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PREFACE 

T he aim of this book is to present a comprehensive treaUTIent of the problems 
connected with the generation and application of magnetic fields. It is basically a 
treatise on the magnetic aspects of classical electromagnetic theory and is intended 

for physicists and engineers working-however occasionally-with magnetic fields. It 
should also be of interest to university students as a complementary text in courses on 
electromagnetics. As such it contains both elementary concepts and advanced topics. The 
attentive reader will probably realize that the book is nOl just a simple review of the vast 
amount of literature on classical electrodynamics. On the contrary. the theoretical 
presentations and the discussions of examples often follow unconventional paths, chosen 
so alii to be clear and significant. 

The book lies about midway between a theoretica1 monograph and a practical handbook. It 
covers a broad spectrum of practica1 problems, ranging from the generation of magnetic 
fields by a variety of coils, magnetomechanical and thenna! effects in system components 
(magnets, coils, levitated vehicles, induction heaters, etc.), the magnetohydrodynamics of 
ulltahigh field generalion, up 10 magnelic acceleration mechanisms and the trajeclories of 
charged palticles and projectiles. Each topic is clearly related to the framework of 
fundamenta1 electromagnetic theory, and the theoretica1 discussions are detailed enough to 
allow the interested reader to follow the derivation of the results and to extend the solution 
methods and applications to similar or more complicated problems. The extensive 
Bibliography provides additional infonnation and a foothold from which to start a more 
extensive literature search. 

I have used a deductive approach. starting with Maxwell's four field equations, together 
with two medium-dependent equations (chapter I), and then adding the Lorentz force 
equation (chapter 6) or, alternatively, the correlated energy equations (chapter 5). From this 
concise yet extremely powerful set of equations the theory of magnetic phenomena and its 
applications unfolds in a natural and orderly way. In some aspects the presentation is 
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similar to my previous 1970 book. Pulsed High Magnetic Fields. which remains a useful 

complementary source for solving some specific problems. 

It is a'5umed that the reader has the mathematical background required by most textbooks 
on electrodynamics; in particular, ordinary differential calculus and equations, vector 

algebra, and differential relations. In any case, helpful reminders are given in the 

Appendices, which contribute to making [he book largely self-sufficient. The International 

System of Units (SI) is used in text and fannulae; but in deference to still widespread 

laboratory practice, the ghost of the practical egs units (cm. g. s, dyn, erg, oersted. gauss, 

together with ampere, volt, henry. coulomb. etc.) lingers on through some duplicated basic 
equations, clearly marked by an asterisk. In addition, two comprehensive tables provide the 

basic equations written in different systems (SI, Gaussian. emu, esu, practical cgs). 

This book has evolved gradually through the years and is largely based on notes taken 
during my long involvement in activities specifically related to magnetic fields. In the 

foHowing are listed some of the projects I have worked on and just a few of the teachers, 
colleagues and scholars to whom I express my gratitude for their direct or indirect 
contributions and scientific enlightenment: In the 1950s, a ganuna-ray spectrometer based 

on a highly unifonn NMR-controlled magnet (with Peter Stall and WilIy W51fli), this 
thesis work was carried out at the Swiss Federal Institute of Technology (ETH) in Zurich 
under Paul Scherrer, whilst I was also writing up and editing (with Fritz Herlach) 

Wolfgang Pauli's lecture on Wave Mechanics for publication; in the 1960s magnetic flux 
compression experiments and theory at Frascati with Jirka Linhart, Fritz Herlach and 
Riccardo Luppi; in the 1970s, electron runaway studies in the Onnak magnetic tokamak at 
Oak Ridge National Laboratory with John Clarke, Don Spong and Stewart Zweben; still in 

the 1970s, design of an eJ:perimenral magnetic tokamak machine for relativistic electron
beam studies at the Massachusetts Institute of Technology (Mln with Bruno Coppi, and 

later. in the 1990s involvement in his superhigh-magnetic-field Ignitor project; back in the 
1980s, I was engaged. as chainnan of the European Advisory Group on Fusion 
Technology, in establishing the technology base for the European Fusion Program-in 

particular, wirh regard to superconducting magnet technology; since the end of this period 1 
have been following these problems also as director of the School of Fusion Reactor 

Technology founded by Bruno Brunelli at the "Enore Majomna" Center for Scientific 

Culture in Erice. Sicily. 

I am grateful ro Robeno Andreani. the present and long-time director of the Eumtom-ENEA 

Fusion Program, for the hospitality extended to me at the Frascati Research Center of the 
Italian Agency for New Technologies, Energy and tht" Environment (ENEA) well beyond 

my employment there by the European Commission. Last but not least, it is a pleasure to 
acknowledge the substantial technical help received from many persons at Frascati. above 

a1l from Lucilla Crescentini for the dedicated and professional management of the many 

draflS of the manuscript, and from Peter Riske for the artwork. I would also like to thank 

Carolyn Kent for the English editing, Nadia Gariazzo for typing the final camera-ready 
copy, and Maria Polidoro for the secretarial help over all these years. 
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Finl.llly. I apologize for any errors in the text. equations, or figures thl.lt have been 

overlooked despite careful proofreadi ng, and would greatly appreciate their being called to 

my allenrion. 

March 20lKI 
Auocialilm EURA TOM·ENEA 

£N£A Rt'xearrh Ce!ltu, 

Fr'mHlli, fluly 

HEINZ E. KNOEPFEL 
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MAGNETIC FIELDS; A Comprehensivc Theorctical Treatise for Practical Use 

Ileinz E. Knoepfel 

Copyright Cl 2000 by John Wiley & Sons. Inc. 

Chapter 1 

FOUNDATION OF MAGNETIC 
FIELD THEORY 

War e.s ein GOll der diese Gleichungen schrieb? ("Was it a god who wrote these 
equations?") Thus wrote L.E. Boltzmann. one of the great scientists of the 19th century. at 
the beginning of the introduction to his Lectures Oil Maxwell's Theory of Electricity and 
Light (Munich. 1893). This motto well reflects the powerful beauty and conciseness of the 
so-called Maxwell equations. particularly when presented (as below) in vectorial form. 
These equations. which had been published in final fonn about ten years earlier, represent 
the concluding highlight of centuries of discoveries and studies in electromagnetism and set 
the comprehensive foundation of classical electromagnetic theory. 

In contrast to the historical approach used in many textbooks (where the fundamentaJ 
effect'; are gradually developed into the final set of the electromagnetic equations), in this 

book. MaxweU's equations are used as the starting point for presenting and discussing the 

mathematical and physical aspects of electromagnetism. with particular reference to 
magnetic phenomena. The presentation of various (simplified) fonns of MaxweU's 
equations and some related mathematical constraints is the main aim of this chapter. 

Note. Equations are referred to by their designation, for example, (1.5-23) means the 
equalion labeled (1.5-23) in seclion 1.5 The Inlemalional SySlem of UrnlS (SI) applies 
throughout the book; however. an asterisk added to the equation designation-for example, 
(1.1-17)*-indicales that equalion (1.1-17) is written in practical cgs units. which are 
defined in table A.I-U of appendix A.1. Superscripts refer la the Bibliography, which is 
subdivided per chapter and given at the end of the book. 



2 CHAPTER 1 FOUNOATION OF MAGNETIC FIELD THEORY 

1.1 MAXWELL'S FIELD EQUATIONS 

Introduction 

The history of the study of magnetic and electric effects is as old as that of physics. 

which originated in the Ionian Greek culture· as an offspring of philosophy about 600 BC. 

The philosopher Thales of Miletus, who is credited as the founder of science and thus 

of physics ("the study of nature"), knew about the peculiar properties of lodestone as 

attracting iron or assuming a north-south orientation. A large deposit of lodestone is known 

to have existed near the ancient town of Magnes (today's Manissa. near Izmir, Turkey). 

from which. in fact, the word "magnetism" is derived. These simple magnetic, as well as 

some electrostatic, phenomena remained a curiosity for centuries. 
The year 1600 AD saw the publication of De magnere, the first elementary treatise (in 

Latin) on magnetism, by W. Gilbert, who was an influential medical doctor at the English 

Court. The birth in the 17th century of the inductivHeductive science of J. Kepler, G.  
Galilei, and I .  Newton led in the 18th century to numerous and ordered observations of 

magnetic and electric phenomena by D. Bemoulli. H. Cavendish, Ch. A. Coulomb, B. 

Franklin, A. Galvani, and A. Volta. just to  name a few of the many scientists involved. A 
fundamental contribution to the progress of science, and to the study of electromagnetic 

phenomena in particular. was the refinement of mathematical analysis through the 
differential and variational calculus introduced by I. Newton and G.W. Leibniz in 
1670-75, and extended by L. Euler and J.L. Lagrange in 1744-55. 

In the pioneering ftrst half of the 19th century, it became possible to study magnetic 
and electric phenomena more systematically. Electricity and magnetism, which previously 

were entirely separate subjects (the former dealt with such things as eat's fur, glass rods, 

batteries, frog's legs, lightning; the latter with bar magnets. compass needles, the Earth's 

poles) rapidly merged into electromagnetism. The beginning of this period coincides with 
H.Ch. Oersted's discovery in 1819 that a compass needle is deflected if placed near a 

current-carrying conductor. Mathematician A. M. Ampere's interest in physics was 

stimulated by this discovery. and within a few months (1820) he extended both 

experimentally and theoretically the understanding of magnetic effects related to electric 
currents. For this work, he can be considered the Hfather" of electromagnetism. 

In the same year, 1.B. Biot and F. Savart formulated the law that gives magnetic 
fields as generated by filamentary currents, and in 1826 O.S. Olun established the relation 

between electric fteld and current. In 1831 M. Faraday described the law of induction and 

introduced the concept of magnetic lines of force. (He also revived the concept of Ether, 

"the vacuum�filling medium"; see remarks in the introduction to section 2.5.) In the 
following two decades, electromagnetic phenomena were gradually formulated in more 
exact mathematical-theoretical tenns by the contributions of C.F. Gauss, W.E. Weber, W. 

Thomson, R. Kohlrausch. H. Helmholtz. and others. 
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In 1855 l.C. Maxwell further extended the ideas abom field lines; seven years later he 
introduced the concept of displacement currents, which self-consistently completed the 
electromagnetic equations. His Treatise on Electricity and Magnetism, U first published in 
1873, and Ihe conlribulions in 1884-85 by H. Hertz and O. Heaviside gave Maxwell's 
equations their final form. After lP. Joule stated the equivalence of heat and mechanical 
energy in 1845, H.A. Lorentz (who formulated the electromagnetic force on an electric 
charge in 1879), J,H. Poynting, and P.N. Lebedev gradually introduced the concepts of 
electromagnetic force and energy into the theoretical framework in the second half of the 
19th century. Clearly, a large number of  other important physicists and mathematicians 
contributed substantially to establishing electrodynamics. Many of them are mentioned in 
the text in connection with their fundamental work (full names and dates are listed in the 
Index). 

In the first half of the 20th century. classical electromagnetic theory was coupled with 
quantum mechanics into quantum electrodynamics. As one of the four fundamental fields of 
forces-thus of energy-in Nature [gravitation, electromagnetism, weak. interaction 
(nuclear beta-decay), strong interaction (nuclear reactions»). electrodynamics was blended 
in the second half of the century with the field of weak interactions into the unified electro
weak. theory, one important step toward including all four fields in the so-called Grand 
Unification. 

The great applications of electricity started while classical electromagnetic theory was 
being completed. In 1879 the first railway vehicle was driven by electric power in Berlin, 
and three years later Th. A. Edison built the first electric power station to partly supply 
lighting to New York City. This marks the beginning of a new evolution, which 

. characterizes the 20th century, since the availability of electricity introduced increasingly 
sophisticated and efficient applications of it in industry. transport. and communications. 

In concluding these historical notes LlS it is instruclive to give a glance at table 1. 1-1, 

which shows that the magnetic fields of interest today extend over about 102J orders of 
magnitude. This extremely large range reflects the numerous aspects of the subject we shall 
cover in this and the following chapters. 

Table 1.1-1 Typical (upper limit) magnetic fields iD tesla 
associated with utrophyslcal, technical, nuclear. and human 

sources 

Intergaloctic space < 10-13 Superconducting coils 20 

Brain jWI2 Fe-nucleus. hyperfine field 30 

Heorth 10-10 Hybrid coils 40 

Galaxy < 3.10-10 Pulsed coils 60 

Earth 10-4 Ho-nucleus. hypcrfine field 730 

Sunspots < 10-1 Laboratory flux compression 103 

Permanent magnets Uhrahigh intensilY lasers 104 

Black holes 105 

Pulsars 108 

Neutron slars, up to 1010 
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Differential equations 

Maxwell's field equations in SI units (International System of Units) are here written 
in the vectorial fonn 

ao 
V'xH=j+ar 

� 
V'xE=-ar 

'1·8=0, 

where the five vectors. one scalar function. and one operator arc: 

(1.1-1) 

(1.1-2) 

( 1.1-3) 

( 1.1-4) 

H, magnetic field strength (or magnetic intensity) [dimension: ampere-rn-I; for the 
electromagnetic units see table A.l-ll in appendix A.I]; 

B. magnetic flux density (or magnetic induction) [tesla]; 
D, electric flux density (or electric induction or displacement) [coulomb·m·l1; 
E, electric field strength (or electric intensity) [volt-m·I]; 
j, free current density (that is, the current density related to the transport of free electric 

charges) [ampere'm-l]; 
Pe. volume density of free electric charges [coulomb·m-)]; 

V. nabla operator (defining the operation curl, divergence, and so on; see table A.3-1f in 
appendix A.3) [m·'). 

The equalions are also known as !he laws of Am�re-Maxwell (1.1-1), Faraday (1.1-2), 

Gauss-Faraday (1.1-3), and Gauss (1.1-4), but these denominations are used more 
appropriately in connection with the corresponding integral fonns presented in section 1.4. 

In the previous differential equations, j and Pe can be considered as the sources that 
determine the electromagnetic fields H. D, E. D. They are related by the charge or 
current conservation equation. 

o , ilPe o v·J+-= at ( l.l-5) 

which is oblained by laking Ihe divergence of ( l.l-I) and using (1.1-4) and Ihe facl lhal 
divergence of a curl is zero, thereby conunuting the V and at at operators (because we 
assume a space where, at each point, the field vector and all its derivatives are continuous). 

To make a general solution possible, three more equations are required, which are 
known as constitutive equations, that is, Ohm's law 
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j=oE , (1.1-6) 

and the relations 

B=J1H , (1.1-7) 

D=eE . (1.1 -8) 

where a is the eiectric conductivity [dimension: ohm-1.m-I]. 

(1.1-9) 

is the magnetic permeability with 110 = 4JrlO-7 [henry-rn-II. and 

(1.1-10) 

is the dielectric constant (or permjllivity) with eO = 8.854 x 10-12 (farad'rn-I] (the 
dimensionless parameters J1R and£R are discussed below). These quantities, which 
characterize the medium, can themselves be functions of various parameters (for example. 
the temperature. or even H itself), in addition to space and lime. For the more general case, 
when the medium has nonisotropic propenies with respect to electromagnetic phenomena, 
these parameters actually become tensors (see the end of appendix A.3)3.2. The whole 
problem then becomes fonnally quite cumbersome, but nowadays such cases can be treated 
by numerical computation (see chapter 9). In this book. however. we shall limit our 
aUenlion to isotropic media and nearly always assume the electric conductivity (J, relative 

magnetic penncability 1lR. and dielectric pennittivity ER to be constants. 

Material-related electromagnetic quantities 

We have seen that the magnetic field H is related to the free current density j 
through Ampere's law ( l.l-I), whereas the magnetic induction or flux density B is related 
to the electric field E through Faraday's Jaw (1.1-2). We shall see throughout the book that 
B is the dominant magnetic vector quantity because it appears explicitly in all magnetically 
induced effects: electric fields, magnetic forces, moments. and so on. For this reason, and 
for simplicity, B is often also called the magnetic field, which well matches the electric field 
E, the dominant electric quantity (rather than the electric flux density D) since it appears in 
all electrically induced effects: currents, forces, moments, and so on. 

The magnetic and electric properties of a medium can be described with the help of 
two vectors, the magnetic (M) and electric (P) polarization vectors: 

B 
M=--H /10 (1.1-11) 



6 CHAPTER 1 FOUNDATION OF MAGNETIC FIELD THEORY 

P=D-EOE. (1.1-12) 

which exist only in a medium since they actually vanish 
B = I'oH. D = EOE. Introducing them into (1.1-1. 4) yields 

In free space where 

B ((Jp ) OIl Vx-=j+ -+VxM +£0-1'0 dt dt 
EOV·E=p,+(-V·P) . 

( 1.1-13) 

(1.1-14) 

These equations formally show that when material is present in an electromagnetic field, 

internal sources of currents and charges appear. In fact, the terms 

irn =VxM. . (Jp 
J =P dt ( 1.1-15) 

may be interpreted as material-related equivalent magnetilJltion or electric-polarization 
current densities, whereas 

Pp=-V.p (1.1-16) 

may be interpreted as an equivalent electric charge density introduced by the electric 

polarization. 

In the following we shall give further relations and information on these macroscopic 

magnetic and electric properties of material. Then. in chapter 8 these quantities are put in 

relation with some microscopic elements of material. 

Magnetic quantities 

It is an expetimentaJ fact that in most materials. when subjected (0 a (current 

generated) magnetic field H, an additional magnetic field component M is generated locally 

(defined as magnetic polarilJJtion or magnetization), and the two add together to give the 

total local induction 
(1.1-17) 

or. in the practical egs system [B in gauss; H in oersted; M in erg G-1. cm-3], 

B=H+41tM . ( 1.1-17)* 

Sometimes. the magnetic polarization is also defined as 

( 1.1-18) 
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By introducing the magnetic susceptibility 

( 1 . 1 - 19) 

we can write 

( 1 . 1-20) 

Note that if a given outer magnetic field Ho is applied to a finite body of magnetic 
material, the local magnetic behavior is not, in general, described by the above relations 
containing the substitution HO -+ H; for example, the magnetic induction in the body is not 
B = I'HO but B=I'H;, where the internal local field H; (which determines the local 
magnetization M=XmHi) is itself the result of the addition of the outer field and the 
magnetization component. For the same reason, the induction outside the body is 
B = JioHe. where the external local field ne is co-determined by the magnetic effect of the 
body. To detennine Hi at any point within the body and If outside it requires solving a 
magnetic (potential) problem, as outlined in sections 2.1 and 2.2. The example of a 
magnetic rod is dealt with later in this section and will help to get a better understanding of 
these magnetic field components. A simple case is given by a closed magnetic circuit or a 
ring of magnetic material (as discussed in section 1.4 in connection with figure 1 .4-3a, with 
x = 0) with an evenly wound coil around it, which generates a magnetic field Ho within 
the structure. In this idealized situation it is simply He = 0 and Hi = HO, thus B =tlHo 
everywhere. The magnetic properties of materials. expressed by the magnetization M, 
depend on two main atorrllstic effects, which can give rise to large local magnetic fields, as 
we will discuss in more detail in section 8.3 [see, in particular (8.3-26,36)]: (I) the orbital 
motion of electrons around the nucleus, which can be seen as current loops of atomistic 
dimensions or as small magnetic dipole moments; (2) the intrinsic spin of the electrons (or 
nuclei) with the related magnetic dipole moment. The relative magnetic penneability PR or 
the magnetic susceptibility Km ' which define M through ( 1 . 1 - 1 9, 20), vary widely, as 
shown in table 1 .1-11. In the so-called diamagnelic malerials the susceptibility is negative; in 
paramagnetic, positive; and in jerromagnetic. very large (Xm => 104).  Moreover, it can 
depend in a complicated way on H (see in section 8.3). 

We have already seen in ( 1 . 1 - 15) that from a macroscopic poinl of view magnetization 
may be expressed in tenns of an equivalent magnetization current density by 

(1.1-21)  

Alternatively we will see in ( 1 . 1 -23) that it may also be described as a volume density of 
magnetic dipole moments, to which we will relate in ( 1 . 1 -27,29) a magnetic charge density. 
These three macroscopic models are Obviously equivalent and justified by the atomistic 
explanation of the magnetization given above. 

When M is uniform there are no such currents in the medium; instead, a magnetiwtion 
surface current density as defined in ( 1 .4-35), 

( 1 . 1 -22a) 
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Table 1.1·11 Magnetic s usu:ptibilitiesa 

Material Magnetic susceptibility Xm 

Diamagnetic: 

Bismuth - 1 7.6 x 10-S 

Silver -2.4 x 10-5 

Copper -0.88 )( 10-5 

Water -0.90 x 10-5 

Carbon diollide - 1 . 2  x IO-s 

Paramagnetic.' 
0. 1 9 x l O-5 Oxygen 

Sodium 0.85 x 10-s 

Aluminum 2.3 x IQ" 5 

Tungslen 7.8 x l O
o s 

Gadolinium 41:1"000 x 10-5 

Ferromagnetic (mn,values): 
iro, 30 x 10] 
Iron-nickel 80-300 x 103 

£ISee section 8.3 (tables S.3-VI. VII) for more detailed information. 

appears, which. on the boundary of the medium (e.g., 
value [see in (1 .5-6)] 

surrounded by free space), has the 

Im = -n x M .  ( 1 . 1 -22b) 

where n is the unit nonnal vector to the boundary, pointing outwards. Ampere already 
suggested that magnetic properties might be described by such formal currents. They are 
considered to be made up of elementary cells that include circulating, whirling currents, as 
depicted in figures 1 . 1 - 1  and 1 .1 �2, which is in qualitative agreement with the above 
expressions. In fact, when M is constant and the whirling current cells equal, all the 
currents, except those on the surface of the medium. cancel each other out at the common 
boundaries of the cells, thus giving rise to the surface current density. These equivalent 
Amperian currents, pictured as flowing without dissipation in a magnetized medium. are an 
artifact that can be used to describe magnetization effects in simple physical terms. In 
section 8.3 we show that qualitative support of this picture is provided by the atomistic 
explanation of magnetization, i.e., by microscopic. inaccessible curreOlS of atomic origin. 

The magnetization M can be seen as the magnetic moment per unit volume in the 
fann 

M 
dpm I • 

PQ = dl': = Z'PQ x Jm.Q 
Q 

(1 .1 -23) 

where rPQ is the coordinate vector with respect to a point of origin P of the current 
density jm.Q. The total magnetic moment Pm of a given volume of material is thusLS 
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I __ � jm 

Figure 1.1-1 Magnetic material can be thought of as consisting of elementary 
cells containing Amperian current densities Jm; addition (subtraction) of these 

currents provides a bound surface currenl density im flowing on the boundary. which 

exists even if the elementary amperian currents are identical and thus cancel each 
other out in the interior (when the magneti7.alion M is unifonn). Alternatively, a 
magnetic dipole moment Pm can be associated 10 each whirling current cell. (For 

simplicity. hen: all moments are aligned. but in reality they could also be at 
ntndom.) 

9 

( 1 . 1 -24) 

which is a purely kinematic definition (nol involving any magnetic interaction) that is 
independent of the choice of the point P. Note that this expression is formally identical to 
the magnetic moment (2.2-49) for a free current density. In fact, it can be calculated 
similarly and with the same assumptions made for the multipole expansion that will lead to 
(2.2-49). For example, from this integral it follows immediately fas we shall see in (2.2-

45)1 that for a filamentary loop. carrying the current / and enclosing the area S, the 
magnetic moment is 

Pm = IS , ( 1 . 1 -25) 

where the vector S is perpendicular to che plane of the loop. 

Magnetic charges and nonsolenoidal fields 

Another formulation of magnetic properties is ba.."ed on the [oonal concept of 
magnelic charges or poles. We rewrite V· B = 0 with B ::::: PoH + .uOM as 

where 
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, 

y 

Figure 1.1-2 Magnetization M and related current density Jm "" V x M. 

P = -V · M  m , ( 1 . 1-27) 

in analogy [0 the electric polarization charge density ( 1 . 1 - 16), can be considered as a 

magnetic cho.rge density, which is the source of the nonsolenoidal field component Hn. 
We use the magnetic field decomposition ( 1 .1-35), where for the solenoidal component it is 

V · U' = 0. 
When M is uniform, there are no such charges in the bulk of the material under 

consideration; however, a magnetic surface charge density defined as in ( 1.4-36), 

fm = lim Pmtlh , 

&1--+0 

Slill exisls al lhe boundary, which is given in (1.5-11), 

Fm = -n · (M2 - M 1 ), 

( 1 . 1-28) 

( 1 . 1 -29) 

and the relative nonsolenoidal field component (for simplicity we drop the superscript n) is 
defined in ( 1 .5-10), 

( 1 . 1 -30) 

where n is again the outward IX'inting unit vector, from medium 1 to 2, nonnal to the 
boundary. These relations show that a magnetized material has at its surface formal 
magnetic charge densities 'm. which arise whenever the nonnal component of M goes 

through a discontinuity. The magnetic charges generate in the interior of the material a so
called demagnetizing field � that by definition points from the nonh (+) to the south (-) 
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pole [similarly to electric fields pointing from (+) to H electric charge] and is thus opposed 
to M. 

( 1 . 1 -3 1 )  

Here km. defined as the demagnetizing/actor, is in general the result of an exact calculation 
[see table 1 . 1 -111, and the example of a magnetized sphere. in connection with (2. I -71 , 80)) 
and depends on the geometry and other parameters of the arrangement (in special cases, it 

could be a tensor). If an external field Ho is applied to the material, the magnetization ( 1 . 1-
201. 

originates from the action of the local internal field 

thus 

H = Ho /( I + kmXml ( 1 . I-32a) 

which is smaller than the applied field. If there is no applied field, Ho = 0, but a 
pennanenl magnetization, M = Mo. the local field is simply 

The charges also generate an external field Ht, pointing again from the north to the south 

pole, which roughly speaking has dipole shape and opposite sign to the internal 
demagetizing field Hd [qualitatively, this ensures that the circuitation of H around any 

closed contour line is equal to zero, as required by Ampere's law ( 1 .4-4b) because there are 
no free currents; for more details see the examples illustrated by figures 1 . 1-4, 2.1-8, 2. 1 -
9) .  

The properties of magnetized material fonnulated by magnetic charge densities have to 
be equivalent to those obtained with the magnetic moment or current densities introduced in 

( 1 . 1-21,  23), For the magnetic moment description ( 1 . 1-23) it suffices to consider each tiny 
magnetic dipole made up of a pair of magnetic charges ±g [with dimension A·m] at distance 

I , such that its moment is 

( t . t  -33) 

When the dipoles are aligned (figure 1 . 1 -3) there is, locally, addition or subtraction of 
these charges in such a way that even if the di�le density were constant (thUS the charges 
fully neutralize in the bulk) there would remain a surface charge density ± r m = ± g S, as 
given by ( 1 . 1 -29), where S is the surface area. As we have seen in ( 1 . 1-23), the magnetic 
dipole moment can alternatively be ascribed to the Am�rian current loops. In conclusion, 

which of the three magnetization models (magnetic charge, dipole moments, Am�rian 
currenl� ) to use is dictated by con venience in each problem. as we will see with some 
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<:=-E> E-E> <: �-E> 
<:=-E> <:=-E> <:=-E> Hm 
<: -E>  <: �-E> <: -E>  
<:=-E> E-D <:=-E> 

M � 

Figure 1.1·3 Magnetized malerial can be thought of as consisting of 
elementary magnetic dipoles; the addition (subtraction) uf the magnetic charges 
provides a bound surface charge density ± r .... which exists even if the dipoles art: 
identical. 

examples. In any case, the equivalence of these models often provides an interesting 

consistency check for a COlTect understanding of magnetic problems. 

We have thus shown that, as a consequence of 0 . 1-3), V · B  "" 0, the formal 

magnetic charges appear intrinsically in pairs. Contrary to free electric charges. they cannot 

be separated in MaxweU's theory. (With tbe artifact of a long magnetic rod we can formally 

distinguish between nonh and south charges, but they always appear together: If the bar is 

cut open in two hairs, each one will show north and south charges.)  

However, there is no fonnal theoretical reason in electrooynamics that prohibits the 

existence of isolated charges. Their existence would introduce a magnetic charge density 

Pmp; and for symmetry reasons it is to be expected that the associated magnetic current 

density jmp' defined by 

V · ' = -"Pi' Jrnp , ( \ . I ·34a) 

would produce an electric field. similarly 10 Ihe electric cUITenl densily j. ( 1 . 1·5). lhal 
produces a magnetic field H ,  ( 1 .2-1). The existence of free magnetic charges would thus 

enhance the formal symmetry of the electromagnetic equations. lA For example. the 

magnetostatic and electrostatic equations ( 1 .2-1 to 4) with no magnetic and electric 

polarizations would be respectively 

and 

V x B = /loi . V . H = Pmp 

v x E = /loimp V ' D = p  , . 

( 1 . 1 ·34b) 

( \ . I-34c) 

to which are added the relations ( 1 . 1-5. 34a) between the charge and current densities. and 
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we would also add the force densities to be introduced in (6. 1-12) and derivable from (8.3-
65). 

Despite experimental investigations lasting decades, the existence of free magnetic 
charges. sometimes called maglletic monopu/es, has nO( been established. But extensive 
theoretical work in quantum electrodynamics and general relativity. more in general in the 
domain of elementary particle physics, have outlined some of the characteristics of magnetic 
monopolcs. if they exist at all, which will be presented in connection with (8.3-64). 

It is useful to recall at this point Helmholtz 's theorem. according 10 which any static 
vector field at any point in space (which. together with its derivative. is finite, continuous. 
and vanishes at infinity) may be decomposed intol.' [see also ( 1 . 1-54)] 

H= Hn +Hs , ( 1 . 1 -35) 

where HO = -V4> is the irrotational component and H!> = V x A is the rotational or 
solcnoidal component. The first component can be directly related 10 the magnetization M 
through ( 1 . 1 -27.29); the second, to free and displacement currents through the 
Ampere-Maxwell equation ( 1 . 1- 1 ). 

Because from CA.3-7. 1 1 )  we have for these scalar and vector fields 

VxV4> =O  . V · (V x A) =O . 

wc obtain 

V ·H= V ·H" . V xH = V x H' . ( 1 . 1-36) 

Example: Magnetic rod 

Consider a cylindrical magnetic rod placed in a homog.eneous field Ho with direccion parallel 10 the: 

rod axis (figure 1 . 1 -4), For simplicity. we assume a very large aspect ratio. 2a « I. Thus, at the rod ends 
there will be magnetic charge densities r m given by ( 1 . 1 -29), which art sources (+r m )  and sinks (·r m ) 
for magnetic field line�. which. by definilion, poinl from (+r m ) (nonh) lowards (-rm ) (south). TIle: 
internal demagnetizing Held lid given by ( 1 . 1 ·3 1 )  has the opposite direction to M. In general. the vector 
lield Hd will depend on the distribution or M and on the geometry or the magnetic medium and is the 

�olution or a magnetic potential problem (see section 2.1) .  Here. ror the cylinder with unirorm 
magnetization along its axis. we can write the result in  the simple approximated rorm 

( 1 . I·37) 

where the demagnetizing ractor km is given as a runction or the aspect ratio in table 1 . 1·111. 
The lotal internal induction. directed along Ihe axis and along HO. is 

( 1 . 1·38) 



14 

T 2n 

CHAPTER 1 FOUNDATION OF MAGNETIC FIELD THEORY 

11' 

�4! n P 

Figure 1.1-4 Very long magnetic rod to which a uniform outer field Ho 
parallel 10 the axis is applied. inducing a magnetization M = (PR- I )H;; the related 
magnetic swface charge densities ± r m sets up a demagnetizing internal field 
Hd ;;; -kmM. where k m is a geometric factor detennined from the general solution 
of the corresponding magnetic potential problem. 

whereas the (total) external field ne results from Ho. with the superposilion of a dipole-type field generated 
by the magnetic rod (which is found through the solution of a magnetic potential problem). Here, we are 
interested only in the internal field Hi and the external field just al the end surfaces �. both dim:ted along 

the axis. for which we find 

(1 . 1-39a) 

that is. with 

M=(J..lR-l)Hi 

also 

(1 . I ·39b) 

and, from the boundary condition ( 1 .5-3), 
(1 .1·40) 

also 

( 1 .1·41) 

For a paramagnetic material with IlR > 1. and since 0 S km S I. the following will always hold: 
HI S HO' H; � Ho. In particular. for a soft ferromagnetic material (section 8.3) with B = 'llollRH and very 
large permeability IlR. the internal magnetic field (1 . 1-39b) tends to vanish: We can say it will be "eltpel1ed" 
because the magnetic charges are "free to move" towards the ends where they neutralize the given field. 
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Table 1.1-111 Demagnetizing factor ror cylindrical macneti.22 a 

1123 0 I 2 5 10 lOO 

km I 0,27 0,14 0,040 0.0172 0.00036 
a For a sphere from (2.1-71) it is km = 113. 

For a permanently magnelized rod with M = Mo independent of H and with no applied OUler field, 

HO = 0 (figure 1 . 1 .4), from ( 1 . 1-39, 40) follows 

( 1 . 1·42) 

Only when the rod is very long, 2a « I, and thus k m  « 1 .  will the outer field at the magnet poles be 
H: == Mo. We can fonnally express these propenies also with the equivalent descriJXion involving the 

(bound) surface current density im.  Since JUSt outside the cylindrical surface of the (very long) magnetic rod 
the field is zero. from the boundary condition ( 1 .5-5) we derive 

( 1 . 1.43) 

The: magnetic field in the external free space produced by a pennanently magnetized rod is equivalent 10 the 

dipole-type field generated by a solenoidal coil with the same cylindrical geometry and the current density 
i m. The internal rlClds are quite different, as requirtd to satisfy the integral conditions ( 1 .4-4); In the tOO 
Hi 

=: Hd = -kmMo; in the equivalent cylindrical coil HI = H= = ( I -km )MO. 

Electric quantities 

For completeness' sake, we also present the analogous quantities relative to dielectric 
material. Similarly to ( 1 . 1-17), for the elecLric displacement vector, from experience and in 
relation to ( l . 1 - 12), we write 

( 1 . 1 -44) 

where the electric polariwtio1l is 

( 1 . 1 -45) 

and the electric susceptibility is 

( 1 . 1 -46) 

The electric polarization P is directly related to the electric propenies of materials 
(which can thus be expressed through the parameters Xe and ER) and, according to 
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( 1 . 1 - 16), can be interpreted as deriving from an equivalent poiariwtion charge density 
through 

pp = -v . P . ( 1 . 1·47) 

Somewhat analogously to magnetic material [see in connection with ( 1 . 1 -29)}, when P is 

unifonn there are no such charges in the medium. However, a bound polarization surface 
charge density ( 1 .4·36) is slill present, rp = Iim(.:1h --> O)pp.:1h , and on the boundary of 

the medium (e.g .. surrounded by free space) it has the value (1 .5·14), 

and the electric fields on the boundary are defined in ( 1 .5-13), 

n · (E2 - Et )EO = rp . 

( 1 . 1 -48) 

( 1 . 1 -49) 

The model to interpret this polarization effect considers that the meclium contains electric 

dipole charges that align under the action of an electric field. When the dipole density is 
constant, the ± charges neutralize, but there is still a surface charge density, qualitatively 

like the magnetic dipoles shown in figure 1 . 1-3. We recall that molecules or ions can have 
pennanent dipoles, or dipoles generated through an applied electric field that displaces the 

center of positive charges with respect to that of negative charges. 
The eleclric polarization P can be seen as the electric moment per unit volume 

(somewhat analogously to the magnetization (1 .1·23)], 

P 
dPe 

PQ = 
d V. = Pp,Q"PQ Q ( 1 . 1-50) 

where Pp,Q is the net, locally bound polarization charge density and rp,Q is the coordinate 

vector with respect to a point of origin P. The total electric moment of a given volume of 

material is 

( 1 . 1 -5 1 )  

which is independent of the choice of the origin P. 

Ohm's law 

Under the action of a force, an electric charge moves in a conductor. thereby 
establishing a current. We write 

j = of  , ( 1 . 1·52) 



1.1  MAXWELL'S FIELD EQUATIONS 17 

where r is  the mean force exened per unit charge, and the empirical material constant (J 
(the electric conductivity) varies according 10 the materials (rable l . t -IV) and parameters. In 
principle, r could include a variety of forces, such as gravitational. centrifugal. and so on, 
but here we are interested in electromagnetic fields, thus (as discussed in section 8.3) 

j = aE  . ( 1 . 1 -53) 
that is. the electric field E drives the current density j in a conductor at rest. This 
phenomenological linear relation, Ohm's law, is not always valid; fortunately, it is so in 
metallic conductors within a large parameter range [see in connection with (8.3-3)]. In 
some anisotropic situations (e.g .. in some crystals. or when there are significant magnetic 
fields), the electric conductivity mllst be expressed by a tensor1.2 [see also in (A.3-33)]. 

What kind of special electric field can drive a current in a conducting loop located in 
space? It is useful here to recall once again Helmholtz's theorem ( 1 . 1 -35), according to 
which any vector can be decomposed into 

( 1 . 1 ·54) 

where En "" -VU is derived from a scalar potential U and is thus the irrotational or non
solenoidal component. and ES = V x C is  the rotational or solenoidal component derived 
from a vector potential C. The gradient theorem (A.3-13) applies straightforwardly to the 
potential u: 

b b 
U(b) - U(a) = J(VU) . dl = -JEn dl , 

a a 

( 1 . 1-55) 

that is, the potential difference along an open path is due solely to the line integra1 of the 
irrotational electric field component. We define the electromotive jfJrce (emt) e along a 
closed contour C by 

e - fE . d ' - f(E" + E') · d l  = fE' · d l  
c c c 

( 1 . 1 -56) 

where the line integral over the irrotational component En vanishes according to ( 1 . 1 -55) 
when b � a . 

With the local current density 

j = a(E" + E') , 

driven by either En or ES according to ( 1 . 1 -55, or 56), 
circuit (e.g .. wire) can be written as 

( 1 . 1 -57) 

the voltage drop along a conducting 

( 1 . 1-58) 
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where 
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Table l.t·IV Rnistlvities at 20°C 

Material Resistivity 11 = lID' (ohm-meter) 

Conductors; 

Silver 1.59 X 10-8 

Copper 1.67 x to-8 
Gold 2.35 x \0-8 

Aluminum 2.6.5 x 1O-! 

Nichrome 100 x 10-8 

Semiconductors: 

Sail water (�turated) 0.044 
Gennanium 0.46 
Silicon (depending on purity) 300-400 

Insulators: 

Waler (pure) 2.5 x IOS 

Wood 1()8-I011 
Glass 1010_1014 
Qwutz 1013 
Sui fur 2 x 1015 
Rubber 1013_1016 

R= f! ( 1 . 1-59) 

is the resistance of the whole conducting circuit, 1 =  jI is the total current, and we have 
assumed that j and a are constant across any cross-sectional area .r (filamentary 
conductor and/or stationary current approximations). 

For a stationary as well as a quasistationary current, from ( 1 . 1-5, 57) and because 

V ·  E" = 0 follows 

V . j = V . (oE') = O  ( 1 . 1 -60) 

[see also in (1.2-2, 21)], which means that the current paths close on themselves or extend 
to infinity and that a stationary or quasistationary current in a closed circuit is driven by an 
emf due to a rotational electric field extending in space [such a field can be provided, e.g.,  
by a time varying magnetic flux, as shown by (1.1-2), or more explicitly by ( 1 .4-9)]. Often 

the emf in a circuit is generated by a local source, such as an electronic voltage generator, a 
battery, a charge separating device. or a thennocouple. 

The previous expressions applied to ftlamentary conductors give rise to Kirchhoffs 
two laws for an electric circuit. Consider, for example, the triple junction of figure 1 . 1-5.  
By inlegrating ( 1 . 1-60) with Gauss' theorem (A.3-l6) over a space delimited by a closed 

surface S surrounding the junction. we get 
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, , 

Figure t.I-5 CUITenl� flowing into a circuit junction (Kirchhoffs first law). 

J \1 .  j d V = f l d s = 11 + 12 + 13 = 0 ( 1 . l -61 ) 

, 

More in general. Kirchhoffs first law states that the sum of the currents out of a junction 

(or node) is zero. that is, 

( 1 . 1 -62) 

where j 'd s , hence In . are mken as positive when the currents are flowing OUl of the 

junction. In addition. by extending ( 1 . 1 -SS) around any closed loop. we write, with 
Ohm's law and en = Un . 

( 1 . l -63) 

which represents Kirchhoffs second (restricted) law. It can be extended to quasistationary 

currents and then includes the potential difference across inductances ( 1 .4-10), 

capacitances, and pure resistors [see (4.5-1)]. These two laws represent the basis of the 
electric circuit theory. In section 1.4 we shall see that for the so-called magnetic circui[ two 

fonnally similar laws apply. 

1.2 ELECTROMA G N ETIC FIELD 
A PPROXIMA TIO N S  

The complexity of Maxwell's equations makes it mandatory to look for simplifying 

conditions. or approximations. In this section. simplifications are introduced by 

considering the time rate of changes that appear in the Am�re-Maxwell and Faraday 
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equations (1.2-1, 2): if there is no time dependence, the static equations with the related 
phenomena apply; if the rate of changes is sufficiently slow with respect to the dynamic 
phenomena of interest, the quasistationary approximation is valid. In fact, this book IS 
mostly devoted to the study of static and quasistationary magnetic field approximations. 

Magnetostatics and electrostatics 

In the cases where there is no time dependence, the displacement current term 
aD I i!t in ( 1 . 1- 1 )  drops out, and Ampere's law is simply 

V x H = j  ( 1 .2- 1 )  

or, in practical egs units (oersted, ampere, cm), 

V x H= O.4nj ( 1 .2-1)* 

As a consequence (since the divergence of any curl vanishes), the cu"enl conservation 
equation ( 1 .1-5) reduces to 

V ' j = O , ( 1 .2-2) 

which expresses the fact that all current lines either close on themselves or extend to 
infinity, with no charge accumulation (ilPe l ilt :::: 0). In addition, from ( 1 . 1 -3) we know 

that 

V · B = O ,  with B =I'H , ( 1 .2-3) 

meaning the magnetic flux: lines are solenoidal (they either close on themselves or go to 
infinity; see also section 2.5). 

In magnetostatics, basically three groups of problems are solved (see also the 
schematic in figure 2.2-3, chapter 2). 
(a) Given Ht find j [a relatively simple problem, particularly in the integral form for the 

total currenl I, as in Ampere'S law ( 1.4-3)]. 
(b) Given the currents, find H (this problem is the main subject of the first two chapters 

and basically requires the solution of a second-order differential equation). 
(c) Given the magnetostatic fields. determine the inductances, forces, and energies 

related to it (treated in the following chapters). 
Note that the analogous electrostatic equations, 

V x E = O  ( 1 .2-4a) 

V · D =Pe' with D = EE , ( 1 .2-4b) 

are obtained by requiring no magnetic flux density variation, aB I dt :::: 0 and ilPe I ill :::: 0, 
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that is, Ihe charge density Pe to remain constant at each point in space. As a consequence of 

these equations, there is no interdependence between magnetostatic and electrostatic fields 
and they can be treated separately. 

Quasistationary magnetic fields 

In the quasistationary (or quasistatic) approximation, some time dependences of the 
fields are explicitly allowed. This obviously requires the conditions for toHerablc time 
variations 10 be defined with respect to the dynamic processes of interest. For this purpose 
we rewrite the time-dependent MaxweU equations ( 1 . 1 - 1.2) in a dimension less form, with 
quantities marked by an asterisk (*), by introducing a characteristic system dimension 10 
and a characlen'stic dynamic time r (e.g., for a harmonic time variation it would be 
<=1/ ",), 

, r=Jor· (i.e., x = /ox·, etc.), t = Tt , 

which also yields 

a I a - -> -(Jr < (Jr' 
and a characteristic magneticfield Ho. 

, 
H = HOH . 

We want to preserve Faraday's equation in the form 

n ' E"' _ aB· y x - ---ai' 
which implies 

E = 1l1oHo E' 
< 

With this and Ohm's law ( 1 . 1 -6), 

Ampere's equation ( 1 . 1- 1 )  is 

where 

j=oE , 

2 �, 
n' H* _ fm E· 1'0 UI!. V X - - + ---

, ,2 Ut" 

( 1 .2-5) 

( 1.2-6) 

( 1 .2-7) 

( 1 .2-8) 

( 1 .2-9a) 

( 1.2-9b) 

0.2-10) 
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ro = � , c 
(1 .2- 1 1) 

is the time required by an electromagnetic (plane) wave to propagate down the characteristic 
system dimension to at the light velocity c; 

( 1 .2-12) 

is the magnetic or current density diffusion time (that is. the characteristic time an 

electromagnetic field tied to a current density requires to diffuse into a conductor. as will be 

discussed in chapter 4); and 

whereby 

£ 
f = C (j ( 1.2-13a) 

is a jorrt1lJi eleclric field or charge relaxation time in the conductor-that is, a characlcristic 

time after which a variation of the electric charge density. or its related electrostatic field, 

senles to stationary conditions. In fact. from the continuity equation ( 1 . 1 -5), Gauss' law 

(1 . 1 -4), and Ohm's law (1 .2-9b) we obtain the equation for the free electric charge density 

Pc' 

�+�Pc = O ( 1 .2-13b) 

which has the exponential solution 

(1.2- 1 3c) 

The inconsistency introduced by the charge relaxation time Te will be discussed below, 

Within a conductor, the displacement current [that is. the last term in (1.2· 10)] can be 

neglected with respect to the conduction current (first term on right-hand side), provided 

2 � ro = re « l  
tm f2 r ( 1 .2-14) 

Neglecting the displacement term in free space, where there is no conduction current 
«j = 0, rm = 0), requires 

ro/r«  1 , ( 1.2- 15a) 

which, by introducing the wavelength of the imposed (harmonic) electromagnetic 

field, A. = 2m:r, and with (1.2-11), yields 

( 1 .2- 1 5b) 
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This means that the whole conductor system is subject to the same quasistationary field; 
there is no tag effect in the field propagation, whose velocity may be regarded as infinite. 
This conclusion is well known from antenna theory, where currents, whose wavelength is 
long compared to the largest dimension of the antenna conducting circuit, do not give rise to 
appreciable radialion [see in (3.3-16)]. 

In electric conductors, where the effects of magnetic fields predominate over those of 
electrostatic fields, conditions ( 1 .2-14, 15) are generally well satisfied. For example, for a 
copper conductor (0' = 6 107 ohm-I m-I , l  = 0.3 m) the times are typically 1'0 = 10-9 s, fm 
= 7 s. re = 1.5 10-19 s. 

However, Ohm's law (1.2-9b), which has been used here to establish both the 
dimensionless Ampere equation (1 .2-10) and the charge equation (1 .2-13), is valid only for 
time scales much larger (han (he average time between collisions of the free electron (with 
electric charge e and mass me) in the conductor 

( 1.2-16) 

as will be shown in connection with (8.3-4); for copper it is typically 'tf = 5 . 10- 14 s (table 
8.3-1). For the above considerations to remain valid in a good conductor, it is at least 
necessary that T be long compared to Tp in which case the current will be in phase with 
the electric field. It is, therefore, physically meaningful to take, instead of Te, the much 
longer relaxation time r.. as a limit in most situations. The physical phenomena, which 
define the effective charge relaxation time in a good electrical conductor, are more subtle. 
but the rough estimate of Te--+r.. remains fairly valid. loB In any case, for typical 
quasistationary magnetic-dominated phenomena, where 't � 10-6 s, it follows that 

(1.2-17) 

whereas T can be of the same order as 'rm' We conclude that the quasistationary magnetic 
field approx.imation holds at least for aU frequencies up to those corresponding to the 
infrared spectrum. 

Consequent to these conditions, the displacement tenn in Ampere's equation ( 1 . 1 - 1 )  
[as well as the charge density variation tenn in ( 1 . 1-5), which directly derives from it] 
drops out, and the magneloquasistalionary equntions are 

V x H= j .  

V X E = _ilI 
ar 

V · B=O . 

where B "" J.lH and j ""  oE. The equation 

V · j = O  

( 1.2-18) 

( 1.2-19) 

( 1 .2-20) 

( 1 .2-21) 



24 CHAPTER 1 FOUNDATION OF MAGNETIC FIELD THEORY 

is a resuh of (1 .2-18), as was pointed out in connection with ( 1 .2-2). The dynamics in this 

magnetoquasistationary approximation enters through the Faraday law ( 1 .2-19). There is 
also the equation 

for the unlikely circumstance of wanting to know a posteriori the very small free charge 
density Pe in a magnetic problem. 

In conclusion. the magnetoquasistationary approximation is a powerful and very 
useful theoretical formalism because it holds for the majority of fields used in 
electromechanical engineering and for some in radioengineering. 

Quasistationary electric fields 

It is instructive to present the electroquasistationary equations pertinent to an electric
field-dominated problem, which is typically found in a dielectric or very poorly conducting 

medium. For example, in a glass insuJator «(1 = 1012 ohm-l m-I, I = O.3 m) we find 

1'0 = 10-9 s, 'I'm = 1 . 1  10-19 s, 1'e = 9 s;  that is, 

( 1 .2-23) 

whereas r can be of the same order as t'e ' Using similar considerations and procedure to 

that for the magnetoquasistationary case, we get the etectroquasjstationary equations: 

V x E = O . 

where D = rE and j = oK There are also the equations 

V X H = j +
aD 

dt 
[Ihis one being consislenl with (1 .2-24. 25)J and 

( 1 .2-24) 

( 1 .2-25) 

( 1 .2-26) 

( 1 .2-27) 

( 1 .2-28) 

which can be used in the unlikely circumstance that the extremely weak magnetic field must 
be known a posteriori in the electric quasistationary approximation. Note that here the 
dynamics enters through the charge conservation equation (1.2-25). 



1.3 

1.3 ELECTRODYNAMICS OF MOVING MEDIA 25 

ELECTRODYN AMICS O F  MOVING 
MEDIA 

In this section we introduce two generalizations regarding the study o f  electrodynamic 
phenomena: First, we consider two coordinate frames moving with velocity v with respect 
to each other, and we study how the electromagnetic quantities transfonn in the two 
systems; second, we allow the medium (to which the electrodynamic phenomena refer) to 
flow with velocity u ::: u(x,y,z) and study its effects. This study provides the basic 
equations of magnetohydrodynamic theory, a subject that is expanded in chapter 8. 

Coordinate frames of reference 

We consider two (Cartesian) coordinate systems (one primed and the other unprimed) 
moving with relative, constant velocity " (figure 1.3-1). Relativity theory describes how 
physical variables change by switching from one coordinate system to the other. The 
LorenlZ transfonnation prescribes how time and the space coordinate change: With 

we haveJ.l2 

{J = " c ·  r=r-L, . 
.J I-(�r 

( 1 .3-1 ) 

( 1 .3-20) 

, 
z 

Figure 1.3·1 FiKed or laboralOry-frame coordinate system (x.Y.z). and re.�I
frame system (x·.y·,z') moving witll constant velocity v relative to tile fonner. in the 
Galilean coordinate transfonnation approximation (here. tile rest frame is defined in 
relalion 10 a rigid body moving with velocity v within which it is at rest). 
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where the subscripts I and .1 indicate components of the position vector parallel and 

perpendicular la V. For example, for Cartesian coordinates with the primed system moving 
with velocity v along the z-direction: 

or 

" = r(' - (3ct) . x' = x ,  y' = y ,  et' = r(ct - /k) . 

, = re,' + (3ct') , x = x' , y = y' , et = r(ct' + P,') . 

(1 .3-2b) 

( 1.3-2e) 

When {3 «  I-that is, r == 1 (or, formally. c --+ -}-these relations reduce to the Gali/ean 
trans/omIQtion: 

r' = r - VI .  I' -.. / .  ( 1.3-3a) 

or, as above, 

,' = , - vl ,  x' = x .  y' = y .  ,' = 1 .  (1.3-3b) 

The Galilean transfonnation applies to the quasistationary electromagnetic equations, since 
in both fonnalisms the same assumption applies (c  � -). Both Lorentz and Galilean 
transformations are based on lhe approximation of a nonaccelerated movement- that is, 
approximately constant v. They are applied within the special theory of relativity and 
express the relation between the quantities given in nonaccelerated. or so-called inertial. 

frames of reference.'·"" Otherwise. Einstein's general theory of relativity applies. However. 
objects moving with velocity u within each frame can be accelerated. 

Moving coordinate system 

We are concerned in general about the relationship between two enlltles, 
electromagnetic fields and media wilh electromagnetic properties (conductors, magnetic 
materials, etc.), so we must understand how the properties expressed by them change when 
viewed within two frames of reference in relative motion. 

With respect to the second entity, we consider first a medium that presents itself as a 
rigid body. We define as the rest-!r"",,, (or moving) coordinate system, characteriud by 
primed parameters (figure 1.3-1), the one where the body and any observer P' placed on it 
are at rest, but moving with relative constant velocity v with respect to the laboratory or 
fued/rame (labeled with unprimed parameters). 

We want to detennine the differences in the electromagnetic quantities and properties 
perceived by an observer P' at rest in the moving frame versus those perceived by an 
observer P in the laboratory frame, with respect to the same phenomena. 
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Maxwell-Lorentz transformation 

27 

Fortunately. Maxwell's equations ( 1 . 1 - 1  to 4) remain the same in all frames, 

regardless of their relative (nonaccelerated) motion. In fact, it is a postulate of special 
relativity that physical laws must be the same in any inertial coordinate system. In parallel to 

the unprimed equations ( 1 . 1 - 1  to 4) valid in the laboratory frame. we have the identical 

primed equations valid in the moving frame 

V' X H' = j' + �' (1 .3-4) 

V' x E' :=  -c:: ( 1 .3-5) 

V' · B' = 0  ( 1 .3-6) 

( 1 .3-7) 

where the primed nabla operator is V' == (a I ax',a I ay',a I dz'), The constitutive equations 

(1 . 1-6 to 8) are strictly valid for the medium only in its rest frame. so 

j' = G'E' • ( 1 .3-8) 

R' = ,uH' , D'= EE' . ( 1 .3-9) 

The parameters (J.j1.e of the medium should also be primed, since they could be 
dependent of the relative velocity; but this effect is neglected here. 

The problem then is to determine the transformation rules that must be applied to 

switch from the one set of equations to the other. For example, an observer P in the 
laboratory frame wants to know the primed electromagnetic quantities in the moving frame. 
but expressed as a function of the unprimed quantities of his frame (which he can measure). 
In the general formulation these transformation rules can be found by applying the 
Maxwel/-Lorentz transformations [i.e., the Lorentz transfonnation ( 1 .3-2) for the coordi
nates, plus the condition that Maxwell's equations remain invariant to it]. For the operators 
from (1 .3-Zb) follows [for frames moving along the z-axis (v,. � 0, v,. � 0)] 

a _ z:. a  ilLL_ ( a p a l a _ a a _ a  a; - iIz iJI.' + iIz ar' - r Ji' - c7i" ' a. - ;v, dY - ay' , ( 1.3-10) 

( 1 . 3 - 1 1 )  

We are now in the position to show under which conditions the unprimed Maxwell 

equations (1 . 1-1  to 4) transform into the primed ones ( 1 .3-4 to 7). For this purpose we 
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write the former in their components and apply the above operators.S.1 We find that the 

resulting primed equations are identical to (1.3-4 to 7). provided that we set [the subscripts 

.1 and 11 refer to the nonnal (x.y). and parallel (l) components relative to the constant (z

component) velocily 1 

Bi =r(B - -'" x E)l. ' c 

)i = h ' 

, ( I ') Pe = r Pe - " . ) c 

( 13 - 12) 

( 13- 13) 

( 1 .3-14) 

( 13 - 1 5) 

( 1 .3- 16a) 

( 1 .3-1 6b) 

From these relations we note the relative nature of magnetic and electric fields: Their 
magnitude can be different in different reference systems. For example, even if it were 
H = 0 in the unprimed system. we can have a finite H', ( 1 .3-12), in the primed system. 
This is in contrast to the constancy of Maxwell's equations-thar is. (he laws governing 
these fields. 

Maxwel/-Galilean transformation 

Fortunately, the operations are easier for nonrelativistic velocities since they remain 
invariant to the simpler Gali1ean transformation ( 1 .3-3). In addition to the space 
transformation, the following rules [which derive from (1.3- 10, 1 1)] apply to the 

derivatives of a scalar function cP, or vector A: V' .... V 
J.. .... (!!...+ , .V) =� (Jr' (Jr DI 

( 1 .3- 1 7.) 

( 1 .3- 17b) 

where the last operator is called the convective or Lagrag ian time derivalive (which can also 
stand for a total time derivative). The first rule states that the spatial derivatives are the 
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same, irrespective of the frame in which they are taken. This follows logically from the fact 
that an instant physical picture of the phenomenon must show up identical in the two 
frames. Clearly, the situation is different with the lime derivative taken in the two frames 
(second rule). For an observer P' in the primed rest frame. by definition, the time derivative 
is taken with the primed special coordinates held fixed; but in the laboratory frame. on the 
contrary, any function cP, or vector A, which is in the position r ;;:  (x,y,z) al time I moves 

into position r+ v.1t during the following time interval .1/.  This implies the application of 
the chain rule differentiation, which. when applied to a scalar function cP = 4>(x, )', z. t) with 

V � (ox oy it..) ,. s - ill ' ", ,,, ' 

( 1 .3- 18)  

and which, analogously, when applied to a vector A ;::::: (Ax,Ay,Az), is 

( 1 .3-19) 

In particular, using (A3-5, 9) we get 

04> d<P - � - + V · (<Pv) 01 ar ( 1 .3-20) 

if V·v = 0 [i.e., for a constant velocity or an incompressible body, see (8. 1 -4)]; and 

OA JA - � - + v(V · A) - V x (v x A) , 01 ar ( 1 .3-2 1 )  

if i n  addition ( A ·  V)v = 0 li.c., for a rigid body translating with constant velocity, see, 

e.g., (8. 1 -43»). 

With respect to the Maxwell-GaJilcan transformation (where C� 00, Y == I),  the 
relations ( 1.3-12 to 16) can be rewritten in the form 

and 

E' = E + v x B ( 1 .3-22) 

H' = H - v x D ( 1 .3-23) 

j' = j - Pev , ( 1 .3-24) 

H' = H,  D' = D ,  P� = Pe . ( 1 .3-25) 

plus the constitutive equations ( 1 .3-8,9). For example, to determine H', E' from Maxwell's 
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equations (1.34 to 7) and using (1.3-17,21) we obtain 

V x H' = a(E+ v x B) +  ao - V x Cv x 0)+ Pev al 

V x  E' = - aB 
+ V x (v x B) al 

( 1 .3-26) 

( 1 .3-27) 

( 1 .3-28) 

The magnetic quasistalionary approximation ( 1 .2·18 to 20) is compatible with the 
Galilean transfonnalion (both fonnally assume c----+ 00), and in this case the set of relations 

(1 .3-22 to 25) reduce to 

whereas 

remain untouched. 

E' = E + v x B , 

H' H B' B '" = ,  = .  J = J  

( 1.3-29) 

( 1 .3-30) 

Equation (1 .3-29) is also intuitively deduced from the Lorentz force (6. 1- 1). In fact. 
an observer moving through a magnetic field and carrying a charge q will experience a force 
q(E + v x B), which is fonnaJly equivalent to saying that in his frame of reference he sees 

the electric field (1 .3-29). A direct consequence of (1 .3-29. 30) is that [by substituting into 
( 1.3-6)) Ohm's law must be written as 

j = a(E + v x B) ( 1 .3-3 1 )  

In practice we can say that this law applies in any frame of reference that moves across 
magneticflux lines (or in which the body carrying the current j moves with respect to the 
magnetic field source). 

For completeness' sake we point out that the Galilean transfonnation rules ( 1 .3-3.17) 

are also consistent with the transfonnation of the primed into the unprimed electric 
quasistalionary equations (1 .2-24. 25.26). provided that 

whereas 

H' = H - v x O . 

E' = E .  0' = 0 .  
' Pc = Pc 

( 1 .3-32) 

( 1 .3-33) 

( 1 .3-34) 

remain untouched. The current density is here affected by a convection current that in the 
magnetic approximation is implicitly negligible with regard to the conduction current. 
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Moving media 

31 

An important generalization of the electromagnetic system so far considered is 

introduced by substituting the rigid body with a conducting medium that flows with 
approximately constant velocity u = u(x,y.z) with respect to a laboratory frame of 

reference. A rest frame can here be defLned only in relation to a single fluid element 
L1 V' centered on point P', since all the other elements would generally have different 
velocities (figure 1 .3-2), On this basis, however. we can apply all the previous results 
established in relation to the laboratory and rest frames by substituting v � u .  

Before moving on, it is useful to revisit the concepts we have just introduced. 

According to our definitions, ( 1 .3-29) means, for example, that the observer pi in the rest 
fmme (x'.y', z'), which moves with the (relative) velocity u of the fluid element 11 V'with 

respect to the laboratory frame, detects an elecUic field E' = E + U X B, with the important 
addition of the electric field component u x B that results from the crossing of the magnetic 

flux lines. Here, the fields E and B are supposed to be generated (and measured by the 

observer P) in the laboratory frame. Clearly, it is the field E' measured by the observer P' 
that makes the current flow in the conductor placed in the rest frame (x', y', z'). E' drives 
the current density l' = DE' = a(E + u x B) in the fluid element 11 V'.  Alternatively, the 

observer P in the laboratory frame, who measures the fields E. B .  and the velocity u. sees 
the same current j = 1 = a(E + u x B) in the medium that flows past him. 

As in ( 1.3-27) we rewrite Faraday's law (1 .3-5) in terms of E' and B = B': 

V x E' = -': + V x(u x B) (1 .3-35) 

v " v B' 

E' l' (x.Y.z) 
y' 

rest frame 
" 

fluid v 

laboratory frame 

Figure 1.3·2 Fixed- or laboratory-frame system (x,y.z) (where: the fields are 
generated). and the rest-frame system moving with the fluid element .dV' centered 
on P'. 
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It is customary to introduce the Lagrangian derivative (1.3-21). so that 

V x E' = -
DB 

These equations. together with 
Or 

V x H = j , 

V · B = O , 

E' = E + u x B  

j =  aE' , 

B =  IIH , 

( 1 .3-36) 

( 1 .3-37) 

provide the set of electromagnetic equations used by magnetohydrodynamic theory (in the 
magnetic quasistationary approximation), 

By considering d'd'= 0/01 -+ d I dl as a total time derivative and having introduced 

E'. the above equations are written in wgrangitut form, i.e., with respect to rest frames 
(x',y',z') moving with the fluid (a fonn often convenient in computationa1 evaluations). If. 

on the contrary. we reintroduce the electric field E and take into account the fann ( 1 .3-
21  l, then Ihe equations return to the Eulerian form-thal is, wilh respecl to the laboratory 
frame fixed in the (x. y. z) space. 

1.4 ALTERNATIVE ELECTROMAGNETIC 
EQUATIONS 

It may sometimes be convenient to use Maxwell's relations in different forms to those 
presented at the beginning of this chapter. This is particularly true for the integral form, 

which introduces the overall, lumped parameters of voltage, current, flux. and electric 
chorge, with which an understanding of electromagnetic phenomena is often more 

straightforward. 

Integral laws 

Ampere's law 

By integrating (1.1-1) over any (open) cap surface S bounded by a closed contour C 

(figure 1.4-1) and applying Stokes' theorem (A.3-14l, 
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" 

<1>.1_-___ 

surface S 

dl 

Figure 1.4·1 Surface S limiled by a contour line C. 

f(VXH) o ds = fH o  d l 
s c 
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( 1 .4-1) 

( 1 .4-2.) 

(hat is. the circuitation (line integral) of H around any closed contour C is equal to the (ora) 
normal current flowing across the corresponding cap surface S bounded by C, 

IS = fj ods • 

s 
( 1 .4-2b) 

plus the time rate change of the normal D-flux across S. The positive direction around C 

and of the nonnal unit vector n on S follow the right-hand-screw convention. Note that if 
Ihe surface and contour move wilh velocily v. only Ihe lasl leom in ( 1 .4-2a) is affected. 
similarly to the magnetic flux, as will be indicated in ( l .4-9), In the quasistationary 
magnetic approximation (when the last term can be neglected), this reduces to Ampere's 
law 

fH odl = /S 
C 

or, in practical cgs units (oersted. ampere. cm), to 

fH o d l = 0041tls 0 

c 
If we separate 

H=  H" + H' 

( 1 .4-3) 

( 1 .4-3)* 
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as in ( 1 .1-35) into the irrotational component Hn and rotational component HS , we find 

from Ampere's law ( 1 .4-3) 

fHs . dl = /s ( 1 .4-4a) 

because 

tH" . dl = O  , ( 1 .4-4b) 

according to the gradient theorem (A.3-l3), The solenoidal component HS is completely 

independent of whether magnetic materials are present or not along the path (there is 

simply no IlR factor in these equations). 

Faraday 's law 

Similarly, by applying Stokes' theorem ( 1 .4-1), the Faraday law follows from 
( 1 . 1 -2): 

e = tE dl = -f�s = -!fB ds , 

c s S 

or, in practical cgs units (volt/cm. gauss, cm), 

( 1 .4-5) 

( l .4-5)* 

(Note that the pania/ differentiation can be exchanged with me integral over the surface.) 
The induced electric field along C produces in the circuit the (inductive) electromotive force 
e ( 1 . 1 -56), which here is due to the time variation of the magnetic flux 

IfI = fB ds (1 .4-6) 

s 

within the fixed contour C; so, we write 

e _ _  [iJlfI] at \1=0 
( 1 .4-7) 

More in general, when the circuit C moves with velocity v, the emf along C from 
(1.3-29) is 

e = tE' . dl = t (E + v X B) . dl . 

C C 
( 1 .4-80) 
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For the last integral term, with the definitions v = dr I dr, drx dl = ds, and the b'ivector 
relation (A.3-Id), we write 

f(v X B) . dl � -f B . (v X dl) � - J B . ds / .1t  = _[a;] ( 1 .4-gb) C C Slat 8=con�t. 

To obtain this integral. the following remarks are useful (figure 1.4-2): 

(a) A lateral surface Slat is defined as the contour C moves to C' in the time interval Al. 
(b) The differential area element of this lateral surface is I v x dl l .1r .  and consequently 

( l .4-Bb) represents the increment L1'1' of the magnetic flux through the surface Slat 
during time L1t. 

(c) Since B is a solenoidal field [see ( 1 .4-13)J. the lotal flux Ihrough Ihe closed surface 
S+Slat+S' is zero; Iherefore ( 1 .4-8b) is equal to the difference Ll'l' of the fluxes 
through the open surfaces S and S' (the outward pointing ds is opposite on S and S'), 

(d) The resulting .1¥'h1t teon is expressed by the last equality, since the partial time 
derivative stands for the rate of change of flux due to the motion of the contour C in a 
constant field B. 
In conclusion, by adding the contributions from ( 1 .4-7,8), for the electromotive force 

e or the induced voltage U in a closed circuit in the general case, we obtain 

e - u - _[a",] _ [a", ] = _ dl/f 
- - d v=O dt B=const dt ' 

( 1 .4-9) 

where the total time derivative now stands for the total rale of change of the magnetic flux 
through the moving contour C. By introducing the inductance parameter L, which will be 

...-- -
'X;C(IOOP at tImet) 

S 

, , , 

dl 

--, ' .. :'" , , 
s· 

" 

C (loop al llme r+d rj 

Figure 1.4-2 The COn!our C moving with velocity " = drJdl defines after a 
lime.1t a cylindrical surface with lateral. top. and bottom surfaces. 
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defined in more detail in section 2.4. the Faraday law can also be written in the form 

u = - diU) . 
dl 

( 1 .4- 1 0) 

This result could have been obtained directly by using the generalized Leibniz rule. A.I valid 
for a vector F. 

�JF ds = J[aF +(V 'F)v] . ds - f(FXV) . dl , dl S S '"  C 

( 1 .4- 1 1 ) 

and applied to the magnetic induction, F 1:1 B .  where V ·  B = O. In any case, the positive 
direction around C and of the normal unit vector n on S follow the right-hand-screw 
convention. The integral form of the Faraday law thus stales that the emf, or the circuitation 
of E, around any closed contour C is equal to the negative time rate of change of the lota] 
normal B-flux across any cap surface S bounded bye, whether this change is due to a time 
variation of B or to motion of the contour C. The negative sign is determined by Lenz's 
law: The current is (or would be) driven by the emf and will be in such a direction that the 
magnetic field it produces tends to counteract the change in flux that induced the emf. 

Faraday's law OA-8) is the basis for the generation of an inductive emf and electric 
current in an associated circuit. Two fundamental methods follow from ( 1 .4-8a): either by 
magnetic flux variation as applied in an alternator generator, or by movement within a 
magnetic field (by "cutting field lines") as in a homopolar generator. Both applications will 
be discussed in section 6.2, in connection with figures 6.2-9 and 13 ,  

Miscellaneous laws 

By applying Gauss' theorem (A.3-l6) over any volume V bounded by a closed 
surface S, 

we get with ( 1 . 1 -3) 

J (V B)dV = fB ds , 
v s 

fB .ds = O , 
s 

( 1 .4-12) 

( 1 .4- 1 3 )  

that is, the total outward normal B-flux across any closed surface S vanishes. (This is 
evidently a general consequence of the rotational nature of D.) Similarly. the current 
conservation (1 .2-2 or 1.2-21) yields 

§j .ds=O ,  ( 1 .4-14) 
S 
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see Kirchhoffs law ( 1 . 1 -62). Integration of ( 1 . 1 -4) gives, for the electric flux density, 

fD .dS= fPedV . 
S V 

( 1 .4-15) 

These integral laws remain unaffected when the surface moves across the electromagnetic 

field lines. 

Differential laws 

Maxwell's differential laws in a fluid moving with quasiconstant velocity u are given 

in (1.3-26, 27). As an example of the many possible variations, we introduce explicitly the 
magnetic and electric polarizations ( 1 . 1- 1 1 , 12) in the fluid, 

( 1 .4-16) 

D = EOE + P  . ( 1.4-17) 

and require that the current density j include only the terms that in the frame-transfonnation 
are related to free electrical charges, 

j = a(E + u x I'oH) - Peu ( 1 .4-18) 

thus excluding the additional term u x J.loM deriving from the atorrUstic currents, as 
required by (1.3-22). This particular formulation of Maxwell's equation is sometimes called 

the Chu-formulation.
I
.B We deduce from ( 1 .4-18) that on this basis the Galilean 

transformation relations, instead of ( 1.3-22, 23), are 

E' = E + u x I'oH ( 1.4-19) 

H' = H - u X EOE . ( 1 .4-20) 

By inserting them into (1 .3-26, 27), we obtain a fully consistent set of equations: 

a V x H = j +  ar (eoE +P) + V x (P X U) ( 1 .4-2 1 )  

( 1 .4-22) . 

and from ( 1 . 1 -3 to 5) 
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V · H = -V · M , 

V . j = _OPe 
at 

In addition, from ( 1 .3-25) we have 

8' = B . 0' = D .  p; = p� 

hence with c = <PoEa )-112 also we obtain 

JIoM' = JIoM + -tu x E, c P' = P - u X JIoH . 

( 1 .4-23) 

( 1 .4-24) 

( 1 .4-25) 

( 1 .4-26) 

( 1 .4-27) 

These equations easily can be reduced into the magnetic or electric quasistationary forms. 
similarly to (1.3-29 to 3 1 )  or ( 1 .3-32 to 34). When u = 0 we obtain the original Maxwell 
equations ( 1 . 1- 1  to 8). 

Current densities 

As mentioned in section 1 .1 ,  it can be useful to formally express some terms in 
Maxwell's equations as current densities. In analogy to the vacuum displacement CUffent 
density. 

( 1 .4-28) 

(already recognized by MaxweU as a necessary term to complete the nonstationary 
electromagnetic equations even in empty space), in ( 1 . 1- 15) we have introduced. by 
analogy. the magnetic and electric polarization current densities defined as 

( 1 .4-29) 

The component 

( 1 .4-30) 

can be defined, by its very nature, as a capacitive current density. whereas 
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. j . [ VXB] 
JI = + Jm = 11;; 

( 1 .4·31) 

is an inductive current density, where j is the current density sustained by free charges. The 
total current density is 

( 1 .4·32) 

where 

( 1 .4·33) 

represents the current densities that can be considered as being generated by the motion of 

free and/or bound electric charges, since they are related 10 the respective charge densities 

by 

Jp V.jj +=a:- = o ,  i = nil,d,m,p, or a combination of them, ( 1 .4-34) 

[see also in ( 1 . 1 ·5); nOle that the current and charge densities corresponding to free charges 
are designated throughout the book as j,Pe. the laner to be distinguished from the mass 

density p I .  
For later use we introduce the concept of a surface currenl density ij defined as 

ii = lim 1.1h ; 
6h-+O 

( 1 .4-35) 

that is, the current flowing as current density ji in a layer of depth i1h from the conductor 

surface is compressed into an infinitesimal surface thickness .1h -+ 0 [see comments in 

connection with (1.5·33) for the free surface current density]. Clearly. the same definition 

can be applied to the charge densities, 

so that 

'I = lim Pitih , 
"" ... 0 

V · i· +�=O , , ar 
where the index. i is the same as in (1.4·34). 

( 1 .4·36) 

( 1 .4·37) 

The surface vector i is defined by two surface coordinates (for ex.ample. for a plane 

shut and Cartesian coordinates) by (x,y). Consequently, here the nabla operator Vs is a 

surface operator with derivatives along its surface only (see also in (4.4- 12)]. For example, 

in Cartesian coordinates with the unit vectors e.r' e y along the x, y axes. we obtain 

(1 .4-38) 
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Magnetic circuits 

For the sludy of magnelic syslems composed of ferromagnelic components Ihat 
almost entirely confine the magnetic flux. it is very convenient to resort to the magnetic
circuit concept, which is analogous to the elecoic (resistive) circuit. The circuits shown in 
figure 1.4·3 and the listing of the corresponding parameters in table 1.4-1 illustrate this 
concept. In fact. the application of Am�re's law ( 1 .4-3) to an appropriately chosen mean 
contour line C in the magnetic circuit of figure 1 .4-3a gives the so-called magnetomolive 
force (mmt) or magnelomolance 

( 1 .4-39a) 
where 

( 1.4-39b) 

is induced here by the Ne windings carrying the current le. Since the nonnaJ magnetic flux 

through any cross section S is constant [because of ( 1 .4-1 3)], 

.) 

I 
/12 ... 8 S , - - - - - - - - - - - - - - -, 

, , , , Po I , , + , 

� , x 
, I , , Po « #  , , , 

N 
, , , , /12 --------P-------

RI2 

RI2 
Figure 1.4-3 Analogy between magnetic (a), and electric circuit (b). 

( 1 .4-40) 

RIU 

/ 
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we can also write 

where 

R '. 
Hn = -

5
-

P • •  

( 1 .4-4 1 ) 

( 1 .4-42) 

is the reluctance of the nth magnetic circuit element; for example, RHx = x I(J1oS). Note that 

here we have implicitly made some assumptions: (a) constant flux along me magnetic 

branches In (no significant leakage. see remark below); (b) small gap, x«.JS (no fringe 

fields, straight field lines); (c) small aspect ratio of the closed magnetic structure (definition 

of a mean contour line of length In and field Hn); (d) constant magnetic 

penneability f1 = 1l0IJR (no saturation effects). Relation ( 1 .4-41) is fonnally analogous to 

Kirchhoffs law ( 1 . 1 -63) for the electric circuit in figure 1 .4-3b, 

V =  IR+ IRx • ( 1 .4-43) 

with the equivalent parameters given in table 1 .4-1. In (1.5- 18) we will show that the 

tangential field and the normal induction, 

( 1 .4-44) 

Table 1.4·1 Equlvaleot parameters of magnetic and electric circuits 

Magnetic circuit Electric circuit 

Definilion Symbol and relation Symbol and relation Definition 

Magnelic flu, density '" B � pH j� oil Current density (Ohm's 
induction law) 

Magnetic permeability J.I = J.lOJ.lR G Electric conduclivilY 

Magnetic field H E Electric field 

Magnetomotive force (mmf) VH = 'H · dJ = Nclc V � jE-dI Voltage 
[see Ampere's law (1.4-4)] 

Total magnelic flux ", = 85 = "* l = jS = 7i Total current 

(= jB-d,) (= jj - ds) 

Magnetic reluctance RH = �s R=� Resistance 

Pt:rmeance ...L 1. Conductance RH R 
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remain steady when crossing the boundary of the magnetic material. The first boundary 
condition implies that there is also some magnetic flux (leakage flux) external to the 
magnetic branches (for example. as shown in figure 9.l-7� see section 9.1); however, the 
assumption of constant flux ( 1 .4�40) is in most cases sufficiently correct because the ratio 

of internal (J1lII) over ex(ernal (J1oHt )  induction is very large for a ferromagnetic material, 

since pI JJo » I .  (Note the difference to the electric circuit, where no current is present 

outside the conductor, because there (1= 0.) The second boundary condition, Bn constant. 

is expressed by ( 1 .4-40), which in combinalion wilh the flux delennined by ( 1 .4-41) 
defines the magnetic field in the gap, 

H = Nc/c x H_' PR 
( 1 .4-45) 

This field can be relatively large for a narrow gap width x in a ferromagnetic core 

(PR » I). [In an electric circuit a gap would fully stop the current, here it only introduces a 
large reluctance RHx = x 1(l1oS) in the magnetic circuit, giving rise to the large magnetic 

field.] 

By applying these laws to two closed loops and one junction of the circuit shown in 
figure 1.4-4, and on the basis of the assumptions made before, we obtain 

where 

VHI + VH2 = 'I'IRHI + 'I'2RH2 . 

VHI = 'I'IRHI + 'I'3(RHJ + RH4 + RH. ) 

'1'1 = '1'3 + '1'2 ' 

and for the tapered branch leading to the gap (from Sx to S3) we find 

( 1 .4-46) 

( 1 .4-47) 

( 1 .4-48) 

From these relations it is easy to find all the required quantities; in particular. the field in the 
gap will have a form somewhat similar to ( 1 .4-45) but with an additional amplifying factor 

SISx: [For the magnetic forces acting in the gap, see in connection with (6.2-50).] 

The rules eslablished before in (1 .4-40.41) can be eXlended to more complicated 
circuits by applying the magnetic version of Kirchhoffs laws ( 1 . 1-62, 63) concerning the 

magnetic flux 1jI and motive force VH in a junction and around a magnetic loop. 

respectively: 

( 1 .4-49) 
n 
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IJn RHI RH' 11 f - - - - - - - J. - - -�- - - I, 

I" 
, , , N" 1"1 RHJn '1', , , , RH412 , 

N" 1" VHI RH, VH2 
- RH412 SI RHJf2 

'I'I\}, I.y? I"J 

Figure 1.4·4 Magnet with three branches and tapered gap in air, and related 
circuit. 

n n 
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( 1 .4-50) 

Designs of electric transformers, where time varying currents are transfonned from primary 
to secondary currents, largely follow the considerations made above. 

1.5  BOUNDARY CONDITI O N S  

An electromagnetic problem is generally characterized by its boundary (and initial) 
conditions, which detenrune the specific solution of the appropriate electromagnetic 

equations. In facl, these equations are common la all problems, but the boundary 
conditions along with the geometric configuration characterize in particular each specific 
problem. 

Generally, electromagnetic problems are referred to free space containing various 
media. The latter have electromagnetic properties defined by quantities such as the 
conductivity (1 and the magnetic and dielectric parameters J1 and £, which are related to 

the main electromagnetic fields and currents through the constitutive equations presented in 
section 1 . 1 .  At the boundary separating two media. (1,11.£ might be discontinous, and 
consequently also the related fields and current vectors. The conditions of how the latter 
change when crossing the boundary are called boundary conditions. In this section these 

conditions will be derived from Maxwell's equations in their integral forms. {The boundary 

conditions regarding the magnetic potentials cP and A, which are introduced in the next 

chapler, are given following (2.1-6) and (2.2-23).) 



44 CHAPTER 1 FOUNDATION OF MAGNETIC FIELD THEORY 

Field conditions 

General conditions 

The fundamental boundary condilions for the tangential and nonna) electromagnetic 
field component5 between two media will be derived in ( 1 .5-24, 25. 26. 29. 32); they are 

o x (H2 - HI ) = ;  ( 1 .5- 1 )  

o X (1':2 - 1':1 ) = 0 ( 1 .5-2) 

0 - (8, - 81 ) = 0 ,  ( 1.5-3) 

n '  (D� - Dl ) = ro: ,  ( 1 .5-4) 

where n is the unit normal vector on the boundary pointing from medium t to medium 2 
(see figure 1 .5-1); i and re are the surface current and charge den�itics related to free 

electric charges [according to definitions ( 1 .4-35, 36»). which can exist in superconductors 
where the electric conductivity is infinite. a -t 00, Note that if in medium 2. (12 -+ D<> .  then 
H2 = 0, and the boundary field H ,  is purely tangential. 

It is instructive to rewrite [he boundary condition ( 1 .5- 1 )  by introducing the 
magnetization M through ( 1 . 1 -17), B = JlO" + .uoM. and obtain 

where 

is the surface magnetization current density defined by ( 1 .4-35). By inserting 

into ( 1 .5-1), an alternative to ( 1 .5-6) is 

since. in fact. 

Also, condilion ( 1 .5-3) cao be separaled wilh ( 1.5-26b) inlo Ihe form 

0 - (H2 - HI ) = rm ' 

( 1.5-6) 

( 1.5-7) 

( 1.5-8) 

( 1 .5-9) 

( 1 .5 - 10) 
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medium 2 

t u  
ph 

__ rn«I__ ium 1 ___ .... __ 

Figure 1.5-1 Boundary surface between two media labeled I and 2. 'The 
orthogonal coordinate system, defined at any surface point P with the unit vectors 
(p.�.n), is such that p,s lie in the plane tangent on P at the boundary. with n 
normal to it. R, is the projection of B onlO the tangent plane. and it can itself be 
composed of the components B, and D,. 

45 

is the surface magnetic charge density defined in ( 1 . 1-28). Allematively, condition ( 1 .5-3) 
can be written as 

(Note that jf medium 2 is superconducting ( c  � QC )  and does not admit any magnetic 
field. it is ,uIH1,n = 0 ;  that is, magnetic fields are tangential to a superconducting surface.) 

Similarly. introducing the electric polarization P from ( 1 . 1 - 12), D = £oE + P. into 

( 1 .5-4) gives 

( 1 .5-13) 

where 

( 1 .5-14) 

is the surface electric polarization charge density defined in ( 1 . 1 -48). [Note ( 1 .5-25) and 

that the expression for the electric surface polarization is obtained similarly as in ( 1 .5-26) 
for the magnetic polarization,] With 
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a modified fonn of (1 .5-4) is 

and a modified fonn of ( 1 .5-2) is 

Nonsuperconducting media 

( 1 .5-15) 

( 1 .5 - 16) 

( 1 .5-17) 

In the magnetic quasistationary approximation and for normally conducting media 
(where I and re vanish), conditions ( 1 .5-1 to 4) mean that the tangential (t) and nannal 

(n) components 

( 1 .5-18) 
and 

( 1 .5-19) 

remain steady when crossing the boundary. This also means that the other componems Ho. 
B,. and En, D,. in conforming wilh ( 1 .5-8, 12) and ( 1 .5-16, 17), may jump according to 

the magnetic and electric propenies of the adjoning media 1,2 according to 

Hn.2 J.ll -- = -Hn.1 112 ( 1 .5-20) 

a) 

m<:dium 1 medium 2 

n . H  

Figure 1.5-2 Refraction of a magnetic field line when crossing the boundary 
between twO magnetic media (here. qualitatively 1-/2 < Ill). and (b) decomposition of 

the related field vectors. 

b) 
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and 

( 1 .5-21) 

These conditions detemtine a refraction of the field lines as they cross the boundary 
between media t and 2, which is similar to Soell's refraction law in optics (figure 1.5-2), 
For example, for the magnetic field, conditions (1.5-18) can be rewritten in scalar fonn as 

from which, by eliminating HI, H2• follows 

Ianq,l = l!i 
tan.p, 1'2 

( 1 .5-22) 

and analogously for the electric field from conditions (1.5- 19). This means that if a H(or E) 
field line enters a medium with a smaller magnetic or dielectric coefficiem, it is refracted 
towards the nonnal. We also see (figure 1.5-2b) that when crossing the boundary. the 
tangential cOffiIXment Ht remains untouched [see ( 1 .5-18)], but the nonnal component 

increases by the amount 'm given in ( 1 .5-lO). Also note that if for medium 2. J.l2 = 00, then 

4'1 = 0, or Ji,H1,t = 0; that is, the field at the boundary is purely normal. Conversely, if 

112 = O. the field at the boundary is purely tangential, which is formally analogous to the 

superconducting case 0'2 = 00 [in both cases, medium 2 is fully diamagnetic; see also 

comments made in relation to (1.5-1). J 

Example: Calculation of the conditions 

It is instructive to derive the boundary conditions (1 .5-1.3) [and by similarity ( 1 .5-2.4)] by using 

the integral forms of Maxwell's equ8Iions near the boundary. Consider ( 1.4-13), which is the integral form 
of V · B = O, that is. 

fB . dS = O . 

applied over the surface of the sufficiently small cylinder shown in figure 1 .5·3 with height ilh. and em 
surfaces ils, and cui by the boundary surface separating the media 1 and 2, so as 10 obtain 

(DI · B. + D2 · B2)4s'+ fBw · ds = O , 
w 

( 1 .5-23) 

where the first term represents the flUlt leaving the end surfaces ( BI, 82,Bw are taken to be the mean values 
over .heir respective surfaces) and the integral gives the flux leaving the side wall W of the cylinder. 

