature-Sensitive Magnetic Alloys 
and Their Uses," by L. R. Jackson and H. W. Russell, Instruments. Vol. 1 1 ,  Novem
ber, 1938. 
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Non-Magnetic Steels. III many instances it is desirable to use a 
steel which is non-magnetic. Stainless steel, S.A.E. 18-8, fulfiJls this 
qualification and may be used in place of the non-ferrous alloys. 

32. Magnetic Materials for Permanent Magnets 

The prime requisites for a permanent magnet steel are high coercive 
intensity, high residual flux density, and magnetic permanency. Their 
relative importance depends upon the application, in some cases it being 
economical to use a magnetically inferior material such as cast iron while 
in others the use of expensive cobalt steel, or Alnico is justified. 

A permanent magnet is useful only because it can produce magnetic 
flux in an air gap outside of the magnet. The usefulness of a magnet is 
measured by the quantity of flux it can produce in the gap and the mag

+8 

FIG. 10. A i r - g a p  
energy available from 
a permanent magnet. 

netomotive force it can maintain across the gap. 
One-balf the product of these two quantities is the 
energy stored in the gap. The maximum possible 
energy of the gap per cubic inch of iron is, there
fore, a logical way of evaluating the magnetic 
efficiency of a permanent magnet steel. 

Figure 10 shows the portion of a hysteresis loop 
between the residual flux density B, and the coer
cive intensity H ,. This section of the loop is called 
the demagnetization curve and is useful in the dis
cussion of permanent magnets. The residual flux 
density B, can exist only in a closed iron sample 
such as a ring, the total coercive intensity H, being 

required to overcome the reluctivity of the iron. If an air gap is intro
duced into the magnetic circuit part of the available magnetomotive 
force is required to send the flux across the gap, thereby reducing the 
magnetomotive force available to overcome the iron reluctance. Thus 
in Fig. 10 the introduction of a gap will reduce the flux density from B, to 
Bd, thereby reducj;lg the reluctivity drop in the iron from H, to H, - Hd 
and making available in the air gap a magnetomotive force equal to 
lId X length of iron. The shaded rectangle having an area equal to 
BdH d will therefore be equal to twice the energy of the gap per unit 
volume of iron. Obviously, then, the most efficient point of operation 
of the magnet steel will be where the area BdHd is a maximum. For 
this reason the criterion for the comparison of various magnet steels 
has become the largeness of the product BdHd. The method of design
ing a permanent magnet to operate at this point will be discussed in 
Chapter IV. 
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Cast Iron. This material can be used for permanent magnets when 
properly heat-treated. Its advantages are its cheapness and ease of 
machining. It has a coercive intensity of about 100 ampere-turns per 
inch, which is almost as large as that of carbon steel, but it has a much 
lower residual flux density. 

Carbon Steel. Carbon steel for permanent magnets contains about 
0.7 to 1 per cent carbon. This steel when properly heat-treated will 
have a coercive intensity between 100 and 120 ampere-turns per inch 
and a residual flux density between about 60 and 50 kmax. per sq. in. 
Commercially this steel has been almost entirely replaced by alloy 
steels having better properties, particularly less aging. See Fig. 20 
and Table III for data. 

Chrome Steel. This steel usually contains from 2 to 3 per cent 
chromium with about 1 per cent carbon. It is an oil-hardening steel 
with a fairly simple heat treatment. Data for a 2 per cent chrome steel 
are given in Fig. 20 and also in Table II.  This steel is about as stable 
as tungsten steel but is less expensive and hence has replaced tungsten 
in many applications. It is reported by Gumlich 20 that an alloy 
having 6.24 per cent chromium and 1 . 14 per cent carbon is decidedly 
superior. See Table III for data. This steel is not generally available 
commercially. 

Tungsten Steel. This steel contains about 5! per cent of tungsten, 
from 0.6 to 0.8 per cent of carbon, and sometimes from ! to 1 per cent 
of chromium. It can be made either water or oil hardening, and requires 
some care in heat treatment owing to the possibility of distorting and 
cracking it. Whereas the available energy of tungsten steel is only a 
little greater than that of carbon steel its chief advantage is that it is 
more stable ; that is, it is not so subject to loss of magnetic energy due 
to mechanical shock or heating. See Fig. 20 and Table III for data on 
this steel. 

Cobaltchrome Steels. This name is given to a series of low- and 
medium-cobalt steels ranging from about 9 to 20 per cent cobalt. They 
also contain about 9 per cent chromium and from 0.8 to 1 per cent 
carbon. They are air-hardening steels and contain a small amount of 
tungsten and molybdenum to assist the air-hardeiling properties. Their 
heat treatment is quite complex. Figure 20 gives data for a 15 per cent 
cobaltchrome steel. The maximum available energy of this steel is not 
quite so great as that of cobalt steel, but it is considerably less expensive. 

Cobalt Steel. This steel contains about 35 per cent cobalt and cor
responds to the alloy Fe2Co previously described as having remarkable 

20 UChromium-Carbon Steels for Pennanent Magnets," E. Gumlich, Elek. 11. 
Mash., Vol. 39, p. 569, Nov. 20; and p. 686, Nov. 27, 1921. 
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magnetic properties. Besides cobalt it contains tungl::iten, about 4 per 
cf'nt; chromium, 2 prl' crnt; and 0.8 prl' cent carbon. It  is an oil
hal'df'ning �t.c("1 anrl givc� littlr t.roublp from dist.ort.ion 01' r.racking. It 
can f'ith('f he cast int.Q it� final �hapr. or rollrri int,o hal' �t.ock. Data for 
this stop\ arC' givrn in Figs. 51>, Ful, and 20 .. tIlrl 'Tahle U I.  

The cobalt skcls are cxpcn�ivc bccau .... o of th(' high cost of cobalt and 
their usc generally can only be justified where it is essential to decrease 
the size or weight of the magnet. Magnetically, they arc very stable. 

Dispersion-Hardened Alloys." This is a relatively ncw group of 
permanent-magnet steels developcd in Japan and the Unitcd States. 
There are two widely used types, the aluminum-nickel-cobalt-iron alloy 
developed by the General Electric Co. and sold undcr the name of 
Alnico; and the aluminum-nickel-iron alloy sold under the names 
Alnic (Gencral Electric Co.) and Nipermag (Cinaudagraph Corp.). 

Alnico. This alloy is made in two varieties, 5 and 12 PCI' cent cobalt, 
and requires very careful heat treatment. The ma.terial is fabricated 
either by casting 01' sintel'ing. When sintered it can be molded to its 
final dimcnsions, and whcn cast it must be finished by grinding. Any 
necessary holes must be cored into the casting; soft steel inserts may be 
cast in for fastening 01' for any other purposc. It has a comparatively 
high coefficient of thermal expansion, and due care must bc taken in 
designing the magnet and the mold to make adequate allowances for 

shrinkage in the casting. It is relatively weak and brittle as compared 

with other magnct alloys. 
This alloy is remarkable because of its high coercive intensity, which 

is about 870 ampere-turns pel' inch for the 5 per cent cobalt variety. This 
is almost twice that of 36 pel' cent cobalt steel. Its residual flux density 
is only about 80 pel' cent that of cobalt steel. Because of the higher 
maximum available energy of Alnico, a magnet of this material will be of 
smaller volume than one of other magnet materials for a given amount of 
energy in the ail' gap. This reduction is so marked that Alnico is now 

being employed commercially for many applications formerly served 
by electromagnets. It is very stable as regards decrease in magnetization 
due to vibration, superposed alternating fields, or high temperatures. 
Because of its high coercive intensity it is difficult to magnetize, requiring 
a magnetizing force of at least 4,000 ampere-turns per inch actually 
effective in the material. Figures 20, 12i, 12j, and Table III give data 
on both 5 and 12 per cent Alnico. 

The 5 and 12 per cent Alnico's are commercially designated as 
Alnico's I and II, respectively. The 12 per cent cobalt variety has only 

:t See Art. 19, Chapter r. 
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slightly higher residual flux density but about 25 per cent higher coercive 
intensity. 

Table III also gives data for Alnico III and Alnico IV. 

Permanent magnets need not necessarily be made from bar stock. 
Evershed " points out that tungsten and cobalt steels can be cast to 
form magnets slightly superior magnetically to those made from rolled 
stock. These steels are very difficult to machine, and casting gives an 
easy means of economically forming intricate shapes. Alnico, as pre� 
viously mentioned, can only be cast. 

Nipennag. This alloy which contains no cobalt has a higher coercive 
intensity than Alnico, about, 1400 ampere-turns per inch, but a con
siderably lower residual flux density, Data for this material are given 
in Fig. 20 and Table III. 

33. Magnetic Data for Iron and Iron Alloys 23 

In Figs. lla and l lb are given magnetization curves for the ordinary 
magnetic materials used in electl'Omagncts. The samples from which 
these data werc taken are dcscribed below : 

(1) A carefully annealed ring sample of Swedish charcoal iron. 
Grain direction one-half longitudinal j one-half transverse. This sample, 
by comparison, is magnetically idcntical with the best quality Amer
ican ingot iron. 

(2) A ring samplc of Swedish charcoal iron cut fl'Om t-in. annealed 
shect. Machined with very light cuts and not' annealed after machin
ing. Grain direction one-half longitudinal ; one-half transverse. 

(3) A ring sample of high-quality, bright-finish, dead-soft, mild 
cold-rolled i-in. steel sheet of analysis S.A.E. 10-10. Machined with 
very light cuts and not annealed after machining. Grain direction one
half longitudinal ; one-half transverse. 

(4) A ring sample of high-quality, !-hard, bright-finish, mild cold
rolled i-in. Rtcel plate of analysis S.A.E. 10-20. Machined with very 
light cuts and not annealed after machining. Grain direction one-half 
longitudinal ; one-half transverse. 

H "Permanent. Magnct.s in Theory and Practice," S. Evershed, Jour. I.E.E., 
August, 1925. This paper is particularly recommended to nnyone wishing a compre
hensive discussion of the properties of permanent-magnet steels. 

!3 It lIlu.st 11(: remembercd that. such data will vary depending upon the particular 
sample testetl. No such data in this chapter, other th:-tn that of Figs. 15 and 16, and 
where speCifically mentionecl, al'e to be considered necessarily as representative: 
they are merely data taken with care on samples of skUldard commercial materials 
mnde by reputable manufacf,urers. 
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(5) A representative curve for a mild cast steel, averaged from 
several sources. 

(6) A representative curve for cast iron. 
(20) A carefully heat-treated ring sample of " Mag!'iz"  (skin left 

on the castillg). 
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FIGS. 12a and b. Normal hysteresis loops for: 

Sample 1. Annealed Swedish charcoal iron. 
Sample 2. Swedish charcoal iron unanncalcd after machining. 