Wc let the cylinder height shrink towards Ihe boundary surface. that is. ilh ---? 0, in which case the 
flux contribution from the side wall W vanishes because it depends on the wall surface, which with ilh ---? 0 
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�n 
, j 

, , , - r  tn, 
O,jl,£ medIUm I 

Flllure 1.5·3 Boundary surface between media I and 2 with elemental cylinder 
and loop used to derive the boundary conditions for 8, D and H. E, respectively. 

also goes (0 zero. As the ends can remain finite. though small (& * 0), from the above equation with an 
appropriate labeling (n 0; "2 = -"I ) follows 

Similarly. from ( 1 . 1 -4), V ·  D = Pe .  follows 

(nl ,D1 + 02 ,D2)&+ JDw · ds = JPcdV . 
w 

( 1 .5-25a) 

The last inlegral represents the free electric charges contained in the cylinder and is .. PctJItis. As .1h -+ O. 

it vanishes, unless on the boundary there exists a surface charge density re as defined in ( 1 .4-36), and we 
obtain 

( I .5-25b) 

When the cylindrical body has magncti:t:ation M or elcclric polarization P. we proceed in the same way. For 

example. with B = IJoH + iJoM we obtain. instead of ( 1 .5-23), 

(nl ' HI +n2 ·H2).ds+ JHw 'ds + f M  ·ds = 0  
w 

( 1 .5-260) 

The last integral. by inlrOducing the magnetic charge density Pm "" -V · M ,  transforms with Gauss' 

theorem into .. pmA.t.1h: and, as above, letting .1h � 0 we find 

( 1 .5·26b) 

where the surface magnetic charge density (l.l-28) can also be written in the form (1.5-1 1). 

To demonstrate the boundary condition (1.5-1) we apply Ampere's inlegral law (1 .4-2), 
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fH dl �  J(J+ !,)ds , 
c s 
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( 1 .5-27) 

over the small rectangular loop C with surface S shown in figure 1.5-3. We introduce the orthogunal 

coordinate system with unit vectors (p. s, ft) such that p = sx n • .dI = p.dl (parallel branches), .dh = n.1h 
(venicaJ branche.o;). p =  P2 =-p,. n =  n2 = -R, and use, as before. the appropriate labeling 

P = P2 = -PI' n = n2 = -RI_ The above integral relation can thus be rewritten approximatdy as 

( 1 .5-28) 

We let the loop height shrink towards the boundary, L1h -+ 0, whereas dl. though small, can remain finite 

( til � 0). in which case the second term (derivil1g from the venical branches) vanishes and this relation 

reduces 10 
( 1.5-29) 

To obtain this boundary condition we have: (a) used with me vecTor idemity (A.3-ld) the relation 

( 1 .5-30) 

Cb) introduced the surface current density i defined in ( 1 .4-35); and (c) assumed that D remains bounded; that 

is. for tlh � O. Iim(Odh) --t O .  More general. we could have introduced two 

components.ll --+ i,1 +i,2' as both media could. in principle. carry surface currenl .. on their common 

boundary. 
By proceeding similarly. from Faraday's integral law (1 .4-5) we obtain 

( 1 .5-31) 

from which we get the boundary condition 

( 1 .5-32) 

provided [like in point (c)] that B remains bounded while ah --+ O. 

Current density conditions 

From the current conservation equation ( 1 . 1-5) and by the procedure used for (1 .5-24, 
26), we gel 

( '  - )A_ (V ')A. d(p,&tJ A• n ' J2 - J] al =  s ' l al + dt al .  

only that here the surface integral over the side wall W of the elemental cylinder [see (1.5-
23. 25)] gives a contribution. providing a surface current density 
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i = lim (j&.) 
&.->0 

exists. In fact, note that Gauss' theorem (A.3-16), 

jj -ds = jV j dV .  
W 

with ds == n.1hdl, dV == �hL1s can be transfonned into the related surface relation 

fj ds-&.-:-:---+--'o;c->'·f(n . i)dl= j(Vs · i)ds = (Vs · i)& • 
W 

( 1 .5-33) 

( 1 .5-34) 

where Vs is the surface operator ( 1 .4-42). By letting tlh � 0, the above main equation 

reduces to 

( 1 .5-35) 

where 'eis the surface density of free charges defined in ( 1 .4-36). Note that the last term 

derives directly from the displacement tenn in ( 1 . 1 - 1 )  and is thus canceled out in the 
quasistationary magnetic approximation. In any case, in a situation where there are no 
currents crossing the boundary. there must be 

Vs · I +� = 0  ( 1 .5-36) 

as we know from (1 .4-37). Whenever there are no surface currents or charges, or in any 
case if this relation holds, it follows that 

( 1 .5-37) 

that is, the nonnaJ component jn remains steady when crossing the boundary. The 
condition for the tangential component h follows with j = oR directly from ( 1 .5-2), 

that is 

jt2 = JtI 
CT2 £Tt 

(1 .5-38) 

( 1.5-39) 

With regard to the surface current density i = is used in ( 1.5-29,33) (that is, we 
chose the unit vector s along i), we note that its existence, because of j � 00, also implies 
£T --t 00 .  Nevertheless, this concept is also useful when the current-carrying layer has finite 
thickness L1h. provided that it is much smaller than the extension of the conductor, 
&. « t1J .  Wilh ( 1 .5-29) and (A.3-le) we oblain 
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Figure 1.5·4 Change of the tangential component of the magnetic field 
H, = H� when crossing a thin current-carrying layer. 

( 1 .5-40) 

and the boundary condition can be written in the simple form 

lil = j = H,2 -HIl . ( 1 .5-4 1 )  

where IIi = Hp = p.  H is the projection of H on the tangent plane. along the unit vector p 
Ihal is normal to s and thus to the current density, such that n = p x s  (figure 1 .5-4), 

Moving boundaries 

If the boundary surface moves with velocity u = u(x. y. z) (with respect to the 

laboratory frame (figure 1 .5-5)), then the introduction of the e1crtrlc field ( 1 .3-22) into 

condition ( 1 .5-2) will result in the resfJrame boundary condition 
( 1 .5-42) 

With Ihe vector relation (A.3-3) and condition ( 1 .5-3) this becomes 

( 1.5-43) 

For example, if  the media move parallel to their boundary (that is, n ·  u :::. 0), the velocity 

tenn vanishes (e.g .. on the surface of a cylindrical conductor rotating about its ax.is). 

In the magnetoquasistationary approx.imation this i s  the only boundary condition 

affected by the movement of the boundary. By using the vector component notations 

defined in figure 1.5-5, the last equation can be rewritten as 
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_ _  B 

Figure 1.5-5 Boundary moving with. velocity u; here B and E are decomposed 
into 'lle or1hogonal �yslem with unit vectors (p.s,n) chosen so that EIs "" n x E. 

or, in analogy to ( 1 .5-18, 19), we can also say that 

( 1 .5-44) 

(as well as unBn) are steady when crossing the moving boundary. ( Bfp is the tangential 

component parallel to Et I whereas Bu is nonnal (0 it.) 

If we consider, for completeness' sake, a moving dielectric medium to which the 
velocity-dependent quasistalionary electric equations ( 1 .3-17. 19) apply. then the boundary 
conditions (1 .5- 1 , 37. 38) will change into 

n X [("2 -"1)+ UX (02 -°1)] � n X ("2 - "1)+ (n · u)(02 - 0]) � i,. 
n ' (h - jl ) �  (n' U)(Pe2 -Pel) • 

( 1 .5-45) 

( 1 .5-46) 

(1 .5-47) 

from which follow, like before. the conditions for the tangential or Dannal components of 
the parameters involved, in particular those concerning the convective current term PeD, 
which is typical for the electric quasistationary approximation. 

In the following chapter we shall detennine the boundary conditions for other 
electromagnetic quantities. namely. for the magnetic scalar and vector potentials, all of 
which are summarized in table 1 .5-1. 
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Table 1.5·J Boundary conditions (magnetic: quaslstationary 
approximation)Q 

h Across Reference Across Reference Parameter" Parameter 
boundmy equation boundmy equation 

Pitlds and currenls Potenlialsc 

Rn = IJHn 0 1 .5·3 1"1> 0 2. 1 - 1 1  

11';: 0 2. 1 -7 

ii<P i, 2.1-9 '¥ HI =:7 i 1.5-\ A 0 2.2-23 

On '" cEn '. 1.5-4 1. iMj 
Il ai;  0 2.2_24

d 

.l .M, i, 2.2-24 
P '"  

E, = ; 0 1 .5·2 U 0 
i. 0 1 .5-37 au 0 dx; 
iJ. 0 1 .5·39 ·f '. from 1.5-16 • 

Moving boundary 
, 

£. -un�, 0 1.5-44 
-.s", 0 1 .5-44 

Assumptions: possible existence of is. Ps and SJ.z T- J.l2' E2 T- E, ;  no existence of 
surface electric polarization and surface magnetic moment. 
Simplified notation with following meanings: 
8n2 - Bnl = 0, or n .(82 - 8,) = 0; second condition. 

first condition, 
Ht - HIl = 0, or 

See in chlipter 2: cp, magnetic scalar patenlial (section 2.1); A ,  magnetic vector 
potential (section 2.2): U. eloctric scalar pc>(ential (section 2.2), 

Xj = s, p,n: A; = AJ, Ap'AII; 

definitions s.ee figure 2.2-4). 

bUl nOl sirnuhaoeously Xj = n and Ai = As «('" 

All other conditions remain unaffected by the velocity D ,  including those for V, A. 
provided that they are in the Lorentl. or Coulomb gauge (see in section 2.2). 
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The artwork here and at the end of each 
chapter was done by Sergio Costa 
during a course on Magnetic Tokamak 
Problems held in July 1985 at the Erice 
(Sicily) Center of Scientific Culture: 
Simple but elegant impressions from the 
Meditemurean ambience (within which 
the study of magnetism began more than 
2600 years ago). 

JIj,1" " 
,1)1 , 

I,l .. 
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CfUlpter 2 

MAGNETIC POTENTIALS 

The basic problem tackled in this chapter is that of establishing an explicit relation between 
static or quasistationary magnetic fields and the related current distributions, including the 
effects of magnetized materials. The study of this relation'·h logically based on the solution 
of Maxwell's equations written in magnetic and electric fields. which is often a fonnidable 
mathematical task. A powerful alternative approach consists in introducing the magnetic 
scalar potential cP or vector potential A ,  together with the electric potential U where 
necessary. and in establishing their related differential equations. The introduction and 
handling of these potentials is the main subject of this chapter, and it will be shown that 
their application allows a more convenient description of magnetic phenomena in specific 
circumstances. Several analytical solution methods are presented; then useful solutions are 
provided that are related to magnetic fields produced by some geometrically simple, 
currcnt-carrying conductors or magnetized materials; finally. the structure of magnetic 
fields is discussed in general tenns. 

Applications. The theory developed in this chapter gives the relations between magnet 
structures and the related magnetic field configurations. Solenoidal, toroidal, 
homogeneous, gradient. multipole. maximum. and variously shaped magnetic fields are 

calculated from solenoidal,2.1l toroidal, variable-winding, race-track, Bitter-type,l.lJ and 
other current-carrying coil structures and also from magnetized materials.s.u These results 
are Ihen used in other chapters to analyze the connected energies, forces. and mechanical 
stresses. 

2.1 MAGNETIC SCALAR POTENTIAL 

A relation between magnetic fields and current distribution can be conveniently 
established by introducing the magnetic scalar potential CP. The advantage of using this 
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scalar potential in the free space external to the current-carrying conductor, instead of 

Ampere's vectorial equations, is that the magnetic problem can be solved by one differential 
equation instead of a system of three simultaneous differential equations regarding the three 

components of the magnetic field vector. In addition. the solution methods developed for 

potential problems in other fields of physics (i.e., in electrostatics) can be conveniently 

applied. Another use of the magnetic scalar potential. discussed at the end of this section. 

is its application to describe the magnetic field pattern in and around a magnetized material. 

Potential in empty space 

Definitions and solutions 

Just as in electrostatics, where the electric field in empty space E can be expressed 

by a potential U through 

E = -VU , (2. 1 - 1 )  

it follows. from the magnetostatic or quasistationary equations (1.2-1, 18) in empty space, 
that the magnetic vector field H can be expressed as the gradient of a scalar potential 

• , , , 
• , 

Icurrent : loop 

\ ........... field lines: 
: H=·Vtb , , , , , 

fl. _._. 

\." 

, , , , , , , , , , , 

. _ .  _ _  . ..... 
, 

.'-T-" '- . . t \ eqUlpotentla s: , , , , , I <P=consl. ..... .... I , , , , , , 
• 

Figure 1.1-1 Current circular loop with its dipole-type magnetic field lines 
(which will be calculated in section 2.3 with the help of the magnetic vector 
potenlial). The rotation surfaces (lines) of constant magnetic potential tP are nonnal 
to the H lines. 
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H = -V4> . (2.1-2) 
In facl, taking the curl of this equation leads to V x H = 0 because of (A.3- 11), as also 
obtained from ( 1 .2-1,18) in empty space wherej = O .  Since also JlV , H = 0 from ( 1 . 1-3), 

the magnetic field problem reduces to a potential problem described by lAp/ace's equation 

64> = 0  , (2.1-3) 

together with the appropriate boundary conditions (2.1-7. 9, 1 1). In general this gives rise 

to a Dirichlel problem [(see in connection with (A.4-6»), where the boundary conditions are 

defined by a given surface potential or field. 

The advantages in using the magnetic potential cP and its related LapJace equation 

instead of the amperian equation ( 1 .2-18) written in the magnetic field H have already 

been mentioned in the introduction to this section. But what are the merits of using cP 
instead of the magnetic vector potential A (which is introduced in section 2.2)? The answer 

depends on many aspects of the specific problem, as we shall see in this chapter. 1be 
vector potential is of more general usefulness because it applies to both current-canying 

and empty space, whereas the scalar (X>tential is limited only to the latter. But if there are no 

symmetries that eliminate one or two of the three vector components in A. the one

valued scalar potential can be more practical; it is also easier to visualize. because the 
surfaces of constant C/J are nonnat to H with their spacing inversely proportional to IHI. 
according to the wen-known properties of the gradient of a sca1ar potential (figure 2.1-1). 

The scalar potential can be used only in simply connected, current-free space regions; 

the properties of the currents that now beyond these regions can, in general, be taken care 

of by appropriate boundary conditions. However, one must be careful to avoid a multiple

valued potential function, and it often is tricky to relate 4> to the current density j. which 

is present in most cases. 

p(.) 

• 

o 

• 

Figure 2.1-2 Integralion palhs for delermining Ihe scalar polential lb. 
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For the potential defined by (2.1-3), !he gradient theorem 

4>(r) - 4>(8) =  jV4> · dl (2.1-4) 

applies, where the integration is from a reference point Pea) along a path Cj up to the 

variable point P(r) (figure 2.1-2). With (2.1-2) this is 

4>(r) = - jH · d l + D  (2.1-5) 
c; 

since the potentials defining H can differ by a constant D. Some care must be taken in 
choosing the correct path. In figure 2.1-2, Cl and Cl are acceptable paths, even if they 
differ by a constant; in fact, with ( 1 .4-2) we get 

which shows that the change in tP around the closed path C1- Cl is proportional to the 
encircled constant current, even when j = 0 along the path. Path C2 should be avoided; it 
can be used only if one is sure that the current flowing between it and any outside path 
remains constant with changing position of Per). 

Most often, however. the magnetic potential problem is conveniently solved through 
the Laplace equation (2.1-3), which can be tackled with various methods, as we shall see in 
this chapter (reference is also made to appendix A.4 and to the extensive literature on 
mathematical physics). 

Boundary conditions 

Before dealing with some solutions of the magnetic potential problem, we shall 

introduce !he boundary conditions on !he magnetic scalar potential 4>. These conditions 
follow direcdy from those given in section 1.5. For example. noting that 

from ( 1 .5-3) we obtain 

il4> 
n · V4> = 

iln 
(2.1-6) 

(2.1-7) 

The orthogonal coordinate system defined by the unit vectors p,S,n is oriented so that (p, 
s) are tangential to the boundary and, in particular, that p is in the direction of the vertical 
projection of H = -V 4> (figure 2.1-3). Hence 
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a<p - a;;-
n 

<P, • 

· '··Pt 
p s 

Figure 2.1-3 Decomposition of the gradienl tb vector and definition of the 
onhogonal coordinate system with unit vectors p,s,n, such that the plane (p,s) is 
tangential to the boundary al point P with s along the surface current density is' 

Also indicated are the potentials �.� at points PI,P2 across the boundary. 

and from (1.5-29) we have 

d<l> 
n x V<I> = s  

dp 

d<l>2 d<l>, . 
-- ---=ls dp dp 
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(2.1-8) 

(2.1-9) 

More directly. the scalar potential across a boundary can be expressed with (2.1-5) by 

P, 

1'2<1>2 (P2) -1',<1>, (P, )  = -J !Ill' dl 

P, 

(2.1-10) 

Clearly, however. the integral vanishes as the two extremes of the path (figure 2.1-3) 
approach 'he boundary (P2 -> P, );  hence. 

(2. 1 - 1 1) 

These boundary conditions are somewhat similar to those concerning the electrostatic 
potential U (see in table 1 .5-1), so the magnetic potential problem is similar to the 
electrustatic one. (Note, however, that the derivatives along the nonnat and tangential 
direc,ions are inverted: d<l>ldn = O. d<1>ldp = i, ;  whereas dUldn = p,. dUldX; = 0). 
Therefore. the many known solutions of the latter can be transcribed with appropriate care 
into the magnetic case. 
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Axisymmetric systems 

General equations 

In axisymmetric systems there is rotational symmetry abom the z-axis. the current'" 

are purely azimuthal. 

(2.1-12) 

and consequently the related magnetic field is purely poloidal; that is, it has no component 

along e, [see also the discussion in connection with (2.2-27)]. In this case it is convenient 

to resort to cylindrical coordinates (X,r): or in special cases, to spherical coordinates (P.O). 
Many magnetic field configurations of practical importance have this symmetry, such as 

those generated by currents flowing in loops or cylindrical coils (figure 2.1-4). 
The Laplace equation (2,1-3) for the potential <P(z,r} in cylindrical coordinates is, 

according 10 (A.4- 15), 

, 

o 

, • 

(2. 1 - 1 3) 

lip 

Fllure 2.1-4 Poloidal magnetic field H(z.r);- H(p.O) generated by an 
axisymmetric current distribution J = j_e_, with field components in cylindrical 

(l,r,�) coordinates; the on-axis component i!> "o(z = p) = "l(Z,O) = Hp(p,O). 
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and the field "(Z,r) (2.1-2) has the componenls (table A.3-U) 

H _ _  alP 
, - az ' 

H = _ alP 
, ar 
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(2.1-14) 

In spherical coordinates the corresponding expressions for tP(p.8) and R(p.8) are 
l..(p2 alP) + _I_l..(S i n e alP) = o 
ap ap sine ae ae ' 

H _ _  alP P - ap ' 
I alP Ho = --p ae 

(2.1-15) 

(2.1-16) 

The general solutions of these equations are given by (AA-2 t, 22) in appendix A.4. 

A simple example in spherical coordinates will be discussed with the solution (2. 1-26), The 
series expansion technique is applied below to present some properties of the magnetic field 
and its potentia1 near the axis of symmetry. On the contrary, the fields far from the 
generating current sources can be conveniently described by the multipole expansion, 
which will be described starting from the vector potential form (2.2-42). 

Expansion near the aXIs 

For the scalar magnetic potential we set the polynomial series in r -
lP(z,r) = "O(z) + a2(z)r2 + . . . = �>2nr2n (2.1-17) 

n=O 

(uneven tenns in T vanish because of symmetry). and by introducing it into the two
dimensional Laplace equation (2.1-13) obtain 

[ (2) 1 [ (2) 6 1 2 0 ao +4a2 + a
2 

+ 1  Q4 T + . . . = 
• 

where for the differentiation we use the notation a&2) = d2[ao<z)]/dz2. Because this 
equation holds for any value of T, the expressions contained in each pair of brackets must 
be zero, and by defining 

(2. 1-18) 

we find 
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"0 = t1b ' 

a _ (_I)n 
(2n) 

2n -
(2n .,)2 <It) 

thus the series representation of the solution is 

4>(Z,r) = L
(-') 4>(2n) '-� n 

( )
2n 

n=O n! n! 0 2 

By normalizing with the axial field on axis and in analogy to (2.1-18), we obtain 

u(n)( ) _ dn HO(z) _ ".,!n+l) 
"0 l. - - -"'1) dzn 

The axisymmetric magnetic field components follow from (2. 1-14): 

� n { )2n 
Hz(z,r) = L (-,I), H�2nlcz '- , 

n=O n.n. 2 

H (z.r) = '" - H(2n+I)(z '- . � ( l)n+1 { )2n+1 
, 

n�on!(n + l )! 0 2 

(2. 1-19) 

(2.1-20) 

(2.1-21) 

(2. 1 -22) 

[Note that the substitution n - 1  � n in (2.1 -22) will have the series starting again at 
n ;:;: O.} These solutions, which are a direct and general consequence of the rotational 
nature of H. (Le .. V . H = 0), provide the magnetic field around the symmetry axis, in a 
volume not containing any current, by knowing just the component Ho(z) = Hz(z,O), 
which can be found independently [see, e.g., in (2.3-7, 12, 19, 35)]. 

In first-order approximation (n = 0), from (2.1-22) we get 

H ( ) 
= _'-dHz(z,O) 

, ,-, r 2 dZ • 
(2. 1-23) 

and differentiating (2.1-21) in the approximation n = I with respect to r yields 

_2[dHZ(zo,r)] = £H�2)(zO) = [
dHz(Z,O)] _ [dH/Z,O)] , (2. 1-24) 

or r=E dZ Z=Zo+E az z=.zo 

where we have used the definition of a differential (substitute H � H�l» 
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oH(z) = Iim 
H(z + e) - H(l) 

. dz £-+0 £ 
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The lauer approximation shows that around a point on axis z = la in axial symmetry 
(where aH? ' dr vanishes), the increment of the gradient of the axial field component along 
the axis is twice as large in absolute value as the one perpendicular to it. 

Example: Diamagnetic sphere 

An �xample conveniently treated in spherical coordinates (figure 2. 1-5) is that of a fully diamagnetic 
sphere with radius a (e.g., a superconducting sphere that fully excludes magnetic field,>) immersed in a 
unifomt outer field Ho (const.), whose spherical components are 

Hop = Ho cos8, Hoe = -Hosin8 (2.1·25) 

The general solution of the differential equation (2.1-15) is given in (A.4-2S), 

-<P(p,B) = I,[Allpll + BIIP-II-I ]PII (8) • (2.1 -26) 
11=0 

where PII(B) are [he Legendre polynomials (AA-25l. For the radial field component (2.1-16) we calculate 

(2.1·27) 

The boundary conditions require the following: (a) At infinity. Hp(p -+ .... ; any 9)-+ Hocos6. which 
implies that only the term AI :::: -Ho remains: and (b) on the surface of the diamagnetic sphere. 
H pep = a; any 8) = 0; thus B J = -Hoa3f2 (the boundary conditions for He are then also automatically 

fullfilled). Consequently. the potential is 

l 
4'(p.6) = -Hopcos6 - HO �cos8 (2.1-28) 2p 

where the first term represents the potential 

4'u = -Ho . P (2. 1-29) 

, 

: : 
p 

9 
'- ' -, 

: : H 

- , 
Figure 2.1-5 Magnetic field around a diamagnetic sphere. 
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of the uniform magnetic field (2.1·25), and the second term represents the potential (2.2·52) 

of the magnetic dipole with moment 

I p . p  <Po =--:3 4K P 

The spherical componenlS of the poloidal field R(p.Blare calculated from (2.1.16) to be 

(2.1-301 

(2.1-311 

(2.1-32) 

On the equator, (p . Q,8 _ 1r  12), the magnetic field increases independently of the r-oidius a by a factor of 

1 .5 :  we can say that the diamagnetic sphere acts there as a flux concentrator. On the surface of the 
superconducting (diamagnetic) sphere. there flows a surface cu�nt (1 .5-1,  41)  

(2.1-33) 

Ihat prevents the magnetic field from penetrating, and thus turns lefl-hand with respecl lO the vector "0' 

When the elecuic conductivity is finite. the induced current penetrates into the sphere, and the 
potential is modified. In chapter 4 we show that it is then convenient 10 reson 10 other solution methods; in 
particular. in appendix AA we di!:cuss Ihi.� problem by providing the: appropriate equation (A.4-74) for i[� 
solution. 

Two-dimensional plane systems 

General equations 

When the currenlS are purely cuial, j = jl.el.' the scalar potential 4> and the related 

magnetic field H = -V lP became two-dimensional functions that can be described, e.  g .  t 

by Cartesian (x,y) or polar (r.�) coordinates (figure 2.1-6). The Laplace equalion and the 
field components take the fann 

or, respectively. 

H = _aq, x 
ax 

d</> H = --
Y ay 

(2.1-34.) 

(2. 1-34b) 

(2.1-35a) 
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\ 

Figure 2.1-6 Two-dimensional magnetic field H(x. y) = H(r. �) generated by 
the orthogonal current density j = jzcz. with field components in Cartesian (x.y) 
and cylindrical (polar) (r, Ij» -coordinates. 

H _ _ M) 
r 

- ar 
I M) H� = --, a� (2. 1 -35b) 

For the general solution of these equations we refer again to appendix 4 and. in 

particular. to (A.4-14. 21). For example. the two-dimensional magnetic p:>lemial and field 
on the outside (r :? a) of a very long cylindrical conductor carrying the Iota] current I within 

[he radius a is calculated in Cartesian coordinates from (2.1-34), 

4J(X' Y) = 2/rcarctan� • r2 ; x2 +y2 ,  (2.1-36,) 

(2. 1-36b) 

or in cylindrical coordinates from (2.1-35), 

cP(r,�) =-f.� (2.1-37') 

(2. 1-37b) 

(This is also obtained directly from Amphe's law (1 .4-3).) When the current flows 

uniformingly in the cross-section, (r � a), the results inside the conductor are obtained by 

the substitution I � Ir2/a2 in the above expressions. 
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Many solution methods developed for other fields (in particular electrostatic) can 

conveniently be taken over for solving magnetic problems-for example, the methods of 
images (see at the end of this section and in connection with (6.2-5 1)]2-1 and confonnal 

tran,fonnation (introduced below). 

Example: Transverse field on diamagnetic rod 

We briefly discuss a cylindrical problem that is directly solved by applying the solution (A.4·21): A 
uniform magnetic field Ho is applied transversally to a perfectly conducting (i.e., fully diamagnetic) 

cylinder. This arrangement, discussed in more detail in connection with figure 4.3-4. requires the following 
boundary conditions: (a) al infinity, H,(r � -; any tP) -+ Ho costP; and (b) on the surface of the 

diamagnetk:: cylinder, H,(r = a; any tP) ;::; O.  Using a procedure similar to that of the spherical solution 

(2.1-28), from (A.4-21) we get 

(2.1-38) 

with 

(2.1-39) 

The conformal transformation method 

For the analytical solution of the p()[ential problems defined by the two-dimensional 
potential or Laplace equations (2. 1-34a,35a), it is onen convenient to apply the method 

based on confonnal transformation with complex functions.2. 1 .4.1 (Complex variables and 
functions are introduced and defined in section 3.1.) 

The basic theorems here are that,firstly, any analytical function (3.1-20), 

of the complex variable 

�l:) = u(x. y) + i v(x.y) • (2. 1-40) 

l: = x+iy  (2. 1-41)  

and, secondly. the real functions u, v in the variables x, y satisfy the potential equation 

(2.1-34a). In fact. for the complex function !!:. from 
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a)!' a)!, a. dw - = -- = -
ax a. ax d. 

a)!, a)!' a. . dw - = - - = , -
ay a. ay d;; 

(2. 1-42) 

we calculate 

and summation shows the first theorem, 

(2. 1 -43) 

whereas introducing (2.1-40) into this equation gives 

(2. 1-44) 

and. since each bracket term must vanish, this shows the second theorem. Similarly, 
introducing (2.-40) into (2.1-42) results in the so-called Cauchy-Riemann differential 
equations 

ou _ dv ax - oy (2.1-45) 

which represent a necessary and sufficient condition for .11:,.(,) to be an analytical function. 
As later discussed in section 3. 1  [see in connection with (3.1-20)), the complex 

function w(z) transforms the (x,y)-plane into the (u,v)-plane. The interest here is that this 
fonnalism makes it possible in many cases to transform a potential problem from the real 

(x,y)-plane into the (u,v)-piane, where the analytical solution may be much easier for 
geometrical reasons.u The final solution is lhen obtained by transfonning back inlo the 
original (x.y)-plane. A typical example is when one wants to detennine the magnetic field 
generated by currents flowing in a group of circular conductors, or conductors with 
polynomial boundaries. with or without the presence of ferrornagnetic materials2.21• 1he 
application of numerical techniques to confonnal transfonnation has added interesting 
possibilities to this solution method.2-1 

Example: Parallel lines 

An example where the confonnal transformation method can be conveniently applied is represented 
by the parallel transmission line problem illustrated in figure 2 . 1-7a. where two identical (superconducting) 
wires of radius a, al distance d, each carry on their surface the opposite total current ± I. Due to 

fieJd---currenl interaction {proximity effect}, the magnetic pattern is not obtained by simply adding the 
undisturbed vector field deriving from each wire taken separately. The azimuthal magnetic field around one 
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Figu� 2.1-7 (a) Parallel wire transmission line and (b) its conformal lransformation. 

" 

cylindrical conductor follows directly from Ampere's law (1 .4-3) and was given together with the magnetic 
potential in (2.1-36. 37). 

The complex transformation function 

(2.1 -461 

provides aconfomal transformation of the space outside the two superconducting conductor.; (with radii a 
and at distance d) in the ,-plane into the space between two concentric conductors in the lr.-plane with radii 
as indicated in the figure. where p = Jd42 _ 02 . (2.1-471 

Such transformation functions. after some experience and familiarity with the confonnal method. can be 
constructed with ease, or simply found tabulated in the literature for the most signifieanl geometrics.u 

Here the b:-plane was chosen so as to make the form of the magnetic potential very simple, 

lP(w) = i �lnw . - - 21t -
In fact, if we consider the polar form (3. 1-12) �= peit • we can write in the 11:: -plane 

(2.1·481 

(2.1.491 

where in the real term we find the potential (2.1-37a). Transfonnalion into th.e z.-plane with (2.1-46) yields 

For the magnetic field, which is the gradient of the potential, (2.1-2), in complex writing we get, by 
applying the Cauchy-Riemann equations (2.1-45), 



2.1 MAGNETIC SCALAR POTENTIAL 69 

(2.1·51) 

that is. we do nOI need 10 delennine the real part of !1! and calculate the gradient, but we can differentiate 

directly the complex potential with respect (0 Z. and obtain [laking again the conjugate (3. )· 14)1 

(2. 1-52) 

The magnetic field in the ,-plane outside the (superconducting) conductors thus has the componems 

(2.1-53) 

(2. 1-54) 

The magnitude of the field becomes 

(2.1-55) 

On the conductor surface. described by the equation 

(..r±�dr _a2 _y2 (2.1-56) 

we have 

IH 1 = -1 pi . _6 2n a.x (2.1-57) 

which also means that the linear current density on the conductor surface flowing parallel 10 the axis. where 

!!.. - a S x -.;!!.. + a. has the value ( 1 .5-41); that is. 
2 2 

j =. H = _1 pi l J 2n ax 
(2.1·58) 

The magnetic field between the two wires is perpendicular to the x-axis, and its magnitude becomes. from 
(2.1-54) (or y ::: O, 

I P H = - - 1 --J 1t p 2 .  x2 

whereas from (2.1·37) and ignoring th� proximity effect. w� obuain the smaller value 

(2.1-59) 

(2.)-60) 

For Ihe increase of th� magnetic field berween (he IWO conductors there is a corresponding cumnl density 
concentration on the conductor sides facing each other. Consequently, the apparent resiSlance and inductance 
vary. as will be shown by (2.4·1 S) for the inductance. 
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Potential in and outside magnetized materials 

'The magnetic scalar potential concept can be useful in describing the magnetic field in 
and around magnetized malerial. To illustrate this problem, let us consider the case of a 
permanenl (bul space dependent) magnetization M(r), such as represented by hard 
ferromagnets where the magnetization is pennanent and independent of any applied 
magnetic field (see in chapter 8). Taking the divergence of (2.1-2), 

H = -V4> , (2. 1-61) 

and, because of the definition ( 1 . 1-17), V ·  8/).10 '" V , (H + M) '" a.results In the Poisson 
equation 

64> = V · M  , 

and from ( 1 . 1-27) we can introduce the magnetic charge density 

Pm = -V · M. 

(2.1-62) 

(2.1-63) 

With this fannulation the general solution for tP at point P of the inhomogeneous 
differential equation can be found by various methods, for example it can be obtained 
similarly 10 the electrostatic potential (2.2-20): 

(2. 1-64 ) 

The last expression is obtained by applying Gauss' theorem (A.3-16); it is important when 
M is uniform, because then in the whole volume V · M = 0, and only the surface gives a 
contribution through the magnetic surface charge density introduced in ( 1 . 1 -29): 

rm = n · M  . (2.1-65) 

Example: Permanent spherical magnet 

We iIIuslralt Ihe magnelic polenlial method with a permanent splltrical magnet with fixed unifonn 
magnelizalion M = Mo (const.) and radius a (figure 2.I-S). We now have 

Fm = Mcos8 , (2.1-66) 

and the solulion integral (2. 1-64) is 
«P(p,S) = Ma2 j"'d8'j211 cosS'sin8' d4l' 

4x 0 0 PPQ (2.1-67) 
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Flllure 2.1·8 The permanently magnetized sphere: (a) geometry, (b) 
approximate paltem of magnetic induction B (left), and (c) magnetic field H (right; 
note opposite internal field Hi ). 

PPQ = (p,)2 + p2 _ 2pp'[cos(IP' _ ;)si09'5i09 +C050' cas 8] . 

Integration yields" I) 

11",<0,' <P(p.8) = 1 I .. -"":1"('016. 
1 , 

" .  

p'. 

The Jailer solution represents the potential of a magnetic dipole (2.1·30) with moment 

4K 1 p = -a M 
3 

71 

c) 

(2.)·68) 

(2.) ·69) 

whereas the focmer corresponds 10 � potential of a uniform field H = -M/3, (2.1·29), where the 

spherical components of M are 

Mp = MCQs9, M6 =-Msin9 

TIle internal and extemal magnetic field components (2.1·16) arc thus 

. ) Hp' - --Mcos9 
3 . Hi '

M '  11 8 ='3 Sin . 

(2.)·70) 

p S a 

(2.).7) 

p � a . 
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Note that according 10 the definitions ( 1 . 1 ·37), the demagnetizing field here is Hd = Hi = - 1/3M 
and the demagnetiz.ing faclor km = 1f3: the internal field is antiparallel 10 M and 10 the z-axis. The 
induction 

in the sphere has the components 
. 2 Bp = "'3 J10M cos 8 

(2. 1 -72) 

(2.1-73) 

it is uniform and parallel to the z-axis (and opposite to the magnetic field), whereas outside it is 
Bt = JloUt• 

Example: Magnetized sphere 

In the second. more general example described in figure 2.1·9, a unifonn outer field Ho. derivable 
from a potential 

4tu = -HopeD! 9 (2.1-74) 

and with components 

HOp = Ho cos8 . (2.1-75) 

induces in the sphere the magnetization 

(2. 1-16) 

where Hi is the internal. as yet unknown. field. although it is plausible 10 assume (ha! it is parallel 10 "u' 
We can proceed formally. as before. because M remains uniform and constant, and the field thus results 
from lhe superposilion of solution (2.1-71) on Ihe oUler field (2.1-75), but we need an equatiun Ihat relates 
M or Hi 10 Ho. This equalion is provided by the boundary condition ( 1 .5-18) requiring the normal (i.e. 
radial) component of the magnetic induction to remai n  steady at the boundary p ""  a , that is, 

(2.1-77) 

I 2 
JJlIo cosB - '3 JJM cos8 = J1oHo cos6+') JioM cos6 

from which follows 

M = 3aHO with (2. 1-78) 

or, from (2.1-76), 
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Figure 1.1-9 Paramagnetic sphere (PR >  I) in uniform magnetic field flu 
with approximate pattern of (a) magnetic induction B (Ier!) and (b) magnetic field H 
(right; note reduced internal field Hi ). 

. 3 HI = -- Ho = ( I -a)Ho 
'uR + 2 

73 

(2.1 -79) 

The second boundary condition, requiring the tangential 8-componenl of the magnetic field (2.1·7 1 )  to 
remain steady. is aUlOmalically satisfied; also note that if the medium surrounding the sphere is not empty 
space bur has a J.iK2 � 1. then the above expressions change according to the substitution iJR 4 JiR I,uR2 ' 
The solution. resulting from the superposition of the fields (2.1-71. 75). with a given in (2.1 -78), is 

H� "" Ho( l-a)cos8. H� = -Ho( l - a)sin8 for p � a  . (2.1-80) 

H� = -HO[I - a(aIP)3}inO for p i::: a (2.1·81 ) 

According 10 the definitions ( 1 . 1 -37) the demagnetizing field here: is Hd "" -aIIO and the demagnetizing 
factor is km '" a. Similarly. the: total pOle:ntial he:re: is obtained by supc:rposition of the potentials (2.1-68. 
74). For a fully diamagnetic sphere (i.e .• ,uR --+ 0 and a --+ -1/2 ). we: find that the field H( p.B) and the 

dipole: moment p are as in (2.1-31. 32). In a pararnagnetic material with,uR, > I. the internal field Hi is 
always smallerthan Ho. but 

Oi 
_ 3,uD H - - � 0 

,uo PR, + 2 
(2.1-82) 

is always larger. and for ,uR very large (ferromagnetic materials) it approaches 3Ho; because of the 

boundary condition (2.1 -77) this Bi/jJg '" IJ.RHi '" Ht! is also the field just outside the poles. 
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Wc know from ( 1 . 1-22) that the effect of constant magnetization can also be described by the 
equivalent surface current density 

(2.1-83) 

and here the only component becomes 

im,8 = -M sin6 = -3aHo sinB (2.1 -84) 

Alternatively, from ( 1 . 1 -29) we know that the field pattern can also be related 10 the surface magnetic charge 
density (2.1-66), 

'm = Mcos 8 =  3aHo cos 0 . (2.1-85) 

Method of images 

The method of images is a powerful easy-ta-handle solution technique that is used to 
detennine magnetic potentials (or fields) when plane or circular boundaries (or of other 
simple geometries) are presen{7. Consider, as an example, the arrangement of a line 
current I (the field source S) parallel to a plane boundary between (Wo magnetic media with 
different penneabilities J1.P 112 as shown in figure 2. 1-lOa. The problem is to find the 
magnetic field H or inductions B in the two media. The solution method is quite 
straightforward and consists in finding the magnetic potential tP through the Laplacc 
equation (2.1-34) and its boundary conditions (2.1-7,9), which in their field formulation 
( 1 .5-18) require the tangential field and the normal inductions (2.1-36b). 

(2.1-86a) 

B,(x.z) = J1lI, = -f. -'r . , (2. 1-86b) 

to remain steady across Ihe boundary. (Through lhis formulalion of the problem here we 
are taking advantage of the already established general solution (2.1-36a); but note the 
difference in the coordinates.] 

The result can be expressed fonnally by the image method, : 1  which states that the 
magnetic potential tP (or field) in the /J..-region is obtained by the summation of the 

potential 4>. from the source with current I plus the potential tP2 from the image source S' 
with current I (j,l.,- 11,)/(j,l.,+ 11,); whereas in the 11, -region the potential <1>, (or field) is 
due solely to the potential from the original source S, but with current 21/J./(J.l2 + /J..). as 
shown in figure 2. 1- lOb,c. This statement can be logically extended by superposition to 
any closed circuit, and Ihus has general validity. It is motivated by the fact that both 
potentials (or fields) of the general fonn (2. 1-36) are each solutions of the Laplace equation 
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b) , c) 

2,u, I 
source S Il'}. +JJ , I 

• 
n-.edium JJ I , 

x 
medium P2 

Image S' 

Figure 2.1-10 Method of images for determining the magnetic field of a line 
current I (flowing in the positive y-dircclion) in magnetic media with two magnetic 
permeabilities. (a) The geometry of the problem with qualitative magnetic field lines 
for the case where Jil = 4Jl j; the image CUn-COLS are given as required for calculating 
(b) the field in the Ill-region and (c) the field in the JJ? -region. 

P, 

(2.1-34) satisfying the boundary conditions, as can be easily checked. In fact, in the J.LI

region of the boundary (z = 0) the tangential field is 

(2.1-870) 

whereas the nOllTlal induction is 

(2.1-87b) 

and the same is obtained in the ,LLz-region. Note that with these values we get the refraction 

of the magnetic field lines at the boundary as defined in ( 1 .5·22). 
The analogous case of a Hne currem in free space and parallel to a superconducting 

plane follows formally from the above results by setting 112 = 0, as we know from the 

comments made in connection with (1 .5·22). The field outside the superconductor results 
then from the vector summation of the fields from source and image with currents +1 and 
-I, respectively, whereas there is no field within the superconductor (both the 
superconductor and the 112 = 0 medium are fully diamagnetic; see also discussion in 
connection with figure 6.2· 1 1 ). For the tangential field on the superconducting boundary. 
from (2.1-870) follows 

(2.1-88) 

whereas the surface current density from ( 1 .5-41) is 
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(2.1-89) 

that is, it falls off rapidly away from the projection point x=O (the total current flowing on 
the surface is obtained by summation and amounts to -I). In this ideal system of a line 
conductor parallel to the plane superconducting return conductor we find the current density 
concentration typical for the so-called proximity effect. We have calculated this effect 
already for the parallel transmission lines shown in figure 2.1-7. 

When the conductors have finite electrical conductivity (7, the problem becomes more 
complicated. m relation to a line current parallel to a conducting plane, we find in (5.4-32b) 
the approximate mean heating power deposited in the plane by an oscillating line cUlTent; 
and we find in (6.2-62) the drag and suspension forces on the line current moving nonnally 
over the plane. 

2.2 MAGNETIC VECTOR POTENTIAL 

To deal with quasistationary magnetic problems, it is often convenient to introduce a 
magnetic vector potential A as done in this section. This vector potential is generally 
useful because it applies both to current--carrying and to empty space (whereas the scalar 
potential introduced in the previous section is limited only to the latter) and is particularly 
convenient when the symmetry allows one to eliminate two of its three vector components. 
as for two-dimensional plane or axisymmetric magnetic field problems. 

Basic equations and solutions 

Equations 

For the solution of the quasistationary magnetic field equation 

'\7 x H = j  (2.2- 1 )  

within a space where the current density is not everywhere zero, it is often convenient to 
introduce the vector potential A. defined through 

B = '\7 x A ; (2.2-2) 
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this is in agreement with ( 1 . 1 -3), which requires B = pH to be the curl of some vector 
field; that is, the divergence of B vanishes according to (A.3-7). One of the physical 
meanings of A is related to the magnetic flux IjI across any arbitrary curved surface 

S bounded by a contour line C (figure 2.2-1); in fact, applying Stokes' theorem, (A.3-l4), 
yields 

From Faraday's law ( 1 . 1 -2) through insertion of (2.2-2) we get 

V X (E + dA )= D ' dt ' 

(2.2-3) 

because the curl vanishes, the vector in parentheses can be derived from a scalar potential 

U defined by (A.3- 1 1 ), 
-VU = E + �� (2.2-4.) 

This potential U can be idenlified as an electric scalar potential due to electrostatic charges 
or to external yohage sources. The total current density can thus include two componems, 

(2.2-4b) 

where 

j, = -a'I'U (2.2-4c) 

is the onc given by external electric sources, whereas 

(2.2-4d) 

is the inductive component generated by a time-dependent magnetic vector potential or 
field. 

11 

ds=nds 

surface S 

dl 
contour C 

Figure 2.2-1 Magnetic flul( and vector potential. 
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We shift now briefly our attention to the general fannulation. which takes care of the 
displacement current term in ( 1 . 1 - 1 ). Taking the divergence of (2.2-4a) and using ( 1 . 1-4) 
(thereby assuming /I, E to be constants) yields 

/'J,U _ _ p, _ <lW-A) . - E at ' 
then inserting (2.2-2,4a) into Maxwell's equation ( 1 . 1- 1 )  gives 

M = -/lj+ '1('1 · A)+ IlEq+ /lEil�U at ot 

(2.2-5) 

(2.2-6) 

where the Laplace operator Il. = V . V has different meanings, according to whether it 
operates on a scalar or on a vector [see in connection with (A.3-1O. 23)]: 

f!.U=V · (VU) , (2.2-7) 

M = (V · V)A = '1('1 ·A)-VxV xA  (2.2-8) 

According to the definition of A in (2.2-2) and of the vector relation (A.3-I I), it is possible 
to add a vector A', A � A + A', without changing the value of the magnetic induction B .  
provided that V x A I = 0 -that is, provided that A I is the gradient of some scalar function 
V (plus a constant vector), A' = VV. This freedom to introduce a so-called gauge 
rransfarmarian can be used to simplify (2.2-5,6) by adjusting V·  A :  The Lorenr. gauge 

V ·  A = -1lEi!f,- (2.2-9) 

leads to the symmetric d'AJemben equations 

l1U -/lEil'U = _&. at2 £ 

M-/lEU=-/lj ill' 

[For the solution of these equations see (2.2-26).J 

(2.2-10) 

In the quasistationary magnetic approximation, where the Ja'it two tenns in (2.2-6) 
vanish because they derive from the displacement tenn aD! at, it is convenient to use the 
Coulomb gauge 

V · A = Q  (2.2- 1 1 )  

to obtain 

(2.2- 12) 

M = -J1.i (2.2- 13) 

It is useful to point ou[ the significance of this fonnalism: The system of equations (2.2-10) 
[or of (2.2-12, 13) in the quasistationary approximation] can substitute Maxwell's 
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equations ( 1 . 1-1 to 4). Once the potentials A, U are determined, the electric and magnetic 
fields are found through (2.2-2. 4). 

pH = V x A . (2.2-14) 

E = -¥,-- VU (2.2- 15)  

Which of these two options (i.e., the potential or the Maxwell equations) is more 
convenient for the solution depends on the specific electromagnetic problem to be tackled, 
as we shall see from some examples later on. 

In conclusion we note that in the stationary case, the potential A follows from the 
given stationary current density j = js 

M = -!l.i . (2.2- 16) 

[As we will see in the following problems of this section, J5 is taken as given, without 

bothering about its origin (2.2-4c),] In the quasist81ionary case, the current density (2.2-
4b), j = js + jj, includes in addition the inductive component (2.2-4<1), 

such that 

AA 
aA . U - IL "  - = -ILls al 

(2.2-17) 

[i.e., we obtain the diffusion equation (4. 1 - 1 3), which will be discussed in chapter 4]. 

Solu tions 

The stationary or quasistationary solutions of the above differential equations in the 

pOlentials U. A follow standard rules. In particular. Ihe general solution of (2.2-13) must 
be looked for separately in the spaces with and without currents; in the latter case the 
vectorial LAplace·type equation 

6A = O  (2.2-18) 

has to be solved. Finally, the two subsolutions mUSI be matched at the boundaries. 
For the solution of the voc:torial equations presented so far [e.g., (2.2-13, 18)], it is 

necessary to decompose them into equations for the components of the unknown vector 
field. This requires correctly interpreting the Laplacian operator, 6 = V . V = V2• as 
pointed out in (2.2-7.8). The result is straighlforward (A.3-23) in Canesian coordinales 
with A == (Ax' Ay, Az). For example, the vectorial equation (2.2-13) decomposes into three 
nonnal Poisson equations 



80 CHAPTER 2 MAGNETIC POTENTlALS 

Mj :: -j.lji • 1 =  X.},.l , (2.2-19) 

where the Laplacian 6 is applied here to the scalar component-function Ai and has the 
well-known form given, for example, in table A.3-II. In other coordinate systems, the 
decomposition of the vectorial Laplace or Poisson equation into component equations is 

more complicated, as shown, for example, by the Laplacian (A.3-23b) in cylindrical 
coordinates. 

On the other hand, as is well known from mathematical physics, and in particular 
from electrostatic problems, the solutions of (2.2- 12, 13) in an unbounded space can also 

be expressed directly by integral formulae AI7: The electric potential becomes 

and the vector potential yields 

from which the magnetic field 

I fP'Q Up = - -dV,Q 4.ra: FPQ • (2.2-20) 

(2.2-2 1 ) 

(2.2-22) 

is obtained in the quasistationary approximation; here P denotes the point in which the 
magnetic field is to be established, and Q the variable integration point within the conductor 
(figure 2.2·2). The last expression is called the Biot-Savart law. The Iransformation from 
(2.2�21) to (2.2-22) is obtained using the vector relation 

v x( � )=�VXiQ +( V�)XiQ 
and noting that V xjQ = O. since the V operator is related only to point P. From (2.2·2 1) 

we easily find that the condition V·A = 0 requires VQ·jQ = 0: (2.2·22) is therefore 

strictly correct only for closed conductors or conductors extending to infinity. The general 
time-dependent fannulation of (2.2-2 1 .  22) has the substitution iQ -> iQ + iJD/at in the 
integrals. which requires the calculation of the displacement current term; therefore, the 
formulation given in (2.2-26b) is to be preferred. 

Q 

"JQ 
p 

Figure 2.2-2 Spatial current distribution. 
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In figure 2.2-3 the relations between the current density j. the magnetic flux B, and 

the scalar and vector potentials CI>,A are represented schematically. The magnetic vector 

potential is very attractive for two-dimensional plane problems or axisynunetric magnetic 
field problems (where (he CUITem is purely axial j � i,e, or azimuthal j � i.e.) because it 
then has only one component (A�. or Art» . which is orthogonal to the plane containing the 

magnetic field vector, as we shaH see. For three-dimensional problems, an three 
components of the vector potential must in general be computed [from a system of three 
coupled, paniai differential equations derived from the vectorial Poisson equation 
(2.2-13)], and thus the vector potential becomes less useful than the magnetic scalar 
potential (whenever the latter exists)_ The vector potential has the merit, in any case, of 
being applicable both in free space and within current--carrying conductors and avoiding the 
multiple·valued problem of the scalar potential. 

, , , , , , 

p j = - M 
(2.2-13) 

A = .1!..... f1 dY 
4. , 

(2.2-21 ) 

1 fD" A � 4. -;er dV 
(equiv. 2.2-22) 

B ='VxA 
(2.2-2) 

H = 4� J j;: dY (2.2-22) 

j ='VxH (1 .2-1)  

, , , , , , , , , 

, , , , , , , , , , 

, , , , , , , , , , , 

, , , , , , , , , 
H = ·'VtP 
(2.1·21 

Figure 2.2-3 The magnelostalic equations relating currenl density j. magnetic 
induction B = p H ,  scalar and vector potentials cP, A, with the equations shown 
(with reference to their position in the chapter); the polenlials can be convenient 
intermediate functions for simplifying the solution I cP is defined in me space, so 
there is no general meaningful relation to j in the conductor]. 
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In discussing the general solution of the vector potential problem, we note that the 
integral form (2.2-21 )  is the most useful to start from because it is valid in spaces with or 
without currents, and the integration extends only over the conductor. An imponant 
advantage of solving magnetic field problems through the vector potential fonnalism is that 
this integral has a simple structure and is relatively easy to handle. As with the magnetic 
scalar potential. the integral can be solved with various approximations-for example, with 
the multipole expansion technique, valid far from the current source, which we present in 
(2.2-42, 50). 

Boundary conditions 

The boundary conditions for the magnetic vector potential A can be derived from the 
conditions on H and B given in section 1.5 but also depend upon the gauge chosen. From 
the Coulomb gauge (2.2-1 1 ), V · A  = 0, it follows [as in connection with (\ .5-23)] that 
the normal component An remains steady across the boundary [this is also true for the 
Lorentz gauge (2.2-9)}. On the other hand, the same property follows from definition (2.2-
2) for the tangential component Ap; in facl, consider (2.2-3) applied to a loop as depicted in 
figure 2.2-4, and then let the loop shrink. dh�O. Thus, the vector potential remains steady 
across the boundary, 

(2.2-23) 
Boundary condition ( 1 .5-6) also sets Hmits on the derivatives of the vector components of 
A. It is convenient to decompose the vector along the (Pt S ,  n)-directions (figure 2.2-4), 
A ;:  (Ap.As.A.nl :  and from condition (1 .5-5) with B = V x  A, and after some vector 
calculus, all partial derivatives along the (Pt S, n)-directions of all components 
(Ap, As. An) are steady across the boundary. with the possible exception of 

where the surface current density i = sis defines the s-direclion. 

In addition. the current condition ( 1.5-37) with expressions (2. 1 -6), 
rewriuen in [he fonn 

(2.2-24) 

(2.2- 15) can be 

(2.2-25) 

Note that in magnetostatics (time-independent magnetic field and vector potential) this 
condition reduces to one for the electric pocential. 

which is similar to condition (2.1-7) for the magnetic potential. 
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A, 

p S . ,'" 
A 

- - _ _ 
I ,'" 

P --- " 

Figure 2.2-4 Decomposition of the vector potential A .  (A p. A s. A n ) am 
definition of the orthogonal cOO!'"dinate system with unit vectors p. s. n. such that 
the plane (P. s) is langenlial lo the boundary at point P with A, along the surface 
current density is. Also indicated is a rectangular loop cuning nonnally the 
boundary. 

Retarded potentia/s 

83 

We return to the d'Alembel1 equations (2.2-10) and recall that they can be used 
instead of the general Maxwell equations to detemtine the electromagnetic polentials and 
their propagation as generated by the source terms Pe. j; the electromagnetic fields then 
follow with the help of (2.2-14, 15). In free space these equations reduce to the familiar 
fonn of the wave equation (4.1 -6). On the other hand, we have seen that in the 
magnetoquasistationary approximation (where any electromagnetic disturbance is 
transmitted instantaneously) they reduce to the Poisson equations (2.2- 12, 13) with the 
solutions given in (2.2·20, 21). 

What are the solutions of the d'Alembert equations? We note that the effect of any 

change of the source tenns Pej here is not transmitted instantaneously to a remote point; 
instead, the corresponding disturbance will propagate outwards with the light velocity 
c =- 1/ "£J.i. ( 1 .2- 1 1). Consequently. it is plausible that the solutions of the dynamic 
equations (2.2-lO) have the same form (2.2-20) as for the static case but are retarded in 
time at distance r from the source point by t -+ t - rlc. so PeQ. jQ are functions not of (t) 
but of (t -rPf/c); hence, in unbounded space, we obtain the solutions of (2.2-1 0) represent
ed by the so-called retarded potentials: 

(2.2·260) 
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By taking the curl of the last equation, Le. proceeding as for the transition �.2-21 to 22), 
we obtain the generalized Biot-Savart law (valid for any time dependence):2. 

(2.2-26b) 

here for simplicity we indicate the retardation through a square bracket, 
[jQ 1 = j(t - 'I'Q I c), and have used (A.3-4) and Ihe relation 

Axisymmetric systems 

In a cylindrical vector-potential problem. the cylindrical field components of 
JJH = V X A are deduced from table A.3-Il: 

_ _  1- aA. 
H, - J1 al. ' (2.2-27) 

When the given. stationary currents are azimuthal or toeoidal, j = j�etP [i.e., flowing in 
circular paths perpendicular to the z-axis and centered on it (see figure 2.1-4 or 2.4-5)1. we 
know from the rule (A.3-3 1)  established in connection with the curl of a vector. j = V x H. 
Ihat Ihe field is purely poloidal, meaning H� = O. Similarly, from p,R = A x A it follows 
that the vector potential is azimuthal. This is also consistent with the expression for the H�
component in (2.2-27), which shows for H9 = 0 thatAr can depend, if at all, only on r, 
and Az. only on z: and since Ar• Az do not appear in the other field components of (2.2-
27), it can be safely assumed that Az = Ar = O. In conclusion. only the A4I-component is 
relevant in axisymmetric geomeuy. 

By taking the Ikomponent of (A.3-24b), or by expressing the equation 
(V x H)� = j� with the help of table A.3-Jl, we obtain 

a' A; + 1 aA, _ � + a
' A. = -JJj. ar2 r dr r2 az2 Y' (2.2-28) 

The general solution of this Poisson equation referred to a space containing axisymmetric 
currents is obtained as usua1: First, the solution of the homogeneous (j41 = 0) equation 
must be found (it is given in general form in (A.4-30)]; then, a particular solution of the full 
equation (2.2-28) must be added; finally. the solutions must be matched at the boundaries 
(including the condition � = 0 for , = O. 00) and for the initia1 conditions. Other solution 
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methods exist, such as the interesting double series methoo presented and discussed in 
(A.4-4I). NOle Ihal (2.2-28) in free space differs fonnally by a tenn -AiJr2 from lhe 

analogous (2. 1-13) referred to the scalar magnetic potential l/J. When solving by numerical 

computation, however. both the � or <I> approaches require roughly the same effort. 
The series expansion around the axis of symmetry can be appHed as a solution 

method to give � in a space not containing any current. From (2.1-21 or 22) and (2.2-27) 

we gel 

� (-1)" (2nl( ,)2n+1 �(l,r) � /1 ':"'.!("+I)! HO "2 ' 
n;;;;;:D 

(2.2-29) 

where the differential of the axial magnetic field denoted with the symbol Hb2n), which is a 

function of 2:, is defined in (2.1-20); near the axis, a valid approximation is obtained by 
considering the n = 0 term only. 

(2.2-30) 

Finally, there is the integral solution (2.2-21), which is particularly useful in 
axisymmetnc geometry. [t will be applied in the next section, starting with the solution 
(2.3-1) for calculating the field produced by circular coils. 

In concl�ding this discussion on axisymmetric systems, we reintroduce the poloidaI 
magnetic nux function 1jI(l..r), here taken across any surface S bounded by a concentric 

circle with radius r (see in figure 2.5-4). Definition (2.2-3) leads to 

If/(l,r) � 2"r� , 

with which the differential equation (2.2-28) can be written in the form 

a2", a 02 
• 

_ _  
1� + = � -2"WJ' 

0,2 r 0' Oz.2 Of' 

as easily checked. The magnetic field components (2.2-27) become 

they can be expressed by the poloidal field defined as 

Hp = H,e, + Hz.ez. = 2�r er; x V II' 

(2.2-3 1) 

(2.2-32) 

(2.2-33) 

(2.2-34) 

where ez.,e" el/l are the orthogonal unit vectors in cylindrical geometry [the last expression 

can be checked by insening e�,e"e, and applying the triveclOraJ relation (A.3-3). then 

taking the vector components of VIf/ from table A.3-Il]. We shall take up the lasl 
expression again in section 2.5 and show in (2.5-12) that the 1jI = consi. lines are the 
Hp-field lines. 
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Plane two-dimensional systems 

We consider here the two-dimensional geometry where the given. stationary current 
density is parallel la the z-axis, j = j,ez (figure 2. 1-6), and hence the magnetic vector 
potentia1 has the Aceomponent only. [As with the axisymmelric system. this is obtained by 
applying the rule established in connection with (A.3-31) to j = V x H and H = V x A . I  
This problem, where A is translationally invariant in z, can be handled, for example, in 
Canesian coordinates with Az.(x,y), or in cylindricaJ polar coordinates with Az(r.t,lI}, the 
choice being dictated by geometric convenience. Contrary to what we found in 
axisymmetric geometry, the Az-component of the vector potential and the scalar potential 
<1> both obey formally identical differential equations. 

The Poisson equation (2.2- 13), which here includes the axial component of (A.3-
24b) only. reduces in polar coordinates to 

a'A' + l a1' + ...l.. a2A, = _ . or2 ,. r ,.2 a�2 J1h. 
and the magnetic field components are 

H = --'-� � p a, . 

(2.2-35) 

(2.2-36) 

The homogeneous form of (2.2-35) is identical to (A.4-l5) with the last term neglected, so 
the homogeneous solution Az(r,q') can be transcribed from (A.4-21). [f there is also axial 
synunetry in jz(r,l/J) = ft.(r), which implies Hr = 0, the result is a toroidal field 
HT = H �e�. As usual, the complete solution of (2.2-35) requires a particular solution to 
be added to the homogeneous solution. 

It is often convenient to use Cartesian coordinates (x.y) in solving for Az(x,y) in 
plane problems. This case is discussed in section A.4. A simple Fourier series solution of 
the related Laplacian equation (A.4-27) is given in (A.4-28). Of particular interest, 
however, is the double Fouriee series solution (AA-3l) because it directly gives the 
solution of the Poisson equation (A.4-27). Finally. there is the integrnl solution (2.2-21),  
which is  particularly interesting in two-dimensional geometry [see the example in 
connection with (2.3-41) at the end of the next section]. 

Biot-Savart law 

Filamentary conductor 

In filamentary cond�ctors (wires), the linear dimension of the cross section is much 
smaller than all the other dimensions, such that approximately 
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'PQ p 

Figure 2.2-5 Biot-Savart law. 

jdV", jsdl '" Idl (2.2-37) 

where I ;:.  js is the total current flowing in the conductor, with s the cross-sectional area, 
as shown in figure 2.2-5. Solution (2.2-22) thus transforms into Biol

-
Savart's law: 

H = ..1..1 dlx'PQ 
p 41t j 3 'PQ 

whereas for the vector potential (2,2-21) we have 

A = �I 1..!!L P 4ft j rl'Q 

(2.2-38) 

(2.2-39) 

In the next section we shall use this integral form to find directly the so1ution of different 
filamentary CUlTent systems. For the general time-dependem formulation of these two 
integrals, see comments made in connection with (2.2-22. 26a). 

Multipole 
. 

expansIOn 

When the magnetic field or vector potential has to be known only at large distances 
from the current source, then the so-called multipole expansion approximntion can be 
useful.A.LJ With reference to figure 2.2-6 it is 

.fo = p2 + a2 - 2pacosa = p2(1 + ;: _ 2�cosa )= p2 (1 + c) . (2.2-40) 

and by expanding into a Taylor series with respect to £ = (ti2Ip2}-(2a cosaJp) we obtain 

(2.2-41 a) 
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p 

p 
'PQ 

Figure 2.2-6 Geometry for the multipole expansion of the magnetic vector 
potential at point P generated by a cum:nt loop. 

where P" :::: Pn(cos a) are fhe Legendre polynomials, A.I  the first five of which are given in 
(A.4-2S). This could have been developed directly in vector form6_2 for IPQ = p - a :  

--L = .l[I +£:!+ 3<p.a>2-e2a2 + ... ] 
'Po P p

' 2p' (2.2-41 b) 

(nsertion into (2.2-39) yields 

(2.2-42) 

here we have neglected the n :::: 0 (magnetic monopole) term because the total vector 
displacement around a closed loop is a1ways zero: 

fdl = 0 (2.2-43) 

The remaining n = 1 . 2  • .  , .  terms correspond to the magnetic dipole. quadrupole . . . .  terms. 

Magnetic dipole 

The dominant first n = 1 tenn in (2.2-42), called the dipole tenn, can be transformed 
into 
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A(p) = iJI , lacosOdI = iJI , l(p.a)dl = 4(p x p) 
41tp '1 41tp '1 4np 

(2.2-44) 

where 
(2.2-45) 

is defined as the magnetic dipole moment of the loop [see in (2.3-6) for a circular loop]. 
To obtain the last expression we have used the vector relation 

p x (a x da) = (p · da)a - (p · a)da • (2.2-46) 

derived from the triple vector product fannula (A.3-le), and the differential relation 
d[(p· a)al = (p. d,), + (p . a)da • (2.2-47) 

where the vector p is not affected by the differential, and in the previous notation it is 
da = dl;  we also note that with (2.2-43) we have�d[(p . a)a] = O. Because the vector 
(a x dl)/2 is proportional to the shadowed triangular area in figure 2.2-6, the integral 

s =Ha xdl = H(a+ b) x dl (2.2-48) 

gives the (minimal) vector area of the closed loop, whose value S is independent of the 
chosen momental eenter O. (In fact. shifting the eenter by b leaves S unchanged 
because b x fdl = 0.) In particular. for a flat loop. S is the area enclosed by it. and the 
vector S :; Sn is perpendicular to the plane and poinring in the direction given by the usual 
right-hand rule (figure 2.2-7). 

Instead of a closed filamentary loop, we consider a conducting body containing a 
divergence-free current distribution, V ·  j = o. Such a distribution may be thought of as 
being composed of an ensemble of filaments closed on themselves or extending to infinity 
(which may have a variable cross section sn but contain the same currentjn all around). 
each of which idenlifiable with a filamentary currenl through (2.2-37). In this situation we 
can transform the expressions (2.2-39, 42, 44, 45) related to a filamentary circuit to those 
of a body circuit (and vice versa) by the formal substitution Id. f-+ jdV. For example, the 
magnetic dipole moment [which for a filamentary conductor is given in (2.2-45)], for a 
conducting body becomes 

p 

Figure 2.2-7 Magnetic dipole moment p of plane loop, where S is the aR:a 
enclosed by the loop. 
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(2.2-49) 

Similarly. the vector potential (2.2-44) for a conducting body transfonns in this 
approximation into 

(2.2-50) 

meaning that the vector potential at a distant point P can be expressed by the magnetic 
dipole momenl (figure 2.2-8). 

The magnetic field associated with a magnetic dipole is, using (2.2-50) and the vector 
transformations (A.3-3.9), 

(2.2-5 1 )  

By comparing (2.1-2) with (2.2-5 1), it follows that the scaJar magnetic potential of . 
magnetic dipole is 

� - .l.!'£ - ... Ll'.. cos e 'Y0 - 4.1l' ] - 41r 2 • 
P P 

(2.2-52) 

and thus the spherical field components are obtained through the differentiations (2. 1 -J 6), 

(2.2-53) 

H 

A 

Figure 2.2.1 Magnetic dipole moment of a spatial current dislribution. 
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here p is .ssoei.ted with the dipole moment ofthe specific problem. as given in (2.2-45) or 

(2.2-49) and .Iso in (2.3-6). 
We recall that a static electric dipole with moment 

Pe = ql (2.2-54) 

(that is, referre� to an idealized electric field source having two equal and opposite point 
charges ±q at some vanishing distance I apart) formally possesses the same potential 

and hence the same field pattern 

E = -VUD 

os .h •• given by (2.2-53). 

2.3 FIELDS IN CYLINDRICAL AND 
STRAIGHT CONDUCTORS 

(2.2-55) 

(2.2-56) 

The general quasistationary magnetic field theory developed so far is now applied to 
the calculation of magnetic fields produced by some of the most simple current-carrying 
conductors. 

Circular loop 

The filamentary circular current-loop is a fundamental element for the analytic and 
numeric computation ofaxisymmetric magnetic field configurations, so we will look at the 
various ways of calculating the magnetic field and its approximations. 

From the comments made in connection with the cylindrical field components (2.2-
27), we know that the magnetic vector potentia] of the concentric circular current-loop with 
radius a of figure 2.3-1 has only the azimuthal component �. In the spherical coordinates 
(p.�. 8) and wi.h r':' = p' 

+ a' - 2pa sin 8cos� • •  he in.egral (2.2-39) is 2K A.( 8) - .1'... [!M - � la J c"'� d� .""f P. - 4n: j 'l'Q  - 4n: �p2+a2 0 �l E COS 4' • (2.3- 1)  
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I 

'PQ , 
8 ., .-.� , z p , , 

p 

Figure 2.3-1 Current loop and coordinate system. 

where e = 2apsin 81(p2 
+ a1), For small £ .  requiring either p » a or p « a or sin 9 �( 1 .  

with ( I _ £cos�)-1 /2  :: 1 + tec05". we obtain 

(2.3-2) 

The spherical magnetic field components of .uH = V x A are deduced from tablc A.3-II. 

(2.3-3) 

and become in this approltimation 

(2.3-4) 

In particular, at large distances (p » a) they reduce to the dip:>le field [figure 2.3-2 and 

relations (2.2-53)]. 

where 

is the magnetic dipole moment (2.2-45 or 49), The on-axis field 

, Hp(p� l.8 � O) = Hz(7.,O)= I. f 
2(:2+02) 

(2.3-5) 

(2.3-6) 

(2. 3-7) 

is a precise (not approximated) expression and could llave been obtained directly by a 
straight integration of (2.2-38). Knowing the on-axis axial field, it is possible (in a current 
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Hp 

. Figure 2.3-2 Dipole-type magnetic field generated by a current loop. 

free space around the axis) to use the series expansions for the cylindrical components 
Hz(z,r), H,.(z.r) given in (2.1-2t, 22), or for the spherical components 
Hp(p.O). Ho(p.O)deduced from (2.1-32). 

Note that the contribution of only a circular arc conductor with radius a (extending 
symmetrically over an angle -a to a with respect to the y-axis, see in figure 2.3-19) to the 
vector potential component A� and, for example, the normal field Ho on axis (0 = 0) at 
distance p = I can be recalculated, from (2.3-1 ,  3) with E = 0, to be 

A� = �' h sina , where 
1t V 1 +.-1.2 

A. = 1l.  P , (2.3-80) 

(2.3-8b) 

According (0 the comments made in connection with (2.2-22), this field contribution is only 
correct if the arc is part of a closed circuits. 

The exact (numerical) calculation of the off·axis magnetic field of a circular loop can 
start from the vector potential in spherical coordinates given in (2.3-1).  An alternative is to 
refer to eJliplic integrals: By introducing the cylindrical coordinates z = psin8, 
r = p case and the parameter 

k2( ) 4D' Z. r = 2 2 (a+r) +z: 

from (2.3-1), after simple transformations, we obtain 
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where 
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t 
K(k): f( 1 - k2sin2y)-1/2 d y  

o 

f 
E(k) : f ( 1- esin2y)1/2 d y  

o 

(2.3-9) 

(2.3-10) 

are the complete elliptic integrals of the first and second kind. whose tabulated values and 
functional properties are well known and published. A.3 After differentiation of (2.3-9) and 
some rearrangement, the magnetic field components are obtained: 

H,(" r) : +-O(:� ) : '/;; [(a + r)2 + ,2]-1/2[K+ 0'_'; -,; E) r' ur J:n (a-r) +z 

H (z r) = --·-" = ..LL (a + r) + z  - K+ Q +r +z E OA. [ 2 2 ]-t/2[ " ' ] 
" paz 2x r (0_r)2 +z2 

For small values of k (that is. r » a or r «  a) the expansions 

_ n( k' � 4 � _ n ( k' 9 4 ) K - I  I + T + 7>4k + .. ) E - I  I - T - "64k + ... 

hold.A.' On axis (r-+O, k-+O), the result (2.3-7) is confirmed. 

(2.3- 1 1 )  

In conclusion. the off-axis magnetic field of a filamentary circular current loop can be 
found through the exact solution (2.3-1 1)  by using the tabulated values for the elliplic 
integrals:"" ) In certain situations, it can be more convenient to take advantage of the 
approximations (2.3-4, 5) or expansions (2,1 w21, 22), with the field onwaxis being given 
by (2,3w7). Finally, there are tables that provide the field distribution as a function of 
nonnalized loop parameters,H 

Multiloop system 

By adding one or more coaxial current loops to the original one, the axia1 magnetic 
field can be modified according to special requirements, A powerful method of ana1ysis is 
to expand the magnetic potentia1 that results from the array of loops in spherical harmonics, 
similarly as with the multipole expansion in (2.2w42).2.25 In the following, instead. we will 
take advantage of the single loop results obtained above. 

Coil pair 

In the case of a symmetric coil pair (figure 2.3-3), the sum of the axial fields (2.3w 7) 
gives 
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a) 

+{� H ,  wf 
_ . _ .L. _ . _ .-!. .'!... _ _  . _I.l.. . .  2a-+-

I I • I t. � i �1 
I. 21 --<.0-11 

, b) +/e;) H) ! \ W -I � : � t � .Qi-�2a� 
� \ ! (  � l  
1�.-- 21 .1 

Figure 2.3-3 Parallel (a) and amiparalleJ (b) current loop pair (the laner has a 
magnetic quadrupoJe field panem). 

(2.3-12) 

where the ± sign applies for paralJeUanliparalleJ current f]ow in the loops. This will now be 
developed in lenns of the small parameter (Z2 ± 2Iz)/(a2 + P)---that is, for a region near 
the origin, where z2 1 R; « 1 with � = a2 + /2. We consider here the parallel current coil 
pair [for the antiparallei pair, see in connection with (2.3-15)]. Rearrangement of the (enns 
gives , [  " ( )2 4 4  " ( )4 ] Hi(z) = I"f;; 1 _ ! f4/�a ) -t + li fsl +a �1 2a I )  -t - ... • (2.3-13) 

as the uneven terms cancel oul because of the system's symmetry. 
When the separation of the coil pair is larger than the radius. 21 > a, there is a field 

minimum al the origin: The parallel coil pair generales a magnetic bottle or mirror 
configuration (figure 2.3-3a). On the contrary, a maximum is obtained for 21 < Q. A 
HelmholLZ. coil pair, defined by 21 = a (figure 2.3-4), generates the central field 

H,(O) = 5�' � = O.7 16� • (2.3- 14) 

which, according to (2.3-13), is homogeneous within order (lJRo)4. Field homogeneity in a 
direction perpendicular to the z-axis is even better (twice as much) than field homogeneity 
along the axis. as we know from (2.1-24) for an axisymmetric system. 

Field shaping 

Addition of one or more loop pairs can further improve the homogeneity or allow 
more conditions to be satisfied. Consider. for example, the simple case where the second 
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Figure 2.3-4 Helmhollz coil pair. 

pair has shrunk 10 one single loop, I, = 0 and Ihus a, = 8" in figure 2.3-5. Adding the 
field (2.3-13), H;l + Hzl, of the two pairs and then requiring the parameters of the Zl and 
Z4 terms to vanish simultaneously provide two equations from which we easily find 
I, I n.  = H and I, l l, = 32/49 (the total current in the central loop being 21,); alternatively, 
the current ratio can be approximated, by using the corresponding winding ratio of a wire 
carrying the same current. N2 ' NI = 12 '/1,  This particular coil system thus generates a 
central field tha( is homogeneous within order (tJRO)6. By proceeding similarly, bur 
allowing a finite coil separation, '2 ;t 0, we find a homogeneous field within order (z/RO)8 
for the following parameters: I, I R" = 0.76506, I, I 8,,= 0.28523, and 1, I Iz = 0.682 1 1 .  
Another convenient method is the use of current shims-that is, small, mainly coaxial loops 
of circular and rectangular shape--to locally correct the given main magnetic field according 
to the specific needs. 2.26 

Besides homogeneity, other conditions can be satisfied by an array of loops, such as 
minimum spatial ripple within a maximum volume, or maximum field gradient. For the 
latter case, we consider the antiparallel coil pair (magnetic quadrupole) of figure 2.3-3; and 
from (2.3-13) and by developing for small dR", we obtain the approximation 

hlM H,(Z) = I R.t I/o + ... 

At the origin z = 0 the field vanishes. but its gradient 

dH, /d z = 3/az/lR6 

(2.3-15a) 

(2.3-15b) 

is finite (the gradient coil pair). Differentiating the gradient further with respect to I shows 
that it is maximized for 21 = a- that is, in an inverse Helmholtz or Maxwell coil pair. It can 
be shown [by using (2.1-23), (2.3-7)] that the zero field point is also a minimum gradient 
point; that is, there the gradient increases in both z- and r-directions. 
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Figure 2.3-5 Double coil pair (magnetic oclupoie fidd pattem) inscribed on a 
spherical surface of radius Ra; [he central field can be homogeneous wilhin the sillth, 
or higher. order in zlRO. 

Thin solenoid 

A thin solenoid made of N total windings (figure 2.3-6) and carrying a total current 

NI can be thought of as an infinite array of identical loops. Integration over the 
contribution to the axial field Hz. (z)at point P from the elemental loop positioned at z' with 

current id z' gives. with (2.3-7), 

(2.3-16) 

where j = NlI2b is the constant linear current density. By introducing the eenter-field 
parameter 

Hoo = Nll2b , (2.3-17) 

which is the axial field at z = 0 for an infinitely long coil. or, in practical units, 

Hoo = O.41tNII2b , (2.3-17)* 
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r ... · _. _. ·_·_O-_· ........... --r 

2b ------+-101 
Figure 2.3-6 Thin-coil coordinatt: system. 

and the dimensionless position parameters 

� = zla and /3 = bla , (2.3-18) 

integration yields 

(2.3-19) 

or, alternatively, 

where the angles (J are defined in figure 2.3-6, In particular. the eenler field at � = 0 is 

H,(O) = If{, ( 1+;')'" (2.3-20) 

Off-axis fields can be approximated by the series expansions (2.1-21, 22), or 
calculated exactly by integmting expressions (2.3- 1 1) over the elemental loops. It is to be 
expected that the largest axial field is obtained at the midplane near the windings and that the 
largest radial component is obtained at the coil ends (z = ±b. r -+ a), as we shall now 
continn. 

For the vector potential of the thin solenoid at r = a .  by integrating (2.3-9) similarly 
to (2.3-16) we have 

�(z,r = a) = � r:Ht-!)K - f]d z' (2.3-21) 

where now 
(2.3-22) 

in analogy (0 definition of k2 given in connection with (2.3·9). 

Since from (2.2-27) we have /lff, = - dA./d zand d k' Id z = -dk' Id z', we directly 
get the radial component 
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[( ) E(k)

]
k=k+{Z'=b) 

H,(,. r = a) = {% t-!  K(k) - -k- , 
k=k_{z =-b) 

(2.3·23) 

which can be detennined for any z value with the help of the K and E elliptic integral 
tables'\.}. We explore the field behavior near the end of the coil. at r = a and z = b + 

2a£ where e is a small number, and obtain from (2.3·22) with f1 = h/a 

k+(V = a;,' = b) = -'-, 1+£ 

When £2 « I .  and since A.I 

k.(z,r = a;,' = -b) = � I +� 

for k =- 1 up to order ( 1 - k2), the approximation 

H,(z = b + 2ae, r = a) '" 2�\,[-lne - Cl 

is obtained from (2.3-23), where e(L lis the contribution from k = k_ which vanishes for 
a very long coil, fJ»  1. *_ == 0 [as obtained from the approximarions given in connection 
with (2.3- 1 1  )). In this extreme case, Hr diverges around the coil ends, as one would have 
expected. 

2.0 r-r-r-r-r-r-r-r-r-TTTl 

il2b 

1.5 

0.5 
0
.5 0�L-L-L-'-:;0':.5-'--zL-.L-"""'1 .0 b 

Figure 2.3-7 Current distribution in an idealized single-turn solenoid. 
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In a single-turn solenoid (made of one conducting sheet), the linear current 
distribution i(z) will establish itself by interaction with the field and in accordance with the 
geometry and conductivity of the conductor. Let us consider an ideal (superconducting) 
thin solenoid, which again can be considered to be an array of filamentary loops, each 
carrying a current i(z)dz, where i(z) is not constant but must be determined. This problem 
can be solved by considering the vector potential with the appropriate boundary condition 
or, more simply, by using the loop Cannulae (2.3-1 1). In fact. the contribution to the radial 
field Hr at the point (Z,T = a). due to the infinitesimal loop located in the plane z'. can be 
wriuen as 

d H,(z - z'.a) = I(z - z'.a);(z')dz·  • 
where I(z - z',a) is clearly detennined from (2.3- 1 1). The boundary 
Hr ;;: 0 an along the solenoid; that is. the integral equation 

f+b , , I(z - i ,a) ; (z ) d z  = 0  
-b 

(2.3-24) 

condition requires 

(2.3-25) 

detennines the unknown 1(,). The numerically calculated result2.17 is shown in figure 2.3-7. 
The current density diverges at the end point as (bLz2)-II2. This case is an example of the 
genercil problem of field behavior around sharp corners of (superconducting) 
conductors.2_11 

Thick solenoid 

After the filamentary loop and the thin solenoid. the next logical extension is the thick 
cylindrical solenoid (figure 2.3-8). We assume that the azimuthal current is characterized by 

the mean conSlanl-currenl density g. where j is related to the cross section I of each of 
the N total windings and f is the filling factor defined as 

f - conductor val. _ NI 
- coil volume - 2b(1I:2 a[) (2.3-26) 

We start by looking for the general case-that is. the off-axis magnetic field. 
Consider the vector potential A == (Ax.Ay , A(). (2.2-21), in Cartesian coordinates. We 

know that in this axisymmetric case, it will have only the azimuthal component �, which 

in the system of figure 2.3-8 (where P lies in the y = 0 plane- that is, the plane including 
the x,z-axes) is identical to its component Ay: 

(2.3-27) 

with 



and 
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P (z. r) 7-� 
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Figure 2.3-8 VecTor potential for a thick. axisymmetric coil at point P in the 
y = 0 plane (for practical reasons, the decomposition of the current density j' � 
flowing at point Q is made in The z = 0 plane of The drawing). 

(2.3-28) 

which is detennined through the triangle PP'Q. The solution is 

( ) - pfjf"' fb 12" r'cos4ldr'dl'd4' A� r.t. - -4- 1/2 '"f/J n: a, -b 0 [(z'-Z)2+r'2+r2-2r'rcost'lj 
with the magnetic field components (2.2-27) 

H (r z) = _.1 
aA, , .  p ill. and 

(2.3-29) 

(2.3-30) 



102 CHAPTER 2 MAGNETIC POTENTIALS 

For a general discussion of these analytic results we refer to the literature.2.11,2.19 
Nowadays, numeric integration of this result is relatively straightforward; care must 

be taken near Ihe axis (r --> 0), where il might be better to use approximations of the type 
shown in (2.1-21, 22). If a computer is unavailable 'or when the fields have to be calculated 
only in a few points, it might be convenient to use tabulated fields given as a function of the 
dimensionless parameters r I � and z I � .  2.16 In fact, figure 2.3-9 makes it clear that any 
regular solenoid with constant current density can be considered the resultant superposition 
(with appropriate signs) of four semi-infinite solenoids with zero inner radius 
(a, --> 0, b --> �) . We see from (2.3-29, 30) that the normalized fields for each such coil, 

h H, r = /jaz 
• - !!L ''4 - /jaz ' (2.3-3 1 ) 

depend only on the dimensionless parameters rl a1 and z/ G-z. and can thus be tabulated 
conveniently. 

The on-axis field component. Hz(P}, can be obtained by extending, as before. the 
loop or thin solenoid ex.pressions (2.3-7. or 16), or by calculation from the general result 
(2.3-30) with r � O. The latter, however, needs some tedious transformations, using 
partial integrations to avoid singularities. We prefer to return to the original integral (2.2-

22) and write the axial field component at point P as (figure 2.3-10) 

+ -

- - 0 
, , , , : .. 2b ----+-l 

Ifr\ 
a, tl-____ ... t_. _ _  p�._. HzI 

, 

Figure 2.3-9 Reclangular coil with constanl current density as SUperposilion of 
four semi·infinite coils with zero inner radius. 
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I I I p .-.-. --" -'-' -'--�--"�---'" 1 0 <' 1  ' H,(Pl '  

Figurt: 2.3-10 AKisymmetric thick solenoid. 

H (p)= _1 J fJ r sinB d�dr dz' . z 4n: 2 'f' 
''0 

(2.3-32) 

lmegrating over 4J and introducing sine = r I rPQ.rPQ = [12 +(7._ 4')']1 / 1  yields the general 

fonn 

Hz(p) =tffjj , I'" lI, d r d z' 
[I +(z-z ) J 

which can be applied to various cylindrical coils. 

(2.3-33) 

Provided that the current density j and the filling factor /. (2.3-26), are constant over 
the rectangular cross section of the coil, it is convenient to introduce the total current 

l= jI 

flowing within one conductor winding with cross section £ and to eliminate f. With 

parameters similar to those in (2.3-17, 18), 

(2.3-34) 

(the origin of � being at the eenler-point of the coil) and after a first integration over d 7.' 
[similar to the integration in (2.3-16)) and then a second over d r, we get 
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In particular. the center field al � = 0 is 

H,(O) = Hoo Lln(a+Ja'+p' ) a-I I+JI+P' 
(2.3-36) 

This expression can be simplified for various limiting cases. For example, for a thin disk 
coil, where � « I ,  it reduces (for unifonn current density) 10 

(2.3-37) 

Bitter solenoid 

Instead of the multitum arrangement considered so far. a thick solenoid can be made 
from sheet windings or conducting disks. The disk magnets were introduced by Biuer-8 
and are particularly suitable as high-field generators because they are mechanicaJly strong 
and easy to cool (figure 2.3- 1 1). 

The steady-state, resistively determined current distribution within a disk is described 
by the nonuniform radial dependence 

a 

(2.3·38) 

a) b) 
j(r) 000 f\ 

�L- -e 
_ ...... , 

,) 

BD�� 
I-

2b 
-I 

Figure 1.3- 1 1  (a) Bitter magnet made of a stack of conducting disks; in 
practice, the stack can be obtained from machining along a helical pattern from a 
solid thick solenoid [schematically shown in (b)]. or the single disks are cut open 
along a radius and connected 10 adjacenl disks as indicated in (c). 
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where )1 ' the maximum vaJue at the inner bore, at r = al •  is given in (23-39b). Current 

density and field in the conductor are given in (7.2-29, 30). 
The axial magnetic field is again calculated from (2.3-33), as for all coaxial solenoids. 

In particular, for the eenter field in a rectangular Bitter coil, after inserting (2.3-38) and 
integrating,we obtain 

(2.3-39a) 

where the lotal current to be used in Hoo with the filling factor J. (2.3-34), is 

(23-39b) 

Toroidal magnets 

Toroidal magnets in various arrangements are widely used in thermonuclear fusion 
research since they produce (nearly) closed, toroidal magnetic field configurations for 
containing hot ionized gases or plasmas. Ideally, a toroidal magnet consists of  a current 
(density) flowing around the minor axis of an axisymmetric toroidal surface, obtained 
by rotating any cross section (circular. D-shaped, etc.) around the major axis. This can be 
well approached by a densely packed winding of N turns around the torus (figure 2.3- 12a). 
In practice and most often, however, a toroidal magnet is made from a number "c of 

discrete coils (figure 2.3 - 12b; see also figure 2.5-2). 

Figure 2.3-12 Toroidal magnet: (a) Ideal magnet with uniform current density j 
nowiog around the minor axis (in practice this can be obtained by a unifonn, 
densely packed winding); (b) magnet made of a finite number of coils regularly 
placed around the altis (only some of the coils are shown). 
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In the ideal axisymmetric coil, where the current density flows around the (J direction, 
the magnetic field inside the torus reduces to only the azimuthal (toroidai) component Hq, = 
HT. which is invariant along a concentric circular path with radius r. Thus, by applying 

Ampere's law ( 1 .4·3) 10 such a path we gel 

(2.3·40) 

where N is the total number of turns. each carrying the current I. The field is as if it were 
produced by a CU!Tenl NI flowing along Ibe major axis [see (2.3-43)J bUI limiled to Ibe 
inside of the torus only. 

When the toroidal magnet is made of a finite number of separate coils, the magnetic 

field pattern is disturbed with respect to the ideal azimuthaJ configuration, as illustrated in 
figure 2.3-13. The perturbation is often characterized for practical purposes by a so-called 
magnetic field ripple parameter 

'. 

, 

magnetic 
field lines 

/ � equimagnitude lines /�T · 
Figure 2.3-13 Toroidal magnet made of an array of n, = 16 equally spaced 
coils. This partial cross section in the z = 0 equatorial plane (with 4 coils) also 
shows some magnetic field lines and, in the lower sector. some equimagnilOOe lines; 
they clearly indicate the magnetic field ripple between each coil pair. 
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and Hmax and Hmin are the maximum and minimum magnetic field values occurring along a 
circle of radius r, on the intersection of the equatorial plane z = 0 with the midplane of each 
coil and with the midplane between two adjacent coils, respectively. The ripple pamrneter e 
strongly depends on the total number ne of coils and on the radial position r; it also depends 
somewhat on other quantities-for example. the azimuthal thickness of each coil and the 
separation distance between each coil pair. The magnetic field configuration and the related 
ripple parameter for a discretized toroidal magnet has to be calculated numerically. 
However. it is also possible to establish analytical approximations by considering the dipole 
field of each coil, or approximated coil pair, as given, for example, in (2.3-4, 1 1 , 13,  or 
30). Such approximations can be useful in system studies of toroidal magnets when the 
problem is, for instance, to determine the simplest (and least expensive) magnet systems 
that provide an acceptable ripple within a given toroidal chamber. In fact, the size of the 
toroidal magnet, the number of coils, and the coil dimensions are parameters that influence 
the cost and the energy requirement of the system, as well as the maximum {olemble 
stresses in it. (The stress distribution in toroidal magnets is discussed in section 7.3.) 

In many applications of toroidal systems (in particular, for the confinement of 
thermonuclear plasmas), in addition to the toroidal field HT. also poloidal fields Hp 
(generated by azimuthal or toroidal currenl..<;) are used. The resulting helical field pattern (the 
result of the vectorial combination H = H T  + H p  which generally maintains the 
axisymmetry) is discussed in section 2.5. 

Straight conductors 

The very long straight conductors shown in figure 2.3-14 can be considered as a 
bundle of filamentary currents, each with cross section ds and current jds. The vector 
potential has only the A::-componcnt, and for cach filamcntary current of length 2J (figure 
2.3-15) the corresponding contribution dA. from the integral (2.2-39) becomes 

d Az ::: .fJrjdSr:�=�!r2 ::: tJr jd sln( <: + �z2 + r2 � :: ::: -tJr jds[lnr - ln(I + �J2 + (2 )] 
(2.3-4 1 )  

The last term is independent of, when I ») r. so it does not influence the calculation of the 
magnetic field ,uH ::: V x A and we neglect it in the Az-component: 

Az = -in J jlnrds = -tk f Inrds = -!klnr 
S 

(2.3-42) 

here the second expression with the total current I holds when the current density j is 
constant over the cross section S of the conductor, whereas the last expression is for a 
filamentary conductor. In this case from (2.2-36) we obtain 
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P(X,y) a) 

T 
2b 

b) 

--
x 

Figure 2 . 3 - 1 4  (a) Cross sections of a rectangular bar with current flowing 
unifonningly along the positive z-axis towards (he reader, and (b) the related 
isomagnetic lines. 

(2.3-43) 

which is the azimuthal magnetic field (2.1-37b) outside a very long cylindrical conductor. 
When the limit I » r does not apply. we obtain from (2.3-41 )  for a filamentary 

conductor extending symmelrically from -I to +1 (figure 2.3-15) 

A, =� In[ 1+ �f,+ I ] = f.H -lnA + In(1 + �I + ,f)]. where A = f (2.3-44) 

(r being the radial distance from the conductor), with the azimuthal field at point P of 

(2.3-45) 

More in general, we will show in (9.2-4) that the contribution to the azimuthal field 
Hf,12 at point P of a straight section defined by the vectors r l,r1 (figure 2.3-15) amounts 

to 

(2.3-46,) 

that is, 

(2.3-46b) 

In particular, the contribution of a conductor extending from points 0 to I is [compare with 
(2.3-45)) 

H _ ..L 1 41,01 - 4Jtr �I+�I ' '- - , "'Ui -701 ' (2.3-46c) 
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Figure 2.3-15 Straight. long filamentary current. 

with which we can also write 

H.,.12 = H.,.02 - H�.OI 

Example: Rectangular bar conductor 

The vector potential component (2.3-42) for the rectangular straight condoclOr shown In figure 

2.3- 14a is 
u b 1 12 Al(x.y) = -ift fab J J1nIX'-X)2 +(Y'-y)2j d,x'dy' -u -b 

which can be integrated 10 give1.1 

Al -- 16�b  {ca -x)(b - y}ln[(a -.e)l + (b -y)2 J +(0 + x)(b -y)lol(o + x)2 + (b _ y)
2

] 

+(a-x)(b+ )')In((a-x)2 +(b+ y)2 )+{o +..r)(b+ y)ln[(a+x)2 +(b+ y)2) 
+ (a -X)2[arc tan !=: + arc tan ::; J + (a + x)2(arctan !:! + arc lan ::; J 
+(b - y)2[arc lan Q.::,! + arc tan u+'!] + (b + y)2[arc tan )i-x + arc tan sd.!]l b-y b-y +, b+, 

The magnetic field components are calculated from j.tH = V x A with table A.3-1J, 

H = -'-� .! JI ay . H = _ l.� Y p ih ' 

(2.3-47) 

(2.3-48) 

(2.3-49) 

After differentiation of the above result and then defining the boundary corner by tile polar coordinates 

(figure 2.3-14a) suell tllat 

2 2 _ b-y _ In((a - x )  +(b-y) 1 - 2Inr4, ...• are tan o_.r - 414, ...• 
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we obtain for the field componems 

H,,(x. y) '" -�[(y+ b)(�1 - �)-(y- b)(414 -�) + (x +a)ln�-(X - a)IO;}] 
Hy(x,y) '" �[(X + a)(� - �)- (x -a}«(tl - ';4)+ (y+ b)Jn -:-<y - b)ln'fr] . 

(2 .3-50) 

We note from (2.5-13) that the m!lgnelic (flux or) field lines in the (x,y) plane are defined 
as At(x,y) = conSI. curves (figure 2.3-14b). More in general, expressions similar to (2.3-50) can be found 

for the magnetic field generated by long. straight conductors with polygon cross sections. 1_l1 

Example: Strip conductor 

As an altemale solution method for finding the magnetic field H without going through the vector potential 
A ,  we now calculate the field related to a suaighl, thin strip conductor whose shape in the (x,y) plane is 
described by the curve y = y(x) (see figure 2.3-16a). From Biol-Savart's law (2.2-22), with 
jdVcrjd)dxdz=idxrlz and integrating from (: = -DC> to +DC>, or simply from (2.3-43), we know that the 
contribution dH to the field in P(x,y) from a snip filament with width dw' in Canesian coordinates is 

dH "' ....L� 
2. , 

where i is the constant surface current density, and 

,2 = (x _ x,}2 + (y_ y,)2 

(dw,)2 = (dx,)2 + (dy,}2 
Figure 2.3·16a shows that dH� = sina dH. sina'" (y - y' )/r, and so on. Thus. we find 

a) b) 

y p(x,y) 

y 

.. • .. 

((:)+ 

P(x.y) 

, 

dy ' 

d..-' 

L.:-:-,--",* P dHx ' , , , , , 
a : 

___ .J __ , 
-a 

I' 

'2 

�2 (i d..-l 
Q (x',y) h 

«(:)+ a 

2a '1 
Figure 2.3·16 (a) Strip conductor of infinite length along the z-axis, whose 
cross section in the (x.y)-plane is described by the curve y = y{x) [the surface current 
density i(x',y') flows along the positive (:-axis. towards the reader], with details of 
the decomposition of the transverse line element dw' and related field contributions; 
(b) plane srrip conductor. 

x 
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(2.3.51)  

and the field components H x' Hy 31 P(x,y) are obtained by integrating these equations along Ihe cross

seclional curve y' = y'(x") of the strip. 
As a simple example we consider the flat strip of width 2a shown in figure 2.3-16b (thus. 

y' = h = consl .. dw' = dx') for which by integration we obtain 

H =-..L[arclan ..Lt.t - arc lan ..!=.JI..j x 46 y-h y-h 

By inlroducing the angles �I' � and dislances 'I' rl (figure 2.3-16b), similarly as in (2.3-50) with 

and the total cUrTem l = 20; flowing in the strip. we rewrite these componentS in the simple form 

H, = -f,;; (�I - �I ) 

H = ...Lln !l. Y 2.cu '1 

(Through figure 2.3-16b we see that � -;t = rp, - rh·) 

Example: Two-dimensional multipole configurations 

(2.3-528) 

(2.3-52b) 

The distribution of conlinuous or discrete line currents along the surface of a circular cylinder 
produces two-dimensional field configurations, which can be: calculated in closed form and have significanl 
propenies for many applications. Consider the el'illmple shown in figure 2.3-1711 with the continuous surface 
current density 

(2.3-53a) 

where N(+) current sheets (the first eXlending over the angle -1CI2N to + 7fl2N) alternate with N(-) 
sheets. each of the 2N sheets carrying the current 

The related magnetic vector potential component (2.3-42) is expressed as 

2. 
Az(r.41) = -� f izlnRda 

o 

(2.3·53b) 

(2.3·54) 
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Figure 2.3-17 Current distribution along a very long cylindrical surface, producing 
a two-dimensional. 2N-mullipole magnetic field: (a) continuous, (b) discrete 2N 
filaments. 

With 

R2 _ 02 + ,2: 
__ 2are05(, -a), eastl/! - a) = cos,cosa +sinl/l sin a 

the calculation of (2.3-54) through integration by parts gives 

(2.3-55) 

Al(p.;) = Ij� pt.N cosH; (2.3.56) 

where [here and up to (2.3·61 b») p = ria and the upper sign applies for r S. a and the lower for , � a. The 
cylindrical field components are defined by (2.2-36), 

whereas the Cartesian components are then obtained as indicated in table A.3-I. 

Aroond the symmelry z-axis (p-+()j we recognize the muhipole character of this field configuration: 

dipole(N = I )  

quadrupole(N = 2) 

l\exapole(N = 3) 
octupole(N = 4) 

H = const.(H-t =O.Hy = const.) 

H =0; VH = const. 
H = 0; VH =0; aH - cons!. 
H = O, VH = O, <lH - O  

The dipole and quadrupole configurations will be discussed in (2.3-63 and 67). 

(2.3-57a) 

(2.3-57b) 

(2.3-5H) 

When the current is bundled into 2N equally spaced filaments carrying allemat�ly the current ±J as 
shown in figure 2.3-17b. the vector potential component is calculated similarly, but with (2.3 .... 2) now as 

A = _E!.. , 2. 
2N-1 

r. (-I)"lnR" + const., 
".0,1 ..... 

where Rn is the distance from each singular current filament so tha! with (2.3-55) 

(2.3·59a) 
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2InRlI = lno + p2 )+ ln[l - 2P2 COS(Ii"-nZ)] . 

'+p 
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(2.3-59bl 

For the calculation of the summation at , S a  use repeatedly the expansIOn 
In( I ± z) = ± z - 13n ± 1.3/3 - r.·'4± . . . valid for z < 1; the final result is 1.21 

(2.3-60) 

Nole that this expression and (2.3-6Ia) are valid at r 2: a as well as r S a, 
substituting p with lip. 

since they do nOI change when 

The cylindrical field components are calculated again from (2.2-36) 

(2.3-61 a) 

In first-order approximation by neglecting ptlN == O. we obtain 

(2.3·61 b) 

where again the upper sign applies for r < a  and the lower for ' > 0. Around the symmetry axis 
(p = rJa ...... O) we find the mullipole paUem (2.3-58), whereas al large distances (p = rla .. 1 )  the multipole 
field decreases as 1/,.N�1. 

Magnetic fields resulting from other current distributions along the circular cylinder surface have 
been calculated-for example, the filamentary arrangement of figure 2.3-17b but with all currents nowing 
in the same directionl.l1, or the 2N equally spaced sheet conductorsl.l1 that represent an azimuthal extension 
of the filamentary conductors in figure 2.3-l7b. The magnetic fields of toroidal multipole configurations 
have also been presented as closed analytic eJlpressions. 1.1t 

In this type of problem, it is often convenient to use series expansion for the current distribution. 
The solutions for the vector potential and the field components are then also in the form of infinite series.l.ll 
In addition, the calculation of two-dimenionsional magnetic fields with compleJl variables and functions (as 
introduced in section 3.1) is often particularly uscful.llI 

. _�tL z 

Figure 2.3-18 Uniform magnetiC fields in relatively large volumes can be produced 
by a pair of long racetrnck coils. It is, however, convenient to bend the ends along 
the surface of a cylinder to have optimal access to the uniform field-hence the 
name saddle-shaped. 



Saddle-shaped coils 

Saddle-shaped coils are used to produce uniform, transverse magnetic fields over a 

relatively large and long volume (figure 2.3-18), as, for instance, required in particle 
accelerators for bending charged particle beams. We first discuss a filamentary coil with 
finite length and then analyze the two-dimensional field pattern produced by filamentary. 
sheet, and bulk straight conductors. 

Short filamentary coil 

The saddle-shaped coil shown in figure 2.3-19 consists of two identical filamentary 
conductors wound on the surface of a circular cylinder with radius a and length 2/. The 
field anywhere in space may be calculated by applying the Biot-Savart law (2.2-38, 39). 
At the center of the coil (and of the coordinate system) it consists (because of symmetry) 
only of the vertical HOy-component. which is 

u[-p ", ] . Hoy = M + 2 3/2 sma, 
l+il2 (I+A: ) 

' - !! ,, - / . (2.3-62) 

The first term comes from the four straight sections [each contributes a component H. sina; see (2.3-45)], and the second term comes from the four circular arcs extending 
over the arc 2a [see (2.3-8)]. 

/ 

x 
, , 

.) 

2'(i ..... ---:-----... �L71-·" 
/ 

2/ 

, 'a 

b) 
y 

Figure 1.3·19 Filamentary saddle-shaped coil producing a dipole-type magnelic 
field. [In the cross section. the (+) sign means. as always. that the quantily 
points/flows out of the page towards the reader; the opposite applies for the (-) 
sign.) 
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The position and extension of all the arcs and straight sections contribute to the 
homogeneity of the central field. This can be analyzed similarly to the loop pair 
conductors discussed in connection with (2.3-15). For example. it can be shown2.14 that 
good homogeneity (where all second derivatives of HOy with respect to the coordinates 
x,y,z vanish) can be obtained with A = 0.5 and 2a= 120°, 

Long coils 

We now consider very long straight conductor arrangemems, where the 
contribulions of the connecting ends becomes negligible. The question here is: Are there 
any conductor arrangements (that is. current distributions) that provide unifonn, purely 
transverse magnetic fields in such two-dimensional configurations? The answer is yes; in 
fact we have already found them. For the dipole current sheet with N = 1 in figure 
2.3·17a, from (2.3·57) we find a homogeneous field within the whole cylindrical space 
r $. a: 

(2.3-63) 

where J is the total current carried in the sheet in the (+) direction, as well as in the (-) 
direction. The same applies for the filamentary current with N = 1 in figure 2.3·17b, but 
limited to a small space around the symmetry axis, where from (2.3-61b) we obtain 

2a 

(2.3-64) 

y a) y b) 

x 

Figure 2.3·20 Two overlapping cylindrical conductors carrying the opposite, 

uniform current density jl = -il for the production of a uniform magnetic field H,. In 
the overlapping region the cum:nts cancel out, so we can consider lhis a conductor
fru aperture. 



116 CHAPTER 2 MAGNETIC POTENTIALS 

There are other such arrangements. where the conductors have finite thickness. 
Consider two overlapping circular conductors with their centers at distance l' in which Ihe 
uniform currents flows in the opposite direction (figure 2.3-20). Within one single 
conductor, the azimuthal field is [see (2.3-43)] 

2 
H", = j��r =tjr (2.3-65) 

Within the overlapping region. the field components are calculated to be 

Hx =tj(�siniflJ - "1sinlP2) = O  , 

(figure 2.3-20b) 

(2.3-66) 
Hy = t j(-rlcos� + r2coslP2 ) = t,j 

We thus find a uniform. pmely transverse field in the overlapping region. In (his region 
the net current is zero, so we can consider it to be the aperture of the magnet surrounded 
by two circular sectional conductors. 

We know from sections 2.1  and 3 , 1  that two-dimensional magnetic field problems, 
such as those resulting here from very long straight conductors, are conveniently solved 
by application of the conformal transformation method with complex functions. The 
method transforms complicated current distributions of the real coil (for example/· I� two 
overlapping ellipses, as shown in figure 2.3-2Ic) into the overlapping circular conductors 
(figure 2.3-20) where the problem is solved easily. as above. This is then transformed 
back imo the solution of the real coil. 

Besides uniform fields, which arc obtained as we have seen by dipole-type magnets. 
important applications also depend on fields with constant gradients-for example. to 
produce strong-focusing fields for guiding and slabilizing charged particle beams.6.8 The 
quadrupole magnets shown in figure 2.3-21 produce zero magnetic field on the axis and 
constant field gradients around it, as mentioned in (2.3-58). For example. for the current 
sheet of figure 2.3-2Ia we obtain from (2.3-53. 57) with N = 2 and y = r sin t/I .  
x = rcos t/l. 

.) b) cl 
y ( -) Y -/ 

--- -. " • -(-) , , • , , , , , 
(+1 (+1 +/ ' • +/ 12b 

x • , 1+) x , • , 2. , , , , , , , 
1+1 -

-_ 
..... (.} '" 

(·1 -/ 2a I • .1 
I. 2b .1 

Figure 2.3-21 Example of two-dimensional quadrupole magnets (cross sections). 
The filamentary and sheet conductors arc as in a previous figure with N = 2; the bulk 
conductors in (c) result from tWO overlapping ellipses. as mentioned in the text. 



2.4 INDUCTANCE OF CONDUCTORS 117 

, Hy � -lxI2a- (2.3-67) 

which provide the properties just mentioned. 

2.4 INDUCTANCE OF CONDUCTORS 

The magnetic properties of a conductor system are conveniemly expressed by the 
inductance parameter L. which (at least in steady conditions) is a purely georneuic quantity. 
In this section, its relation with the magnetic field-and, in particular, with the magnetic 
flu <-is established and its properties then illustrated with different examples. 

Self-inductance 

The magneticflux '" referred to a closed filamentary loop C subtending a surface S is 

defined in (2.2-3) as 

"' �  JB d s �tA . dl . (2.4- 1)  
s c 

When the flux. refers instead to a fmite closed conductor with volume V (figure 2.4-I), 
straightforward extension with the relation (2.2-37) yields 

__ dVp 

\, 

'" � HA.  jd V (2.4-2) 
v 

Figure 2.4-1 Inductance of a closed conductor. 
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The vector potential at the point of integration P in both cases is the result of all the currents 

flowing in the conductor, and from (2.2-21) it is given by 

J1 f JQ Ap = 4x 'l'Q dVQ (2.4-3) 

vQ 

If we assume the current density J to remain everywhere proponional to the tota] 
current 1(1) in the system [i.e .. j = Ig(x,y,z), with g being a purely geometric vector 

function], by combining the last two equations it follows that the flux tbreaded by the 

conductor system can be wrinen in the form 

'I' = U , (2.4-4) 

where we define the self-inductance, or simply inductance, by 

L=  :. -;, f f J��:�o d VQ,d  VQ ' 
vQ, vQ 

(2.4-5) 

which is a purely geometric expression. By the same token, and because of the flux 

integrals (2.4-1, 2), we can also express the inductance with the magnetic and vector 

fields: 

L=+fB. ds , 
S 

L=*fA.jdV 1 v 

(2.4-6) 

(2.4-7) 

Note that because the integral (2.4-2) is taken only over the conductor volume V (outside it 
vanishes because j = 0), the consequent integral (2.4-5) also extends (twice) over volume; 

to express this we have substituted P ---+ Q'. In (5.1-33) an alternative definition of the 
inductance is proposed, which is linked to the magnetic energy thread by the conductor 

system. 

Filamentary approximation 

When the cross section of the conductor is small compared to all other dimensions, 

(figure 2.4-2), it is possible to apply the ftlamentary conductor approximation, expressed 

by the transformation scbeme (2.2-37), and the vector potential (2.2-39) then formally 

becomes 

(2.4-8) 

Instead of (2.4-5, 7), we get 
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B 

\ 
dl 

A 

Figure 2.4-2 Inductance of a closed conductor in the filamentary approximation. 

(2.4-9) 

L = +jA d l  . (2.4- 10) 

The expressions (2.4-8, 9) [and as a consequence also (2.4-10)) diverge because 'QQ' or 

�Q vanish when Q' � Q or Q -+ Pt  and thus have no physical meaning; however. their 

fonn is useful in calculating mutual inductances, as we shall see. The filamentary conductor 
approximation, which is sometimes used to model complicated conductor systems 
(section 9.2), is convenient for numerically computing magnetic fields, electromagnetic 
forces. and mutual inductances between conductors. but is useless for calculating the (self) 
inductances, so we have to go back to the real conductor, or al least to a physically 
meaningful approximation. 

A further comment on these formulae concerns multitum contour coils consisting of a 
total number of N (densely packed) filamentary windings. Because of the double line 
integration (2.4-9), we now find 

L =1ffA . d l =�2 ID . d. , (2.4-1 1 )  

where the integration is over one-valued integrals (but again, these integrals diverge for the 
filamentary approximation). Here I, as everywhere in this chaprer, represents the current 
flowing in the coil-that is, in one of the N filamentary windings, with B and A being 
genemled by 1 (in other words, NI would be the total current flowing in the winding pack 
that generates the vector fields NB, NA), By definition, in the flux relation (2.4A) the 
multitum faclor N2 is always included through the inductance L. 
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In conductor systems where there are only surface currents, the formulae based on 
the filamentary approximation can also be very useful. The integration paths Cp. CQare 

now any lines lying on the conductor surface and appropriately encircling it (figure 2.4-1), 
and by avoiding Iheir intersection, one can eliminate any divergence in (2.4-9). [This 
follows directly by physics arguments but it can also be formally established by rewriting 
(2.4-5) into surface integrals with the transfonnation scheme used in connection with (2.3-
16).J 

Faraday law 

The inductance represenL" a Jumped parameler (in addition to the similar resistance 
and capacitance parameters; see in connection with figure 4.5-1) that can be convenient for 
describing (inductive) circuit behavior. The inductance of a conductor system is also 
practical for ex:pressing the magnetic energy linked to it, as we shall see in section 5 . 1 .  
Through the magnetic flux expression (2.4-4), it also provides a simple expression for 
Faraday's law (1 .4-9): The emf. or induced voltage. in a closed (filamentary) circuit is 

U='E . d l =-d��) (2.4-12) 
C 

Example: Wire transmission line 

As a simple example, we calculate the inductance of the parallel wire transmission line of figure 2.1-
7 in section 2.1 .  In the high-frequency limit (surface currents only), the flux linked to the system is 

represented by the flux lines crossing the x-axis between the two wires, and we find, with (2.1-59), 

td-a td-a p+u-1d 
k / = Y. =Pof H d x = l.ttQplJ dx = -E.2.1n 2 f I 1 If 0 p2_x2 If p_u+.l.. a-2d 2d 

After a simple transformation with 

we derive, for the inductance, 

or in second·order approximation (when ald« I) 

(2.4-t J) 

(2.4-14) 

(2.4- 15) 

(2.4-16) 
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The inductance based on (2.1-60), whict .. ignores the proximity effect. is obtained analogously 

(formally by the substitution p --+ 1f2d), and in the same apprmdmalion it becomes 

L = PO I[ln" - �l . , " d  

The c",ample of the coaxial transmission line is gi ven in section 5.1 . 

Mutual inductance 

(2.4-17) 

In many practical arrangements, the conductor system consists of separated 
subsystems, so the inductance can be structured appropriately in a simple and significant 
form. 

Filamentary approximation 

We consider filamentary subsystems and begin with two loops (1  and 2) carrying 
currents I] and h (figure 2.4·3). The integration path in the integrals must be substituted 
by 

or, for simplicity, 

Similarly. the integration volumes split into 

VQ, -> V\+ V2 ' 

By combining (2.4-4, 8, 10) the total flux is now 

(2.4-18) 

(2.4-19) 

(2.4-20) 

(2.4-21) 

which gives four double-line integrals, each having the current ( h  or 12)  pertaining to 
circuit I or 2 on which the moving integration point Q lies (figure 2.4-3): With Q either on 
circuit 1 or 2, we also introduce the corresponding notations d I( , d  12.1j 2,and so on, and so 
we obtain 
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--- QJ 

-----

Filun 2.4·3 MulUal inductance between two loops. 

(2.4-22) 

with 

(2.4-23) 

where �I = �2 = M is the so-called mutual inductance between the (WO circuits (often 

labeled with M); the (+) sign holds for currenlS II .h turning in the same direction, and the 
H sign holds for ihe opposiJe [ihe practical meaning of ihis will be explained in connection 

with (2.4-31)]. The self-inductance 

L - P 1 1 d Ird I; 
1 1  - 4ijc1 Ye; 'i I 

(2.4-24) 

and the analogous �2 fann, which also results from (2.4-21), diverge, as we know from 

ihe comments on (2.4-10), and in this form ihey have no physical meaning. Self

inductances can be calculated by referring to finite conductors or current distributions as 

expressed by (2.4-5, 6, 7). 
When ihe subsystems have NI and N2 windings, respectively, by applying ihe 

reasoning relative to (2.4- 1 1 ), ihe mutual inductance becomes 

(2.4-25) 
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For example. if there are two coaxial, circular, multitum loops with radii al .a2 at distance 
s (figure 2.4-4), the mutual inductance in this axisynunetric arrangement can be expressed 
by (2.4·32) in which 1\;.1 is the azimuthal magnetic vector component on loop 2, generated 
by the current 1I flowing in loop 1 ;  it is given in (2.3-9) with a � ai, r --7 a2, Z -4 s. 
Consequently, 

where 

k2 = 4a]Q2 
(al+a2 )2+s2 

and K, E are the complete elliptic integrals defined in (2.3-10). 

(2.4-26) 

It is easy to generalize (2.4-4. 8, 9) for a system consisting of n linearized. 
(fiIamentary) circuits labeled j = 1,2, .... n and to obtain 

n 
'Ilk = I,4k1i. 

j=! 

I. = N' l A . . dl = J!...N,N 1 1 d l" dl, 
-,k. I; 1et I k 4n- I k 1c,I; Ye; rit 

(2.4-27) 

(2.4-28) 

(2.4-29) 

where the purely geometric expression Li/c = Lki is the mutual inductance between the ith 
and kth circuits; as in (2.4-24), the self-inductances L./ck diverge and have to be calculated 
for finite conductors through (2.4-5, 6, or 7). (Note that Aj stands for the vector potential 
component on the segment d lk of the loop Ck generated by the current I; flowing in loop 
Cj with Nj windings.) 

, I "I 

- '12 LI.;;---..... 
� 

dl2 

/ '\ subsystem J subsystem 2 

FiguN! 2.4-4 Mutual inductance between twO conc�ntric circular loops. 
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General expressIOns 

The mutual inductance (2A-?) between two not necessarily fi1amentary circuits with 
notal ion (2.4-23) is 

LI2 =v, J{AI ' iz)d V2 (2.4-30) 
v, 

When at least one (subsystem 2) is a filamentary conductor (figure 2.4-5) from (2.4-6, 10) 
we get, instead, 

Lrz = -i; J Al dlz =-i; JRI ·dsz 

Cz S2 
(2.4-31) 

where 82 is a surface subtended by C2. The last expression shows that the mutual 
inductance between two conductor systems 1,2 (figure 2.4-3) is defined as the magnetic 
flux lhrough circuil 2 produced by the unit current in system 1 (or vice versa). The (+) or 
(-) sign applies in (2.4-22) according to whether the: flux integral is positive or negative. 
that is, whether or not the inducing flux in circuit 2 has the same sign as the one generated 
by its own current h. 

For an axisymmelric system (figure 2.4-5), where an azimuthal current distribution in 
subsystem I with total current 11 produces the azimuthaJ vector potential A4I.1 around loop 
2 with radius a2 , the simple form 

1. 2 "<., 
� 2 = Jra2 -'-, 

s -I 
Figure 2.4-5 Mutual inductance of an axisymmetric conductor system. where 
at least subsystem 2 is a filamentary circular loop. 

(2.4-32) 
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is oblained from (2.4-31). The vector potential components A� generated by a loop, a thin 

solenoid, or a thick one are given in (2.3-9. 2 1 , 29). 
If there are NI (density packed) total windings in subsystem I and N2 in subsystem 

2. then for the same reasons that led to (2.4-25) the above mutual-inductance formulae 
(2.4-3 1 ,  32) will include an additional factor N2 (the other factor NI is implicitly expressed 
by the ratio Al l I1 or Bl ' I,). For later use we also note that with the magnetic field 
expressions (2.2-27), which are valid in an axisymmetric conductor system, the 
components of the magnetic induction on the loop ( z  = S, r = a2) can, through (2.4-32), 

be written also in the form 

(2.4-33) 

(2.4-34) 

2.5 STRUCTURE OF MAGNETIC FIELDS 

Studies on the magnetic confinement of hot plasmas of thermonuclear interest and, 
more in general. on magnetohydrodynamics, as well as on modern electromechanical 
engineering have extended our practical knowledge of the structure and properties of 
magnetic fields. A magnetic field is a single quantity that can be related (as shown in this 
chapter) to a scalar or vector potential extending generally to infinity. Study of its 
morphology not only helps to understand the basic aspects of the field itself but also can 
lead to important practical benefits.H• These considerations are conveniently expressed if 
we base them on the concepts of magnetic lines and surfaces. 

There is an interesting historical and philosophical-physical evolution, which can be 
characterized by the idea of Ether (the medium filling the vacuum) and the related specific 
concept of electromagnetic field lines or lines of force.l.u Not surprisingly, this was 
already a subject of debate in the Greek culture: Aristotle thought that "Nature abhors a 
vacuum." Much later, Newton believed in a continuous medium filling all space, but his 
equations did not in fact require it. In the 19th century. Faraday and then Maxwell revived 
the idea that space was filled with a medium having physical properties in itself, but again 
their equations could stand by themselves. The advent of special relativity at the very 
beginning of the 20th century started to change these ideas, but initially the 
Faraday-Maxwell concept of elecuic and magnetic fields as media filling all space was still 
retained. However, the concept of Ether in classical electromagnetic theory was then 
gradually abandoned. or just forgotten, because of its uselessness. whereas it continued to 
evolve and to motivate important laws of physics via general relativity and quantum field 
theory. 
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Magnetic field lines 
The lines of force of a magnetic field (i.e., the field lines) provide an intuitive and 

useful view of the magnetic vector field H .  which can be defined in space, for example, 
through its Cartesian components H x '  H y. H l. '  Magnetic field lines are lines in space that 
are everywhere tangenr to the magnetic field (figure 2.5- 1). They are therefore described, in 
Cartesian coordinates, by the equations 

coost. , (2.5- 1 ) 

or, in cylindrical coordinates, by 

= const. (2.5-2) 

Note that these relations can also be written in vector fonn as H = const.dr, or H X dr = 0, 
where r is the position vector of point P from the origin. and dr is thus a differential vector 
tangent to the field lines. 

It is convenient to introduce the arc length s as an indepen(Jent variable, such that the 
field lines in space are described by the s-dependent functions 

x = x(s). y = y(s). z = z(s) 

These functions are clearly defined by (2.5-1), where now 

� = cosax = !ft- = h�(s) 

and the initial conditions are 

dy H ill = cosuy = J = hy(s) 

* = cosaz = !#- = hz(S) 

Note that with (2.5-4) we can also write 

ff- = #- = ff- = 1: = const. , , , 

(2.5-3) 

(2.5-4) 

(2.5-5) 

(2.5-6) 

Fonnally. knowing the field lines (2.5-3) and the field magnitude H = IHI. (2.5-5). IS 
uniquely equivalent to knowing the vector field H. In practice, there is quite a difference; 
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a) 

• 

b) 

.. 

Figure 2.5-t Open-ended, magnetic field structure generated by two parallel 
filamentary currents with the same: inlcnsily (flowing into the figure) (a) or by two 
antiparallel currents (b) with 12 = -11 /2. The dashed lines S are the separatrices. the X 
are the saddles or X-points; the magnetic 8!(CS are along the current filaments. (11lese 
figures can also be seen as cross sections of configurations extending in the z-<iirection, 
in which cases we speak of magnetic surfaces, sepamtrix surfaces, saddle lines, etc.) 
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in fact, H follows from the field lines through a simple differentiation; whereas the 
determination of the field lines requires the solution of the nonlinear differential equation 

(2.5-4), which in general can be obtained only by numerical computation. 
The field line solution. however. does lend itself to a unique and significant graphic 

presentation of the result (figure 2.5-2), which modem computer graphics can extend to 

three-dimensional perception (see in chapter 9). Various quantities and considerations 
regarding magnetic field lines have been developed in the literature-for example. field 

curvalure, magnetic pressure and lension (see chapters 6, 7), differenl magnetic-field
related coordinate systems. and magnetic surfaces. 
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, , , 
major or 
symmetry axis 

Figure 2.5-2: Magnetic field lines in the meridian plane (only one-half of the 
symmetric drawing is shown) of a loroidal magnet including eight circular coils 
(current loops) equally spaced around the toroidal axis with major radius R. 

Magnetic surfaces 
A magnetic swface is defined as a two-dimensional surface traced out by an ensemble 

of magnetic-field lines; Ihereforc, at any point Per) the magnetic field H(r) is tangent to it. 

The most common examples are surfaces of a cylindrical (open-ended) or toroidal (closed) 

shape (figures 2.5-1 and 2.5-3), in which case the magnetic surface is often called a flux 
surface (for reasons explained below). 

A magnetic surface is thus a surface covered by magnetic field lines; it is said to be 

covered ergoJically if a single line passes arbitrarily close to any point of the surface 
(figure 2.5-3). The divergence-free property of magnetic fields expressed by v ·  (JJH) = 0 

does not necessarily imply that all magnetic field lines close upon themselves or go to 

infinity; these are two special cases only. In fact, if a field line is followed long enough, it 

can either close upon itself or continue to indefinitely cover a bounded surface. fill a finite 

volume. or leave the bounded domain and go to infinity. The magnetic axis is the field line 

that is surrounded by simply nested surfaces (figure 2.5-3). If there is more than one 

magnetic axis in a given field configuration, a separatrix suiface marks the region where the 

topology of the magnetic surfaces changes between regions containing different magnetic 

axes. 

Magnetic surfaces are defined both within the current-carrying conductor (or 

conducting fluid, or ionized plasma) and outside it; in the particular case of a filamentary 
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conductor, the surfaces are all outside the filament, which is the magnetic axis and a curl 
line where the field diverges (see also in figure 2.5-1). 

Magnetic surfaces play an important role in magnetohydrodynamics. For example, 
both the individual chflrged panicles as well as plasmas or conducting fluids move easily 
along the lines (or surfaces) but hardly across. More in general, important aspects of the 
stability and confinement propenies of piasmas in magnetic configuratiol'8 depend critically 
on functional variables that are uniform over a magnetic surface.2.7 For example. the 
pressure p of a plasma in equilibrium is such a surface quantity. In fact, since it obeys the 
magnetohydrodynamic relation 

Vp = j x B  (2.5-7) 

by multipJication with B we get 

B · Vp = O  (2.5-8) 

which shows that in equilibrium the plasma pressure gradient is always nannal to the field 
vector, that is, it is constant along the magnetic induction lines (or surfaces): p =const. 
surfaces are also magnetic surfaces. This property can be used to design magnetic 
configurations for plasma confinement; for example, the toroidal configuration shown in 
figure 2.5-3, where the magnetic surfaces close upon themselves without interesecting any 
chamber wall, could be a convenient configuration for this application. From (2.5-7) we 
also get j .  V P = 0, which means that within a plasma in equilibrium the current lines also 
lie in the magnetic surfaces: p = const. surfaces are both magnetic and current surfaces. 

Toroidal surfaces 

The toroidal magnetic field configuration (figure 2.5-3) 

H = HT + Hp (2.5-9) 

where the toroidal component HT is generated by a toroidal magnet [or simply by a straight , 
axial current IT; see in connection with (2.3-40)'] and the poloidal component Hp is 

generated by an azimuthal current distribution i, . provides a simple and often discussed 
example for closed (toroidal) magnetic surfaces. In fact, these are simply traced out by the 
helicaJ field lines around the main axis that are defined by the resultant magnetic field H .  
Among the nonnal magnetic surfaces traced out by field lines that do not close upon 
themselves (so-called irrational surfaces) there are special surfaces where the field lines 
close upon themselves after one or several transits around the main axis. 1bese so-called 
rational surfaces play an important role in anaJyzing the containment and stability of 
thermonuclear plasmas in toroidal tokamak devices.2.7 

In an axisymmetric magnetic configuration with H = HT + Hp the poloidal field 
(2.2-34), 
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magnetic surface 

magnetic axis 

Figurt 2.5-3 A set of nesled axisymmetric. magnetic surfaces containing a 
conducting fluid and carrying a loroidal currcntj. The toroidal surfaces are traced out 
by the helical magnetic H-lines, which resull from the superposilion or Ihe poloidaJ 
Hp·field (generated by the cutTent J) and the toroidal Hrfitld (generated by a toroidal 
magnet or just by a current flowing along the l-axis). 

Hp = H,e, + Hle, = 2k. e, x VlJlp 

is defined by a vector potential A(z.r) lhar includes only the A,-component (figure 2.5-4), 

as we know from the discussion regarding (2.2-27). Here. we introduce the poloidal flux 
funclion (2.2-31), 

If!p(Z, r) = 21rr� , (2.5-10) 

and, by multiplying each side of the previous equation by V 'IIP and because of (A.3-ld), 
oblain 

Hp , V lf!p = O . (2.5- 1 1 )  

This means Ihat the magnetic field lines of the poloidal field Hp are defined (in any plane 
through the axis of symmetry) by the equation 

If!p(Z,r) = 21tr�(z,r) = consl. (2.5-12) 

In fact, V'ljIp is a normal vector to these lines, and thus (2.5- 1 1 )  shows Ihal the vector Hp 
is always tangent to them, as required by the definition stated in connection with (2.5-1). 
By Superposilion of the ideal toroidal field BT, (2.5-9), or simply by rotalion about the 
axis of symmetry, the magnetic lines trace out the toroidal magnetic surfaces. Similarly. it 
can be shown that in open-ended two-dimensional systems, where the vector potential 
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major loroidal axis l pole,idoll flux: eXlemal lo magnetic ...-::.:::::�==::i-:::::::1::::::::::::--�SUrface Y'� . internal Y'pj 

��t\!�l::::::;�m�a�g�neliC surface 

magnetic axis 

Figure 2.5-4 Toroidal magnetic surface defining a toroida! flux I/tT and two poloidal 
nux!:s. external f/IP .. and internal .pp, . The fluxes remain constant with respect to a magnet
ic surface---hence the possible labeling ofmagnelic surfaces through the related flux. 
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A(r.,) (here in polar coordinates) is lranslationally invariant and has only the Az-<:omponent 

(see figure 2. 1 -6; and calculate 1jI from (2.2-36)], the field lines are defined by the equation 

A,(r.4» = const. (2.5-13) 

and the corresponding surfaces are obtained by tranSlating them along the ,-direction. 
Magnetic fluxes defined with respect to a magnetic surface are preserved because by 

definition (2.5-1 I )  the magnetic field is tangent and thus does not cross the surface; hence, 

magnetic surfaces can also be labelled as flux surfaces. In an axisynunelric toroidal field 
there is a roroidal flux related to the cross section ST (figure 2.5-4), 

(2.5-14) 

and there are poloidal fluxes 

(2.5- 15)  

which are defined to be either outside the magnetic surface [ lI'Pe; this i s  the flux (2.5-12) 

obtained by integrating over the disk-like surface through any point M on the magnetic 

surface] or inside [JYpj: this follows by integration over the ribbon-like surface extending 
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Figure 2.5-5 Computer graphics presenting the nonaltisymmetric toroidal 
arrangement of some of the nonplanar coils for the slellarator-experiment 
WENDELSTEIN 7-X located at Greifswald (Germany); also shown is the outermost 
magnetic flul( surface that will contain the hot plasma of thermonuclear interest (the 
major, mean radius is 5.5 m). (Courtesy of Max-Planck-Institut flir Plasmaphysik. 
Garching. Gennany.) 

from the magnetic axis to M]. II obviously is \llPe + ¥'Pi = 'IIPtot . where the total poloidal 

flux is obtained by integrating over the disk defined by the magnetic axis. As mentioned 
before, the, values of the so-defined fluxes can be used to label the magnetic surfaces. 

In this chapter we have mainly discussed simple arrangements of coils and magnetic 
configurations that to a large extent could be treated analytically. In practice, more 
complicated configurations are often used which, based on the concepts presented in this 
chapter, have to be calculated numerically (see in chapter 9). Such an example is shown in 
figure 2.5-5. 
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Chapter 3 

PERIODIC FIELDS AND WAVE 
PHENOMENA 

In this chapter we discuss some theoretical behavior of fields that are hannonic in 
time-that is. expressible in steady sine or cosine functions. These fields are important in 
physics. panicularly in electromagnetic theory. because sinusoidal time dependence is a 
fundamental variation in nature. Electromagnetic wave phenomena are also introduced, but 

the discussion is limited to the most basic concepts only since such phenomena play a 
limited role in the topics tteated in this lxx>k. 

Appiicatiofl.S. The fonnalism concerning sinusoidal time varying and rOlating fields is 

applied extensively throughout the book and is the basis for many applications3.4-for 

example. motors and current generators (discussed in chapter 6). 

3.1 COMPLEX FUNCTIONS 

Complex variables and functions represent a very useful and powerful set of tools for 
dealing with phenomena that have sinusoidal time dependence. They are also used 

conveniently in other applications throughout the book so we shall briefly review some of 

their basic properties. We then extend some of these concepts to steady and nonsteady 

phenomena through the Founer transfonnation fonnalism. 
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Sinusoidal functions 

It is convenienl lo express any funclion H (e.g., a magnelic field component) thal has 
a harmonic lime dependence through the complex exponential notation 

where 

- iCIJ H(x.y,z; 1) =  H(x.y.z)e • (3. 1-1)  

(3.1-2) 

is the imaginary unit or number. This notation implies thal the physically meaningful 
component of the function (e.g., of lhe field) is the real part of it. If H = H(x.y.z) is a real 
function, the real part is 

because 

Re H(x.y.z; /) = H(x.y.z)cosOJl • 

eica = casar + i sioat . 

(3.1-3) 

(3.1-4) 

as can be shown by writing lhe series expansions for eiCll' ,cos(jJ', i sinM. Here, ru is the 
angular frequency, which is related to the time period T by 

w = 2n I T . (3.1-5) 

More in general, H can itself be a complex junction, 
H(x.y.z) = H'(x.y.z)+ i H"(x.y.z) (3.1-6) 

wilh Hi being its real component and H" its imaginary one: 

H(x,y,z; t) = H(x,y,z)e;'" = (H' + iH")(cosWl + i sinCIN). (3. \ -7) 

The real, meaningful component of the function is then 

Re iI = H' cos OX - H" sin fiX (3.1-8) 

For later usc, note the relation 

..f±i = (I ± i)l..fi . (3. 1-9) 

which derives from 

(3.1- 10) 
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Complex variables and functions 

It is useful to recall some basic concepts and rules regarding complex variables and 
functions. A complex variable l. may be represented in the Cartesian form 

l; = x + i y • 

or in the polar form 

� = p = pe;� = p(cos� + isin�) 

where e is the base of naulral logarilhms and 

A. = ace tan 1. 0/ X • 

(3. 1 - 1 1 )  

(3. 1 - 12) 

(3. 1 - 1 3) 

as is evident from the representation in a Gaussian plane (figure 3 . 1 - 1 ), where z can be 
taken as a vector from the origin to point P(x,y). The conjugate variable, 

L = x - iy = pe-;� (3. 1 - 14) 

is obtained by the substitution i ---+ -it and it lies symmetrically about the x-axis. 
With these definitions in mind, the basic algebraic operations fal1aw in a logical 

manner. Depending on the calculus to be made, it is convenient to use either the Cartesian 
or the polar form, 

Addition (subtraction) of two complex variables. 

" + '2 = XI + x2 + i(YI + Y2 ) 
(3. 1 - 1 5) 

corresponds in the polar form [0 [he addition (subtraction) of two vectors. A special case is 

t + t· = 2x • 

t + t
· 

= 2pcosq, 
(3. 1 - 1 6) 

that is. addition of a complex variable with its conjugate gives twice the real component 
Multiplication (division) of two complex variables. 

" l:2 = (XI + iYI )(x2 + iY2) = (xlx2 - YIY2) + i(x'Y2 + x2YI ) 

l:" 2 = p,p2e;(�I+�) = P'P2[cos(�, + �2) + i sin(� + �)J 
(3. 1 - 1 7) 

corresponds to multiplication (division) of the absolute values and addition (subtraction) of 
the arguments. Special cases are 

l:L = (x + iy)(x - iy) = x2 +i. l_L_ x-iy � - �·� - x2+i (3.1-183) 
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y 
y - - - - - - - - - - - - - - - - - p(x.y) 

p 

...... '� l .f  X ....... J : ................. ! l- ..... P I 
- ......... : 

" , -y - - - - - - - - - - - - - - - -� 

Figure 3 . 1 - 1  The representation of a complex number or variable and its 
conjugate in a Gaussian plane. 

that is. multiplication of a complex variable with its conjugate gives the square of the 
absolute value, and 

i I = -y + i x  

;('+") i� = pe 2 
. ,  , 

i = e 2 
(3.1-18b) 

that is, multiplication by i corresponds to a rotation by rcJ2. Other noticeable cases are 

wilh n = 0, ± I, ± 2,. .. , 

Ifn Ifn[ {�+2nk) . .  (�+2nk)] z = p  co + I sm n n 

with k = 0,1,  2, . .  " n - I .  

(3.1- 19a) 

(3. 1 - 19b) 

By introducing the complex variable z. it is possible to extend logically most 
mathematical concepts [e.g . .  the differential (2.1 -42)] into the complex domain. In 
particular, thefunClion of a complex variable, !!::(l;). can itself be separated into a real and 

an imaginary component: 

!!'(�) = u(x,y) + i v(x,y) , 

each dependent on the real variables x,y. Therefore. the equation 

W(L) = 0 

based on the complex variable Z. corresponds to two equations 

(3. 1-20) 

(3. 1-21) 
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u(x.y) = 0 . v(x.y) = 0 (3.1-22) 

in the variables x,y. This shows that at any couple of values (x,y) [which define a point 
P in the (x.y)-piane] the function w delennines a JX)int Q in the (u,v)-piane. which means 
that the Z(x,y)-piane is transformed imo the w(u, v)-plane. It is easy to show that such a 
transformation keeps the angles unaltered; it is a conformal transformation.2.1 Therefore, 
u, v arc conjugated/unctions-that is. the family of curves 

u(x.y) = c • v(x.y) = c (3. 1-23) 

where c = cansI. intersect at normal angles. In fact, the orthogonal family of lines 

u = c  • v = c  (3.1-24) 

in the (u,v)-plane are confonnally transfonned into the orthogonaJ family of curves (3. 1 -

23). Similar expressions are obtained, and considerations applied. for the polar form (3 .1-

12) of Ihe complex variable. 

Example: Conformal transformations 

Consider as an t)l;ample the fum.:tion 

(3.1-25) 

Insertion of (3. 1 . 1 1 .  20) leads 10 
. 2 2 . 2 U+H' =X  �y + 1  xy 

that is, (3.1 -26) 

u = x2 _ y2, 1' = 2.cy . 

This funC!ion detennines a well·defined conforma[ transfomlation of problems, curves, and so on, from the 

,(x,y)-plane into the :u:.(u,I')-plane, and vice versa. For example. the family of orthogonal lines u = c ,  
v = c in the w-plane transforms into the orthogonal family of curves u(x,y) = c, v(x,y) = c-that is, 

hyperboles. 
(3.1 -27) 

in the z-plane. Conversely. the OTlhogonal line.'; x :::: C. y = c in the u1ane transform conformally iOIQ the 

orthogonal curves .c(u,v) = c, y(u,v) = c-that is. parabolas. 

(3.1 ·28) 

in the ll:·plane (figure 3.1-2), Important properties of the If.u,v-functions and a further example of a 

conramla] transformation are discussed in section 2. 1 ,  in connection with (2. 1-40). 
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y • 

I-plane 

" I ' t> . ';. . . " . , : . , � � 

x u 

Figure 3.1·2 Conformal transfonnalion between lhe �(x.y)· and .It!.(u.v)
planes. 

Complex vectors 

By logically extending the definition (3. 1-6) of a complex function, the concept of the 
complex vector with time dependence eia. can be introduced by definition to be 

iI = Heiar . 

where each component of the complex vector (sometimes called a phasor), 

H H' · H" (H' · H" 
_ = + 1 = X + I X' H� + iH;. H' . H") x + I JC ' 

(3.1-29) 

(3. 1 -30) 

can itself be a complex function, H� •... being the real components and H; .... the imaginary 
ones. In analogy to the polar variables (3.1-12). this vector can also be written with the 
components 

h 2 _ (H, )2 (HH)2 d � _ 
H; w ere P:r - x + x •...•... , an tan'f,r - w.···,··· x 

(3. 1 -31)  

Extending the expressions (3.1-16, 17)  for the significant real components of the 
complex vectors H, H(, "2 gives 

(3.1 -32) 
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Re HI · ReH2 = t(HI + H;)t(H2 +Hi) = ;\-(H, · H2 + H; .Hi +H; ·  H2 + H, · Hi) 

(3.1-33) 
where the asterisk indicates, like in (3.1-14), that the substitution i-+-i is perfonned in the 
vector components (3.1-30 or 3 1 ), 

or 

' '' ' '' ' 11  " 
H' = H  - i H  " CH, - i H, . Hy - i Hy • H; - i H, ) 

H* = (p e -i;x p e-itPy p e -itPz ) - - x ' y ' z  

Also. by eXlending (3.1- 18). it is 

H · H" = H ·H" = w2 + H,,2 = / = IHI2 = H2 

All these expressions also hold when substituting 

H -+ H = Heia. 
because this implies only a phase change fix -+ fPx + ox •... 

For later use, we calculate the lime average over one period T = 21[" /w of 

(3. 1 -34) 

(3.1-35) 

(3. 1 -36) 

(3. 1-37) 

By noting that the time avemge of H, . il2 (or of il2
) with the same harmonic time 

� .  - - - . '" dependence m vanishes and that HI · H2 = ("" H2 ) (to confirm this, we recall the 
trigonometric relations: 2cos2 OX = I + cos2ar and sin2l1X = 2sinCtXcos�). we obtain the 
time average theorem 

(3.1 -38) 

and. in particular. 

(3.1 -39) 

It is also easy to understand these relations with the polar form (3.1-31), especially if we 
assume the same phase angle for all components, thus 

H = pei("'+�) 

Then. for example. for (3. 1 -31 .  37) we write 

(3.1-40a) 
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since 

rCOS2({lH�)d t =f 
the same result is obtained from (3. 1-39, 40), 

Reii2 = t ii  H' = tp2 

(3 . 1 -40b) 

When there is a phase angle for each component. writing the above becomes a little more 
tedious. but the procedure is the same. Obviously, all these relations also remain fOllTlally 
valid when, instead of a complex vector H. we simply have a complex function H. We 
shall apply the formalism of imaginary functions and vectors in sections 4.3. 4.5, 5 . 1 .  5.4. 

3.2 SINUSOIDAL AND ROTATING 
ELECTROMAGNETIC FIELDS 

The calculation of electromagnetic phenomena with a steady hannonic (cosine. sine) 
time dependence by means of complex variables and functions is a powerful method that 
allows direct time dependence to be eliminated from the equations. Consequently, the 
solutions become simpler and are based on the fact that at the end only the real parts have a 
physical meaning and will be used. 

Electromagnetic equations 

The source terms in Maxwell's equations ( 1 . 1 - 1  to 4). j and Pe' and accordingly the 
resultant electromagnetic fields, are assumed to vary hannonically with the angular 
frequency ru. (3. 1 -5), as expressed by the complex notation (3. 1 - 1 ,  29), that is, 

': • ica - ica - ilJX - E i� J = Je , p' = !!.,e , H = He , E = _e ,"" (3.2-1) 

where j, P , H, and .E can themselves be time-independent complex phasors (vectors) or -, 
scalar functions. 
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Inserting into the time-dependent equations ( 1 , 1 - 1  to 5) irrunediately gives the 

lime-independent equations 

V x H � j + ; "'D 

V x E � - ;"'!! 

V · !! � O  

V · D � p  - -, 
V · j � ; "'P - -, 

(3.2-2) 

(3.2-3) 

(3.2-4) 

(3.2-5) 

(3.2-6) 

where all sources and vector field terms, according to notation (3.2-1), can be space- and 

w-dcpcndem. but are independent of lime. 

The same simplifying formalism can conveniently be applied to all other relevant 

equations where there is a time derivative-for example, to the quasistationary electric 

equations ( 1 .2-24 to 27), or qua�istationary magnetic equations ( 1 .2-18 [0 2 1 ), which then 

become 

V x H � j 

V x E � -;"'!! 

V · !! � O , 

V ·  j � ;"'P . - -, 

(3.2-7) 

(3.2-8) 

(3.2-9) 

(3.2-10) 

The solution of these syslems of complex electromagnetic differential equarions, 

together with relations (3.2- 1 1 ). requires the application of the appropriate boundary 

conditions accompanying (he geometrical configuration of each problem. These conditions 

remain fonnally identical to those determined in section 1 .5 and summarized in table 1.5-1. 
Up to now we have assumed the parameters cr.j.l.E included in the constitutive 

equations ( 1 . 1 -6 10 8), 

(3.2- 1 1 ) 

to be time-independent. meaning that any change in the magnetic or electric fields 

immediately induces a proportional change in the conduction current and in the volume 

densities of magnetization and polarization, ( 1 . 1 - 1 1 , 12). In reality. the response of the 
underlying physical phenomena is characterized by a time lag, which in the above time
independent equations can be taken care of by considering the parameters written in 
complex fonn , 

. " ( ' . " ( ' . " ) 
Q = C1  + 1 (1  , J1 = J10 PR + lPR) , g = Eo ER + I ER ' (3.2- 12) 

where cr'.J1R.ER are the real components and U",J,lR.ER are the imaginary ones. We shall 

take up this argument in section 5.4, starting from (5.4-44). 
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Generalized wave equations 

The system of differential equations (3.2-2 to 6) can be rendered more compact by 

taking the curl of (3.2-2, 3) and then unifonning with the constitutive equations (3.2- 1 1 ), 
where the parameters a,J.l,E, are assumed to be space-independent, to obtain the time

independent equations 

where 

These equations can rusa be deduced direc[)y, with the formulations (3.2-1), 

H = He
iat 

• E = Eeiar . 

(3.2-13) 

(3.2-14) 

(3.2-15) 

from the differential time-dependent equations (4. 1-2, 3), with the substitution of the 
double curl as in (4.1-5). 

The fir;t term on the right-hand side of (3.2- 15) stems from the displacemenH:urrent 

term iaO in (3.2-2), thus it vanishes in the quasistationary approximation. In this case from 

(3.2-13) we obtain the magnetic diffusion equation 

(3.2-16) 

(see section 4.1), where () is Ihe diffusion skin depth (4.2-21), 

Magnetic potential 

The formalism expressed by the time dependence (3.2-1) can also be applied to the 

magnetic vector potential and to the electric scalar potential introduced in chapter 2; thus. 

(3.2-17) 

The time-dependent d'Alembert equations (2.2-10) then transfonn into the 
time-independent equations 

tJ.U+k2U =-e, iE , 

tJ.A + k2 A = -I'j 

(3.2-18) 

(3.2-19) 



3.2 SINUSOIDAL ELECTROMAGNETIC EQUATIONS 

provided that the Lorentz gauge (2.2-9) holds, that is, 
/lA = - i W/lEV = - ik..fjiiU 

here the wave number of the medium is expressed by 

k ={J)..JI'£ = � = #= 1f 
with 

c =  ;b; 
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(3.2-20) 

(3.2-21 )  

(3.2-22) 

being (he velocity at which any electromagnetic disturbance travels in the medium; in 
particular, c = 1 1  �(J.1oEO) is the speed of light in vacuum, A. = Tc is the wavelength of 
this disturbance, and T = 21C I (0 its period. [The present discussion anticipates somewhat 
the argument of the next section; in fact, in free space, where j and p vanish, the above 

- -, 
equations assume the form of the wave equation that will be discussed in connection with 
(3.3- 1 ).) 

The solutions of (3.2- 18.19) can be based on the retarded potentials (2.2-26), 

whereby the time delay t -4 t - rlc (i.e., ei (U -+ ei{CIl-kr» shows up such that 
-i.t'PQ J p , 

Vp({J) = 4],., -'\'Q d VQ (3.2-23) 

j e -ikrpq 
Ap({J) =-i,;-J-Q 'I'Q  d VQ . (3 2-24) 

As already pointed out in connection with (2.2-15), the solution of an electromagnetic 
problem through the use of the potentials A, J.L is in some cases a convenient alternative to 
solving the system of Maxwell's equations (3.2-2, to 5). The time-dependent magnetic and 
electric fields (3.2- 1) are then obtained from the potentials through (2.2-14,15), that is, 

I'H = V X A , (3.2-25) 

1); = -i{J)� - VU (3.2-26) 

In the quasistationary magnetic approximation, where 

k -> O  (3.2-27) 

because of relation ( 1 .2-17), the above equations reduce, as in (2.2- 12,13), to the Poisson 
equations 

and to the Coulomb gauge 

/IV = -e. 'E 

<lA = -I'j 

whereas the field relations (3.2-25, 26) remain unaffected. 

(3.2-28) 

(3.2-29) 

(3.2-30) 
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Rotating magnetic fields 

Up to now we have considered alternating magnetic fields, which are fields along a 

fixed direction whose magnitude varies periodically with time. On the other hand, a fOUlIing 
field is one whose magnitude is constant but whose direction rotates in space. Rotating 

magnetic fields, introduced by N. Tesla. are of practical importance. since they are 

associated with rotating electromagnetic machinery. as we shall see in section 6.2. 

Two-phased coil arrangement 

Consider two alternating fields phase-shifted by 7C/2 and fixed on the x- and y-axes 

as shown in figure 3.2-la 

Hx = Ho sinal' = HO cos (liJI-1C12) , 
(3.2-3 1 )  

Hy = Ho sin(at - "/2) = -Hoeosat . 

It is inunediately clear that this corresponds to a vector H : {Hx.Hy} with magnitude 

1"1 = �H; + H; = Ho at angular position ut - 1172 [sire Hyj H, = sin("" -K/2)jcos("" - K/2) 1 
and rotating with angular velocity co. This situation can be obtained by two coils fed with a 

m'2�phase-shifted sinusoidal current, each producing an oscillating mean field HO cosax in 

the center of its axis region (figure 3.2-lb). 

y a) 

x 

yl b) , 
A ef---, 

, , : B' �----i-----+1- ! I� 0--'� 

---� + x 
I, 

Figure 3.2-1 (a) Rotating magnetic field vector H resulting from m'2--phase 
shifted oscillating fields Hx.Hy along the x. y-sxes; (b) corresponding schematic 

coil arrangement (cross section of either two loops or two very long. racetrack 
conductor pairs) fed by two m'2--pnase shifted oscillating currents I x./)" 
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Consider a conducting bar cemered on the z-axis: The magnetic field diffusion here is 
identical (in a coordinate system rotating with H) to that described in figure 4.3-6, where 
instead the bar rotates in a constant field H. 

Three-phased coil arrangement 

An extension to a three-phased array is a step towards more practical arrangements. 

Along the three equidistant axes shown in figure 3.2-2a we put three alternating 2Tr13-

shifted fie lds 

HI = Ho sinax [= HocOSW- (;)] . 

H2 = Ho Sin( WI -
2;) = -HoUSiIlWl + : COSWI ) 

H] = Ho Sin( WI - 4;) = -HO( �SinWl -: cosWI ) 
where use is made of the well-known trigonometric relation A.I ;in particular . 

sin ( x i  y) = sinx cos y ± cosx sin y . sin ( ± 
2;) = ± �, 

cos ( x ± y) = cos x cos y + sin x sin y , cos (± 
2;)= -� . 

y! , y a) 

(3.2·32) 

(3.2-33) 

b) 

Figure 3.2·2 (a) Magnetic field vector H rotating with angular velocity Cl) an:.I 
resulting from superposition of three 2n13-phase-shifted oscillating fields H I' "2' 
H J' along three equally spaced all.es; (b) corresponding coil arrangement (cross 

section) fed by three 2n13-phasc-shifted ost:illating currents. 
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I ',(AA') '2(88') 13(CC) A 
I) 

A ll) A • • • 

,n 

A' A' 

Figure 3.2-3 The 2n13-phase-shifted currents 11, 11, I), feeding the three coils 
A. B, C; and qualitative picture of the :t: current flow in the coils at three instants I, 
I!. m. clearly indicating the rotation of me resultant magnetic vector H (as usual, the 
symbols indicate the following: • current flowing towards the reader, x away from 
reader. 0 negligible current). 

Summing the components along the x- and y-axes gives 

2% 41t 3 , 
Hx = H, + H2 cos - + H3 cos- = -HosInOX 

Ill) 

3 3 2 

H 0 H ' 

2" 
H , 4" 3 

H 
(3,2-34) 

y = + 2 sm 3+ 3 sm 3 = -2" o cosar 

which define similarly as before in (3.2-21) the magnetic field vector H =. (Hx. . Hy ) with 

constant magnitude H = 1.5 Ho at angular position OX - 1Cj2 and rotating with angular 

velocity W. This situation can be obtained, as before, by three equally spaced coils fed with 
± 2m3-shifted sinusoidal CLJrrents (with respect to the adjacent coils), as shown in figures 
3,2-2b and 3,2-3, 

3.3 WAVE PHENOMENA 

In this section we shall introduce some concepts relating to electromagnetic waves. 
They are an important subject in electromagnetic theory and practice3.1. 3.1; however, they 
play a limited role as regards the main subject of this book, so only some basic concepts are 
presented and discussed, (On the contrary. electromagnetic diffusion phenomena, which 
are included in the same equations, are amply discussed in the next two chapters.) 
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Wave equations 

In a nonconducting medium (0' = 0), from (3.2-13, 14) we obtain the wave equations 

�H + k2H = 0  

�!!;+ k2!!; = 0  

(3.3-1) 

(3.3-2) 

where the wave number k is given in (3.2-21).  To solve this system of Helmholtz 
equations (see in connection with (AA-52)], we can solve, with the appropriate boundary 
conditions, the equation in H and then get E through (3.2-2) where j = 0, 

V xH = i fW!!; ; 

or vice versa. solve the equation in .E and get H from E through (3.2-3), 

V x !!; = -i!,wH . 

(3.3-3) 

(3.3-4) 

We recall that in certain problems it may be more convenient to use the magnetic and electric 
polenliaIs A. 11 and solve the related wave equal ions (3.2-18, 19) with the appropriate 
boundary conditions; the fields are then obtained with the help of (3.2-25, 26). 

Example: Radiation from a Hertzian dipole 

Consider the elementary length L of an antenna carrying the total current 10 ei Ctl  
• We are looking for 

the electtic and magnetic radiation field around this antenna (figure 3.3· I), so it is convenient to inttoduce 
the magnetic vector potential at point P and distance p »  L.  (3.2·24); the approximation 
jQ d VQ = I d I � Il.cz [see also (2.2-37. 39») gives 

(3.3-5) 

Its components in spherical coordinates are (figure 3.3-1) 

(3.3-6) 

which is used with (3.2-25) to calculate the magnetic field components (table A.3.1I, and noting that 
a l "" = O) ,  H = H, = O and UV' _p _ 

H 'k�(t t ) -i kp . 9 
f = 1 + - e Sin . - 41fp ikp 

On the other hand, the electric field components follow from (3.3-3): £6 = 0,  and 

E = ik.!..2!:.. �[-t- + -t-le-iip cosS -p 2"p V£ ikp (ikp)' 
' 

(3.3-7) 

(3.3-8) 
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.-L 
i y 

x 

Figure 3.3·1 Spherical coordinate sySlem for electromagnetic field about an 
incremenlal antenna (Hertzian dipole), 

(3.3-9) 

AI radii p >  A./21r. where l = 2Jr I k is the wavelength of the radiation. (3.2·21), only one term 

predominates, giving rise 10 the so-called radiation field, 

'''''' 

H . � -ikp . 8 _; = I llp t Sin 

£9 = i Zo�e-
ikp Sin8 ; 

(3.3-'0) 

(3.3. " ) 

7. = lE: = .!. (3.3.'2) &.'1J "1/7 (£ 

expresses the intrinsic (or wave) impedance of Ine medium. which in free space is Zo = � == 337 ohm. 

This field fonns a spherical wave, with impedance 

(3.3-'3) 

which propagates radially outward. 

In anticipating Ihe contents of section 5.1. we nOle that lhis wave carries it power per unit art.a given 

by the Poynling vector (5.1-25), P = E x U· � which has a time-averaged value over the period T(3.1·38) of 

(3.3-'4) 

that is. with (3.3-10, 1 1 )  we obtain 
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(3.3- 15) 

The total mean power irradiated is obtained by inlegraling over a spherical surface with fixed p and 
ds = 2lrp sine pd 0 ep. 

- ( 'OL)'J< . 3 , ( 1.)' Wp =nZo Hp 0 SIO 8d8=)Zo 10 A 

This mean power loss from the antenna can be compared formally with an ohmic loss 

, - toR 
WR = -y-

( 10 is the peak current), and thus a radiation resistance of the antenna, 

(3.3-16) 

(3.3- 17) 

(3.3-18) 

can be defined. This shows that an efficient antenna must have a length L comparable with the radiated 
wavelength. Note that the terms (ikprJ . ... ,lhat have been neglected for large enough p in (3.3-7 to 9) 

will nOI contribute 10 the irradiated power because in (3.3-14) they will either not appear, be small, or be 

imaginary: They form the so-called induction field, with ils reactive energy altemalively slored in the field 

and returned to the anlenna during each lime cycle [see comments in connection with the reactive power 

equation (5.1-26)]. 

Plane waves in a uniform medium 

Plane electromagnetic waves are among the simplest wave types and are presented 

here as an example. In such a wave (figure 3.3-2). the magnetic and electric vectors are 
orthogonal to each other and lie in a plane perpendicular to the propagation direction. with 
their field magnitude being constant over this plane. 

x 

k (propagation) , 

y 

Figure 3.3-2 Plane wave propagating in the z-direction. 
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The magnetic field is here taken along the y-direction. H = H yey' where H y is 
independent of the x-and y-<:oordinates; thus (3.3-1) reduces to 

a2 Hy 2 _ y + k  Hy - 0  , (3.3-19) 

with the solution 

H = R e=Fikt 
_y 0 

Inserting into (3.3-3) gives Ey = E, = 0 and 

E = ± HO efilz 
-x 

GC 

(see table A.3. 11), where by definition we have 

k = OJ , c 

(3.3-20) 

(3.3-2 1 )  

(3.3-22) 

that is, respectively, the wave number (3.2-21) and the wave impedance [equa1 la the 
intrinsic impedance of the medium, as in (3.3-13)]. Consequently, for a plane wave 
traveling along the z-axis, and by reintroducing the time dependence. we can write 

(3.3-23) 

(3.3-24) 

where -k · z = 1=kz and the upper sign applies to the positive z-direction, and the lower 
sign applies to the negative. This shows that E, H. and the propagation vector k = kez. 
follow the right-hand rule. which is a general rule not limited to the plane wave case. 

Plane waves in a conducting medium 

The pertinent equations for a medium with finite conductivity (J are given in (3.2- 13  

to 15). In the quasistationary approximation (where the displacement term is neglected 
versus the conductive term), 

(J »  Em , (3.3-25) 

thus 

(3.3-26) 
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where /( = 1 1  /la is the magnetic diffusivity (4.1 ·9). Consequently, (3.2·13) reduces to tile 
diffusion equation 

(3.3-27) 

(which could also have been obtained directly from the magnetic diffusion equation (4.1-
8) presented in the next chapter]. 

The wave number (3.3-26) transforms into 

(3.3-28) 

where 

(3.3-29) 

is the skin depth-that is, the depth to which the electromagnetic fields and waves penetrate 
substantially [see also (4.2-29)]. The solution of (3.3-27), in tile simple plane wave 
geometry used for (3.3- 19), is the same as in (3.3-20) but with this imaginary k.cr value; 
thus 

(3.3·30) 

This equation describes the field as it penetrates the conductor (we have omitted the 
ahemative + sign in froOl of z for an opposite traveling wave). The same solution applies 
for Ex. connected by (3.3-21), We will return to this type of solution in chapter 4, in 
relation to different magnetic diffusion problems. We can define a fonnat penetration 
velocity in the conductor by writing [see also (4.2· I 8c), where 10 = 8/2) 

that is, vd == 400 mls in copper at I MHz. 
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Chapter 4 

MAGNETIC FIELD DIFFUSION 
AND EDDY CURRENTS 

The previous chapter dealt mainly with the magnetic field generated in vacuum by a 
given current distribution; this chapter deals mostly with the interaction between time
varying magnetic fields (in the quasistationary approximation) and the related current 
density in conductors with constant electrical conductivity and incompressible mass. 
Depending on the formulation of the problems, the interaction effect in the conductor can 
be treated either as a magnetic diffusion process or as the induction of an eddy current 
distribution. the two solutions being related through Ampere's law. Both are addressed 
here. 

Applications. The finite penetration into a conductor of diffused. time-varying fields or 
of the related eddy currents gives rise to effects of practical importance-for example, 
modified resistances and impedances. or magnetic shielding4.13• These fields and currents 
are also the starting point for calculating (in chapters 5 and 6) locally limited or 
concentrated heat deposition (conductor damage) and force application (magnetic 
levitation). The strong modification (concentration) of the diffused fields and currents 
around an abrupt change in the conductor geometry (around a micro-crack) is the basis of 
magnetically sensitive, nondestructive testing4.12• 

4.1 MAGNETIC DIFFUSION THEORY 

The interaction of a quasistationary magnetic field with a solid conductor can be 
described as a diffusion process. In this section the diffusion equation is established and 
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the general solutions are discussed. In this respect, the penetration response of an applied 
step�function field is of general importance, since any other solution can be expressed in 
terms of the solution corresponding to this particular step field. 

General equations for a solid conductor 

In quite general tenns the global space VG (figure 4.1-1), bounded by the surface 
1:G (which may extend to infinity), may contain a conductor C bounded by the surface 1: 
characterized by the magnetic permeability p. Ihe electrical conductivity <J, and so on; 
there may be common boundaries to adjacent conductors Cl ..... defined by surfaces 1:1 ... . . 
The global space may also separately contain conductors Cs bounded by surfaces I.s with 
current sources js (which drive magnetic fields "s)' In general. the conductors C.C, ... .. 
move with velocity v. v, • . . .  with respect to a laboratory frame that may be anchored at the 
current or field source. In the quasistationary approximation. any field variation travels 
with infinite velocity in the space VG' and there is no radiation. 

The simple case of an incompressible. electrically isotropic and conducting medium 
in which Maxwell's equations ( 1 . 1 - 1  to 4) as well as the constitutive equations ( 1 . 1-6 to 
8) apply is the subject of this section. With Ohm's law ( 1 . 1 -6) for a conductor at rest. 

j = aE  , (4. 1-1)  

and taking the curl of ( 1 . 1 - J)  we get 

a v x V x H = v x (ITE) + al [V x (eE) . 

With the help of equations ( 1 . 1-2,7) this is transformed into the hyperbolic differential 
equation for the magnetic field 

aH a'H V x V x E + CT#-, - + e/A -- = O .  at al2 
Similarly. for the electric field we find 

(4.1-2) 

(4.1-3) 

For the magnetic vector potential A and the associated electric scalar potential U defined 
in (2.2-2,4a), from ( 1 . 1 - 1 )  we obtain 

(4.1-4) 
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p. �. a 

Figure 4.1-1 A global space VG cOOlaining passive conductors C, Cl,'" bounded 
by surfaces 1, l: I •... moving with velocity v; it also contains active conductors Cs 
with current sources J5. 
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note the equivalence of this equation with (2.2-10). when J1 is uniform in space and the 
Lorentz gauge (2.2-9) is applied. To obtain the last three equations, certain assumptions 
were made on the material constants e, Ji.. (1, In fact, E, J1 in (4.1-2) were considered 
independent of time. and (f,E independent of space, which means that the magnetic 
permeability J1 could be nonuniform in space. In equation (4.1-3), instead, (J and £cQuld 
be nonuniform. whereas in (4.1-4) this applies to (l and JL 

When V·H = 0, V·E = 0, from (A.3-1O) we obtain 

v x V x H  = -�H, V x V  x E  = -LU: (4. 1 -5) 

In a uniform, nonconducting medium (where j1. E are constants, (J :::; 0), with these 
relations the wave equations 

(4. 1 -6) 

are deduced directly from (4. 1 -2,3), These are hyperbolic differential equations, (A.4-4), 
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and imply that any electromagnetic field disturbance travels with the lighl velocily 

I (4.1-7) c = J£ii 

Quasistationary diffusion equations 

In the magnetic quasistationary approximation, the third tenn in (4.1 -2), as well as 
in equations (4. 1 -3,4), drops out because it derives from the displacement term aD/al. 

Because V · B = J.1V · H = 0, when J1 is uniform in space, relation (4. 1-5) reduces (4.1-2) 
to the parabolic magnetic diffusion equation 

where 

l an  <l.H- --=0 I< J/  

I 
1< = -
<1Ji 

is the magnetic diffusivity, which in practical egs units is 

1< =  41r<1JiR 

(4.1-8) 

(4.1-9) 

(4. 1-9*) 

The K'-notation is used throughoUl this book with the implicit understanding (if not 

otherwise stated) that (1,J.1 are space-independent, with j1. in addition, time-independent, 

as noted above. In (8.1-48) it will be shown that when the conductor moves with velocity 
v. additional terms must be added on the right-hand side of the diffusion equation. The 
diffusivity contains the product <1jJ. where the permeability can be very large for 

ferromagnetic materials. With respect to magnetic diffusion, a ferrornagnetic conductor 

behaves as if its electric conductivity were increased by a factor J.I.R. 
The magnetic diffusion equation could have been obtained more directly by 

considering, in the firsl place, the equations of the magnetoquasistationary approximation. 
Taking the curl of Ampere's law ( 1 .2-18), 

VxH= j 

then using Ohm's law (4. 1 - 1 ) and Faraday's law (1 . 1-2), 

VxE=-J(JiH) J/ 
gives, with the vector relations (A.3-8) and (4.1-5), 

• 

(4.1-10) 

(4. I- I Ia) 
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(4. 1 - l lb) 

which, when er is also constant, leads directly to (4.1-8) with the Laplacian given as 

I1 = VY 

As easily checked, the diffusion equation (4.1-8) could have been written as well 

for the magnetic induction B. Similarly, by laking the curl of (4. 1-8) and using (4. 1 - 1 0), 

the same fannal diffusion equation can be deduced for the current density: 

(4. 1 - 12) 

Proceeding under the same assumptions as before, the vector pmcmiai equation (4.1 -4) 

reduces to 

I1A = O'I'( � + VU) = -I'i (4. 1 - 13)  

(where now p .  but not cr, has been assumed uniform i n  space), Note that the right-hand 

side call he expressed with the total current density (2.2Ab), 

(4. 1 - 1 40) 

which includes two components: the one due to electric sources (2.2-4c), 

i, = - O' VU (4. 1 - 14b) 

(Iypically this current density is nonzero only in active conductors-for cxamplc; the 

coils, which produce the magnetic field in the first place) and the other due to the so

called eddy currents (2.2-4d), 

J'. - -0' JA , - Jr (4.1- 14c) 

Depending on the given problem. the potential U may or may not be zero; but the current 

conservation ( 1 .2-21), Vj = 0, requires the additional condition 

(4. 1 - 14d) 

Together with the Coulomb gauge (2.2- 1 1 ),  V·A=O, these equations provide a unique 

solution to the magnetic diffusion or eddy current problem defined through the vector 

potential A. Note that actually the vector pOlentiai equation (4. 1 - 1 3 )  can be decomposed 

into a set of three equations, depending on the domain under consideration (figure 4. 1 - 1 ) :  

(a) In the conductors C without sources, the reduced equation i s  defined by j" = 0. 

(b) In nom;onducting space, we get a Poisson equation (2.2-16) as a consequence of 0':::-0. 
(c) In the conductors C" with sources, the full equation (4. 1 - 1 3) applies. 
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The solutions corresponding to the domains must be matched at the boundaries. 
The above equations and related solutions can be appreciably simplified when there 

are important symmetries, as shown in connection with the cylindrical (r,l}-equations 
(4.3-8), (A.4-29, 41); the polar (r, ,)-equations (4.3 - 1 1 ,  40, 48); the Cartesian (x,y)
equations (A.4-27, 31); and the spherical (p. 8)�uations (A.4-74). 

When the conductor moves with velocity v, it will be shown in (8.1-53) that these 
equations, as a consequence of ( 1 .3-14), include additional terms and become"·26 

M =crJl[ a; +( • .  V)A -(A·  V)> + VU] 
(4. 1-15) 

j = -cr[ a; +(v ·  V)A -(A·  V)>+ VU] 
Solutions to the diffusion problem 

From a physical and practical point of view, the following comments can be made 
regarding the solution to the magnetic field--conductor interaction problem defined so far 
in this section (see also figure 4.1-1).  

(a) A pulsed magnetic field Hs is imposed on the conductor C (as generated by the 
current js flowing in the conductor Cs), which reacts (passively) by setting up an eddy 
current distribution; this problem is best treated as a magnetic diffusion process by 
solving (4. 1 -8), as will be done in sections 4.2 and 4.3. [If required, the eddy currents 
can .hen be calcula.ed through (4. 1-10).) 

(b) The overall time varying current in the conductor Cs is imposed, and the system reacts 
(actively) by rearranging, within Cs' the current density distribution; this problem will 
be discussed in section 4.5. 

(c) When the penetration of the magnetic field distribution is large with respect to the 
normal conductor dimensions (i.e., when we can speak of a thin conductor) it is often 
more convenient to solve the problem directly in terms of the eddy current 
distribution because useful simplifications can be introduced, as shown in section 4.4. 

With regard to the first comment, the diffusion process is described in this chapter 
primarily in terms of the magnetic field H, and not through the current density j, the 
vector potential A. or the magnetic induction B. al.hough .hey all satisfy the same type of 
parabolic differential equation. It is a somewhat arbitrary decision. In its favor speaks the 
boundary condition for the main tangential component of H (table 1 .5-1), which is 
fonnaJly identical to that of the scalar quantities of other diffusion problems, as will be 
pointed out shortly. 
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In general terms, the field--conductor interaction problem requires the solution to be 
found for the conductors and the free space surrounding them, which then must be 
coupled by appropriate boundary conditions. In free space it is generally convenient to 

solve Ihe problem in terms of the magnetic scalar potential <P (2.1 -2,3). We thus have 

only one unknown function UP); whereas in the conductor, in general. all three 

components of the magnetic vector field H must be considered. Of particular interest is 
the use of the vector potential A when there are symmetries in the problem, because the 
general solution is then valid in the whole space, including the conductors, as pointed out 
at the beginning of sections 2.1 and 2.2. The boundary conditions between conductors 
and free space are summarized in table 1 .5-1. 

Numerical techniques, which will be reviewed in chapter 9, are nowadays an 
important tool for tackling the inherently complex diffusion problems. Here, we deal with 
analytic solutions of typical diffusion problems by introducing some significant 
simplifications. This will allow some useful solutions to be presented and will give an 
idea of the relevant physical effects involved in the magnetic diffusion process. 

Solutions and analogies 

To solve the vectorial diffusion equations presented so far. it is necessary to 
decompose them into equations for the components of the unknown vector field, As 
mentioned in connection with (2.2-19), this is straightforward in Cartesian coordinates 
but requires attention in other coordinate systems. For example, for Cartesian components 

H = [H.(x.y.z).Hy(x,y,z),H,(x.y.z)j. the equations (4.I-S. l lb) each decompose into 

three equations:  

(4. 1 - 16) 
1 =  X,Y" 

It is immediately clear that in this component fonn the magnetic diffusion equations are 
fonnally identical to the thermal conduction equations to be presented in section 5. 1 ;  in 
particular, (4. 1-16) is similar to (5.1-37,43), 

"'T_ � iJT  = 0 a m  
where T is the temperature, a = klcv the thennal diffusivity (5, 1 -38), k the thermal 

conductivity, and Cv the specific heat per unit volume, This fonnal analogy is very useful 
because thermal conduction theory has been studied for more than a century and has 
produced powerful mathematical solution methods for solving the related differential 
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equations4.2. Thus. many solutions of the thenna) equations can be transcribed directly 
into the corresponding magnetic diffusion soimion (the same as for many of those 
discussed in this chapter) by application of the substitution scheme: 

Hi H T . i = x,y,Z 
(4. 1- 17) 

since [he boundary conditions are often formally identical. The parabolic differential 
equation (4. 1 - 16) is also found in other fields of physics-for example. in ordinary 
diffusion theory.4.19 

For the solution of diffusion equations like those indicated in (4. 1 - 16), there exists a 
vast literature. and different mathematical methods are well known-for example, 
variable separation. Laplace transformation, Green's function. GaJerkin integral. and so 
on4.4• Some information on the variable separation method is given in section A.4-in 
particular. starling from equation (A.4-60). The powerful Green's function method is 
briefly introduced in section 5,1  with the general solution (5. 1 -47), in connection with the 
heat conduction problem. This chapter mainly deals with the variable separation method, 
with some attention given to the transient step-function boundary condition because of its 
significance in magnetic field diffusion. 

Response to a step-function field 

Knowledge of a conductor's response to an externally (subscript e) applied step
function magnetic field is of particular interest in diffusion problems. To simplify our 
discussion wc use Cartesian. one-dimensional formulae for the rest of section 4. 1 ;  

extension 10 other coordinate systems. or to vectorial relations, can be obtained by 
appropriate transformations. The problem here is to know how an applied so-called step
Junction boundary (subscript b) field (Heaviside step funclion), defined by . { 0, 

H,( •• ; t) = 
Ho(" ) (consl.) , 

for -oo < t < O, 

(4. 1 - 1 8) 

for 0 S; t < -, 

where the initial l:ondition at any internal (subscript i) point Xi is generally 

(4.1-19) 

diffuses into the conductor system. The solution for the field at any internal point Xi for 
t � 0 can be written in the form 
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11 

IIO

r---:-----::::::::::===�---

Figure 4.1-2 The diffusion of a step-funclion field Hu expressed by the response 
function S. 