(10) A curve for Permalloy, kindly supplied by the Bell Telephone 
Laboratories. 

(11)  A carefully annealed ring sample of Allegheny Electric Metal 
(47 per cent ferronicke!). Grain direction one-half longitudinal; one
half transverse. 

(12a) A ring sample of carefully annealed ff'rrocobalt containing 34.5 
per cent cobalt. and no vanadium. 
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(12b) A ring sample of carefully annealed ferrocobalt containing 34.5 
per cent cobalt and 1 .5 per ccnt vanadium. 

(21) A curve for Permendur (49 per cent cobalt, 2 per cent vanadium) 
taken from an article by V. E. Legg, Bell Sys. Tech. J., July, 1939. 
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FIGs. 12c and d. Normal hysteresis loops for: 

Sample 3. Mild cold-rolled steel, S.A.E. 10-10, dead soft-unanneaied 
after machining. 

Sample 4. Mild cold-rolled steel, S.A.E. 10--20, Y2 hnrd-unannealcd 
after machining. 

In Fig. 12 arc shown a series of hysteresis loops for samples 1, 2, 3, 
4, 8," 9," 1 1 ,  12b, and Alnico I and II designated as samples 22a and 22b, 
respectively. 

H All data. on samples 7a. Sa, and 9a given in Figs. 15 and 16 have been taken 
from booklets issued by Allegheny Steel Company. These samples are their Anna
ture, Super-Dynamo, and Transformer A power grades, respectively. The valueBo 
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In Figs. I3a and 13b are shown, for samples 1 ,  2, 3, 4, 11, 20, and 
samples of 36 per cent cobalt and 0.85 per cent carbon permanent
magnet steels," curves of tbe residual flux density B, and the coercive 
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......... ......... 
/. ...... � po 
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1J ". 'oe' 
.0 0 1.0 , , .• '.0 

FIOS. 12e and I. Normal hysteresis loops for: 

Sample 8. Medium-oilicon steel. 
Sample 9. High-oilicon steel. 

above 400 ampere.-turns per inch have been extrapolated. Note should be taken 
of the difference between samples 7, 8, and 9 and 70, Sa, and 9a. Samples 7, 8, and 9 
are ring samples of low-, medium-, and high-silicon steel and are the Armco Electric 
grade of American Rolling Mills Co., and the Super-Dynamo, and Transformer A 
grades of the Allegheny Steel Co., respectively. All data. on these samples have been 
taken by the author. The normal permeability curves for these samples, taken by .. 
ballistic galvanometer, may be seen in Figs. 19a, 19b, and 19c, respectively. 

U Bur. Standarda Sci. Paper 383, 1920. 
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intensity H" plotted against the maximum magnetic intensity Hm of 
the normal hysteresis loop. 

In Fig. 14 are shown four series of curves : Curves A give the hystere
sis energy loss per cubic inch of iron for a complete unsymmetrical 
magnetic cycle (magnetic flux density increased from zero at zero 

1011+--+-�-4--+--+--��-+--+-�-4� 
H amp-turns per inch 

2,� 2.2 2.4 

v 

H-amp.turns per inch 

- 6  -4 -2 0 2 4 6 8 10 12 14 16 18 20 
. FlOs. 12" and h. Normal hysteresis loops for: 

Sample 1 1 .  47% ferronickel. 
S.mple 12b. Ferrocob.lt-34.5% Co, 1.5%V. 

magnetic intensity to a maximum and then returned to zero at zero 
magnetic intensity (area 0-2-3-4'-{) of Fig. 6); Curves B give the 
energy returned to the electric circuit per cubic inch of iron when the 
flux density is decreased from its maximum to the residual value (area 
3-2-7-3 of Fig. 6) ; Curves C give the energy required to demagnetize 
the iron from the residual flux density to zero flux density (area 0-3-4'-{) 



54 MAGNETIC PROPERTIES OF IRON lCHAP. II 

of Fig. 6) ; Curves D give the hysteresis energy loss for a complete 
symmetrical magnetic cycle (2 X area 0-1-2-3-4-0 of Fig. 6). These 
data are given for each of the samples 1, 2, 3, and 4, and are computed 
from Figs. l l a  and 12.  

In Fig. 15 are given the magnctization curves for three grades of 
electrical sheet : 7a, low silicon content (0.5 per cent) ; 8a, medium 
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FIGS. 12i and j. Nannal hysteresis loops and external energy curves for Alnico I 
and II. (By courtesy of the General Electric Co.) 

silicon content (2.5 per cent) ; 9a, high silicon content (4.25 per cent). 
These are representative curves taken from manufacturers' data.24 

In Fig. 16a are shown curves " at 60 and 25 cycles per second, of total 
core loss (hysteresis and eddy current) for samples 7a, 8b, and 9a plotted 
against the maximum cyclic flux density. These curves are for annealed 
sheets of 29 gauge which have no burrs and are well insulated. Not.: 
Core losses will vary greatly depending upon whether the laminations 
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FIGS. 14a and b. Hysteresis energy losses as a function of the maximum loop flux 
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Sample 1 .  Annealed Swedish charcoal iron. 
Sample 2. Swedish charcoal iron unannealed after machining. 

A. Energy loss, complete uDsymmetrical loop. 
B. Energy returned to electric circuit. 
C. Energy required to demagnetize from Br to O. 
D. Energy loss, complete symmetrica.l loop. 
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Sample 4. Mild cold-rolled steel, S.A.E. 10-20, 72 bard-unanocaled after machining. 

A. Energy loss, complete unsymmetrical loop. 
B. Energy returned to electric circuit. 
C. Energy required to demagnetize from Br to O. 
D. Energy loss, complete symmetrical loop. 
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are annealed after punching, whether they are short-circuited by burrs, 
whether they eontain mechanical stresses introduced by clamping, etc. 
Figure 16b shows similar data plotted against frequency for constant 
values of maximum cyclic flux density. 

In Fig. 17 are shown curves of displacement factors for unsymmetrical 

IO.O.���
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� 
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I. 0 

O. I 

9a High Silicon Steel � -
1-----1---88 Medium Silicon Steel __ 71} 
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.
KJlomaxwells per sq. in. 

FlO. 16a. Total core loss for silicon steel. 

(Courtesy of Allegheny Ludlum Steel Corp.) 

hysteresis cycles for samples 8 and 9. The data for these curves were 
obtained from carefully insulated laminated ring samples made of the 
standard commercial sheet as designated by samples 8 and 9 "  (See 
Art. 29 for details as to method of obtaining data.) Figure 17b gives the 
n< rmal hysteresis loss for these samples as a function of the maximum 
cyclic flux density. 
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In Fig. 18 are given some apparent magnetization curves for ring 
samples 8 and 9 in the presence of a superposed alternating magnetic flux 
(see Art. 29 for details as to method of obtaining data). 

In Fig. 19 are given curves of incremental permeability for ring sam
ples 7, 8, and 9. (See Art. 22 for details as to method of obtaining data.) 
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FIG. 16b. Tota.l core loss as 8. function of frequency for silicon steel. 
(Courtesy of Allegheny Ludlum Steel Corp.) 

The dashed curves shown are normal permeability curves taken by means 
of a ballistic galvanometer and are given so that a check upon the incre
mental permeability curve for H 0 = 0 may be made. 

In Fig. 20 are shown demagnetization curves, and useful air-gap 
energy curves, for various permanent magnet steels. 

Curve 14 is for a 0.7 per cent carbon steel. 
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Curve 15 is  for a 2 per cent chrome steeL" 
Curve 16 is for a 5! per cent tungsten steel " 
Curve 17 is for a 15 per cent cobaltchrome steeL" 
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FIG. 17a. Displacement factors for 
silicon steel. 

Curve 18 is for a 36 per cent 
cnbalt steeL'· 

Curve 220 is for Alnico I." 
Curve 22b is for Alnico II." 
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FIG. 17b. Normal hysteresis lOBS for 
silicon steel. 

Curve 22c is for Alnico III." 

Curve 22d is for Alnico IV." 
Curve 220 is for Alnico V." 
Curve 23 is for Nipermag 28 

II These dat.a are taken from a paper by E. A. Watson, " The Economic ABpect of 
the Utilization of Permanent Magnets in Electrical Apparatus," Jour. I.E.E., August, 
1925. 

n Thetie dtl.ta and those of Figs. 12i tl.nd 12j and Fig. 21 for Alnico I and II and 
also those of Table III for the Alnico's have been supplied by the courtesy of the 
General Electric Co. 

st These data have been supplied by the courtesy of the Cinaudagraph Corp. 
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FIGs. 1& and b. Apparent direct-current magneti7.ation curves for silicon steel in 
the presence of a superposed alternating field having a maximum value of AB/2 

llond a sinusoidal wave form. 
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FIGs. 18c and d. Apparent alternating-currcnt magnetization curves for silicon 
steel in the presence of a superposed direct-current polarizing magnetic intensity 

of /Jo (alternating-flux wave form sinusoidal). 
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In Fig. 21  are given normal magnetization and permeability curves 
for the permanent-magnet steels of samples 22a and 22b, and for samples 
of 5 per cent tungstcn,2i 3! per cent chromium steei,29 and 35 per cent 
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FIG. 19a. Incremental permea.bility curves for low-silicon steel (sample 7). 
(6B sinusoidaI.) 

cobalt steel." These data are useful in calculating the incremental per
meability of these steels by Spooner's method. (See Art. 22.) 

In Table II a resum6 31 of the more important magnetic properties of 
laboratory and commercial soft magnetic materials is given. The source 

It By courtesy of the Crucible Steel Co. of America. 
N From the BeU Lab. Rec., Vol. 13, No. 2. 
t1 A very comprehensive resume of magnetic alloys containing nickel, entitled 

"Iron-Nickel Alloys for Magnetic Purposes," has been published by the International 
Nickel Co., New York, N. Y., Development and Research Division. 
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of the data is given in the column marked " Authority " ;  where a sample 
number is listed in this column it indicates that the data were taken on 
that particular sample by the author. 
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FIG. 19b. Incremental permeability curves (or medium-silicon steel (sample 8). 
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In Table III a r�sum� 31 of the more important magnetic properties of 
laboratory and commercial hard magnetic materials is given. These 
data have been computed from the curves given for the various materials. 
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FlO. 20. Demagnetlzation and exterl1&1 energy curves for permanent-magnet steels. 

14. 0.7% carbon steel. 
15. 2.0% chrome steel (Jour. I.E.E., August, 1925). 
16. 5.5% tungsten steel (Jour. I.E.E., August, 1925). 
17. 15% cobalt chrome steel (Jour. I.E.E., August, 1925). 18. 36% cobalt steel (Jour. I.E.E., August, 1925). 
22a. Alnico I (General Electric Co.). 
22b. Alnico II (General Electric Co.). 
2�c. Alnico HI tGeneral Electric Co.). 
22d. Alnico IV (General Electric Co.). 
22e. Alnico V (General Electric Co.). 
23. Nipermag (Cinaudagra.ph Corp.). 
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FlO. 21. Normal magnetization and permeability curves for permanent-magnet 
steels. 