H;{x;;I)= HOS{x; ;t) • (4. 1-20) 

where the response junction S( Xi ; r) with S = 0 at t :: 0 and S = I at I ----) 00 (figure 4.1-2) 
fully describes the diffusion of a unit step function, 

This solution can also be written in the fann 

H;{x;;I) = Ho - Ho[l - S{x; ;1)] (4.1-2 1 ) 

which corresponds to the imposed field Ho minus a component that is related to the 
diffusion effect in the conductor (which in turn is connected to the induced eddy 
currents). 

Calculation of the response function S can be a difficult task. since it depends on the 
geometries and mutual interactions among the conductors, the applied boundary field, and 
the initial conditions. This chapter presents the response functions S for some simple 
plane and cylindrical conductors in relation to an applied homogeneous step-function 
field. of the form Hb = H,(O;I) = Ho(const.) [see. for example. figure 4.2-1 and in 
connection with Ihe solulions (4.2-10. 44). (4.3-14. 44. 45)J. 

Generalization 

The step-function solution (4.1-20) is of particular imponance in magnetic diffusion 
because it allows one to express directly (and for the same conductor geometry) the 
solution of the following two problems: 

(a) The decay of a constant magnetic field Ho initially contained within the conductor. In 
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fact, the boundary and initial conditions of this decay problem. {HO (xb)(consl.), for - � < t < 0 , 
H,(xb ;l) = 

0, for O :S: t < -

H;(x;;I) = HO(consl.) , for t "  0 , 

(4.1-22) 

(4.1-23) 

are complementary to (4. 1 -18,19) and can be obtained from these by changing signs 
and adding Ho(xj); therefore, the same is true for the solution. which from (4.1-20) 

then becomes 

H;(x; ;I) = Ho[I -S(X;;I)] . (4.1-24) 

(b) The diffusion of a time-dependentjield pulse defined through the boundary condition 

for - - < I � O  

for 0 :5 t < DO 

and the initial condition (4. 1- 19). The solution can be expressed as 

/ all (I') / dS(x · ·  1 - I') H(x" I) = -f 0 S(X" I- I')dl' = f H (I') / ,  de' 1 . .  iJt' I '  0 at 
. 

o 0 

(4.1-25) 

(4.1 -26) 

This formulation. which allows one to find the general diffusion solution HdXj ;t) 
from the particular step-function solution S. is sometimes defined as Duhamel's 
theorem. It has a simple and logical interpretation: As any boundary field pulse HO(I) 
can be approximated by a sequence of step functions with varying amplitudes and 
starting times (figure 4.1-3), the 10la1 diffused field at time 1 can be approximaled by 
the sum of the diffused fields of each single step function with the appropriate lime 
shift t � t'. In fact, transforming the so defined summation into an integral and then 
integrating by parts gives 

L 
HO(I'+ <It')- HO(I') S( ') ' x· · t - t  .dt .61' I '  

/ 

, f 
o 

t'=t t 
= -HO(I')S(X; ; I-I') + f HO(I,)dS(X��- I')dl' 

o 0 

If, (I') o S(x- -1 -I')dl' 
.dt' I '  

(4.1-27) 

where the next-ta-last tenn vanishes because Ho(O) = 0 and S(Xi.; 0) = O. 
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H 

1'+&' t 

Figure 4.1-3 The H(t) pulse as a sum of step-function pulses with varying 
amplitudes and staning limes. 

Diffusion time 

The diifusion of an applied step-function field suggests quite naturally the 

introduction of a characteristic diffusion or de/ay time 'frl- In fact, at any point Xi within 
the conductor. the diffused field H;(x;; t) will increase from 0 (at I = 0) to finally the 

applied field HO(const.) (at t�QO), and the question arises as to what time Td, Hj (xj;t) 
will reach a given, appreciable fraction of the final field Ho- One possible definition is··20 

Td (X; )= j [ 1- S(X;;I)]dl = j [I_( H; (X; ;/))]dl • 
o 0 

HO(/) 
(4. 1 -28) 

which provides a sort of mean time constant. When 1 - S == f(xj)e -tIT, as is formally often 
the case, we get fd == l' !(Xj). For example, Hj(xj , I) can be the field at any point Xi 
within a bulk conductor, or within the empty space enclosed by a cylindrical hollow 
conductor (an example that will be discussed later on). 

In the general case, defined by an applied time-dependent boundary field pulse (4. 1-
25), HO(xb;t), another simple definition of the characteristic diffusion or delay time Id (t) 
at Xi and any time during the pulse is 

(4. 1 -29) 

d/ dl 

which expresses the approximate time it would take to overcome the difference between 

the (external) applied field Ho(t) and the (internal) diffused field H;(x;;/) with the 

momentaneous field rate dHo/dt. The diffusion time calculated for an array of thin 
cylindrical shells is given in (4.4-67). Here Hi can be expressed through the integral (4. 1 -
26). and H,d = Ho - H; is the field component produced by the eddy currents (see 
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section 4.4). Note that for a step function (4. 1-18), HO � Ho(const.), integration of the 

above definition up to 1 -4 OCI, 

rH- rH-[ 1 td(t -+ -)Jo (dHo/dt')dt' � JO Ho - HoS{t - t') dt' 

leads to definition (4. 1 -28). 
It is interesting to consider the special case 

for which the solution (4.1-26) becomes 

I I 
H;(x; ;/) � -!to f S(x; ;/ - t')d t' � !to f S(x; ;t')d t' 

o 0 
which, when inserted into the definition (4. 1-29), yields 

td(t) � H,d � t - r S(x; ;t')dt' !to 0 

(4.1-30) 

(4. 1-31) 

(4.1-32) 

Here S(Xi;t) is the response function defined in (4. 1-20) and figure 4. 1-2. This figure 
makes it clear that the right-hand side tends. after a long enough time, to a time
independent (but space-dependent) constant, thus 

H fd = � = const. (4.1-33) 

This also means that here the eddy currents, which detennine Hed. become stationary for 
t » Td' The diffusion parameters of this case are illustrated in figure 4. 1-4. [[he result 

Td = const. is obtained more in general, as shown in (4.4-67).] 

H 

Hed (consl.) 

Figure ",1�4 Diffusion of the linear field pulse He(� ;;; 1101. which leads. after long 
enough times (t-.oo), to a characteristic delay time T6, and 10 a stationary eddy 

CUrTent distribution with field component Hod. 
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PLAN E  

In this section the diffusion problem is solved in the plane one-dimensional case. 
Although this geometry is somewhat idealized, its simplicity allows one to find relatively 
simple analytica1 solutions and thus obtain a useful insight into the diffusion process. The 
analogous solutions of the equivalent thermal problem (4. 1 - 17) are well known in the 
literature.4.2 

Half-space conductor 

The coordinate system is chosen with the x-axis pointing into the conductor and the 
y- and z-axes placed on its surface so that H == (0,0, Hz), E == (0, Ey'O). and j == (O.jY'0)' 

as shown in figure 4.2- 1 . The Ampere and Faraday laws (4. 1 - 10, 1 la) simplify with the 
expressions given in table A.3-II to the one-dimensional form 

or, in practical cgs units CA, V, Oe, cm, s), 

8H, - -0 4  . - . TrJy• 
dx 

and the diffusion equations (4. 1 -16) for the magnetic field H,(x.t), 

or, when J.1 is constant in time and a in space, 

(4.2- 1 ) 

(4.2-2) 

(4.2-2)* 

(4.2-3) 

with /( given In (4.1-9). These equations could have been obtained directly from 
differentiating (4.2- 1 ) and then inserting Ohm', law (4. 1 - 1 ) and (4.2-2). For (4.2-3) and 
similar fonns there exists a vasl array of solutions. as already mentioned. 



166 CHAPTER 4 MAGNETIC FIELD DIFFUSION AND EDDY CURRENTS 

free space 

Figure 4.2-1 

boundary 
plane x =  0 

Diffusion into a conducting half-space. 

In the following. various aspects of the solution to the diffusion equation (4.2-3) 
will be presented. By introducing the similarity variable 

x 
� = 2-JKi ' (4.2-4) 

where K is the magnelic diffusivity given in (4. 1-9), the above equal ion transforms into 

, where 

and the solution becomes 

(4.2-5) 

here A and C are constants in ; (but they can depend separately on x or I) that must satisfy 
the appropriate initial and boundary conditions. 

Step-function field 

With the step-function boundary condition (4.1-18) (figure 4.2-2, case n = 0), 
written here as 

{O' for - � < t < O, 

H,{O,t) = 
Ho{const.),for ° � t < �, 

(4.2-6) 
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0,8 

0.6 11 = 
o 

0,4 

0,2 

o 0,2 0.4 0,6 O,g 1.0 
tl,o 

Figure 4.2-2 Some of the boundary fields considered in this chapter (the indc.K n is 
related 10 the polynomial boundary condition; n ::  0 is the step·function 
corresponding 10 the upper and left coordinate lines). 

together wilh the usual initial condition (4.1- 19), here 

H,(x,O) = O. for O < x < �  

the solution (4.2-5) reduces to 

H,(X, I) = Ho( l- erf�) = Ho erfc� . wilh � = 21r, 

(figure 4.2-3, case n = 0). The error function 
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(4,2-7) 

(4,2-8) 

(4,2-9) 

and its related properties are given in appendix A,2: In panicular it is err 0 = 1,  and the 

complementary error function erre is defined in (4.2-8), The response function introduced 
in (4.) -20) for this case is 

If there are two steps. 

S(X;I) = 1 - erf� = erfc� , 

{HO(COnSI.), 
H,(O,I) = 

H,(con5l,), 
for 0 < t < I) 
for I1 < t 

(4,2-10) 
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1.0 

0.1 

om 

0.001 ,---,-_'-�_-'-�_...u.-"_l.J 
o 0.5 1.0 I.S 2.0 

Figure 4.2·3 Diffused magnetic fields corresponding to the boundary fidds 
labeled n =0.1.2.4.6 in the previous figure. The magnetic flux skin depth ��,n is 
indicated by a bar with arrow for each case. 

the solution is as in (4.2-8) for the time interval 0 < t < 11 ; thereafter, t > ti t  and by linear 
combination it becomes 

H,(X,I) = Ho erfc ± + (H, - HO ) erfc J x 2vI(J 2 1("(1 'I) 

General solution 

The solution (4.1-27) corresponding to Ihe applied field pulse Ho(t}-Ihat is, to the 
transient boundary condition 

{O' for - � <  I < 0, 

H,(O,I) = (4.2-1 1 )  

HO(t), for ° $ 1  < �, 

[where, however, HO(t = 0) = 0] and initial condilion (4.2-7}-can, with (4.2- 10), be 
given directly as 
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1 

H,(X,/) = HO(/) - f 
o 

dHO(/') erf[ x ]d/' = 
i/r' 2�/c(/ - I') 

x' 
, - , 

= x f H (/')e 4« 1-1') dl 
2.Jn/C 0 0 (/ _ 1,)3/2 
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(4.2-12) 

Alternatively, by introducing the retarded similarity variable (4.2-4). �* = x/2�1((1 - t') . 
the latter transforms into 

2 f- ( x2 ) �.' 
H,(x,l) = c x Ho 1 - -- e- d� ' 

" " 2 -liii 4 /(� • 

This integral can be split into the components 
, , 

f- -->J.- - J.2r.; +�f- - J.2r.; . x 0 0 2 - 0 
2,[,(i 

(4.2- 13) 

(4.2- 14) 

The first integral gives the stationary solution [for a boundary field that extends from _00 
to +00; see, e.g., (4.2·30)], whereas the second integral depends on the IrDIISient nature of 
the boundary condition (4.2- 1 1 )  and vanishes when I ----+ 00, 

Alternatively. the general solution of the diffusion equation (4.2-3) relative to the 
half-space and defined by the boundary and initial conditions that are complementary to 
conditions (4.2-6, 7)-lhal is, 

H,(O,/) = 0, H,(x,O) = Ho(x) (4.2- 15) 

(corresponding to a field distribution Ho(x) in the conductor that is allowed to decay from 
r = 0 on)-is found similarly to (4.2- 12), or more directly from solution (A.4-65) by 
spliuing the integral into two components from the x = O origin'·l: { (x-x')' (x+x,)' ] 

H,(X,/) = 
2
k 1; HO(x' e 

- 4", - e 4", dx' 

When HO(x) = HO(const.), with (he variable transformation 

� = ;J; 
and the definition (4.2-9), this solution simplifies into 

HZ(X,/) = Ho erf 
2JKi 

(4.2-16a) 

(4.2-16b) 
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In fact, it correctly satisfies the initial and boundary conditions, and from (4.2-5) we 
know that the error function is a solution of the plane diffusion equation (4.2-3). 

When the boundary and initial conditions include a mixture of conditions (4.2-
7,1 1.15). the general solution will be a linear combination of solutions (4,2-12,16). 

Characteristic diffusion parameters 

The diffusion equations can be rewritten into a dimensionless form by introducing 
[see also in connection with ( 1.2-5)] a characteristic time 10 (duration of the field pulse), 
conductor dimension IQ, and field amplitude Ho. such that H* = HI HO. t* = 1/10 . 
I' = 1110. t.' = t.liJ : 

(4.2-17) 

This shows that the characteristic (penetration) diffusion depth So down to which the 
magnetic field is still appreciable is 

and that the field penetrates or decays away on a diffusion lime scale 

" Td =� 
and wilh a formal diffusion velocity [see also in (3.3-31l] 

I vd =';- = f · d 0 

[See (8.1-46) for an extension to moving conductors.] 

(4.2-18a) 

(4.2-18b) 

(4.2-18c) 

In practice, more precisely defined skin depths are of interest. The skin depth can be 
related to the decay down to a specified amplitude of the diffused field; or, for example, 
Ihe deplh sa al which the diffused field H(x.t) [as given by one of Ihe solulions (4.2-8.12l] 
amounts to the e-fold decrease of the surface field H(O, I), which is thus defined by 

H(sa,t) = H{O.t)/e . (4.2-19) 

Another useful concept is the so-called magnetkflux skin deplh s� defined in such a way 
that the total diffused magnetic flux ip(t) can be expressed by the surface magnetic 
induction spreading over s� that is, 

s�B,{O.t) = 'I'{t) = f; B, {x.t)dx 
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or, since the penneability J1 is taken as constant. 

s� = H)O.,) J; H,(x,t)dx 
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(4.2-20) 

For a harmonic sinusoidal oscillating surface field, the characteristic time may be related 
to a fraction of the period T= 2rclm (e.g., la = TIn), in which case from (4.2-18) we have 

o = s =�� . (4.2-2 1 )  

[see also (4.2-29)J. Other useful skin depths may be defined by the energy connected to 
the diffusion process, as mentioned in section 5.4. Skin depths, related to various 
boundary fields, are given later in table 5.2-11. Extension of the diffusion parameters to 
moving conductors and fluids is made in sections 4.3, 4.4 and particularly 8.1 ,  in 
connection with (4.3-8. 1 1, 47). (4.4-21, 25, 40,45), and (8.1-46, 53, 67). 

Special boundary fields on half-space 

Transient polynomial fields 

For the boundary condition (4.2-1 1 ), 

0, for t < 0 

H,(O,t;n) = (4.2-22) 

where n is a positive integer (even or odd) and Ho is a constant. the solution (4.2-12) is 
calculated from (4. 1-27) to be 

H,(x,t;n) = Ho�% + I ) (2-,1t Ito r({inerfc�}) (4.2-23) 

(see figures 4.2-2 and 3). Here use is made of the notation (A.2-7), the similarity variable 

(4.2-4), and the gamma function �� + 1) . whose propertyA I 

r( z +  1) = ,r(,) with r(t) = ,JR, r(1) = I (4.2-24) 

will be used later. 
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Four comments can be made regarding the polynomial solution: 

(a) The case n :::= 0 corresponds to the slepJunclion boundary condition and related 
solution given in (4.2-6,8). Application of this particular solution requires some 
caution since it gives rise to an infinite surface current density and temperature, as 
shown later in (5.2-22). 

(b) Since the diffusion equation is a linear differential equation, the more general solution 
related to a linear combination of conditions (4.2-22) with n == 0.1,2 • . . .  can be given as 
a linear combination of the corresponding solutions: in this way the diffusion of 
nearly any field pulse can be given in analytic form. 

(c) The parabolic boundary field corresponding to n = I,  and whose diffused component 
is written immediately from (4.2-23) with the help of one of the relations (A.2-7), 
approximates fairly well the transient sinusoidal quarter period, whose exact solution 
in integral fonn is given in (4.2-28). Since, as we will see in the following sections, 
most phenomena depending on magnetic diffusion are relatively insensitive to the 
boundary pulse form, this case can be used to give good approximations for the 
important problem with a transient sinusoidal boundary condition. 

(d) For the skin depth (4.2-20), we calculate 

where 

-
S�,n = H,(J,t;n) f H,(x,l;n)dx = 2n r(-rn + I )2v'K1ln 

o 

is detennined with the help of (A.2-7, 9). Finally (figure 4.2-3), 

r(�n+ll 
s�,n = r(tn+tl ";(KZ) 

Transient sinusoidal field 

(4.2-25) 

A case often encountered in practice, since it approximates the field diffusion in a 
Le circuit, is represented by the boundary condition 

H,(O,I) = 
{O' for t < 0, 

Hosinm', for I � O. 

(4.2-26) 
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Figurl' 4.2-4 Diffusion of the transient magnetic field Hz(x,t}= Hosinux (dashed line) 

and comparison with the steady.slate solution at three different times. 

with ()) = 2x/T. Using the integral relation 

2 r- , ( I x2 I ) -),'d ' -x/8 , ( x) -!ii JO Sin ox - '2 {;2 .<2 e '" = e Sin ox - {; (4,2-27) 

the solution (4.2-14) becomes 

where the harmonic skin deplh (or depth of penetration), already mentioned in (4.2-21), is 
expressed as 

(4,2-29) 

here v = liT is the frequency and J.i.R the relative magnetic permeability ( 1 . 1 -9), JJ = 4ft 

10.7 PR- This is the depth (measured from the surface of the half-space conductor) at 
which the amplitude of the magnetic field, electric field, and current density falls to 
lie = 0.368 of their surface values, as we will see in (4.2-32, 33). The first tenn in (4.2-
28) is the solution (4.2-32) of the steady oscillation. In figure 4.2-4 the solution, 
calculated numerically. is plotted for three different times (liT = 0.25 . 0.5. 1 )  and 
compared with the corresponding steady-state solution. The qualitative difference 
between the two solutions is expressed by the number of zeros: no zero point for the 
transient cases IIT= 0.25, 0.5; only one zero for tlT= 1; infinite zeros for the steady-state 
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Figure 4.2-5 Nomogram giving the skin depths 8S 8 function of frequency and 
conductivity for a sinusoidal field: srp is the transient flux skin depth at the first 
quarter period t = T14, 6 is the hannonic skin depth. Example: For brass with 
T=O.l ms it iSs,= I mm. 

solution. As a consequence of the strong decay of the solution over the distance 0, the 
quantitative difference is. however, rather small. 

The numerically calculated magnetic flux skin depths (4.2-20) for the transient 
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cases IIT= 0.25. 0.5. 1 are 

s� = 0.7808, 0.7238, - 0.3688 , 

1 75 

whereas those corresponding to the steady case are given in (4.2-37). The value of the 
transient s� at field maximum I = O.25T is also given in the nomogmm of figure 4.2-5. 

Steady sinusoidal field 

The first term in (4.2-28), corresponding to the steady sinusoidal boundary 
condition 

Hz(O,t} = HOsinltX. for -<>0 < t < +00 • (4.2-30) 

applied to a conducting half-space. can also be found directly from the diffusion equation 

(4.2-3) by looking for a solution of the form 

H,(x,l) = H(x)sin(ax - �) (4.2-31) 

or, alternatively. of the complex form (4.3-21b). The solution is straightforward (figure 

4.2-4). 

and the corresponding current density (4.2-1) becomes 

jy(x.l) = joe-XIOSin(ax -; +±,,) 
where 

J. = .J2 Ho . o 8 . 

(4.2-32) 

(4.2-33) 

(4.2-34) 

the dassical skin depth 8 is defined in (4.2-29) and given in the nomogram of figure 4.2-5. 
For both magnetic field and current, we find an exponential amplitude decrease and 

a phase shift that depend only on x I o. Note that in this steady-state solution. (he current 
precedes the field by a phase 0.25 1t. Thus, when the outer field is zero at 1 = 0, the 
current density on the surface already has a finite value. However, the total current per 
unit width iy must disappear at t = O. since. upon integrating (4.2-1)  along a convenient 
rectangular path [with one side outside the conductor, parallel to the field. and the 
opposite side deep in the conductor where Hz(x --7 00,1) � 0 J, we ca1culate 

H,(O,t) = iy(l) . (4.2-35) 
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In fact. integration of (4.2-33) yields 

iy(l) � S; jy(x.l)dx � !fllisinox. 

that is. the current has the same time dependence as required by (4.2-35). 

The lotal magnetic flux per unit width is 

'1',(1) = .u f; H,(x. t)dx = 11.5 sin( OX -±" ) (4.2-36) 

Thus. the flux disappears at a time when the field on the surface does not vanish (as 
always, hysteresis effects are neglected) because the flux trapped within the conductor 
adds algebraically with ± signs. It seems appropriate to defin� the flux skin depth with 
respect to the maximum surface field Ho [and not to H,(O. I»). Thus 
setting '1',(1) = )JHo5�. at tIT = 0.25. 0.5. I .  we get 

(4.2-37) 

These skin depths do not differ very much from those calculated in the transient 
solution, although there is a qualitative difference between the two cases. Note that the 
electric field on the surface of the half-space conductor can be obtained either from (4.2-
33). EY<0.t) = jY<0,t)/a, or from (4.2-36). Ey(O.I) = d'l'U)1 dt. 

The heating of various conductors subjected to a sinusoidal boundary magnetic 
field are calculated in chapter 5 with the results given in (5.2-26.44). (5.3-4.9.10) and 
table 5.4-11. These results are important in induction-heating applications. 

Exponential fie/d 

The solution corresponding to the steady boundary field 

H,(O.I) = Hoel/T• for - � < I < � • (4.2-38) 

applied to a conducting ha1f-space (see figure 4.2-2), is found directly from (4.2-3) by 

looking for a solution of the form et/f f(x). For this function we obtain the equation 

a2f f 
a;r= KO' 

from which the general solution follows: 

Hz(x,t) = Hoet/T( A1e-x/xo + A2e +x/xo ) (4.2-39) 
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where A I. A2 are constants and 

Here the only physically acceptable solution is 

H,(x,r) = HoexJ �-.!...) 1.. 't' Xo 

For the magnetic flux skin depth defined in (4.2-20) we find 

s� = Xo = ..Ji(i  . 

When the parameter 

H 
r = --

dHldr 

is time-dependent. we have r = r(r), becausefnow follows the equation 

J'f = L(I _ !. dr) . J7 I<'! r dr 

Thus, the former relations remain approximately valid. provided that 

dr r -«- . 
dr r 

1 77 

(4.2-40a) 

(4.2-40b) 

(4.2-4 la) 

(4 .2-4 Ib) 
The exponential field increase is often obtained approximately in flux compression 

devices. and the simple solution (4.2-40) is useful for estimating the field diffusion in 
such experiments. 

The solution corresponding to the transient boundary field 

for - oo < t < O  {O, 
H,(O,r) = liT Hoe • for 0 5.  t < 00 (4.2-42a) 

with f positive or negative, is obtained again from the general solution (4.2- 12): 

Ht(x,t) = �exp[t -&JerfcL&-Jf] 
+ Ho exp[L + x ]erfc[--4... + ILl . 2 or -;r;; 2.J Kt V -:r 

(4.2-42b) 

The error function of complex argument. obtained when l' is negative, is well defined and 
tabulated. A.) 

Note that for t ---t 00, we obtain the step function and its related solution (4.2-8). A 
further solution corresponding to the transient exponential boundary field applied to a 
cylindrical conductor is discussed in connection with (4.3-19, 20). 
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Step boundary 
H=HO (const.) 

geometry 

t �="-� t � d �i;' d 
- . � . -� t I..;��:-- ' �; A o  �i'l ' -,'�" ....0..;......: 2d t l '���1 ¥��!,i l , � 2d 

t(59)y __.__ x 

t r:J t 
--- , 

2a-b t gJS-
I � 

Table 4.2.1 Step-function field diffusion 

SolUlion Hz{; ;r) :::: HO[b- C � q"e' -If'f" 1 
,,�I 

constants I eigenfunction qn 
b 

, . 2 - U  

-� 

, 
± � 

� • 

-'-, 

-"\-• 

2 

cos� 4a cos�JIr 
-sin, -4sin<fl 

cos, I 4a2cosr/ll,2 
-sinq, -4a2cosqw,2 

!iin[nll( 
2xd + t )]1 n 

sinlmr(2.ld + t )]1 n 

sinlnll(2� + t)]1 n 

sin[mt(2: + t)]sin[ m1f({b + t)}(nm) 

Jo(ra" )/lau,, J[(aan)] 

1 J1 (ra,, )/I(aa,,) lJ(aa,, )J 
dJl Ira,, ) dlra_1 /1aa" l,(aa,,)] 

l I(na" )2 
l I(aa" )2 

diffusion 
lime cons!. 'rn 

4d2 /(n21r2"O) 

4d2 1(n21r2A"o) 

4d2 /(n21f2I(o) 

4{�lCO(5+�)] 
1 I /(/(oa" ) 

1 J I(KoU" ) 
1 I /(KQa" ) 

1 I I(Kua" ) 
1 1 /(A"oa" ) 

Remarks 

summation over 
n=I.3 .... (odd) only 

n=I.2,3.4, .. 

summation over 
0=2.4 .... (even) only 

double summ. over 
n. m=I.3 ... (odd) 

only 

":0 

DU 

lo.ll.a" : 
see app.A.2 

H,(r.�; t) 
H�(r.<fl:t) 

H,(r.�:t) 
Hf(r.</l:t) 
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Slab conductor 

1 79 

The plane slab problem requires one more boundary condition than the diffusion 
into (he half-space treated previously (figure 4.2-6), but otherwise its solution method is 
straightforward. As an example, we discuss here the step-function boundary field, and for 
other results we refer to tables 4.2-1 and 11. 

Step-function field 

The diffusion of a transient field into the slab with the initial and boundary 
conditions 

H,(x.O) = O  , for -d < x  < d ,  

H,(±d,r) = Ho ' for 0 "  r < � 

is given by the solution (A.4-66) 

H,(x,r) = HO[I - 4 i. 
n=1 (lI"'odd) 

coJ nrrx) _-'-j 
\. 2d I'll 

n l e . 
n,,(-1)2 

t, t 
, v rvv-, ' 
, ' 
, ' , 

·d 0 d 

Figure 4.2·6 Infinite slab conductor of thickness 2d. 

(4.2-43) 

(4.2-44) 
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I 

2 

J 

4 

Steady boundary 
H=HO COSUl 

geometry 

t 
2d 

t t 
-.--1'-' '''' 
·d +d x 

2a 

tO t 
1------. x 
2a 

;!3 t-... , , 
... --' 1-.... 1'"--" '-' -

....-- , 

where 

Table 4.2-11 Steady alternating field diffusion 

Solution HzC;;1) '" Hohcos(lJX -a) 

eigenfunction h(:' phase shift Igo{:) 

, -x tanX 

1 
linMXd -X)'sint Kd + X )tsinh( Xd + X)'sin( X d -Xl , cosl'l2X+l:os 2X ] 2  

cosh 2Xd tC0!I2Xd cosh( Xd t X)-ens( Xd t X)+cosh( Xd -K) cos( X d -X) 

1 ber R ·  bei R,,- bei R ·  ber R .. [ ber2 R+bei2 R r 
ber2 Ru+bei2 Ru ber R . ber R" +bei R . bei R" 

, [ si8:+M:i2B. r ker R·kei Ra -kei R·ke rRo 
kcr2 Ru+kci2 Ru ker R·k.er Ra +kei R·kei Ra 

Parameters. 
remarks 

X=xl/j 

Xa=dlli 
Ii = J2<o / w  

= �2/(Jl<1W 

R = fidli 
Ru '" .fi.a f lj 

ber, bd, ker. 
kei functions: 

see in 
appendix A.2 

(4,2·45) 

For long enough times, it may be sufficient to retain only the n = I term, in which case 

the diffusion time constant is 

(4,2-46) 

Other examples corresponding to different step-function boundary conditions are reported 
in table 4.2-1. [It is easy to check that the formulation of case I is identical to that given in 
(4.2-44).} Because of Duhamel's theorem (4. 1 -27), these step-function solutions are the 
ingredients for the general solution corresponding to the boundary field Ho(/) : 



where 

4.2 FIELD DIFFUSION INTO PLANE CONDUCTORS 

I-I' 
- , -

H,(x,t) = _ [I Ho{t')e L qn c-
e
_

"
_ dt' = e L An(t)q.(x)e '" lo T n=1 n n=1 

and the other parameters are defined for some examples in table 4.2-1. 
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(4.247) 

The decay of a magnetic field initially contained within the slab, characterized by 
the initial and boundary conditions 

H,(x,O) = Ho for - d  < x < d  
(4.2-48) 

H,(±d,r) = 0 for - 0 $  t < 00 

is complementary to the diffusion of the step-function field. These conditions can be 
oblained from (4.2-43) by adding the term -Ho 10 Ihe right-hand side and changing sign, 
as is the case for the solution 

J nm: ) , 
Hl.(x,t) = 4Ho f co, � I e -r:

.=1 n1« -I)-,-
(nodd) 

(4.249) 

The solution of the two-dimensional fann in (x.y) of the diffusion equation (4.1 -8), 
related to an infinitely long rectangular conductor, is the product of the solutions of the 
respective one-dimensional diffusion equations with appropriate initial and boundary 
conditions; this follows directly from the general fonnulation of solution (A.4+ 10,60). 
Case 4 in table 4.2-1 gives the solution corresponding to the step+function boundary 
condition. 

As explained in connection with the conditions (4.2A3,48), this solution can be 
used to describe the decay of a longitudinal magnetic field Ho initially imbedded in a 
rectangular bar with sides 2a and 2b. When only the m,n ;: 1 tenns are retained. the 
solution transcribed from (4.249) simplifies to 

4 1tX ny ·2-Hz{x.y,t) :; - Ho cos-cos-e 'I 1< 2a 2b 

Here Ihe diffusion (decay) time (4.246) is 

(4.2-50) 

(4.2-5 1 )  
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y t 
1 ... ---- 2 b = 4a ------��1 

0.1 

Figure 4.2-7 Isomagnetic lines H/Ho = 0.1.0.2, . . . .  0.9 al l ime 
4"<ffl6a2t4a2)=O,08 for a rectangular conductor (bar) of sides 2a.4a. during 
decay of an initially trapped field HO' 

In figure 4.2-7 (he isomagnelic lines corresponding 10 Hz(x.y;r)1 Ho = 0. 1.0.2 . . . ·.0.9 a( 

the same time instant 4K1' 1(02 + b2) = 0,08 are plotted for a rectangular conduelor. 

For the general solution relative to a translent exponential field applied to an infinite 
or rectangular slab sce (4.3-19, 20) and related remarks. 

Steady sinusoidal field 

We solve this problem here with the complex formulation introduced in chapter 3. 
The external field 

(4.2-52) 

is applied to the two surfaces of the infinite slab conductor (figure 4.2-6), and we 
pOSlulate for the diffused field the form 

H,(x.r) = Ho!!(X)eiCoX • (4.2-53) 

Introducing this into the one-dimensional diffusion equation (4.2-3) leads to the 
differential equation 

and, hence, to the solution 

h(X) = CcoshX + DsinhX ; - - - -

here, and later, we use the nonnalized complex and real parameters 

X = ,fi[  xIS= (I+ i)xIS . Xd = (I + i)d IS 

(4.2.54a) 

(4.2.54b) 

(4.2.55a) 
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X= x/o , Xd = d/o , O =Jd,,, ' 
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(4 .2.55b) 

where 0 is the harmonic skin depth (4.2-29), and use is made of (3. 1 -9). The boundary 
conditions 

�(±Xd ) = 1  , [��l = 0  
- K=O 

define the constants C and D. and we find the solution 

heX) = cosh X 
- - coshEd 

The hyperbolic cosine with complex argument can be written asA.] 
coshX = cosh(X + iX) = coshX cos X + i sinhXsinX 
sinhX = sinh(X + iX) = sinhX cosX + i coshXsinX 

Thus the solution can be obtained in the form 
l.!(X) = h eia = 2 2 1 . 2 . 2  [coshXcosXcoshXdcosXd + cosh Xd cos Xd+SlOh Xdsm Xd 

(4.2-56) 

(4.2-57) 

(4.2-58) 

+ sinhXsinXsinhXdsinXd + i(sinhXsinX cosh Xd cosXd -cosh X cos XsinhXdsinXd )] . 
(4.2-59) 

After applying a few relations of the hyperbolic cosine and sine functionsA.I, for example 
2cosh2 X= cosh2X + 1 , 2sinh2X = cosh2X- 1 

we obtain the real functions h(X) and a(X) as given in table 4.2-11 [see the definitions 
(3.1-1 1 , 12)]. 

4.3 FIELD DIFFUSION IN CYLINDRICAL 
GEOMETRY 

The diffusion of magnetic fields through cylindrical conductors is a process often 
encountered in practice-for instance, in the transmission of high-frequency currents. 
Because of the cylindrical geometry, the exact analytic solutions are generally very 
clumsy. In some cases, however, it is possible to give useful approximations; the most 
obvious is attained when the skin depth is much smaller than the radius, since the 
problem then reduces to the plane case, and the solutions given in the previous sections 
can be used. 
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Equations in simple geometry 

One-dimensional equations 

The diffusion equation (4.1-8) in cylindrical geometry is best handled by using 
cylindrical coordinates (l-,r,' q,). Here, all magnetic fields are taken to be l.q, -independent 
with no radial component, H, = 0  (figure 4.3-1). The system of equations (4. 1 - 10,1 la) 
reduces, with the help of the vector relations given in table A.2-1I. to 

(4.3- 1 )  

(4.3-2) 

and 

(4.3-3) 

(4.3-4) 

, a) ' . b) 

f-a .... 

t 
' , ·<.�7 � 

! ! • , Hz(r.t) Ez(r,t) , iir,l) Hz(a,t) , 
j�(r,t) 
• • • • •  .p- /l(r,l) 

-_ .. -.... 
E�(r.t) 

- _  .. -.... ill (a,l) 
r-

� _�#..,�"1: 
I 

Figure 4.3-1 The two fundamental cylindrical diffusion geometries for a rod. 
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For a system of axial magnetic fields Hz only (H� = 0). with ax:imuthal currents j� (figure 
4.3-1a), the first and last equations combine [0 give the cylindrical diffusion equation 

aH, + �  aH, = � aH, (4.3-5) 
iJr2 , a, K a, 

where 1( = Ij(cJJ) is the magnetic diffusivity given in (4.1-9). For a system of azimuthal 
magnetic fields H rp (Hz=O) and axial currentsjz (figure 4.3- t b), from (4.3-2,3) we get 

a2H� I aH� H� I aH� 
-- + -- -- -

-- (4.3-6) iJr2 , iJr ,2 - K a, 
Both equations could have been obtained directly from the diffusion equation (4.1-8) with 
the help of the vector relation (A.3-24b). 

Axisymmetric equations 

The comments given in presenting (2.2-28) made it clear that for axisymmetric 
problems it is convenient to introduce the magnetic vector potential A, which then has 
only the component �(r.z;t) (figure 4.3-2), with the two-dimensional magnetic field 
components given in (2.2-27): 

. _ 
I � . _ 

I a(,�) H,(,.z.t) - - - ,,- '  H,(" z,t) - - "- . � u. �, u, 
(4.3-7) 

Then, for a rigid conductor moving, for example, only along the symmetry axis, 
• = (0,0, vz), from (4. 1-15) and (A.3-22b) with VU = -j,.�, or expanding from (2.2-28), 
we obtain 

a2A� + .!. a� _ � + a2� = l1J1(a� + v �
)_ pj • . 

iJr2 , ar  ,2 iJz2 a, '  ik s . • (4.3-8) 

This equation. with the appropriate initial and boundary conditions, describes through the 
one scalar function �(r.l:t) the specified two-dimensional magnetic diffusion problem, 
or through (4.1-15), which here is 

j� = -1 ";;: + 
v
, a;: ) (4.3-9) 

the corresponding eddy current problem. 
The source current density js,!p, as mentioned in connection with (4. 1 - 1 3), is 

nonzero only in active magnetic-field-producing coils. When Jl is not constant, we muSI 
return 10 (4.1-5) and apply the rules mentioned in connection with (A.3-25). The overall 
solution of this and all similar problems comprises the solution in the free space outside 
the conductor with the Laplace equation derived from (4.3-8), when the right-hand side is 
neglected, together with the solution in the conductor, the two solutions being matched 
by requiring the continuity of both A�and �/iJr at , = a (see table 1.5-l). 



186 CHAPTER 4 MAGNETIC FIELD DIFFUSION AND EDDY CURRENTS 

Figure 4.3&2 Conductor C moving with velocity vI. in an axisymmetric magnetic 
field configuration generated by the source current density is, t/J in the conductor 0 
and defined by the vector potential component Art 

The diffusion of an axisymmetric magnetic field in spherical coordinates is discussed in 
connection with (A.4-74). 

Two-dimensional equations 

Another two-dimensional magnetic field distribution is obtained when there is a 
purely axial current density. J = Jr,ez. We know from the discussion in connection with 
(2.2-35) that the corresponding field distribution is conveniently described through the 
Az(r.iP;t) component of the vector potential, with the two-dimensional magnetic field 

components given by 

H ( ",. ) _ I � r r'!f" - J.lT � • (4.3-10) 

Similarly to (4.3-8), from (4. 1 - 15)  with V U = -js" and (A.3-22b, 24b) for a rigid 
conductor rotating about its symmetry axis in the azimuthal velocity v = (0, v,.O), we 
obtain 
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(4.3- 1 1 ) 

As before, the source current density h z is nonzero only in active conductors, so it is 
• 

often neglected. The eddy current denSity is 

(4.3-12) 

The general solution corresponding to this equation, with \I, = 0, A.l = 0, is given in 

(A.4-72). 

Diffusion of axial fields 

Step-function field on a rod 

The diffusion into a conducting rod of a transient axial magnelic field. which is 
characterized by (4.3-5) and the usual initial and boundary conditions 

IS 

H,(r.O) = 0. for O :5 r < a  , 

H,(a,t) = 
{D. for - � < t < O  

HO(const.}, for 0 ::;; t < 00 

H,(r,t) = Ho -2HO L 
n=l 

(4.3-13) 

(4.3-14) 

Here 10, J 1 are the Bessel functions of the first kind of order v = 0, I ,  and the aan = Xo 
are the positive roots of the equalioD 

(4.3-15) 

[see table A.2-J and (A.2-19)]. This solution follows directly from the general solution 

(A.4-69), where Bo. Bn = 0 since H, remains finite at r ;:: 0; aan ;:: xo, Ao = Ho because 

of the boundary condition, and An = -2Ho/(x8J1(xo» because of the initial condition 
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and (A,2-21), The solution also ensures that aH, I iJr = 0 at r = 0, and H,(r,l) = Ho for 
t �  00 or when G-4 O. 

The diffusion (decay) lime constants are 

For long enough times-that is, when (»1'1. where 

1 aZ Tt =-Z = O, 173-= 2, 1 8x lO-
7a2u 

.-at K 

(4.3-16a) 

(4,3-16b) 

is the predominant diffusion time (J1 = J4j)-it may be sufficient to retain the first tenn 
only, in which case the diffused field on axis is described by the approximation 

--'H,(O.r) = Ho(l - e " ) , (4,3-17) 

The decay of an axial magnetic field initially trapped within the rod is 
complementary to the above diffusion process, and the solution can be transcribed 
directly from (4,3-14) by adding a term (-Ho) to the right-hand side and changing sign Ias 
discussed in connection with (4.2-49) for similar diffusion into or from a bar] . For 
example, the magnetic flux remaining in the bar is calculated to be 

- 1 2 
I{I,(I) = 2/lIrS; H,(r,l)rdr = 41fJ1llo L -:-:re-m,I n=1 an (4,3-18a) 

Here the uniformly convergent series was integrated term by term and evaluated with the 
integral relation (A.2-25b); note that with (A.2-21) one correctly obtains 
'l'l(t --+ 0) = J.IlIomi. A coil of N turns wound on the bar will pick up an induced voltage 
(1 .4-9), U, during the field decay, which in the approximation of (4.3-17) is given by 

(4,3-18b) 

This arrangement allows the measurement of (J ;  It IS an example of the 
electrodeless method of measuring electrical conductivity or other related parameters 
through the inductive response of metallic samples in the fonn of spheres4• 14. 4.29, bars�·}, 
hollow cylinders. In the laller, the method is particularly effective. because the 
simultaneous measurement of the external and internal magnetic field permits a more 
direct correlation to the diffusion parameters (see formulae in the subsections on hollow 
cylinders in this and the following chapters), 

The general diffusion solution Hl(r,t) related to the diffusion of a general transient 
boundary field Ho(t) can be found through Duhamel's theorem (4,1-27) with the 
parameters defined in (4.3-14), or in table 4.2-1, case 5. As an example, we mention the 
transient exponential boundary field 
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(4.3-19) 

(where (he field rises from 0 at t = 0 to the asymptotic value Ho), which approximates 
fields obtained in many experiments. notably in magnetically contained fusion 

experiments. This transient (I � 0) boundary field comprises a step function added to a 

(negative) transient ex.ponential function; the related solution of the diffusion equation, 
obtained through the Iheorem (4. 1 -27), (4.2-47), will reflect these two components4.24: 

H(r.') = H+ -�cnqn( r:�r e� - r.'> -?)] . (4.3-20) 

Note that for 1 -+ 0 we obtain the solution corresponding to a step function, and thus the 

expressions for the constants en. the eigenfunctions qn (r), and the diffusion (decay) times 

Tn are in this case given by (4.3-14. 15. 16). As a matter of fact, this solution can be 

extended to the cases 1 . 4. and 6 described in table 4.2-[ and also in (4.2-44. 50). (4.3-14. 
4 1 )  (infinite and rectangular slab, and transverse rod) by inserting the appropriate 
parameters. For the eddy-current healing corresponding to this boundary field see (5.2-39, 

40). 

Steady sinusoidal field on a rod 

The solution of the diffusion into a rod of the steady boundary field 

Hz(a,l) = Ho cos ca, for - oo < l < +oo , (4.3-2 1 a) 

is treated extensively in the literalure�· l as an eddy current probJem, which will be 
discussed specifically at the end of this chapter. Therefore, analysis here is limited to a 
brief outline that makes use of the complex formalism developed in section 3 . 1 ,  and 
already applied in (4.2-52). 

Assuming the boundary field in the complex writing to be 

and looking for a solution of the fonn 
- i� H,(r.r) = HoWi)e 

the diffusion equation (4.3-5) transfonns into 

(4.3-2Ib) 

(4.3-22) 

(4.3-23) 

Here and in the following, for the nonnalized complex and real radii we use the notations 



190 CHAPTER 4 MAGNETIC FIELD DIFFUSION AND EDDY CURRENTS 

E - .,[2f  ,la -( I+ i),la. Ea - .,[2fala 
R -.J'i ,10. Ra = .J'i  alo. 0 = �2/(/(}) 

(4.3-24) 

with li the hannonic skin depth (4.2-29). and use is made of (3.1-9). This equation is 
solved by modified Bessel functions (A.2- 13) of the first and second kind and of order 
zero: 

a(E) = C!o(!i) + DKo<El • 
(4.3-25,) 

where the constants C,D are determined by the boundary conditions of (he specific 
problem. 

For a solid cylindrical conductor we have D = 0, since Hz remains finite for r ;;;; 0 
and Ko(O) = 00; on the other hand. the constant C is determined by the boundary condition 
(4.3-21): 

h(R)= 10(11) 
- - !o(Eo) 

Introducing the Kelvin functions (A.2-15), 

and rearranging gives 

!o(E) = berR + ibeiR 

heR) = heia = berRberRu+bciRbeiRQ+i(bciRberRq-berRbeiR,,) 
- -

ber2Ra+bei
2

Ru 

(4.3-25b) 

(4.3-25c) 

(4.3-25d) 

thus we obtain the functions h and (ana as given in table 4.2-11 [see the definitions (3.1-
1 1. 12)]. 

It can be expected that the surface current density is, for instance, smaller on the 
cylindrical conductor than in the plane case. In fact, due to cylindrical geometry, current 
filaments tend to penetrate more as they become shorter and therefore "less resistive". As 
a result, the current skin depth is larger than in the plane case. The opposite is true for the 
cylindrical hole, where the current will be concentrated close to the surface. 

Diffusion through a hollow conductor 

The diffusion problem related to a hollow infinitely long cylindrical conductor 
requires, in addition to the usual boundary condition at the outer surface. a particular 
boundary condition at the inner surface (figure 4.3-3). This condition follows from 
Faraday's induction law (1.4-5) 
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C 7' , , , , 

j�(r.t) 
- - - - -� 

Hd')! ,+ , , , 0 
, , ' , 0 0 , . , , , , , 

./ i3 . ! 
I 

inner boundary 

Figure 4.3-3 The hollow cylindrical conduClor. 

! E · dl = -..'!. f H · d, r dt A 
C 
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(4,3-26) 

applied over the curve C resulting from the intersection of a normal plane with the inner 
surface, and A is the surface bounded by it. Since the tangential component Et is steady 
across the boundary. it is 

E · dl = (V x H ) . '!!! = - il1' M ,  (J I (J (4.3-27.) 

For a cylindrical conductor with outer radius b and inner radius a (figure 4.3-3), the inner 
boundary condition becomes 

dH,(a,t) = 2�[ilH,(r,t)] , 
dr a ar r=a 

where in analogy to (4.1-9) the magnetic diffusivity 

(4.3-27b) 



192 CHAPTER 4 MAGNETIC FIELD DIFFUSION AND EDDY CURRENTS 

1 
1C') =--

U/l{) 
(4.3-28) 

is introduced (here the magnetic permeability )1 = JlQ refers to the inner free space). 
The general solution of magnetic diffusion into the hollow conductor is very 

clumsy. It contains the permeability fJ explicitly (not only through K:). Analytical 
solutions corresponding to various transient boundary conditions are knownu, whereas 
the diffusion of an outer steady sinusoidal field into a hollow conductor has been 
discussed in detail as a shielding probleml.l .... I • Fortunately, for most practical problems it 
is sufficient to consider the much simpler calculation based on the assumption that the 
wall thickness d = b - a is small compared to the skin depth. This problem will be 
discussed in chapter 5 with variable conductivity taken into account. A boundary 
condition of the fonn (4.3-27) is also found in thermal conduction problems. so again it is 
possible to transcribe many analytical solutions of thermal problemsu into magnetic 
ones. 

As an example, consider the diffusion through a hollow conducting cylinder 
a :s; r :s; b of a step-function outer boundary field 

{O. 
Hz(b. t}= 

Ho(const.} • 

for _ 00  < t < 0 
(4.3-29) 

for O $ 1 <00 • 

which is further defined by the inner boundary condition (4.3-27) and the initial condition 

Hz(r.O} = 0 • for 0"; r < b . (4.3-30) 

The corresponding general solution4.9 valid within the conductor, a � r � b ,  and for 
o � I < 00 is again given by (A.4-69) and here written in the fonn 

H,(r.t} = Ho -4Ho f [An}o{rYn)+ Bn Yo{rYn)]e -�,r�1 (4.3-3 1 ) 
n=1 

Tabl� 4.3-1 The hollow conductor's nrsl eigennlue 

a/b by a/b by, 
0 2.405 0.8 3.455 
0.2 2.409 0.85 3.900 
0.4 2.470 0.9 4.670 
0.5 2.554 0.95 6.457 
0.6 2.704 0.98 9.958 
0.7 2.964 I -

0.75 3.168 
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where the characteristic parameters rn of the eigenfunctions are the rOOlS of the equation 

(4,3-32) 

In table 4.3-1 the first n = 1 root bYl is given as a function of a/b. This equation is 
obtained by imposing upon solution (4.3-3 1)  the boundary condition (4.3-29), thus 

A.JO(br.)+ B. YO(br.) = O , 

and (4.3-27), which after application of the recurrence formulae (A.2-22. 24) for the 
Bessel functions JO. YO," " yields 

The ratio of these two simultaneous conditions gives (4.3-32). The form of the solution 
(4.3-3 1)  implicitly satisfies the initial condition (4.3-30). In panicular, the solution 
provides the uniform field in the inner cavityl 4: 

H (t) = H  (a t) = H  _ 4U � Jo(br.)J,(ar.} e-KIY;I z " o no "" '[ , , 1 ' 
(4,3-33) 

.=1 (ar.) Jo(br.} -J,(ar.} 

The general solution of the hollow conductor includes in the limit a -+ 0 that of the 

rod [see in table 4.2-1, ca�e 5 and the solution (4.3-14)] and also. when 

d = b - a «  a . (4,3-34) 

that of the thin-walled cylinder with thickness d and mean radius a == h. In the latter case, 
it would have been easier to derive from (4.3-26) with j4Jd = adEf = Hz.i - Ho the simple 
boundary condition 

, dH · 21CaEt/J = -TTll J10 --

"
-' 

dt 
and [hus obtain directly the equation for the ;,tner field Hz.i = Hz{t): 

dHz•i _ fd-- + H7 j - HO ' 
dt " 

where the diffusion time constant is 

da td = -21<1 

(4,3-35) 

(4,3-36) 

After a long enough time. such that t > 1 /(K"lr{), it is sufficient to retain in the 
solutions (4.3-31 ,33) for the thick-walled cylinder only the first n = 1 term. and the inner 
field then builds up as 

(4,3-37) 
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where the diffusion lime 

is given through the parameter (byt} as a function of the ratio a/b in table 4.3-1. 

(4.3-38) 

The following main diffusion time constants have thus been established in (4.3-16) 
for the full rod, in (4.3-38) for the hollow cylinder, and in (4.3-36) for the thin-walled 
cylinder: 

(4.3-39) 

It is useful to note that for simplicity, and within a 10% approximation, the first time 
constant can be applied instead of the second for a relatively thick-walled cylinder 
[thickness in the range alb = (0,113)], whereas the third can be used for a relatively 
thin-walled cylinder [alb = (2/3.1)] . When the conductor material possesses a constant 
magnetic permeability liR > I, the solution becomes more complicated. but the 
exponential time dependence remains approximately the same. 

The decay oj an axial magnetic field contained initially within a hollow. conducting 
cylinder. where J.1 = 110. is complementary to the inward diffusion of an outer transient 

field. and the solutions can therefore be transcribed directly from (4.3-33 or 37) in the 
usual way [e.g., as discussed in connection with the solution (4.2-48)]. 

The case of a steady alternating field at the hole boundary diffusing into the outside 
conductor is complementary to that of the rod described by (4.3-25). The solution of this 
problem is presented in table 4.2-11, case 4; it follows from the solution of case 3. where 
now C = 0 in (4.3-25a) since 10(00) = 00, and by using the functions ker and kei defined in 

(A.2-16). 

Diffusion of transverse fields 

The two-dimensional problem represented by the diffusion of a homogeneous, 
lransverse magnetic field pulse Ho = Hoe x applied to a rigid cylindrical conduclor 
(figure 4.3-4) is somewhat more complicated than the cases treated so far. It has already 
been seen that the diffusion of a transverse field in cylindrical geometry is conveniently 
described by the diffusion equation (4.3-1 1) written in the vector potential component 
A, = A,(r,�;/); the magnetic field components are then obtained from (4.3-10) and the 

eddy current from (4.3-12). 
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-:;:.: � --------7 eJ, ('V"'\f 
x 

HO 

Figure 4.3-4 Diffusion of a transverse, homogeneous magnetic field Ho = H08;{ 
into a conducting rod (tile qualitative field pattern implies a negligible rotation of the 
rod about ils z-axis); here and in all other similar cross sections the z-axis is pointing 
(owards the reader. when not slated otherwise. 

Transverse step-function field on a rod 
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Consider first a cylindrical rod at rest (v� = 0) to which a transverse, homogeneous 
step-function field Ho = Hoex (const.) is applied at I � O. The solution must be 

established simultaneously in free space (r > a) and in the conducting rod (r 5 a). The 
solution of the diffusion equation (4.3-1 1 )  relative to the rod with v�= 0 and js.z = 0, that 

is, of the equation 

is established in (AA� 72) and, with the appropriate constants for this problem, is 

. ) _ . [ � 1 II (ran) -re;,] A,(r.�,l - !1HoSln� r - 4a L. 2 ( ) 
e . 

n=1 (aan) I I aan 

(4.3-40) 

(4.3-41) 

The corresponding solution in free space of the Laplace equation [(4.3�40) where 
(J = 0] is given in (AA-21), and with the constants chosen so as to be consistent with our 
geometry is 

(4.3-42) 

Here the constant Q (constant in r,41, but not in I) and the characteristic parameters a" of 
the eigenfunctions are determined by the boundary conditions on r = a, which require 
[see 1 .5-18), (4.3-IO)J {}Azlrarp and {}A, lar to remain steady across the surface (because 

the same applies for Hr and Hq,). We find for a nonmagnetic rod, #L = /Lo. 
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(4.3-43) 

and also [by making use of (A.2-21 to 26)] that the a. are again positive roots of (4.3-15). 

This means that here the field diffusion time constants I h (a� are exactly the same as 

those corresponding to the diffusion of an axial magnetic field ima the rod; in particular, 
the main time constant determined by n = 1 is again given by (4.3- 16), in which case (4.3-1 1 
43) is approximated by Q(t) == e -Kal t = e -5.781(1 I a . For the field components (4.3-10) in 
the external free space r � U, from (4.3-42) we get 

H" , = HO[I -�Q(t)]coslI (4.3-44a) 

H�" = -HO[I +�Q(t+nll (4.3-44b) 

with Q(t) given in (4.3-43). 

The precise solutions (4.3-41 .42) already take care of the boundary conditions, as 
well as the inilial condition requiring HroH� 10 vanish within the conductor at t = 0; they 

also ensure that at r---) 00, or t ---) 00, or (1 = 0 (K' --+ oo,Q --+ 0), the uniform magnetic field 
is correctly described by H, = Ho cos�. H� = -HOsin�. For a completely diamagnetic 

rod (<1 --+ �,I( --+ 0) from (4.3-43) we get Q = I,  and the solution (4.3-44), identical to 

(2.1·39), then shows that at the equator (at � = rrJ2, r = a) there is a flux concentration 
effect that doubles the field to 2HO. independently of the rod radius [as found similarly for 
the sphere in (2. 1-32»). 

The magnetic field components H,(r, �;t) and H�(,..�;t) are easily calculated 
through (4.3-10), and are given in table 4.2-1 case 6. The related current density (4.3-12) 
in the rod is 

(4.3-45) 

For the general solution relative to a transient, transverse exponential field, see (4.3· 
19, 20) and related remarks. 

Steady and rotating transverse fields 

The steady alternating solution corresponding to the outer field (4.3-21a), 
H = Hoeos(J)l. can be obtained through the equations given beforeu. The right-hand side 
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of the diffusion equation (4.3-40) for a cylindrical conductor with radius a at rest (v = 0) 
then reduces to 0'J.lm4z; = 2A/19. where we have introduced the diffusion skin deplh (4.2-
29). 

(4.3-46a) 

here related to the vector potentia1 Az- but which equally well applies to the corresponding 
magnetic field and eddy current components (4.3-10, 12); the same can be said of the 
diffusion time (4.2-ISb), 

(4.3-46b) 

In anticipating the definition (S.I-47c) we also introduce the magnetic Reynolds number 

(4.3-46c) 

which characterizes the strength of the diffusion process: larger Rm mean that the 
transverse field penetrates less into the conductor, and, conversely. that the conductor 
represents a stronger disturbance 10 the applied uniform field configuration. Figure 4.3-5 
shows a lime sequence of the qualitative magnetic field pattern: it results from the 
superposition of the impressed field plus the dipole-type field related to the induced eddy 
current),. 

For the interesting caseHI1 of a conducting rigid rod rotating with a steady angular 
velocity D = v4J /r and immersed in a uniform constant magnetic field Ho. the right-hand 

side of (4.3-1 1 )  reduces, instead, (0 n(1)l(aAz/�) = 2(dA, / a�)/ lib. In analogy to the 
above expressions we find for the rotating bar the following skin depth, diffusion time, 
and Reynolds number [as defined in (8.1-47c)): 

oot = ·  � 2 

lin = I7� , fd = (J/lD2 
, Rm = (t,;-r = 1(Jjl·l1L,2 . 

.. 

oot = O  • oot = + -
3 

(4.3-47) 

Figure 4.3-5 Diffusion of a "0(1) = Ho cos(Ctl)e, transverse and homogeneous 
magnetic field into a conducting stationary rod (Reynolds number Rm = 5; J.1R = I )  
at four different moments (semiqualitalive pictures; in the first, the field is only due 
10 the previously induced eddy current density, the imposed field being zero). 
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Figure 4.3·6 Dislonion of a Iransverse, consumt and uniform magnetic field 
Ho = 1I0e� by a conducting rod T01ating at angular velocity Q about its z-axis al 

different Reynolds numbers and with liR= 1 (semiqualilalive piclUres). 

The differential factor iJA,./d4J now reduces the degree of symmetry of the resulting field 
pattern (figure 4.3-6). The steady solution contains 10.1 I Bessel functions and can be 
found4-IO from the appropriately transcribed equation (4.3-40), with the right-hand side 
substituted by the term just mentioned. As is to be expected, in the limits Rrn�O (c,g., 
stationary rod) and ----)00 (e.g .. very fast rotation), the magnetic field is fully penetrated or 
excluded from the rod. 

Transverse diffusion through a hollow conductor 

The hollow cylinder defines three spaces with three solutions of (4.3-40), which 
must be matched al the two interfaces [a= 0 in free space, where (4.3-40) reduces to a 
Laplace equation]. With respect to the full rod, there is an additional inner free space 
(figure 4.3-7) within which solution (A.4-2 1 )  with the appropriate constants is anticipated 
10 be 

A,. i (r, �;t) � J1Iforsin�[I - P(t)j. r ';  a, (0-48) 

(we neglect the term in rn because here the solution must remain finite for r �). [n 
addition, in the outer space a solution formally similar 10 (4.3·42) applies: 

(4 3-49) 

Here, the functions P(t), R(t) are conslilnls in r,� but not in I. The inner and external field 
components are calculated from (4.3-10): 

H � ..L �  r j1r a� 

Hr,i � HO cos�[I- P(t)J ' H�,i � -H()sin�[I - P(t)J ' 

(4.3.50a) 

(4.3-50b) 
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Figure 4.3-7 Diffusion of a transverse and homogeneous step-function magnetic 
field Ho = Hoe� at t 2 0 into a hollow conducting cylinder. 
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(4.3-5Oc) 

The first term in these expressions corresponds to the imposed step-function field 
Hx = Ho. whereas the second term ex:presses the diffusion process caused by the 
conductor through the functions P(t), R(/). Note that solution (4.3-50b) describes a 
homogeneous inner field, parallel to the imposed external field, whose amplitude varies in 
time as Ho[l - P(t)J. 

The functions P, R can be determined from solution (A.4-72), valid within the 
conductor. a � r � b, which here takes the form4.9 

(4.3-5 1)  

The magnetic field components are calculated with (4.3-50a). 
The eigenfunctions rn are again the roots of (4.3-32), as can be shown by imposing, 

on solutions (4.3-48, 49, 51), the boundary conditions at r =  b,a, which require both H� 
and H, to remain steady across the boundary, and then making use of the recurrence 
fonnulae (A.2-26). [n fact, from these operations, it follows that 

requiring 

CnJO(bYn ) +  Dn YO(bYn) = 0 

CnJ2(uYn) + Dn Y2(aYn) = 0 

(4.3-52) 

which is identical to condition (4.3-32), The parameters en and Dn are found from the 
appropriate conditions of the problem, 
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By using a similar procedure to that for solution (4.341)-that is. by applying the 

appropriate conditions to (4.3-5 1 )  and comparing with solution (4.3-49)---the functions 
PO), R(t) and the parameters en andlor Dn can be found, thus fixing the overall solution. 
Without going through tedious operations. it is clear that the forms 

� 1 P(I) = LEnc'KWlIl n=1 
� 2 

R(t) = lFne" r.t 
n=1 

(4.3-53) 

will apply here, where E'l'F n are functions of the parameters a, h, rn ' and both P and R 
must be equal to I at t = 0 and vanish at t � 00, The same diffusion time constants thus 
apply both for an axial as well as for a transverse magnetic field, in both the hollow and 
the full conductor. 

(4.3-54) 

where the value of (hYn) depends on lhe parameter alb and is given for n = I in (4.3-38) 
and table 4.3-1. 

For a transverse step-function field Ho on a thin-walled cylinder with thickness d 
and radius a (figure 4.3-8), the surface current is 

and also, from the inductive constraint over the surface AA�. 

. . d(Hr,j cO$�-H;,isin�) l� = -ujJda sm, dl 

(4.3-55) 

(4.3-56) 

where H"e and H�.i are the external and inner H�-field components, and so on. In analogy 
to solution (4.3-44,45) and in relation to the diffusion time constant 

� 't1E::i�A�c:.�,�\, H 
-

H, 

:OH 

x 

Figure 4.3·8 Diffusion of a Iransverse and homogeneous step·function field 

Ho= HoC.,. al r � 0 into a lhin cylindrical shell conductor. 
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(4.3-57) 

found through (4.3-35), the solution 

( "'/f) 
H,.e = Ho \- ;2 e d costfJ. (4.3-58) 

H4J,i = -HO( 1- e -t/Td )Sinq, (4.3-59) 

(4.3-60) 

is established, which satisfies all the necessary boundary and initial conditions. 

4.4 EDDY CURRENTS 

The concept of eddy currents is closely tied through Maxwell's equation to the 
concept of diffused magnetic fields; and, in fact, in the quasistationary approximation, the 
two are described formally by the same type of parabolic differential equations. In 

addition, when the diffused magnetic field is known. through Ampere's law (4.1-10) it is 

easy to calculate the corresponding eddy current distribution, and vice versa. There are 

situations, however. where the use of the eddy current as the explicit electromagnetic 

quantity is of greater practical convenience. as for example when studying the reaction of 

conducting sheets to time-dependent magnetic fields. Also, evaluating Joule's heating 

losses is ea<;ier when the diffusion is expressed in eddy current tenns. 

The eddy current approach 

The quasi stationary current density conservation equation (1.2-21), 

Vj=O (4.4-1) 

with Ohm's law (4.1-1) transforms into 

V·E=O (4.4-2) 

meaning that the electric field E (in addition to j) is irrotational and thus expressible as 
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(4.4-3) 

where C is called the current stream vector field. With Faraday's law (4.1-11), it also 
follows that 

iJH 
tlC= /1-at (4.4-4) 

where, because of Ampere's law (4.1-10), there remains the relation C = oH. However, 

the eddy current approach, represented by the last differential equation. becomes 
convenient when it is possible to consider the magnetic field separable into 

(4.4-5) 

where HO(t) is the imposed outer field Ihat induces the eddy currents obtained from the 

equations 

j=dI'xC 

o 
tlC= /1 

dH 

dt 

(4.4-6) 

(4.4-7) 

and where the small perturbation field HI is then obtained through the integral (2.2-22), 

(4.4-8) 

The eddy current approach based on this formalism can be useful when dealing 

with conductors that represenl a relatively small perturbation to the applied magnetic 
field. This is the case when the diffusion skin depth s [see. e.g., (4.2-18a)] is large with 
respect to the conductor dimensions in the direction nonnal to the applied magnetic field 

(4.4-9) 

Such a conductor is called a thin sheet (for example, the slab in figure 4.2-6 when the 
thickness d is much smaller than s, or the disk in figure 4.4-5 when the radius a is much 
smaller than s). Note that, in general, the skin depth s(t) relative to an applied transient 

field pulse is s � 0 when t � 0 [see, e.g., in (4.2-25)]. Thus, the thin-sheer 
approximation, characterized by the formulation of the eddy current problem through 
(4.4-6,7), is, in general, valid only at times 

(4.4-10) 

where fd is a characteristic diffusion or delay lime for the specific field pulse to penetrate 

into the given conductor system, as, for example, defined in (4.1-29) and (4.2-ISb) and 



4.4 EPDY CURRENTS 203 

given for many problems in sections 4.2 and 4.3. The eddy current problem can be 
useful. however, in a more general formulation (not limited to the thin-sheet 
approximation), as will be shown next. 

Two-dimensional currents in sheets 

Consider a conductor whose thickness d (even if variable) is small with respect to 
all relevant characteristic lengths, particularly in comparison to the diffusion skin depth. 
We call such a conductor a sheet. which may be defined by a surface S of any shape 
delimited by the borderline r (fjgure 4.4-1). The current density j (and all other 
parameters) is thus considered to be nearly unifonn across the conductor thickness, and it 
can be expressed by a mean surface current density 

i = jd (4.4-1 1 )  

[see also in connection with ( 1 .5-4)] acting on the mid sut/ace between the two surfaces 
delimiting the conductor. Because of the assumption that the nonnal component jn has no 
sources or sinks, iJjn I dtJ = 0, i is everywhere tangent to the (mid) surface, and from (1.5-

36) we get the solenoidality or conservation condition 
\',·1=0 . (4.4-12) 

Figure 4.4-1 Eddy currents in plane conducting sheet moving with velocity v in a 
vacuum with magnelic field H(I). 
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I'igure 4.4-2 Curved sheets of llny shape with common border line r1.2' 

The nab/a operator Vs is a surface operator that applies to the sheet and to 

derivatives along its surface only. For example, in Cartesian coordinates (figure 4.4-1) it 
IS 

d d '\\�ex-+e\.- (atZ=O); dX ' Jy 
(4.4-13) 

for a curved sheet it must be written in the appropriate onhogonai coordinates (�, 11) fscc 

figure 4.4-2; and in connection with (A.3-26)]. Note that the curl of a vector 
A=: (Ax,Ay.A;,:) takes the form 

o _ �_ � (dA,,_JA,) vsx A -cx iJ). cy;n +c:""'dX--;;:; (4.4-14) 

In general, there can be two (or more) contiguous sheets I and 2 with surfaces SI. 

S2 separated by a common border line fl 2. and also border lines rl v. rZ v towards free , , , 
space (figure 4.4-2). Here n is defined as the unit vector normal to the surfaces. and 11 the 

is defined as unit vector normal to the borderlines (figure 4.4-1). 
There are boundary conditions at the sheet surface and at its borderline; both types 

of condition follow logically from the general conditions presented in section 1.5 and 
tahle 1.5-1. For example. condition ( 1 .5-1). 

i = n x (HI.u - H,.I) (4.4- 15) 

means that the magnetic Held component Ht tangential to the surface (ano normal to i) 
jumps by an amount i when crossing the sheet thickness from the lower (I) (Q the upper 
(u) position_ Similarly. at the borderline. 

(4.4-16) 
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where I is the borderline current (present only in a superconducting sheet, analogously to 
the surface current density in condition ( 1 .5-5)) and Hn.2.Hn,1 are the field components 

normal to the surface along the borderline separating the two sheet conductors (of which 
one could be the vacuum). In other words. Hn remains steady when crossing the 
borderline. Am�re's law here is 

VxH=Ud . (4.4-17) 

Since i is tangent la the surface. the current-related field at (within) the sheet is bound 
only 10 the normal component H � Rn' and Ampere's law thus simplifies to 

Vs x Hn = i/d • (4.4- 18) 

which, for example in Cartesian coordinates. means 

(i, =0) . (4.4-19) 

Conversely, ir a general field 

(4.4-20) 

including normal and tangential components, is given at the sheet (as generated, e.g., 
from outer current sources), only Hn is linked to the sheet-surface current density i. 
There is no linkage for Ht because, by definition, there are no normal currents in the 
sheet; however, across the sheet the tangential component jumps as indicated by 
condition (4.4-15). For the same reason, Faraday's law [see ( 1 .3- 17, 36)] referred 10 the 
sheet can be written in the form 

V x-=- -+v·V H 
i (a } 

s mJ  iJt 0 '  (4.4-21 )  

where the term related to a conducting sheet moving with velocity v is included. As 
discussed in detail in connection with (1.3-17), the right-hand side expresses the lime rate 
of change for the normal component of the applied field Hn for an observer moving with 
the sheet at velocity Y. 

Consequently, the diffusion equation (4.1-8) also reduces to the normal component 
only, and in extended form it is 

6. H =.!..(�+V'V)H so K: iJt  n (4.4-22) 

[as can be checked by combining (4.4-18,21 )]. Extension of the equations and relations 
pertaining to plane sheets to curved surfaces may be possible by choosing appropriate 
orthogonal coordinates (cylindrical, spherical, etc.). as will be seen later on. 

Note that the above diffusion equation (with y = 0 and H: = H.> is identical to (4.2-
3). which describes the diffusion of fields into and out from conductors linked by plane 
surfaces [and analogously for the cylindrical case, e.g .. (4.3-5)]. However, the boundary 
conditions are, in general. completely different. In fact, as is qualitatively seen from 
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a) b) c) 

HO -------- HO 
o 

,. 
d I 

I 
I 

_- a--1 
I 
I 
I 

Figure 4.4·3 Circular conducting sheet 10 which an outer homogeneous field 
pulse HO = H� + H? is applied; eddy currcnlS I are induced where the vertical 
field component Hn on the sheet diffuses into the sheet, and these give rise to u 

related (dipole type) field HI which adds 10 H� to detennine the overall field 
distribution (H� remains unaffected by the conducting sheet in Ihis 
approximation). 

figure 4.4-3, the field at the borderline depends on the diffusion process itself and is 
larger than the given field at a large distance. In physical terms it can be understood by 
noting that the eddy current (4.4-21) induced by the field diffusion will itself induce a 

(dipole-type) magnetic field component HJ(x,y,z;t) that must be added to the imposed 

outer field HO. With the obvious transfonnation of J
Q

dVQ -+ lQ�' the induced field 

(4.4-8) is 

(4.4-23) 

which. because of (4.4-21) is determined only by the Hn component, and where the 
integration extends over the whole disc surface S. The net effect will be that at the 

borderline r the field is amplified, whereas in the inner part of the sheet it will be 

diminished and 8t the beginning even canceled. 
Reference to the example illustrated in figure 4.3-4 points to the general solution 

method concerning the magnetic field diffusion into (and out of) a sheet, for example the 
disc of figure 4.4-3. It will be necessary to match the solution of the diffusion equation 
(4.4-22) for Ho = H,(r;t) in the sheet (z = 0) with the solution H(r,z;t) obtained in free 
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.) b) 

H 

Figure 4.4�4 The conducting sheet in a time-varying homogeneous magnetic field 
H0(l)::: HOf:. with the perturbation HI established by the induced eddy current and 
thus with the total field H ::: HO + HI, 
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c) 

space from the Laplace equation .1H=O. [For an axisymmelric problem, as in the case of a 
disc, it would clearly be more convenient to introduce the azimuthal component A. of (he 
vector potential and solve the equations that can be derived from the form of (4.3-8).) An 
example of such a problem. in cylindrical geometry. will be described later on. 

The thin-sheet approximation 

The relative complexity encountered above in handling field diffusion into sheets 
strongly suggests. once again, searching for reasonable approximations. The thin-sheet 
approximation is an important simplification obtained when the skin depth s is large in 
comparison 10 the sheet extension, s» I (and not only 10 its thickness, s » d). In this case, 
diffusion even of the nonnal field is a minor effect and one is entitled to introduce the 
separation (4.4-5), 

(4.4-24) 

between the outer applied field HO and the perturbation field HI (figure 4 .4-4). 

Field equations 

The thin-sheet approximation consists in calculating the eddy current i in the sheet 
by using. for example. Faraday's law (4.4-21), where Un -4 H�. and then calculating the 
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perturbation field HI in the whole space by using the integral (4.4-23). With the vector 

relation (4.4-14), equation (4.4-21) can be rewritten in Cartesian coordinates 
(H� --> H2): 

(4.4-25) 

where K = I/afL is the magnetic diffusivity (4.1-9). Together with the continuity equation 
(4.4-12) and the appropriate boundary conditions, this equation fully determines the eddy 
current distribution in the sheet in relation to a sheet velocity v and the normal 

component H� ---+ H� of a given outer field pulse HO(t) as generated. for example, by 

outer current sources. [Note that the tangential component H? can drive no (or 
negligible) eddy currents in the normal direction, as a consequence of the assumption 
s» d.] 

It may be useful to point out again that in the original equation (4.4�21) i and Ho are 
not independent variables but are mutually linked through Ampere's law (4.4�18). The 
separation introduced in (4.4�25) is a consequence of assumption (4.4�24). For cases 
where HI is not much smaller than JIO, successive iteration steps will improve the 
solution. 

J Ho, 
The above solution method becomes simpler when the associated perturbation field 

V,xH�=i/d , (4.4-26) 

is introduced directly into (4.4-21); and with (4.1-5) the Poisson equation determining the 

function H� is obtained, 

(4.4-27) 

where, as before, H� is the normal component on the sheet of the given outer field HO. 
[This equation could have been obtained directly by substituting assumption (4.4-24) into - -
(4.4-22) and the noting that V/f� «aH�/at»)aH�/at because of the thin-sheet approxima-
tion.] 

Even more practical is the use of (4.4-6,7) expressed in the current stream vector 
field C. By applying the same reasoning as before, these equations with (A.3-8) can be 
rewritten directly in the form 

i = crd(V, x Co) = crd[(V,Co) x nJ, 

aR' to C = .. --" + "V ·V,H° s n r- 8t r- n 

(4.4-28) 

(4.4-29) 
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(Note the relation GCn + H� for the normal component orc at the sheet Cn = CnD.] 
The eddy current problem in the thin-sheet approximation is thus determined by 

solving a two-dimensional Poisson equation in the scalar Cn current stream function 

within the sheet only. with the Dirichlet condition on the borderline towards free space of 
Cn;: 0 on r (because along r it is everywhere i-T1 = 0; see figure 4.4-1). The stream 

function lines Cn = const. define the flow direction of the current, and its magnitude is 
inversely proportional to the local distance among the lines. The perturbation field HI set 
up in free space by the eddy currents can be determined through (4.4-23). 

When HO and/or v include an explicit time dependence, HI will also become a 
function of time; this means that the eddy current distribution will in general change as 
time progresses. It can be said that the change occurs instantaneously when the thin-sheet 

conditions (4.4-9,10) apply. For example, if the field depends linearly on time, H� = hot, 
the eddy current will tend towards a stationary distribution for I»td [see, e.g., the 

cylindrical case described by (4.4-66.67)]. 

Vector potential equations 

It may be useful to express the eddy current i also in terms of the vector potential 

(4 .4-30) 

which is here split up into the components that are normal and tangential to the sheet [as 
in (4.4-20)]. and thus obtain from (4.1-15) 

�=-(� HV}.-VsU (4.4-31) 

This vector relation direcrly gives, through its two equations. the two components of the 
surface current density i when At and the potential U are given [see the analogous 

expressions (4.1-14)]. The solenoidality of i (4.4-12) can formally be assured by the 
scalar electric potential V, which is fixed by the Laplace equation 

tJ,U = 0 (4.4-32) 

and the appropriate conditions along the boundary line r 1,2 delimiting two conducting 

sheets that might have different surface conductivities ad. The continuity across the 

border line for the components normal to r 1 ,2 of i, A or H provides the condition 

(4.4-33) 

In the thin-sheet approximation, besides the attention to be paid to V, the vector 
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pOlenlial is splil up similarly 10 (4.4-24), 

A=AO+AI, (4.4-34) 

where AD is the contribution from all the current sources outside the conducting sheet and 
the perturbation AI is given at any point P in space by the eddy currents through (2.2-2l), 

I P. f i Ap=- --dsQ, 
4"

5 
'l>Q 

(4.4-35) 

where the integration extends over the sheet surface S. Thus the overall vector potential 
that takes the sheet perturbation into account has been determined. If required. this 
solution also provides the magnetic field terms (4.4-24), with HO given by HO= V x AD 

andUl byU'=VxA'. 
A further formulation of the thin-sheet problem is obtained by inserting the 

perturbation term directly into (4.4-31) (here written for a sheet at rest, v = 0), 

i P. a [f iQ ] aA� 

ad + 41tdt s 'I>Q dsQ 
I 

=- --at - V,v, (4.4-36) 

thus obtaining a self-sufficient vector equation that with the appropriate boundary 

conditions fully determines i from the given vector potential A 0 (the index t stands for the 

tangential component). 
Most eddy-current problems are solved nowadays by numerical methods that may 

be based in different ways on the formalisms just presented. However. panicularly with 
the thin-sheet approximation, analytical solutions are possible in different geometries, 
including cylindrical geometries. 

Example: Thin disc 

Consider. as a simple example. a thin disc (6 It a. a .. d) with radius a and thickness d placed in a 
homogeneous altial field HOW = Hc:J,.t)ez. (If the field is not homogeneous. it may be sufficient to take the 
value of the normal component al the cenler as a mean value.) From (4.4-28. 29) we get the eddy current 
equations; 

(4.4-37) 

The solution for the current stream function and the surface current density. with the Dirichlct boundary 
condition Cn(r = a) = O. is given by 

c = JJa2 (2._I)dHo J 
__ dr dHo 

n 4 02 dt ' ,- 2K dt 
(4.4-38a) 
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This current distribution generales a special dipole-type perturbation field H', (4.4-23), whose moment is. 

according 10 definition (2.2-49), p = pzez, with 

4 ja 2. MO dHo p.= 0 ltr Irpdr=-----. � 8,1,'" dl 
(4.4-38b) 

and 

For the special case of an applied harmonic field HO<I)=Hc sin (JJt, we obtain 

j =_drw H cosar • 211; C • (4.4·39) 

Here the CUrTenl flow lines Co = cons!. are concentric circles. For plates with other simple geometries 

(rectangular, triangular, circular ring with sectorial aperture. tIC.) the solutions can be (ound similarly w, 

Example: Moving thin disc 

Consider a thin disc of radius a, thickness d, translated with velocity v parallel to the (x.y) plane in 

an inhomogeneous lime-independent magnetic field, which is suppo�d not (0 change appreciably over the 

dimensions of the disc (figure 4.4-5). The problem is described by the same equations (4.4-37) and same 

solutions (4.4·38.39) as in the previous example. only thaI, all: shown by (4.4-29). the substitution 

, t 
� 

, .L 
d 
t 

, 

\ 

Figure 4.4-5 Thin disc being translated with velocity" parallel to the (x,Y) plane 
in an inhomogeneous magnetic field. 
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has 10 be made: here. H� stands for (ne vertical l-componenl of Ihe field taken at the cenler (xo-Yo) of the 

disc. and iJH� felt. dH� lay are considered (0 be constant over the disc. 

From (4.4.38) wc obtain 

where we have introduced the diffusion velocity 

w= k=-L d pal 

(4.4-40a) 

(4.4·40b) 

(see also in (4.2·18c)}. which can be inlcrprcled as the velocity with which the eddy currents decay away. 

as will be seen in connection with the receding-image method presented in section 6.2 and illustrated in 

figure 6.2-12. 

The dipole moment (4.4-38) here is 

(4.4-41 ) 

whereas the force opposing Ihis movement and the energy dissipated in this disc are discussed in section 

6.2 in conneclion with (6.2-23). 

Example: Moving sheet 

As we have just secn. eddy currents can be driven inductively by III time-varying magnetic field (the 

iJHfiJt term) andlor by the relative movement of the conductor with respect to a magnetic field gradient (the 

(v·V)H term]. Equation (4.4-21) and others presented previously describe this situation with all the 

necessary details. 

Nevertheless. attention is sometimes required for a correct understanding. a.� for the example 

illustrated by the following problem. where a homogeneous. conSlant vertical magnetic field, limited within 

a small zone, threads a shett moving with velociry v. From what has been said above, it would seem logical 

that a movement in a homogeneous field should not drive eddy currents because the sheet would either lose 

or gain any magnetic flux (lines) during its movement. If the sheet extends beyond the magnetic field 

region. the movement will induce eddy currents even if the field is homogeneous because there are sheet 

regions where magnetic flux (lines) are added or subtracted. Such a case is illustrated in figure 4.4-6. where 

a steady. homogeneous magnetic field pH�, generated in the rectangular zone with sides 2ax2b in the 

narrow gap between the poles of a magnet. threads a conducting thin sheet that moves with velocity along 

the y-all;is. The problem is idealized in that magnetic fringe fields are neglected. The driving electric field 

( 1.3·29) 

(4.4-42) 

points along the x-axis and is strictly limited to within the magnetic field region-that is, the rectangular 
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Figure 4.4-6 Thin sheet moving within the narrow gap of a magnet: (a) side view; 
(b) lOp view. with eddy current stream lines. 
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pole zone. The eddy current filaments driven by this field are nearly straight in the pole region and then 

close in on themselves in a dipole-type pallern (figure 4.4-6), The exact solution for Ihis pattern Can be 
obtained with a scalar potential thal lakes into 8ccounllhe driving field source. 

We solve this problem flere in an approximate way, which will provide the tolal currenl/� nowing in 

the zone; this will be used in (6.2-32) to evaluate the braking effect applied 10 the moving sheet. The 

electrical resistance along the current palhs includes the component (which can easily be estimated) orlhe 

pole zone i n  addition to the component outside it. The total resistance in the pole zone is approximately 
Rj = 2a1(2bda), and for the toral, inner and external resistance we thus write 

(4.443) 

The value of the correction faclOr IJ is found by the exact theory to beu 

(4,444) 
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where a::: bla is the aspect ratio of the pole zone. Note that for a» I, {J --+ (1.5 + Ina)/a --+ 11 a --+ 0; for 

a = 1. f3 '"' 0.5; for a .. 1. fJ --+ 1. This means that for a square zone, a == h, the external resistance is equal to 
the inner resistance. Re ..- Ri' The total current driven by the electric field (4.4-42) through the pole zone is 

now fully detennined; 

2av JIlIo 0 I = y t = 2 j:u·..Ia v "IJ ;c R lA'" yl""'z (4.4·45) 

A complementary problem, where the sheet is at rest and the magnet produces a step-function flux is 
discussed in the literature''', The force opposing the movement and the energy dissipated in this sheet are 
discussed in section 6.2 in connection with (6.2-32), 

Eddy currents in cylindrical shells 

It may be possible to preserve some of the most important considerations and 
formulations of the plane sheet problem treated so far also for nonplane geometries by 
introducing orthogonal curvilinear coordinate systems that are appropriate to the 
conductor geometry. In this section. attention is limited 10 cylindrical shells only4.20, but 
the discussion will nevertheless show that new conditions and complications are 
introduced with respect to the plane case. 

Limiting cases 

It is useful and significant to separate the cylindrical problems into four limiting 
cases, depending on the comparison of the diffusion skin depth s, the radius a, the sheet 
thickness d = b - a, the length of the cylinder I, and also on whether the radial component 
jr of the eddy current vanishes or not (figure 4.4-7). The relevant equations and some 
solutions will be indicated. 

Case a (s « d; d - a). A hollow cylinder with thick walls (with respect both to skin depth 
and to radius) typically giving rise to a magnetic diffusion problem, as described, for 
example, by the diffusion equations (4.3-5, 6, 8, 11). Solutions corresponding to a 
longitudinal or transverse step-function magnetic field applied to a (two-dimensional) 
infinitely long hollow cylindrical conductor are given in (4.3-33, 50). Extension of this 
general case with finite electrical conductivity to a (three-dimensional) geometry of finite 
length makes the problem nearly intractable and the solution very clumsy. In the limiting 
case of a superconducting (or fully diamagnetic) conductor with s ----+ 0, the problem can 

be solved by introducing a scalar magnetic potential fP (see in section 2.1): H;:; -V,z,. 

where tP is the solution of the Laplace equation tJ,,(P;:; o. 
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Figure 4.4-7 Eddy currents in hollow cylinder or cylindrical shell with imposed 
homogeneous transverse magnetic field Ho= HO= liocx(on the lefl cross section the 
,-axis is pointing into the sheet). 

, 

Case b (s « d; d « a; j, = 0). A cylindrical shell that is geometrically thin (i.e . •  with thin 
walls. d = b - a (( a) such that the radial current (and electrical field) component can be 
neglected, jr::;; O. It is typically described for various geometries by the diffusion 
equalions (4.3-35,56), (4.4-21. 22). Solulions are given for lhe diffusion of a slep
function field pulse applied longilUdinally and transversally 10 an infinitely long 
cylindrical shell in (4.3-37.58,59). (Note that the application of a step-function pulse in 
any case implies at the beginning that $ « d because of the steep front.) 

Case C ($ » a,l; d - a). A hollow cylinder with properties opposite to those of the previous 
case: h is magnetically Ihin wilh res peel to magnetic field diffusion, but in general il 
consists of a three-dimensional problem where radial currents cannot be neglected. 

j,;< O. This lype of problem is lypically fonnulaled lhrough equalions (4.4-5 10 8), where 

the appropriate boundary conditions (e.g .• for a hollow cylinder of length f) are Er = 0 at 

r = a, b; El. = 0 at z = ±In. Depending on the fonn of the given field variation term ilO 
and of the conductor geometry. some simplifications concerning the current stream vector 
field C may be inlCoduced. 

Case d ($» d,l; d « a; jr = 0). The complete cylindrical thin-shell approximation. with 
good field penetration and no radial current component. jr = O. The two-dimensional 
surface current density represents a small perturbation. This case corresponds to the thin
sheel approximalion inlroduced wilh (4.4-24) and will lead to the resullS (4.4-58). 
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The thin-walled shell 

When the cylindrical wall has a very small thickness d « a, the radial current 
component vanishes, j, = 0 (cases b and d). The two-dimensional surface current density 
is given by (4.4-28) in cylindrical coordinates, the normal component of the current 
stream vector field C being the radial component. Cn = C,.. and is 

(4.4-46) 

The current stream function C,(cp,z;t) is detennined either through the diffusion equation 

(4.4-22) with Hn --> GC" Ihal is, 

I ,PC, a2c, I ac, 

-;;r --;;;:- + ---;;;:-= 
/( a; 

(4.4-47) 

or through the approximated Poisson equation (4.4-29) in the case of good field 
penetration (case d). The latter case will be discussed in general terms further on. The 
more general field diffusion througti a cylindrical shell requires, as mentioned before, 
matching the solution valid within the conducting shell with those in free space, internally 
and externally to the shell .  

ox 
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Figure 4.4-8 Magnetically thin but geometrically thick-walled cylindrical 
shell with imposed homogeneous transverse magnelic field Ho= no= Hoer 
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The magnetically thin shell 

The eddy current problem becomes simpler when the imposed magnetic field 
penetrates easily into the conductor-that is, for a magnetically thin shell. There are then 
two limiting cases (as mentioned at the beginning of this section), which will be 
considered now: case c, thick-walled shell with d - a and a three-dimensional current 
density (figure 4.4-8); case d, thin-walled shell with d « a and a two-dimensional current 
density, where jr = 0 (figure 4.4-9). 

In case c, the eddy current density (4.4-6), 

j=aVxc 

is defined through the vector Poisson equation (4.4-7), It is often convenient [0 write that 
equation in its Cartesian components [see comments in connection with (AA-26)], 

o 
IJ.C = I1dH% 

x dl 
I1dHO 

I1C = = Y dl 

o 
I1C = J1dH, , dl 

(4.4·48) 

bur then 10 solve each equation in cylindrical coordinates (r,t/J,z), with the Laplacian given 
in (AA-IS) and elements of the general solution indicated thereafler. Because of the 
magnetically thin shell approximalion, the eddy current would change, in accordance with 
the delay-lime condition (4.4-10), with the same time dependence; only if HO depended 
linearly on time, thus d HO Id! = const., would the current tend towards a stationary 
distribution. The vector components ex = CAr,tp.z).··· resulting from the solution are 
transformed into their cylindrical components as indicated in table A.3-I: 

" " " '\ , . " \ ,_1_-+ __ ) '. 
' ... _---... ---_ ..... 

-----�------I /' .. ------ ...... --.. .. 

(4.4-49) 

,........., ..... , _�,....,c ,..,..., "" 
\ '  \ , 

\ \, I ,,\ \ .... -......... __ ... I ' ... �---004_-----, 
,..-::::-�:::::--I , , ' 

_ .... , 

Figure 4.4·!J Infinite array of thin-walled cylindrical shells with imposed 

transverse homogeneous magnetic field Ho= HO= Hoer 
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Finally, the eddy current components J" (j"j�,j,) are calculated from (4.4-6) with the 

help of table A.3-1I. 

In the thin-walled shell approximation (case d). the two-dimensional eddy surface 
current density I, (4.4-28,29), in cylindrical geometry with the current stream function 

Cn--.C, as in (4.4-46,47) is simply given by 

(4.4-50) 

where er is now defined by the Poisson equation 

(4.4-51 ) 

with the last term being the time derivative of the radial component of the imposed 
magnetic field. The eddy-current-related field perturbation HI in the surrounding space is 
calculated through (4.4-23). It is useful to recall that (4.4-51) results from a combination 
of the definition (4.4-50) with the current conservation (4.4-12), 

and Faraday's law (4.4-21) for the radial component at r = a 
o 

(V x l) = _ ddH, 

that is 

r 1( dt 

I Ji Ji ddHO - =-�=-- � 
a� (}z K: dt 

where 11 .. = (1)1 and table A.3-1I is used for writing the components. 

Example: Transverse field on thin shell with gaps 

(4.4-52) 

(4.4-53) 

To an infinite periodic array of magnetically and geometrically thin cylindrical shells (case d) of 

length I al distance L and radius a, a transverse variable magnetic field pulse HO= Hr/..I)ex is applied (figure 
4.4.9). [We recall from (A.4-23) the substantial simplification introduced for the solution, when the basic 

geometry is multiplied into an infinite array.] The stationary solution of (4.4·51). where the radilll 
component of the applied field is 
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(4.4-54) 

and which satisfies the boundary condition iz = 0 at ;:: = ±U2 and i. = 0 at ; --±n12 (i.e., e, -- 0 at these 

boundaries), is obtained by variable separation [see in connection with (AA· 15,26)]. 

and thus from (4.4-50) we get 

er- dH8 c05JI - COSh(z/a) ] ; 
dl '1 cosh(I/2o) 

. do dHo . �I ,. = - --S>" 
� K d, 

cosh(,/o) ] 
cosh(i!2o) 

In a very long. J -+ 00, cylindrical shell. the currenl reduces to 

. . da dHo . 
" =0, Iz :---sln, 

, dl 

(4.4-55) 

(4.4-56) 

(4.4-57) 

(4.4-58) 

This could have been obtained more directly through the electric field that results from the inductive 
constraint in the plane AA' normal 10 the imposed transverse field H� [see figure 4.3-8; or simply from 

(4.4-53)1; 

i, . dHo E = -'- = J1ilsm� l CId dt 

The total currenllhus flowing along one shell quadrant. 

2 
I = ajlf/2 j dIP = da dHQ 

l O l K' dt 

is reconnected at the (infinitely) far ends 10 the other quadrant by a total azimuthal current I� = I, 

(4.4-59) 

(4.4-60) 

h is instructive to apply Ihese results 10 a discussion on magnetic field penetration into the bore of 
the cylindrical conductor arrangement with gaps shown in figure 4.4-9. The transverse field Hx.(z;l) 

established on the z-axis can be written in the form (4.4-24). 

(4.4-61) 

where H�(t)= HoU) is the externally applied. transverse field (4.4·54). and the eddy component 

H;(z;t) = Hed(z;t) is derived through the integral (4.4-23) from the eddy currents (4.4-56, 57). In many 

applications (e.g., confinement of charged particles. or of a plasma column). what counts is the geometric 
mean rransverse field 'ii ... (1) along the axis. 

(4.4-62) 

where. by definition. 
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+U2 
Hcd(1) '" t J Hed(z;f)dl. . -U2 (4.4-63) 

In the present geometrical arrangement, Htd is determined in (4.4-23) only by the average componenl of 

the current densily iz' which is parallel 10 the axis, and not by the component ilP' which has opposile 

directions in the upperllower half-shells. There are al§() no contribUlions from harmonic components along 
the interval L of the type iV1 oc cos(nz/l) . Finally, 

(4.4-64) 

Hence,lhe mean component on axis Ht{! is solely the result of the axial current jl�.l.:l) igiven in (4.4-57)1 

that flows in this infinite array of cylindrical shells each with length I (figure 4.4-9), and from (4.4-23) we 

gO! - I 1" J+I/2 HM =-- cO!04'd4' i:(;.z:t}dz. 
21fL 0 -1{2 

Finally. the mean penetrated transverse field (4.4-62) is calculated from (4.4-57. 65) 10 be 

H ..tU) = Ho(!) -a,o r!: ±(I- 2,a lanht;) . 

(4.4-65) 

(4.4-66) 

[Note that (tanhx)/x:S; I for any value of xl. 1.1 The mean diffusion or delay lime defined in (4.1.30) with 

which the external field penetrates into the bore of this infinite array of thin cylindrical conductos (case d; 

figure 4.4-9) is thus 

(4.4-67) 

which depends only on the magnetic diffusivity K = I/(ap) and the geometric parameters, but is 

independent of the fonn of the externally applied, transverse field pulse Ho(t); it is attained after a time 

t» t'd from the beginning. 

On the other hand. if the conductor were superconducting or fully diamagnetic (with surface currents 

only, case aI, a fraction of the applied field would penetrate promptly, without delay (K'-+ 00), through the 

gaps. This problemu could be solved through. a magnetic scalar potential 4> as introduced in section 

2.1: H = -VtP. where 4> is the solution of the Laplace equation 64> = O. 

Magnetic shielding 

Shielding from magnetic fields is one of the important applications of the magnetic
diffusion and eddy-current theories that we have developed in this chapter, The reduction 
of a time-dependent magnetic field by a conducting sheet that surrounds a useful space 
can be characterized by the shielding factor (or transfer function) 

T _ transroiltocl inner roa nelic field am litude 
- ellfemal magnetic teld amplitude in absence of shield (4.4-68) 
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This factor can be deduced from the solutions of the magnetic diffusion problem found in 

this chapter for a variety of field pulses applied 10 various conductor geometries. 

Nevertheless, it may be useful to resume here some of the significant results regarding the 

application of the shielding effect. We refer also to table 5.4-11, where additional results 
concerning plane and cylindrical problems are given. Not treated here is the conventional 
shielding against static ar quasi-static fields by (erramagnetic materials (table 8.3-VHI). 

Example: Shielding of a steady sinusoidal field 

Consider the simple arrangemenl where an axial harmonic field in complex wriling 

(4.4-69) 

(see in sections 3 . 1  and 3.2) is applied 10 a magnetically thin cylindrical shell with radius a and Ihicknes� d, 
as shown in figure 4.4-IOb. 11 corresponds to case d defined previously (prior to (4.4-46)1, meaning that 

a .. d, /j .. d, where the hannonic diffusion skin depth /j wa� defined in (4.2-29) as 

(4.4-70) 

This classic problem is described by the: diffusion equation (4.3-35), and from its solution given further on 

In (4.4-92) we directly find the shielding factor 

that is. in real terms 

H O  T = =- = -,-. '---
- Ho l+tWO,uad 

This resuit shows that practically full shielding is obtained when 

d > /jA.. 
" . 

(4.4-7 la)  

(4.4-7Ib) 

(4.4-72) 

that is, with a shield thickness d that can be a small fraction of the skin depth 8. This important result is a 

consequence of the inductive inner boundary condition (4.3-27) related 10 the dosed internal space, which 

is implicitly included in the governing differential equation (4.3-35). 

More in general, when the only applied condition is that of a geometrically thin conductor (a .. d, 
such that a "  /j, case b, with vanishing radial current components, jr == 0). the shielding factors for the three 

arrangements shown in figure 4.4-10 are deduced from the results obtained elsewhere in this book (as 

mentioned further on) and can be presented in the single fonn"'lJ 

where 

k = ,uOll 
pd 

(4.4-73) 

(4.4-74) 
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Fiaure 4.4·10 Shielding from external magnetic field He in three different 
arrangements (the a:,B-paramelers arc used in the text). 

with 1.1. = JJRPo the magnetic susceptibility in the conducting sheet of thickness d and the geometric 

parameters a, p given in figu� 4.4-10. Note from (3. 1-9) that .J2i = 1 +  i and also that the hyperbolic 

cosine and sine with complex arguments are given in (4.2-!5S) in a form that is useful for calculating the real 

Shielding (actor (as in (4.4-7 1 )}. 

If in addition to the assumption Q ,. 6 that led to the results (4.4-73), also 6 >  d applies (meaning 
that ReCBd) < I :  low fr�qu�ncy Iimit} lhe shielding factors simpl ify into 

Here we have used the approximations for smallz:A., 

2 
cosh z == I +.l.f- . 3 

smtLt :: Z + "i- . 

(4.4-75) 

(4.4-76) 

In particular. for the arrangement shown in figure 4.4-lOb with a = 0.5. fj ==- O. we obtain the previous 

result (4.4-7 Ia). On the other hand. when d >  6 (but still a »  S) (meaning that Re(Bd) > I :  high frequency 

limit], the approximation 

-R, T = 2e -- " 1+°711, 

is oblained. Here we have used the definitions 

in the limit where e-L-+ O. 

l -l l -l 
cosh l = � • sinhz "" � 

(4.4-77) 

(4.4-78) 

With respect to the general shielding formula (4.4-73), note that the solution corresponding to the 

geometry described in figure 4.4-lOb with a==- 0.5. fJ ==- 0 is established and discussed further on in (4.4--
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88,90,92). To find the solution of the transverse field shielding (figure 4.4- IOc) we can proceed as in the 
subsection following (4.3·48) but with the assumption a »  6. Finally, to find the result for the plane 

geometry shown in figure 4.4-108, we refer 10 the field diffusion inlo a slab given in (4.2-53), where the 

constants in the general solution (4.2-54) arc now determined [instead as in (4.2-56» by the boundary 

conditions at x = a + d, 

and the inductive condition at x = a [similarly to (4.3-27)J. 

0' 

where 

[dif . ]  [dif . }  �'I x=u dl = CJtJo d�·1 dJ 

x = l.±i -' X = X(x = a) - Z 6 ' -u -

Example: Shielding by a thick hollow conductor 

(4.4-79) 

(4.4-80b) 

(4.4-80e) 

The shielding problem defined in figure 4.4- JOb is formulated and solved here in complex 

writing, � n  similarly as with the diffusion into a rod [see in (4.3-21 to 25).) The applied axial external field 

leads to the solution in the conductor: 

� iar Hl•c = Hoe 

where, as in (4.3-253), the solution is expressed in the modified Bcssel functions, 

with 

The constants C and D are detennined with the boundary conditions, which here are 

at r = b, i.e. {i =  {ih : 

(4.4-8Ia) 

(4.4.81 b) 

(4.4-82) 

(4.4-83) 

(4.4-84) 

(4.4-85a) 



224 CHAPTER 4 MAGNETIC FIELD DIFFUSION AND EDPY CURRENTS 

. [dh 1 R 
or. when IJ = J.lo also lA the conductor. '1t = =t!!.z(EQ) • - R_R - -, 

The solution (4.4-82) satisfying conditions (4.4-84. 85) is calculated to be 

h R _ lo(!I Kl(!gl-KO(!112(Rq) 
-l Cl - lo(Bb 11<1 (Ba I-KO<!b )12 l!ia) 

here we have used the following modified Besse! celations derived from (A.2-22.23. and 25. 26): 

For the shielding factor (4.4-68), by applying these relations again. we obtain 

r= HO�(RQ ) = h IR ) = 2 
- 0 -z -0 R11'o<BbJK2(Ea}-KO(!b)l2(8aI1 

(4.4-85b) 

(4.4-86) 

(4.4-87) 

The first step to obtain the Shielding factor in real tcnns is 10 express these Bessel functions wllh the related 
Kelvin functions. as in (4.3-25c), 

A substanlial simplification is obtained when 0 ,. 6, in which case with the approximations (A.2-37. 
38) (or large t. the Bessel functions can be eliminated. However, in this case where Re (8.) .. I it would be 
more convenient to neglect the second lerm in the diffusion equation (4.3-23) from the beginning and thus 
obtain 

(4.4-89) 

the solution of which is 

!!z(B') = Ccosh ,B+ D sinh,E . (4.4-90) 

The constants are easily determined through the boundary conditions (4.4-84. 85). To obtain the solution in 
real lenns. the relations (4.2-58) will have 10 be applied. 

Example: Shielding by a thin hollow conductor 

Wc calculate here the diffusion of an axial steady hannonic field He = HO cosru I through a thin
walled hollow cylinder (figure 4.4-IOb) by applying the appropriate complex fonnalism introduced in 
chapter 3. Si milar calculations fOf determining magnetic diffusion are presented for a cylindrical rod, 

SIar1ing from (4.3-2 1); and for a thin-walled cylindrical conductor. staning (rom (4.4-69). 
Taking the boundary field in the complex writing 10 be, as in (4.4-81 a). 

(4.4-91 )  

we look for the inner field 

(4.4·92a) 
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By inserting into the appropriate differential equation (4.3-35), wc immediately get 

and from (4.3-36) 

H ....!!.JL HO . 
_iO = I+iwr == l+w2 r2 ( 1 - IWT) 
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(4.4-92b) 

(4.4-93) 

where d " li because of the thin-sheet approximation, and the harmonic �kin depth li is given in (4.4-70). 

The surface current density s = jd I see also (4.4-1 I »). constant through the conductor because of the Ihin

sheet approximation, is consequently 

- itIX ' h  H H iwrHo �( .) 
s = !f! , Wit ! = _iO- O = -� = - l 2 2  cor + I 

.w , 
(4.4-94) 

(here we indicate the surface current density with s instead of i 10 avoid confusion with the imaginary unit). 

4.5 DIFFUSION IN ELECTRIC CIRCUITS 

The question addressed in this section concerns the current density distribution 
within a conductor when a lime varying tolal current /(1) [or voltage V(t)] is imposed at its 
end. This problem will also allow us to establish a relation between the current-field 
diffusion processes presented in this chapter and the global parameters characterizing 
current conduction in a conductor. namely, its impedance Z. resistance R. capacitance C, 
and inductance L. 

Lumped circuits 

For the study of the electromagnetic properties resulting from electric currents 
flowing in conductor systems, it is often convenient (as we have already seen) to reduce 
the system to a circuit of lumped elements to which Kirchhoffs laws ( 1 . 1 -62. 63) are 
applied. For example, the series circuit shown in figure 4.5-1 is described by the equation 

v = RI + dW) +f4.d1 + ZI dl C (4.5-1) 

where V is the voltage (emt) source, R the resistance (1.1 -59), L the inductance (2.4-5), 
and C the capacitance. and we have introduced separately a time-dependent skin-effect 
impedance 2(1), which will be the subject of the following discussion. For completeness' 
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I R 

v L 

c 

Figure 4.5-1 Series circuit with lumped parameters. 

sake we recall that the definition of the capacitance between two conducting bodies (e.g., 
the two plates in a capacitor) with known electric field E and flux D distribution is 

C = QI V  (4.5-20) 

where the potential difference (taken along any path between the surfaces of the two 
bodies) is 

V = fE dl ,  (4.5·2b) 

and the accumulated electrical charge on either one of their surfaces is [from ( 1 . 1 -4) and 
(A.3·16») 

(4.5-2c) 

The simplicity of this circuit descriptionl.l] (in comparison to the more general field 
theory) is mainly due to the approximations implicitly made in establishing it: 
(a) Wires connecting the lumped circuit elements are assumed to be ideal conductors. 
(b) Circuit dimensions are small enough for wave propagation to be negligible 

[magnctoquasistationary approximation with closed current filaments according to 
( 1 .2-21) in all elements except in the capacitor]. 

(c) Magnetic flux change d(Lf)/dt is negligible everywhere except in connection with the 
inductor. 

(d) Displacement current tenn iJD/at is negligible everywhere except in the capacitor. 
Often the circuits are operated at near dc conditions with uniform current 

distribution throughout the conductors. There are, however, operating ranges where the 
impedance Z due to skin effect in some circuit elements can be comparable to or larger 
than the lumped impedances of other elementsus. 
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Skin-effect impedance 

The voltage drop vs(x/pt) due to skin effect over a length I on the surface (defined 

by the coordinate x = xa) of a conductor in free space can be written as (figure 4.5-2) 

VS(Xa. t) = f Es(xa.t)· dl. (4.5-3.) 

where the related surface electric field 

(4.5-3b) 

is defined by the magnetic diffusion process and depends on the diffusion solution H(x,/) 
with respect to the specific conductor (figure 4.5-3). 

The internal impedance of this conductor element is by definition 

z;(X t) = VS(xa.t) 
a' I(t) ' (4.5-4) 

The voltage drop Vs is expressed as a magnetic diffusion effect in (4.S-3b) and is the 
result of both the internal inductance 1.;(1) and the resistance Ri(t) relative to the diffusing 
current filaments. In addition, the skin-effect component also possesses an external 
inductance Le' which in general will be constant and much larger than 1..;. In conclusion, 
L = Lj(t)+ Le(const.). and the overall voltage drop over [he skin-effect component can be 
written as 

where 

d(L/) � dI dI 
Vs tOl = ZI = IR; + -- = IR; + 1 + (L; + 4)-= Vs + 4 - .  . dt dt dt dt 

�--( VII) f---'1 

b 
a 

- l� �  "'-------" 
Figure 4.5-2 Voltage drop over a conducting bar with imposed total (:urrent 
pulse IU). 

(4.5-5) 
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a) b) 

'-.r' 2d 
Figure 4.5-3 Some typical current-carrying. long conductors. 

VS = Z; I = (R; +�;} . 

y 

c) 

To illustrate these concepts. a balf-space conductor is considered (figure 4.5-3c), 
where the surface magnetic field H�(O./) = Ho(t) is related to the surface current i. or to 
the current I(c) flowing within a width w, by approximately 

i(l) = I�) = HO(I) ; 
this is obtained by integrating Ampere's law ( 1 .4-3) over the rectangular path with width 
w [similarly to the boundary condition (1.5-29) calculationJ. From (4.5-3) we get 

VS(I) 
= £/0,1) = _� ,m,(x,t)1 ' 

I (J d.x x=O 
where by applying solution (4.2-12) and the derivative (A.2-3), 

aH (X,I) _ _ _ 1_ r' aHo(I') dl' 

ax x=O - ,fm, Jo at' � 

(4.5-6) 

Here we assume H,(x,t = 0) = 0; that is, Ho(O) = 0, 1(0) = O. Thus, the surface voltage 
drop over a length I is, in terms of the current introduced above, 

I I r' Vs(t) = - --,.==: J, wO' -..J1rK 0 

al(t') dl' 
at' :it - I' . (4.5-7) 
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With Ihis, the circuit equation (4.5- 1 )  becomes a Fredholm integral equation in I, whose 
solution can be found with numerical techniques; in some simple cases even analytic 
solutions exist.A 26,A.2J The particular plane geometry used here can be an approximation to 
more complicaled conduclor geometries provided lhal Ihe skin deplh remain much 
smaller than the radius of curvature of the surface or thickness of the conductor. 

In the following, the internal impedance with respect to a specific current pulse. i.e., 
a step-function current pulse, is calculated for three simple conductor geometries (figure 
4.5-3), (Extension 10 any transient pulse form can be made on the basis of Duhamel's 
Iheorem (4. 1 -27).1 

Example: Steplunction current on plane conductor 

For the �Iep-function cumnl pulse 

J

o. 
/ -

la(consl.), 

for - <><> « < O, 

(4.5-8) 

for 0 :5 1 < -, 

applied In Ihe half-space, [he solulion procedure is similar 10 [hat for [he general solution (4.5-6), which 

refers 10 Ihe same comluctor geometry (figure 4.5-3c). We have I ::: wHo(const.), and by referring 10 the 

simple slep�function-related solution (4.2-8). we get 

and thus 

14.5-9) 

As a second example of a plane conductor, con.r;ider a conducting slab with thickness 2d and width 

w "  2d (figure 4.5-3bl. which limils a slep-function field pulse HO(consl.) on one .r;ide only, thus carrying a 
currem (4.5-8). I" = wHo. Here. (4.5-6) is 

(4.5·)0) 

and from Ihe so[ulion given by case 2 in rable 4.2-1 wc cu!culnte 

(4.5-1 J )  



230 CHAPTER 4 MAGNETIC fiELD PlffUSION AND EDPY CURRENTS 

Example: Step-function current on a rod 

A typical current-carrying conductor geometry is the rod (figure 4.5-3a), whose Hq,-fitld diffusion is 

described by (4.3-6) with the solution [similar to (A.4-72}1 

H = H [.!. +2 � II (rp"l e-t4J�I] • ,0 Q k Q�/lJo(ap" 1 ' 
,-I 

(4.5-121 

where (a/Jn) ate the roots of the Bessel function JI (a.8n) = 0 [see table A.2-J and (A.2-20)]. The related 
currem density (4.3-2) is 

and because of the imposed current pulse (4.5-8), the condition (for 0 S t < _) 
, 

21t' f jz(r,t)n:lr = la = 2 IraH.o(consl.) 
o 

(4.5-13) 

(4.5-14) 

must hold. Note that this problem can also be described by the related diffusion equation (4. 1-12) for the 

axial current density 

(4.5-15) 

By using a similar procedure 10 that in connection with (4.5-10), with Ez(a.l} = jz{a,t)fao cak:ulated from 

(4.5· 12.13). the voltage drop over the rod is 

Vs = Z; I, = -'
,-( 1 + f ,-..,�,)," . 

1rD a 11=1 
(4.5-16) 

Generalization of the results and equivalent 
circuits 

The internal impedances of the various slab geometries and of the rod with respect 
to a step-function boundary condition, found with solutions (4.5- 1 1,16), have all the 
characteristic form 

-
Z;(t) = /Io + RI L e-I/r, (4.5-17) 

n=1 
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Figure 4.5-4 Coal(ial conductor. 
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where RO is the de resistance of the conductor after the current has soaked through 
completely, and the expoDtential terms of the summation have progressively shorter 
diffusion time constants 'fn. At long enough times [Le., t» T). with T) = 4d2/(n2K'o) for a 
slab, when the "thin conductor" case applies] it may be sufficient to retain only a few 
terms. or just the first one. On the other hand, at very short times (i.e., t « tflI4�) when 

the situation is that of a thick conductor (4.2-8, 16), and the current is flowing in a thin 
sheet at the surface] the internal inductance can be approximated for any conductor by 
(4.5-9) with the appropriate width-for example. w ::;  2n:a for the rod. 

The extension of the impedance calculation to more complicated conductor 
geometries can be obtained in many cases by a combination of the simple geometries 
presented so far. or by appropriate calculations. For example. the coaxial conductor of 
figure 4.5-4 includes the rod and the tubular return conductor that can be approximated by 
a sheet; for an imposed step-function current pulse la the total internal impedance is thus 
detennined from solutions (4.5- 1 1 , 16) with w = 2Trh: , [  2 ] OO (  2 ' ) a I -/(, 2t a -m t Zj {t) = -- 1 + - +--L e fJn + -- e  " 

tra2(1 4db tra2(1 n=' 4db 
(4.5-18) 

In concluding this section, it is worthwhile noting that the magnetic diffusion process can 
be represented by an equivalent circuit.,U4.16 In fact, the impedance (4,5-17) (which was 
deduced for a step-function current pulse) can be represented by the linear electrical 
equivalent circuit shown in figure 4.5-5, where the inductance Ln in each RI! Ln network 
is chosen so as to match the time constanls of the solution (4.5-17), 

4./R, = rn • (4.5-19) 

and Lo "'- Le is the free space (external) inductance mentioned in (4.5-5). As a matter of 
fact, this equivalent circuit responds correctly to any time-varying current 10(1) because of 
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V" . "" 
." �' 
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Fllur-e 4.5-5 Electric equivalent circuit for representing some time-dependent 
current conduction and diffusion problems. 

the arguments mentioned following theorem (4. 1-27). This circuit simulates the physical 
diffusion process, and the magnetic diffusion can generally be described also by ordinary 
circuit analysis.4 23 

Alternating currents 

We now discuss an example of the steady, alternating current problem, where the 
total current 

I{t) = la cosar, for - 00 < I < +00 • 
is imposed on the rod (figure 4.5-3a). This example is discussed in many texl�ksl _J.1 .4. 
thus our presentation is limited to only some significant aspects. The related current 
density distribution }z(r,t). and hence its impedance. can be calculated using a similar 
formalism to that introduced in (4.3-21) for the magnetic field diffusion. where wc 
applied the complex functions defined in section 3.1 .  Putting 

and looking for a solution of the complex quantities 

E,(r,t) = J,(r,t)/u = !.(BYCJI 
the diffusion equation (4.5-15) transforms into 

d2 / I d /  - + -- - / = 0  
dE2 E dE -

(4.5·21 )  

(4.5·22) 

(4.5·23) 

where the normalized radius E was given in (4.3·24). According to (4.3·25) and (A.2·13), 
the solution is the modified Bessel function 10 of order 0, 

!. = C1o(B) (4.5·24) 
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where the constant C is fixed by the boundary condition (4.5-14), which in its complex 
ronn is 

where 

E= ffif = (l + i)f.  R = R(r = a) = (l + i)!! Q u -a - 6 '  

and the skin depth (4.2-29) is 

0 =  -J2IC/w = )2/(wj./a) . 

The application of the integral formula in (A.2-26) yields 

and the electric field (4.5-22,24),Ez(r,t). is thus fully determined. 
In analogy to (4.5-5), the complex internal impedance is defined as 

(4.5-25) 

(4.5-26) 

(4.5-27) 

(4.5-28) 

where Ri(CU) is the effective resistance of the conduclOr and l.j(w) the internal self
inductance fwith ml;(w) the internal reactance]. Introducing the Kelvin function (A.2-IS) 
from (4.5-28) we obtain. by decomposing into real and imaginary parts, 

R(w) = I berRa bei'R(j - beiRaber'Ra 
.,fi""oo (ber'Ra )2 +(bei'RJ 

W4(W) _ ��I�_�b�er�R�a���r�'R�a
�+���i�R�a���

i
�
'R�a 

- .,fi""oo (ber'Ra)2 + (bei'Ra)2 

(4.5-29) 

(4.5-30) 

where Ra = .,fia 18 and the prime denotes derivation with respect to R = .,fi r I o. 
Al low frequencies (i.e., when a < 8), from the series expansions (A.2-29. 30) and 

their derivatives, and by excluding {ems .. of order (a/o)'6 and higher. we calculate 

J ( a4 ) R(w) = -- 1 +--. ",,2a 4804 

J.J/ ( a4 ) 4(w) = - 1 - - . 
8" 7204 

(4.5-3 1 )  

(4.5-32) 

On the conlrary, at high frequencies-thoH is. where a �) 8, and the current is flowing in a 
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Ihin sheel only-wilh Ihe approximalions (A.2-39,40,41) we get 

R(m),. I (I +�) 
2n:a&r 2a 

(4.5-33) 

(4.5-34) 

In the lowest nonvanishing order we get R:= col.; . and in this limit the resisrance is as if 
the uniform current flowed in a conductor sheet of thickness O. 
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Chapter 5 

ELECTROMAGNETIC AND 
THERMAL ENERGIES 

Electromagnetic fields give rise to an energy density, and time-varying fields give rise (0 
an energy flow; these have to be considered in studying electromagnetic problems: They 
can represent significant energy storage (investment) and a loss (healing) mechanism. In 
addition, there are secondary effects: The current flow induced in an electric conductor 
generates heat that affects the thermal behavior of the associated mass; the increasing 
temperature in a conductor will diminish the electric conductivity, and, i n  turn, this will 
change the magnetic diffusion and eddy currents, and so on, resulting in a nonlinear 
magnetic diffusion process. As is evident from the general definition of energy, 
electromagnetic energy is related to electromagnetic forces, which will be the subject of 
the next chapler. 

Appliclllion.,·. The topics in this chapter support several examples of practical importance: 
operational limitations, introduced in a magnetic systems as a result of energy dissipation; 
inductive energy storage through SMES systems!.11 (superconducting magnetic energy 
storage); induction heatingS I, an industrial process to heat work pieces directly or 
indirectly; and, more in general, electromagnetic processing of malerials642. 

5.1 ELECTROMAGNETIC ENERGY 
EQUATIONS 

In a closed electromagnetic system, including fields, electric conducting, and 
nonconducting masses, the energy sources and flow include several components, as will 
be shown in this section. In addition, the relation between electromagnetic energy and the 
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CHAPTER 5 ELECTROMAGNWC AND THERMAL ENERGIES 

Electromagnetic 
system 

hC'Jt or 
deformatIOn 

}o'jgure 5.1·1 Relation between magnetic, mechanical and thermal systems: A 
schematic survey of the coment of chaplers 5 to 8 (arguments with an asterisk · are 
not treated in this book). 

work done against electromagnetic forces will relate many of the aspects discussed here 
to those investigated in the next chapter. More generally speaking, in this chapter and in 
chapters 6.7. and 8. the interactions between the magnetic, thermal, and mechanical 
systems will be studied, as schematic ally shown in figure 5 . 1 - 1 .  

Electromagnetic energy 

Field equations 

The power equation in electromagnetic field theory 
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-V (E X HJ = E j +[H(�)+ E (�)] , (5. 1 - 1 )  

is obtained by addition of Maxwell's equation ( 1 . 1 - 1 )  multiplied by E. 

E (V X HJ = E j + E(�) (5.1-2) 

to Faraday's equation ( 1 . 1-2) multiplied by -H, 

-H · (V x E) =  H( �) (5.1-3) 

and the use of the vector identity (A.3-6), 

V · (E x HJ = H . (V x E) � E · (V X H) (5. 1 -4) 

The first term on the right-hand side of (S.I-I) corresponds to Joule's dissipalion or ohmic 
healing term 

(5.1-5) 

this is the electromagnetic source term which connects the eleclmmagnelic (0 the thermal 
equations. The second and third terms describe the time variation of the magnetic (WH) 
and electric ( WE) field energy densities, 

(5.1-6) 

(provided that the magnetic permeability J1 and dielectric permltlvlty rare 
independent), and the energy densities of the magnetic and electric fields are thus 

Figure 5.1·2 Close surface S defining volume V. 

tI 

time-
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or, in practical egs units, 

and 

(5.1-7) 

(5.1-7)* 

(5.1-8) 

This last term, which derives through E. (�/at) from the displacement term in 

Maxwell's equation. can be neglected in the magnetoquasistationary approximation. 
Integration of (5. 1 - 1 )  over the volume V delimited by a closed surface S (figure 5. 1 -

2) and using Gauss' theorem (A.3-16) yields the integral power equation 

f f j
2 f a ( 1  2 1 2} - P · ds =  - d V +  - -/lH + -eE v s v G  v iJt 2 2 

where the Poynting vector 

or, in practical egs units, 

P = ExH , 

8 
P = !..2.... (E XH) , 

4" 

represents the power flow crossing the boundary per unit surface. 

(5.1-9) 

(5.1- 10) 

(5. 1 - 10)* 

Note that these power and energy expressions can be extended to the cases where 

Ji. E are time dependent andlor where the conducting mass is moving with velocity u .  In 

the first case, the terms 

(5. 1 - 1 1 )  

must be added on the right-hand sides of (5 . 1 -6. 9). In the second case, the 
transformations presented in section 1.3 must be introduced. This will lead, in the 
magnetoquasistationary approximation, to the magnetohydrodynamic energy equations 
(8.1-8,1 3,35) that will be inlroduced in section 8. 1 .  

Potential equations 

The power equations can also be expressed in terms of the magnetic vector 
potential A and the electric scalar potential V. which, through (2.2-2, 4), express the 
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magnetic and electric fields 
B = V x A  , 

, iJA E =  � = -VU---;; , 
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(5, 1 - 12) 

Mulliplicution of the lasl expression with the current density vector j and using the vector 
identity (A,3-5), 

V ·(Uj) = U V · j + j ,VU 
and the current conservation equation ( 1 . 1 -5), 

gives 

o (U') / ' (iJA ) UiJPe -v ' J = - +J '  - + - , 
rr iJt iJt (5, 1 - 1 3) 

This corresponds to (he power equation (5. 1 - 1 ). In particular. we see that the lime 
variation of the magnetic field energy density is. instead of (5.1 -6), 

�H = j(�) , (5. 1 - 14) 

and that the last term vanishes in the magnetic quasistationary approximation, where 
V . j = O. ( 1 .2-2 1 ), Integration of (5. 1 - 1 3) over the volume V and application of Gauss' 
theorem (A.3-16) leads (0 the power equation 

(5, 1 - 15) 

Ahhough this current-potential equation resembles the current-field equation (5.1 -9), 
there are, however, fundamental differences. The integration here is only over the volume 
in which j and Pe are finite. All terms vanish in free space, making it impossible to think 
of an energy flow from this space into the conductor across its surface. [For the total 
magnetic field energy expressed in terms of magnetic vector potential and/or current 
densities, see (5. 1 - 3 1 ,  33),J 
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Sinusoidal fields 

A case often encountered in practice (e.g., induction heating applicationsl., treated 
in section 5.4) is where the fields are sinusoidal in time, for which it is convenient to use 
the complex vector formalism introduced in chapter 3. Accordingly. any electromagnetic 
vector (e.g., the magnetic field) is presented in the form (3.2�1). 

(5.1- 16) 

where the complex vectors H. E, and j. which are called phasors, can be written in the 
forms (3.1-30 or 3 1}--for example, 

(5.1-17) 

At the end of the calculation with this formalism, we have to return to the real component 
of the significant parameters, because only this component has a real physical meaning 
(this is evident when comparing results of a conventional calculation with those of a 
complex calculation). The real parameter, or vector, is easily obtained by the relation 
(3. 1-32). 

(5.1-IS) 

where H* is the conjugate vector defined in (3.1-34,35). Also. from (3. 1-36) it  is 

(5.1-19) 

Another useful relation when resolving problems with this formalism is the theorem (3. 1 -
3S). 

and, in particular, 

( _ )2 1 1 2 ReH = -H · H* = - H . 
2 - - 2 

(5.1-20) 

(5.1-21) 

which provides the time average (over a period n of the product of two real functions 
(e.g., field quantities). 

We have to rewrite the power equations (5.1-2 to 4) in a suitable form for applying 
the above rules. For this purpOSCLlU. I , Maxwcll's equation (3.2-2) is rewritten in the form 

- - -
V' x H* =  j * -iwD* . (5.1-22) 

which is obtained by taking the conjugate quantities (5.1-16),  and Faraday 's equation 
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( 1 . 1 -2) is rewriuen in the form 

(see also in section 3.2). Multiplying the first equation by E. multiplying the second by 
-H· ,  and then adding them up [as in (5.1-1 (0 4)] provides the power equation 

-V . (E x if *) = E . j * - i m(-H * .B + E . f> *) . (5, 1 -23) 

This expression is convenient because, by applying (5. 1 - 1 9.20), it allows us (0 obtain the 
time average over one period T = 21C/(J) by simply introducing the factor 112. For the 
terms on the right-hand side with (5. 1 - 16) we obtain 

I ,2 
ReE Re] * = "2 Re(E * '] ) =  � E* E = � E2 = ;0' 

- - 1 - - 1' 2  ReH · ·ReB = -H·  B* = - H  - - £ - - E 2 . ReE · ReD * = -E* ·O = -£ 
2 2 

Similarly, for the complex POYnling vector (5.1- 10) we write 

2 2 

� � 1 - - I i '  P = E x H* = -E * x H = -EHe V'PnEH 2 2 

(5. 1 -24) 

(5. 1 -25) 

with �p = 4JE - 4JH the phase angle between �. H, and REil the unit vector normal to the 

m.H) plane. [Note that i* = -i. (H *). = it etc.] Inserting (5. 1 -24.25) in (5.1 -23) and 

then integrating over the volume V delimited by the surface S as in (5. 1 -9) provides the 
mean power flowing over a period T into the volume 

26) 

The separation of the complex power equation with ei�p = costPp + i sinq)p' (3. 1 -4), 

into <'1 real and an imaginary part provides the real power equation 

I ,2 
S' = -fEHcos�p(nEH ' dS) = "2 f � d V  . 

s v 
(5.1-27a) 

which describes the mean ohmic power dissipated over the time T, and a reactive power 
equation 

S" = -f EH sin�p(nEH ' dS) = � J(EE2 - I'H2)dV • 
s V 

(5.1-27b) 

which represents the energy flowing in and out of the electromagnetic energy storage. 
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without dissipation. Note that the mean energies stored in the fields within the volume V 
are 

(S.I -28) 

Since (5. 1 -26) shows that the power dissipated in the volume V goes exclusively into 
ohmic hearing. we must have 

WH + WE ;;;; const. (S.I-29) 

within this volume. Also. provided that the vectors E,H on the surface S are such that the 
conditions 

q,p = 0 and/or nEH ' ds = 0 

hold, from (S.I-26) it follows that 

(S.I -30) 

that is. the energy inflow over a period T (which is dissipated as Joule's heat) is equal to 
twice the mean magnetic or electric stored energy. Magnetization effects (e.g .• damping 
mechanisms) with related energy losses are conveniently expressed with a complex 
magnetic permeability, wich will be introduced in (5.4-44). 

Inductive energy 

The total magnetic field energy linked to a conductor system (figure 5,1-3) can be 
written in the magnetoquasistationary approximation (5.1-7) as 

(S. I -3 1 )  

In fact, by using the vector potential At (5.1- 12), and (A.3-6) w e  obtain 

f(H ' B)JV � f H · (V X A)dV � f A · ( V x H)dV+ f V · ( A x H)dV (S.I-32) 

the last integral can, however, be neglected since. through Gauss' theorem (A.3-16) 
applied to the vector (A x H), 

f [V (A X H)JdV � f  (A x H) ds 
v s 
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Figure 5.1.-3 Conductor system made up of two subsystems G1 and 02' 
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it can be expressed as a surface integral extending very far from the sources, where the 
vector field is assumed [0 vanish. [The dipole-type magnetic fields, as produced by 
electric currents, decay as 11r3 at large distances r, see (2.3-5).] By applying Ampere's 
law ( 1 .2- 1 8) and the vector potential integral (2,2-21)  we find from (5, 1 -3 1 )  

f.l f f iQ ' iQ' I 2 WH = - dVQ, d VQ = - U  , 
8" "QQ' 2 vQ vQ' 

(5.1-33) 

where the inductance L. a purely geometrical parameter defined in (2.4-5) in connection 
with the magnetic nux threaded by the conductor system, has been introduced. 
Conversely, Ihe inductance can thus also be defined by the magnetic energy linked to the 
system. Note that the double integration extends here, as well as in (2.4-5), over the 
conductor volume V Q' V Q' only; whereas the integration volume V in the energy integral 
(5.1-31) includes both the conductor and the free space outside it. 

All expressions and relations for the inductance of a conductor system established 
in section 2.4 can be applied to calculate the related magnetic energy through (5.1 -33). 
For example. following the reasoning in expressions (2.4-18 to 34), we find for the total 
magnetic energy limited to a system made up of two subsystems GI• G2 (figure 5.1-3) 
characterized by the currents 11 . 12 and self-inductances L I I •  L22. as well as by the mutual 
inductance L 12  = L21• the relation 

(5.1-34) 

Example: Coaxial transmission line 

As a simple ex.ample we calculate the inductance of a coax.ial conductor system (figure 5. 1.4). 

whose conductors are assumed to clUT)' only surface currents. The azimuthat magnetic field in the cavity 

is given by (2. 1 ·37); hence the ma,gnelic energy (5.1·7) is 
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and the inductance 

fo'igure 5.1·4 Coax.ial transmission line. 

1 1 W - 1 J H'dV- / �ol J' 211T d _ / �ol I b 
H - -}io - -::;-:r ----r r - -- 0 -

2 v Str U r  41r a 

(5. 1-35) 

The same value is obtained by calculating the inductance through definition (2.4-4) las in cllpression (2.4-
13)1, 

When the current distribution in the inner conductor with permeability J1 is uniform (not limited 10 the 
surface), the azimuthal magnetic inductance inside the cylindrical conduclOr is 

L; = IJ'... . 
8K 

(5.1 -36) 

It is not possible 10 calculate in the same simple way. or by extension b�. the inductance of a single wire 
of radius a. This calculation requires a careful evaluation based on the integral definition of L because all 
our formulae depend on the assumption of a closed circuit, which does not hold for the single wire. 

Thermal energy 

Joule's dissipation term (5.1-5), 
·2 . j  g . = } (1 
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links the electromagnetic energy to the thermal energy in the conductor. Heating of the 
conductor gives rise 10 a flow of thermal energy and can entail local melting with 
variation in the electrical conductivity (chapter 8), which in turn influences the 
electromagnetic quantities. 

The heat balance and the related temperatures must be studied by the thermal 
diffusion equalion 

I I iJJ llT+ - g = - -
k a iJr 

(5. 1 -37) 

where the temperature T(x,y.z;t) [measured in kelvin] and the source term g(x,y,z;t) ;;;; gj 
[rate of energy generation per unit volume. measured, e.g., in watt/m)1 may be space- and 
lime-dependent, k is the thermal conductivity [W/(m·K)}, assumed here to be a constant, 
and 

k a = 
Cv (5. 1 -38) 

is the thermal diffusivity [m2I.sJ, where cV is the specific heal per unit volume 
[J/(m3. K) I .  

The diffusion equation (5. 1 ·37) is the result of the (thermal) power balance in 'he 
elemental volume L1x L1y L1z (figure 5. 1·5): 

net heat flow into + energy generation rate within = energy accumulation rate . (5. 1·39) 

In fact, the heal flux q. a vector quantity measured in [W/m2], according to Fouricr's law 
of heat conduction. is determined by the temperature gradient and is expressed for an 
isotropic body by the components (in Cartesian coordinates) 

iJJ = -k-<k (5. 1 -40) 

Consequently. the net rate of heat flowing (e.g., along the y·direction) into the elemental 
volume L1.x L1y L1z: is 

The accumulation rate of the internal (thermal) energy density Q is defined by the change 
in the specific internal energy e(J/kgJ. or pE [J/m3I where p is the mass density [kg/m3l; 
in solid bodies (neglecting phase changes. compression energy. etc.) a good 
approximation is 

o(Q) = o(cvT) , Q = p£ , (5.1-41) 

such that the rate becomes 
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�t:rJ:-,_z+-"'I-' 

.1)' 

Figure 5.1.-5 Heat flow (y-direction) into the elmental volume of a 

homogeneous. isotropic body. 

J(pe) _ J(cvT) 
i* - at (S.I -42) 

With these three expressions (he power balance (5.1 -39), in Cartesian coordinates, is 

or, in general. 

(S.I-43) 

which. for constant k and cV (i.e., homogeneous, ismcopic, incompressible body), leads 
to the diffusion equation (5.1-37). 

The problem of the thermal equations (S.I-37. 43) is fully defined by specifying 
the appropriate initial condition 

T(Ii.O) � F(I;) • for 1 < 0  . (S.I-44) 

and [he boundary conditions at t > 0, of which the two most important are [see also in 
(A.4-6 to 8)J 

(S. I-4S) 

(Dirichlel or first kind: prescribed surface temperature) and 

(S.I-46) 

(Neumann or second kind: prescribed heat flux through the surface boundary), Here xi is 
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a coordinate vector covering the whole body in Cartesian coordinates Xj = (x.Y.z); xb is a 
coordinate vector delimiting its surface; and nb denotes an outward pointing. normal 
vector on the boundary surface. 

For the solution of the so-defined thermal conduction problem, which is similar to 
the magnetic diffusion problem (see in chapter 4), there exists a vast body of literature. 
The solutions of the heat conduction equations (5. 1 -37, 43) follow standard methods 4.2. 4.4 
(e.g., variable separation, Laplace transformation, Green's function method, etc.) as well 
as numerical methods9.6, In particular, for the variable separation method, we refer to the 
solution of the similar magnetic diffusion equation analyzed in chapter 4 and appendix 
A.4, 

Example: Thermal diffusion in slab 

It may be instructive to briefly illustrate the powerful Creen 's function method. by giving the general 
solution of the one-dimensional Canesian equation (5.1 -37), 

{PT I I l!f 
-:;:T + - g = - i'Jx k a lJt (5.1 -47) 

defined with conditions (5.1-44 to 46) within two plane, parallel boundaries (b == 1,2) at distance 2d 4_4: 
'd 

T(x, , )=  J e(x,'lx',O)F(x')dx' for the inilial condition. 
x' .. o 

+ � (.:0 dtt,=o g(x', t')C(x,rlx'.t')dx' for energy generation, 

- aJ:,=o dt' I [f(t') �] for first-kind boundary condition, 
"",1.2 b at ""<Xb 

J' , " [,,,(1') ( I ')] + a /'=0 dl L --C X,IX",r 
h=1.2 /Cb 

for the second-kind boundary condition. (5.1-48) 

Here, C(x,t�'.t') is the Green function. which depends on the geometry and type of boundary condition; 

it is found tabulated for a large variety of problems.4 .• 

For example, the one-dimensional Green function for a sheet of thickness 2d with boundary 
conditions of the first kind (figure 5. 1·6) is 

- 1 1 '  - I  [ (4nd + x - X')'] [ (4ndB B')' ]l e(x,'lx',I')= [4Ha(/ - I')) L "P - ( _ ') - "P - ( _ ') , 
/1 __ '" 4a t t 4a l I 

which is convenient for small a(t - t')/4d2 values; whereas for large values the alternative form 

e( I .' ') I � -," '.I, -")/4d' . (nltt}. ( nltt' )  x.ttA , r  = �  � e sm - on --d ,,:0_0< 2d 2d 15.1-49) 
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UI ol--�F-, 

� 

Figure 5.1·6 Infinite slab of thickness 2d with temperatures al the boundaries of 

TIU), T1(1)· 

is more useful. When the boundary conditions arc T(O,t) = T{2d.t) = fl(f) = 12(/) = O. the initial condition 

in the slab is T(x, 0) = F(x) = To{consl.). and there are no heal sources I: = 0, the solution (5.1 -48) i.� 

. (""') 
4 - 2 2  2 5m -T(x,t) = ToJ�d C(x,tlx'.O)dx' = - L e-I! /[ m/4d 2d . 
le 11"'1 n 

("",odd) 

(5. 1-50) 

This corresponds exactly 10 solution (4.2-49), when laking imo account the shift d of the origin of the x-axis 

and the fact Ihal for n = odd, 

. [,"(X -d)] . ("m "H ) (""'} 1)"-' 
Sin = SIn --- = COS - - 2 .  2d 2d 2 2d 

5.2 MAGNETIC HEATING I N  CONSTANT 
CONDUCTIVITY CONDUCTORS 

Diffusion of a magnetic field into an incompressible conductor is accompanied by 
an inflow of energy, which then appears in two different forms: One is the magnetic 

energy density I.JH2 12  connected with the diffused field, while the other is Joule's heat 

generated by eddy currents, When heating of the conductor is taken into account, the 
diffusion theory becomes complicated because the increasing conductor temperature 
changes the conductivity, and this in turn influences the diffusion of the magnetic field, 
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We shall first study the energy dissipation, as derived from the constant 
conductivity diffusion theory dealt with in the last chapter, and then discuss the more 
general diffusion theory. which takes into account the temperature effects. 

Diffusion heating 

Joule's law 

The increase in the internal energy density (heal) Q In a conductor carrying a 
current density j was found in (5.1-41, 43) to be 

where k is the thermal conductivity, (J the electrical conductivity. and T(x,t) the 
temperature of the conductor. generally given here in degrees Celsius. The first term on 
the right-hand side is the heat source as given by Joule's dissipation term; [he second 
represents heat conduction. For a solid conductor below the melting temperature we can 
generally write. with good approximation (neglecting phase changes, compression 
energies. etc.). that 

Q = c,T (5.2-2) 

where the specific heat Cv (per unit volume) remains approximately constant in the 
temperature range from 0 °C to melting point (see figure 8.3-13). 

During the melting process the temperature remains constant. but since Q is 
increased by the melting heat, (5.2-2) has to be corrected. In the first part of this section 
wc will explicitly introduce the temperature instead of the internal energy density Q. with 
the limitations just menlioned. For prac[ical purposes we do not include the initial values 
of the internal energy and the temperature in the formulae. so Q and T actually represent 
increments in a given parameter interval rather than absolute values. 

The heat-conduction term (k�7) can generally be neglected in magnetic field 
diffusion problems. For example. compare the normal electromagnetic skin depth bel 
(4.2-29) related to a boundary field oscillating with angular frequency (0. to the 
corresponding ,hermal skin depth 

8th = ..j2k/(c,w) (5.2-3a) 

which is found immediately from the analogy of the {WO diffusion equations (4. 1 - 1 6) and 
(5. 1 -37) and the substitution scheme (4. 1 - 17). As seen in table 5.2-1, the ratio 
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Table S.2·1 Ratio between the electromagnetic and thermal skin depth at 
O°C 

Thermal conductivity � Metal k 
J (m·,·oq-I 8,h 

Cu 400 10 
AI 240 15 
Fe (p,= I ) 80 55 
stainless steel 14  350 
brass 120 38 
bervllium coooer {2%J 80 55 

(5.2-3b) 

is larger than 10 for most metals. which means that heat conduction plays only a limited 
role in magnetic diffusion problems [an ex.ception will be given in connection with (5.2· 
23)J. 

Therefore. for a one·dimensional problem, equation (5.2- 1)  can be approximated by 

dQ{x.t) = it. 
dt (] 

or. in practical egs units (cm. erg, A. mho), 

Using (4.2-1). 

and (5.2-2.4) we obtain 

or, in practical egs units. 

·2 dQ{X.l) = I07J.L 
ar (] 

}. = _ JH, 
Y ()x 

J[C,T(X.l)] = �[JH'(X.t)]2 
at (] ()x • 

a(c,T(x,t)] = 109 [JH,(X.t)]2 . 
ar 41fC1 ()x 

In integral form we obtain for the internal energy density, or the temperature, 

(5.2-4) 

(5.2-4)+ 

(5.2-5) 

(5.2-6) 

(5.2-6)+ 
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, �(iJH )2 Q(x,l) = c,T(x,tl = Io<h. 7f dl  

Energy equations 

(5.2-7) 

The distribution of electromagnetic energy within the conductor, as a result of 
magnetic diffusion, is described by the general energy equation (5.1-9) that we derived 
from MaxweIJ's equations. For a conducting half-space with boundary conditions as 
shown in figure 5.2- 1 ,  the total energy per uflit surface WT that nows into the conductor 
in the time interval (0, I) can be written as 

r' I r' [dH (x I)] WT(I) = j, E
yH,dl = -- j, " H,(O,I)dl, o (J 0 ax x=o 

since from (5.2-5) and Ohm's law (4. 1-1)  it is 

E = _-'- dH, y 
" dx  

(5.2-8) 

(5.2-9) 

The conservation of energy (5.1-9) in the magnetoquasistationary approximation 
requires 

where WR is the ohmic djJ·J·jpation term per unit surface (5.2-7), 

, ' J,,,.,) 

houndJry 
pl,me \ () 

El'( ",I 

Figure 5.2·1 Diffusion into and heating of a conducting half-space. 

(5.2-10) 
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_ I - I [aH (x 1)]2 WR(I) = 10 c,T(x,l)dx = G Io dxIo �' dl 

and WH represents the field energy per unit surface 

(5.2- 1 1 )  

(5.2-12) 

As usual, the magnetic permeability jJ = J.iQJ.lR is considered 
We define, as in (4.1 -9), the constant magnetic diffusivity 

here a material constant. 

or. in practical egs units. 

I 
1(0 = -GoJ.l 

Heating in the conducting half-space 

(5.2- 13)  

(5.2-13)* 

Assuming the conductivity to be constant, we will calculate the temperature and the 
dissipated energy for two of [he most typical examples of magnetic field diffusion in the 
conducting half-space (figure 5.2-1) dealt with in chapter 4. The solutions of many other 
cases are summarized in table 5.2-11. As an example of the calculation method involved 
we will consider in some detail the problem represented by the polynomial boundary 
field. 

Polynomial field 

The general solution of the diffusion problem defined by the boundary condition 
• 

H,(O,,;n) = Ho(,:Y' 
, for O " ' < �, wi.h n = O, I,2, ... (5.2-14) 

has been given in (4.2-23) as 

H,(x,/;n) = Ho��n + I )2ffro)" {inerfC�} 
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where 

� _ x 
- 2�(/(O/) 

With the help of (A.2-9, 1O) we calculate 

( I ) t r -II + 1  �n 
[iJH,(x,,;n)] = -i l = -HO 2 (.!...)2 I 

iJx x�o Y ,=O r{k n + k) 10 �(I(O/) 
(5.2-15) 

Using these expressions we find, from (5.2-8), the tOlal energy absorbed per unit 
surface by [he conductor. 

I 2 n +  I WT(/;n) = -H, (O,I;n)s�,n --I 2 n + -

where use is made of the flux. skin depth (4.2-25), 

and the surface field (5.2- 14). 

r(k n + l) 
s�,,, = ( I  3

)
�(/(0/) 

r -n+-2 2 

2 

For the magnetic field energy per unit surface (5.2-12) we readily find 

and for (he ohmic loss per unit surface (5.2- 1 1 ) wc gel 

I 2 22" r{ I ) ( I  3
) WR(/;II) = - II[H,(O,I;II)] s�,n --I -11 + 1  r -11 + - In_I 2 11 + - 2 2 2 

2 
here we have introduced the function 

(5,2-16) 

(5.2-17) 

(5.2-18) 

(5.2-19) 

(5.2-20) 

already used in (4.2-25). Applying (A.2-S), we transform this integral into the form 



Table 5.2·U Flux and energy losses ror a halr--spact' conductor with constant conductivity [.or. = 1/(C1tJl)] 

Boundary fidd Time interval Aux skin depth Energy skin depth Ohmic Field Surface en. factor 

(def. in (4.2-20)1 [defin (5.2-31)J  dissipation Idef.in (5.2-30)] 

'. se/,uR wRlwT W';WT dl,uR 

Transient 

(0 $ 1 < 00) 
Ho (O,t) L128 "'; (rot) 2.000 s� 0.707 0.293 -
HO (VtO) 1n (0,1) 0.887 ...; (1(01) 1 .333 sri 0.586 0.414 1.571 
HO (£1'10) (O.t) 0.752 "'; (1(01) 1 .200 sjfI 0.552 0.448 1 .273 
HO (WO)l (O,t) 0.602 " (KoI) I . I l l s" 0.529 0.471 1 . 1 32 
HO (£1'10>' (O,t) 0.417 "'; (I(ol) 1 .048 sjfI 0.512 0.488 1 .051 

(O,t T) 0.788=0.88' (K,TI4) 1 .086=1 .39s. 0.593 0.407 1 .63 
Ho sin(2;rr I n, 

0.7 1 5  :0.57"'; (roTI2) 1 (O·tT) 1 .275=1 .94s. 0.850 0.150 2.18 
6 = (roT I ;rr)2 

0.3695 =0.208"'; (I( on (o.n 2.885 =7.82s, 0.962 0.038 5.51 

Steady (-- < t < -) 
(O·tT) 0.56=0.564" (K,T 14) 1 .280=2.57s. 0.806 0.292 2.57 

Hasin(2;rr I T)t (o·tn 0.5& =O.400...J (KuT 12) 1 .578=3.145, I 0.080 3.14 

(O.T) 0.58 =0.282"'; (run 3.148::06.28s, I 0.040 6.28 

Ho en (-_. t) ..J (KuT) '. 0.5 0.5 I 
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t -3 

1.5 

o 2 4 6 8 10 
• 

Figure 5.2·2 Different quantities ploued vs. the c:<poncnt n for the boundary field 
Hh '" Ho(t lto )11/2 . From lOp to bottom: The surface energy coefficient ,', the 

normalized energy skin depth s�, the normalized nux skin deplh s., and the ralio of 
Joule heat oyer total absorbed energy. 

and after integrating twice by parts and introducing (A.2-9) we find the recurrence 
formula 

Starting from 

(2" + 1)/
. � - r{ 1 

X
I 1 ) - /

.-1 
22" I - n + 1 -n + -

2 2 2 

4 1� -lx' � I_I = - e dx = - • 
" 0 " 

we can derive the values of all the other integrals and from (5.2- 1 8,19) the corresponding 
expressions for WH and WR (see table 5.2-ll). 
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In figure 5.2-2 the relative heat dissipation (WR/Wr) and the dimensionless skin 

depth s�.n I �(�ot) are plaued a� a function of n. Considering the qualitative change of 

the boundary field (5.2-14) while going from n=O to n=  10 (see figure 4.2-2). wc 
conclude that these quantities are relatively insensitive to the pulse fonn. With the help of 
the recurrence formula it can be easily checked that expressions (5.2-16, 18. t 9) satisfy 
the energy conservation (5.2-10). 

When calculating the surface temperature (at x :::: 0) from (5.2-7), we must treat the 
case n :::: 0 separately, since the integration results in a logarithmic divergence. For all 
other cases (n = I .  2 . ... ) with (5.2-15) we find directly 

(5.2-2 1 ) 

Step-function field 

The case n :::: 0 corresponds to the step-function boundary condition (4.2-6) applied 
to the half-space. Here the temperature (5.2-7), with 

JH, = _�I� Ho 
e 

_�2 
Jx ..[ii �(J(ot) 

calculated from solution (5.2- 15) (n = 0), becomes 

2 JlHo it -x2 /21Cot dt I 2 2  2 c,T(x.t) = c,T(�) = -- e - = -- = p.Ho �E;(-2� ). 
fr O  t 2 1r 

with the function 

eK 
-dJ( 

J( 

(5.2-22) 

tabulated in the litcraturc2.l. The surface temperature (�---)() diverges as In�, as a 
consequence of the contribution at t = O-that is, when the discontinuous field Ho is 
applied to the conductor. Here the heat conduction term in (5.2-L) plays an important role. 
In fact, this temperature peak is limited by heat conduction to the approximated finite 
value'i·2 

4 I 2 [ I fz¥'/Co ] cyTJ:-O = cyTmax "" --}loHoln 1 + -1r -- . ,- ,, 2  2 2k (5.2-23) 
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where k is the thermal conductivity and it is 
, 

which was found in (S.2·3b) as the ratio of the electrical 10 [he thermal skin depths. For 
copper (table 5.2-1) we find from (his expression that the thermal energy density at (he 
conductor surface is roughly three times the magnetic energy density of the applied field, 
Ihat is, 

3 2 cyTmax = -fJoHo 
2 

(5.2-24) 

Thus. a magnetic field rising very rapidly (actually by a discontinuous step) to about 50 
tesla can melt the surface of a copper conductor. 

Sinusoidal field 

The calculations concerning the temperature and the dissipalcd energy in the half
space can be extended to include other boundary conditions. For example, for the steady
state field 

Hz(O,t) = HOsinax, - � < t < � , 

by applying (4.2-32, 33) to definitions (5.2-7, 8) we easily find 

( ) I 2 -2x/8[ I {2.r ) I 2.<] Q(x.l) =' cyT X,I = - I1HoCIX. / - -co' - - 2ar + -c057 2 2w o 2w u 

1 2 1 [ 1 . ( 1 ) 1 ] 
Wr(t) = - jlHoo-w , - � S'" 2ax + -tr + -

2 2 v2 w 4 2w 

where the skin depth (4.2-29) is 

8 =�2:0 I (J) = 2n I T 

(5.2-25) 

,(5.2-26) 

(5.2-27) 

(5.2-28) 

(here T is the period of the oscillation; confusion with the temperature T should be 
avoided). All these expressions are calculated for the (arbitrarily chosen) lime interval 
(O,t). By calculating WR and WH (5.2-1 1 . 1 2) in the same way, we can see that in this 
steady-state example the energy balance (S.2-tO) does not hold. since here the energy 

quantities cannot be related (0 one single period only. In facl, at I = 0 there already exists 

an established diffused field with an energy WH = JlH20 1 16. which remains the same at 

the beginning of each period, so that it is WT(T) = WR (T). 
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These formulae are important for induction heating applications. They will he taken 
up again at the end of Ihis chapter and presented with other results in table 5.4-11. The 
single most relevant parameter is the mean heating power PR that is deposited {over a 
time interval (0,7)] per unit surface of the conductor under consideration, in this case in 
the whole thickness of the half-space (x � 00). Since, as we have seen, 
% (0, T) = IIT(O, T). from (5.2-27) we find 

PR(�)= IIT(O.T) = H5 = j5 e 

T 2CfO Cf 4 
(5.2-29,) 

where we have also introduced the amplitude 10 of the surface current density (4.2-33). 
The mean heating power deposited within a depth x is 

1 ' 
PR (X) = -JrQ(x;T) - Q(x;O)] dx 

To  
and with (5.2-26) we obtain 

PR(X) = l _ e-2, ,8 
PR(�) 

(5.2-29b) 

This shows that nearly all the heating occurs in a skin depth 0: in fact. 
PR (e) = 0.865PR(�). 

In surface-heating applications (surface hardening, etc.) an appropriately small 0 
will be chosen: on the contrary. if bulk heating is the goal, a large {) is convenient. since 

the material beyond {) will be heated only by heat conduction. Through (5.2-28), the mosl 

convenient skin depth 0 can be detennined by the choice of the frequency v = l1i2Tr of the 
induction heating apparatus. Furthermore, (5.2-29a) shows that large heating densities can 
be obtained with small O. 

The heating of thick and thin slabs, rods, and hollow cylindrical conductors 
immersed in a harmonic, steady sinusoidal field will be calculated in (5,2-44) and 
(5.3-4, 6, 9, 10, 39), and the heating in a transient sinusoidal field will be calculated in 
(5.3-35,36). 

Energy skin depth 

In all these examples, the surface temperature can be expressed in the general fonn 

I 2 c,T(O.t) =-I'oH, (O.t)�(t) . 
2 

(5.2-30) 

where the surface energy factor t9 depends on the pulse fonn (i.e., on both its shape and 
duration) but remains of the order of unity. Similarly, the total dissipated energy per unit 
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surface can be written. as in (5.2-16), 

I 2 
WT = -110H, (O, ,)s,(') 2 

(5,2-3 1 ) 

where se(t) is defined as the energy skin depth . The corresponding definition in the 

practical cgs system is obviously obtained by the substitution J1oH2 /2 � H2 /81C. 
The quantities t? I J.i.R and se I JJR. as well as the flux skin depth s� and the ratios 

WR I WT and WH I Wr. are given in table S.2-U for different boundary fields. The results 
of the transient sinusoidal case have been computed numerically using (4.2-1,28). It is 
interesting to note that all the monotonically increasing magnetic field pulses (the first six 
cases of table 5.2-11, with the exception of the step function; see also figure 4.2-3) give 
rise to relatively similar results. We can conclude that the quantities represented in [his 
table are rather in�ensitive to the pulse form. A second remark concerns the comparison 
between the transient and the steady sinusoidal cases. As one would expect. there is a 
noticeable difference at the first quarter period. pal1icularly for the surface temperature. 
which for the steady wave train is nearly 1.6 times larger than for the transient train. In 
both cases a large pari of the energy dissipated during one period is already lost at 
t = T 14. For a copper conductor we find from table 5.2-11, for instance. that at the end of 
the transient quarter period the surface temperature has increased by 

T = 0.2H2(oC, tesla) , 

meaning that the surface (initially at Qoe) reaches the melting temperature (table 8,3-11) 
when the applied field amplitude is 75 lesla. 

Using the energy skin depth concept defined by (5.2-3 1). it is possible to estimate in 
a crude but practical manner the energy losses related to plane conductors or conductors 
whose main radius of curvature is large compared to se' For example. in a long single
turn solenoid. whose inner radius a is large compared to se. the ratio 'lw of the total 
energy loss to the energy stored inductively in the bore is approximately given by 

21fQse 2 se ryw � --=r = -
Jra a 

The Qosc. factor of Ihis solenoid can then be written for a periodic field with se = 7rO 
(table 5.2-11) in the form 

(4,,,. = 2trl l)w = 010 ' (5.2-32) 

[The Qosc. factor of a periodic system is here the ratio of 2" times the average energy 
stored in the system divided by the energy dissipated per cycle.) This formalism. as well 
as (5.2-3 1 ). is valid for a "thick" conductor-that is. a conductor whose thickness d is 
much larger than se- On the other hand, we will see in section 5.3 that for a "Ihin" 

conductor (d«se) the energy losses are larger by a factor of about (se/d)2 than in the 

corresponding thick case. 
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Heating of thick sheets and cylindrical 
conductors 

The magnetic heating of bounded thick conductors, such as plane sheets and rods 
with circular cross section, follows from (5.2-7) with the help of the magnetic diffusion 
solutions H z(x,!) found in chapter 4 with regard to various boundary fields. It is obvious 
that as long as (he thickness of the sheet or the radius of curvature of the curved surface is 
much larger than the magnetic flux skin depth, the solutions corresponding 10 the half
space found previously arc good approximations. 

We start by considering a step-function boundary field. which. through Duhamel's 
theorem (4.1-27), is the basis of more general solutions and also gives the practical result 
of the complementary problem-the heating caused by the decay of a magnetic field 
initially trapped within the conductor. For cylindrical conductors we shall also consider a 
harmonic sinusoidal field because this is approximately obtained when discharging a 
capacitor bank current source into a conductor system. 

Slab 

From (4.2-1) and the general solution given in table 4.2-1 for an applied step
function field we obtain for the current density 

(5.2-33) 

where the parameters c, qn' and Tn are defined by the boundary conditions. Because of 

the orthogonality of the series, the power dissipated per unit volume in the conductor is 
simply 

, 
;)n( ) " 2 2 - ( )2 -2-':"""''''cX-",f.!. = !.!.... = Ho c � dq n e 

r rJ • 
at a a "' ru n=1 

(5.2-34) 

The mean energy per unit volume dissipated at the end of the diffusion process in the 
whole slab and calculated for the geometry given in figure 4.2-6 and case no. I in table 
4.2-1 is easily found to be 

(5.2-35) 
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in factA .• , the value of the series is !C2 /S, This is an obvious result. particularly if we 
think about the complementary problem-the decay of an initially trapped internal field 
Ho [scc also in connection with (5.3-15)]. The extension of these considerations to a 
rCClangular bar [see (4.2·50) and general solulion in table 4.2·IJ is straightforward. In 
particular. for the mean energy density we obtain 

Rod 

-Q _ 32J1H6 - 4 " n=I.3 .... m=I,3 •... 
(n,m odd) 

I I 1lH6 
-;;r m2 

= -
2
- (5.2-36) 

The solution of the magnetic diffusion equation (4.3-5) for an applied step-function 
field parallel to the axis of a cylindrical conductor (figure 5.2-3a) is given in table 4.2-1 

and (4.3-14); the related eddy current density (4.3- 1 )  and dissipated power density ji I <Y 

are formally as in (5.2-33,34) but with the substitution x -+ r .  With the parameters for 
this case defined in table 4.2-1, the mean energy density dissipated in the conductor over 
the complete diFFusion process is easily calculated to be 

,) b) 
� ,  

, . 

124 1- a--.. 
; � 

t 

:::v I 
, ,? 
, Hl.(r.t) 

t 1I,<t) 
, 

Hl(aJ) , 

jf(r,l) jf(r.I) ---- - .- - - - - -� 
E.(r.l) � - - - -� Hz(r.t) 

A:: ...i.. 
I - I • 

inner boundary 

Figure 5,2·3 Healing of a bar (a) or a hollow cylinder (b) by Ihe diffusion of an 
ouler axial magnetic: field. 
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-Q - I1 H24� I _ 11  u2 - - 0 � 2 - - no 2 .=1 (aa.l 2 

where use is made of (A.2-21). 

(5.2-37) 

For a transverse magnetic step-function field (figure 4.3·4), the solution in terms of 
Ihe field camponenlS Hr(r.�;'), H,(r.�;') is again found in table 4.2-1 and can be 

calculated from (4.3- 10,4 1,42). Witb tbe relaled current density given in (4.3-45) we 
calculate for the dissipated mean energy density 

- 11 2 � I 2 Q=  - HO B  � 2 = J1Ho 2 n=1 (aa. ) 
(5.2-38) 

That the dissipated energy be greater in this case could have been ex.pected. In fact. 
consider the complementary case, the outward diffusion of the transverse flux trapped by 
the rod when the ouler uniform field HO suddenly disappears; The dissipated energy 
stems not only from the decay of the field trapped within the conductor but also from the 
dipole-type outer field bound to it. 

It is interesting to extend this expression to the transient exponential boundary field 
(4.3-19). 

H H I -11, , = o( -e ) .  
and its solution (4.3-20). Proceeding as above, for the mean dissipated energy we obtain 
in Ihis case 

(5.2-39) 

which for r «  fn (with the diffusion time constant Tn given in (4.3-16)] tends to the step
function solution (5.2-37). When 't'» 'l'n-that is, f» T\-we obtain 

(5.2-40) 

which can be approximated (with a slight overestimate In the overall result) by 
substituting f. -+ fl [see (4.3-16b)J; thus 

(5.2-41 ) 

Similar results can be obtained for the infinitely long rectangular slab and the transverse 
rod. 

The steady sinusoidal boundary field 
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Hz = HOsinmt, for - oo < t < oo  • (5.2-42) 

resuhs in the solution, case 3, given in table 4.2-II, and the relevant energy components 
can be calculated with it However, the limiting case where the radius a is much smaller 
than the characteristic skin depth s is approximated with sufficient precision by the 
heating in the half-space already considered in this section. 

Hollow cylindrical conductor 

Conceptually, magnetic diffusion heating here is similar to that for the circular bar, 
but the dissipated energy is provided by the energy not only of the field in the conductor 
but also of the energy trapped in the hollow interior (plus the outer dipole-type field in the 
"transverse" field case). Instead of proceeding to the calculation of (he total dissipated 
energy with the corresponding diffusion solutions (4.3-3 1,33) for the "parallel" field case 
(figure 5.2-3b) and (4.3-50) for the "transverse" case, we refer to the next section, where 
these problems are solved in the approximation of thin-walled cylindrical conductors, but 
with temperature-dependent electrical conductivity. 

Let us now consider the complementary problem to the rod represented by a thick 
single-turn solenoid (figure 5,2-4b) to whose cylindrical inner surface of radius a the 
boundary condition (5,2-42) applies. From the solution, case 4 given in table 4.2-11, and 
with the approximation found in (A,2-33,34), ker z ... -In(,12) , kei z ."  -o,251fvalid in 
the limitz � 0, we find for a «  8 

[aH,(r,t)] Ho '"" cosQJ' iJr ,=a (/ In(,J2 a/o) 

'l bl 

(5.2-43) 

cl 

Figure 5.2-4 (a) Infinite conductor with 3 cylindrkal hole of radius a; in practice. 
this geometry is approximated by a thick single-turn solenoid (b). or in irregularities 
with the form of (c). 
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hence. the temperature can be written as 

1 2 1 [ Sin2lll] 
C,T(a'I) � 2 HO

[(v
'2a/8)ln(v'2a/8)f) 1+ 2ro 

. (5.2-44) 

Since Iimz--+o(zlnz) = O. the temperature on the inner surface of a solenoid, where 
a I 0«1, can be appreciably higher than in a conductor whose radius of curvature is larger 
than the skin depth. This effect is to be expected from the comments made following (4.3· 
25). In irregularities of the type shown in figure 5.2-4c, the bottom can thus attain very 
high temperatures (above melting point) and the result will be a gradual cut through the 
conductor (saw effect). 

5.3 HEATING IN THIN CONDUCTORS 

Plane and cylindrical geometries 

Thin conductors ex.posed to variable magnetic fields, as introduced and defined in 
section 4.4 following (4.4-1 1  and 24), represent important arrangements encountered in 
praxis. The calculation of their heating effects allow us to obtain simple, but significant 
results, which we will present now for three examples based on different geometries. 

Thin slab 

Let us consider, as in section 4.2, figure 4.2-6, a slab of thickness 2d, which we 
suppose here to be thin-that is, d much smaller than the corresponding skin depth sIP" 
The surface temperature then differs from that of a half-space conductor, and it strongly 
depends on the boundary conditions. 

We study three different problems of practical importance (figure 5,3-1); 
(a) The slab is immersed in a magnetic field, the boundary conditions being the same on 

both planes. [We shall see that for srp » d the temperature is proportional to (d I s�)2 .] 
(b) On onc side the slab limits a given magnetic field; that is, the surface field on the 

other side is zero. [Here, wc shall find Ihat for srp » d the temperature is proportional 
to (s� /d)2 J 
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J/,�t) HoW ® ® j 
, , , , , 

Figure 5.3·1 

® IId/l 

b) 

J - -
"1'J.t) ® 

1111= () 

, 

c) 

1I1(t) ideal 
® wall J 

U = -- -, 

Three different boundary condition.\; for the "thin" slab. 
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, 

(c) The slab is limiting a finite space; that is, there is an inner boundary condition of the 
type (4.3-27). We shall discuss Ihis problem for sri' »  d in the geometric form of the 
hollow cylinder al the end of this section. 

As an example of problem (a) (figure 5.3-1a), we consider the steadY-Slate outer 
field 

H�(±d.t) = HOsinlJX • for _ 00  < t < 00 

defining within the slab of thickness 2d the solution 

H,(x, t) = Hoh(x)sin[ot - a(x)] 

(5.3- 1 ) 

(5,3-2) 

where the eigenfunclion hex) and phase shift a(x) are given by case 2 of table 4.2-11. If we 

use the approx imations cosh z >= 1 + Z2 12, cos;:: = 1 - Z2 12. sinh l "" l. sin z = z. these 
functions reduce for 2d 1 � « I to thc simple form 

a(x) � I, d2 _ x2 
hex) � 82 

where �is  the harmonic skin depth (5.2-28), 

I 
1("0 = --

PO" 

From (5.3-2) we get, in first-order approximation ( l»d2 12"'0). 

and hence the internal energy density or (cmpcrature (5.2-7) is 

Q(x,t) = c,T(x,t) = ± J1ll.l(1 )\2ot + sin 2ot) 

(5,3-3) 

(5,3-4) 
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At the end of a quarter cycle the surface temperature at x = id and I = T 14 = Tt 12(0 is 

I (d)2 
cvT = "2 J1lfJ {j " (5.3-5) 

which is reduced by about a factor 

as compared with its value for the half-space problem (5.2-26). Since there is no phase 
shift, the temperature (5.3-4) can be considered a sufficient approximation for the 
transient regime as well. This result (apart from the numerical factor) holds in genera] and 
can be found similarly for other boundary fields. Another significant conclusion can be 
drawn from this thin-slab example. In fact, consider the mean heat power (Joule heat 
dissipated during a period T = 21l' I w through the whole thickness 2d of the slab. per unit 
slab surface and time) 

Introducing (5.3-4), we obtain 

PR = � H6 (<!.)
4 

3 d(J {j , 

(5.3-6a) 

(5.3-6b) 

which shows the large dependence of the mean healing loss on the thickness d of the 
slab-that is, on [he linear dimension perpendicular to the magnetic field. This result 
[together with the analogous one of (5.3-10)] expresses an important general rule that 
must be taken care of in many applications: A conducling slab (or sheet). which is placed 
in u variable parallel magnetic field, should he splil up into a.\' many as possible isolated 
thinner slabs if the dissipated Joule heating is to be kept as small as possible. 

We now discuss a problem of type b) (figure 5.3-1b), where a thin conductor of 
thickness 2d limits a magnetic field H z(1); that is, we have the boundary condition 

H,(d,l) = 0 } 
for O :S;  , < 00 • 

H,(-d,l) = H,(I) 
(5.3-7) 

According to our condition s�»d, we can assume, however, that the current density jy is 

unifonn in the slab. Therefore from (4.4-15), 
2djy = -H,(I) 

and for the mean temperature reached at the end of the time interval (0, t) we fmd 

.2 

cvT(I) = rl it dl = lCo2 .!.Jlrl H;(t)dl . 
JO (J 2d 2 JO 

(5.3-8a) 
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This formula already shows that the temperature expression includes an amplification 

factor _ (sqJ/d)2, For example. with 

H, (I) = HOsinWl 

it is easy to find that the mean temperature reached at the end of I = T = 21r I (J) is 

( )2 
I 2 8 I . 

C,T(I) = - J1lio - -(2""- sm2,,,,) 
2 2d 4 

where 8 is given in (5.2-28). 

Thin rod 

(5 .3-8b) 

For a rod with radius a (figure 5.2-3a), when a«s�. the result will be analogous to 

that found for the thin slab (5.3A), From the general solution (case 3, table 4.2-11), we 
find, by using the approximations (z�O) ber z "" 1, bei z = z2 /4• (A.2-29. 30). 

hence (for /»a2 /4KO), 

dH,(,.I) _ 
H

' . - 0 2 COSltN . ar 8 

For example, for the temperature. we then obtain from the analogous cylindrical form of 
(5.2-7) 

c, T(t) = -'-JlHij (c..)2 -'-(2"" + sin 2",,) . 
2 8 4 

(5.3-9) 

Compared with a slab of thickness 2d -:- 2a, the surface temperature for the cylinder is 
four times smaller than in (5.3-4). 

Thin disc 

As an example of thin-sheet healing with a different geometry to above, we 
consider a thin disc ( ljnu. m}d) with radius a and thickness d placed in a homogeneous 
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field H(I) ::: Ho sinCl)' that is parallel (0 its axis (see figure 4.4-5), The induced surface 
eddy current from (4.4-39) is 

. drw H lqJ = --- OCOSOX 21<0 
and the related Joule heating per unit time and disc surface is calculated to be 

a 2 I 211: f .2 I w 2 2 2 Il< = -2 - I�rdr = --:r:da HO cos (jJ/ • 
Ira ad 0 16  KO<1 

(5.3-lOa) 

The mean dissipated heating power per unit disc surface over a period T = 2n till is 

(5.3-lOb) 

Isee also (3,1-38)). This equation shows the large dependence of the mean healing power 
on the sheet's surface dimension (radius a}- that is, the linear dimension perpendicular 
to the magnetic field. This result is again similar to that expressed by (S.3-6b) and here 
states: A conducting sheet. which is placed in a "",;able. perpendicular magnetic field, 
should be split up into as many as possible isolaled smaller and thinner sheets if the 
dissipated Joule heating is to be kept as small as possible. 

Electric conductivity law 

The argument to be introduced in the following links, in a way, the first pan of the 
chapter to the second, since we shall now allow the conductivity to be heat-dependent. 

Temperature-dependent conductivity 

For the conductivity we choose the simple fonn 

U = uQ 
1 + fJQ (5.3- 1 1 ) 

where uQ is the conductivity at DOC, f3 is the heat factor [dimension m3/joule], and Q is 
the increase of internal energy or heat content relative to Doe, which in the solid phase is 
related to the temperature T by (5.2-2), 
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Q = c,T . 
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Consequently, and as before, the temperature T is measured from O°C on, in degree 
celsius. As we shall see in (8.3-8), this law approximates with sufficient precision the 
conductivity variation up to the vaporization point. 

The heat equation (5,2A) then takes the form 

or, through integration, 

Current integral 

d!2 ., 
_ = ( I  + {3Q)!L 
at <10 

Wc now introduce (he current oract;on imegral 

r' ., 1 = Jo Jydt • 

(5.3-12) 

(5.3- 13) 

which plays an important role in  connection with thin conductor sheets and thus as a 
figure of merit (together with the uhimate tensile strength. table 7. 1 -11) for the choice of 
conductors for pulsed high field magnets·· 17•l_17• By integration of (5.2-4) we find 

i' ., rQt ",dt = J. <1dQ . o Qo 

1500 1'T'rT"<-rTTT'MM-rT"'M"rn'rrT-rTTTrnrrn 
Tf(K) 

1000 

500 

o 3 

Figure 5.3-2 The final lemperalure Tr given as a function of the current integral j 
and for three initial temperatures Tu. 
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Table 5.3-1 The curl'ent integra) starting rrom room temperature 

J,m Jlm Jib J,b 
Melal (solid) (liquid) (liquid) (vapor) 

(dimension lOI7 A2, m·4) 

Al 0.32 0.40 0.59 1.09 

Cu 0.89 L05 1.24 1.95 

This ex.pression shows that J is dependent only on the conductor properties [cr(Q)l and 

the initial and final energy densities (Qo,Qr) or (through (5.2-2)] on the corresponding 

temperatures (TO, Tf). In figure 5.3-2 the final temperature Tf is plotted as a function of J 
for the three initial temperatures To = 4.2. 80, 300 K; whereas in table 5.3-1 the value of 
the current integral, as derived from exploding wire experiments. is given for different 
metals from room temperature up to the following states: solid and liquid at melting point 
(indices srn and lm, respectively); liquid and vapor at boiling point ( I b  and vb). It is 
obvious that if a conductor subjected to a current pulse defining a current integral J has to 
remain in the solid phase, the condition J < Jsm must hold, 

Using the conductivity law (5,3-1 1), the current integral JOf in the range labeled 0 
and r is expressed through integration of (5.3-12) as 

J = 0'0 In{ 1 + /lQr } . or /l 1 + JlQo (5.3·14) 

Diffusion and heating in hollow conductors 

Let us consider a very long hollow conductor system (figure 5.3-3) in which 
magnetic fields are purely axial. An initial magnetic flux 'Po. established at t = 0 between 
the surface Sf and the perfect conductor So, diffuses into the hollow conductor 
establishing a flux. 'l'f = FfJ.loHf, thereby reducing the outer flux to '1'1 = FoJ1oHf (Hf is 

the final magnetic field). Here. Fa is the area of the cross section comprised between the 
imersection curve of Sf and So. and F f is the cross section area of the inner conductor Sf. 
Conservation of magnetic flux within the boundary requires that 

We can now easily calculate the difference between the initial energy, Wo = 'Pij /2J.loFa• 

and the final energy, Wr = 'l'r 121loFr + 'l'f 12l1oFo-that is, the energy finally dissipated 

in the conductor Sf per unit length. We find, independently of the conductivity of the 
inner conductor, 
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Figure 5.3-3 Thin hollow conductor Sf enclosed by an infinitely conducting 
closed surface 50< 

(5.3-15) 

This equation shows that for Fa » Fr (i.e., for an outer field that remains nearly constant 
during diffusion) the dissipated energy equals the final magnetic energy in the hollow 
conductor. 