Data for curves A and B by courtesy of the Crucible Steel Co. of America. 
Data for curves C and D by courtesy of the General Electric Co. 
Data for curve E by courtesy of Bell Laboratories Record (Vol. XIII, No. 2). 



Material 

ITona 
Hydrogenized iron . . . . . . . . .  

Ingot or Swed. cbar. iron 
annealed . . . . . . . . . . . . . . . .  

C. R. ateel B.A.E. 10-10 
dead 80ft . . . . . . . . . . . . . . .  

C. R. ateel B.A.E. 10-20 
t bard . . . . . . . . . . . . . . . . .  

Caat steel . . . . . . . . . . . . . . . .  
Cut iron annealed . . . . . . . .  
Magti .. MIl,netic Mall. C. I. 

akin on . . . . . . . . . . . . . . . .  
Silicon Ilni. 

Low-fli1icon, apprOI. t% Si . 
Medium-lilicoD, appro).. 

Hi;t�i!
��on: app;o�"4t% 51 

Nickel allol/' 
Nickel . . . . . . . . . . . . . . . . . . .  
Ferronickel, 47% Ni. . . . . . . 
Permalloy. 78% Ni. . . . . . . .  

Cobalt alioVI 
Cobalt . . . . . . . . . . . . . . . . . . . .  

Ferrocobalt, 34.5� Co. O.OV 
34.5 (I Co. l.SV 

Permenduf.49 Co,4S Fe, 2V 
Nicktl-(;obalt ailo". 

Perminvar, 45 Ni, 25 Co, 30 
Fe, baked at 4250 C . . . . . .  

Perminvar, 7.5 Mo. 45 Ni, 
25 Co . . . . . . . . . . . . . . . . . . 

�-- �-

Snturlltion 
Denlity B._8_1'1I B, 

kmaJ:, 
per tlq. in. 

139 

139 

. . . . . . . . . . . 

. . .  ijs' . . . .  
108 

129 

136 

133 
127 

39.4 
100 
69 

116 
168 
150 
155 

100 ,0  

66.4 

TABLE 11 

SOFT MAGNETIC MATERIALS 

HeI5idual I Coercive Flux I . 
Denllity ntenSlty 

B, Bm Il, 
--- --- ---
kmax. <-- amp.-

poe fo, turDa 
sq. in. --> per in. 

--- --- ---
87.8 B, 0 . 1  

51 64. 5 1 . 77 

61 64.5 3.05 

37 64.5 11 .6  

•• 108 •. 0 

41 64.5 ' .8  

.9 64.5 2 .0  

33 64.5 1 . l  
35 64.5 0 .7  

23 B, 6.8 
47 " . 5  0 . 1  
38.7 B, 0 . 1  

32 B, 2.0  
33 64.5 2 .5  
48 64.5 ' .5  
90.4 B, '.0  

21 .3  B, 2.S  

27.7 B, 1 . 2  

Normal Flu'l: Hystereaia l\lax. Density 1.011 Perme- for Max. 
ability Permea-

IV, Bm ... bility B_ 
milli-
joulell fo. nela- kmllx. 
per eu ; <-- tive pe,r 
in. pe eq.m. 
cycle ---
0.492 B, 275,000 . . . . . . . . . 

3 . •  64.5 5,200 42 
6 .8 64.5 3,200 55 

25.0 64.5 590 '5 
1,500 .. 

18 64.5 620 13 to 32 

9 .8  64.5 1,680 30 
5.2 64.5 5,000 " 
3.2 64.5 6,450 37 
2 .2  64,S 7,500 ,. 
4 . 92 B, 600 . . . . . . . . .  
0.30 " . 5  63,000 25 
0.33 n, 105,000 32 
3.28 B, 240 . . . . . . . . .  
5 .55 64.5 2,450 55 
9 . 48 " . 5  2,310 60 
9 .84 B, 4,SOO . . . . . . . . .  

6 45 B. 1,800 . . . . . . . . . 

• 26 B, 3,800 . . . . . . . . 
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.. 

Rela-
ti\'e 
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. . . . .  . .  

. . . . . . .  
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. . . . .  . 

. .  . . . . .  
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.00 
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9.000 

70 
. . . . . . .  
.. . . . . . . 

800 

365 

550 

Reeis" 
th-ity 

P 

microbm 
incbes 

3.93 

' .2  

. . . . . . . . 

. .  '6',0 " 
15 .3  

12.6  
7 

16 
23 

3 . 15 
18.0 
6 .3  

3 .54 
3 .95 

13.90 
10.2 

7 .5  

31. 5 

S.� 
clfic 

Gra ... • 

ity 
• 

7.88 

7.85 

. . . . . .  

. . . . . .  

. . . . .  . 

. . . . . .  

. . . . . .  

7 . 70 

7 .60 
7.50 
8.85 
8.25 
8.60 

8, 90 

. 8:22-
8,32 

8 .6  

8 .66 

Den-
eity 

lb. per 
cu. in. 

0. 284 

0 .283 

. . . . . .  

. . . . .  . . . . . .  . 

. . . . .  . 

. . . . .  . 

0 . 278 

0.274 
0, 272 

0 . 318 
0 , 298 
0.31 

0,321 

0 . 296 

0 • •  • • 

. . . . . . 

Autllority 

V. E. Lei" B.S.T.J., 
Vol. 1 • No. 3 

Sample 1 

Sampie a 
Sample -4 
. . . . . . . .  
. . . . . . . . . 

Sample 20 

Sllmpie 7 

Sample 8 
Sample 9 
V. E. Leu 
Sample I I  
V. E. Legit: 

V. E. Legg 
Sample 12(1 
Sample 126 
V. E. Leu 

V. E. Leu 

V. E. Leltlt 

,. 
� 
� 
os: 
,. " 
Z 
;'j -o 
o > 
;;! 
.., o 
;<l 
-
13 
z 
> 
z 
o 
-
13 
z 
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l\latcri\,,1 

Carh'Un ",tccl. Uil-<lucUeilro 
ChromiuLlL �tcel. . . . . . . . . . 

Chromium llteel. . . . . . . . . 

Tungsten steel. . . . . . . . . . . 

Cobalt-<:hrome !:Steel . . . . . .  
Coualt I!�I. . . . . . . . . . . . .  
Alnico I . . . . . . . . . . . . . . . .  
Alnico II . . . . . . . . . . . . . . .  
Alnico 11 (llintered) . . . . . . .  

Alnico 111. . . . . . . . . . . . . .  
Alnico IV . . . . . . . . . . . . . . .  

Alnico V . . . . . . . . . . . . . . . .  

NiperlLlng . . . . . . . . . . . . . . .  
Platinum-cobalt alJoy . . . . .  

--

Materials Alloyed 

with lion 

Per Cent 

. . . . . . . . . . . . . . . . . . . . .  . 

:! Cr. Ie 
(; Cr, Ie 

5.5 W, O . 7  C 
15 Co, 11 Cr, IC 

3ij Co. SW, :.! Cr, U.S C 

I:.! AI, �>() Ni, 5 Co 
IOAI, 6 Cu, 17 Ni, 12.5 Co 
10 AI, 6 Cu, 17 Ni, 12.S Co 

12 AI, 25 Ni 

12 AI. 28 Ni, 5 Co 
8 AI. 3 Cu, 14 Ni, 24 Co 

12 AI, 32 Ni, + Ti 

77 Pt, 23 Co, 0 Fe 

---- -

TABLE III 

P1:RMANENT-MAGNET STEELS 

• 
Incremental 

Perllleability 

", 

Relative 

. . . . . . . . . . . 

. . . . . . . , ' . . 

. . . . . . . . .  o .  

30 
. . . . . . . . . .  . 

9 
6.7  
6 .2  

. . . . . . . . . . . 

6.0 
3.4 
3 . 1  

. . . . . . . . . . . 
f . 1  

----

Re>\idual 

Flux 

Density 

B, 

kltlllx. per 
11(1, in. 

58 
ij:t 
77 

64 
M 
50 
47 
47 
44.5 
44 
34 

. .., 
36 
2. 

Coercive 

Intelll!ity 

B. If, 

,- amp.-

I" turns 
---> per in. 

fH lUO 
B, fl8 
B, 132 
B, 130 
H, 405 

14:.! 480 
79 . 5 890 
81.S 1 . 140 
79.5 1 ,050 
77 . 4 960 

76.4 1 . 470 
104 .5 1 . 100 

. . . .  1 . 350 

. . . . .  5,250 

MaximUIll :FluJ; 

Stored Den:sity 

Energy of for Max. 
Air Gap Energy 

(BdJ/d)", (-Bd 

joulOi per kmax. per 

e,u. in. sq. in. 

O.OIl 38 
0.014 4f  
0.022 45 
0.017 4f 
0.040 33 
0.OS2 J5 
0.091 3d 
0.104 29 
0.089 28 
0.085 '" 
0.085 f9 
0.286 ., 
0.087 20 
0.244- 1. 

• The values shown are for a minor loop drawn from Bd on the demagnetization curve to the allis of ordinate;! at II '"" O. 

HcsilStivity 

, 

microhm, 

incbe!! 

. . . . . . . . . 

. . . . . . . . . 

. . , . . . . " 
11 .8 

. . . . . . . . . 

. . . . . . . . . 

31 .5 
:.!4.4 

. . . . . . . . . 

:.!5. G 
:t9.S 
18.5 
20 . 0 
19.7 

Speei6c 

Gravity 

• 

7.�:! 

. . . . . . 

. . . . . . . 
8.17 

. . . . . .  

S. 27 
6.U 
7. 1 

. . . . . . .  

G.9 
7.0 
7.3 
7.0 

14 .6 

DClisity 

lb. per 

cu. in. 

O. :!8:! 
. . . . . .  

. . . . . .  

O.2'J5 
. . . . . .  

U. :.!tlS 
0. :.!4ij 
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0 . 250 
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0 . ,52!J 
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PROBLEMS 71 
PROBLEMS 

1. A sample of soft steel is to be tested for its magnetic qualities up to a density 
of 120 kmax. per sq. in. It is to be in the form of a ring having a mean diameter of 
8 in. and a radial thickness of �. in. The weight of the sample is to be 4 lb. The 
ballistic galvanometer to be used has a calibration constant of 50 kmax. turns change 
per em. swing, the useful length of the galvanometer scale being 20 em. If the 
maximum permissible exciting current is 15 amperes, compute the necessary primary 
turns. Also compute the best number of secondary turns. Should the secondary be 
wound next to the iron or over the primary? 