The same result applies when the flux Ip'(), initially trapped within the hollow 
conductor, diffuses outwards. If we retain the previous notations, we have simply to 
interchange Ff with Fo in the last equation. For the special case Fa / Ff � 00, we find the 
obvious result that all the energy related to the initial lrapped flux is finally converted into 
ohmic heat. 

Now wc shall consider in some detail the diffusion of an axial magnetic field 
through a hollow. very long cylindrical conductor (figure 5.3-4), by including from the 
beginning the electric conductivity law given in (5.3-1 1 ) .  The magnetic field is purely 
axial and has the same magnitude everywhere in the bore. For simplicity we assume the 
current density j� to be constant through the conducting sheet, a condition that holds 
when the conductor thickness d is small compared with the flux skin depth s�. With this 
assumption. which is approximately valid for many of the interesting experimental 
problems. it is possible to reduce the cylindrical diffusion equation coupled to the inner 
boundary condition of type (4.3-26) to an ordinary differential equation. The solution is, 
therefore. appreciably simplified. 

According to these assumptions. we can write with (4.4- 15) 
(5.3-16) 

where i is the l inear current density and Hi . He are the inner and outer magnetic fields 
respectively. On the other hand, we have, for the induced voltage, 

21rro . 2 dHi U� = -- 1 = -110""0 -crd dr 
(5.3-17) 
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Figure 5.3..4 Thin-walled cylindrical conductor with mean radius ,u ' 

which combines with the previolls expression to give the differential equation for Hi(t) 

where the diffusion time constant r is given by 

'lld I r = - = -i'o'llda 
21< 2 

(S.3- 1 8) 

(S.3-19) 

In addition, we have to consider the increase of the internal energy Q due to ohmic 
healing. which in the solid phase is related to the temperature through (5.2-2). If we take 
the usual conductivity law (5.3- 1 1 )  and furthermore assume [he specific heat Cv to be 
constam. for the heal equal ion (5.3-12) we find by integration 

1+  /lQ = exp{� r (H; - He)2 dl} (S.3-20) 
foHc 0 

where we have introduced a modified characteristic field He [connected to [he 
characteristic field hc defined in (S.4- I I )] 

H, = 
4d 

= he IU (S.3-2 1 )  I'oI Jro � '0 
The time constant can now be written in the form 

1" = TO 
1 +  {JQ (S.3-22) 



where 
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(5.3-23) 

The numerical solulion of the system of (5.3-1 8,20,22) for any applied transient 
external field He(l) is relatively simple, and laler on we shall discuss the example 
corresponding to the sinusoidal boundary field He = HoSinta. In the limiting case where 
He » He . the problem reduces simply la the differential equation (5.3-18), with r == TO

The solution of the most importance cases can then be found by straightforward 
integration. 

Example: Step-function field diffusion 

If the external field He (parallel 10 the axis. figure 5.3·4) is described by the usual step function 

He = HO(consl.). for 0 S I  < .... . 

15.3-24) 

it is even possible 10 find an analytical solulion for the temperature dominated problem. In fact. in this case, 

muhiplying (5.3-18) by (Hi - Ho) and wilh the help of (5.3-20.22). we get the equation lin (Hi - Ho)
2 J 

d(H, - HO )' 2 ' 1  2 J' , f -'-.!...,--"'-''-=--( H; -IfO ) "P --, 0 ( If; - Ho) dl 
dl TO TOHo 

which, through p"nial integration, can easily be transformed into 

Eliminating the integral lerm through 15.3-25) and integrating. we obtain 

hence the solution 

In _ � + Ho + I Ho _ 2 -' 1+ Ho 1 ( )' [( ' 1  )' f [ (  )'] He He ) Hi - 110 
- TO He 

which is ploued in figure 5.3-5. When HO ": fie. this formula reduces to 

15.3-25) 

15.3·26) 

15.3-27) 
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Figure 5.3.5 Diffusion of a step-function field into a thin-walled hollow 
conductor when temperature effects are taken into account4•IO, 

(5.3-28) 

This result could have been obtained directly from (5.3-18) with '1"'" fO' 
Both solutions (5.3-27. 28) can be used directly 10 describe the decay of an initial field Ho trapped 

within the hollow conductor. In the limit corresponding 10 (5.3-28) we have 

H - H -lira i - OC (5.3-29) 

where fo> (5.3-23), is the decay time, which is the same as in (4.3-36). The range of validity of Ihis equation 

is ell.tended to thicker conductors if instead of TO we use the time constant given in (4.3-38), 
It is easy 10 show with (5.3-20, 27) that independently oflhe conductivity law, we find 

and the total energy dissipated in the cylindrical sheet per unit length becomes 

which is consistent with (5.3-15). 

I " WR = -J1Ho 1Ca 2 

(5.3-30) 

(5.3-3 1 ) 

For the case where the transient field is transverse 10 the axis. we find from (4.3-60) (when 

C1 =. const.) 

and thus 

Q .. u' a . '. = ' ...... 0 -Sin V' d (5.3-32) 
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(5.3-33) 

confirming Ih31. as for (he circular tOO (5.2-37,38), the totally dissipated energy in the "transverse" case 

amounts tQ twice that of the "parallel" case. 

Example: Transient sinusoidal field diffusion 

If the transient axial boundary field is sinusoidal, 

He = Hosin(J}l, for 0 S I < -

(or , < O  
(5.3-34) 

the system of equations (5.3-18. 20, 22) has 10 be solved numerically. Like in the previous case, the results 

depend on the two parameters 

and 

where T = 2tr I {J} is the period and He the critical field defined in (5.3-21). In figure 5.3-6 we have planed 
the inner field corresponding 10 the parlicular case 'ro = T , 4 .  The limiting case Ho«Hc can be solved 

analytically from 15.3-18) without difficuily, since t"" 'fo (figure S.3-6b). 

1 .0 
II/HO 

0.8 

0.6 

0.4 

0.2 

0 

TO = TI4 a) 

4 

0.5 1 .0 , 1.5 

TI4 

1.0 
HjlHo 

0.8 

0.6 

0.4 

0.2 

2.0 0 
'm 
TI4 

, 
TI4 

Figure 5.3-6 Diffusion of a transient sinusoidal field into a thin-walled hollow 
conductor: (a) when temperature effects are taken inw account, for the case 
to "" t T; (b) in th.e limit Ho I He = O. 
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The heat content in the conductor al maximum internal field Hm is obtained from (5.3-20), 

(5.3·35) 

and is ploned in figure 5.3-7 versus the reduced time constant. As can be seen, the hollow conductor system 

can be used !O generale very high lemperalUres in a metal. However. il is not possible 10 exceed appreciably 

the boiling point, since the thin conductor Ihcn simply cltplodes. Therefore. this experiment is intimately 
connected with the domain of exploding conductors SJ. 

For the energy factor d, (5.2-30), we gel 

(5.3·36) 

One of the practical meanings of the curves in figure 5.3-7 is the following. If wilh a given energy source 

(capacitor bank.) we want to fill a given thin-walled cylindrical conductor (defining fa) with the largest 

possible magnetic field Hm. we must choose the electric circuit (i.e .• in practice the inductance of the coil) 
in such a way that the period T of the system is far from the values of '0 fO.2S T corresponding to the 

maximum of fJQ (Le .. the maximum of the dissipated energy), 

Example: Steady sinusoidal heating 

The diffusion of a steady. axial sinusoidal magnetic field through a thin-walled hollow cylinder 

(figure 5.3-4) was discussed in section 4.4 following (4.4-91)  by applying complex formalism. in which the 

boundary field is wriucn in the form 

As a result of the diffusion process the linear currenl density. constant through the conductor because of the 

thin-sheet approximation, was found in (4.4-94) to be 

- iUl" . 
h H H HoWl' . s == ,!: e  WIt � = -iO - 0 = - 2 2 (fl1t'+1) 

I + w  r 
(5.3-37) 

where 

(5.3.38) 

the harmonic skin depth 6 is given in (5.2-28), and d "  6 because of the thin-sheet approximation. (Here we 

indicate the linear current densit), with s instead of ; to avoid confusion with the imaginary unit.) When u is 

a constant, the mean ohmic power deposited (during one period n in the cylindrical conductor (per unit 

surface) is calculated from (5.2-4) with theorems (5.1-20.24) 10 be 

(5.3·39) 
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Figure 5.3·, Dimensionless heal content in  a thin-walled hollow conductor for a 
Iransient .<iinusoidal eXlernal field. 

The lolal heat deposited per unit yolume of the conductor during a lime of n periods. t = 'IT, is thus 
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(5.3-40) 

The total dissipated energy in the cylindrical shell (per unil lenglh) is, by using (53-40) and w ::: 2rrff, 

W(I) =  21rro dQ= 21rn(JiOHfi lfrJ) � 2 
2 I + W f 

(5.3-4 1 )  

where the value in parentheses is the nominal maximum magnetic energy within the cylinder. The 

dissipated energy is highest when CtlT = I and decreases for higher or lower values of it. When the 

conductivity is temperature-dependent, as in (5.3- 1 1 ). the heal deposited is given instead by (5.3-20). The 

integral in this form can again be approximated by expression (5.3�39), but the whole calculation can now 

be done only approximately by iteration steps, since r also becomes lemperature dependent. as in (5.3·22). 

5.4 NONLINEAR MAGNETIC DIFFUSION 

One possible limitation of the diffusion theory considered so far (with the exception 
of the last part of the previous section) is due to the assumption that the electric conduc· 
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tivity (T is constant during the diffusion process. In reality, the situation is quite different. 

The magnetic diffusion heats the current-canying layer, as we have seen in the previous 

sections. and q varies accordingly. 

Nonlinear diffusion equations 

When the electric and thermal conductivities (1 and k. the specific heal cv. and 
the magnetic permeability J1 = POflR are not constants, but the conductor is 

incompressible. the relevant magnetoquasistationary and thermal equations (4.1- t I) and 
(S. I-43) can be written in the form 

where 

j = V x H  , 

j = oE  . 

1 .0 IT::""=c:::!",r."",u;r.;,,o;O",-'rr-r-,--r, 
magneli7.alion� 
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FI,ure 5.4·1 The temperature dependence of some thermal and electromagnetic 
parameters of iron (the Curie temperature is at 746 "c). 

(5.4- 1 ) 

(5.4-2) 

(5.4-3) 

(5.4-4) 
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Figure: 5.4·2 
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Diffusion into a conducting half-space. 
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These equations are highly nonlinear and require a numerical approach for their solution. 

The temperature dependence (and consequently space and time dependence) of the 

material constants used is shown for iron. as an example. in figure 5.4- 1 .  

One-dimensional diffusion 

For the purpose of illustrating the essential features of the non linear magnetic 

diffusion process, we shall discuss one-dimensional diffusion into an incompressible 

plane conductor (figure 5.4-2), where 

(a) the electric conductivity is expressed by (5.3- 1 1 ), 

<1 =  0"0 
l + iJQ (5.4-5) 

that is. it is only temperature-dependent. Q = Cv T; 
(b) [he heat conduction is negligible, that is k == 0 (see in (5.2-3)]; Cv and J1 are material 

constants. 
On this basis, by rearranging equations (5.4- 1 to 4), or simply by taking the laws (4.2-1,2) 
and (5.2-6) in this geometry, we obtain 

JH, = _ O'Q E 
ax 1 +  iJQ Y (5.4-6) 

(5.4-7) 
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dQ = (I + 1lQ)(,}H,)2 . 
Jt "0 a.: (5.4-8) 

In addition, the problem requires boundary and initial conditions, which for the half-space 
conductor usually take the simple form 

x = O :  

1 =  0 :  

H,(O,I) = HO(I) 

H,(x,O) = 0 

An approximated solution 

(1 ;' 0) 

( x;'  0) 
(5.4-9) 

To further simplify the problem, we discuss an approximated solution (valid for 
large magnetic fields) corresponding to the parabolic boundary condition 

H(O,I) = HO(/) = he r:;:: . V� 
For later convenience the free factor has been split into a characteristic fieJd 

he =��Jl ' 

or, in practical egs units, 

(5.4-10) 

(5.4- 1 1 )  

(5.4- 1 1 )* 

(see table 8.3-11), and afree parameter ,o that defines the time scale of the boundary field. 
This particular field pulse approximates with reasonable accuracy the first quarter period 
of the transient sinusoidal field. as we have already pointed oul with figure 4.2-2. 

In the limit 

we easily obtain, from the system of equations (5.4-6 to 8), the approximated solution 

where 

( )"2 H,(x,l) � .!..._ �  
he '0 So 

I x JlQ(X,I) = - - -
'0 So 

(5.4-12) 

(5.4-13) 
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and 

From (5.4-6. 12) we get 

and from (5.4-13)we obtain 

I 
KO =-

/lO(]O 

I 
. he ( ' X ) 2 ly(X.I) � - � - -

2s0 10 So 
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(5.4-14) 

(5.4-15) 

(5.4-16) 

(5.4-17) 

Since the calculations depend on the assumption /1Q » I,  from this we see that the 
solution is valid only for large fields, 

H,(x.')>>he 

or, according [0 the boundary condition (5.4-10), for a lime 
tnto . 

Moreover, the solution holds only within a limited depth defined by 
I x « so - . 

10 

(5.4- 18) 

(5.4-19) 

(5.4-20) 

With equation (5.4-17) we also deduce the physical meaning of the critical field he
In fact. H = he is tbe magnetic field al which 

(5.4-2 1 ) 

that is. at which the conductivity (5.4-5) reduces to half its initial va1ue. As we have seen. 
it represents a transition field above which heating effects become predominant in the 
magnetic diffusion process. 

By using (5.4-12,14) we calculate the flux skin depth .f� [defined in (4.2-20)], 

s� � 3.-'-- � 2Ho(l) I!': 
So 3 10 3hc V;� (5.4-22) 

the energy skin depth se [defined in 5.2-3 1)]. 
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and Ihe surface energy faclor tJ [defined in (5.2-30)]. 

In the limit 

(5.4-23) 

(5.4-24) 

we have the solution of the linear diffusion problem for a parabolic surface field (5.4·10). 
which according 10 (4.2-23) and (5.2-14. 16. 21)  for n � 1 can written in the fonn 

. 1 
_1- � - ",,(I - erf;) 
he /so 4 

s� _ � 
So f2/;; 

iy 'br/he 
a) .,Ji 12 -----------------, , , , , 

.' 
· , · , · , 

(5.4-25) 

(5.4-26) 

b) 

I ----------------- - - - - - - - - - - - - - - - -� 

o 

, 

��---� 
o U"o! . ,  

Figure 5.4-3 (a) Typical magnetic field distribution related 10 the nonlinear 
diffusion problem; (b) corresponding current density distribution (the quantities 
Hr!.t). he. /(), So are defined in the tell,t). 
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I ,, �  -It 
2 
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(5.4-27) 

The magnetic field distribution in the conductor, as shown ill figure 5.4·3a, is 
divided into two parts by the characteristic field h e  (i.e., H1. l hc :o:: I ), to which 

corresponds Ihe deplh, from (5.4- 12), 
X t - � - - I  
So 10 

(5.4-28) 

The front shape is determined by classical diffusion (5.4-25), whereas the tail is  
dominated by the high field diffusion and increases slowly up to the boundary value 
Ho(t)/hc according 10 (5.4-12). Correspondingly, Ihe currenl density (figure S.4-3b) 

shows a fronl peak determined essentially by classical diffusion (5.4-25), whereas the 

surface value decreases in proponion to �(ro/t) according 10 (5.4- 16). 
These distributions are typical for a large variety of boundary fields and we can say 

that the non linear diffusion process is characterized by a current concentration at the 
leading front, which "eats" its way into the conductor, thereby appreciably increasing the 
amount of diffused flux. This peak effect is apparent also in figure 5.4-4, which shows 
the current distribution relative to a step-function boundary condition H: = Ho (consL), 

for 0 S I 5.1 .NOle that with this boundary field the nonlinear magnetic diffusion reduces 

(as in the linear case) to an ordinary differential equation containing only the similarity 

variable t defined in (5.4-27) [see also in connection with (4.2-6), (5.2-22)], 

i..J KO I 1Ho 

0.4 
9.8 14 1 8  

0.2 

o 2 4 6 I; 8 1 0  

Figure 5_4.4 Dimensionless current density corresponding to the non linear 
diffusion of a step-function boundary field H(t) ::::. Ho (const.) as a function of the 
similarity variable � defined in the text. 
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Energy skin depth 

The form of the skin depths 

(5.4-29) 

found in (5.4· 14, 22, 23) in the limit Ho»hc holds quite generally for various boundary 
fields, as can be seen in table 5.4-1. 

We have found in (5.2-21 ,30) and in lable 5.2-1I Ihal lhe surface energy coefficient 
r9 is independent of the constant conductivity; wc would therefore expect that 11 does not 
vary significanLly when the conductivity becomes temperature dependent. This propenYl 
in fact. is confirmed not only by the results included in table 5.4-1 but also by a large 
variety of diffusion problems dealt with by numerical calculation'l. '.�. provided that the 
conductivity decreases monotonically with increasing internal heal, as in the conductivity 
law (5.3- 1 1). In practice. one finds for most experimentally realizable boundary fields 
that the coefficient t? varies between 0.5 and 1.5. 

Figure 5.4-5 shows the calculated and measured skin depth") resulting from the 
temperature-dependent diffusion of a particular axial surface field into a cylindrical bar of 
radius ro = 5 mm: Since ro " s�. this result can be considered a good approximation for a 
plane case as well. Towards the end of the magnetic field pulse. when Ho(/) > he. 
nonlinear diffusion prevails and the flux skin depth increases rapidly. 

Table 5.4·1 The nlues or S 4' St. and � in the limit Ho" he a 

'. " > 
( HoU)1 he I�Kot 

• 
I Ho(t)1 heJ�Kot Boundary �� References 

HO(l) - Ho{const.) O.g - � 5.2 
I 3.../2 1/../2 HO(I) > 1>,,(1/10)2 I eqs. (5.4-22. 23, 24) 3 

I 1/ ,n;; HO(I) � 1>,,(1/10)2" �(2 1  .X2. + 1)/(30 + I )  1 ++" 5.4 

I � �IO/I 2 5.5 Ho(l) > Ho exP(I/IO) -J1O/I -
2 3 

a Rough approximations calculated from data contained in the references; the differences between the 

values in the second and third line (when n = I )  give a measure of the uncertainties involved. 



5.4 NONLINEAR MAGNETIC DIFFUSION 

1.4 
1.2 

� 1.0 e e 0.8 -
� O.6 

0.4 
0.2 

0 

,:- 1.5 -
'" 
2 1.0 
i' 

0.5 

0 
40 

• copper bar probe 
diam. = 3  mm 

• 
• • • • 

50 

• 

10 

60 70 
�s 

Figure 5.4-5 Calculated IInd measured flul( skin depth related 10 a copper bar 
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Diffusion and heating in magnetic materials 
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In this subsection we address our attention to what is commonly called inductioll 
heuliflgs. I ,  an important applicalion of the theoretical results discussed in this chapter. 
This heating process relies on directly applying electromagnetic sinusoidal wave rrains (0 

the electrically conducting workpiece or to an intermediate element in contact with or 
near the work piece (e.g . . a metallic pan containing the mass to be heated). By an 
appropriate choice of the frequency [as discussed in connection with (5.2-29)] it is 
possible to heat only a surface layer; or else, the bulk of the workpiece. 

As a result of this broad spectrum of possibilities. in industrial applications up to 
m<lny tens of megawatts of electromagnetic power ranging from 50 Hz to several 
megahct17. arc used for melting. forging. hardening. brazing, and welding. as well as for 
many other applications involving <I variety of metals. Induction heating is also used to 

heat pans in the modem kitchen. 
The existence of magnetic polarization in the (paramagnetic or ferromagnetic) 

material to be heated can strongly inOuence the heating process. [For further infonnation, 

we refer to the subsection on Magnetic matter in section 8.3.] A discussion of the various 
cases of diffusion and heating in magnetic materials can be characterized by the 
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Figure 5.4·6 B - H magnetization (hysteresis) curve of a typical hard 
ferromagnelic material. 

properties of the magnetic penneability Jl, and thus of the magnetic induction 

as follows: 

B = IlH . Il = llollR . (5.4-30) 

(a) J.1 is CWISlanl. We have seen in this and the previous chapter that the reaction of a 
conducting material with constant magnetic permeability to an applied outer magnetic 
field pulse is as if the electric conductivity were increased by a factor PR- In 
particular, for the energy factor (i.e., surface temperature) and the energy and flux 
skin depths defined in table 5.2-11 we found the following dependence on the relative 
permeability: 

11 oc JLR • 
se � ..JiiR 

I 

s� � ..jIlR . 

(5.4-3 1 )  

[For ferromagnctic conductors the total dissipated energy, and panicularly the surface 
temperature, can thus be appreciably higher than for nonmagnetic conductors.] 

(b) IJ is a function of various parameters (e.g., magnetic field, temperature, etc.). 
Qualitatively, the same considerations as in the previous case can be made; but an 
exact solution must be based on the appropriate equations [see comments in 
connection with (4. 1-4), and also (5.4- 1 ,  2)1 and it will be nonlinear. 

(c) J1 is a junction with hysteresis, as is typically the case for ferromagnetic materials 
(figure 5,4-6), 

(d) J1 is a matrix, meaning that the vectors H and B are not aligned, as can be the case in 
crystals. 
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Figure 5.4·' Magnetization I,;urve of a soft fcrromagnelic material. typically iron
nickel or magnetically soft iron; a constant. mean magnetic permeability I1Ra can be 
defined, which allows an approximate description of the eddy current effects up 10 
aboUl Hsl2. 
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In the following we shall discuss three typical cases: Induction heating with 
constant jJ.; or with approx.imately constant J1 without hysteresis up to a fraction of the 
saturation field Hs for rerromagnetic materials (figure 5.4�7); and magnetic hysteresis 
healing in fcrromagnelic materials (which does not imply finite electric conductivity), 

An exact appreciation of the heating in the work piece requires evaluation nol only 
of the localized electromagnetic induction heating but also of the heat conduction in the 
bulk through the thermal diffusion equation (5.1 -37,43) and the cooling of its surface 
through radiation loss. as given by the Stefan-Boltzmann law, 

Here, Ps is in W/m2; & is the dimensionless emissivity coefficient of the surface; Ts is the 
surface temperature of the body under consideration; and TA is the temperature of the 
ambient or of surfaces surrounding it, both in kelvin. For example, for a surface with 
Ts = 1 300 K (-IOOO°C) radiating into room temperature (TA = 300 K), the Ti. term can 
be neglected and PR = 180 kW/m2 

Steady sinusoidal magnetic field heating 

Induction healing is based on the diffusion of a steady sinusoidal (harmonic) field 
through an electric conductor, a process we have studied in great detail in this and the 
previous chapters. We briefly recall here the main results, although this linear theory, 
where the magnetic permeability J1 is a constant as in relation with (5.4-3 1) .  does not 
strictly pertain [0 this section. 
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Table 5.4·11 Induction heating by harmonic field HoeiM 

Geometry 

PI�, 
Geometry 

I Half-space 
with I!lIrallcl 

field b 
, Slab wilh 

parallel field 
(thickness 2d'): 

,. thick 

'b (lIin «(\od) 

) Thin disc 
(/j� (J.d)wilh 

Munnal field d 
(lhickne$s M, 
radius a) 
Cylindrical Imme!!,), 

4 Cylinder with 
axial field (radius Il): 

Diffused magnetic fieldQ 
(complex writing) 

Hoexp{-X +i(CtJ'� Xl 

H iao cO$hX 
IIC --

cosh! ... 

Ho C.lp{i(""'- XJ + X2)} 

e -

Mean heating power, pcr upas.ed surra� 

I H' -""-
H a  

HI� XII 
sinh2X,: -sin2Xi! 

da co�h2X ... -cos2Xd 

, ��X· J do J 

.!. HI� (�rx. 
2 do d i 

unl 

4, thick H I .. bcrR-t-i bciR 
ul' 

bcrR� -+- i bciRu 

, 
.!.!!JLR berR bcr'R + beiR bci'R 
2 a(J � bcrl Ra -+ bci Ra 

Ho "pH � --'j-'f 11 
, 4. thin (6 � a) ...!..!!1!. R. 32 UfJ " 

, Hollow 
cylinder with 
axill field 
(radii h. a, wall 
lhickneSli dj: 

" thick 

5h Ihill (6 .. d. 

j", lu(R)i<:l(R I- KII(R)ll(R ) Ho� • !I lu(EbJKZtft.1 KIl(Bb)lz(B .. ) 

H i4f I-iu 

J 

, � �  (R.N" /2)2 
Q ,. d) If I -+(R.R"I2)1 , do I +(RaRd 12)2 

a For Ihe fields in real tenns see also lable 4.2-11. 
b Olher energy relations ror the hair-space are given in table 5_2-11. 
C See also, ror example, eqs. 12.22 and 1 2.38 in rer. 5.1. 
d For uniformilY to slab. here thickness is 2d in contrast to (5.3-10). 
e The related surrace current density is given in (4.4-39). 

f Cumlx:rsome fannula; see, for example, ref. 5 . 1  (eq. 12.55). 

Equations 
in ICXI 

(4.2-32) 

(5.2-29) 

(4.2-
53,57) C 

(5.3-2,6) 

(4.4-39) (5.3·10) 

(4.].25)C 

rclalro la 
(5.3-9) 

(4.4-86) 

(4.4-92) 
(S.3·39) 

Reduced 
variable and 
parameters 

X -xl/; 
Xd ==dlo 

J:-(l+i)XI6 
!d -(l+ i)<if 

6 = �2/(QJjJ(1) 
.fii == I + i  

R • .[2rI6 
R,, - ,fiaI6 

Nb '" ..[ibl6 

E = ( I -+ i)rlo 
E,,"'(l-+i)uUI 
ft,, "'(I+ildl6 
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These results were found in a straighforward manner from the appropriate 
differential equations by taking real steady boundary conditions Ho sin rot (or the 

equivalent form Ho cos rot). However. in these problems it is convenient to use [he 

complex functions and vectors introduced and discussed in chapter 3, which represent a 
widely used formalism in electromagnetic theory whenever there is an imposed frequency 
liJ. Table 5.4-11 gives an overview of some of the analytic results and refers to the 
equations in chapters 4 and 5 where they were obtained. The second column presents the 
mean power that within an oscillation period T= 21rfw flows through the surface of the 
conductor (workpiece) and dissipates into heat. However, we recall from the discussion 
of the complex Poynting vector in (5. 1 -25,26,27) that during a period T there is an 
additional power now in and out of the surface without dissipation. These are the 
magnetic (inductive) and electric field energies (5. 1 -28) bound to the electromagnetic 
energy storage of the conductor. They represent a reactive term in the circuit which 
generates the oscillating electromagnetic fields. 

Note that in more complicated conductor systems (e.g., the parallel transmission 
lines with proximity effects. figure 2 . 1 -7), induction heating can be approximately 
calculated hy substituting some of the idealized solutions presented throughout this book 
with the concept of the current flowing within a finite skin depth. For example. 
application of the image method to the line conductor carrying the current 1 = IQsinar 
parallel to a (superconducting) plane return conductor, figure 6.2-1 la, gives the tangential 
boundary field (2.1-88), 

10 H
o = - -/rh -:-1 +-(-x

'-:
/-:-h )'2 

(5.4-32.) 

If the plane now has finite conductivity (J with skin depth 0, (5.2-28), and if h )) o. 
the approximate mean heating power per unit surface deposited over an oscillation time 
on the plane conductor (as a consequence of the oscillating current in the line conductor) 
is obtained directly from (5.2-29a): 

(5.4-32b) 

This result is of significance in applications where the heating source (e.g., single-turn 
conductors carrying large currents) is placed near the surface of the component under 
treatment for local heating, hardening. and so on. 

Ferromagnetic induction heating 

In a ferromagnetic material the relati ve permeability PR is not constant but is a 



290 CHAPTER 5 ELECTROMAGNeTIC AND THERMAL ENERGIES 

function of H. as can be seen in the hysteresis loop relating B and H of figures 5.4-6 and 
7 [see also section 8.3 (figure 8.3-8)]. Moreover, the alignment of the elementary 
magnetic domains becomes saturated at magnetic fields fJHs of typically 1-20 mT, and 
Ihe saluralion induction Bs (typically 1 to 2 T) is itself temperature-dependent (figure 5.4-
1 ). Above the so-called Curie temperature (e.g., for iron 746°C; figure 5.4- 1 )  
ferromagnetism disappears completely (see section 8.3, subsection on Ferromagnetism). 
Consequently, magnetic diffusion becomes a highly non linear process, and the linear 
diffusion theory presented previously in chapters 4 and 5 cannOl be applied. 

This is a typical nonlinear situation, which must be handled by numerical 
computation. If an analytical approximation is looked for, we can proceed in two different 
ways, according to whether the applied outer field is smaller or larger than the saturation 
field Hs. In the first case, when Ho < HS' it is convenient to detennine an approx.imate. 
mean (constant) magnetic permeability over the range of interest as shown in figure 5.4-7, 
and this then allows the linear diffusion theory to be applied again. This procedure has 
been developed quite ex.tensively. in order to obtain significant resultj·I, 

In the second case, when Ho > HS' the situation becomes more intricate4.28. 
Consider the ferromagnetic half-plane of figure 5.4-8 to the surface of which a steady 
magnetic field 

Hz = Ho sinaK 

is applied. A skin with depth 0 of magnetic induction saturation Bs forms early on in each 
half-cycle (as soon as Hosinox > Hs) and propagates into the ferromagnetic material 
(where actually it annihilates the region with max.imum depth om of negative saturation 
-Ss left over by the previous half-cycle), This situation is illustrated in figure 5.4-8 with 
the assumption that the magnetic induction Bs is constant in the skin depth and changes 
from ± values according to the half-cycle of the surface field. With this we want to 
calculate 0, om' Hz(x,l) = H,O(x,)sinaJt, Ey(X,I) andjy(x,I). 

gives 

thus 

Application of Faraday's law ( 1 .4-5) to the quadrilateral curve C in figure 5.4-8 

d 
LlIEy(X,I) = --[2%LlI(o - x)] ; dl . 

jy(X,I) = aEl' = -2(1% 
do 
dl (5.4-33) 

(as the magnetization front advances by Lio, the saturation induction jumps from -Bs 10 
+Bs; hence a factor of 2 in the flux variation). In  addition, from Ampere's law ( 1 .4-3) 
laken over D we get 

.1lH,(x,l) = -jy.1l(o - x) (5.4-34a) 



or with (5.4-33) 

5,4 NONllNEAR MAGNETIC DiffUSION 

�--
x t 

HOsir'oCl.lt 

0 , x . , 6" 'm , , , , 
8,4 , , ----I 

H,4 �, --+-----; 
,....... . 

, , , , , , , 
j, • , , , , 

, 

-- , -------�----.. ' ......... ' ., ... ... .. 

� - - - - - - - - - - - - - - -

...... , 

Figure 5.4·8 Magnetic diffusion inlO a ferromagnetic conductor. 

H,(x,t) = H,O(x) sinca = 215/Js(8 
_ x) d8 

dt 

which can be integrated at .x = 0, 

to obtain 

, 8 
HoS sin ca dt = 215/JsS 8 d8 

o 0 
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x 

, 

, 

, 

(5.4-34b) 
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(S.4-3S) 

Thus, the magnetic induction skin depth at full saturation is [with the relation 
l - cos x = 2sin2x/2] 

o= os sin '" 2 

where the maximum attained at the end of each half·cycle t ;;  TI2 is 

o = � 2HQ . s 0Ja/Js ' 

(S.4-36) 

(S.4-37) 

this skin depth has an analogous form to the classical skin depth (5.2-28). From (5.4-
33, 34) in the range 0 � x 5 0, as shown in figure 5.4-8 we obtain the current density 

(S.4-38) 

and the magnetic field 

(S.4-39) 

The mean heating power flowing (during onc half-cycle) through the unit surface is 
calculaled 10 be, with (S.4-36,38), 

TI 2 2 
p =  3.-'- f o/dl =.!. Ho 

T {] 0 Y 3" 0s{] 
(S.4-40) 

where use has been made of the integral relation J cos2 x sinx d.x = -( cos3 x )/ 3 .  Note that 
this expression is formally !Oimilar to (5.2-29), where the mean dissipated power is 
obtained with a constant magnetic permeability. with the substitution J.l � Bs IHO' The 
surface temperature at the end of each cycle is 

T 
Cv T = -'- f ldl = 2trHOBS 

{] O 
(S.4-4 1 ) 

which is again similar to (5.2-26), but it can be very large because of the saturation 
induction Bs. It can easily become larger than the Curie temperature (e.g., for iron 
746°C). in which case the ferromagnetic propcn:ies vanish. Where this is the case, the 
diffusion process would fall back on the linear theory and the results presented in tables 
S.2-U and S.4-II. 
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Ferromagnetic hysteresis heating 

In ferromagnetic materials, the lime-varying magnetic field gives rise not only to 
induction heating but also to hysteresis heating. As mentioned in connection with (8.3-4 1 )  
in the subsection on ferromagnetism. hysteresis heating i s  due to dissipation of part of the 
work done in each half-cycle (0 rearrange and realign the Bloch walls and domain 
magnetization. 

Hysteresis heating can be expressed in the following simple way. Consider a 
magnetic field that in the time interval T = 11 + T2 goes through a cycle; that is. from the 
value HI it increases [a H2 in the interval Tt, and then decreases back to H I in the interval 
T2. and defines the corresponding magnetic induction B values along the hysteresis curve 
as shown in figure 5.4-9. According to (5. 1 -6) the magnetic energy increase in the upward 
(+) branch is given by 

(5.4-42) 

which corresponds to the gray area in the figure; similarly, in the downward (-) branch it 
is 

8 

82 _ _ _ _ _ _ _ _ _ _ _ _ _  CD 

--------- 81 

Figure 5.4·9 Hysteresis curve in ferromagnetic materinl. 
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The total energy dissipated in one cycle (during the time interval n is thus 

B2 82 
WH = fH(+) · dB - fHH · dB 

BI 8, 
(5.4-43) 

which is expressed by the hatched area enclosed by the two branches of the hysteresis 
curve. 

In complex writing. the hysteresis effect can be handled in an elegant formal way. 
As mentioned in connection with (3.2-12), microscopic physical phenomena, which may 
introduce a time tag between the application of a magnetic field it. and its related 
induction field 8, can be expressed by a complex magnetic permeability 

(
' . 1' ) -ia !!. = 1'0 I'R - II'R = 1'0l'Re 

where. ali we know from (3.1-13), 

(5.4-44) 

(5.4-45) 

[ PR, ,uR. ,uR. a are all real, positive parameters, and the negative sign we have given LO 
,uR in (5.4A4) anticipates the physics results]. In fact, from 

B = �H = JioJiRHoe(iar-al , where ii = Deiar if. = Heiar • (5.4-46) 

we sce that the induction field lags behind the magnetic field by the phase angle a, 
The magnetization power per unit volume was shown in (5.1-6) to be 

d:
,
H = H(�) 

. (5.4-47) 

With our complex formalism the mean power per unit volume dissipated in the material 
(within a period n can be written with (5.1-20) in the form 

PR = Reil Rc � = �Re[H (-i"'!lH .)] = I'�{J) H H ·  Re[-i{I'R + il';;)] = !la";';; H2 , 

(5.4-48) 

which shows that JiR represents the dissipative term in the complex magnetic 
permeabilily (5.4-44), The total heat deposited by the polarization--depolarization cycles 
per unit volume of the magnetic material during a time of n periods. t = nT. is given by 

" H2 
Q(t) = nT PR = 2"" I'OI'R 

2 
(5.4-49) 
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Chapter 6 

MAGNETIC FORCES AND 
THEIR EFFECTS 

In Ihis chapter, the theoretical introduction of basic electromagnetic forces leads to several 

magnetic problems of practicaJ importance. In fact, technically feasible magnetic-field 

forces and energy densities are much larger than those of electric fields. This is why the 

Ampere and the Biot-Savart magnetic forces are the basic element .. in practical applications 

of electromagnetism; they drive electric motors and determine the mechanical stresses In 

magnels. 

Applications. This is the most important chapter when it comes to applications. Besides the 

vast subject of electric motorsf..\7.6 .\8, some selected discussions here refer to the 

acceleration and, in some cases, guidance of massive conductors [magneticaJly levitated 

vehicles (MAGLEV)6.24, magnetic braking, magnetic suspensionl.l7, magnetic bearing6.42}, 
of pellets (magnetic suspension for diagnostic purposes, magnetic separationl.l 1, 

electromagnetic launchersll.I1), and of single particles (accelcrators6.8.6. 19. electron 

microscopes67, electron beam technology for welding and melting620, electronic devices). 

6.1 ELECTROMAGNETIC FORCES 

In this section we present the elemental electromagnetic forces that arc applied on 

electric charges and currents. 
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Elennental forces 

Lorentz force 

One of the basic relations of electromagnetism (together with Maxwell's four 

equations) is given by the Lorentz force 
F = q(E+ v x B) (6. 1·la) 

or in practical cgs units (dyn, coulomb, V/cm, cm/s, gauss), 

F = q(107E + O. lv X B) • (6.1·la)* 

which is the force that governs a panicle with an electric charge q moving with velocity v in 

an electric field E and in a magnetic flux density B = JIH. Note that since the magnetic 

force 
F8 = qvx B  (6. 1 · l b) 

is perpendicular to the displacement ds = vdr, it does not do any work; from (A.3-ld) 
indeed, 

FR ·ds = qv · (v x B)dt = O  . 

Expression (6.1-1) is also valid for time-dependent quantities and for any velocity 
(even one approaching the velocity of light c). The force (6. I - I ). which was detennined in 

its basic structure by H.A. Lorentz, establishes a relation between electromagnetic theory 
and mechanics. (Note: There are no dimensional parameters because it is from this 

expression that the SI units of q, E, and B are determined; see tables A.3-1 and 11.) 

It is sometimes convenient to express the Lorentz force with the magnetic vector 
pOlenlial A (2.2·2). 

B= V x A  • 
and the electrostatic potential U which in (2.2-4) contributes to expressing the general 

(static plus inductive) electric field, 

dA E � -VU - at . 

Application of the vector relation (A.3-12), thereby noting that only A(r p) (determined ill 
the particle's position rp) and V(/} are subject to the 'V-operator, gives 

v x B = v x  V x A  � V(v ·A)-(v ·  V,A 

and from ( 1 .3- 17 , (9), by considering the total time derivative. 
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dA aA 
- = - + (v · '1)A . 
dl ill 
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With these relations, the Lorentz force (6. 1 - 1 )  can be written in lenns of the potentia)s as 

dA 
F = -qdr" - q'1(U - v . A) , (6. 1-2) 

which is a fonn that will be used in describing the motion of charged particles [see (6.4-
1 1 ,63)1· 

Biot-Savart force 

We now want to know the force exerted by the current carrying charges q (e.g., the 
electrons) on the conducting material in which they move. Consider a wire with 
cross-sectional area Lis in which n charges per unit volume drift with velocity vd parallel to 
the wire element dl and carry the current Idljdl = qnLisvd (see also section 8.3). The 
magnetic Lorenlz force dF 8 (6. 1 - 1 )  acting on the electrons and transmitted onto the material 
per length .11 of the wire is 

(6. 1-3)  

and with the current I i t  is 

dFn = /(dl x B) (6. 1 -4) 

or, in practical egs units (dyn'cm"J, Acm1, gauss), 

dF B = O.II( dl x B) (6. 1 -4)* 

This force, which drives electric motors and determines the mechanical stresses in big 
electric systems, is named after F. Savart and J.B. Biot. 

For example. two parallel wires at a distance s, carrying a current J in the same 
direction and subjected to their magnetic fields (2.1-37b), are attracted by a force (per unit 
length) of 

F J1 /2 ....!i = _ _  I 2,. s (6.1-5) 

More in general. the force acting on the element dim of a filamentary conductor Cm. 
subjected to the magnetic field generated by another conductor en and expressed by the line 
integral over din' is obtained by introducing the field (2.2-38) into (6. 1 -4): 
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o 

'n 

A 

Figure 6.1-1 Elemental Biot-Savart forces between filamentary conductors 
(the angle a lI.m is defined by dfmdln cos an.m = dim ' din )' 

(6.1 -6) 

where rn,m = rm - rn (figure 6. 1 - 1). From this we define the elemental Biot-Savart force, 
which with (A.3-le) can be written a .. 

or, by referring to the notation in figure 6. 1 - 1 ,  also as 

(6.1-8) 

The first teml in these two expressions will give no contribution when integrated over the 
closed circuits Cm or Cn . In fact, with (A.3-4, 13) for the integration over the closed curve 
C. follows 

+ rj
m

dlm = +'1(_
1 ) . dlm = 0  . 

C rn.m C rn•m 
" " 

Then, the total force exerted on this circuit by the circuit Cn (or vice versa) becomes 
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(6.1-9) 

These expressions can be useful in numerical computations; they can often be transformed 
and simplified for specific needs (see in cOMection with figure 9.2�2). In the literature, a 
different elemental force Jaw, originally proposed by Amperel\ is sometimes mentioned. 
Discussion on this laws uncovered interesting theoretical aspects6.3S• which are, however, 
of limited importance in practice. 

Electromagnetic force density 

The Biot-Savart force concept (6.1 -4) can be extended to the force per unit volume 
exerted on a conductor element .dV = Mill, which carries a current density j = Idlj LlstlJ 
across the surface ,as and along dJ. (0 obtain Amp�re's force density or volume force 

(6.1-10) 

or, in practical egs units (dyn·crn·1, A-cm'l, gauss), 

rB = O.I(j x B) . (6.1-10)* 

With the obvious addition from (6. 1 - 1 )  of the electric force density 

the total force exerted by a (quasistationary) electromagnetic field on a unit volume of 
isotropic matter becomes 

r = p.E + (j x B) (6.1-12) 

This simple force expression is based on various assumptions; in this connecLion the 
following commenlS can be made: 

(3) Magnetic penlleability J1 and dielectric pemlittivity E. They are taken to be space 
constants; otherwise the termsl.� 

expressing the polarization and magnetization force densities have to be added to (6. 1 -
12); also, there is no dependence on the mass densit/'° J-lhat is. no electro- or 
magnetostrictive forces (they anyway produce deformation but no net body force), 
which would be represented by the terms 
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and no dependence on Ihe fields Ihemselves, no hySleresis. 

(6.1-14) 

(b) Neither pennanenl polarization P ( 1 . 1 -45) nor magnelizalion M ( l . 1 -20) are 
considered; otherwise. in the latter case, a term ( 1 . 1-21) 

must be added. 

(c) Expression (6. 1 - 1 2) is valid for stalic and quasistationary lime..<fependent fields BU). 
E(t) (where the latter now also includes the induced elecLric field), since otherwise. the 
electromagnetic pressure term 

fDB = a(DxB) 
a, 

must be included (D x B is  the electromagnetic momentum density). 

(6. 1 - 1 6) 

(d) Expression (6. 1 - 1 2), in analogy to the Lorentz force (6. 1 - 1 ), is valid for any frame of 

reference. This is not true, in general, for the other terms mentioned here. 

Forces on finite bodies 

Magnetic force density 

The magnetic volume force that results from (6.1-10,13), 

fB = j xB  (6. 1 - 17a) 

or 

(6.1-l7b) 

when J.l is not constant, (6. 1 - 1 3), can be written, by eliminating the quasistationary current 

density 

j = V x H  . 

in the fonn 
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To obtain the last expression, we have used (A.3-12) to write 

'1(H· B) = (H · '1)B + ( B ·  '1)H + B x ('1 x H) + H x ('1 x B) 

where. since B = ,uH. the first term on the right-hand side is 

(H · '1)B = p(H · '1)H + H(H V p) 
and with (A3-le,S) the last term transforms into 

We will now explain the volume (body) force (6. 1 - 18) a"s being due to tension along 
the field lines lterm ,u(H · '\7)H] and to the gradieflt of magnetic pressure or energy density 
[term V(}JH2 /2)]. Consequently, the related magnetic stresses [aM ] = T/t [see 

definitions in section 7. 1 ,  particularly in connection with (7.1- 12); and in (6.1 -22)J can also 
be attributed to a tcnsion force along the field lines per unit cross-sectional area, in addition 
to an isotropic magnetic pressure. In this respect, it is however necessary to remember Ihat 
these forces acl in reality on the moving electric charges that define the current density j 
nowing in the conductor. 

The gradient force tenn is a consequence of a space-dependent, magnetic energy 
density, as seen from (6.2-3). The tension force term is a consequence of the field-line 
curvature; in fact, there is no such force when the lines are straight and uniform. since then 
(H ·  '1)H = 0 [for confinnation consider, e.g., H = (0,0, H,) in (A.3-22)]. Wilh a simple 
example (rather than with a general proof2.n ) wc will show the meaning of the tension term 
and how it acts. 

Example: Axisymmetric force density 

Consider an axisymmetric -system where the homogeneous current density flows along the ;:-axis 

within a cylinder of radius a, and hence the magnetic field has only an azimuthal component, 

11 ;:; (0. J/�,O). Then on the right-hand side of (A .3-22b) all lerms with the exception of the second vtmish, 

and with the help of table A.3-lI lhc volume force (6. 1 - 18) is 

(6.1-19) 

What is the exact meaning of the first tension force term6.27? Figure 7.2-4a and the related text show 

thlll a rangential tension force S. over a length tJ of a circular wire with cross section .1S and radius r gives 

rise to a radial inward force 
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or force per unit volume of the wire of 

F. S, I' _ , _ 
Jr - .11.1S - - rAS 

. 

Compari!Oon with the first term on the right-hand side of (6. 1 - 19) indicates that J1H� (which compares with 
Sf I AS) can be interpreted as the magnetic tension force per unil cross-sectional area and also that this 

tension force density gives rise to a volume force jJliJ I , that acts radially inward. 

For the magnetic volume force f,. acting outside and inside the conducting cylinder we easily calculate 

from (2.1 -37b) and (6.1-19) 

r > a  , 

' < 0  . 

1JfI' 1JfI; , 1, =---' + -- = 0  , , 

, , , 
!. = _ 1JfI. _ IJfI, = _2 1Jf1, . , " , 

(6.1 -20.) 

(6.1-20b) 

Outside the conducting cylinder the tension and gradient-pressure lenns cancel OUI, as required, since 
there is no current j ;;;;; Il. x H flowing: wherea� inside. both tenns compress the conducting cylinder (so-
called pinch effecl). 

Maxwell's magnetic stress tensor 

We now go back to the general force density (6. 1 - 1 8) and hy integration obtain the 
total magnetic force acting on the finite body with volume V delimited by the surface S: 

where (A3-18, 19a) and V·  B = 0 have been applied to transfonn the volume integrals into 
surface integrals. This result shows that the magnetic force acting on a finite body can be 
expressed by an integral over the field on the surface bounding the body. The field is seen 
as the stress-transmitting medium from the inner portions of the body to the surface. These 
ideas had already been developed in relation to the field concept by Maxwell. whose 
opinion was that the transmission of the magnetic volume force acting in a given volume to 
the surface bounding that volume can be fannulated in lenns of the magnetic stress tensor. 

[n fact. by introducing ds = nds. with n the unit nonnat vector on the body surface, 
the total magnetic bodyforce (6. 1-21) can be written as 

(6.1 -22a) 



where the vector 
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(6.1 -22b) 

can be secn as the result of the multiplication [as defined in (A.3-37, 38)] of the column 
veClOr n with the so-called Maxwell stress tensor 

-'-(H2 _ H2 _ H2) 
2 x y z 

[TM 1 = JI HxHy 

or, in element-writing, 

HxHy 

-'-(H2 _ H2 _ H2) 
2 y <: x 

HyHZ 

HyH, 

-'-(H2 _ H2 _ H2) 
2 z x y 

{o i ;< k  • where i, k = x, y, z and ol-k = for . I , =  k 

2 2 2 2 and H = H.r: + Hy + Hz 

(6.1-23,) 

(6.1 -23b) 

The magnelic volume force density can also be expressed through this tensor, and by 
comparing (6.1-21. and 22) and using the notation (A.3-38) we have 

or, in component writing. 

fn., = I 
j 

(6.1 -24') 

Jr;M 
--" -Jj (6.1-24b) 

The Maxwell tensor is symmetric and of second rank, so by following the procedure 
outlined in (A.3-50,5 J )  it can be reduced through diagonalization to principal axes, 

(6.1-25) 

where the first axis is parallel to H and the other two are perpendicular to it. The magnitude 

of the surface force density is ITM 1 = )1H2 /2, and figure 6,1-2 shows that H bisects the 

angle between n and TM, In fact, consider the stress Tds related to the surface element 
ds=nds, with n making an angle a with the x-axis, which is chosen to be the principal axis 
aligned with H, The stress component parallel to H is Txxdsx = Txxsina ds, and the one 
perpendicular to it is Tyyds = Tyy cosa ds: this shows that the angle between T and H is 
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a) 

�

n
H 

b) 

T sin ads , " , cos ads , n '" , [n 0) 

1 T 
H 

� 

�: 
d) 

y 
x 45 

Tds = l pH2 ds T T 
2 

Figure 6.1·2 Surface magnetic force density. 

also equal to 0.. In conclusion, we have tension along the field line (figure 6. 1 -2b) and a 
compression force normal to it (figure 6. 1 -2c). In the panicular case shown in figure 6. 1-

2d. we have shear (always with the same magnitude jJ.H2 /2). These results can be 

expressed qualitatively by saying that magnetic flux lines act like stretched elastic bands, 
which behave as bands under tension that mutually repel each other. 

The stress tensor can be extended to include electrostatic forces as well. In accordance 
with the electrostatic volume force that results from (6. 1-12. 13), 

(6.1 -26) 

the electric stress tensor is calculated analogouslyl s: 

(6.1 -27) 

The properties of the magnetic stress tensor are valid for this tensor as well. 

Magnetic multipole expansion 

The total force resulting from integration of the volume force (6. 1-10) over the 
volume of a finite body can often be simplified because some tenns may drop out or 
transform into simpler ones. For example. (6. 1-21) shows that the total magnetic force can 
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Here we present another useful integrated form by simplifying (in first-order 
approximation) the total force 

(6.1-28) 

exerted by an outer field B on a finite conductor containing a divergence-free currenJ 
distribution {see remarks on such a current flow in connection with ( 1 .2-21) and (2.2-22)], 

Here and in the remaining part of this section. the field B is taken to be generated by 
outside currents (that have nothing in common with j): however. the following results 
would not change if. instead. the total field. including also the self-field generated by j, is 
used. because the self-field cannOl result in a net force on the currcnt. We know from (2.2-
42) and the corrunents following (2.2-45) that the magnetic vector potential of such a 
current distribution can be expanded into multipole terms, and we expect here a similar 
expansion for the force (6.1 -28), with the first-order (dipole) term dominating. We obtain 
the magnetic field BQat the point Q(a) within the conductor in first-order approximation 

by expanding the field in a Taylor series about its value BO at a point 0 that is finnJy 

attached to the coordinate system of the conductor (figure 6.1-3); in vector fonn and using 
the simple notation B = BD (we omit the index zero), we write 

BQ = B + (a <;')8 + · · ·  (6.1 -29) 

Insertion into the force integral (6.1 -28) gives 

Figure 6.1-3 Force F acting on the dipole moment p derived from a divergence
free current distribution j flowing in the conducting body. 
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where the first integral vanishes for a divergence-free current distribution [see (2.2-43), 
considering jQdVQ == Idl]. To obtain this expression we have: (a) rearranged the integm1 

because it acts only on the quantities referring to the running point Q; and (b) applied (A.3-
12) to obtain 

(6. 1 -30) 

because the operator V act'i only on B at the fixed point 0 and not on the quantities labeled 
Q [Ihus, e.g., (D,V).Q = 0, V x aQ = 0, V x jQ =OJ, and moreover V x D = O  since D is 

taken outside its generating current sources (which have nothing to do with jQ)' Since 

V x jQ = 0, from (A.3-8) we also get JQ x V(aQ . D) = -V x JQ(aQ ' D); so, for the force 

in a stationary magnetic field we obtain 

(6. 1-3 1) 

The value of this integral is found immediately. by using its formal analogy (with p --t B) 
with the integral in (2.2-50), to be 

(6.1-32) 

where the magnetic dipole moment 

(6.1-33) 

wa� defined in (2.2-49) [or in (2.2-45) for a loop]. If we assume that p remains constant in 
value and direction, such that it is independent of the spatial derivatives l V x p = 0, 
V . P = 0, (8 · V)p = 0 J, with (A.3-9) we obtain 

(6.1 -340) 

Moreover, with (A.3-12) we can also write 

(6.1 -34b) 

provided that px(VxB) =O. which here applies because we have already assumed 

V x B = O. Note that the last term (which was obtained on the assumptions of p constant 
and V X B = 0 )  can be written in the fonn 
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which is quite different from the form of (p · 11)8 given in (A.3-22). Accordingly, the 
translational force Fp acts predominantly in the direction of [he prevailing field gradient. In 

addition, it is maximum when p is aligned with B. and it points lOwards increasing B when 

p·D is positive (and vice versa). 
There is also a torque 

(6.1-35) 

exerted by the magnetic field on the current distribution about the moment eenter 0 (figure 

6.1-4), The first tenn in the Taylor expansion (6.1-29) is generally the dominant one in this 
expression, and the only term effective in a unifonn magnetic field (in such a field no 
translational force exists), Expansion of the triple vector product (A.3-1c) gives 

(6.1-36) 

where the last integra] vanishes (in fact, any current tubule. which according to the 
comments made following (2.2-48) describes the current distribution, can be decomposed 

into segments along the azimuthal rt1q" radial .Jr, axial odz directions; in the first direction 
DO . jo = 0, whereas any contribution to the integral on the second and third has always an 

identical negative counterpart along a tubule closing upon itself). The first integral is 
identical to that in (6. 1-31), and the torque on a magnetic dipole is thus 

Tp � P x 8 . (6.1-37) 

Equation (6.1-34) shows that the translational force can be expressed by the potential 
energy 

d9 

p 
• 

dp 

Figure 6.1-4 Torque Tp on a magnetic dipole moment p. 
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Ihrough 

(6.1-38a) 

(6.1-38b) 

More in general, this also applies when p is not fixed in space and changes the angle (J it 
has with B, such that dp = de x p (figure 6. 1-4), in which case the energy variation is 

dW � -p · dB - dp · B  . (6.1 -39,) 

The first term corresponds to the translational force (6.1-38b), while the second lenD 
corresponds to the torque (6. 1-37), because 

dp · B � (d8 x p) . B � d8 · (p x B) � d8 . Tp . (6.1 -39b) 

In conclusion, we see that a particle with a magnetic dipole in a magnetic field tends to 
rotate so as to align its moment p to B (like a magnetic needle pointing north), thereby 
acquiring its minimum potential energy; it is then accelerated most effectively by a field 
gradient. 

Mare an electromagnetic farces and torques 

In addition to the magnetic dilXl1e force exerted by the magnetic field on a current 
carrying conductor. we also have to consider the forces applied on a magnetized body, and 
we need to add as well the corresponding forces exerted by an electric field. 

The magnetization M of a pennanently magnetic body has been associated in ( 1 . 1 -2 1 )  
with a magnetization current density jm = V x M and can be understood as the magnetic 
moment per unit volume ( 1 . 1-23), such that we can introduce {similarly as in (6.1-33)) the 
associated dipole moment (figure 6. 1-5) 

(6. 1-40) 

Consequently, the magnetic force and torque acting on a body with permanent 
magnetization are expressed, depending on the assumptions made. by (6.1 -34.37), 
whereby P ..... PM. 

When the magnetic charge density ( 1 . 1 -27), Pm = -V · M. where JPmdV = o, is 

used instead of the magnetization M, with transfonnations similar to those applied 
previously in this subsection, we will obtain 

(6. 1-4 1 )  

where 
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D 

Figure 6.1-5 Force F acting on a body with pennanenl magneliz3Iion M ard 
dipole moment PM in a magnetic field B. 

PM = J.PQ pmQ dVQ . (6. 1 -42) 

However. ongoing discussions ShOW628. b.29 that there can be subtle differences between the 
magnetic dipole models based on magnetic charges (or magnetization) and the current loop. 

For some applicationsUO it may be convenient 10 express the magnetic force 

F = JjxBdV (6. 1 -43) 

with the (externally generated) magnetic scalar (4)) or vector (A) potentials (2.1 -2), (2.2-2), 

B = -}N<P. B = V x A .  In the first case, by applying (A.3-8) we get (here I' = const .)  

(6.1-44.) 

and with the use of (A.3-t?) this can also be written as 

F = -I'f<p(j x ds) - I' J <PV x j dV (6. 1 -44b) 

In the second. vector potential case, by applying (A.3-19b) and noting that V · j = O, 
V . A = O. and j . ds == 0 (because the current must be parallel to the surface). we get 

F = J j x (V x A)dV = f(A ' j)dS -fj(A · ds)- J A x CV x j)dV ; (6. 1 -45.) 

by using (A.3-J9a) to transform the second surface integral we can also write 

F = f(A . jjds - J(A . V)jdV-JA x (V X j)dV . (6.1-45b) 
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When j is constant. the expressions (6. 1 -44, 45) reduce to the first tenn on the right-hand 
side only. 

Similar considerations and expressions also apply 10 the force Fe and lorque To 
exerted by an electric field E on a body possessing pennanent electric polarization P or an 
electric charge density distribution Peu, They are obtained by substituting B-4E and 
p-4pe in (6.1-34), where the electric dipole moment for zero net charge (J PedV = 0) is 

(6. 1 -46) 

In conclusion. the total force and torque exerted by a stationary elecLromagnetic field 
on a body with divergent-free current and zero net charge but having electric and magnetic 
dipole moments Pe. P can be written in the form 

F = (Pe V)E+ (p ·  VlB (6.1-47) 

(6.1-48) 

where p includes the contributions both from the free current (6. 1-33) and from the 
magnetization (6.1-40), and similarly, Pe includes the contributions of the charge 
distribution and permanent polarization (6. 1 -46). Note that if a divergent current component 
is present (e.g., with currents flowing into and out from a finite conductor through gliding 
contacts; see example shown in figure 6.4-6), a force component obtainable by integrating 
the magnetic force densities (6.1-4 or 10) must be added in (6.1-42), that is, 

FB = lf dI XB . or = J  j x BdV 
V 

(6. 1 -49) 

Similarly, if the net electric charge is not zero, we must take into account an electric force 
component 

(6.1-50) 

which is derived by integrating (6. 1 - 1 1).  

When the fields B(I), E(t) are time-dependent, there is no explicit change in the 
magnetic force terms, provided that BU) remains within the limits set by the quasistationary 
approximation. [Otherwise a term -d(p x Elc)/dt must be added on [he right-hand side of 
(6.1-34).] Of course, the electric forces must also take into account the induced electric field 
components. In fact, even the B(t) could be influenced indirectly through a variation of the 
current distribution that detennines the magnetic dipole moment p [see the example in 
connection with figure 6.4-5, which is a consequence of a magnetic diffusion effect]. 
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Magnetic forces determined by electric currents flowing in finite conductors are at the 
basis of magnetomechanical applications fU�. We now give a few examples that represent a 
broad range of applications. and we will be using various ca1culalion methods and 
approximations. We will start by introducing (he virtual work concept for idealized point 
masses (i.e., having no torques). 

Inductive forces 

Virtual work formalism 

Let us assume that the potentiaJ (magnetic) energy W, which a current-carrying or 
magnetized body possesses with respect to other bodies in the system. depends on several 
independent parameters x j. i = 1 ,  2,  . . . . n .  When the parameters change by an amount 

Oxjl the energy increment is expressed by 

(6.2- 1 a) 

On the other hand, this increment can correspond to the work 

(6.2-1b) 

done by the generalized force components Fx. related to the change in the parameters Xi' 
, 

Since Xi are independent parameters and conservation of energy in a closed system requires 

oW + oA ; 0 

from comparison of the last two expression we get 

Jw F ; - Xi dx. , 

(6.2-2) 

(6.2-30) 

In panicular, the parameters can be ordinary space variables (e.g., XI = x. x2 = y. x3 = l )  
in which case we write 

F = -VW . (6.2-3b) 

The magnetic force acting on the system is thus obtained as the negative gradient of its 
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magnetic energy. which, for example, for current-carrying conductors can be expressed by 

the inductance integrals (5.1-33). for magnetic matter by the magnetic flux energy (6.2-49), 

and for a magnetic dipole by the potential energy (6.1 -38a). 

A body is in equilibrium when the sum of all forces is zero, 

which also means that [by mUltiplying with 6'< and noting (6.2-1 b)) 

M = IFx;Ox, = O . 

In this case we find from (6.2-2) 

(6.2-4.) 

(6.2-4b) 

(6.2-4c) 

that is, a body is in equilibrium when its potential energy with respect to the system has an 

extreme value (minimum, inflection, or maximum). A free system characterized by a po
tential energy W (in addition to kinetic and heat energies) tends towards attaining a stable 
equilibrium characterized by a minimum in its potential energy, 

For a conductor system with current I and self-inductance L. the magnetic energy, 

from (5.1 -33), is given as 

(6.2-5a) 

and the inductive force Fx . . pointing towards decreasing inductance along the virtual 
, 

displacement Oxj, can be expressed as 

(6.2-5b) 

b) 

- , -
Figure 6.2-1 Forces aCling on a currem-canying rigid loop and on a coaxial 
loop pair, and torque acting on a inclined loop pair. 
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provided that I remains unaffected by the virtual displacement. Consistent with the above 
potential energy principle, we find the general rule according to which the magnetic forces 
in a system of current-carrying conductors are directed in such a way as to decrease the 
inductance of the system. 

For calculating the force FI2 between two conductor systems characterized by the 
currents '1 . 12 and self-inductances LJ 1 .  L22, as well as by the mutual inductance L1 2, we 

use the related total magnetic energy introduced in (5.1 -34), 

1 2 2 W = "2(Llli, ±2L,2i,i2 + fJ].2i2) (6.2-6) 

When L1 1 , L22 remain constam with respect [0 a displacement DZ (as for the case of [WO 
rigid coils; see figure 6.2-1b) and 11, 12 do not change, from (6.2-5) we get the force 

r - Tl i J
L'2(Z)1 ''12 - T  1 2  ik Z"".f 

and for the case of figure 6.2-lc the torque 

Loops and solenoids 

(6.2-7a) 

(6.2-7b) 

For a circular loop with homogeneous current density (figure 6.2-1a), tbe self
inductance is easily calculated to be 

efb 

1�1 a�. 
........-:t: 
/;ffijl 

H 

"' .o_--- h ----t .... , 

Figure 6.2-2 Forces acting on a solenoid. 
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Consequently. by applying the virtual displacemenl Ca. the total radial outward (loop) force 

is found from (6.-2-5): 

The inductance of a solenoid (figure 6.2-2) can be written in the fonn 

1fa2 
2 L � J1<J - N KL • 

h . 

(6.2-9) 

(6.2-10) 

with the correction factor KL given as a function of hl2a in figure 6.2-3. Thus the total loop 
force becomes. with Hoo = NI/h. 

(6.2- 1 1 )  

Similarly, for the total axial force acting on the two annular head surfaces, we find 

(6.2- 12) 

For a long coil ( hI2a» J )  it is 

(6.2-13) 

(sce, e.g., figure 6.2-3) and we can thus neglect the differential term in parentheses. By the 
same reasoning we find that the axia1 (compression) force on intermediate annular surfaces 

decreases by about a factor of (2z/h)2, where z is the axial distance from the midplane. 

1 .0 
1.00 

0.5 

o 0. 1  h12a 10 100 
Figure 6.2-3 The inductance correction factor KL for various solenoids with 

homogeneous current density un. 
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" , 

Figure 6.2·4 Forces of an axisymmetric conductor system where al least 
sub�ystem 2 is a filamenlary circular loop. 
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The total axial force between a couple of axisymmetric conductor systems S I . S 2, 
where at least one, S2. is a filamentary loop (figure 6.2A), can be written directly from the 

definition (6.1-4) in the form 

(6.2- 14) 

here. B,.I (s,a2) denotes the radial component of the magnetic induction generated by the 

subsystem 5, on the loop at [.:::::.s, r:;:::-Q2. and the first (-) sign means attraction and applies 
when the currents 11 • h turn in the same direction (the opposite applies for the (+) sign), 
For B" I the exact expressions given in (2.3- 1 1 )  for a loop. or in (2.3-23,30) for solenoids, 

can be used. Note that (6.2-14) is identical to the form (6.2-7) when Ihe field (2.4-34) is 
introduced. 

Magnetic suspension and braking 

Magnetic forces are related to a large variety of important applications. In this and the 
following two subsections we will present and discuss various applications, namely: 
(a) Suspension of a body with a magnetic dipole moment in a given magnetic field; 
(b) Deceleration (braking) of an electric conductor as it crosses a given magnetic field; 
(c) Pulsed electromagnetic power production (the homopolar dynamo); 
(d) Levitation of a magnet over a ferromagnetic or electrically conducting track; 
(e) Magnetomechanicai conversion machines (motors and generators). 

In the literature the tenns "magnetic levitation, suspension, floating. and lifting" are 
often used synonymously or with subtle differences. Here we use "magnetic suspension" 
preferably for a magnetic body that basically is kept in place, whereas "magnetic levitation" 
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is related to magnetic bodies that can move freely in some directions. 
The basic applications mentioned before also lead to various arrangement used in 

practice. A typical example isfricrionless magnetic hearings used in ultmcentrifuges and for 
diagnostics6.42• where the mpidly spinning body (shaft) is suspended magnetically. This 
can be obtained in prinCiple by a variety of combinations between the supporting field base 
(permanent, normal conductive, or superconductive magnets) and the suspended body 
(superconductor, ferromagnetic material. electric conductor, and superconductive, nannul 
conductive, or permanent magnets); the characteristics of some of these arrangements can 
be inferred from the discussion of the felJowing examples. 

Magnetic dipole suspensIOn 

The suspension in a magnetic field of a magnetized body or of a current-carrying 
conductor can be determined by applying the appropriate force expressions found in section 
6. 1 .  One convenient way to tackJe rh is problem is to attribute a magnetic dipole moment p 
to the body or conductor and determine the force through (6.1-34), 

F = (p .V)B = V(p·B) (6.2- 15) 

Let us recall that (figure 6.2-5): 

• this force acts predominantly in the direction of the prevailing field gradient (6. 1-34); 
• it is maximum when p is aligned with B, and points towards increasing B when p .  8 

is positive, and vice versa (6.1-34); 
• however. the dipole tends to rotate as a result of the torque T = p x B. so as to align 

p to B (6. 1-37); 
• on the axis of an axisymmctric field system. as the dipole becomes aligned (p�pz)' the 

force (6.1-34) reduces to the only component 

F. dB, B' 
z = pz. ;;;; p: : dl 

(6.2-16) 

(derivatives with respecl lo Z will be indicated by a dash); 
• the dipole moment of a sphere with permanent uniform magnetization M is (2. 1-69) 

but if the magnetization M due to the susceptibility ( 1 . 1 - 19), Xm ::; PR - I, is induced 
by a (homogeneous) field H", it is (2.1 -78), 

or approximately 

p = 4rra3 l1R - I Ho (6.2-17b) 
I1R + 2 
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(6.2- 17c) 

where V is the volume of the (approx.imately spherical) magnetic body (V = 4Jl'a3 /3) 

and wc have neglected the factors (1 + Xm 13}-1 on the right-hand side because 

IXm l«  I for para- or diamagnetic materials (table 1 . 1 -11); in particular, for a 

superconducting or fully diamagnetic sphere (J.i.R � 0) we obtain [see also (2.1-31)]  

3 
p = - - V Ho 

2 
(6.2-l7d) 

With these elements, various magnetic suspension arrangement� can be described, as 
used in practice or in demonstration experiments. Here wc choose to analyze in particular 
diamagnelic suspension, which is an interesting method applying to practically any mater
ial6A1 because diamagnetism is a general property of atoms and molecules, as we will see 
in section 8.3. We consider a diamagnetic object placed on the axis of an axisymmetric 
field configuration (figure 6_2-5) having the axial component B,. The magnetic force 
(6.2-16,1 7), 

. , 

attraction 

a I 

diamagnet it: 
sphere 

loop 

magnetized 
sphere 

Figure 6.2·5 Suspension force Fz (here at:ting against the gravity fon;c -mg) 
in the field gradient of a loop. for a diamagnetic (or superconducting) and a 
magnetized (para- or ferromagnetic) sphere. Since the field gradient increases towards 
the center of the loop, the diamagnetic sphere can have an equilibrium position 
where Fl = -mg (however, stability is attained only near z = 0.5a from the center): 
on the contrary, the position of the magnetized sphere is unstable and can be held in 
position only by a feedback mechanism acting on the field strength (i.e . •  the current 
in the loop). 
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(6,2-1 8a) 

must be balanced against its gravity F = pVg (g is the gravitational acceleration, p the 
material density) so that we have the equilibrium condition 

B ' - J1Qpg B .1B, - 13 3 P [T2 , I k ,)] (6 2 18b) ,B, _ - -1 -1 ' or approx" , = - ' -
I 
-I , m ,  g '  m , , -

Xm & Xm 

Diamagnetic materials typically have p/lXml= 108 kg , m') [water 1 . 1 3 ,  graphite (the 
smallest value) O,1 3J, so that with a high field magnet producing B, = 10 - 15 T over 
& = 0, I m at the muzzle (see later on) it may be pcssible to suspend practically any 
(diamagnetic) object (plastic, water, live animals, etc.). 

Practical suspension requires stability around the equilibrium point le defined by 
(6.2� I 8b): Vertical or radial deviations must induce restoring forces. that is, the total energy 
of the object, 

(6,2-19a) 

must be at a minimum (i.e., increase away from the equilibrium point): 

�� > 0 (vertical stability) , �� > 0 (radial stability) (6,2-19b) 

(For the magnetic energy obtained as the field is increased in the diamagnetic object from 0 
to B, see (6,1-38, 39),J 

The stability conditions are thus: 

(8;)2 + 8,B;> 0, for vertical stability , (6,2-20a) 

and, with (2,1 -24), 

(8;)2 - 2B,8; > 0, for radial stability , (6,2-20b) 

We probe these conditions with a loop as in figure 6.2-5. From (2.3-7) we get 

(6,2-21 )  

which is maximum at the inflection point Zj = a 1 2  defined by B;(Zj) = 0 ,  where obviously 
both stability conditions are satisfied. Introducing the expressions of Bz ' B;. B;' and solving 
(6.2-20a,b) we find that the stability zone extends around Zj from the lower value Zv 
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determined by vertical stability 10 the upper radial stability value Zr : lv< Z < zp where 
l, = a l.[i = 0.378a , l, = a.,J2i5 = 0.633a; that is, stability is attained over an axial 
length of only 0.255a. 

Similarly, calculations can be perfonned with the magnetic field expressions given for 

the thin solenoid in (2.3-19), (6.4-28), thick solenoid in (2.3-35), Bitter solenoid in (2.3-
39), disc in (2.3-37), multiloop systems in (2.3- 13, 14,15), and for other simple conduclor 
arrangements through the theory presented in section 2.3. It wil1 be found, as for the loop, 
that the stability ranges are very small in comparison to the coil dimensions. 

The above analysis is idealized in various aspects, in particular, it is assumed that the 
variation of the field be small over the dimension of the object. Nevertheless, it defines 
some necessary conditions for obtaining diamagnetic suspension. For example, it requires 
that the equilibrium point ze [obtained through (6.2-1Sb) by an appropriate field 
magnitude] be placed within the stability range (ry,rr)  [derived from a purely geometric 
condition of the specific magnet] .  If le is below Zy . the object falls; if le is above Zr . the 
object moves radially away from the axis, where it experiences a smaller field gradient (2. 1 -
24), and then eventually falls. 

Comparable suspension of a paramagnetic object in the axisymmetric configuration of 
figure 6.2-5 is unstable. In this case, from (6.1 -38) we find that the magnetic energy tem 
in (6.2-19a) has a negative sign, and so have the left-hand sides of (6.2-20a,b); thus (at 
least at the inflection point where B�' = 0)  there can be no stability. The instability of para
or fcrromagnetic objects in a magnetic field can be expressed in the form of a general 
theorembA' (we will find a further example in the levitation shown by figure 6.2- 10). 

The direct dependence of the magnetic force from the field gradient. as shown in 
(6.2- 15 . 16 , 18), is the base of the High-Gradienr Magnetic Separation (HGMS) 
lechnique6.43, which makes il possible to separate para- or weakly ferromagnetic materials 
from nonmagnetic (diamagnetic) materials in a magnetic field region possessing large 
gradients. [Another, more selective but less powerful process will be mentioned in 

connection with (6.4-99) . ]  Various arrangements are used, according to the separation 
process under consideration644• In a typical setup, a transverse magnetic field is applied to 

grids of thin magnetic wires. Paramagnetic panicles are attracted and stick on the wire 
surface where the field gradient is highesl (sce qualitatively in figure 2 . 1 -9), In this way it 
is possible. for ex.ample, to extract unwanted magnetic impurities from a feed pumped 
through the grids. After the collection surface on the wires is saturated. the magnetic 
impurities are flushed away with the magnet switched off. 

Magnetic braking 

Consider an electricaDy conducting s heet pennea(ed with a magnetic field (figures 6.2-
6,7). When the sheet moves, eddy currents are induced that interact with the field (0 give 
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Figure 6.2-6 Thin disc being translated with velocity v parallel to the (x,y) 

plane in an inhomogeneous magnetic field. 

rise to a Lorenu force (drag force) thal opposes the movement. The eddy currenls 
decelerate the sheet and the lost kinetic energy shows up as heat. This effect is used as a 
brake or to damp oscillating machine components6.l1, The recipe for calculating this effect 
is, in principle. easy to write: Calculate the eddy current distribution in a conductor and fold 
it with the total magnetic field to establish the force on the conductor through Ampere's 
force law4.2�. In reality. the calculation (even jf made numerically) can be extremely 
cumbersome and it may be convenient to apply the simplifying concepts relative to the field 
or current interaction with the conductor that we introduced in chapter 4. 

The problem may become more tractable when some of the thin·sheet approximations 
described in section 4.4 apply. We shall illustrate this by discussing three simple but 
significant examples. Magnetic braking will also show up as a drag force in the discussion 
on levitated vehicles at the end of this section, 

Example: Moving disc 

A thin disc of limited extension is made 10 move across an extended inhomogeneous field H a.� 
shown in figure 6.2-6. lhereby gaining a dipole moment p = pzez . which in (4.4-41 )  was determined to be 

P = _1fda4 (v iJH�+v iJH�l . l 8K x iJx Y ay  (6.2-22) 

This will couple to the field gradient to give rise 10 Ihe force (6.1·34). which can be given with the help of 

(A.3-") as 
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(6.2-23) 

Since V' x H =O in current free space, so from table A.l-II, aH� / dz. = i}HzliJx, ..... and the force 

components can be rewrillen into a braking force parallel to the (x,y) plane 

F _ uHt. 
p.x - }Jp/. iJx 

and a ievjtationjorct normal 10 it 

The dissipated Joule heat per unil lime is 

and with the solutions (4.4-38.40) yields 

(6.2-24) 

(6.2-25) 

(6.2-26) 

(6.2-27) 

With no other forces involved and with (4.4-4 1), this COfTCSpondS Cllactly 10 the work done per unit lime 

against the braking force 

(6.2-28) 

that is. the braking energy shows up as Joule heat. 
If Ihe coordinate sym:m is chosen so as to align v with the y-allis (v .. "" 0). then from (6.2-27) 

(6.2-29) 

If, funhermore. we assume the gradient of H� also to align with this axis. then from (6.2-22.24) 

(6.2-30) 

This expression clearly points out the dependence of the braking force and the dissipated ent!rgy on the disc 

area A = 1ra2 , on the thickness and velocity, and on the field gradient. 

Example: Moving sheet 

The compl�menlary ekample, where an ektended sheet moves across a well·defined and limited 

llIL1gnelic field area A = 4ab, is shown in figure 6.2-7. The total induced current Oowing in the x-direction 
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was given in (4.4-45): 

with the cocrection factor f3 defined thereby (e.g .. 
I fJ "" - when b = a). so the lotal braking force (6.1-4) 
2 

amounts 10 

f =  2alx B  

that is 

With the total resistance given in (4.4-43), 

F, 

, 

.0 
, 

./ ..... , , , '�,' .o_--- 2b ---... 
, , , 

lJm t 
T t 

.. , 

.) 

� 
" 

b) 

• \ 

Figure 6.2-7 (a) Translation force F, on a thin sheet moving within the 

narrow gap of a magnet; picture (b) shows the eddy current streamlines. 

(6.2-32) 

(6.2-33) 
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the total dissipated Joule heal per unit lime is 

a R = -
flbda 

W = R/2 = nAdav2(80)' H J f¥' y z 

that is, exactly the braking work done per unit li me W H = F ·  v = Fy v y 

Example: Rotating sheet 
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(6.2-34) 

The concept .. and results of the previou," example can easily be applied 10 a disc with radius '0 
rotating with angular velocity (0 = v I , .  a geometry that more directly reflects many braking and damping 
applications. 

Consider first the example shown in figure 6.2-8, where an axial field threads a small rectangular zone 

of the disc with area A = 4ab al distance r from the axis (obtainable from a magnet with a small gap, as in 
the previ(}u� figure). FTtlm the equation of angular momentum [see also (6.4-21)] 

(6.2-35) 

where the moment of inertia M of the homogeneous disc with mass density p and the torque T with (6.2-31) 
"" 

'u 

Figure 6.2-8 Braking of a rotating disc by a magnetic field B: applied by a 
magnet in a rectangular zone 2a x 2b. 
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we find the solution describing the reduction of angular velocity w with lime: 

ro = wot' -/ I f I M 
, r =7i r2A d(](B:)2 . 

(6.2-363) 

(6.2-36b) 

(6.2-37) 

Here. the correction factor P will be only slightly differenl from that given in (4.4-44) for the infinite sheet; 
if it is required precisely. it can be calculated similarly as for the sheel�·l. 

Homopo/ar generator 

The principle of the homopolar generator or dynamo is again based on Faraday's law 
( 1 .4-8a); that is, a voltage V appears between the center and the rim of a metallic disc 
(rotor) in an axial field Bl. rotating with angular frequency UI = v I r :  

a a2 
V = j(v x B) . dr = -mB, . 

o 2 
(6.2-38a) 

Of the many arrangemento;; in use, we will consider here the case of a self-excited generator 
(figure 6.2-9a), where the field 8l. is produced by the current output of the generator itself, 
so that for the emf generated across the rotor we write 

2 V = alw . B, = 2a1la . 

where a is a machine constant and I the total current 

(6.2-38b) 

Specifically, we are looking for the power pulse fed into a lumped, constant R. L
circuit by a rotor turning at initial frequency Wo after the switch S is closed at time ( = O. 
(For the startup an externally generated small magnetic field is necessary. but this field 
plays no role after the generator comes to power, as we will see.) The equation describing 
the electric circuit is then 

dl 
L-+ I(R - aw) = O  . 

dr 
(6.2-39) 

The mechanical aspect of the problem is taken care of by the angular momentum equation 
(6.2-35). Here the torque wi(h (6.2-38b) is 

so that we have 

a 
T = -f I B,r dr = _al2 • 

o 
(6.2-40) 
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b) 

� L-________ � ________ __ 

Rotor 
o lime 

Figure 6.2-9 HomopoJar generator: (a) Schematic rendering, indicating the 
electric circuit with tolal. constant resistance R and inductance L of the system; (b) 
current pulse output from a rotor initially turning al frequency wo. 

M
dm = -aP . (6.2-4 1 )  
dr 

where M is the moment of inertia of the rotating structure. 

From (6.2-39) we see that a current rise (I-I dl/ dt > 0) can be obtained only if 
lOO > Wc ' where 

me = Rla (6.2-42) 

is the critical angular frequency of the system. After elim..inating t from (6.2-39,4 1 )  and 
integrating. we find 

(6.2-43) 

here A is an integration constant, which is determined by the initial condition (t = 0): 
w = wo . 1 = 10 (as has been mentioned, to start the generator we must assume an initial 
current 10 or an outer r.eld Ho). From (6.2-39.4 L.43) 

with 

1 _  
.fA 

-
cosh{au - /mh/(AI ML} 

Im = -/ML In(.JA + J � - L ) . 
a.fA 10 10 

(6.2-44a) 

(6.2·44b) 

Clearly. maximum current fm is obtained for t = 'm-that is, when the hyperbolic 

cosine is at its minimum'" and equal to one. Then, assuming the initiaJ current to be small, 
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so Ihat A � M(mo - me)2 I L .  we find (figure 6.2-9b) 

Im = (mo - mc)� (6.2-45a) 

(6.2-45b) 

For the system efficiency (transformation of kinetic energy into magnetic energy in the load 
inductance Lt..) we have 

(6.2-46) 

The last three equations show (at least approximately) the influence of the various 
parameters on the performance of the machine. For example. a satisfactory efficiency j!\ 
obtained only when the inductance 4i of the generator and the leads (where L ;::: Ls + 4..) 
is smaIJ when compared to the load inductance 4. and when me «liJO' A more quantitative 

discussion requires the machine parameter a to be known. 
The two main problems limiting the performance of this generator type are low output 

voltage and contact problems, mostly at the peripheral brush, caused by the high speed of 
the rotor. The advantage lies in the solid mechanical structure of the rotor, which can be 
identical to the flywheel. In high-performance systems, it is convenient to separate the two 
elements because the peripheral velocity on the rotor is limited to about 200 m Is by contact 
problems (even if liquid metal contacts and jets are used). This velocity is about an order of 
magnitude lower than the limit imposed by mechanical stress. 

The most common magnetomechanical pulse generator however is the altemator, 
which will be discussed later, in connection with figure 6.2- 13. Although it is basically an 
oscillating emf generator, by appropriate electrotechnical means it can also be used as 
unidirectional current pulse generator. The problem can then be treated similarly to that of 
the homopolar circuit. The advantage of such a machine over a homopolar generator is that 

no gliding or liquid contacts (which can seriously limit the power output) are present in the 
main circuits and that a high-voltage output is possible. On the other hand, the machine. 
and in particular the rotor, is generally more complicated. 

Magnetic levitation 

Various arrangements for high-speed ground tmnsportation based on magnetically 
levitated vehicles (MAGLEV) over a fixed magnetic or conducting track have been 
proposed and tested experimenta1ly, and a few are ready to enter commercial applicationw. 
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The two most imponam systems under consideration are attraction of the vehicle
supporting magnel� by a ferromagneLic track. and levitation of the vehicle through 
(superconducting) magnets by their own magnetic fields moving oyer a conducting track. 

Ferrornagnetic track 

Ferromagnetic levitation basically is described by the (unstable) attraction of the 
ferromagnet shown in figure 6.2-10. This magnet can be represented by a magnetic circuit, 
as introduced in section 1 .4, in particular figure 1 .4-3. In analogy to ( 1 .4-40), the flux 
thread by the electromagnet is constant along the circuit and amounts (0 

N,I, 
", = 85 =  R

H 

where the reluctance of this circuit with constant cross-sectional area S is 

(6.2-47) 

(6.2-48) 

Since the [otal magnetic energy in the two gaps, from (6.2-5a) and the above expressions. 
amounlS 10 

w. - I U2 I N I 
I 2R 

H - Z = Z'"  , , = Z'" H 

for Ihe allraclion force over the two gaps we have from (6.2-3) 

ba'L [Zm-mmmj 
1- -:- t F -r-

, , 
magnet : : 

, , 
, , 
, , 

s 1 12---- ------1 12 
I, � I N, � 'I' 

Figure 6.2-10 Force on the electromagnetic. and related magnetic circuit. 

(6.2-49) 

(6.2-50) 
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The force given as a function of the induction B in the air gap is valid for an electromagnet 

[with B expressed by (6.2-47)] as well as for a pennanent magnet. Here the flux IjI has 

been taken as constant over the virtual displacement .1x, and the magnetic circuit has been 

idealized. wilh no flux leakage. no fringe fields. and conslanl magnetic penneability. 
The successful application of this levitation scheme requires a feedback system to hold 

(he (unstable) separation distance x in the magnet gap, such that gravity equals the attraction 
force [which from (6.2-47,50) we know (0 rapidly increase with diminishing x]. This can 
readily be obtained by regulating the current le of the magnet. A more detailed study 

should also analyze the eddy currents induced in the ferromagnelic track by the moving 
magnetic field, which will result in a drag force and a levitation force on the magnet-vehicle 

system. (A similar effect will be analyzed in the following levitation scheme.) Finally, the 
time delay in having the track magnetized. and the related energy dissipation, !\hould also be 
evaluated. 

Conducting track 

A magnetic field source (a magnet or current-carrying conductor) moving above a 
conducting plate will be subjected to levitation and drag (braking) forces deriving from the 
eddy currents that the source il'\elf induces in the plate. This levitation scheme, used 
successfully for the study of magnetically levitated high-speed ground transportation. will 
be the subject of the following brief analysis. 

, 

real source S 
h 

y 

a) b) c) 

02/----h-m 

I, � 

, , , , , , 

Figure 6.2- 1 1  Image method for detemlining the field (or potential) of a 

magnetic source S above a superconducting plane: (8) tong wire. (b) dipole, (c) coil. 
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To start with, we consider the levitation of a field source S over a superconducting 
plane, as shown in figure 6.2- 1 1  t a classical example which is solved by the image 
method!· ' :  The magnetic field (or the scalar or vector potentials) in this configuration is 
obtained by substituting the plane with a negative source image S'. thus vectorially adding 
the fields (or the potential) of the two sources taken independently. With the resulting 
tangential field at the surface [as also required by the boundary condition 0.5- 12)], the 
surface eddy current density can be calculated (but often, as we shall see below, it will not 
be necessary). 

Consider the levitation force of the first (wO sources shown in figure 6.2- 1 1 .  We can 
avoid calculating the eddy currents by giving the field component Hx generated by the 

image source S' at the position S, thus obtaining the force acting on S. For the long 
conductor carrying the current I at height h above the superconducting plane, from (2.1-
37), (6. 1 -4, 5) we obtain 

/ H = --x 4nh 
(6.2-5 1 )  

whereas for the dipole with moment p aligned to the z-axis from (2.2-53), (6.2- 15) we 
obtain 

I P H = - - --
, 2" (2zJ' 

For the coil we use (6.2-7a) to fonnally write 

F. = _/, dL1 , ! ' iIz ,=h 

(6.2-52) 

(6.2-53) 

where L12 is the mutual inductance between the coil at S and its image at S'. It can be 
calculated with (2.4-5), or in the cao;e of the filamentary approximation with (2.4-9). 
Analytic expressions for LI 2 can be founded for coils with simple geometries-for 
example, rectangular coils612 or circular filamentary coils, see (2.4-26). 

The situation changes if the supporting sheet has finite electric conductivity, since the 
eddy currents (whether generated by the source S with a time dependent field or by moving 
along the sheet) will decay away. 

A general solution, which follows in a natural way from the idealized image method, 
was proposed by Maxwell and leads to Ihe so called receding imnge method. Consider an 
arbilrary (time-dependent or moving) magnetic source S, characterized (for example) by its 
given magnetic scalar potential fPs(x,y, z;t), which induces the eddy current pattern 
i(x,y;t) in the thin conducting sheet. It can be shown6.J ' that the potential gencmtcd by 
these currents at the position of the source is 

OOd<Ps(x,y,z + wr;l - T) 4>(x,y,z;r) = -4>,(X,y,Z;I) - W I iIz dr 
o 

(6.2-54) 
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where the diffusion parameter 

2 w � --
JJ<Td 

(6.2-55) 

was introduced in (4.4-40b) as a velocity with which the eddy cUlTenl� decay away. (A 
similar expression is obtained when the magnetic vector potential is used insteadl.).) 

By taking the gradient of (6.2-54) we obtain the corresponding magnetic field (2. 1 -2), 

H � -V4> . (6.2-56) 

SpecificaJly. [he magnetic field generated at any time and point in space (x,y,z;/) by the 
eddy currents that are the result of the moving source S with the time-dependent position 
[xO(r). YoU), ZoU) 1 is obtained from (6.2-54): 

H(x,y, ,;/) � -Hs[ x - xoU),y - yo(/), Z + Zo(t)] 

-5 aHs[x - XoU),y - YoU)" + Zo(/ - r) + wr] -w dr 
o (}z 

(6.2-57) 

where Hs is the magnetic field of the source. NOle that the first tcnn on the right-hand side 

gives the magnetic field produced by the image source S' at point (x,y.z;t) and generating 
the fields -Hs; whereas the second integral tenn gives the reduction due to the receding 
images (as shown below) when w is finite. 

We illustrate this general formulation with the two-dimensional example shown in 
figure 6.2- 12. where the long wire with current I flowing in the positive y-direction moves 
with constant velocity v at constant height h over the conducting sheet. thus 

d : Xo (t) 
:h 

1 v.d/ • ·,-----0+1 
w.1t ! ........... s' ·,----;0 ... , --_ _ _ _  0 ..... wake of receding images 

--

a) 

x 

-JSH, Hx ,' - / 

, , 

" , 

, , , 

/ 2h 

" +1 S' 

1---, ... ------0 
: ,' : nw .dl , , , , ' , 
1 .' I +/0 - - - - - - - - - - -1 

",At 

b) 

Figure 6.2.12 (a) Very long wire 5 (with current / flowing in the positive y
direction, away from the reader) moving over thin sheet. and its receding images S': 
(b) the geometry for calculating the magnetic field contributions. where 
,2 = (2h +nw.1t)2 + (nvdd . 
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xo(l) = VI , y" = 0 , Z{) = h . 
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(6.2-58) 

In this coordinate system. the field components of the source term Hs{x, z) are from (2.1-

36b) 

(6.2-59) 

The magnetic field generated by the eddy currents (i.e., by the receding image source 
-Hs,x) al lhe posilion of the wire (x = VI , l = h) thus follows from (6.2-57), 

and finally we obrain 

Hx = -[HS xl ,, _ wjfdH�,x ] dr , ' .x= �l v.. x=vr 
z=2h 0 z=2h+wf 

H, = [HS , l _ + wjfdHS,' ] dr • x-o � L ik x=vr 
z.=2h 0 z=2h+WT 

1 v2 H = -- --,,-, x 4-' 2 2 '  I�I V + w  
H = _ _ 1_ vw 

1. 41fh v2 + w2 

(6.2-60,) 

(6.2-60b) 

(6.2-61) 

The ievit<Jlion ( FL) and drag ( FD) force components exerted by the field of the 

receding image source on the current carrying and sidewise moving wire are, from (6.1-4), 

w FD = -Fx = -IJ1lI, = - h · v 

(6.2-62') 

(6.2-62b) 

When the sheet is superconducting ( w  � 0), we obtain the levitation without drag already 
eSlablished in (6.2-51). 

The forces on other magnetic sources can be calculated similarly by starting from 
(6.2-60), with the appropriate source tenn "S6.34. For example. for a dipole source with 

moment p (figure 6.2- l lb) moving with constant velocity v at constant height h over a thin 
sheet. the lift foreetl.n is 

(6.2-63) 

[see (6.2-52)] . 
According to the receding image method. the eddy current configuration (induced by 
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the source S) can be replaced by a (continuous) set of image sources S' that Jag behind and 
recede away as a wake from the sheet with velocity w .  as shown in figure 6.2- 12a. In our 
example of the unifonningJy moving wire. it can, in fact. be shown that summing up the 
field contributions (6.2-59) of the receding image wire S' at the place of the real wire S 
(figure 6.2-12b) gives the result (6.2-60). In this connection it can also be seen that with 
the virtua1 displacements L1x = vL1l. L1z = wL1t and because of the summation process, we 
find quite in general (valid for any type of source) 

FD = � = LIz = W 
FL Hx dx v (6.2-64) 

as already obtained in the special ca'ie (6.2-62b): The ratio of drag over levitation force 
diminishes with increasing velocity v. 

The previous levitation results are based on the assumption of a thin sheet d « h,  
d « 0, where the appropriate approximation for the skin depth (4.2�29) (see in figure 4.2� 
5) here is 

0 =  r=..r.= -V"J.l U V ' v V = -
h 

(6.2-65) 

A vehicle levitating at h = 10 cm above a d = 1 cm�lhick aluminum track 
[u = 36 x 106 (Q. m)-t I will give rise to a diffusion velocity (6.2-55) of w = 4.5 mls; at 
the typical upper and lower�limit velocities of v = 1 50 m/s (.;. 540 km/h) and 
30 m/s (+ 1 10 km/h), the skin depths (6.2�65) are 2.2 and 5 mm, respectively. These 
figures show that in practice the thin sheet approximation condition d « 8 is most often not 
satisfied; the correct picture is rather that of a very (infinitely) thick track. 

How will the thick sheet results differ from the thin sheet fonnulae given above? A1 
high velocities the lift force FL (6,2�62a) will not differ much (for v » w  it is anyway at 
nearly its ideal image�maximum), contrary to the drag FD (6.2�62b). It is 10 be expected 
thal a reasonable approximation for FD is obtained by substituting 28 � d (what counts is 

the current�carrying sheet of thickness 28, the reS( of the conductor plays practically no 
role) in the diffusion velocity (6.2�55), such that from (6,2-64) we obtain 

FD _ W _  � . 
FL - -; - V/lITvh ' 

(6.2-66) 

and, in fact, this expression is confirmed (in the high�velocity limit) by an analytic 
calculation for a long wire moving over il conducting half-space6,31. These considerations 
on the FL, FD- forces in relation to a thick sheet are valid in general (for the reason 
mentioned before) and not limited to the moving long wire arrangement. 
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Magnetomechanical machines 
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One of the main reasons for the extensive penetration of electricity in today's world is 
the relative simplicity and compactness of the machines that convert mechanical power into 
electricity and vice versa. The most widely used electromechanical device is the magnetic
field-type rotating machine. We have already discussed one particular example, the de 
homopolar generator, in connection with figure 6.2-9. Here we look at the more general 
arrangement of a rotating machine. which implicitly includes both the magnetomechanicai 
power generators and motors but limit our discussion to a few basic considerations only. 
The variety of generator types and particularly of molors is very large. as is the range of 
morc (han 1010 over the magnetomechanical power they handle and transfonn: from the 
near-to-one gigawatt of alternating generators coupled to steam turbines down to the very 
small fraction of one watt absorbed by micromotors. Even an elementary discussion of this 
subject is well beyond the scope of this book, and we refer to the extensive literature for the 
specific subjects: for example, conversion principles6.L, large power systems 1 .1, small 
motorst.·1f'. and electric drive systems6 . .l1. 

Rotating machines 

In our model. a stator or armature (index s) supports two perpendicular coil pairs 
(indices a and b) with magnetic fluxes. V'sa. 'l'sb. and includes a rotor (index r) rotating 

with angular velocity (1), which also support two perpendicular coil pairs. as shown in 
figure 6.2-13. For this balanced two-phase machine we write: 

(a) For the imposed currents 

(6.2-67a) 

Irb = Irsinwrl (6.2-67b) 

this system produces (as we know from figure 3.2- 1 )  a resultant magnetic vector Hs 
rotating with angular velocity ills with respect to the stator, and a vector Hr rotating 

with wr with respect to the rolor. which itself rotates with ID with respect to the stator. 
(b) For the magnetic jIuxes 

"I'sa = IsaLs + IraMo cosfP - lrbMo sinij> 

11' sb = IsbLs + I raMO sinij> + I rbMO cosij> 

'l'ra = IraLr + IsaMO cosl/J + IsbMO sinij> 

l/I rb = IrbLr - lsaMO sinij> + IsbMO cosij> 

(6.2-68) 
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where Ls' L, are the (constant) self-inductances of the windings, and 

M,, = Mo costP , tP = QX + tPo  

is the mutual inductance between the coil (a) of the stator and the coil (a) of the rotor 
(as will be discussed following (6.2-73)], but note that the mutual inductance between 
(atb) coils is, according to the notation ID figure 6.2-1 3, given by 
M" = Mocos(tP - "  12). 

(c) For the mechanical torque 

(6.2-70) 

considering that the mechanical torque between the (sa) stator coil and the (ra) rotor coil 
is given, according 10 (6.2-7b), by 

(6.2-7 1 )  

(d) For the mechanical power 

(6.2-72) 

With the use of the above equations and of well-known trigonometric identities"-' [see 
also in (3.2-33)) Ihe torque (6.2-70) can be rewritten in the form 

(6.2-73) 

Note that the assumption (6.2-69), according to which the mutual inductance Msr varies 
sinusoidally with rotor position, follows qualitatively from the coil arrangement shown in 
figure 6.2·13� but in real machines. with the stator racetrack coils wound on the surface and 
with a small rotor·to·stator air gap (i.e., approximately radial flux density lines), it implies 
that the stator ,windings are arranged in such a way as to produce a radial air-gap flux 
density that varies sinusoidally with the rotation angle. 

Because we have considered an ideal system with neither mechanical (friction) nor 

electric (Joule) losses. the mechanical power equals the total electric power at the stator and 
rotor terminals, 

With Ysa and Vsb the induced voltages at the stator terminals, it is 

where. for example with the magnetic flux "'sa given in (6.2-68), 

V = _ dljlsa = _w
dll'.m 

'" dt d� . 

(6.2-74.) 

(6.2-74b) 

(6.2-74c) 
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\ 
, slalor (Sa)-8Kis 

I" 

---

Stator 

Figure 6.2·13 Schematic of a two-phase rotating machin� with two 
perpendicular coil pairs in the Slalor (producing the rotating SlalOr magnetic fields 
Hs) and Iwu perpendicular coil pairs tied to the rotor (producing the rotating field 
Hr) '  
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I t  is easily secn that for the total electric power Pe we will finally obtain the same 
expression as given for the mechanical power P by (6.2-72.73), P = Pe' This rotating 

machine is an ideal transfonna{ion system, which can either transform an electric input 
power Pe into mechanical output power P in the motor mode, or vice versa in the generator 

mode. 
In general. the magnetomechanical torque and power (6.2�72.73) are oscillatory 

(which produces a great electric and mechanical inconvenience in real machines). but when 

(6.2-75) 

they are constants, despite the sinusoidal inputs in ())s and ())T ' and from (6.2-73) we have 

(6.2-76) 

In this case, the angular velocities (measured in the fixed stator system where ())r is the 
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velocity with respect to the rotor, which itself rotates with m} of the resultant rotating 
magnetic field vectors of the stator and rotor ".I' and Hr are identical to the angle tPo 
between them, and this correctly results in the above torque. 

The most important generator or motor-type rotating machines can be reconducted to 

the model described by the above equations. in particular by the angular velocity condition 

(6.2-75). 

Synchronous machines 

The synchronous machine is defined in our model by having direct current applied to 
the (ra) winding of the rotor only. thus with respect to (6.2-67) it is: w, = 0, 
Ira = If (canst.), [rb = 0 . This machine, with constant torque (6.2-76), converts the 

constant mechanical or electric power (6.2-12) 

(6.2-77) 

at the synchronous angular velocity (6.2-75), 

only. 
It is easy to understand the motor or generator operation mode (according to whether 

the primary input power source is electric or mechanical) in the synchronous machine, 
where a constant magnetic (dipole) moment Pr rotates with the rotor at the angular velocity 

w. The magnetic moment Pr is produced by the rotor windings as in (2.2-45) and can also 

be associated to a permanent magnet with a north/soulh pole pair ( 1 . 1-33), or to a magnetic 
flu" "'r' In the motor mode, the fotor with its magnetic momen! locks with the stator's 
rotating field Ds through the torque (6.1-37), Tr.f = Pr X Bs. so that w = ws ' and trails this 
field by the angle 4'0, which increases with the mechanical load up to a limiting value. 

When this vaJue is exceeded, the rotor falls out of synchronous operation and produces 

vibrating alternating torques, a detrimental situation for any type of machine. 
Alternatively, in the generator mode. the magnetic flux 'If r rotating with the rotor past 

the stator windings induces in them the emf that drives the output currents Isa. Isb' 
o�illating with Ws = w .  This generator type. called alternator. is the most common 

application of the synchronous-type machine and comes in large power units (from 100 up 

to 1000 MW electric output power) driven by sleam turbines. 

Induction machines 

Induction machines are defined with respect to the model of figure 6.2-13 by having 
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the rotor circuits (ra) and (rh) each short-circuited at the terminals by a resistance Rp with 
the currents in these closed circuits induced from the statar. The one lumped RL circuit (ra) 
coupled through the mutual inductance (6.2�69), Msr • to the statar windings is described 

by the differential equation 

L, 
dim + R,/m = -Mo/, �[cosm,tcOS(OX + 4>o } + sinm,t sin(OX + 4>o }1 . (6.2-7Sa) 
dt dt 

which can be transfonned with the trigonometric identities (3.2·33) into 

The solution is 

where 

L 
tanf! = (m, - m)

R, 

and the so-called slip parameter is defined as 

w - m ,. = =.'----'::' 
m, 

(6.2-7Sb) 

(6.2-79) 

(6.2-S0) 

(6.2-S I )  

The second RL circuit of the rotor (rb) gives rise to the identical bm 1[' 1 2-pha�e-shifted 
current Irb [i.e . .  with cos substituted by sin in (6.2-79)], Note that the currents Ira. [rb 
oscillate with lO, = ms -(0 , (6.2-75), as in the forced case (6.2-67b). but with a phase 
shift (-lr 12 -fPo - P). whereas [he stator currents Isa. Isb are as in (6.2-67a). The 

induced currents Ira. Irb build up in the rotor circuits when the rotor velocity ill is slower 
(or faster) than the rotating field velocity ms. thus (J)r � 0: synchronous running of the 
rotor. wr = 0, is not possible because no rotor currents would be induced. 

We are now in a position to calculate all the relevant parameters of this rotating 
machine as before. The simplification of the torque (6.2-70) is more tedious. and after 
successive application of the trigonometric identities (3.2-33) we find 

2 2 2 ( ) 7: = (w, - w}M R,I, = I, R, l - s  
" R2 + (w _ W)2i} m s • , , , 

(6.2-S2) 

which is a constant value. as was to be expected because the angular velocity condition 
(6.2-75) holds. The power balance in this rolating system, 

Pt = P + Pr • (6.2-S3) 
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Table 6.2·1 Power now int% ut of a rotaliDR magnetomechanical 

conversion system 

Operation Parameter Power input/output male condition P, P 

motor o < s <  I :> O. in > 0, OUI 
(O < w < ws )  

generdtOf H O  < O. Oul < O. in 
(COs < 1.0) 

brake 1 0  :> 0, in < O. in 
(co < 0) 

now includes for the rotor, in addition to the mechanical power 

also the dissipated ohmic power 

2 ( 1 -.) P = OJ�r = I, R, -.- • 

so that the electric input at the stalor tenninals is 

P, 

:> 0, out 

:> 0, OUI 

> 0, out 

(6.2-84) 

(6.2-85) 

(6.2-86) 

The Iheec operation modes that result from these relations as a function of the values of 
Ct), cos. and hence of s, are presented in table 6.2-1. 

The induction motor is the most frequently used type, because it is simple, nearly 
maintenance free, and adaptable to many applications. Single-phase current or voltage 
sources applied 10 two stator windings and three-pha"e sources applied to three windings 
(as in figure 3.2-3) are the most common arrangements because of the general availability 
of single- or three-phase eleclricity supplies. With the single-phase supply, electric or 
electronic means are required6.J6 to create a phase shift between the two coils in order to 
obtain the required rotating magnetic field. 

More on magnetomechanical machines 

There is a large variety of magnetomechanicaJ machine types. Even with respect to 
the synchronous and induction types introduced above, there are variations: One is the 
three-phase three-windings arrangement (see in figure 3.2-3), which has a highly uniform 
rotating field at most working points. The most important magnetomechanical machine 
types are presented in table 6.2-Il. 
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Table 6.1-11 Magnetomechanical machines 

Arrangement and couplinl! L� 
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rotating field in stator i pe<m'"'"t mag"et;c mom'"t 

(torque T = p x 8 )  (a) synchronous (figure 6.2 - 13) hysteresis 
reluctance 

(b) induction (figure 6.2-13) 

(c) commutator 

(d) homopolar (figure 6.2 -9) 

linear (e) linear mOlOr 

(force F = (p- \1)B. or F = j x 8) (t) rail gun (figure 6.4 - 6) 

(g) magnetic pump 

In the synchronous machine (a), we have also included the rQ(ors based on 
hysteresis and reluctance effects, since they are often used as motors636, In the first case the 
rotor is made of permanent-magnel material with small coercive force so that the material is 
magnetized cyclically by the rotating stator field. The reluctance rotor6.3S is characterized by 
radial entrances, thus varying magnetic resistances or reluctances, which seek (as with a 
pennanent magnet) to align with the rOlating field and to rotate with it. 

The commutator types (c) comprise the large group of de machines where the 
inherent ac characteristics of rotating machines are converted into dc operation by the 
appropriate arrangement of the contact segments (commutator) on the rotor shaft, which are 
in contact with the brushes on the stator. Typically. a de motor is driven by the torque that 
results from the interaction of current-carrying loops on the rotor with a constant magnetic 
field fixed with the stalor. The change in current direction (for the torque to always result in 
the same direction) is operated by the commutator that alternatively connects the loops with 
an outer dc voltage source. Often de motors use pennanent magnets for the stator magnetic 
field source6.J9.UI. 

The linear motor (e) is basically a linear deployment of the rotating machine; for 
example. there are linear induction motors6.n and linear dc motors6.40. For a simple 
arrangement of the magnetic pump (g) consider a conducting fluid in an insulating duct, 
where a transverse field B is applied and a transverse perpendicular current j is made to 
flow. The resulting force F will force the fluid to flow along the duel. 

Forces within a conductor 

At this point it is instructive to find out how the magnetic Lorentz force (6. 1 - 1 )  and. 
consequently, the volume force (6.1-10) act on a conductor. By its very nature, the volume 
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, 
Vd 

j 
Figure 6.2· 14 Electron drift nnd forces in a conducling reclangular slab. 

force acts primarily on the current canier-that is, the electrons in a metal. For a thin·wire 
conductor, we can roughly say thal. since the electrons are not free to leave the wire 
through its surface. the force they experience in an outer field B is transmitted to the wire 
itself (Biot-Savan force (6.1-4)]. However. in reality the situation is more complex: It 
relates to the Hall �fJec:l. The electrons flowing with drift velocity vd along the conductor 
(figure 6.2-14) experience the Lorentz force "d x B .  thereby accumulating on one side of 
the conductor; this establishes an electric Hall field EH. which in turn acts on the electrons. 
For completeness' sake. we may even add an additional transverse force F L deriving from 

various interaction processes of the electrons with the latticeR.21 , In steady state, the mean 
value of these transverse forces just balances: 

(6.2-87) 

The electrons drift longitudinally. driven by the primary electric field. but establish a 
transverse concentration gradient determined by this equation. On the other hand, the Hall 
field pulls on the (positively charged) lattice to which, by reaction, the force F L also 

applies, with the result that a mean transverse force density 

(6.2-88) 

acts on the solid-state (lattice) conductor; this is just the Am�re force (6.1-10). [Here we 
have used (6.1-1 1), and n is the number of electrons per unit volume.] 

To illustrate a case of practical interest. we consider a conductor whose surface is 
subjected 10 a (monotonica1ly increasing or constant) magnetic field pulse H(t). For 
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simplicity we take the plane case, where an outer magnetic field is applied paraHel to an 
infinitely thick conductor (figure 6.2- 15) and the (monotonically decreasing) current density 

. ( ) dH,(X.I) J)' x.1 = - ax (6.2-89) 

is induced. In the inlinitesimal layer between x and x + L1x beneath the surface. there is the 
current density JyC"u) carried by electrons (and kepI to this position by the diffusion 

process), which drifl al velocity 

j 1 dH v . (X.I) = _:C!'. = _:::..:z. ) ne ne dx 

and arc subject to the transverse Hall force 

or force density 

( ) _ B _ 1  dHz Fx x,1 - -ev), z - - lJ, :1... 
11 ox 

f.{x.l) = -nF, = -B, d�, . 
uX 

Each layer contributes with a force component per unit surface (or pressure)ffo. 

(6.2-90) 

(6.2-9 10) 

(6.2-9 Ib) 

Integration of the force density along the x-axis gives the hydrodynamic pressure at 
depth x that results from interaction of the magnetic field with an incompressible body 

Il.!lIt -p, 

(6.2-92) 

-r , 

Figure 6.2·15 The conducling halr·space. to which a surface: magnetic field 
pulse Ht.(t) is applied. 
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where 

(6.2-93) 

is the (full) magnetic pressure related to the surface field. The pressure gradient within the 

conductor is 

dpx(X,1) = _"u dH, 
dx "" , ib: . (6.2-94) 

Whereas the force density can be maximum at the surface layer. the full pressure appears by 

surrunation only at a certain depth, which in most practical problems can be considered 
approximately s.p. the flux skin depth defined in (4.2-20). 

As a further example, consider the parabolic boundary field (5.4-10), 

H,(O,t) = Ho�tlto ' (6.2-95) 

applied on a plane. infinitely thick conductor. For very high magnetic fields in the 
nonlinear domain [ Ho >  he. where he is the characteristic field (5.4- 1 1  )], we find from 

(5.4-12,16) the constant force density 

/x(x,t) = �! ' So = ��o , 

whereas the surface temperature (5.4-17) continues to increase 

JJl" t T(O,t) = __ 0 - . 
2cv 10 

(6,2-96) 

(6.2-97) 

At a certain lime the surface layer will boil off violently (see in connection with figure 6.3-
5). At low fields ( HO < he)' the surface force density obtained from (5.4-25) is also finite, 

but will increase with time: 

/x(O,t) = }JJI6 {i II . 
2so f4 V to (6.2-98) 

6.3 MAGNETIC PROPULSION EFFECTS IN 
CONDUCTING SHEETS 

In the previous section some overall effects related to the forces exerted by a magnetic 

field on rigid conductors were presented. This subject will be taken up again and extended 
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in the next chapter to magnetomechanical stresses. In this section, some simple acceleration 
processes rcsuhing from magnetic forces and (he related physical effects, such as healing. 
vaporization, and shock waves, are analyzed. The shock waves start to be relevant at fields 
of 100 lesla and above. 

Plane sheet propulsion 

Equation of motion 

The propulsion of a (superconducting) sheet, with thickness d and specific mass P. to 
which a parallel magnetic field pulse H(t) is applied on one side (figure 6.3- 1) ,  is described 
by the equation of motion 

(6. 3 - 1 )  

where the right-hand side is the pressure term (6.2-93) exerted on the surface. 
Let us first consider a constant magnetic field H=Ho (consl.). lntegration of (6.3- 1 )  

gives 

x = vi � 
4d 

//(1) r 
/ 

j �  , , 

, 

Figure 6.3-] Plane sheet. 

(6.3-2) 
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where we have introduced Alfven 's velocity 

or, in practical egs units, 

(6.3-3) 

(6.3.3)* 

This is the velocity at which the kinetic energy density of the fluid (or metal) is equal to 
the magnetic energy density. From (6.3-2) we deduce that the time required to propel the 
sheet through a quarter of its thickness is 

We generalize this result by saying that the time during which a magnetic coil system (with 
conductors of thickness d that are free to e1tpand) roughly maintains its shape is of the order 

We now consider a sinusoidal boundary field. 

and find from (6.3-1) 

where 

H(I) = H05in( 2;) 

�
=
(21)2 _ _ I_sin2 21C , 

Xo T n2 T 

Xo = vi (..I. T)
2 

8d 2 

(6.3-4) 

(6.3-5) 

(6 3-6) 

(6.3-7) 

is the displacement al the end of the first half-cycle (figure 6.3-2), This formula describes 
with sufficient precision the displacements of sheets in a capacitor bank circuit (which are 
free to expand), as long as the discharge current remains approximately sinusoidal. At the 
beginning of the discharge, that is, for a linear time dependence 

this displacement is given by 

2n H =  HO-I 
T 

� = .!.(21 )4 . 
Xo 2 T 

(6.3-8) 

(6.3-9) 
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o 0.4 0 .• 1 .2 t 1.6 2.0 
T/4 

Figure 6.3·2 Sheet acceleration (xl xo) by a sinusoidal field (H I Ho). 

Thermal velocity limitation for thin conductors 

Now consider a sheet with finite electric conductivity during the acceleration process: 
The driving magnetic field will gradually diffuse into the sheet and consequently increase it .. 
temperature, which may eventually reach the vaporization point. This effect then limits the 
maximum velocities that can be attained by compact sheets. 

For a thin sheet (thickness d small compared with the flux skin depth), the maximum 
velocity is easily found. We rewrite (6.3- 1) with the help of the constant current density 

jd = i = -H (6.3-IO) 

and integrate once. Then the velocity of the sheet v yields 

!'.. = .1!.. } (6.3- 1 1 )  
d 2p 

where 

] = J� /dt (6.3-12) 

is the current integral defined in section 5.3. As we know from (5.3-13), this function 
depends. only on the initial and final states (temperatures) of the conductor. If in (6.3- 1 1 )  
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Table 6.3-1 Maximum velocity for thin sheets 

Metal p Jib "Ibld 
103 kgJm3 1011 A2s m4 \()6 !I'I 

AI 2.7 0.59 13.7 

C, 8.9 1.24 8.8 

Ag 10.5 I 6.0 

Pb 1 1 .3 0.6 3.5 

Fc 7.8 0.7 2.0 

we introduce the value 'I b .  corresponding to the boiling point of the metal. table 5.3-1, we 
find the maximum velocity V] b that can be attained by a compact liner. independently of the 
magnetic pulse [ann. The best metal in this respect is aluminum. as can be seen from table 
6.3-1. From the table we also deduce that the kinetic energy density corresponding to the 
maximum velocity attained, for example, by a O.l-cm-thick copper sheet is 340 kJlcm-3. 

Shock waves 

The phenomena discussed in the following relate to very high and ultrahigh magnetic 
fields, typically higher than 100 tesla. When a transient magnetic field is applied on !.he 
surface of a compressible (thick) conductor. the penetration of the corresponding 
hydrodynamic pressure pulse into the material takes place at a finite velocity. When the 
magnetic field is of the order of hundreds of tesla and its rise time lies in the microsecond 
range. the pressure pulse may eventually pile up in front and fonn one or more shock 
waves. We also have to consider the magnetic diffusion process, which is coupled (0 the 
pressure distribution in the conductor. This rather complex dynamic problem is treated by a 
convenient set of hydrodynamic equations together with Maxwell's equations. 

For an easy understanding of the most significant physical effects, we approach this 
problem here in three steps. We suppose initially that the compressible conductor is a 
perfectly conducting fluid (a ;: 00). The first step .is illustrated in figure 6.3-3a: A constant 
magnetic pressure 

1 ",,2 PH = - ,.., 
2 

(6.3-13) 

is applied on the plane conductor surface, and we look for the velocity u at which the 
surface is compressed into the fluid. This problem is analogous to the classical shock-wave 
problem mentioned in section 8.3, where a piston is driven with constant velocity u into the 
compressible fluid, only that there the flow velocity u is given and one looks for the 
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, 
, 
, 
, 

P ' shock 

a) b) 

pressure 
pulse 

Figure 6.3-3 Pressure dislribution in an ideal conductor generated by (3) a 
constant magnetic pressure and (b) a time-dependent pressure pulse. 

pressure p (or the shock velocity vs). Provided that p and u remain the same in the whole 

shocked region (i.e., between the free boundary and the shock front). the solution for both 
cases is given by the Hugonial relation (8.3-85), 

(6.3-14) 

together with the empirical velocity law (8.3-93) 

Vs = Co + Su (6.3- 15)  

where S is  a material constant, Co is the sound velocity. and Po is  the mass density of the 

nonshocked fluid. In our problem, the velocity of the surface is u and is thus determined by 

the equation 

1 2 u(co + Su)Po = -JlH 
2 

(6.3-16) 

(u and Vs are measured with respect to the nonshocked fluid). For relatively weak. shocks 

(Su«cO).we have u oc H2 ; in the other extreme, instead, u oc H. Between a magnetic range 

of about ,u H = B = ISO - IOOO T, a ±8% approximation for a copper conductor is 

u � 1.45 x 1O�
5 

B
312  

[cmll.ts. T]. 
When the pressure PH (i.e., the magnetic field H) increases with time. the pressure 

distribution in the fluid, as well as the flow velocity, become time- and space-dependent 

(figure 6.3-3b). Actually, under particular circumstances, the pressure in the fluid may pile 

up and form one or more shocks [as the curve (5) in the figure]. This dynamic problem can 
be solved only by numerical computation methods and depends on the PH = PH (I) curve. 

Nevertheless, various numerical results show thac (6.3-16) provides a useful, though 
rough, approximation for the surface velocity u, particularly when the pressure pulse 

PH (t), after a rapid rise, levels off at a near-constant value. 

If the fluid has finite electric conductivity, the pressure problem becomes more 

complex than before, since we have to take into account the diffused magnetic field H(x,I). 
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In an incompressible conductor we found in (6.2-92) that the hydrodynamic pressure is 

P = ±1'[H2(O, , )- H2(x,tl] . (6.3- 17) 

For a real. compressible conductor (figure 6.3-4) the pressure does nOl substantially deviate 

from this distribution but extends, of course. only to a finite depth. The exact calculation of 
the field and pressure distribution in such a case can be done only numerically and requires 

a complete MHD code. We shall discuss the formulation of this general problem in chapter 
8 .  

It is now reasonable to apply the previous results (see figure 6.3-3b) to the plane at 
the depth xp-that is, where (most of) the pressure appears (figure 6.3-4), Consequently. 

this plane act� as a piston moving at the velocity u given by (6.3-16), and it drives a 

pressure peak (eventually a shock) into the fluid. It should be noted that for non linear field 
diffusion (H> he) characterized by a relatively flat-topped diffused field. xp is about equal 

to Ihe flux skin depth, xp = s� [ he is Ihe characterislic field (5.4-1 1)]. 
What happens to the layers between the surface and the plane at xp is less clear, at 

least on the basis of our qualitative picture. They also move into the fluid, but the velocity is 
dependent on their position. In addition, this part of the conductor is heated up by the 
diffusion process and the surface may start boiling off. Fortunately. in most practical cases 
the thickness of the surface layer is much smaller than the penetration depth of the pressure 
pulse (sIP « xs) '  As an example, let us consider again the parabolic surface field (6.2-95) 
for which al high field, ( Ho >  he) from (5.4-14,22) we oblain 

(6.3- 18)  

whereas u and Vs are approximately given by (6.3- 15, 16). For a copper conductor (tables 

8.3-11 and Vlll) wilh 10 = I ft' and at l'oHo = 500 T (and I'olle = 43 T )  we find 

o x 

Figure 6.3-4 Pressure distribution in a fluid with finite conduclivily. 
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d,. 
dT = O.OO53cmills. u = O. 17cmills. v, = O.65cmi lls (6.3-19) 

We see that d s� Idr « v.1" a result that validates our picture of the driving "magnetic piston" 
at high magnetk fields ( H  > he)' Consequently, the inner layers of the conductor are 
compressed well before the diffusion wave and its related effects get in, 

Ablation effect 

We have just seen that when an uhrahigh field pulse is applied to conductors, a 
pressure wave is driven into it. followed by a diffused field. Here, we consider a third 
effect-the vaporization wave6.1K. In fact. the temperature of the surface facing the magnetic 
field may finally surpass the boiling point of the metal and start boiling off. As soon as the 
overheated meal expands, its electric conductivity sharply decreases and this pan of the 
conductor remains decoupled from the magnetic field. Subsequently, an electric discharge 
may fonn through the vapor, but we will ignore this effect here. 

The vaporization wave has two consequences on the propulsion of the conductor: it 
gradually reduces the mass that must be accelerated; the expansion of the overheated metal 
on the rear surface adds a thrust that contributes to the acceleration processl.lo. 

If m(t) stands for the incompressible mass per unit surface accelerated to a velocity v, 
and w is the expansion velocity on [he rear surface, the equation of motion is 

, , 
' : , . , , 
,', H(x.1) 
.. , � , ' d , 

" x �l " ',I '� 
" ' 
':, 1 

� t w �L .'1 . 
�I " !hi . r" 

1 • d .1 

Figure 6.3-5 Thick sheet boiling off. 
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d(mv} 
+(w_ v}

dm 
=
�p.if2 

dt dt 2 

which, after differentiation and separation. becomes 

[ dm J 2]dt 
dv= -w-+-p.if -

dt 2 m 

(6.3-20) 

(6.3-2 1 )  

If the vaporization wave creeps into the sheet at a constant velocity vv. the accelerated mass 

is reduced according to 

m(t} = p(d- vvt) . (6.3-22) 

Then for lite special case H = Ho(eonsl.), by integrating (6.3-21),  the mass velocity 

becomes 

v = (w+ vi )In me , 
2vv m(t} 

(6.3-23) 

where mo = pd is the initial mass and vA is Alfven's velocity (6.3-3). We assume that the 

metal in front of the vaporization wave is heated by magnetic field diffusion to a constant 
temperature, 

� 
"' 200 
e 
8 !:). 

> • 

100 

o 12000 

T(K) 
Figure 6.3-6 Theoretical estimate of vaporization wave velocity 1.10, 

(6.3-24) 
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(table 5.4-1). This temperature then determines the constant speed "v (figure 6.3-6) and the 

expansion velocity w. In fact, if we take w as being equal to the mean thermal velocity. 

we obtain 

I P 3 -.? - � -kT 
2 n 2 

(6.3-25) 

where k = 1 .38 x 10-23 K- I is Boltzmann's constant, n is the number of metal atoms per 

m3, and vA is Alfven's velocity (6.3-3). For aluminum we calculate w ""  1.2vA and, at 500 

tesla. \lA = 0.86 cm'Jls- I ,  It is therefore evident that with pulsed magnetic field the 

ablation thrust is generally a negligible effect. 

Velocity limitation for thick conductors 

The acceleration process of a thick sheet by ultrahigh magnetic fields follows (6.3-23) 
up to the time If at which the front of the magnetic diffusion wave reaches the opposite 

surface. Provided that the field penetration is much larger than the ablation thickness (i.e.,  
Vvlf Id « I), at such a lime we can approximately write 

(6.3-26) 

where Vv is the constant velocity of the vaporization wave and s, is the flux skin depth, 
which for a constant field Ho amounts to (table 5.4-I) 

(6.3-27) 

here, he is the characteristic field (5.4- 1 1 )  and K{) is the diffusivity of the conductor. From 
time If on, the effects on the remaining mass of thickness s, depend on various parameters, 
mainly the temperature T. (n fact, if T is below the vaporization temperature T1b, the 

velocity of the sheet increases approximately by an amount given by me thin-sheet formula 
(6.3-1 1 )  wilh Ihe cUlTenl integral (6.3-12) laken between T and Tlb. If, instead, T »  TI b. 
a vaporization wave will also start from the front plane, and the conductor simply explodes. 

To get an idea of the maximum attainable velocities, we assume (as above) the field 
penetration 10 be much larger than the ablation thickness, and from (6.3-26) we obtain 

d2 
If = 2 O.64l<o( Ho/"") 

(6.3-28) 
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This assumption seems reasonable at least for magnetic fields smaller than 200 tesIa and 

larger than 500 testa, since at low temperatures we have vy "" 0 and at very high 

temperatures the vaporization velocity tends to become constant (figure 6.3-6). In this case, 
also (6.3-23) can be simplified: 

(6.3-29) 

To obtain the maximum velocity of the thick sheet accelerated by a constant field Ho. 
we introduce in this expression the time If and obtain approximately 

v hZ - = 0.81'
d pKo 

(6.3-30) 

Note that the maximum velocity in first-order approximation [vv«(Ho/hc)2 1<o/d] is 

independent of the magnetic field and formally very similar to that of the thin sheet. For 

aluminum it amounts to v '"  9.6 x 1 06 d (m,s·I )-that is, less than the thin-sheet 

velocity v = 1 3 .7 x 1 06 d (m·s· I ) .  

Implosion of a cylindrical sheet 

The implosion of a cylindrical sheel driven by an outer magnetic field is an 
arrangement of practical importance that is used in different experiments mainly as an 
energy concentrator. Ultimately, the magnetically driven implosions.53 (and even more so, 
the explosive-driven implosion discussed in section 8.2) is a powerful scheme for bringing 
an internally trapped and heated material (plasma) to extremely high densities and 
temperatureLlO, as studied in very high energy density physics6.3 and as required in inertial 
confinement fusions ...... 

Compared 10 plane sheet propulsion. the cylindrical implosion is characterized by; ( I )  
afixed lime scale depending on the time required by the conductor to implode on ils axis: 
(2) a minimum pressure. which is necessary to overcome the structural strength of the 
cylindrical shell; (3) the energy dissipation due to deformation of the imploding metal; (4) 
the confluence of the conductor, which towards the end of the implosion dictates the 
dynamics of the leading front. Most of the effects reported for the plane sheet also apply 
here, at least for the first half of the implosion; later, the typical implosion effects in point 
(4) dominate. 

Here we are interested in thin conduclors (d « ro) and relatively large fields [of the 
order of the yield field defined by (7.2-46)], so we can neglect the effects in points (3) and 
(4). In section 8.2 we shall consider the implosion dynamics in more detail. 
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General equations 

We consider a cylindrical sheet coupled to a capacitor bank in one of the (WO 
geometries shown in figures 6.3-7. 8. If we neglect cohesion forces, in both cases the 
shell implodes according to the equation of motion 

d2r 1 2 
-m 

d,2 = 2J1H 2", (6.3-3 1 )  

where m ::: 21Crodop i s  the mass of the incompressible shell per unit length. In one case 
(figure 6.3-7), the relation between magnetic field and total current I is 

1 I 
H = -- ; (6.3-32) 

21 P  

whereas, for the iP-implosion (figure 6.3-8) of a relatively long coil (h » r), it is 

(6.3-33) 

The equation of motion is coupled through (6.3-32,33) to the general circuit equation 
(scc in connection with figures 4.5-1 and 8.2- 1)  

- . 

: h 
, , , , , 
I _ _ _ _ _ _  _ 
" , 

r' 
.... ----....... 'i , , , , ..... _ - - _  .... 

Figure 6,3-7 z·implosion geometry. 
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, t  

h 

Figure 6.3·8 4\-implosion geometry. 

(6.3-34) 

where in general both the inductance L and the resistance R contain a time-dependent 
component related to the implosion dynamics. This problem can be solved only by 
numeric methods. even when the resistance is negligible, that is R«1L/C (although 
analytic approximations can be found�·21 in special cases). 

Constant current driver 

To gel a rough idea of the implosion dynamics in the two arrangements, we shall deal 
with [he idealized case in which the current in the circuit remains constant (/ = le); that is, 
we neglect the circuit equation (6.3-34) in order to obtain for the z-implosion (6.3-3 1 , 32) 

d2r Jl i; 
r 

dt2 = - 41t -;; (6.3-35) 

which, for the initial conditions t ::;; 0. r ::; '0. Vo :;;; O. and noting that dv/dt = v(dv/dr). 
can be integrated easily: 
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2 /l P  IiJ v = -.:£..In-
8Jr m , (6.3-36) 

The final speed is obtained when the shell has collapsed completely. at which point for the 
(outer) radius rf we get 

The final velocity 

( )" 2 
/l I '0 Vf � J I, -In-

16" m 2do 

(6.3-37) 

(6.3-38) 

following from (6.3-36) by the substitution r -; rr, is to be compared to the maximum 
value (6.3- 1 1) 

Vm JJ - - -�b ��m 
do 2p 

which in this form also approximately holds in cylindrical geometry. From the comparison 
it is possible to optimize [he circuit parameters and the foil dimensions. 

For the �jmplosion under the same conditions. we use (6.3-3 1 .  33) to obtain 

the solution is 

d2, 2 . trl' 1 -2 + A  r = O  • wnh A =  _ ..f.. ; 
dl 111 h 

r = 'OcosAt . 

Iv! = 'oA sin AI . 

(6.3-40) 

(6.3-4 1 ) 

The final velocity, vf � 'lJA. is clearly smaller than in the previous case (6.3-38), as to be 

expected. 
The expressions of both cases are approximately valid also for oscillating currents 

when at least one current reversal occurs and provided that we replace f1 with its mean 
value. For example, with a current of the form I = Imsinaw for Ir > 2rr/w (Le., lIJ >  4A ), 
we obtain the new value 

A = t:  ::/2 . (6.3-42) 

A typical experimental set of parameters for each of the two implosion types is shown in 
table 6.3-11 (in both cases, the imploding shell is used to compress an initially trapped 
magnetic flux so as to obtain high magnetic fields: see section 8.2). 



356 CHAPTER 6 MAGNETIC FORCES AND THEIR EFFECTS 

Table 6.3-11 Capacltor-bank.driven Imploslonl 1u (ror magnetic nux compression) 

Source and results 
Energy source 

bank energy WeB 
bank voltage Vo 
maximum bank currenl Im 
characteristic discharg;e lime ( ." ) 
Initial conditions 

shell material 
shell radius RI  
shell thickness do 
shell lenglh 10 
initial field JJlIn 
Results 

maximum implosion velocity (around rm) 
corresponding radius r m 

tolal implosion time Ir 
maximum measured field JJH 

6.4 ACCELERATION 
OF PARTICLES 

Dimensions 

kJ 
kV 

MA 

�, 

cm 
cm 
cm 
T 

cmllls 
cm 
�, 
T 

AND 

0-imolo!>ion l-implosion 

136 570 
20 4.8 

0.64 4.9 

25 40 

AI Cu 
3.95 3 
0.08 0.2 
2 IS 

2.5 3.5 

0.17 0. 1 3  
0.3 0.33 

33 63 
1 10 280 

TRAJECTORIES 

The subject of this section refers to a broad range of problems of interest in many 
applied physics areas. Some basic physical and technical effecls that determine the 
acceleration of elementary particles (electrons, protons. heavy ions, etc.) up to relativistic 
velocities are dealt wilh. Also described is the acceler.lion of lumped masses [Le., pellets in 
Ihe subgram ranges having velocities typically larger than I cmllJS (equivalent to 10 km/s)]. 
which is an interesting process for energy concentration and for some applications in high
energy densily physics" (figure 6.4- 1) ,  Fasl pellets (up 10 aboul 5 cm/I's) have been used 
for crater-formation studies, simulating collision between micrometeorites and spacecrafts. 
Sizeable particles impinging at velocities of 50 cmlJ.1s and more on a solid deuterium-tritium 
mixture could start an autocatalytic fusion reaction that might have interesting possibilities 
for peaceful applications of nuclear energy6.J. 6 . • 4. 

We shall simplify the discussion on the motion of particles or pellets by proceeding in 
three successive steps. We first consider the acceleration aspect only-that is, evaluate the 
attainable velocities in straight acceleration paths. Next. we introduce some physical effects 
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Velocity Object (typical weight) 
,-""". l<>I.!"" '" tu m.J,1 

100 
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0. 1  
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_ nocl"'" fus;"" ignition hy ImpllCl 

r 1.2 IWO - sl��e light �;j.� CUll ::!.r. J.J2 F ... rth esc�pc orb'l ( 10 l) I "'-nh ellipliul nrt>iT� =v-- 0.79 ElIrth circuli' <>rbit llO II \.- delO!IlIlion .. eL of high npIOSl\'U 

- 0.12 �nlim" .... rr gun i2 kll) 
_ "fie hull� 420 r;l 

- O.O)U .".,nd in nomul lir 

Figure 6.4·1 Significant high velocities_ 
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that can limit the maximum (pellet) velocities. Finally, we discuss the trajectories of the 
panicles involved. 

Equation of motion 

The equation of motion for a particle, 

d(mv) 
dr � F .  

(6.4- 1 ) 

is the basis of the following discussion. In the relativistic limit, f3 = (v/c) ----) 1 ,  the mass 

increases as 

m=}t1lo (6.4-2) 

and mo is the rest mass. (In the foHowing we deal mainly with nonrelativistic problems, 
with m = mo.) By simple manipulation and integration of (6.4-1) we obtain the momentum 
equation 
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mv = fFdt 

and, by noting that v . d(mv) = v'dm + mdv'12, the energy equation 

(m - mole' = f F . dl (= mov'12, when v " c). 

(6.4-3) 

(6.4-4) 

When a constant force F acts during a time I along a straight path with length /, these 
equations reduce to 

mv = IF • ..!..mv2 = IF 
2 

(6.4-5) 

The outcome of the general equations is a large variety of trajectories and acceleration 
processes, according to the type of force that acts on the particle. In addition to driving 
forces, we also have retaining forces, such as the Stokes' drag force for a spherical panicle 

with radius a moving in il fluid with viscosity 1} 1.12, 

F = -6"'1av , (6.4-6) 

or the radiation damping force (for nonrelativistic velocities, v « c) I.,", 

(6.4-7) 

Here, we are mainly interested in the motion in electromagnetic fields of particles 
having an electric charge q. With the Lorentz force (6.1- 1), the equation of motion is 

d(mv) --'-,:-'- = q(E + v x B) , 
dt 

and from (6.4-4) it follows that the total energy of motion 

W= (m - mole' + qU= const. (= mov'12 + qU, when v (<c) 

is conserved, where U is the electric potential, E= -VU.  that is. 

U = -fE . dl 

(see section 2.2). 

(6.4-8) 

(6.4-9) 

(6.4- 10) 

It is often convenient to introduce the magnetic vector potential A. defined in (2.2-2) 
as B = V x A ;  and with the Lorentz force in the fonn (6. 1 -2), the equation of motion is 

d 
-(mv + qA) = -qV(U - v · A) , 
dt 

(6.4- 1 1 ) 

where A and U can be dependent on lime. To be exact. these equations should be 
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completed by the radiative force (6.4-7), but this is nearly always small and can fortunately 

be neglected. Note that in the so-called conjugate momentum 

p = mv + qA (6.4- 12) 

appearing on the left-hand side of (6.4-1 1) .  (he tenn qA represent'\ a stored magnetic field 
momentum available [0 the panicle and, like the kinetic momentum m v.  can be changed 
whenever the particle experiences gradients in the interaction energy q(U - v ·  A). We see 

that the magnetic field can change the momentum but not the energy (6.4-9) of the charged 
particle. 

Pellet acceleration methods 

A large variety of processes for accelerating pellets ex.ists or has been proposed6.14• 
The most common acceleration device for a pellet or projectile is a gun, where a 
compressed and healed gas drives the projectile down a barrel of length I. If the pressure 
were to exert a constant force Fp on the projectile, the velocity v attained at the muzzle 

would be given directly by (6.4-5). However, as the projectile travels down the barrel, the 
pressure of the driving gas diminishes, and this realistic consideration will introduce a 
velocity limit. The maximum pellet velocity will remain smaller than the velocity of 
expansion of the gas inlO vacuum, which is roughly equal to the sound velocity Co or, more 

precisely, to 

(6.4- 13) 

where To is the initial temperature in kelvin of the driving gas, r its adiabatic factor, A it'i 

mean atomic weight, and m H  = 1 .67 x 10.27 k.g the mass of the hydrogen atom. In 
practice, the projectile velocities are much smaller than veKp and depend on various other 

pantrneters, such as the length of the gun and the mass ratio of the driving gas over pellet. 

High-performance guns use helium or hydrogen as driving gas and have this heated in 

special ways (by electric discharges, or a preliminary driver gas in a two-stage gun, etc.). 

Velocities of up to 1.2 cm/jlS with a I-g pellet have been thus obtained. 

Before discussing the performance and limitations of magnetic propulsion, we should 
mention as a useful reference the electrostatic acceleration method, which is effective on 

electrically charged panicles. Here the driving force in an electric field E is F = qE, where 
there is a physical limit on the electric charge q that can be placed on a pellet. Introducing 
the surface electric field established by q on a spherical pellet with radius a in free space, 

(6.4- 14) 
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we note that for a negatively charged pellet it is limited by field emission to Eo :5 109 VIm, 

whereas for a positively charged pellet it is limited by the tensile strength G't of the material 

to a value of about 
2 EnEO - (J - t 

2 

that is, typically E6 :5: 1010 Vim (for 0'1 == 500 N/m2, see conunenlS further on). From 

(6.4-4) with m = 4n:a3 pl3 we get the (ideal) velocity attained over the acceleration length /: 

v2 = ( 6£0£0£ . 
ap 

(6.4- 15) 

For example, a pellet with a ;;::: 10-3 rn, p = 3000 kg/m3 and charged to a maximum field 

of £0 = 1010 Vim, is accelerated by a lE = 10 MV potential to a velocity of 1300 mls; 

for E = 1 MV/m (which is about 115 of the practical, technical electric field limit in linear 
accelerators) we have I = 10 m. 

However, the effectiveness of acceleration by electric fields is generally inferior to that 
by magnetic fields (considered later). This is because magnetic fields produced in practical 
arrangements give rise to larger stored energy densities and driving forces when compared 
to those produced by practical eleclrostatic fields. In fact, comparing the electric and 

magnetic energy densities (5.1-7, 8), 82/211 = ££2/2 , gives E =cB, where c = (£J1,)-1/2  
is the velocity of light (3.2-22). On this basis, an electric field of E = 3 x 1 0 '0 Vim, 
which is well beyond the technical limit given above and even beyond the physical limil'i 
mentioned in connection with (6.4-14), corresponds to a technically easy-lo-produce 
induction of B = 10 T. From (6.4-15) we can see that eleclrOstalic acceleration is most 
suitable for small pellets, also because it is relatively easy to handle and charge them with 
this method. 

The strong accelenttions considered here cause a large inertial pressure on the pellet, 
which may eventually overcome the strength limit op of its material, thus leading to ils 

disintegration. This strength problem must be analyzed for each specific arrangement, but 
in a rough approximation. for the maximum tolerable force on a spherical pellet, we may 

take the expression F = lra2Gp and set op == a u '  where Gu is the ultimate tensile strength 

of the material. Values of "'u in MPa are typically (see also tables 7. I-I and 11): 0.5 for 

frozen hydrogen, 600 for duraluminum, 1200 for cold-rolled stainless steel. and 10'000 
for whiskers single crystals. By inserting this force into (6.4-3,4), we obtain the 
corresponding, possible maximum velocities for a spherical pellet: 

V � 1 3C1U • 
4ap 

(6.4-16) 

In addition. the application of the accelerating force must be sufficiently smooth to 
avoid generating shock waves that could easily destroy the pellet (shock reflections, 
spallation; see section 8.3). This means that the risetime of the force must be large 
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compared to the sound transit time in the pellet a1vs' 
Finally. if the material of a pellct (0 be used for certain applications does not possess 

the requisites of the acceleration process (material strength, electric conductivity, or 
permanent magnetization), one could consider composite pellets where one or more active 
components are introduced in addition to the useful payload. For example. the deuterium 
ice pellet in inertial thermonuclear fusion applications could be reinforced by a steel jacket 
and be placed on top of a superconducting loop, which is more suitable for powerful 
acceleration (as we shall see later). 

Magnetic acceleration 

Acceleration by magnetic fields represents a powerful method for driving massive 
pellets to velocities well in excess of I cml�s. This type of acceleration can be used for 
launching systems that in themselves allow further concentralion of energy (e.g.. by 
convergent shocks or hydrodynamic flows. as reported above). 

To get an idea of the (lower limit) velocities obtained by magnetic acceleration, 
consider the simple system shown in figure 6.4·2, in which a cylindrical. perfectly 
conducting projectile of radius a is expelled by a magnetic field contained within an ideal 
hollow conductor. If end effects are neglected. the energy balance before and after the 
projectile is expelled from the magnetic·fiux·conserving solenoid of radius 1I1 gives 

Therefore. for the velocity we find 

(6.4· 17) 

If a l a] « I (i.e., for a constant field HI z HO). the final velocity is independent of the 
particle size and equal to Alfven's velocity vA (6.3·3). For example, a compact aluminum 

pellet expelled from a IOO·T magnetic field will acquire a maximum velocity of 
, v :: vA = I . 7 x lO· mls. 

On the basis of the various magnetic forces discussed in the previous sections. we can 
distinguish between two main magnetic accelenltion methods: 

(a) Dipole acceleration. where a magnetic field gradient accelerates a pellet having a 
magnetic moment due either to a source·free current distribution (\7.  j = 0) or 10 
permanent or induced magnetization. 

(b) Exremal currelll source acceleration. where a magnetic field accelerates a pellet in which 
a current is driven by an external source through gliding contacts (typically, a rail gun 
launcher. see figure 6.4·6). 
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a) 

b) 

HO 

Figure 6.4·2 Expulsion of a projectile from a trapped magnetic flux 
configuration. 

Magnetic dipole acceleration 

The first acceleration method is driven by [he force (6.2- 15), 

which, according to definition (A.3-22), has the axial component 

There is also the torque (6.1-37), 

T = p x 8  
which tends to align the moment p along B. 

More precisely, the equation for the angular momentum L, 

dL = T  
dt • 

(6.4- 1 8) 

(6.4-19) 

(6.4-20) 

(6.4-21 ) 

describes the rotational motion, which in general may be coupled to the translational 
equations (6.4-1 . 1 1). How the alignment is achieved depends on the nature of p and on 
possible additional torque terms in (6.4-21) .  

An important well-known example is obtained when the magnetic moment is  
proportional to the angular momentum, 
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p = )L , 

363 

(6.4-22) 

which occurs, for example, for orbiting electrons or for the spin of electrons and nuclear 
particles [(see in (8.3-25.27)]. According (0 (6.4-20,21), for the torque we get 

where 

dL T = )L x B =  "'I x L = -- dt 

"'L = -'" , with r = ..!L  ,� 
2m . 

(6.4-23.) 

(6.4-23b) 

is defined as the LAnnor frequency for orbiting panicles with charge q and mass m. (For an 
electron with negative charge e, substitute q -+ -e and m -4 me') Multiplication by L 
gives 

0 = L .
(dL)

= .!. dL
2 

. dt 2 dt 
(6.4-24) 

These relations show that the angular momentum vector L precesses about the field vector 
at the Lannor frequency wt.. whereby ILl remains conserved. In fact. according to (6.4-
23,24), the change of angular momentum dLldl is perpendicular to B and L (figure 6.4-3), 

' t  
'::;;;"-- I --� 

B 

Figure 6.4-3 Precession with angular velocity wL of a magnetic moment p 
possessing an angular momentum L = ply about a magnetic field B (a negative y 
changes directions of p and WL )' 
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which means that the torque can succeed in changing the vector p = yL only by a circular 

precession about B with angular velocity £Oa; thus, with da = dLI L sinf3 (6.4-23), we get 

da 1 dL -qB wa = - = --- = wl = --
dl Lsin{3 dl . 2m 

(6.4-25) 

This is an example where no alignment would occur; however. with a frictional tenn in 
(6.4-2 1 )  a final alignment is generally obtained. 

With this effect in mind, we simplify the discussion on pellet acceleration by 
considering only straight trajectories (other trajectories in axisymmetric fields will be deal! 
with later). We assume that the rigid pellet sits on the z-axis of an axisyrnmetric magnetic 
field configuration (figure 6.4-4) and that it has a purely axial magnetic moment p ;;;; pzez'; 
thus the only force component acting on the pellet with (6.4-19) is 

Here, we have fonnally set 

Il, 

dB, 
= +k I!J. 

dz tI d 

" 

�P·��t---�Oo---�r_·FF'-·-·-·� 

(6.4-26) 

h) 11 

_ .. ---7--+-----II.�L. 
p. F. : 

Figure 6.4·4 Spherical pellet (11), I1nd toroidal multi turn coil (b), with 
magnetic moment Pt accelerated by a magnetic gradient aB/h . . 
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where kd is a quality factor describing the gradient of the accelerating induction Bz. over the 

characteristic dimension d of the pellet (e.g., the diameter d;:2a of a spherical pellet). and. 
c.g., the (-) sign applies if the Bz-configuration is "open" towards the positive z-axis, as we 
generally consider so in the fOllowing examples. A value of kd;:: I is about the best attainable 

in practice, but it would generally be smaller. 
For example, at the muzzle of a long solenoid of radius a I and total length 2b (figures 

2.3-6 and 6.4-2) it is 

(6.4-27) 

In fact. from the approximation of a thin solenoid (2.3-19) we calculate 

and obtain 

(6.4-28) 

where the centcr field Hoo is given in (2.3-17), and for a long coil at the muzzle It IS 
Hz :: Hoc 1 2 .  An accelerator that makes use or the dipole rorce (6.4·26) would include a 

magnetic field source providing the required dBddz and following the pellet during its 
acceleration; technical arrangements having this propeny have been proposed 6.1). 

In the following two examples we calculate the attainable velocities of pellets with 
magnetic moments of different origin. 

Diamagnetic sphere 

We first consider a perfectly diamagnetic, spherical pellet (figures 6.4Aa and 6.4-5a), 
ror which the magnetic moment in an approximately uniform field Ho (2. 1 -3 1 )  and its 

related axial force component (6.4-26) are given as 

(6.4-29) 

We obtain the energy equation from (6.4-5): 

(6.4-30) 
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. _ . _ . _  . .... p 
, 

-=C/� __ : 
Figure 6.4-5 Reduction of magnetic moment Pz of a conducting sphere in a 

uniform magnetic field Ho due to field penetration. 

b) 

--!IO 

where Ibe qualily faclor kd is defined in (6.4-26) and VA is Alfven', velocity (6.3-3). 
Taking, for example, kd = I, JiHz = 5 T, a = 1 0-' m, p (aluminum) =2.77 x 10' kg/m' 

(i.e., vA = 85 mls), we obtain v = 1 5  x t()4 mls in an accelerator at least 1000 m long. 

The velocity could be higher if the sphere were partially hollow, thereby reducing the 
mean density p. On the other hand. magnetic diffusion can severely limit the maximum 
velocity because, while the magnetic field is diffusing into the metallic projectile (figure 
6.4-5), ilS dipole momenl and Ihe force (6.4-29) are gradually reduced. Combining lhe 
linear and nonlinear contributions to the flux skin depth (tables 5.2-11 and 5.4-1), we obtain 
the approximate expression 

(6.4-3 1) 

where he is the characteristic field (5.4- 1 1 )  and "{) the magnetic diffusivity (5.2-13) of the 

conductor. The time-dependent magnetic moment and force are now obtained from (6.4-29) 
with the substitution a�(a - s�. and from the momentum equation (6.4-3) we obtain 

4 , kdJ1lii 0 ( ) -1fO pv = 4" 2 J a- s� s� ds� , 
3 A a 

where A is defined in (6.4-31). we have left the accelerated mass constant (on the left-hand 

side), and from (6.4-3 1) we have used A2dt = -2st/'dstp. By integration, for the maximum 

velocity reached at St;-Hl, we obtain 

_ kd aJ1l!; v = 2 4 p':o[1 . l(h,jHo) + O.8j 
(6.4-32) 

However. when vaporization occurs on the surface of the pellet during acceleration. its 

mass will reduce in proponion to (a _s�)3 and the maximum velocity will accordingly be 

larger. 
We conclude that as far as diffusion effects are concerned and if superconducting 
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projectiles are excluded. it is convenient to use fields in excess of 100 T for the acceleration 
process. At still higher fields. HO » he ' the maximum velocity is independent of the field 

and we are free to choose the most suitable value. For example, for a copper projectile, 

taking kd = I and a = 0.01 rn, we obtain v == 60 x 103 m/so 

Example: Toroidal coil 

The pellet here i� a toroidal coil with major and minor radii a and b (figure 6.4-4b) and containing N 
windings such that with the filling factor f. <2,3-26), we have 

NI =j1C/}j . 

SUl;h a projectile has a relatively large magnetic moment over mass ratio and is thus very convenient for 

magnetic acceleration. We can approximate the toraid with a mass m = 21ratrb2p and a magnetic moment 

(2.3·6) 

this results in the force (6.4-26), 

(6.4·33) 

and for thc energy equation (6.4-5) we thus ob tain the maximum velocity 

(6.4-34) 

In a supen:onducting coil the IOlerable maximum values ofj, 8, and of the productjB are limited, a.� 

mentiom.:d in section 8.3. For example. for the so-called type 11 Nb3Sn superconductor. the maximum 
applicable values are approximately (see in table 8.3-V and figure 8.3-5) 

With the laller value and taking /= 0. 1 ,  Kd= I . P = 5 x 1 03 kg/m3, a pellet velocity of 104 rnls is 
re.1Ched in an ideal magnetic accelerator ut least 100 m long. Note that for a superconducting pellet, the 
minimum accelerator length or the maximum pellet velocity are independent of its size [a small dependence 

comes only through the quality factor (6.4-27)J. 
Note (hat, (or the accelerating force of rhe loop or Ioroid, instead of (6.4-33) we could have taken the 

expression resulting from (6.1-4) with the radial field component B" 

F = 2Ifl1NIB, 

which implies in comparison with (6.4-27.33) that 2B, = kdBl = a (dB/dz); this is also consistent with 

(2.1·23). 
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Magnetic rail gun 

The second magnetic acceleration method [mentioned in conjunction with (6.4- 18)] is 
illustrated typically by a rail gun launcher6 16." 11 (figure 6.4-6), where the projectile (here 
with rectangular dimensions at b, d) is driven by the inductive force (6.2-3,5), 

I d( u') F = - -'-:----' 
2 dl (6.4-35) 

To estimate the acceleration process, it may be appropriate in many cases to assume the 
current I to remain constant and the inductance of the rail gun tu be given by 

(6.4-36) 

where Lo is the constant source inductance and kL depends on the geometry of the rail gun. 
For example. for (WO thin plates, it is kL = Kab b/a, where Kab is a parameter given in 
figure 6.4-7 as a function of btu and typically amounts la Kab = 0.5 for b = a. 

In this approximation, from (6.4-4) we get 

mv2 1 - = fFd, = -(L- Lo)I' 
2 2 

that is. the kinetic energy of the projectile equals the inductive energy stored by the rails len 
behind. This expression also directly provides the velocity attained over a distance I (with 
constant current I) for the rectangular pellet with mass abdp 

, , 
v' = 1 J1KLI = 1 /lK(!bl 

abdp a'dp 

Figure 6.4-6 Rail gun launcher for " rectangular projectile (a )( b )(  dJ. 

(6.4-37) 
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There is, however, an upper velocity limit due to the eventual melting of the projectile 

as a result of ohmic heating. To estimate this limit, we assume, similarly to (6.3-1 t). the 

rectangular pellet to be thin. From (6.4-3, 35, 36) we obtain 

(6.4-380) 

and with J = jad = const. and m = abdp we find the velocity limit 

� < K (J1.flb ) 
d - ab 2p • (6.4-38b) 

where K(Jb =: kLb/a is found in figure 6.4-7 and Jib is defined in (6.3-12) and given for 

some metals in table 6.3-1. 

The maximum velocity also depends on the dimensions of the projectile and will 

further increase if vaporization causes mass loss during acceleration; the thin-conductor 

approximation may require the projectile 10 be composed of a package of thin sheets. For an 

aluminum projectile with a = b = d = 1 cm and thus Kab =::: 0.5, we obtain the velocity Limil 

of 7 cmlJls. From (6.4-37) we know that this velocity would be reached in a rail gun with, 

for example, a currcnt of I = I MA and a length of at least 20 m. The kinetic cnergy of the 

projectile amounts to 6.6 MJ, the same as the inductive energy left behind in the system, as 

we know from (6.4-36). These figures. however rough and optimized, clearly show the 

effectiveness of a rail gun launcher. 

J , 

L b - = �K b -I a a 

~ 
I .. a .,1 
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0.2 

0 0.1 

20 oH 
cm 16 

- Kab 12 
IA _  

• 

4 

0 10 bla 
Figure 6.4-7 Inductance L and correction factor Kab for parallel thin-plate 

lran�mission line with homogeneous current density l.w. 
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Particle trajectories in electromagnetic fields 

The trajectory of a particle in space, detennined by the forces that act on it. is 
described by the solution of the equation of motion (6.4- 1). In Cartesian coordinates, the 
trajectory can be given by the solution x = x(l). y = y(t), z = z(t) or. eliminating time when 
this infonnation is not required. by a parametric form of the type x ;;; x(z). y = y(z). 

We shall now discuss the motion. in electromagnetic fields, of particles possessing an 

electric charge q and, later, of panicles with a magnetic moment p. Plenty of literature is 
available on the former6 8.6. 19. since it is the basis for understanding electron and ion 
accelerators. mass spectrometers, electronic tubes, electron microscopes, and so on; it is 
also a fundamental subject in the kinetic theory of plasmas6. 1O, 

Cartesian equations 

The nonrelativistic equation of motion (6.4-1)  for a particle with mass m (= mol and 
(positive) electric charge q is 

m' � qE + q(. xB) + F  , (6.4-39a) 

where we have introduced the Lorentz force (6. 1-1)  and any non-electromagnetic force F 
ex.perienced by the particle: for ex.ample. the gravity F = m g .  We note that formally we 
can cancel F in this equation provided that the substitution for the electric field 

E --> E+ Flq (6.4-39b) 

is made at any required step of calculation. With this in mind. in the following formulae the 
general noneiectcomagnetic force F is. for simplicity, not carried on. 

The Cartesian component equations of motion are thus 

my � qEy + q(tBx - xB,) (6.4-40) 

where the dot stands for differentiation with respect to time. We also have the energy 
equation (6.4-9), written here in the form 

I 2 I ( . 2  · 2  .2 ) U '" (6 4 4 1 )  '2m• � '2m x + y  + z  � -q + "0 . -
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from which we inunediately gel 

. 2 -2qV + 2WO 

, = m[I + (:r +(:�n 
(6.4-42) 

where U = VI - Uo is the (nonnalized) electric potential between the initial and running 

points in space ( V U  = -E) and Wo = mv'6/2 is  the initial kinetic energy with which the 

particle enters the field. 
It is now possible 10 eliminate time r in the first two equations (6.4-40) by substituting 

dl = ( . . .  )dz taken from (6.4-42) and so obtain two differential equations in x = x(z) and 

y = y(z), which, with appropriate initial conditions. fully delennine the trajectory of the 

charged particle in the sialic electromagnetic field. Such a general approach may be treated 
numerically, but in practice it can be convenient to find approximation by introducing from 
the beginning any possible simplifying assumption. 

Motion In static, uniform fields 

As a general example. we consider the motion of a charged particle in static. unifonn 
E.B fields; it is convenient to choose the coordinate system shown in figure 6.4-8, because 
then B = (0,0.8, = B), E = (E" O,E,). We could define the trajectories as mentioned in 

connection with (6.4-42). but in the present case it is more convenient to use the (time
dependent) parametric solution of (6.4-40), In this case (i,e" Bx. By. E)' = 0) and for 

stationary fields. from the first two equations we get the differentia1 equation in the variable 
X = X , 

from which follow the solutions for x(l). and then for y(t), whereas z(t) is found directly 
from the third equation, It is convenient to present them in the fonn 

where 

qE v x =--'-+....!Q.. + x 
t ma2 a 0 

qEx vXo 
YI =--I+-+yo ma a 

(6.4-43) 

(6.4·44) 

(6.4-45) 
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---�-_l:!'4""';-<. ... 
Figure 6.4-8 Decomposition of a charged panicle trajectory in a unifonn 
electric and magnetic field: Here the particle starts from point Po. (xo. Yo- lO = 0) 

with velocity "0' 

z, = 
qE

z ,2 + vlot + ZO 
2m 

(6.4-46) 

(6.4-47) 

with !l and '1. defined below in (6.4-49). The panicle starts at time 1 :;: 0 from the poim 
Po = (xQ.YO.lQ) with initial velocity vo = (vxo ,VYo . vzo )'  By imposing x(t = O) = xQ. 

y(t = 0) = YO from (6.4-43) we get the relalion qEx l(mn2) + vyo l  n = 'l.sint/>o. 

vxO In = 'L cosfJo: addition of their squares gives 'L. whereas from their ralio we find the 

angle 1/10. 

(6.4-48) 

The solution shows that the motion of the particle placed at P = (x.y.z) can be seen 
1 

(figure 6.4-8) as composed of a circular motion with velocity v 1. = (xl + yl)2 = h.fJj in a 

plane normal to B. (6.4·47), defined by the cyciOlron frequency, or gyro frequency 

n = 2" = _ q8 • (sometimes just n =�) . 
T m m 

or with the vectorial form (expressing the sense of rotation a.� in figure 6.4·10) 

(6.4-49a) 

(6.4-49b) 



6.4 ACCELERATION AND TRAJECTORIES OF PARTICLES 373 

and the LamlOr raLiius 

---:!:.-- v + v +ll • 1 � 2 ( £ )2 'L - lill - ID! '0 )'0 mil 
(6.4-49c) 

about a guiding eenter C == (xl 'Y" Z , )  that itself moves along a parabola (6.4-45,46) placed 

in the (y,z)-plane. The overall result in space is a helical path around the parabola. We reca11 
that the cyclotron frequency n = v.L 1 'l is found from equating the centrifugal force 

vi m I 'l with the cenlripeta1 magnetic force (6. 1 - 1  b). -qv.l B. Note that the sign in all 
these expressions is determined for a particle with positive electric charge q by the usual 
right-hand-screw convenlion. 

The particle, with mass m and velocity v 1.. moving on the circular orbit projection 

with Larmor radius 'L in a plane parallel to the (x,y)-piane and perpendicular to the given 

(uniform) magnetic field B ,  creates its own mean current I and related magnetic moment 
(2.3-6), p (with direction opposite to B for any charge such that p .  B = -pB ), 

1 _ qil _ q2B -- - ---
2n: 21()1l 

2 2 

p = lC,f,/ = _ 11IV.l = _ q !lf 
2B 21!>n 

(6.4-50.) 

(6.4-50b) 

wherc v 1. is given as a function of the initial parameters in (6.4-49), and wc have also 

introduced the magnetic flux !If = Tr ,f. B enclosed by the orbit. Note that the magnetic 

moment is a constant of motion and that B is the (uniform) field given by outer sources, not 

the (negative. diamagnetic) field generated by the current I, which according to (2.3-7) on 
axis is Bown = J1.112'l -that is. negligibly small. 

The guiding-<::enter"s parabolic trajectory, on the other hand, is the result of two 
velocities (6.4-45,46); the increasing velocity VJI parallel to the magnetic field lines, driven 

by the parallel electric field component (along [he z-axis) 

. & �I = 'I = q 1 + ·,0 m 

and the constant, so-called E-cross-B drift velocity normal to the E. B fields 

. Ex qEx vd = YI = -- =-B mil 

(along the negative y-axis, independently of the sign of the charge). 

(6.4-5 1.) 

(6.4-5 Ib) 

This trajectory can be traced, in analogy to an example from classical mechanics1.1O, 
by a point P on the circle of radius 'L (6.4-49c), rigidly connected to another drde of 

radius x I (6.4-44) rolling without slipping through the contact point R along a parallel to 

the y-axis at x = XI - 'l (figure 6.4-9). The pattern of the trajectory depends on the relative 
magnitude of 'L and XI-that is, on the value of the initial velocity Vo versus the electroma-
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Figure 6.4-9 Projection on the (x,y)-plane normal 10 B of the trajectories of a 
negatively charged particle P in uniform fields E = E zer ' B = Bre: . which can be described 
by rolling over the contact point R two rigidly connected circles (see lext): (a) prolate cycloid 
( xI < rL); (b) cycloid ( vo = 0); (c) cunare cycloid (x, > IL). (For a positively charged particle, 
the trajeClories are mirrored about the y-aKis bul still move towards negative y.) 

gnetic parameters. For example, when "'xo = 0 and for "'Yo = -Vd = Ex / B, from (6.4-49c) 

we find 'I... = 0 and a straight trajectory is obtained. Variations around this critica1 velocity 

result in quite different. curved trajectories. which is an effect used in the so-called velocity 
spectrograph or filter to sort out particles with fixed velocities, independently from their 
charge or mass. 

Note that for a negatively charged particle (for example an electron with negative 
charge e), in all the above equations we have to substitute 

q -> -Iel ' n -> lelBlm ; (6.4-52) 

the relations between directions and signs are illustrated in figure 6.4-10. 

Motion In variable fields 

The above exact results for uniform electric and magnetic fields E, B remam 
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a) 

B .....:. ... �,;: -, 
, 

-q +q -q +q 

b) 

'8 

Figure 6.4· 1 0  Rolation of a charged partide about a magnetic field at the 
cyclotron frequency n. Since the current f produced by the orbiting particles has by 
definition The same dircx:tion as the moving (+) charge. the consequence is a 
diamagnetic effect: the positive particle rotates in a direction opposite 10 the current 
18 producing the magnetic field B from ouler coils. 

, 

approximately valid for time-dependent and nonunifonn fields. provided that the variations 
of these fields remain small over time Tor length rL (6.4-49). As to be expected, however. 

there will be additional contributions in relation to the finite It and VB terms. Under this 
adiaJxlficity as�mmp/jon6 10 the Imjectory of a charged particle in an electromagnetic field 
consists of the following: 

(a) The fast gyration about a guiding center at velocity v.l in a plane nonnal to (the local) B 

described by (6.4A9), with its magnetic moment 

mv2 p = -� = consl. 
28 

a constant of motion [analogously as in (6.4-50b)]. 

(6.4-53) 

(b) The motion of the guiding center at velocity vII = dsjdl along the magnetic field lines 
described by 

mVI = qE - P �� (6.4-54) 

where the last tenn means differentiation along the field lines; this equation is related to 
(6.4-51a), but here it is extended by the force due to nonunifonn fields on a magnetic 
dipole (6.4- 18,19). 

In addition, there are various drift velocilies of the guiding center C across the field lines, 
defined a� follows: 

(c) (E-cross-B drifl), (6.4-55) 

which is Ihe general fonn of (6,4-51 b); 
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(d) 

(e) 

i v 8 = -----'---(b X V B) 2DB (grad-B drifl) • (6.4-56) 

where b is the unit vector parallel to B.  thus lb x VB! = IV..L RI is the gradient in a plane 

perpendicular lo B [nole Ihal VB = -e ,B 1 r when B oc 11 r. (A.3-4)]; 

2 
v R = .':lL(b x e,) 

Qr 
(curvature drift) • (6.4-57) 

where r is the radius of curvature of the field and er the nannal unit vector pointing along 

r (Ihis drift is obtained by substituting qE in (6.4-55) with the centrifugal force 

F = e,m�T 1 r .  according 10 Ihe remarks in (6.4-39b)]; 

1 dE V ·  = - --E DB dr 
(E-dol drifl). (6.4-58) 

where E is the electric field and n = -qBlm. as before. the cyclotron frequency (6.4-

49). 
(g)Veiocities due to any additional nonelectric forces F, which can be dealt with by the 

subslilulion (6.4-39b) in (6.4-54. 55. 58) 

E .... F/q (6.4-59) 

for example, the gravity, F = mg. or as in point (e). [Drifts depending on D or q differ 

in sign for positive or negative particles!] 

Any additional conservation equation could be useful in describing the motion-for 

example, with regard 10 momentum (6.4-12) or energy (6.4- 1 1) conservation. The former 
leads to the conservation of canonical momentum in axisymmetric fields, as we shall see in 
(6.4-64); the latter, when there is no accelerating electric field or force, (6.4-9.41), states 
conservation of 10lal kinetic energy. 

mv2/2 = m(vlf + vn/2 = consl. 

for which, with (6.4-53), we wrile 

1 2 -m�1 + pH = const. 
2 

(6.4-6Oa) 

(6.4-60b) 

We shall illustrate these relations for the case ofaxisymmeLric toroidal-helical fields in 
an example further on. 

Motion in axisymmetric fields 

In the rest of this section, we consider only axisymmetnc electromagnetic fields. In 
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the appropriate cylindricaJ coordinate system. where the components of the velocity and 

force are v :=:  (;,r�, i) . F =: (FT'F�, Fz). the general equation of motion (6.4- 1 )  separates 

into the component'i 

.. �l F mr � m"'Y = r (radial comp.) , 

I d ( 2 ·) -- rnr 41 = F� 
r dl 

(azimuthal camp.) (6.4-6 1 )  

(axial comp.) . 

[To obtain these equations, consider that with r = re, we have r = re, + re,. but 
er = Lie, / L1t = (.Mpl L1t)e� , etc., where er.e�,ez are the cylindrical unit vectors; see table 

A.3-1II and figure A.3-1.] Note that the second lenn in the first equation can be read as (he 

centrifugal force; the second equation can be read as the change of angular momentum 

caused by the toque rF; (where the split term 2nf> . in panicular. is the Corialis 

acceleration). The components of the Lorentz force (6. 1-1)  in an axisymmetric magnetic 
field (where B� = 0) are 

F, = qE, + qr�B, 

F� = qE� + q( ill, - ;B, )  

F, = qE, - qr4lB, . 

(6.4-62) 

Expressing Br and Bz. by the only vector potential component At/I through (2.2-27) and 

setting Et/I = 0 gives 

q; a(rA�) = _i d(rAq,) 
r iJr  r dr 

(6.4-63) 

(the sum of the partial derivatives of Arp(r,z) is indeed equal to the tota1 derivative on the 

right-hand side). This combined with the azimuthal equation (6.4-61 )  results in the angular 
momentum equation 

2 · nlr 41 + qrAq, = p� = const. (6.4-64) 

(Note the equivalence � = v.l = Vo with the previous notations.) 

Equation (6.4-64) expresses [he conservation of the so-called canonical angular 
momentum Pt/I of a charged panicle in axisymmetric fields and gives the relation between 

the mechanical angular momentum (= m? � )  and the magnetic flux encircled by the motion 

of the particle, '" = 2nrA41 . It also shows [analogously to what has been said in connection 

with (6.4-12)} that a particle entering a magnetic field will acquire an angular momentum, 

but this is lost again when leaving the field. On the other hand, a panicle born in a magnetic 

field will attain angular momentum on leaving the field. 
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We also have Ibe energy equation (6.4-41 )  

�m(;2 + r2�2 + i2 ) = -qU+ Wo (6.4-65) 

from which we can determine <It = ( . . .  )dz and eliminate time from (6.4-61) [similarly to 

(6.4-42)]. In particular, by eliminating time and � from the rndial equation, we obtain the 

trnjectory r = r(xl in a meridian plane, which itself rotates with an angle � = �(z) 

determined by integration of (6.4-64). 

These general relations may be suitable for a numerical solution. but in many pmctical 
situations it is probably more convenient to proceed with the guiding-center approximation 
outlined in (6.4-53 to 60). 

Example: Trajectories in toroidal fields 

We apply Ihe previous IheOfelical consideralions in order 10 lUudy lhe trajectories of charged particles 
in 3 10roidal-helical magnetic field6.9 (so-<aIled lokamak magnetic configuralion2.

'
). which is (he resu!! of 

Ihe superposition 

16.4-66) 

of a IOroidal field 8T = Bye, (where Br oc 11 R is genel1lled by a !oruidal magnet or just a current flowing 

along Ihe <:-3xis; see figure 2.3-12) and a poloidal field Bp = Spes generated by a cunent distribution with 

tOlal current f nowing along the toroidal magnetic a;(is (figure 6.4·1 1). (In a lokamak there is also a control 
field D" = -B"ez generaled by outer coils thal can often be neglected because By < Bp « Br; in a 
configuration where the toroidally circulating particles are in equilibrium, By vanishes inside il.) 

As we know from the discussion relative to figure 2.5-3, this magnclic configuralion gives rise 10 
nested loroidal nux surfaces (Le .• surfaces defined by the family of helical field lines), which are ideally 

suited 10 containing lhe taruidal currenl-carrying plasma. 

We shall show in the following that the orbit of a charged particle (figure 6.4.12) in such a 
configuration consists of a fast gyration at the toroidal field gyrofrequency DT• (6.4-49). about a guiding 

cenler that moves, nOl on the flux surfaces, but on a set of nested, so-called drift surfaces. which are the 

result of lhe movement along the helical field lines plus the various drift movements. We shall now proceed 
10 eSlllblish and locate the drift surfaces for negatively charged particles (electrons) and then ai1 other 

properties of charged particles moving in this toroidal magnetic-field configuration. Although it is a ltnc

dimensional field configuration. we shall see Inat lhe propenies of the guiding center trajectory depend on 
the poloidnl field Bp only, and in this sense the configuration is o.xisymmetric. On the other hand, the 

toroidal (azimuthal) field BT = e; BoRoIR guides the center around the torus, contributes 10 determining 

lhe fast rotalion al lhe gyrofrcquency DT' and introduces lhe gradient lVarl= IJrIR (but this does not 

eliminale the fundamental axisymmetric nature of our problem). 
In lhis magnetic configuration, where for simplicity we assume negligible Bv and no electric field, 

by following what was said for (6.4-53 to 59). the guiding-center velocity for the negatively charged 

eleclron. q = ·e. moving as in figure 6.4-11a may be: broken down approximately a. .. 
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Figure 6.4- J I (a) Drifl velocities for a negatively charged particle (electron 
e') and magnetic fields in lokamak configuration. Note that vd .. "dR)( BTIR&r (or 
opposite sign for opposite BT' but same fOf positive particle); Vv "" -e:",BvlBT' 
which is the resuh of (he spiraling movement around the symmetry axis imposed by 
an outer vertical field Bv. changes sign if either Bv or Br do, or for a positive 
par1icle; v 6 changes direction if BT or Ip do, or for a positive particle. lbc: 
coordinate unit vectors are el • e" cB- (b) Definition of velocities and magnetic-field 
componenls: the assumption Bp « BT means vI" vf-
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b) 

(6.4-67) 

where v� is the velocity (of the guiding eenler nf the panicle) along the main (helical) fidd lines: however. 
when Bp "  BT ' as assumed here, Vu is approximately parallel to the magnetic axis, that is, VII == v,. 

The other velocities are normal to this axis; in particular. for the electron in figure 6.4- 1 1  (moving 
anliparallel to the c.;ulTent l producing (he poluidal field Bp) 

(6.4-68) 

which is the projection of the helical movement of the guiding center On 11 poloidal plane. 