2. It is proposed to usc a 1 kv-a., llO/44O-volt transformer as a choke coil in an 
experimental set-up. The data for the transformer are as follows: 

Primary turns . . . . . . . . . . . . . . . . . . . . . . . . . .  242 

Secondary turns . . . . . . . . . . . . . . . . . . . . . . . .  968 
Core material. . . . . . . . . . . . . . . . . . . . . . . . . .  high-silicon steel 
Core dimensions, net cross section . . . . . . . . 3.0 sq. in. 

length of magnetic circuit . . . . . . . . . . . . .  23.5 in. 

Compute (neglect effect of joints in core) the effective inductance to alternating 
currents if the primary and secondary windings are connected in series and carry a 
direct current of 388 milliamperes, for a maximum value of alternating flux density of 
(a) 1 kmax. per sq. in., (b) 60 kmax. per sq. in. (e) If an alternating current wave 
of 1.0 ampere from the }X)sitive crest to negative crest is superposed on the direct 
current what will be the inductance of the transformer? Use the data of Fig. 19c only. 

3. Assuming in part (e) of Problem 2 that the alternating exciting current is 
sinusoidal, calculate the pulsation in flux density (aB) by' means of the data of Fig. 
lSd. How does your result check with the value of oB obtained in Problcm 2? 

Explain the discrcpancy between these two results. 
4. Calculate thc polarizing flux density which will be produced in a piece of high

silicon steel by a polarizing magnetic intensity of 20 ampere-turns per in., in the 
presence of an alternating flux density (oB/2) of 47.0 kmax. per sq. in. Use the 
data of Fig. 19c. Compare your answer with the cxperimental results shown in 
F;g. 18b. 

5. Calculate by Spooncr's method the incremental permeability of 36 per cent 
cobalt magnet steel if it is subjected to a flux pulsation of 1 kmax. per sq. in. about a 
mean flux density of 35 kmax. per sq. in. A magnetization curve for 36 per cent 
cobalt steel may be found in Fig. 21. 

6. Calculate by Spooner's method the incremental permeability of medium-silicon 
steel subjected to a polarizing magnetic intensity of 10 ampere-turns per in., and 
carrying a sinusoidal alternating flux having a maximum density 08/2 of 20 kmax. 
per sq. in. Compare your answer with the experimental results shown in Fig. 100. 

7. Determine the equation for the ferric reluctivity of high-silicon steel (sample 
9a) from the data of Fig. 15. What is the saturation density? Check your answer 
with the value given in Table II. Explain why this is lower than that of pure iron. 

8. The ring of Problem 1 is made of B.A.E. 10-20 steel ! hard. If the primary 
winding has 600 turns and carries 1 ampere, calculate the residual flux of the ring if 
the primary current is interrupted. 

9. Determine from the hysteresis loops of Fig. 12d by the method of Art. 24 the 
saturation values of Br and He for S.A.E. 10-20, ! hard, cold-rolled steel. Compare 
your answcrs with the data of Fig. 13. Explain why the result for (Br). does notcheck. 

10. To about what minimum magnetic intensity should the following steels be 
subjected in order to develop t.heir full possibilities as permanent magnet materials: 
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carbon steel; 36 per cent cobalt steel; Alnico? What can you say in general regarding 
this quantity with respect to the maximum coercive intensity the steel develops? 

11. For Fig. 6 describe exactly the significance of the area. 0-2-3-4'-0. 
12. Using equation 7 and the data of Table I compute the hysteresis energy loss 

per cycle for medium·silicon steel at a flux density of 64.S kmax. per sq. in. Check 
your answer with that given in Fig. 17b. What will the hysteresis power loss be at 60 
cycles per second in watts per pound? 

13. By measuring the area. of one-half the hysteresis loop of Fig. 12a, at Bm = 64.5 
kmax. per sq. in., check one point of Curve D, Fig. 14a, and the corresponding value 
given in Table II. 

14. On the basis of the data of Fig. 16b, calculate the total core loss of 26 gauge 
(0.0187 in.) medium-silicon steel sheet at a maximum flux density of 64.5 krnax. per 
sq. in. Note: Data supplied by the Allegheny Steel Co. give 1.08 watts per pound 
at 60 cycles as the commercial maximum core Joss guarantee value by the Epstein 
test. 32 

16. On the basis of the data of Figs. 16a or 16b, calculate the percentages of the 
hysteresis and eddy-current losses of the total core loss for 29 gauge medium-silicon 
steel at Bm equal to 64.5 krnax. per sq. in. 

16. The core of a 6-volt spark coil is made of a bundle of annealed Swedish char
coal iron wires baving a net cross section of 0.25 sq. in. and a length of 4 in. The 
primary winding consists of 200 turns of wire having a resistance of 2 ohms. If at the 
instant of breaking the primary one can assume that the current has reached its final 
value, that all the flux of the core passes through the entire length of the core, and 
that 20 per cent of the primary magnetomotive force is consumed by the iron core, 
calculate: (1) the total energy (exclusive of RI'l loss) taken from the electric circuit 
while the current builds up; (2) the total hysteresis loss during the complete magnetic 
cycle as a percentage of (I), and the portions of this loss supplied by the energy 
absorbed by the iron and by the energy of the air gap, respectively. 

17. Determine the hysteresis power Joss for the core of a half-wave rectifier, data 
for which are given below: 

Length of magnetic circuit . . . . . . . . . . . . . .  18 in. 
Area of magnetic circuit (net) . . . . . . • . . . . .  2 sq. in. 
Material of magnetic circuit . . . . . . . . . . . . .  medium-silicon steel, 29 gauge 
Turns on primary winding . . . . . . . . . . . . . .  480 
Primary voltage (60 cycle!:!) . . . . . . . . . . . . . . 115 volts, r.m.s. 
Turns on secondary (rectifier circuit) . . . . . 200 
Average rectified current in secondary . . . .  4.5 amperes 

Assume no air gap in the iron core, and the supply voltage sinusoidal. 
18. What will the total core loss be for the core of Problem 171 
19. Calculate the exciting current for the core of Problem 17 using the data of 

Fig. 18. Check this by the method of Art. 29 which assumes sinusoidal wave form. 
20. It is desired to make a permanent magnet having an air gap of 2 sq. in. 

an�a and a length along the flux lines of 1 in. The flux density in the air gap is to be 
20 kmax. per sq. in. Calculate the minimum amount of (1) 36 per cent cobalt steel, 
(2) tungsten steel, (3) Alnico I, that can be used. Neglect an fringing and leakage 
flux. Make a sketch showing how you would arrange the magnetic circuit so that 
this minimum usage of materials would be practicable. 

32 Epstein Test Specifica.tion A-34-28 of the American Society for Testing 
Materia.ls. 



CHAPTER III 

THE THEORY OF OPERATION OF ELECTROMAGNETS AND 
THE FACTORS ENTERING INTO THEIR EFFICIENT DESIGN 

34. The Flux-Current Loop Applied to an Electromagnet 

The physical action involved in the operation of any electromagnetic 
device is the conversion of electric energy into work by the motion of a 
rot,or, armature, or plunger in such a way as to change its flux linkage, 
and thereby induce a voltage in a current-carrying coil. The energy 
so converted can be represented mathematically as 

w = f I d(Nq,) joules 

or graphically as the area of a flux-current loop. This energy will 

include, besides that cOllverted directly from the electrical to the 
mechanical form by the motion, that made available by any change in 
stored energy of the magnet 
by the motion. In a tractive 
electromagnet the flux is 
ordinarily produced by the 
current which furnishes the 
energy (Fig. la), and the 
flux-current loop has the 
form shown in Fig. lb by 
the full·line loop Ol-AI
B4-C4-01. -Inasmuch as 
loops of this type form the 
basis for the force analysis 

. FIG. la. Flat-faced iron-clad plunger magnet. 
See Fig. 15, Cha.pter VIII, and Fig. 3, Chapter IX, 

for actual dimensions. 

for all kinds of electromagnets we will examine it in great detail. 
Assume initially that the plunger is at position I of Fig. lao Now, 

if the plunger is held stationary and the circuit through the coil is 
closed, the flux linkage will build up as shown by the line Ol-A I of 
Fig. lb as the current gradually increases to its final value E / R, where 
R is the resistance of the coil. The designation A l  for a point on the 
loop indicates flux linkage A existing with plunger at position 1. During 

73 
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this time energy is abstracted from the electric circuit and stored in 
the magnetic field by virtue of the circuit current flowing against the 
voltagc induced in the coil while the flux linkage is riging. The energy 
so abstracted during this interval is 

A 
WOI_AI = 1 I d(Nq,) joules 

and is represented by the area Ol-A l-A-Ol behind the curve (ll-A!' 
The next step is to allow the plunger to move very slowly 1 to position 4. 
During this motion additional energy is abstracted from the electric 
circuit equal to the area of the rectangle A-A l-B4-B-A, as given hy 

B 

W AI-B. = ;; I d(Nq,) joules 

(NIP) at 01 - 0 
.-t J - 48,700 
84 = 4:10,000 
('4 ". 106,200 

D4 .., - 5,200 
E4 = 28,500 

Areas 
Ol-O'l-A!-Ol = O.195J 
OI-A I-B4-E4-01 = 2.550J 

D4-E4-B4-C4-D4 = O.206J 
C4-B4-B-C4 = O.530J 
D4-E4-C4-D4 = O.020J 
OI-AI-G3-P3-01 = 1.076J 
01-0'1-/34-8-01 "" 3.440J 

FlO. lb. Flux linkage-current loop for the Oat-faced iron-clad plunger magnet 
of Fig. la. 

This area includes, besides the mechanical work done, the change in 
stored energy of the magnet due to the motion. As this energy change 
is unknown it is impossible at this stage to evaluate the work done. 
The cycle is completed electrically by holding the plunger stationary 
at position 4 and opening the electric circuit, causing the flux linkage 
to decrease to C4 following the curve B4-C4 2 During this interval 

I For simplicity only: When the plunger moves with appreciable ra.pidity there 
will be induced in the coil sufficient voltage to cause the current to decrease appre
ciably during the motion, making line AI-B4 bend in toward the (Nq,) axis. 

t The value of flux linkage at C4 is called the residual flux linkage; the flux which 
produces it, the residual fluxj the force produced, the residual force. 
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stored energy equal to the area C4-B4-B-C4, as given by the integral 

WB,_c, = lC1 d(N4)) joules 

is returned to the circuit.' This, however, does not complete the cycle 
magnetically because the flux linkage has not been reduced to its 
original value at 01. This can be accomplished by returning the 
plunger to its original position mechanically. If this is done the flux 
linkage will fall from C4 to 01 as shown. Even when the plunger has 
been returned to state 01 the flux linkage has not been reduced to zero, 
owing to the coercive magnetomotive force of the iron which is producing 
a very small but appreciable flux through the permeance of the air gap. 
The state 01 is merely taken as a convenient datum point. Thus, if 
the plunger is moved from position 1 to 4 with zero magnetomotive force 
applied, the flux linkage will increase from 01 to E4, this increase being 

G 300 
" 

200 0 \ " � 

�f '- '' 'i'' 

2.2 " " - " J. 

�'< ,ul.I,' w", 

O p T  n I lS. SQ. '" I !"-4 3 2 Plunger OSI Ion ; 
-ij- , � Gap-Inches , 0 T • ,. 

10 
5 
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FIG. Ie. Force-stroke curve for the flat-faced iron-clad plunger magnet of Fig. lao 

caused solely by the increase in permeance of the magnetic circuit on 
which the coercive magnetomotive force acts. 

Some work will be required to move the plunger from C4 to 01 as 
it must be returned against the magnetic pull created by the residual 
flux. One method of evaluating this work is to measure it by completing 
electrically the flux-current loop from C4 to 01. This is done by sending 
just enough current (ld) through the coil in the negative direction to 
cause the flux linkage to drop along the dashed curve from C4 to D4 
(the plunger is held stationary at position 4) . Point D4, which is 
determined experimentally, is so chosen that, when the negative exciting 
current is removed (flux linkage rises along the dashed curve to E4) 
and the plunger is pulled out to position 1, the same change in flux 

3 This energy is generally not usefully returned to the circuitj that is, it is dissi
pated IlS hea.t usually in the fonn of a spark at the Bwitch contacts. 
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linkage will occur but in the opposite direction (change E4 to 01), as if 
the plunger had been pushed in from position 1 to 4 after having been 
mechanically changed from state C4 to 01 (change 01 to E4) . Under 
these circumstances the area 01-C4-D4-Q1 represents approximately 
the energy mechanically supplied to move the plunger from C4 to 01 ' 
The area of the loop D4-E4-B4-C4-D4 is, except for the extremely 
small hysteresis losses occurring during the permanent-magnet cycle 
between E4 and ai, the total hysteresis loss occurring during a complete 
cycle of the electromagnet. 

The net energy abstracted from the electric circuit during the com
pleted electric cycle is 

W01_AI_B4_C4_01 = W01_Al + W AI-B4 - WB4-C4 joules 

This area must represent the entire mechanical work done during the 
useful motion from 1 to 4 as no other forms of energy are involved, and 
it includes besides the work actually available (that is, the total area 
under the force-distance curve shown in Fig. Ie) the energy dissipated 
as heat in the entire volume of iron of the magnet due to magnetic 
hysteresis during the incompleted magnetic cycle 01-A1-B4-C4.' 

The loss due to magnetic hysteresis may be isolated by putting the 
magnet through the same magnetic cycle without producing any avail
able mechanical work. This is done by moving the plunger to position 4 
and then closing the circuit, causing the flux to build up along the curve 
E4-B4. The rest of the cycle will be the same as before. The area 
E4-B4-C4-E4 will then represent the net energy abstracted from the 
electric circuit, and must be the hysteresis loss occurring during the first 

, The analysis of the work necessary to move the plunger from C4 to 01 is very 
complicated as it involves the unstable coercive magnetomotive force of the iron 
which produces the residual flux linkage C4 and the stable coercive magnetomotive 
force of the iron which produces the re.idual flux linkage E4. This subject will be 
discussed more fully when dealing with sensitive relaysj it is not particularly impor
tant when dealing with tractive magnets. 

S Energy loss due to magnetic hysteresis, where the change in flux linkage is 
caused by the motion of an armature or plunger, always manifests itself as a mechani
cal drag on the moving part: thus the torque delivered at the shaft of a motor, includ
ing friction and windage torques, is less than the electromagnetic torque developed on 
the armature due to the countertorque necessary to create the hysteresis and eddy
current loss in the armature. Where the flux is not increased by motion of the core, 
as in a transformer, the hysteresis loss, while supplied electrically, may be considered 
as a direct conversion from electrical to mechanical work and hence to heat. This is 
explained on the basis that the hysteresis loss is the actual mechanical work necessary 
to overcome the internal friction of the molecules of the iron 38 they are oriented by 
the magnetic field. 
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three swps of the cycle (Ol-A I ;  AI-B4; B4-C4), if we exclude the 
small hysteresis loss during the change (OI-E4) .' 

Therefore, subtracting the hysteresis loss from the area 01-AI-B4-
C4-01 the net mechanical work done will be the shaded area OI-AI-B4-
E4-QI, which is equo,] to the area under the force-distance curve of 
Fig. Ie. 

35. Magnetic Efficacy 

If a magnet could be built which had zero flux in the open gap posi
tion (position 1) with the magnetomotive force applied, zero stored 
energy (area C4-B4-B-C4 equal to zero) at the closed gap position 
(position 4), and zero hyswresis loss (area E4-B4-C4-E4 equal to zero), 
then the rectangular area 0l-Q'I-B4-B-QI would be available for a 
given maximum flux and exciting magnetomotive force. The ratio of 
the shaded area to the area of the rectangle described above is a measure 
of how effectively the potential work ability of the magnet is realized, 
and can be properly called the magnetic efficacy of the design. Using the 
symbol � for the magnetic efficacy we may write the following expression 
for the available mechanical work: 

w = �I(Nq,) joules (1) 

where � in a well-designed magnet may vary between 0.4 and 0.7. As 
the flux q, of the magnet is proportional to the area of the core cross 
section, and as the ampere-turns (NI) are approximately proportional to 
the core length, it follows that the available mechanical work �I(Nq,) is 
directly proportional to the bulk or weight of the magnet. The value of 
� depends primarily on the size of the three loss areas relative to that 
of the rectangle and can be increased only by decreasing the loss areas. 

Loss area C4-B4-B-C4, which represents the stored energy of the 
magnetic circuit which is returned to the electric circuit, is made up of 
the stored energy of the iron and that of the air gaps which are left in 
the circuit in the closed-gap position. The former energy depends on the 
shape of the normal hyswresis loop for the iron, and the latter energy 
on the area and length of the air gap (or gaps) which is left in the cirtmit.' 

The energy stored in the iron will be very nearly equal to the area 
behind the falling magnetization curve from the maximum flux density 

I The hysteresis loss occurring between any two states of magnetization depends 
on the change in flux between the two states and not on the manner in which the 
change is made, provided always that the change is in one direction. 

7 In the magnet of Fig. la the only air-gap volume left in the closed-gap position 
is the fixed cylindrical volume of brass between the plunger and the upper cylindrical 
piece oC iron. 
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occurring at B4, to the residual fiux density at C4 of a normal hysteresis 
loop,' multiplied by the volume of iron.' This energy can be reduced 
only by changing the properties of iron used. In general the softest 
grade of iron or steel, annealed after the machining, will give the best 
results. 

The energy stored in the air gaps is given by the following equation: 

1 ",' ",'I W = - - = - joules 
2 p 2�S 

(2) 

where ", is the total fiux through the gap having an area of S square 
inches, and the length (measured along the fiux lines) of I inches. 

The magnitude of this item is within the control of the designer. 
From the data given on Fig. 1b, the loss due to the final stored energy of 
both the iron and the air gap is, for the magnet of Fig. 1 , 0.53 + 3.44 X 
100 = 15.4 per cent. 

Loss area E4--B4--C4-E4, which represents the hysteresis loss during 
the incomplete magnetic cycle 01-A1-B4--C4, is entirely a property of 
the iroll,lo and for any particular iron can be made a minimum by proper 
annealing. This loss, for the magnet of Fig. la, is equal to 0.186 + 3.44 
X 100 = 5.4 per cent. 

Loss area 01-0'1-A1-01, which represents the stored energy of the 
magnet with the plunger in its initial position at the beginning of its 
stroke, is very interesting, as it is almost entirely under the control of 
the designer;  its smallness in some measure represents the skill of 
the designer. It depends primarily on the position of the plunger and 
on the leakage flux at this position. For a given cross section of iron an 
increase in the leakage coefficient (due to poor proportion or arrange
ment) increases the initial flux linkage A without increasing the final flux 
linkage B. This obviously decreases the magnetic efficacy, and there
fore decreases the useful work of the magnet. 

Before considering what determines the initial position of the plunger 
let us see how the force distance curve of Fig. 1e can be derived from 
the flux-current loop of Fig. lb. Now the total area under the force-

8 This area per cubic inch of iron is plotted in Fig. 14, Chapter II, as a function 
of the maximum cyclic flux density for various steels . 

• If different parts of the iron have different maximum flux densitieR, these vol
umes must be handled separately. 

10 For nil practical purposes this area can be considered equal to that between the 
nonnal magnetization curve and the falling branch of the hysteresis loop between the 
maximum flux density and the actual residual flux density of the magnet. This area 
per cubic inch of iron ean be evaluated from the data of Fig. 14, Chapter II, by the 
method outlined in Art. 28. 
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distance curve is equal to the area 01-A1-B4-E4-0l, as explained before ; 
and the average force of the plunger during its motion to 4 will be equal 
to this shaded area divided by the total displacement 1-4. The average 
force over a smaller displacement can be found in a similar mannerj thus 
the average force during the motion of the plunger from 2 to 3 is equal 
to the net area of the flux-current loop available for useful mechanical 
work during the displacement 2-3 (area H2-J2-G3-F3-H2) divided by 
the displacement 2-3. This average force is evidently the mean height 
of the force-distance curve between ordinates 2 and 3. By the same 
reasoning, the force at any plunger position may be obtained by allowing 
the plunger displacement from that position to approach an infinitesimal : 
thus the force at any position is 

F = dW 
joules per inch 

ds 

where dW is the infinitesimal energy made available for useful mechanical 
work during the infinitesimal motion ds. 

Now consid('r the numerical values given on the force-distance curve. 
Suppose that the plunger is to pull a load of 112 lb. This means that the 
initial position of the plunger must be at 3, and of the amount of work 
available, the area under the force-distance curve between 1 and 3, 
or the area 01-A J-G3-F3-Q1 of the flux-current loop must be wasted. 
ThiR loss, which is 1 .076/2.505 of the total area under the force-distance 
curve, is unavoidable if this particular magnet is used to pull a 1 12-lb. 
load. 

One of the problems in the design of an efficien t electromagnet is, 
therefore, to reduce to a minimum the potential mechanical work wasted 
by the ini tial plunger position necessary to produce the required starting 
force. This loss depends primarily on the quotient of the square root of 
the assigned force and the stroke; and the type of working gap 11 (shape 
of working gap, and the manner in which the working-gap surfaces 
approach each other). For the problem considered ahove, with the 
plunger starling its stroke at position 3, this loss as a percentage of the 
maximum potentially available work (Nlq,) is equal to (1.076 + 0.195) + 
3.44 X 100 = 37.0 per cent and is by far the greatest of the three loss 
areas. 

The magnetic efficacy of the magnet of Fig. la, if it starts its stroke 
at position 3, will then be: 100 - 15.4 - 5.4 - 37.0 = 100 - 57.8 = 
42.2 per cent. 

IJ The proper method of shaping the pole faces in relation to the force and stroke 
in order to minimize this loss is discussed in detail in Chapter IX. 
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36. Mechanical Efficacy: Slow- and Rapid-Acting Magnets 

The actual useful work that would be done by the above magnet 
with the given load is equal to 112 lb. X To in. or 7 in-lb., which is equal 
to the shaded area of the rectangle 4-3-E-F -4 of Fig. lc. The total 
mechanical work done on the load, however, will be equal to the area 
4-3--E-G-4. The difference between these two areas, namely, F-E-G-F, 
represents the amount of energy available for accelerating the load dur
ing the motion ; it is finally dissipated as heat when the plunger strikes 
the stop." This energy so dissipated cannot necessarily be considered as 
wa,ted, because it determines the speed with which the useful work will 
be accomplished. Thus the ratio of the useful work done (4-3-E-F-4) 
to the total mechanical work done (4-3-E-G-4) is a measure of the effec
tiveness with which the available work is employed, and it can be 
properly called the mechanical efficacy. Magnets which complete their 
useful work ,,�th great rapidity (rapid-acting magnets) must of necessity 
haye a low mechanical efficacy, as compared to magnets which carry out 
their useful work 'slowly (slow-acting magnets) . When magnets act very 
rapidly eddy currents induced in the solid iron parts will often modify the 
action, tending to make operation more slow. "  Also, a relatively low 
mechanical efficacy tends to make a magnet more reliable; that is, if the 
plunger or armature encounters any unusual opposing force durmg its 
stroke, such as an abnormal increase in friction, it will have sufficient 
reserve pull to overcome the obstruction. The magnet of Fig. la when 
pulling a 112-lb. load from position 3 has from Fig. lc a mechanical 
efficacy of 7.00 + 12.7 X 100 = 55.0 per cent. 

Another problem in the efficient design of a magnet is, thcn, to 
produce no more mechanical energy for acceleration or reliability than is 
necessary. The problem both of this article and of the last is handled by 
changing the shape of the force-distance curve to give the maximum 
possible magnetic and mechanical efficacy consistent with the required 
force, stroke, and rapidity of action. 

U When a magnet operates on a. constant-voltage circuit, as is usual, rapid 
acceleration of its plunger or armature causes the area F-E-G-F to decrease, owing to 
the decrease in current produced by the velocit.y of the plunger (see footnote 2). In 
magnets designed for rapid action this tendency for the current to decrease is reduced 
by increasing the resistance of the winding and raising the supply voltage to compen
sate. This increases the Rl2 1oss. 

i3 The effect of the eddy currents ill the iron parts of a magnet is simply to delay 
the bUilding up of the magnetic flux. They do not alter the ultimate value of flux 
if the magnet does not complete its cycle too rapidly. 
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37. Time-Delay Action 

In the design of magnets and especially relays it is sometimes desir
able to cause the response or action (that portion of the motion of the 
armature or plunger which does the useful work) to occur an appreciable 
interval of time after the circuit through the magnet is made or broken. 
This is called lime-delay aclion, and it should not be confused with slow
acting, which means that the actual motion is carried out slowly, whereas 
in a delay-action device there may be no motion for, say, 1 second after 
the current is turned on, after which time the motion may be very rapid. 

This type of action has many practical applications : the automatic 
door closers of a passenger elevator (Jift) are so arranged that the doors 
close before the elevator starts, when the elevator starting button is 
closed j in certain devices, too rapid action of relays causes mechanical 
oscillations-thus, in an automatic battery charger, if the voltage relay 
across the battery on the instant of breaking contact, due to low voltage, 
connects the charging circuit across the battery, instability will result, 
as the rise in voltage due to the charging current will immediately close 
the voltage relay contact again. This is because sufficient time has not 
elapsed after the opeIling of the voltage relay contact to allow its arma
tUre to drop completely to its open position. In the selection of certain 
type of pulse signals it is often desirable to select between pulses of dif
ferent time durations, which can be easily done by means of a time
delay action relay requiring a predetermined duration of excitation 
before operation. 

Short time delay, of the order of the electrical time constant of 
the magnet, can often be produced by a special design of the magnet 
itself. 

It is possible, with certain types of auxiliary circuit equipment 
(entirely non-mechanical), to produce, economically, accurate relay 
time delays of the order of 0.01 to 30 seconds, followed by practically 
instantaneous relay operation. Mechanical means may also be used for 
long time delay (1 second and up); where accuracy is desired some kind 
of clock mechanism may be employed j where accuracy is not paramount 
and where the time delay is not too long a dash pot or similar device may 
be built into the magnet. 

38. Heating 

Most magnets, other than relay magnets, operating on power circuits 
are designed with heating as a limitation.14 In general, if a magnet is 

14 The copper loss in a magnet is identical with that of 3. motor, except that gen
erally it represents practically the entire power inputj that is, the tractive electro
magnet is mostly used to produce a force or at the best goes through its magnetic cycle 
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designed efficicntly (magnetically and mechanically) the bulk and weight 
of the magnet for a given useful work will decrease as the allowable 
temperature rise is increased. Tractive magnets are usually designed 
with temperature rise as a limitation, as this gives the magnet which 
occupies the least space and has the least weight and hence the least cost 
for a given job. Therefore, when designing tractive magnets the permis
sible temperature rise hecomes a factor as important as the force and 
stroke, and is accordingly brought into the design formulas at the start. 

Relay magnets, on the other hand, are usually designed for maximum 
efficiency (maximum effort for minimum power expenditure) consistent 
with the speed of operation desired, and are characterized by having 
relatively light moving parts. The light weight of the moving parts is 
necessary to prevent sluggish action which might otherwise result because 
of the small forces usnally employed. Small power expenditure is neces
sary as these magnets often operate from the end of long lines where the 
power is limited, or they operate in battery circuits where electrical 
energy is expensive. For particularly sensitive, and very rapid action, 
polarized relays employing a permanent magnet a :  part of the magnetic 
circuit are often used. These also have the advantage of reversing the 
direction of the armature motion if the current is reversed. 

39. Resume-Factors Entering into Electromagnet Design 

The following tsbulation gives the more essential factors in the elec
trical design of tractive and relay magnets. 

TRACTIVE MAGNETS 

1.  Force-Stroke Characteristic. A definite minimum force through 8 given stroke. 
2. Heating. A maximum temperature rise consistent with a reasonable length 

of life of the coil insulation, etc. 
3. Magnetic Efficacy. Design of working-gap surfaces and manner of approach 

of gap surfaces such as to give required force-stroke characteristic with 
maximum magnetic efficacy. 

4. Mechanical EffICacy. Shape of force-distance characteristic such as to produce 
sufficient mechanical energy in excess of force-stroke requirement, as may 
be necessary for the speed of action desired. 

so slowly that the energy consumed by its final stored energy (which is usually not 
usefully returned to the electric circuit), hysteresis loss, and useful work are inconse
quentially small compared to the copper loss. In a motor, however, the current
carrying armature coils link and unlink with the flux so rapidly in a continuous process 
that the electrical energy converted to work is large compared to the copper loss. Of 
course, electromagnets are chiefly used to do intermittent work over periods of time 
short compared to the time during which they are excited, and hence should not be 
compared to motoTs, which do continuous work, on an over-all effiCiency baais. 
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RELAY MAGNETS 

1 .  Force. Force throughout the stroke such as to be sufficiently in excess of 
that required to overcome return-spring pull and friction, as is necessary 
to produce the desired speed of action and contact pressure. 

2. Stroke. This is determined entirely by the clearance necessary between the 
relay contacts, which depends on the kind of circuit connected across these 
contacts. 

3. Power Consumption. Though this depends somewhat on the force (spring 
and friction) throughout the stroke, it is in a large measure determined by 
the weight of the moving armature relative to the speed of action desired. 

4. Residual Force. This generally undesirable force is determined by the residual 
flux density in the closed-gap position, which depends on the magnetic 
properties of the iron (coercive intensity in particular) and the permeances 
of the air gaps in the closed-gap position. 

The various items of the above tabulation will be discussed In later 
chapters. 

PROBLEMS 
1. A horseshoe-type magnet made of annealed Swedish charcoal iron (sample 1) 

has an armature. pole cores, and yoke which may all be considered to have a. mean 
cross section of 0.6 sq. in. and a totallengtb of 11.5 in. It is excited by coils developing 
a total of 2,300 ampere-turns. Assume that the working gap is sufficiently long to 
reduce the residual flux in the open-gap position to zero and that at the end of the 
working stroke the effective ga.p length is zero. Compute: (1) the total hysteresis , 
loss occurring from the time the coil circuit is closed until the end of the stroke after 
the coil circuit is opened; (2) the work necessary to return the armature to the open
gap position after the coil circuit is brokenj (3) the energy returned to the electric 
circuit in the form of a spark when the coil circuit is broken. (4) Express items (1), 
(2), and (3) as percentag'

es of the work ideally available from the magnet. 
� 2. Repeat Problem 1 using B.A.E. 1�20 half-hard steel (sample 4) instead of 

Swedish charcoal iron. Compare the magnets made of the two materials and state 
whether much is to be gained by using the low hysteresis loss iron for magnets working 
at high flux densities. 

3. Considering the magnet of Fig. 15, Chapter VIn, to start its stroke for maxi
mum useful work at x = 1.34 with a constant load of 9 lb. and finish at x = 0, com
pute for the experimental force-dist·ance curve of Fig. L6b its magnetic efficacy. 
Usc the data of Fig. L6a to determine the ideal work. Compare this with the magnetic 
efficacy for maximum useful work obtained for the same magnet with a. flat-faced 
plunger as illustrated in Fig. La of this chapter. Explain why the stepped cylindrical 
plunger, even though it starts its stroke with a lower flux linkage than the magnet of 
Fig. la, has almost the same magnetic efficacy. Compare the mechanical efficacy of 
the two magnets for the strokes as above, and explain why that of the stepped cylin
drical plunger magnet is so high. Whieh magnet will be faster acting? 



CHAPTER IV 

CALCULATION OF MAGNETIC CIRCUITS CONTAINING IRON 
AND AIR GAPS OF KNOWN PERMEANCE 

40. General 

Magnetic circuit calculations can be divided into two classes : those 
in which the flux of the circuit is specified and the necessary magneto
motive force is required; and those in which the magnetomotive force is 
given and the flux which will be produced is required. In ordinary elec
tric-circuit calculations in which resistances are the only circuit elements, 
one would make no distinction between problems in which the current 
was given and the necessary voltage required, and those in which the 
voltage was given and the current required. The reason for this is that 
the relationship between current and voltage in the conducting circuit is 
linear and can be expressed by a simple equation that can be solved with 
equal ease for either current or voltage. In the magnetic circuit contain
ing iron, however, the relationship between flux and magnetomotive 
force is by no means linear, nor can it be expressed by any reasonably 
simple mathematical equation. For this reason magnetic circuits must 
very often be solved graphically, or, if the actual solution is not graphical, 
it is at least carried out by reference to the graphical relation between 
flux density and magnetomotive force as given on a magnetization curve. 
It should be remembered that there is no essential difference between 
graphical and analytical methods in this type of calculation ; the 
analytical method determines the intersection of two functions by a 
purely symbolic method, while the graphical determines the same inter
section by the crossing of the graphical plots of the two functions. In 
this type of problem the analytical method is by far the simpler if the 
function is easily expressible as an equation, but unfortunately this is 
not true for magnetization curves. 

To illustrate the above discussion and also the method of carrying 
out the .solution of magnetic circuits, the illustrative problems of the 
following articles are given. These problems are arranged in the order 
of increasing complexity. 

84 
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41. Magnetic Circuits Containing Only Iron of Unifonn Cross Section 

In Fig. 1 is illustrated the ordinary ring sample of iron used for mag
netic testing. This is probably the simplest magnetic circuit that can be 
constructed : it is uniformly wound with the exciting winding and hence 

DATA 

Material annealed ingot iron 
Radial thickness . . . .  ! in. 
Inside diameter . . . .  l l! in. 
Axial length . . . . . . . ! in. 
TUfns on winding. . . 1 .000 

FJO. 1 .  Magnetic circuit containing only iron of uniform cross section. 

has no magnetic leakage; if the radius is at least about six times the 
radial thickness it can be considered as having a uniform flux distribution 
over its cross section ; '  it has absolutely no air gap; the material can be 
considered homogeneous throughout. 

Problem 1. Find the current required to produce a flux of 25 kmax. 
in the magnetic circuit of Fig. 1. 

Solution. As the ring is homogeneous and of constant cross section, 
the flux density throughout the magnetic circuit is equal to 

<1> 25 O k  
. 

S = T = l O max. per sq. ID . 
• 

Referring now to the magnetization curve for annealed ingot iron 
(curve 1, Fig. lla, chapter II), we see that, for B = 100 kmax. per 
sq. in., a magnetic intensity of 30 ampere-turns per inch is necessary. 
The total magnetomotive force required for the entire magnetic circuit 
will then be: 

F = HI = 30 X " X 12 = 1,131 ampere-turns 

The exciting current will then be: 

I = 
F 

= 
1,131 

= 1.131 amperes 
N 1,000 

1 Although the ring is of uniform cross section the flux density will not be exactly 
uniform over the entire cross section. This is because the magnetic intensity will be 
greater at the inner radius than at the outer radius. However, if the radial thickness 
is small compared to the diameter the effect of the non-uniform distribution can be 
neglected. 
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This represents the simplest type of magnetic-circuit calculation ; 
direct reference can be made to the magnetization curve. The converse, 
though generally not so straightforward, is for this particular case just 
as simple; thus: 

Problem 2. Find the flux that will be produced ·in the magnetic cir
cuit of Fig. 1 by a current of 1 ampere. 

Solution. The total magnetomotive force effective in the circuit 
will be: 

F = NI = 1,000 X 1 = 1,000 ampere-turns 

Since the ring is homogeneous and of constant cross section, the mag
netic intensity throughout the ring will be: 

. F 1,000 . 
h H = - = = 26.5 ampere-turns per me I ". X 12 

Referring now to the magnetization curve for annealed ingot iron, we see 
that B, corresponding to H = 26.5, is 98.0 kmax. per sq. in., and the 
total flux will be 

<I> = BS = 98.0 X t = 24.5 kmax. 

42. Series Magnetic Circuit Containing Only Iron of Different Cross 
Sections 

In Fig. 2 is illustrated the magnetic circuit of a bipolar magnet with 

- -r- � - .. - I 2 a I 2 
, , 
, , 500 I I ��5 , , 

00 
, i 3 3� , , ,..-' : 

I ,,- - - -- -:---- - - . " 
, I 

FIG. 2. Series magnetic circuit containing 
only iron of different cross sections. 

the armature in the closed-gap 
position. If the armature is not 
too highly saturated the leakage 
in this circuit can be considered 
zero (for the closed-gap position 
only) ; likewise, if the magnet is 
well made we may neglect the 
small air gaps that must exist 
between the pole faces and ar
mature, pole cores and yoke, etc. 2 
Tills circuit, practically, is equiv-

i Ewing, in his treatise on magnetism, "Magnetic Induction in Iron and Other 
Metals," gives data shOWing that a perfectly faced joint without compression is equiv
alent to an air film of about O.OOI4-in. thickness regardless of the flux density, but at a 
compressive stress of about 3,000 lb. per sq. in. the thickness of the equivalent air gap 
becomes zero. He also states that for comparatively rough joints, that is, bars which 
were simply cut in the lathe without having the ends afterwards scraped to the form 
of true planes, the equivalent air gap is about 0.0018 in. and is reduced only slightly 
by compression. 
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alent to that of Fig. 1 except that the Cross section is variable. Data 
for Fig. 2 are as follows: 

Name of Part Part No. Length, in. 
Cross Section 

Material 
Dimensions 

. 
Armature . . . . .  . .  1 2" I" X til Mild 
Pole face . . . . . . . . 2 1 each I" X I" cold-rolled 
Pole core . . . . . . . .  3 2 " til din. steel 
yoke . . . . . . . . . . . 4 2" It" X i" S.A.E. 10-10 

• This is the distance between pole centen which cnn be considered the effective magnetic 
length or thelle'parts. If the saturation of the armature is very high, that part in contact with the 
pole facef! should be treated separately. 

Problem S. For the circuit of Fig. 2 calculate. the exciting current 
that will be necessary to produce a flux of 27.5 kmax. ;  also find the 
magnetomotive force existing between the pole faces. 

Solutim. The mean path of the flux is shown by the dashed line Cal, 
which links with both coils. This is obviously a magnetic circuit in 
which the various parts are in series; that is, all t�e flux of one part 
flows through the entire length of that part and then enters in its entirety 
the next part

'
and so through the entire circuit; it is referred to as a series 

magnetic circuit. The simplest way to handle this problem is to tabulate 
.the flux densities and corresponding magnetic intensities for the various 
parts of the circuit. The magnetomotive force for each part can then 
be easily computed by multiplying each length by the corresponding 
magnetic intensity. The summation of the magnetomotive forces 'for 
each part will give the total magneto motive force from which the exciting 
current can be computed. The tabulation and computation are shown 
below and need no further explanation. Refer to magnetization curve 3, 
Fig. lIa, Chapter I I .  

Part 
No. 

1 
2 
3 
4 

S I B H F ¢ kmax. pcr sq. in. ill. kmax. 
ampere-turn!' 

umpcre-tllrns 
sq. in. per inch 

0 . 25 2 . 0  27 . 5  1 1 0 . 0  105.0 210 
1 . 00 0 . 25 27.5 27 . 5  3 : 7  1 
0 . 442 4 .0 27 . 5  62 . 2  6 . 2  25 
0 . 469 2 . 0  27 . 5  59 . 4  5 .9  12 

Tot.1 F' - 248 

E . . I F 248 
. xCltmg current = 

N 
= -- = 0.248 ampere 

1,000 
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The magnetomotive force existing between the pole faces will evi
dently be the reluctance drop in the armature over this distance or 
210 ampere-turns. 

Problem 4. For the circuit of Fig. 2 compute the flux that will be 
produced by an exciting current of 0.6 ampere. 

Solution. This is the inverse of Problem 3 and is decidedly more dif
ficult because the calculation is no longer direct. It is solved by plotting 
the saturation curve of the magnet (total <I> against either F or I) and 
finding the intersection between this function and a straight line cor
responding to the constant F or I given. Of course, it is necessary to plot 
only that portion of the saturation curve in the region of the given F or I. 
The solution of Problem 3 gives us one point on the saturation curve. 
By referring to the magnetization curve of Chapter II we can readily see 
that the flux densi ty of the armature cannot exceed 120 kmax. per sq. in. 
because the magnetic intensity corresponding to this value of B is 280 
ampere-turns per inch, which would require a total magnetomotive 
force of 560 ampere-turns for the armature alone, while the given mag
netomotive force is only 600 ampere-turns. Therefore it will be sufficient 
if we plot the saturation curve between the values of B = 110 to 120 for 
the armature, necessitating the calculation of only two additional points, 
say at 115 and 120 kmax. per sq. in. The computations are shown in the 
following tabulation. The units will be omitted in the tabular forms 
as it will be understood that the units used throughout the text apply. 

Part No. � B II F � B II fo' 
I 28.75 1 1 5  175 350 aO 120 280 560 
2 28.76 ' 28.75 3 . 8  I 30 - 30 . 0  3 . 8  I 
3 28.75 · 65 . 0 6 .7  27 30 67 . 9  7 .  I 30 
4 28.75 '. 61 . 3  6 . 2  1 2  30 . 64 . 0  6 . 5  1 3  

Total F � 390 Total F � 604 

The final graphical solution is shown in Fig. 3, glvmg the answer 
<I> = 29.96 kmax. Where the magnetization curve shows large curva
ture, mOre than three points should be plotted to insure drawing the 
proper-shaped CUl've. 

It will be noted from the examination of Fig. 3 that because of the 
saturation of the armature the magnetization curve is quite fiat, and 
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hence one could with accuracy extrapolate between points at F - 390 
and F = 604, thus: 

600 - 390 '" = 28.75 + 1.25 X 604 _ 

390 
= 29.96 kmax. 

If in a problem of this type the cross section of a part of the circuit is 
continuously variable, it becomes necessary to break up that part into a 

� Kmlx. �= 29.96 Kmax, 30.00 _ _ _ _  .t:. _ _ _ _ _ _ _ _ _ _ _ _  _ 

28.75 

27.50 

, 
, 
, , , , 
, I F=600 I.-t. 
V , 
, , 

248 390 604 
FIG. 3. Magnetization curve for the graphical solution of Problem 4. 

sufficient number of short lengths, so that each may be considered with 
reasonable accuracy to have a const.ant cross section. 

43. Symmetrical Parallel Magnetic Circuit Containing Only Iron of 
Different Cross Sections 

This type of circuit is illustrated in Fig. 4 and, as labeled, represents 
the magnetic circuit of an alternating-current magnet in the closed
gap position. It could equally well represent the magnetic circuit of 

A VI rma ure 
,£b+v-, ! J-a_r--, • I , 

, � , , , L' , , ..... Pole 2 1 ! 12 I,+" Pole :' ' , 
" Core COt;; , 'l-' , 
, , 
, , , , , , \ I ! '. I 
'--"'3'-'- j ---�3---

FlO. 4. Symmetrical parallel 
magnetic circuit containing 
only iron of different cross 

sectiulls. 

R3' R] 
FlO. 5. Electrical equiv
alent circuit

' 
for magnetic 

circuit of Fig. 4. 

a shell-type autlio-frequency 01" power transfol'llH' l'. 01' the direct-current 
circuit of a vari:tlJ]c t'cact.ance fot' alternating currents. This type of 
circuit is usually symmetrical about the center line through the center 
pole core as shown, and the area of the center pole core, except for the 
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reactor application, is usually at least twice that of the outer cores. 
This circuit, like that of Fig. 2, can be considered to have no air gaps 
or leakage flux. The path and direction of the flux are shown by the 
raths (a) and (b), both of which have the total magnetomotive force 
of the coil effective on them. The two magnetic circuits represented 
by the flux lines (a) and (b) are magnetically independent of each other 
and can be computed separately in exactly the same manner as 
Problems 3 and 4. Of course, if the two paths are identical as illustrated, 
only one-half the area of the center core belongs to each path, and it is 
necessary only to compute the flux for one path and merely double it to 
get the total flux of the center core 

In Fig. 5 is shown an ordinary electric circuit equivalent to that of 
Fig. 4. Here the battery, equivalent to the coil of Fig. 4, is shown sup
plying two electric circuits in parallel, consisting of resistances labeled to 
correspond to the reluctances of the various parts of the circuit of Fig. 4. 
Note that the resistance corresponding to the reluctance of the center 
pole core is drawn as two separate resistors, R2 and R;, each in series 

.with its own circuit. These must each have a resistance corresponding 
to twice the reluctance of the entire center pole corc, while the other 
resistances have values corresponding directly to the reluctances they 
represent. If a circuit of tins type is not symmetrical about the center 
of the exciting coil, the solution is more difficult. This type of problem is 
the subject of the next article. 

44. Unsymmetrical Parallel Magnetic Circuit Containing Only Iron of 
Different Cross Sections 

This tYre of circuit, illustrated in Fig. 6, differs from that of Fig. 4 
ollly in that. the two outer pole cores are of different areas. It is some
times used where it is desired to keep the flux of one branch, the smaller 
one, relatively constant while that of the other branch varies consider
ably. We \\"ill again assume that there are no air gaps or leakage fluxes 
in the circuit. The material is medium-silicon steel laminations ; the 
core has an eff,!ctiv� stacking height of 1 in. 

Problem 5. Determine for the circuit of Fig. 6 the saturation curve 
(flux of the center core as a function of the exciting magnetomotive 
force) between the values of B = 42.5 to B = 57.5 for the center core 1, 
and the distribution of flux between the two outer legs. 

Solulian. Since this problem is more difficult than those preceding, 
it is best to draw an electrical equivalent circuit. This is shown in Fig. 7 j 
it differs from that of Fig. 5 only in that the center core is not split 
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between the two paths. This reluctance cannot be divided to make the 
simpler circuit of Fig. 5 because no dcfinite portion of it can be assigned 
to either path owing to the dissymmetry of the circuit. The method of 
solution is based upon thc following facts : the flux of the center leg is 
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FIG. 6. Unsymmetrical parallel magnetic circuit containing only iron of different 
cross sections. 

equal to the sum of the fluxes of the outer legs (4)a + 4>. = <Po), and the 
magnetomotive force across the outer legs must at all times be equal to 
Fa = F •. The range of variation of <Po is known, but the distribution of 

<Po between paths (a) and (b) is indeterminate, and hence the range of 
variation of either 4>0. or ¢b is unknown. If the range of variation of, say, 
cp(1 were known, the magnetization curve 
for that branch could be plotted be
tween its known flux limits, thereby 
determining the range of variation of " Fa. If this is known, the magnetization R,'  R, 

R,'  R, R, curve for brancb (b) could be plotted 
between the same limits of magneto
motive force. The sum of these two FIG. 7. Electrica.l equivalent 
curves would give 4>0, and the addition circuit for magnetic circuit of 
of the reluctance drop F 1 in the center F;g. 6. 
leg for any value of <Po, to the corre-
spondinl( Fa or F., would give the total exciting magnetomotive force 
for the particular value of <Po. 

The first step in the solution, tben, is to estimate the range of varia
tion of either <Pa or <P.. At high flux densities tbe flux will divide, very 
roughly, in proportion to the smallest areas of the paths ; thus, <Pa might 
be as high as 0.8 <Po, while at lower densities <Pa would be a smaller part 
of <Po. We can estimate <Pa to vary between, say, 0.5 <Po minimum to 
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0.75 </>0 maximum. As will be seen later, this estimate, whether right 
or wrong, will not influence the accuracy of the final result ; a poor 
guess will merely increase the amount of computation slightly. 

These limits being taken, the satura;i,�m 
. 

.curve must be cO}',lfu.ted 
between the limits of 0.5 X 42.5 = 21.25 and 0.75 X 57.5 = 43.0. This 
computation is shown in tabular form in Table I. The dimensions taken 
for the various parts of the circuit are also shown in this table; as parts 
2', 3', and 4' have the same areas and carry the same flux they can be 
handled as a unit. Magnetization curve Sa, Fig. 15, Chapter II, was used. 

Table I s!lows that the magnetomotive force across circuit (a) will 
vary between 16.B and 129 as the flux varies between 20 and 42.5. The 
next step in the computation is, therefore, to compute the saturation 
curve of circuit (b) between the same limits of magnetomotive force. 
This computation is shown in Table II. It will be noticed that the 
computation is not carried out as far as the upper limit of 129 ampere
turns, because a comparison of the tables indicates that the distribution 
at high flux densities is different from that estimated-circuit (a) does 
not carry as much as 0.75 <1>0 maximum. The magnetic data at high 
flux densities were obtained from Fig. 4, Chapter II, which was obtained 
by extrapolating the data of curve Ba, Fig. 15. 

TABLE I 

TABULAR COMPUTATION: MAGNETIZATION CURVE 

Branch (a)-(2', 3', and 4')j  l = 8.6j S = 0.5 

Part No. � B H F 

2' + 3' + 4' 20 - , 40 - 1 . 95 1 6 . 8  
2' + 3' + 4' 25 50 2 . 6  22. 4  
2' + 3' + 4' 30 60 3 . 55 30 . 5  
2' + 3' + 4' 35 70 5 . 1  44 
2' + 3' + 4' 37 . 5  75 6 . 6  57 
2' + 3' + 4' 40.0 80 9 . 4  81 
2' + 3' + 4' 42 . 5  85 1 5 . 0  129 

In Fig. S these two magnetization curves and their sum <1>0 are shown 
plotted against Fa or Fb as abscissas. Table III gives the distribution of 
the flux <1>0 between the two outer legs and the magnetomotive force of 
the outer branches for equal increments in <1>0 between the assigned limits 
of 42.5 and 57.5. These data (columns (1) to (4)) are read directly from 
Fig. B. The magnetomotive force of the center leg for the various values 
of <1>0 is shown in column (5). It is computed directly from the dimensions 
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-

TABLE II 

TABULAR COMPUTATION: MAGNETIZATION CURVE 
Branch (b) - (2 - 3 - 4).  Parts 2 and 4 :  I � 8.37; S � 0.5 

Part 3: I � 0.03125; S � 0.125 

Part No. 

2 + 4  
3 

2 + 4  
3 

2 + 4  
3 

2 + 4  
3 

2 + 4  
3 

2 + 4  
3 

2 + 4 
3 

60 

50 
0& 
: 40 E � 
� 30 
.. 

20 

10 

¢ 

1 2 . 5  
1 2 . 5  

13.75 
1 3 . 75 

1 5 . 0  
1 5 . 0  

1 5 . 75 
15 .75 

16. 1 
1 6 . 1  

17.0 
17.0 

17 . 5  
1 7 . 5  

/' 
I V 

I 
o 20 

B If p' 

25 1 . 33 1 1 .  1 
100 100 3 . 2  

27 . 5  1 . 4  1 1 . 7  
110 245 7 . 5  

30 1 . 5 1 2 . 0  
120 490 1 5 . 0  

31 . 5  1 . 55 13 
126 730 23 

32 . 2  1 . 6  13 
128 . 8  1000 31 

34 1 . 65 14 
135.7 2000 61 

35 1 .  70 14 
140 . 2  3000 92 

, 

V .p �3!4 ' 

/" 

.,.. 

40 60 80 100 120 
f2.3 .• or F2!a!4' amp·turns 

Total F 

14 .3  

19 . 2  

27.0 

36 

44 

75 

106 

FlO. 8. Magnetization curves for branches (a) and (b) of the magnetic circuit of 
Fig. 6. 

of this path (I = 3.5; S = 1.0); and magnetization curve Sa. In column 
(6) the total exciting magnetomotive of the coil is tabulated. 
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TABLE III 

TABULAR SOLUTION OF PROBLEM 5 

(1) (2) (3) (4) (5) (6) 
Fa or Fb F. 

.. �, � . (2-3-4) F. Exciting Coil 
(1) (2-3-4) (2'-3'-4') ., (1 ) Item 

(2'-3'-4') (4) + (5) 

42. 5 14.7 27 . 8  26 . 3  7 . 4  33 . 7  
45 . 0  1 5 . 3  29 . 7  30.0 7 . 9  37 . 9  
47.5 1 5 . 7  31 . 8  35 . 0  8 . 5  43.5 
50.0 1 6 . 0  34.0 41 . 5  9 . 2  50.7 
52. 5  16 .3  36 . 2  50.0 9 . 9  59.9 
55.0 1 6 . 7  38.3 65.0 10.6 66.6 
57.5 17 . 2  40 . 3  90 . 0  1 1 . 4  101 . 4  

The problem is completed by merely plotting from Table III the flux 
of the center leg 4>0 , and its components 4>, and 4>b, against the total 
exciting magnetomotive force Fo. This is shown in Fig. 9. It must be 

60 
<1>, 

50 
/' f/ 

<1> .. ",40 

--
/ 

<1>, 
10 

o 20 40 60 80 100 
Fa amp-turns 

FlO. 9. Magnetization curve for flux of center leg and its components, for the 
magnetic Circuit of Fig. 6. 

remembered that if other current-carrying coils, such as transformer 
secondaries, surround the outer legs the solution will be quite different. 

45. Simple Series Magnetic Circuit of Constant Cross Section Con
taining an Air Gap of Known Permeanee 

A simple form of this circuit is illustrated in Fig. 10, which is identical 
to that of Fig. 1, except for the radial air gap. The material of the ring is 
annealed ingot iron, and the permeance of the air gap, including all 
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