(6.4-69) 

which is the result of the centrifugal drift I '1� lenn. see (6.4-57)J and of the gradient 8-drift I vi 1 2  term. 

see (6.4-56) and use (A.3-4)(. The proper directions and signs are defined in figure 6.4-) I .  Note that here v.1 
is the normal velocity of the particle around the guiding center. whereas VB is the poloidal velocity of the 
guiding cenler around the magnetic axis; and that ilT "" -qllr 1 m with q = -t, (6.4-49). 
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Figure 6.4-12 Electron particle moving inside a helical field that ;s the 
superposition of a IOlaidal field Br (produced by Quter coils, not shown) and a 

poloidal field Bp (produced by the loraidal current flowing inside the minor radius a). 

The displacement of the drift (orbit) surfaces with respect 10 the magnetic surfaces (figure 6.4- 12) can 
be made plausible by combining the Vd and v8 velocities (v8» "d)  starting where vg.icz_ A quantitative 

evaluation is obtained by using the conservation of the canonical angular momentum (6.4-64) with respect 

to an orbit passing through point P at radius r (figure 6.4.1 1), which we rewrite in the form 
q P, = mRv, +2;"\lfp =const. (6.4-70) 

where It'p is, according to (2.2-31), the relevant poloidal flux function. (2.5-15), defined between this orbit 

and the magnetic axis. 

, It'P(r)= 2xJ BpRdr 

o 
(6.4-71) 

To calculate the exact value we need to know the current distribution that in turn detennines the exact foml 
of 8p(r)-

To illustrate a simple case, we assume that the current J flows homogeneously within a torus with 
major and minor radii Roand a; that is, we consider within this torus a flat currenl profile Ihat defines. with 

R = Ro + r, 

pi " 8,(,) =-, 
2", a 

JJlr2 Rv 
'l'p(r) = -,- -- , when r S a  and r « Ho  

a 2 
(6.4-72) 
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Since ,2 = ( R  - Ru)2 + Z2 • from (6.4-70.72) we obtain the equation of a circular orbit with radius , 

�hifted inward/outward with respect 10 its original position (centered on the magnetic axis R = Ro. z = 0 ) 
by approximately ( 111 := vo_ I-JI» Vi' Ro »  dy) 

Vd a Cl a lA dy = a-- = 'I.,(a) - = --- (6.4-74) 
,,(a) 11" 2 110 I 

where 'LP{a) = 111'n/(q8p) is the puloidal Lannor radius (6.4-49) at , = a, we have used (6.4-68, 69), and 

(6.4·75) 

is the Alfven currem. which for a relativistic electron is lA, = 17� [kA I ' with p. r defined in (6.4-

2). Note that the inward shifl 1+ sign in (6.4-73)] is obtained for a positively charged particle moving 

parallei lo the currenl I, whereas an outward shin (- sign) would apply 10 a negatively charged electron 
moving amiparallel to I. Orbits for more realistic current profiles may also be treated using ')� conservation. 

For an arbitrary current profile j(r). the poloidal flux function is, by elltension of definition (6.4-7 1 l. 
" d'· f ,'. 

rJ(r'}dr' o 

where if() is normalized such that 

" 

211" J r'j( r'ld,' = 1Ca2,O 
o 

whtre 10 is the total current. 

Thc preceding orbit calculation is based on the assumption thalthe pitch angle X .  defined as 

lanx = � 
'11 

(6.4-76) 

(6.4-77) 

be quite small, i.e.. V.L « 111 . Otherwise. reflection of the orbiting particle can OCcur in the tokamak 

magnetic field configuration as a result of the particle moving into the higher toroidal field. 

8 = 80
110 

R 
(6.4-78) 

which increases towards smaller R. that is. towards the symmctry axis. In this case, the particks do not 

pass any longer around the torus but bounce between two reflection points. 

The condition for reflection is easily deducr.d from angular-momentum conservation (6.4-53), for 

which. at poims A and B. we write (see figure 6.4- 13) 

2 2 � =  vJ.B 
BA BB 
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Figure 6.4-13 Projection in. poloidal plane of "banana" guiding-center orbits 
ofaxisymmetrically trapped electrons. 

R 

AI the reflection point A it is. by definition, vlIA = 0, and thus conservation of the kinetic energy of tne 

particle imposes 

Combining the two equations provides the conditions to have reflection in point A when startIng from the 

field and pruticJe velocities al point B: 

or the bounce pilch angle Xa through 

. 2 BR Sin la = BA 

(6.4-79) 

(6.4-80) 

On a lOroidal surface with minor radius r. the ratio of the (maximum and minimum) fields Rc and Ba (figure 

6.4-13b) is, according 10 (6.4-78), 

A particle, with given vlISIV.lB at the outer meridian point B remains trapped locally because of (6.4-79) on 

a so-called "banana" orbit. when 

(6.4-81) 

Note that the particles on the outer flux surfaces are the most easily trapped. 
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Electromagnetic optics 

So far we have given the trajectories as solutions obtained by integrating the equation 
of motion with respect to time. We have also presented the useful guiding-center 
approximations and indicated the general procedure for eliminating lime so as to obtain the 
trajectories in space. However. there are less tedious approaches for directly obtaining the 
underlying differential equations for the trajectories. The easiest is by means of "Hamilton's 
principle", or "the principle of least action" 6.2, This then leads us directly to the optics of 
charged particles in electromagnetic fields, which is of practical interest and widely covered 
in the literature 6.�.66.6 7.6.20. 

We introduce this subject in relation to stationary axisymmelric magnetic fields only. 
first for particles having an electric charge. then for particles with a magnetic moment, by 
assuming the trajectories to be: 

(a) paraxial (small r and drldz. i.e .. small inclination of the trajectories to the axis); 
(b) meridian (i.e .. with the initial velocity vector Vo lying in a meridian plane. with 

v6 = 2Wo/m ). 

The approximation resulting from (a) is known as "Gaussian optics" and provides the 
"Gaussian Irajeclories". These assumptions imply that in (6.4-64) the integration constant is 
zero and [from (2.2·30)} that 2� == rBl ; the meridian plane therefore rotates at angular 

velocity 

� = _ q8, 
2m 

(6.4-82) 

(also called the Lannor frequency, (6.4-23b), half the cyclolron frequency), which by 
integration and using dz = d! �2 Wo/m from (6.4·85) gives the corresponding angle 

(6.4-83) 

Substituting (6.4·82) into the radial component equations (6.4-61 .62) with no electric field 
yields 

2 
.. q 82 mr = --r , 4m 

The paraxial assumption also implies mi QC r2 := 0 and 

dz = v, '" consl. '" Ivol = J2Wo 
dt m 

(6.4-84) 

(6.4-85) 

With (6.4-85) we can eliminate lime in (6.4-84) and obtain Ihe trajeclory defined by 



384 

" 

p 

,. 

CHAPTER 6 MAGNETIC FORCES AND THEIR EFFECTS 

magnetic lens 

(k) , 
, . ,  

I) 

,0 
, , 

: 82 
, 

f , f , . .. :. -, 
, 

Q 

Pr , 
.,111 qr -, 

•• 
'2 ' 

Figure 6 .4-14  Thin. symmctric. converging magnetic lens for a charged 
panicle. 

(6.4-86) 

in a meridian plane, which itself rotates with the angle q,{z) given in (6.4-83). 
The last equation shows that the trajectory of a charged panicle in the assumed 

axisymrnetric magnetic field is always bent towards the axis. More in general, with respect 
to charged-panicle trajectories. such a magnetic field has imaging properties, as does a 
converging optical lens for light rays (figure 6.4-14). For example, for a "short" symmetric 
magnetic lens (where the width of the field, Z2 - ' I .  is small compared to the objcct and 

image lengths Pr . qr ). we will now show that the well-known ray equation 

holds in a meridian plane, where the focal length is given by 

1 2 Z2 
- = -q

- J BiCz)dz 
f 8mWo " 

(6.4-87) 

(6.4-88) 

(the integration limits are at the border of the lens and may as well be extended to 
Zz ... � , z, - � ). In fact, for the trajectory (k) in figure 6.4-14, defined by [drjdzlp = 0 

al the object P. we can lake r == rl to remain constant in the short field width l2 - II . and by 

integrating (6.4-86) we obtain 

[dr] [dr] qZ 'J' Z - - - = 'i -- Bz d, dz Q dz p 8mWO 
" 

(6.4-89) 

Considering the triangle B ,  OFz also yields � j f = [drjdzlQ, and hence (6.4-88) IS 
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confirmed. For reasons of symmetry, the trajectories (I) and (m) are similarly confinned, 

and this proves (6.4�87). which is a geometric consequence of figure 6.4-14. 
The similarity of the imaging properties of certain electromagnetic fields on charged 

particles (0 those of geometric optics is more general than implied by our simple example. 
In facl, it also refers. for example, 10 thick nonsymmetric electrostatic and magnetic lenses, 
up to and including. similarly, the aberration theory 6_1 1 ,  

We now extend these optical concept .. (0 include the trajectories in axisymmetric 
magnetic fields of particles with no net electric charge but with a magnetic moment. In 
particular, we consider the trajectories in a field with cylindrical components Br> HI. of a 

spherical pellet with volume V = 411ll] /3 and mass m = pVand having a magnetic moment 
( 1 . 1 -24) 

p = f MdV " V1)B • for M = 1)B ; 

for example, for an induced-field-proportional magnetization M (2.1-78) it is 

From (6.4-18) the force on the spherical pellet becomes 

which has the cylindrical components (A.3-22b), 

F. = VJ B aB' + B  aB,) r 'f� r iJr l ik 

(6.4-90) 

(6.4-9 1 ) 

(6.4-92) 

(6.4-93 ) 

We introduce assumption (a) for a paraxial trajectory in an axisymmetric magnetic field by 
eliminating Br and J(. . . )/iJr through the first-order approximation calculated from (2. 1 -

2 1 ,  23) and then obtain from (6.4-61 )  the approximated equations of motion 

(6.4-94) 

2 ·  , tP = const (6.4-95) 

.. B aB, 
PZ = 1) , iJz 

(6.4-96) 

where the constant is zero for a meridian trajectory; that is, there is no rotation in this case, 
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We now determine the trajectory deflected by a thin magnetic lens in a meridian plane. 
Integration of (6.4-96) aod nOling Ihat i' = i(dt/dz) gives 

�Pi2 = Wo +..JBij'2 . 
2 'lL ZJ (6.4-97) 

where the last term vanishes for z). Z2 taken outside the lens. If even inside the (weak) lens 

this term remains small. we have dddt :: Vo and time can be eliminated from (6.4-94); 

(6.4-98) 

We are now at the same point as we were with (6.4-86) for a charged particle. and we 
can thus proceed similarly to obtain the optical imaging equation (6.4-87) for a thin and 
weak magnetic lens extending from zl  to Z2' Integrating once with respect (0 z.  with the 

same assumptions as made in (6.4-89), gives the approximate focal length/. 

(6.4-99) 

for a pellet with induced magnetic moment (6.4-90) (here we have integrated by parts and 
taken ' I , Z2 to be located outside the lens). We find that in a thin and weak magnetic lens, 
only diamagnetic pellets [with 11 < O. because Ji.R < 1 in (6.4-91)) are converging and can 
be focused (J> 0); whereas pellets with paramagnetic materials [ 11  > O. Ji. R > 1)  are 
diverging with vhtua1 image (J < 0). These arrangements can be used to separate pellets 
according to their magnetism. In practice, the pellets would probably be suspended in a 
fluid, and in the underlying theory one would have to include gravity, Stokes' drag (6.4-6), 

and so on. 

E'RICE 
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Chapter 7 

MAGNETOMECHANICAL 
STRESSES 

The volume force exerted by an electromagnetic field on a current-carrying conductor links 
the theory of eleclrodynamics to structural mechanics. Since magnetic fields in technical 
applications are often at levels that imply stresses near or above the tensile strength of 
electrical conductors, the mechanical stress problems that result from this situation have 
important practical consequences. With the exception of a few simple cases, the magnetic 
stress problem is tractable only through numerical computation. The procedure generally 
starts with determining the local current density and magnetic field through the 
magnetostalic or dynamic relations presented in chapters I and 2, and then tying the 
resulting magnetic volume force to the mechanical yield-stress relations. To illustrate the 
concepts and problems introduced in the first section we shall discuss two relatively simple 
conductor geometries: cylindrical and toroidal coils. 

Applications. The practical aspects in this chapter mainly concern lhe perfonnance limits of 
some solenoida) and toroidal high-field magnets7.�). These considerations can also be 
helpful in designing super-high-field, pulsed, or quasi-steady solenoidal magnets2.27 of, for 
example, the hybridl.l7 (external superconducting solenoidal coil with internal cryogenic 
coil) or split-pair typel.17 (allowing a diagnostic access at the mid plane). An ideal situation 
is achieved with force-free magnetic fields7. 18, which is the concluding subject of 
discussion. 
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7.1 SlRESS-STRAIN RELATIONS AND THEIR 

UMITS 

For the study of magnetic stresses in solid conductors, j( is convenient to introduce 
the basic concepts and relations pertaining to static mechanics 1 1. 1 2. 7  ID, and tensor calculus, 
which is outlined in appendix A.l 

The stress tensor 

The SlalUS of tension around a point P in a solid can be characterized by normal 
stresses (1j and shear stresses Tij acting on the six faces of an elemental cubus centered on P 

(figure 7. 1 - 1 ). Because of equilibrium, the stress parameters reduce to the six contained in 
the symmetric stress tensor (where fij = fjj . or cri) :::: aji)' which in the most common 
two notations is 

�x 1yx 1" �xx �yx �" 
[cr) = r x)' �y 1,y :::: C1xy (J )'y �l.Y (7. 1 - 1 )  

1" Ty, �, �" (iyz �" 

By changing the orientation of the cubus in the same solid. the C1j and fij on each single 
surface change. At any single point there exists an orientation (called the principal 
direction) where the shears vanish, Tij :::::: 0, and (he stresses assume the principal value.q 
(Jx = (J1 ,(Jy = 0'2,(Jz = 0'3' More in general, this is the property of any synunetric tensor 
that can be diagonalized at any given point (but then will not be simultaneously diagonal at 
any other point). 

We shall illustrate this property in two-dimensional geometry, where the balance of 
forces provides (1,1 on any plane rotated by an angle J3 (figure 7 . 1 .-2); 

(Jx +O'y <fx - cry 
� = - cos2/l + <xy'in2/l 

2 2 

� - � ! == .r Y sin2/3 + !.ry cos2/3 . 
2 

We see that in general there exists a direction 1 defined by the angle Po .  

(7,1-2) 

(7.1-3) 
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Figure 7.1-1 
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Stresses (and sign convention) on elemental cuhus sum)unding 
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(7. 1-4) 

and the orthogonal direction 2 defined by /30 + Tf/2. such that on the surface elements 

perpendicular to them there is no shear. r = 0 (figure 7 . 1 -2d). These are the principal 
directions in point P to which the principal stresses 

<11 } _  UX + (1)1 (a.x + uy )' 
, - ± + rxy 

<1, 2 2 
(7.1-5) 

correspond. It is now possible to rewrite (7. 1 -2,3) in a simpler form, with the angle tP 
measured from the principal direction I (figure 7.1-2b): 

a, + a, ai - a, ai - a, 
(J = - cos2A. r = sin2A. 

2 2 'i' . 2 • 
(7.1-6) 

This solution could also have been ca'iily found in graphical form with the so-called Mohr
circle procedure.7 10 In any case, we see that the principal tensions represent the extreme 
tension in any point P, 

(7.1-7) 

and also !hat the extreme shear values 
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Figure 7.1-2 Slresses on Iwo-dimt:nsional elemental square centered at point 
P, and their lransformalion by rotation. 

d) 

are attained along surfaces inclined by 45° with respect to the principal directions 1 ,2, 
defined by � = 0 and � = 90°. 

In three-dimensional geometry similar results are found for the stress and shear 
distribution: (a) Generally. there also exist principal directions and related stresses 

0"I ,(12. a3 such that along their nannat surface elements there is no shear. (b) The principal 

directions and stresses are determined ana1ytically or graphically in a procedure similar to 
the two-dimensional one, (c) If we assume the directions labeled such that 0'1 > (J2 > 0"3 .  
we find analogously 

Umax = "I 
. _ . Tmax} _ ± 0'1 - U3 

• Gmln - 0'3 · -
Tmin 2 

(7.1 -9) 

These considerations pertain to the tensor-diagonalization procedure. which is outlined 
more in general in (A.3-41 .42). 

Let us now consider a solid that is subject to a position-dependent body force density 

with components 

r(x.y.z) '" (f,,/y./z )  (7. 1 - 1 0) 

and In which the stresses will in general aJso depend on position. for example. 



7.1 STRESS-STRAIN RELATIONS ANO THEIR LIMITS 391 

O'xy :::: O'xy (x, y.z). (We are now using the second notation of the stress tensor (7. 1 - 1 ) . ]  

For the force component along the x-axis. where the stress alone gives the component 
[a xx + L1x(Jcr .. u./dr) - a.u ]L1y.1z. we find from figure 7. 1-3, in static equilibrium. 

aa JaX). aa ;; +--ay-+ az-'" + Ix = 0 

and similarly from the force balance along the Y,z-axes. 

Ja yy Jay, Ja yx 
-- + -- + -- +  I = 0 

ay az Jx )' 

Jal.l. + Jar.:< + aa,y + r = 0 
dz dx ay J, 

(7. 1 - 1 1 )  

Introducing the stress tensor [a}, [(7 . 1 - 1 ), see also (A.3-381, these equations can be 

written (but only in Cartesian coordinates) by the vector equation of elastic equilibrium 

(7. 1 - 1 2) 

(Temperature effects are included in the extension (7.1-35).] 

As a further example, we extend these equilibrium equations to cylindrical geometry, 
which is particularly useful for magnetic field applications. Let us consider first the simple 
case where the body force reduces to the radial force density j,(r) (it is useful to look at 
figures 7.2-2 and 7.2-4). The balance of the radial force components that act on a 
cylindrical volume element .:1V = r.:1q,LirL1z include. in addition to the body force 
Mf = 1,.:1 V. the following two contributions: the net radial stress component 

Figure 7 . 1 -3 All the shear and slress componenls along lhe x-axis of an 
elemenlal cubus. 
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r + Llr 
d
( ) 

LIF, = O",(')'LI�LIz = rO", LlrLl�LIz 
r dr 

and the radial component resulting from the hoop force a,tvllz related to the 

circumferential tensile stress C1'P 

Balance of these three forces yields the relation between the two cylindrical stress variables 
ar'(]� : 

dO"
, + 0", 

- O"� 
+ f, = 0  (7. 1 - 1 3) 

dr r 

We can extend these considerations to obtain the general cylindrical equations for 
elastic equilibrium 7.1 

1 aO"� 2 ar,� ar.pz 
- - + -r � + -- + --+ f� - O  
r ()� r '  ar ik - (7.1- 14) 

Elastic stress-strain relations 

The distribution of stresses in a body is determined by the forces that act on it together 
with the propenies of the material that transmit these forces, For elastic materials there is a 
linear relation between applied forces and the resulting defonnation. Hooke's law describes 

the most simple linear relation between the stress az' and the strain ez (relative axial 

deformation) in an axially loaded elastic material (figure 7.1-4a) 

0", = e,Y (7. 1- 1 5) 

where Young's modulus Y is a material parameter and is given ror some metals in table 
7 . 1 -1 .  
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Table 7.1-( Tensile and electric properties or some metals at room 
temperalure (20°C ) ' IU 

Metal Density Yield Ultimate Young's Resistivity 

strength strength moduli 
� ay a. Y ry 
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Figure of 

merit 
ay! rJ 

(g1cm3t (MPa)
b 

(MPa) (MPa) (Ilil-cm)
" 

(MPalIlO·cm) 

steel (Aq 42, UN1743) 7.8 220 400-500 207"000 10 22 

SS (AISI 3(4) 8 240-300 55()-<;50 199 000 72 3.3-4.2 

steel (AISI 9R4O) 7.9 850-1000 1000-1200 206·000 -
I (heal treatment) 

anticorodal (Ae-U, UNI 2.7 260-330 3 1 0-370 69·000 3 .2-3 .8 -74-94 

357 1. TA-16) 

I (heat treatment) 

r� 

300 340 

copper 1 1  2 hard 8.9 200 270 1 1 8"000 1.67 120 

anneaJc:d 70 210 

rd 

1 20-300 520 

brass 1 / 2  hard 8.4 120-300 410 98·000 6.2 -19-50 

annealed 120-300 350 

Hidural (Cu-Cr) 8.9 270-300 41(}.....4S0 123-000 2. 1 1 30-140 

(forgings) 

Berilbronz (eu. 1 % Be, 8.3 620-670 730-800 I I)"(X)() 3.4-3.8 -170-190 

Co) (heal lrcmment) . �n·cm == 1 0  11 n · m ;  1 9h;;m3 == 1 0 3  kg/m) . 
h Mpa == 1 06 newton 1m2 = 1 0 7  dyn/cm2 = 1 0  bar = O. I 02 1cp/mm2 = 0. 1 02 aIm. = 1 4 5  psi. 

The deformation (strain) of a volume element of the solid under consideration (figure 
7. 1-4) can be described, similarly to stress, by a symmetric strain tensor. given here with 
two of the most usual notations. 

ex Yxy Yxz exx ex), exz 
[e] = r yx ey Yyz = e yx eyy eyl. (7. 1 - 16) 

Y", r zy e, eu e,y eu 

As can be seen frolll the figure. the ex = e.u • . . .  represent elongations along the three axes, 
and the r yx = ey .•. ' . .. represent the angles of deformation. Again we have the properties of a 
symmetric tensor. For example. the sum of the diagonal components is an invariant. As can 
easily be shown. the sum is here equal to the relative volume change 

(7. 1 - 17) 
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Figure 7.1-4 Pictorial definition of strain-stress relations: (a) ez ,az . normal 
strain and stress; (b) Yzx. tu ' shear strain and stress (el = lk l &. Yzy ':= «  l..1y). 

We shall limit the following discussion on the elastic stress-strain relation to a solid 
with isotropic mechanical properties. For later use, we will give the relations between the 
single components of the stress and slIain tensors. As sketched in figure 7 . 1 -4a, an 
elongation (e.g., in the z-direcrion) entails a (negative) elongation in the y- and x-directions 
(as expressed by the Poisson ratio v), and Hooke's law becomes 

exY = C1x - V(O'y + O'<:) 

eyY = Gy - v(uz + ux )  

ezY = CIz - v(O'x +O'y) 

which can be rearranged, for example, in the practical form 

(Ix = 2r1 ex + �) �� 1 - 2v 

ay = 2G(ey + �) 
1 - 2v 

crl. = 2G(el. +�) . 
1 - 2v 

G =  Y 
2(1 + v) 

(7. 1 - 1 8) 

(7. 1 - 19) 

(7.1 -20) 
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is the so-called torsional modulus. Note that these relations are valid for any other 

orthogonal coordinate system: for example, in cylindrical coordinates they are obtained by 

index substitution, 
(7.1-21)  

In  addition to (7.1-18 or 19) there are relations for the shear. which for an isotropic mnterioJ 
and with the notation of figure 7.1-4h are 

(7.1-22) 

Finally, in an elastic material there is also a pressure�p·related volume reduction [see also 

(7.1-17)J 

(7.1-23) 

where the volume compression modulus is found to be 

M �  Y 
3(1 - 2v) 

We sce that the elastic behavior of an ideal isotropic material is fully described by two 

material constants, for example, Y and v. More in general, for an anislropic material the 

relation between the stress and strain tensors (7. 1 - 1 . 1 6) can be expressed formally by the 
notation 

(Jij = L e,s liT 1)'$ (7. 1 -24) 
'.' 

[see the analogous notation in (A.3-40)J, where the coefficients Yjr and Yj$ express the 

elastic moduli in the various directions and are generally constants. 

The displacement vector 

As a result of deformation (strain), any original point P in the solid will generally 

move into a new position P', thus defining the displacement vector u = (pp') == (ux.uy.uz) . 
This is obviously related to the strain tensor and depends on how the body is fixed in the 

coordinate space-that is. on the boundary conditions. For example. for the one

dimensional arrangement of figure 7. 1 -5 it is 

du 
or .::J. = ez 

dz 
(7. 1 -25) 

More in general. in Cartesian coordinates Xi the relation between the components of [he 

strain tensor (7.1-16) and displacement vector is 
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F �=====::;;t===J..a::: ------------� (Sz = 0, T = 0) 

P :  \ , ' , ' 
I \ P' t=======��,�====}-�S2'-i __ _ � 
I u� I r--+: 
I l p' �=======t�'�====:J---���---� 
� 

U 
_1 = e  = a T  z ' 

Figure 7.1-5 Axial slrain e, and displacement ul' caused by an axial rorce S: 
or Ihermal expansion in a thin bar with cross-section area F. 

Ju. 
e· :::: -' 

, ax , 
and (7. 1 -26) 

As we shall see, introduction of the displacement vector is of great practical value. It 
is usually convenient to use it in the coordinate system most appropriate 10 the Reometry of 
the solid under consideration. For example, the cylindrical (ur• u ... ur) components of the 
displacement vectors are 7.2 obtained from the equations 

Ju, e = -, dr 
I du� Ur e� = - - + 
r a� r 

Ju Ju r - -' + = 
rz - ik ar 

whereas in spherical coordinates (p, 6, 4» they are 

Ju 
e - p p - Jp 

1 Juo up ee = - - + -p a8 p 
1 Ju� Uo up 

e� = --- + -cot 8 + -
psin8 J� p p 

(7. 1 -27) 

(7.1-28) 

(7. 1 -29) 

(there are also the spherical components of r�. r p6.r�p not given here7 I ). For example. 
in the simple axisymmetric cylinder (which will be used later in the discussion related to 
figure 7.2- 1). for the radial displacement u, of any poinl we can write 

(u, + ru.,) - u, Ju, 2"(r + u, ) - 2rrr u, 
(,. + 6.,.) - ,. 

-4 dr = e, . 2Trr 
-4 -; = e� 

which could also have been obtained directly from (7. 1-27). 

(7. 1 -30) 
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Effects of thermal expansion 

In many applications it is important to take into consideration the stresses caused by 

thennal expansion. We recall that most engineering materials will expand when heated, For 
the range of nOffilal working temperatures, the unrestrained linear defonnation (figure 7 . 1 -
5) can be expressed with sufficient precision by the strain 

(7. 1 - 3 1 )  

where a is the coefficient of thermal expansion and T stands for a temperature difference; 

that is. T is measured from a reference temperature To. which is generally O°e. In most 

applications, the coefficient a can be considered a constant. although it slightly depends on 

various physical parameters. For example. it is itself affected by stress; at the tension yield 
stress it can be as much as 10% greater for steel than it is with no load applied. 

If the principle of superposition for the temperature- and stress-caused strains is 

applied. then the temperature ex.pansion effect is introduced into (7. I - I 8 or 19) by the 
following strain substitution: 

For example, from (7.1-19), in Cartesian coordinates we obtain 

CIx = e  - aT + v(e - 3aT) = e  + � - a * T  
2G x 1 - 2v x 1 - 2 v  

a* = a I + v  
1 - 2v 

(7. 1 -32) 

• etc. (7. 1 -33) 

is the reduced thennal expansion coefficient. On the other hand. the shear relations (7. 1 -22) 
remain unaffected by these thermal effects. Similarly, in cylindrical coordinates from (7. 1 -
19), with the index. substitution (7. I -21). we obtain 

cr Ve _T = e  + -- - a * T  
2G ' 1 - 2v 

CIf ve - = ef + -- - a * T  
2G 1 - 2v 

cr ve ..:::...t. = e  + -- - a * T  
2G ' 1 - 2v 

(7. 1 -34) 

where now e = er + ef + ez .  The two sets of equations (7.1-33,34), in addition to the 

assumption of a being with good approximation a constant factor even in an anisotropic 

material, indicate that the temperature effect is taken into account by the substitution for the 

main stress components in (7.1-1 1. 12) 
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(where ka = 2Ga .). For example. the equation of elastic equilibrium (7. 1 - 1 2) expands 

into the vector fann 
17 · [cr]+ka17T+ f = O  . (7. 1 -35) 

This makes it necessary to know the temperature distribution in the solid. which is obtained 
from the heat diffusion equation (5.1-37). 

(7.1-36) 

where g is the source tenn (here, typically g = i la ), k is the thenna! conductivity, Cv is 

the specific heat per unit volume, and the dot means differentiation with respect to time. In 

extending the heat equation (5.1-37), we have added the last transient tenn describing heat 

transport as a consequence of dilation (7.1-17) of the solid. where /3 = /3(T) is a 

temperature-dependent material constant. This tenn connects the transient aspects of the 

mechanical stresses to the heat diffusion problem 1.6; but in practice it can nearly always be 

neglected. In most cases, therefore. the temperature problem can be decoupled from the 
stress problem: One first calculates the space- and time-dependent temperature distribution 

1'(1, t) from the given heat source g and initial and boundary conditions. which then 

determines the stress distribution- for example. through (7.1-33 or 35). 

Thermoelasticity in dynamic systems 

We now present some further elements of a general thermoelastic theory that might be 

of interest in formulating and solving magnetomechanical prOblems 1 I .  Specifically, we 

want to establish the relation between the displacement vector u and the temperature effect.;; 
and body forces that cause it. and we also include dynamic effects. The laner is 
accomplished by introoucing the acceleration force density pO into all the forces given in 

(7. I - l l , 12) such as to obtain the equation of motion; for example. along the x-axis this 

becomes 

dcrx iJrxy iJr,. f .. -- + -- + � + = P" iJx iJy iJz x x 

Introducing the displacement components (7.1-26) into (7. 1-22.33) yields 

a iJu ve 
......!... = _X + -- - a . T  , elc., 
2G dX 1 - 2v 

txy dux duy 
- = - + -
G iJy iJx 

with which (7.1-37) transforms into 

, etc. , 

(7.1 -37) 

(7.1-38) 

(7.1-39) 
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G6u + -.£ de _ 2Ga • iJT + J, = pu x 1 _  2v dx dx x x (7. 1 -40) 

(7 . 1-41)  

Two similar equations for uy and Uz are obtained by balancing the forces along the y� and z
axis: The three panial differential equations define the displacement vector u in terms of the 
body force f and the temperature gradient. It is ea'\ily checked that they are represented by 
the vector relation7. 1 

G6u +-.£V(V . u)- 2Ga ' VT+ f =  pii , 
\ - 2v 

(7. 1 -42) 

which. together with the coupled (7.1-36) (where e = V . u) and the appropriate initial and 
boundary conditions. fully detennines the thcnnoclastic behavior of [he solid. 

Magnetic systems are often conveniently described in cylindrical coordinates. We 
have all the infomla£ion 10 rewrite the above equations in this coordinate system 7. 1 . In 
analogy [Q (7. 1-37), the equations of motion are obtained from the three equations (7, 1 � 14) 
by just adding the acceleration terms PUr' pu�, and piiz • respectively, and together with the 

stress-strain relation (7.1 �34) and the displacement fonnulae (7. 1  �27 .28), we obtain the 
corresponding cylindrical equation (7. 1-42). 

Failure criteria 

Up 10 now we have considered only the elastic domain in a solid, where the relation 
between stress and strain is linear. (7. 1  � 1 5). and the solid returns to its original condition 
when stress is released completely. However, £he stress-strain relation is more 
complex' 3.1 6.1 1 0

, even in a one-dimensional axial arrangement (figure 7 . 1 -5), and varies 
for different materials, for example, between ductile and brittle metals (figure 7. 1-6). The 
elastic range OA in figure 7 . 1  �6a. up to the proportional limit A. is  followed by a plastic 
range AE. In the ela'itic-plastic range, the strain starts to increase more rapidly up to the 
yield strength cry = O'B (or yield stress) at point B, followed by a yielding range BC to the 
lower yield point C (where this exists). The highest point D in the diagram represents the 
ultimate (or tensile) strength CTu = O'D . whereas E is the rupture strength. In reality, the 

range ABC can be quite different; in most cases, when relaxing stresses from a point in the 
elastic-plastic range AB, the materia1 follows a proportional curve that is shifted by a 
permanent defonnation from the initial one (figure 7.1-6b). Values of the yield and ultimate 
strengths of different meta1s are reported in tables 7.1-1  and 7.1-11. The dependence on 
temperature and metallurgical conditions is evident. Note that the stress diagram of figure 
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Figure 7.1·6 StreJis-slrain diagram/;: (a) ductile material (with ABeD 
portion not 10 scale); (b) hysteresis or work hardening range (typically for a briutc 

material); (c) apprm-imated diagram; (d) creep curve at constanl load and temperature. 

7.1-7 is related to an alloy mentioned in table 7.1-1l. For calculations it can be convenient 
to approximate the stress-strain diagram in this range by two linear relations, one in the 
elastic range and the other in the elastic-plastic range, with a yield stress defined as in figure 
7 . 1 -6c. 

Compressional loading gives rise to a somewhat similar and fairly smooth diagram up 

to the elastic-plastic range. but final failure. related to an ultimate yield strength. is 

generally caused by shear at an angle of 450 to the axial compression. 
The concepts and theories of practical imponance in magnetomechanical systems are 

complex and numerous. and their description lies well beyond the scope of this book. For 
example. in a simplified way we can say that the total strain 

(7.1-43) 

is made up of the creep component ee. in addition to lhe elastic eel (7. 1 - 1 5), 
(istanlaneous) plastic ep• and temperature e-r components (7.1-32), Creep is obtained 
under tensile loads and depends on three main parameters7 4; stress, time. and temperature 

(figure 7 . 1 -6<1). 
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Table 7.1-11 Typical properties or copper alloys at cryogenic 
temperature..,; 

401 

Alloy Temperature Yield Ultimate Rupture Figure or 
strength strength elongation merit 

T ay O'u EE ayl r] 

(K) (MPa) (MPa) (%) (MPaJu{l-cm) 

155·hard 11 4 41)() 560 2B 2410 
76 460 500 19 1160 

______________ 19..5• ____ �(�) ____ .410. _____ � ___ � ___ �()(J __ _ 
I 55·annclllcd 4 

76 
295 

81 
81 
65 

460 
380 
240 

62 HO 
55 140 
44 31 

I ()4.hard 11 4 430 5 1 0 32 I I "(XX) 
76 400 440 19 1680 

______________ 1� _____ 1� ____ ]�� _____ 2 _______ L� __ _ 
l04-annenled 4 31 410 76 3'()()() 

76 31 340 57 150 
295 23 210 48 0.6 
76 814 919 - 780 
295 723 8"6 5-8 280 
473 655 725 - 190 

GlidCOp®
b 

AL-IS + NBlOnOIM 

I,," 295 
295 

71016 
345 

862 
503 

10 
10 

360 
ISO anncalctl 

" 

h 

Design:lIcd by the Copper Developmtnt Association as alloy 104 and \55. 
Composition by wt: alloy 104. Cu+Ag 99.5%, Ag 0.027%: alloy 155, Cu+Ag 
99.75%, Ag 0.027%. P 0.06%. Mg 0.11%. (From ref. 8.56.) 
The "h:lrd" condition i_� obtained by cold rolling. and the "unnculcd" cundition is 
obtained by appropriate heat treatment. Fur the elt.-ctrical resi.�tivily 1] . . �ee I4.Iblc 
H.3·1I1. 
Fl\r more prcci!'oe infOfmalil)n see rer. 1.17. Composititl(l by wc Hycon 3HP. Be 
0.25-0.45%. Ni 1.4-2.2%, Cu rest: GlidCop AL·15 + NB lOon. AI203 H.3%. 
Nd IWk. Cu rest. 

A topic of great practical importance concerns the failure criteria7'} -that is, the criteria 
that indicate when a solid structure (a magnet for example) can rupture under tensile or 
compressional loads (caused by magnetic forces). Failures of specimen under loads result 
nminly from the complex growth process of cracks and are initially caused by a variety of 
mechanisms, among which are surface defects. microcracks, and slip regions; cyclic 
loadings; stress corrosion; creep deformations. 

Under dynamic single-pul!;e loading. the strength limits generally tend to increase. 
However. for a sequence of stress cycles (cyclic loadings). most materials will be affected 
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Figure 7.1-7 Stress-strain curves al three differenl temperatures for the copper 
alloy 155 defined in table 7.1-11. (From ref. 8.56.) 

by fatigue failure where rupture occurs at stresses below nomlai rupture strengths. It is 
customary to characterize the fatigue behavior of a material structure (e.g., ,I magnet 
subjected 10 cyclic pressure pulses) by a graph where the operating maximum stress O'max is 
plotted versus the number of cycles producing fracture nf (figure 7 .I-Bb). Failure by fatigue 

depends on various operating conditions and material parameters H.U: the slrength of the 
maximum applied stress, D'max; Ihe coefficient of asymmetry, r = a min la max; the total 

number of pulses or cycles, n; the geometry of the material structure (which can detenninc 
the local concentration of stresses); the quality of the surface and eventual corrosion effects 
(which can affect the microcraeks). and so on. 

The criteria that indicate phenomenologically when a solid structure in a onc
dimensional geometry (figure 7.1-5) can yield into plastic flow or rupture under tensile or 
compressional loads are simple, since the stress must lie below a critical tensile value, 

(7.1-44a) 

or, alternatively, above a critical compressional value, 

(j > (j� (7.1-44b) 

According to the problem under consideration, the critical (tensile) stress acr can be referred 

to either the clastic limit aA' the yield strength as = ay. or the ultimate strength aD = au 
(see figure 7.1-6). This is generally expressed by introducing a safety factor n (typically 
between 1 and 5). such that, for example. 

(7.1-45) 

(where ay and au are given for various metals in tables 7.1-1 and 11). Alternatively, in 

some cases the maximum strain criterion is introduced, according to which failure occurs 
when the maximum tensile strain remains smaller than a critical value 
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b) 

a mal( h"""------,"'" 
1.0 

a min 1-__ -'-<-___ -'>-' 0.5 

o 
o L---�--�----�--�--.. 

time log nf (pulses 10 failure) 
Figure 7.1-8 Fatigue of n1alerial� under cyclic loading: (a) stress pulses; (b) 
Iypical endurance plot. 

(7.1-46) 

But what is a meaningful criterion in a more complex two- or three-dimensional 
problem, where there arc mixed compressional and tensile stresses? There are different 
criteria, based on a variety of physical arguments. In a predominantly tensile domain. 
where the major of the principa� stresses (0'1) is much larger than the others (0"2.0'3). the 

onc-dimensional criterion (7.1-44a) can make sense: 

(7.1-47) 

Experience shows that the shear stress plays an imponanl role in limiting the mechanical 
strength of materials, particularly when compressional loads apply, as already mentioned. 
Consequently, it is required that the maximum shear, as given in (7.1-8 or 9), be smaller 
than a critical yield value (Tresca criterion)7.9 

0'] - 0'3 
Trna;.; = 2 < t(;f • 

In a one-dimensional arrangement we have 

_ acr 
T{:f ="'2 

(7.1-48) 

(7.1-49) 

this value can be used as a rough approximation. particularly for metals. In structures with 
complicated stress distributions (in which onc at least of the principal stresses is 
compressional), a morc satisfactory criterion requires the von Mises equivalent stress 1.6. 79 

(7.1-50) 

defined on the basis of the principal stresses, 0'\, 0'2_ and 0'3, to be less than a critical value 

(7.1-51) 
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This Huber-von Mises-Hcncky criterion is obtained by considering the distortion work of 
the material, and O'er can be taken here 10 be roughly equal to the tensile yield strength O'B-

A practicaJ approach to the analysis of mechanical strength would start by applying the 
proportional, elastic theory [see (7.1-18 or 19)]. which is relatively well-defined and 
clear? u. The resulting principal stresses will indicate when and where the proportional 
limits or, more in general, the failure criteria are reached. An important and interesting 
problem then is how the structure behaves in the elastic-pla<;lic range up to the yield 
strength aB- The simplest approximation is to treat the structure with the elastic 
stress-strain relations up to the point where the principal stress reaches the yield strength 

(7.1-52) 

and to assume that in the domain where (J > O's, the material adapts with any necessary 
strain to the surrounding mechanical constraints. In Ihis way and with appropriate design, 
dangerously high stresses in certain regions of the ffiClgnetomechanical structure (as will be 
localized in the following studies on solcnoidal and toroida1 magnelll) may be shifted 10 
other more relaxed regions. Precompressing some of the critical components through 
external hydrostatic presses can further improve the overall containment. With such means, 
magnets for the Ignitor7 Hand Omitronl14 controlled fusion experiments were designed for 
the generation of toroidal fields from 13 up to 20 T on the toroidal axis with radii from 0.5 
to lA m. 

Interesting copper alloys are available today for the construction of high-performance 
magnets 1 17 (for some examples see table 7.1-II). 

7.2 STRESSES IN SOLENOIDAL MAGNETS 

Thick cylinder and disk 

The stress problem of a thick-walled elalltic cylinder subjected to a radial force denSity 
I = Ir (r) and to the constant radial pressures P I and P2 at the inner and outer surfaces 
(figure 7.2-1) introduces the similar problems of a cylindrical magnet that is subjected to the 
Lorentz force density f = JR, which we shall analyzc later. This problem has, in facl, 
already been formulated above in general tenns in connection with the expressions 
concerning stress, strain, and displacements caused by body forces or temperature effects 



7.2 STRESSES IN SOLENOIDAL MAGNETS 405 

in the cylindrical coordinate system (see (7.1-14.27 .28.35.36)}. Many stress and failure 
problems concerning cylindrical magnets arc similar to what is found in the theory of 
pressure vessels7.9, 

To simplify the solution we consider an axisymmelric [(a( . .  -)f� ---t 0)] solid (figure 

7.2-2), meaning that either (Jz::: 0 or ez' 
variable with the rclations (7.1-30), 

::::: 0, thus leaving only the ur-displacement as a 

u, e� =
r 

In the plane stress approximation, defined hy (J z = O. from (7.1-19) with relations 

(7.1-30) we obtain 

y I + v ,,=--- (,,+e�)- -- aT (7.2-1) 
I-v I-v 

and consequently 

2 2 1-v dUr ur (J, -- =-+v--(1 +v)aT 
Y dr r 

1-v Ur dUr (J� --= -+ v- -(I + v)aT (7.2-2) 
Y r dr 

with which (7.1-13) transforms into 

d2
u, +.!. du, _ � � ..'!.[.!. d(rU,)]=_I-v2 f +(1+ v)adT 

dr2 r dr r dr r dr Y dr 

Figun: 7.2-1 Thick-walled cylinder subjecled 10 cJ\{cmal pressures PI and P2 
and internal force density f. 

(7.2-3) 
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[This equation could also have been obtained directly from the r-<:omponem of (7.1-42) 
with the appropriate simplifications.] 

In the plane strain approximation the following expressions are similarly obtained for 
ez = 0: 

(1+v)(1-2v) (I )u, du, I )� C1tfJ = -v -+--( +v w 
Y r dr 

d2u, + � du, _ u, � _ (l + v)(I-2v) f + I + va dT 

dr
2 r dr r2 (l - v)Y I-v dr 

(7.2-4) 

(7.2-5) 

(7.2-6) 

The upper (7.2-5) approximation, where we assumed no axial forces and the material to be 
free to expand axially> is more appropriate for discs, and the lower approximation. where 
the material is constrained not to move axially, is more appropriate for long cylinders. In 
any case, the difference in the final fIr.at; stresses for the two cases is generally small; in 
fact. there is no difference at a\1 for problems that rely on the homogeneous pan of (7.2-3), 
as wc shall also find further on. For simplicity we will base the following discussion on the 
plane stress approximalion only. bUI analogous conclusions could be reached also with the 
equations related to the other approximation. 

J 

(:)l---'-

,,:!! • 2 

Figure 7.2·2 Stresses and volume force density f acting on cylinder volume 

element.:1r "lip A: in a normat plane 10 the z-axi". 
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The general solution of the Eulerian differential equation (7.2-3) can be found easily. 
Indeed. a direct integration provides 

, 2 ' I d(rur ! (I-v) J fi'� (I T 2C - = - ur+ +v)a + 
r dr Y 

", 

and then integrating once again yields the solution 

where 

D ur(r)=U(r)+Cr+
r 

, r r 1 -v- J J (I + v)a J U(r) � - -- rdr fdr + rTdr 
rY r 

'" ", 

0.2-7) 

(7.2-8 ) 

(7. 2-9) 

is a panicular solution of (7.2-3), and the constants C. D are fixed by appropriate boundary 
conditions. The stress components (Jr'(J'� arc calculated through (7. 2-2). For free 

boundaries subjected to only the external pressures PI. P2 (figure 7.2-1), the integration 
constants are found from the conditions 

and the solution is then fully detennined. For example. the su]ution 

I-v (" 3 d 2 . D 2 ( ) 
11 (r) =--- -r +-r +Cr+r Y 8 3 r 

is found for T = 0 and a force density of [he form 

f(r)�cr+d 

0.2-10) 

(7.2-11) 

(7.2-12) 

which, as we shall see in (7.2-18.19), is pertinent 10 a solenoidal coil with constant current 

density. (With d = 0 it also describes the centrifugal force f = poJ.r in a spinning disk or 

cylinder with mass density p and angular frequency w.) 

Solenoidal coils 

We now apply the previous results to some typical cylindrical magnet structures. The 
special case f = 0 provides the stress distribution in an thick elastic cylindrical shell 
subjected to internal/external pressures PI- P2' This ca'\C can describe a magnet with the 
current} limited to within a very trun layer of thickness de. at the inner boundary r = al' 
From (6.2-92) we know that the electromagnetic force per unit surface exerted on the layer 



408 CHAPTER 7 MAGN ETOMECHANICAL STRESSES 

dE. is, independently of the current distribution in de' 
dr 0 H2 

PI = f jBdr = 11 f H dH " 11 
2 

I 

o III 
(7.2-1 3) 

From the general solution (7.2-8 or 1 1) with U = 0 and C.D fixed by conditions (7.2- 10). 
we calculate the stress components (7.2-2) 

(7.2-14) 

(7.2-\5) 

and [he constam axial strain 

(7.2-\6) 

On the other hand. it is easily checked that in this problem the plane strain approximation 
provides the same ar.a� stresses, but with constant axial stress 

(7.2-\7) 

If we were applying Ihis stress with opposite sign on a free cylinder (as in fact we have in 
the former approximation), wc would just obtain the strain (7.2-16); this also shows the 
correspondence between the two approximations. 

The second example concerns the evenly wound long solenoidal magnet with uniform 
current density in its cross section of 

. .  JH H, -H, J = ) =-- = -c dr a2-al 

and the decay of the axial midplane fields from H(al) = HI to H(a2) = H2 of 

H(r) = (H, -HI)r -H2al + Hlu, 

a2 -al 

(index z: is omitted in this seclion). By fixing the constants of (7 .2-12) through 

/ = l1jH • 
(he force density. and using the conditions (7.2-10) and the symbols 

r 
p=a, 

(7.2-18) 

(7.2- \9) 

(7.2-20) 

(7.2-2\ ) 
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a=o2lal = 1.3 
.,. '  • 

a) 

• 

b) 

201.5 

J.l�2 C1f 
aT '" 1.0 f"---::::::s:;C=::::::::::----O'--j � 

0.5 
" , • 

- - --- ?.!-----"t-"'====j 
() ------------------- -------

1.0 1.1 1.2 1.3 2 3 
normalized racJiu,; 

.'igure 7.2·3 Hoop and radial stress eJiSlributions in [WO long solenoidal coils 
with c;on.�tant c;urrenl den�iIY, 112 = 0 and a = 1.3.4. a., (Jr compact ela. .. lic 
struc(Ur�: a!. wide independent-turn approximation: aJ. thin-sheet approximation. 

4 

[from here 10 (7.2-31) Ihis a must nOI be confused with the thermal expansion coefficient 
used up to (7.2-9»), the general solution (7.2-11) is obtained in the explicit form 

_ a/(I+v) {(a' I-V )P, ( ' I-V }2P' fI(P)-P " -+-- -- + - + -- --
(a- -I)Y p' I+v u, p2 I+v '" 

+ /1}, 1-, + -(I+a-) j ----p l+a)(H,-H,) 
. [( a' I -v , 3+v I-v 2

} p- I + v 8 8 

( , 
} 

]} 
a I-v 2 2+v I-v + 12"+ - (I+a+a ) j-- - - (I+a)p aH,- H2) 
p I+v 3 3 

. (7.2-22) 

The hoop stress (Trp and Ihe radial stress (J,. are calculated with the help of (7.2-2 or 5). For 

example. with free boundaries, PI = P2 =0, from (7.2-2) with T = 0 we obtain for the 
, " hoop stress-' -

. (aH1- H2)(2+V)[ 2 I a2 (a+I)(I+2V)] (J� = pica] 2 a + a + + 2 - P 3(a -I) p 2+v 
(7.2-23) 

In figure 7.2-3 we have ploued these nonnalizcd stresses for two very long solenoidal coils 
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(where H2 = 0) characterized by the shape factors a = 1.3 and 4, and the Poisson ratio v = 
0.33. 

It is convenient (0 consider t.he simple results deriving from twc) llpproximations, both 
relying on the concept of the mean hoop stress in a currenr-carrying shell. The balance of 
the hoop tension S and the Biot-Savart force F acting on the midplane of a shell layer at 
radius r with thickness .4z shown in figure 7 .2-4b requires 

F=2Sd� 
2 

(7.2-24) 

from which we obtain 

a� = I1j(r)H(r)r . (72-25) 

This approx.imation is reasonable when the product jH is a linear function in r. as for the 
uniform current density solenoid, in which case, with (7.2-19,20), we obtain 

(7.2-26) 

In Ihe independent.tun! approximation we assume the solenoid is made of 11 shells, 
each acting independently of its neighhors and thus being subjected only to the Biot-Savart 
force Fn and the pure tension force SII' The balance of forces is exactly as above. so the 
general solution is represented by (7.2-26). For a very long solenoid with H2 = 0 it 

simplifies to 

Q7' 
s 

I J1l/f 2p(a - p) a� = -
2
-

(a_I)2 (7.2-27) 

t F=IBI .) F=jdR'd�tlZ 
I •• a, 

\f,S� 
,. S� ;--

, 
a, 

'd 
Figure 7.2-4 Mean forces aCling on a current-carrying wire (a) and on a 

cylindrical shell sector (b). 

b) 
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In the thin-sheel approximatiotl (which will be treated in more detail later) the solenoid 
is taken to be one single sheet. The resuh is again approximated by (7.2-25) with 
r = (a2 + al )/2 . Ihal is. p = (a + 1)/2; in particular. from (7.2-27): 

aT 
= 

IlHI
2 

a + 1 
� 

2 2(a - I) 
(7.2-28) 

The lust two approximations are introduced for a = 1.3 and 4 into figure 7.2-3 for an 

interesting comparison with the general elastic solution (7.2-25). For a relatively thin coil 

the radial stress 0', is compressivc and helps in making the hoop stress Grp more uniform 

and smaller in its maximum value than the independent turn stress C1�. However, in faner 

coils the radial stress (Jr becomes negative (i.e .. tensile) and the situation worsens. The 

transition between the two cases [i.e., where (da,/dp)p=t = 0] happens at a = 1.85 for 

very long coils. We conclude that radial stresses, as long as they arc compressive, are 
beneficial in reducing the maximum hoop stresses. Qualitatively, this effect works because 
the inner layers, subjected to the maximum Biol�Savart forces, can lean on outer layers, 
thcreby limiting the strain and its related stress. 

High-field Bitter coils (sce figure 2.3-11) have a current density distribution in the 
conductor of 

and a corresponding axial midplane field of 

Inp 
H(r) = HI -(HI - H2)

Ina 

(7.2-29) 

(7.2-30) 

These expressions are obtained from the Biner current distribution j;:: 11 / p, (2.3-38), 

where p,a are as in (7.2-21). Introducing the related force density f = J1jH into the integral 

expression (7.2-9) (where T;:: 0) provides the particular solution 

U I-v' (HI-H,)' [
1

2 HI(2Ina+I)-H2
1

] 
(p) = -- , alP n p- np 

Y In a HI - H2 
(7.2-31) 

The general solution (7.2-8) and the stresses (7.2-2) can then be calculated, as before (for 
additional calculations see ref. 2.9 and rer. 1.17, p. 349). 

Up to now we have assumed a homogeneous coil material and smooth current 
density. BUI a coil is generally made from layers of mctallic conductor and of dielectric 
matcrials (figure 7.2-5). We can extend the above solutions to include multilayered coils 
(where each layer i = 1.2 •... , fl mayor may not carry a current density h and may possess 

different mechanical properties vi' Y;) by rewriting for each layer the appropriate solution, 

and all the solutions are then matched at their boundaries. Take the example of (7.2-22), 
which is rewritten for the i[h layer with the following logical substitutions: 



412 CHAPTER 7 MAGNETOMECHANICAL STRESSES 

'I 
-r-i-,-), P, 

Figure 7.2-5 The muhilayered solenoid. Each layer j� 1.2 .... may carry a 
constant current density ii and may possess different mechanical parameters VI' Yj. 

r 
p-t Pi =

Clj 

a· I a-ta·=� , 
(I; 

(7.2-32) 

Referred to the n layers, this general expression provides the system of 211 equations for the 
2n variables Uj, Pi (noting that at the boundary of two adjacent layers the Uj, Pi must be the 
same). Elimination of Pi leads 10 a system of n + 1 linear equations for the fI + 1 unknown 
displacement" Uj or, alternatively, through (7.1-30), strains ei' 

Yielding in cylindrical containers 

The merit of the eia"itic stress-strain calculations discussed above in connection with 
some examples is 10 describe the elastic behavior of electromechanical systems, and 
particularly to show when and where the strength limit of the material is reached, so that 
failures can be avoided by appropriate structural changes in the system. 

We will now explore the containment limit for thick-walled cylinders, which 
anticipates the strength problem of cylindrical magnets. According to criteria (7.1-47,48), 
here transcribed to cylindrical geometry, yielding (marked by the superscript Y) occurs 
when 
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al = (Jcr y y , or alP -G, = 2rcr . 
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(7.2-33) 

The firslmay be a sufficient criterion for thin discs: the second. more refined criterion may 
be more appropriate for long solenoids. By introducing these values into 0.1-13) we 

obtain. respectively. the two equations 

and by direct integration thc solutions 

1 r 
a; = ocr - - J rJdr+ G 

r 

. or 
y dar = 2rcr _ ! 

dr r 

r 
, or a; =2tl'flnr- J fdr+G 

G, 

(7.2-34) 

(7.2-35) 

To simplify our reasoning. we assume the function J in such a way that yielding extends 
from a I In radius r = rc' with the constant G fixed by the boundary condition at ai- From re 
IOlll the matcri.iI is in the elastic domain where the radial stress CI, is described by (7.2-2) 
and the general solution 0.2-8), with the constants CO now fixed by the boundary 
conditions at il2 ano r = rc' this condition being as in (7.2-33): O'41(rc)=O'cr or 

O'41(rr)- ar(rc) = 2Tcr' These three conditions at r = u] ,rc, "2 determine the constants 

C, D. G; and the m<ltching condition a; (rl,;)=O'r(rr) finally provides the radius re at 
which transition occurs from the elastic to the plastic domain. 

As an example. wc consider the mechanical strength of a cylindrical shell containing 
the pressure Pt (with no other force around: f = O. 1'2 = O. T = 0) by applying the right

hand yielding criterion (7.2-33). In the plastic domain r = ul to rc' the nonnalized radial 

stress (7.2-35) is 

y r 
O'r (r)=2rcrln--Pl 

al 
(7.2-36) 

whereas ill the elastic domain, r = re to a2, from (7.2-14,15) with the substitutions 

(11 � re. PI � Pe wc find 

(7.2-37) 

having Imposed on r = re the condition 

(7.2-38) 
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The last expression also shows that yielding in such a container Slans at its inner surface r = 
Ut when the contained pressure PI exceeds the critical value 

(7.2-39) 

When the pressure PI is above this value the yielding interface is located at a radius re inside 

the container material and is found from (7.2-34,35) through the condition 
y (Jr (re) = O',(rc): 

(7.2-40) 

As long as re < Q2' the outer elastic domain still sustains the yielded domain as well. 

Thin-walled cylindrical magnet 

When the thickness d = u2 - at of the container is small compared to ils mean radius 

of curvature a = (02 + 01 )/2 (say. lypically smaller than 1/5), it is convenient to adopt the 

thin�wall or membrane appro.ximarion. which appreciably simplifies the fennulation and the 

results of the problem. Tn this approximation it is assumed that there are only stresses 

tangential at any poinlto the surface and constant across the thickness d, the stress nonnal 
to the surface being negligible. Any load acting on the membrane. such as a pressure PI 

internal to the container or the j x B force of a thin coil, must be resisted by these tangential 

stresses. 

A case of interest. because of its analogy to a thin solenoidal coil. is the containment 

of a pressure p by a thin-walled cylindrical shell. Balance of the forces acting on a shell 
sector (figure 7.2-4) gives (7.2-24) and since here F =  pa.14' we find a mean tangential 

stress of 

a a� =p
d 

(7.2-41 ) 

which could also have been obtained from (7,2-25) in the limit a2 - a] = d« aI_ or from 

(7.1-13) with Gr = 0 and f :::: pld. Introducing the radial displacement Ur, (7.1-30), with 

Hooke's law (7.1-15) gives 

(7.2-42) 

Here. a simple criterion for containmont is obtained from (7.1-47); 

(7 .2-43) 
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where an is the critical yield strength defined in connection with (7.1-45), with Gy and O"u 

given for various metals in tables 7.1.1 and 11. 
We can transcribe these formulae for the containment of a stalic magnetic field by 

laking from (7.2-13) 

For example, the criterion for static containment of a magnetic field is therefore 

1 2 d -"H < er -
2"" er a 

We can define <l yieldfield by the relation 

(7.2-44) 

(7.2-45) 

1 2 -l1oHy = er" (7.2-46) 
2 

whose practical meaning clearly rcsuhs from (7.2-45). For example, for acr = 1000 MPa. 

we find 110 Hy = 50 T. 

Dynamic containment 

For rapidly pulsed magnets it is sometimes necessary to consider dynamic 
containment. where the inertia of the structure plays an important role. This effect refers (0 
the tcnnpii in the more general theory expressed by (7.1-42). Here. we limit the 

discussion to the simple case of a thin cylindrical cOfllainer (figure 7.2-6). Ir the time 
duration of the pressure pulse pCt) is short compared (0 the oscillating period 

of the container710• the momentum transferred to its wall is 

I 
P = 27rah f p(r )dr , 

o 

(7.2-47) 

(7.2-48) 

where p is the mass density. (The period TM is typically 100 �s for a container of JO-cm 

diameter.) For the resulting dilatation wc calculate 

p2 2Jt6r ( ) 
= f er�dhdx , er� = y� 

2M 0 2� (7.2-49) 
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Figure 7.2-6 Cylindrical magnetic field container. 

� ,1, 
P =: -M- , where M = 2TrrOdhp 

P a 

is the container mass. The criterion for dynamic contaimllent therefore becomes 

As an cx;ample we consider a sinusoidal field 

H H . 2" 
= osm-I 

T 

(7.2-50) 

(7.2-51) 

limited to the first half cycle. By integration and use of the mechanical period TM (7.2-47), 

the criterion tnmsrorms into the simple form 

-'-/JH6 < � TM 0" d 

2 Jr T
cr

a 
(7 .2-52) 

Since our calculation is based on the assumption T « T M, this expression shows that 
dynamic containment is better than static containment (7.2-45) by a factor TM/T. In 

addition, the dynamic O'er value is somewhat larger than the usual static value given in table 

7.1-1. 

In the case just treated. the material of the wall acts as both the inertial mass and the 
retaining elastic bound More often these two roles are overtaken by two distinct elements: 
this situation can easily be dealt with by extending this simple calculation accordingly I.JO, 
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7.3 STRESSES IN TOROIDAL MAGNETS 

Container shell of general shape 

Wc consider now magnetic coils in the form of shells not having necessarily 

cylindrical geometry: This will introduce the concept of bending moments, which will try 

to distort the shape of the solid. For simplicity. we discuss only thin shells, that is, sheets 
(thickness small compared 10 radius of curvature), which, however, can have bending 

moments, and membranes (or ropes in one-dimensional geometry) where by definition 

there are only tangential Stresses and thus no bending moments. Bending moments can be 
the reason for failures in mechanical structures because they produce addiliOlwl normal and 

shear stresses aa. Ta' 

As a short feminder o f  definitions and properties related 10 bending moments 7 10, we 

consider a long rectangular beam, with cross-sectional dimensions d x b and length I 
along the z axis, suhjected to a normal force per unit length P{z), which is freely supported 

at its cnd points A, B. The reaction forces al these points (antiparallel to P) are delemlincd 

by the law o f  moments, 
I 

FA = if (1- z)Pdz, 
() 

I 
FB = 1J zPdz, 

o 
(7,3-1 a) 

whereas the bending moment M(z) (positive when clockwise) and the shear force Q(z) at 
position z are 

, , 
M(z)=rAJ-J(z-SlPds, Q(z)=FA -JP d z. (73-lb) 

o 0 
When P = c onS!" we find: "A = f'o =P1I2, M=pz(l-z)/2, Q=P[(l/2)-z): in 

particular, Mmax = M(z = 112) = PI 1. 18, Qmax,min = Q(z = 0,1) = ±PI12. Whereas the 

normal stress a z and shear stress 

T (z) = Q(1) = dM(z) 
xz db dz 

(7.3-le) 

are constant across the sections of the rigid beam, in the elastic beam they vary along the d

dimens ion (parallel to the load P. d» b), aUaining maximum values at 7.10 

IM(,)I 
lalllaxl = aa (±d 12) = 6-,- , 

d·b 
(7.3- 1 d) 

In a general case, a sheet is subjected 10 a load p =(Pn'P�'PO) and is characterized 

by a double curvature defined by the two radii of curvature PIP' Po (figure 7.3-1 ). The two 

stresses aIP,aO and the shear r�O = rO� are determined by the three equations that express 

the balance of forces in the three (n,4',8) spatial directions . Equilibrium in the nomlal 

(radial) direction leads straightforwardly to the extension of (7.2-41) or (7.1-13) with 

ar = 0 [see comments following {7.3-3)1: 



418 CHAPTER 7 MAGNETOMECHANICAL STRESSES 

--�-t P,P, P. ,;�',;o 

a, P. ,;9d 

c 

Figure 7.3·1 Stresses on thin-walled shell of thi(kness d with double curvlllUre 
aoo subjected to normal pressure load Pn (no shear is indicated. llincc Of' Go are 
supposed to be principal stresses). 

(J� (18 Pn -+- =-
P� Po d 

(7.3-2) 

For establishing the other two equilibrium equations we refer. for simplicity, to an 
axisymmetric shell with constanllhickness d- that is. a surface obtained by a generating 
curvc rotating about a given axis (figure 7.3·2). For example, equilibrium along the (}. 
direction must consider the following four forces: the CTe-stress increment (as8/afJ) t1(}; the 
r�incrcmcnt (dT� /dfP),14J; the projection S�t14Jcos(} of the O'q"slress nonnal component 

Srp.1qJ; and the load component P & Introducing the ex.pressions for {he forces given in 
figure 7.3-2 resulls in the differential equation 7.7 

and similarly. from the equilibrium along the t/>-direction we obtain 

(NOle .h •• P�.P8 do no. vary wi.h a�, bUI can vary wilh a9.) 

(7.3-3a) 

(7.3-3b) 

An imponant remark concerns the principal directions along the principal stresses, 
0"1(= 0"41),0"2( = 0"9),0"3( = O"n)' as defined in (7.1-5). In a membrane. the principal 
directions 1, 2 lying in the tangential plane with direction 3 nonnal to it. follow directly 
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P8� 

c 

Figure 7.3·2 General forc es acting on an axisymmetric shell element with 
radii of curvature p� ,PO' and having the following relation with the stresses C1�.a(J' 

the .�hcar f4iJ =T�. and the external pressure load components PII,P�,P6: 

SIJ = Gerd.1tP , S� = C1;Ped.MJ. T;8::: TI/>6,dlltP, Taq, ::: r�P8dIl8, PI! = 1',,'Pot!tPL18. 

where the cylimkical radius is r::: p�sin8. 
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from symmetry considerations. lThc compressional stress 0']. nonnaI to the layers of the 
sheet, is generally negligible. being of order p. while 0'1_ 0'2. as we have seen in (7.3-2), 
areaforder pP�/d or PPO/d.j 

For an axisynunetric membrane subject (0 a symmetric load it is in general easy [0 
establish an integrated equation directly giving 0'8, which makes it unnecessary to carry out 

the integration of (7.3-3). The other principal stress a� is consequently found from (7.3-2). 

In fact, consider the annular sheet FT in figure 7.3-3 in equilibrium: The axial component 
of the net tOlal tangential stress force acting along the circumferences at F and T. 

Sz = 2ndlj)sinaoa(Jo - 21tdrsinaa(J (7.3-4) 

must balance the total ax.ial component of the load 

ru ro 
F, = f 2!trp,(r)ds = 2rr f I' Po (I' )d/' (7.3-5) 

I' r 

The last integral, which is independent of the integration path (i.e., the coil shape), is for a 

flonllai load p = I'n (as from the j x B component in a magnet) and is obtained with 

pz =pcosa. dr::::d\'cosa . 



420 CHAPTER 7 MAGNETOMECHANICAL STRESSES 

't 

p 

Figure 7.3·3 Axisymmetric sheel cont aining normal pressure load p = Pn, 

Toroidal magnet 

As an example of a shell with douhle curvature, we ca1culalc the stresses on a Ihin

walled. evenly wound toroidal magnet (figure 7.3-4) containing normal pressure 

(7.3-6) 

where PI is the pressure and B, the turaid,,' induction al the inside radius r I = h - lL This 

pressure la� corresponds to the j x B 
8 =  8,'1 I r ,  (2.3-40). By applying 

force density in a toroidal sheet magnet. where 

(7.3-5) to the annular sheet Fr, and taking 
r = b + llcos8. () = Cl - fr  12 .  we obtain 

b 
F_ = 217T'p In - . . I '  r (7.3-7) 

Imposing equilibrium, F, = -S, from (7.3-4), will give along the azimuthal circle through T 

a tangential stress (78 and with (7.3-2) an azimuthal stress ut/!. 
A toroidal magnet is often composed of ne single coils with no mechanical force 

transmission between them (figure 7.3-5), each with ns windings carrying the current I 
(total windings arc thus N = ncn:;J For simplicity we consider each coil to be very thin 

(d "" c « a), practically a circular filamemary conductor carrying the current le= flsf and 

thus subjected 10 Ihe normal Biot-Savart force (6. 1 -4) per unit length (figure 7.3-5) 
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_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  .. _ _  c'; _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  . 
Figure 7.3-4 Thin-walled IOroidal conlainer. 

,. P = I JJ. = [',1 .1 • with , 2 r 
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(7.3-8) 

because, when neglecting field distortion around the single coils. we can write 
lIpproximi.llcly with (2.3-40) 

(7.3-9) 

Note that in (7.3-6,8) we have introduced the mean induction 812 to take carc of the 
(linearly) decreasing magnetic field through the coil thickness d with constant current 

density. 
The toflll ("entering force Fe for each coil can be obtained by integrating the force 

component P,. = P cos 0, but i t  is more easily obtained by application of the virtual work 
method (6.2-5b), 

F - _I_ I ' dL 
, 2 ' d ' n, r 0.3-10) 

The total inductance of an evenly wound toroidal sheet magnet is found through the 
definition (5. 1 -33), 

(7.3-1 1 )  

where li is a mean minor radius (01 < a < (12). which depends on the current distribution 

through the thickness d. 
When the toroidal magnet IS made, as in our case. of single coils. this expression 

must be corrected because of the field distorsion (figures 2.3· 13  and 2.5·2), but we neglect 

this effect here. typically when N = "e � 10. The entering force for each of the ne coils is in 

this approximation (r = b) 
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, b 
F 

, 

'I 

I 
+if m '  m 'H u uJ m ,dJrE -,--,-,""',,-:-l, 3r:b1, 

i ,.. I '"  � I \ ,.. I � I I I' I ... I '. ' 
\ .. .. ... 

, ' 
, , , , , , 

- - ,  

, , , , , , , , 

Figure 7.3-S Toroidal magnet composed of an array of coils. each with radii 
"1 .02' radial thid:ne�s d= a2' ai_ and a7.imUlhal eXlension c, eventually approximated 

by a circular filamentary loop with radius a. 

Fc = tllon,[I - b(b2 - a2)'t}.: (7.3-12) 

The total axial force component Ft. for each half coil with respect to the plane of 
symmetry is calculated similarly as in (7.3-7) to be 

" 
f; = JPdr = p,�ln(l}lrJ l  (7.3-13) 

rl 
Wc consider (he coil to be made of two (curved) beams supponed at the points (z = O,T, ) 
and (z = O.t;z ) .  The radius re at which the lotal force acts is given as in (7.3-1 a) by 

1 '"2-'] (r - rc )Pdr= O  • i .c. re = In(l) l r t>  (7.3- 14a) 

" 
Consequently, the tangential (axial) stress forces applied at the inner and outer points 3re 

S = F. '2-', S = F. '," I (7.3-14b) I z '1-fj 2 z '1-'1 
The stress is maximum at the inner point (because re < rl + a) [where the bending moment 
and the 3!;sociarcd shear stress can also have maximum values, similarly as in (7 .3- 1 )]:  if 
failure occurs. it could be in this region of the coil. 
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Toroidal magnet with constant stress 

423 

In a bubble at equilibrium, a constant surface tension counlcmcls the pressure drop al 
the bubble's membrane, thereby defining its shapeH. Similarly, a Oexible toroidal coil can 
adapt its cross-sectional shape so as to obtain constant stress and become bending free. 
This problem is discussed here for the two cases treated before, which are appropriate 
approximations for toroidal magnet structures: Ihe toroidal sheet magnet and the filamemary 

coil. 
As in connection with (7.3-7), the balance or lhc axial component forces acting on the 

annular membrane Ff (figure 7.3-6) of lhc toroidal sheer magnet yields 

(7.3- 1 5 )  

where the toroidal magnet pressure (7.3-6) has been used. b is the radial distance o f  the 
maximum (where dz/dr = (ana = 0). and 

(7.3-16) 

By imposing the constant stress condition aO = ao (const.) in Sz = Fz wc gel 

'I , , , , 
� , , b , , .' , 
1 , , , • , 
I '2 , 

.,' , 

Figure 7.3-6 Upper-half cross section of the toroidal sheet magnet or the 

filamentary coil. 
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, with (7 3- 17 )  

The condition dz/dr -t CXI-that is, k2 (rlb)2 = In2 (r/b) at the coil positions r = ' [ ,  '2 
(figure 7.3-6) determines h and the constant tangential stress GO as a function of ' l ,  '2: 

Inh = '2 Inlj - r, ln '2 
"l - 'i 

(7.3- 1 8) 

The azimuthal stress uq, follows from (7.3-2) where PI/> = -r, and P6 = P is given in 7.3-

22), The cross sectional shape z = z(r) of the thin laroidal coil with constant stress is 
obtained hy direct integration 

z = ±  J In(r/b) dr 
r, 0"2 �k2 (r/ h)2 _ ln2 (r/ b) 

(7.3-19) 

For an evaluation of [his resul17 1 1 . 7  21 we refer to the somewhat analogous dis{;'ussion 
10 be made with the following example. where the toroidal magnet is composed of ilL 
filumcntary loops (coils) subjected to the normal Biol-Savart force P per unit length (7.3-
1 1 )  and to the tangential tension force SO, The axial components of these two forces acting 
011 the arc Fr 'lfe. similarly to (7.3·13). 

(7.3-20) 

where rl ' h. sina. P I .  are as defined in figure 7.3-6 and in (7.3-8), and !ana = dzldr. 
Imposing the constant-tension condition So = const. in the force balance S;. = Fz gives 

with (7.3-2 1 )  

which describes a family of curves labelcd by the parameter k ,  examples of which are 
shown in ligure 7.3-7. This equation could also have been obtained by noting that 

[ I + (dZ/dr)2 j] / 2  
50 = P , where p = ±. L---'-,,---,-,-'---_ 
p d'Z/dr' 

(7.3-22) 

is the local radius of curvature in the orthogonal coordinates (z, r).A. 1  The condition of con
stant (r-independent) tension So imposes because of(7.3·8) the fonn p = kr. and with the new 
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b) 

, 

Flgurt.' 7.3·7 (a) Two possible solution curves ;: = z{r) of the constant .�Irc.�s 
filarncruary C(lil in a toroiJal magnet; (b) ,I family of D·shapeO, filarnenlary coils 
(upper half only) with the same outer rauius. 

variahle 11 = dz Id r and separation we obtain 

+k du = dr 
- ( 2)3/2 r I + u  
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which by simple integration between b and , leads (0 (7.3-2 1 ). This also makes il evident 

Ihut this coil is ht'lll/;n8 free. because al any arc portion ds the normal force Pds is fully 

cquilibnHed by (he tension force So. in the way shown by figure 7.2-4. 
By requiring as in (7.3-17)  dz/dr � ca-that is. 

kL = 1nL (rl h) al the coil positions r 

= ' I '  '2' wc obtain [because 10L(/) I b) = InL(� / b» 

h = �rlr2 . k = ln �r2lrl . and So = "'rl ln�"2 lrl ' (7 3-23) 
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with which the shape of the curved coil portion P,- P2 pi c.m be described by the integral 

equation 

f' In(rlb) 
z ::::: ± dr 

'I "" , �k2 - ln2(rlb) 
(7.3-24) 

Depending on whether the integf'dtion starts at Tj or TZ, we obtain the curves of the Iype 

p\pi or P�P2 shown in figure 7.3-7a, which define. together with the minus-sign branch, 
the useful coil shapes P2"P,pi or ptp2PI- (only the latter will be considered here). To 
calculate the length s21 of the arc pipz we note that (d ... i = (dz)2 + (dr)2 Or 

dsldr � [<dz/dr)2 + 1]"2 and with (7.3-2 1 )  ohtain7 1 1  

(7.3-25) 

where 10 is the modified Bessel function (A.2- 13), The filamentary bending-free D-coil is 

completed by adding the straight section PJ- D pi, which is subjected to the tension force 
So bur is not bending-free and thus must be �upported against the centripetal forces. For the 

length .... 1 1  of the straight section opt we find1 1 1  

(7.3-26) 

such that the total length of a curve in the O-coil is 2(.\·21 + SI I ) , and 1\ is the modified 

Bessel function of the first kind of order 1 (sce in figure A.2-4). 
With the given formulae it is possible to make a comparison between the D-shapcd 

and the circular coils in a toroidaJ magnet with regard to the various quantifies of imeres!. 
The adv<lnlage of having no peak stresses and no bending moments are obtained in the D
coil with a larger coil cross section, longer coil windings. and higher magnetic energy and 
inductance. However. if the coil bore is fully used by the experiment (as in today's 
tokamuk experiments), these propenies are a great asset for the D-shaped coil in a loroidal 
arrangement. 

Variations can be introduced to the ideally shaped D_coils120• For example. constant
tension segments defined by different k-valued curves in figure 7.3-7 may be comhined7- 1 ' ,  
or outer forces acting tangentially to the D-coil may be introduced7.17• which open 
interesting engineering applications7.19,7_22. A practical D-coil will have finite dimensions 
(ftgure 7.3-8), but its center line will follow as much as possible the ideal curves discussed 
above. 
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Figure 7.3-8 D-shapcd coi l .  
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DISTRIBUTIONS 

CURRENT 

There is widespread interest in force-free magnetic fields. The possibility of 
eliminating. or at least reducing. stresses in magnets is of great practical impottance (after 
all the critical problems we have laid oul in the previous sections). The limited mathematical 
constraints give a chance to find a variety of solutions; indeed. many analytical and 
numerical solutions describing force-free systems have been analyzcd and proposed in the 
hiS! 50 years ' 1!.1 18. It should be pointed out that truly force-free conditions can exist only 
for infinite systems: in other words, there are always finite forces some place in a finite 
conductor arrangement; for example. forces on the surface of a space region [hat in it'ielf is 
force-free. But the practical imponance remains. since it might be possible to reduce the 
electromagnetic forces in a certain space region, or to place them in convenient locations. 
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General formulation 

According to Ampere's force density (6. 1- 10), there is a force-free conducting matter 
if everywhere 

f = j x B = O  • (7.4- 1 ) 

that is, if the local current density j is parallel to the magnetic induction, 

which also means that 

j = aH =  a B 
" 

j x H = O  . 

(7.4-2) 

(7.4-3) 

Here a is a scalar function (which might be a constant. or othclWisc depend on space 
and/or on time), which must satisfy the equation 

HVu = 0 (7.4-4) 

but otherwise is arbitrary. This equation is obtained by taking the divergence of the 
quasistationary Ampere equation ( 1 .2-18), here rewritten in the form 

V x H = aH , (7.4-5) 

applying (A.3-5), and assuming the magnetic penneability J1 to be a constant 111 space, 
V · B = "V H = O. 

Similarly. by taking the curl crlhis vector relation, we obtain with (A.3-8, 10) 

(7.4-6) 

and when the magnetic field and current density arc linearly related (i.e., a = consL), this 
reduces to the Heimoitz, or wave, equation 

(7.4-7) 
For some solutions describing linear force-free configurations we refer lO the mathematical 
considerations made in section A.4, starting from (A.4-52). 

Force-free configurations 

Here, we shall discuss some simple solutions of the force-free configuration problem 
for the purpose of illustrating its most important features. 
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, " , , .. �/ : H(l.) == (H.I'HyO) 
, , , , 

�� : --
--------------.� 

' '- '" ''  .... : --------:-:I.� 
y 

H == (o.Hy,D) 
Figure 7.4-1 The plane, force-free magnetic field with, j(<:)= a(z)H«:). 

Plane geometry 

We consider first the plane case in Cartesian coordinates (figure 7 .4-1), where the 
magnetic field vector (and thus the current density vector) is always parallel 10 the 
(x,y)-piane and depends only on the z-coordinate, H ::: [HAz). Hy(z)]. If we also assume 

a ::: a(z), the right-hand side of (7.4-6) vanishes and for the solution follows directly 

(74-8) 

where HO is a con:-;Iil.nl. This force-free magnetic field is uniform, IHI ::: Ho_ In any z = 
const. plane but rotates by an angle az: by moving along the z-axis. The same applies for 
the force-free field or current distribution in a sheet, but provisions must be made to meet 
the boundary conditions. 

Cylindrical geometry 

Wc shall now extend these considerations to an axisymmetric configuration (figure 
7.4-2) in cylindrical coordinates (r.cfJ .z). where there is no f/r. z-dependcncc. where the 
field has the components H(r) = fHtf>(r), Hz (r)], and where a = a(r). In this case, from 

(7.4-2,5) we find the component equations along the tP-. z-directions: 

. dll� II� I d(rll� ) 
lz � all. � -- + - � - ---::-''-

<. dr r r dr 

and from these wc obtain. by eliminating the function a. 

dll_ II� d(rll� ) 
H7 ----..J.... + - � O  

� dr r dr 

(7.4-9) 

(7.4- 10) 
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or, by rearranging into the field components, 

(7.4- 1 1 )  

(7.4- 1 2) 

[These equations could also have been obtained from (7.4-6) in cylindrical coordinates with 
the help of (A.3-24).] Note that in tern1S of the poloida\ and toroidal fields introduced in 
(6.4-66) here we have Hp = H,e, . HT = H�e�. 

We will start OUT discussion by assuming a ::; coma., in which case the right-hand 

sides of (7.4- 1 1 , 12) vanish and the remaining Bessel differential equations (A.2- 1 1) have 
the solutions 

(7.4- 1 3) 

where Ho is a constanl. [We have excluded the Bessel functions of the second kind Y 0. Y 1, 
because of their divergence at , = 0; sce (A.2-12) and figure A.2-3.] This simple force-free 
field draws lines of force that 3TC helices on coaxial cylinders with the pitch Ht.! H� 
varying along the radial direction. 

Solutions (7,4- I 3) can be made to hold in a tubular cylinder bounded at Q1 :::;; r :::;; Q2 

by fixing the two constants a and HO according 10 the boundary conditions. In particular. 
in the ideal. infinitely long solenoid (when there are no axial currents in the free space 
around the axis within r< 01). Hip(r = al)  = 0 must always hold, thus requiring 

·�t /l" 
---:-f" I 

I 
I 

CD, 
I 
I 

I. 

l� 

", 

., 

Figure 7.4-2 Porce-free axisymmetric coil structure (al < r < a2) !.:ontained 
within It solenoid (r ?a)). both infinitely long. 
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(7.4-14) 

to be the mlh root of 1 1 (xll/ ) = 0  (table A.2-I), with the axial component thus being 

Hz ::: HoJo(xr" ) .  In general, there will be a second boundary condition at r = a2-for 

example, vanishing axial field. Hz(r = -a2 ) = O, requiring aa2 = xB to be a rool of 

Jo(x::) = 0 ;  or, again, no azimuthal field. requiring aa2 = xl' (with n > m), If the radius 

at of the free space is given and a is determined by the above condition. then the outer 
boundary condition fixes the radius "2 . 

This last solution is used to illustrate the typical merits (as well as limitations) of a 
force-free structure (figure 7.4-2), Since Hr. == HOJO(xl" ) '  from table A.2-J we find 

H" � 0.403Ho (with '" � I and xi" � 3.83 1 ), and also H ,2 � 0.300HO or 0.250HO (with 

n = 2 or 3 and xi' = 7.01 6 or 10.17). The latter axial field can in practice be generated by 

an outer solenoid wilh wdius a3 "" a2 • and the merit of including the force· free coil is  10 
<Jmplify the axial field in  free space by a factor Hz2 1  HZ1 = -1 .34 or + 1 .6 at the cosl of an 
inner radius increase of a3 1 (/1 "" cl2 1 al = 1 .83 or 2.63. Such an arrangement can be of 
interest in the produCl]OIl of very high magnetic fields; for example. when the outer 
solenoid is m<Jde of superconducting material operated at its electrical and mcchanical l imits. 
tile force· free insertion allows the generation of high magnetic fields, which overcome these 
limits. 

Spherical geometry 

Force-free field configurations limited to a spherical space, where a = cons!. for p ;5; 
0, and a = 0 by definition for p > ll, can also be determined analytically. In axisymmetric 
spherical geometry with p, e, 4J coordinates. it Can be shown8 Q that a simple solution of 
(7.4-7) is 

where 

H � _ , I al{! P p-sinO ao 
Ho � _I_ al{! 

psinO Jp 

. 0 . O
ap lI' = PSIIl A� = -pstn -
dO 

is the !lux function ddincd in (2,5-10), and where 

{-HOP(I - a3/ p3)eosO 
p(p,O) � _� 

Ap 2 J 312 (ap )eas e 

• for p > a  

for p < a • 

(7.4- 1 5 )  

(7.4-16) 

(7.4- 17) 
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is the simplest solulion of 
, 

Ai' + a-P = O  

(with the Laplacian here written in spherical coordinates. table A.3.1I, but with 
(J(· · ·)/a.p -4 01.  More general solutions in spherical coordinates can be found in the 
literature 8.Lll, Continuity of H requires J> and (JP/Jp to be cominuous across r = n; that is. 

(7.4- 1 8) 

where x = a,lll are the rOOlS of the Bessel function of fntctiona1 order 3/2, which by 
definition is""\ f2( Sinx) 

J : H2(X) = � � -cosx + � . (7.4-19) 

The commonly used poloidal and toroidal field components (6.4-66) are 

(7.4-20) 

This solution is illustrated in figure 7.4-3 by tracing. with definition (7.4-16), the 

(7.4-2 1 )  

Figure 7.4·) The poloidal field line!; im;ide and oUIs:ide a simple spherical 
flln.:e-free configuration. Out: 10 the addilional toroid:1I field component HT = H�. not 
shown here. the field lines in space trace helices on nested lori. 
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lines, which as we know from (2.5- 1 2), describe the Hp-field lines, and where ala is the 
first rool of J 3 1 2  (a'Ia) = 0 and the constant A I is defined by n = 1 in (704- 18) .  Inside the 

P = (J sphere. there is also the HT = H�ef/! component. which circles about the z-axis, so 

that the overall H = Hp + Hr lines lrace helices On nested ton that are centered on the 

circular magnetic axis with radius PT' This radius is dctennined from the condition 

He(PT,Tr/2) � 0 in (7.4-22). Thc outside field is poloidal (because a � 0) and must be 
generated by an outside source, such as to match the surface poloidal field (given below in 
(7.4-22)J. From (7.4- 15,17) we find 

(7.4-22) 

. p < a  . 

The poloidaJ field in the equatorial plane e = 1C 1 2 .  which is parallel to the z-axis and has 
only the H6 -component. varies from -Ho at p -+ 00, 10 -3HO at p = ll, to 0 at p = P T. and 

then, in this solution, diverges at p --+ o. 
In a semi-quantitative way, we find again (similarly to the cylindrical case) that the 

force-free structure allows one to greatly increase, on the a�is of symmetry. a magnetic 
field produced hy an ouler coil. 

Variable-pitch solution 

When the parJITIeter a is space-dependent,a = a(x) . the relevant equation for 
determining the force-free configuration is given in (7.4-6), which is quite difficult to 
solve. An even more complicated situation arises with the nonlinear fonn a. = a(H). If the 
specific form of the functions a(r). or a(H). are known a priori. the solution procedure is 
determined by the known equations. If the a-functions are not given Cl priori, mathematical 
considerations may help in determining the general fonn of the eigenfunctions. For 
e�ample. conSidering the possible syrnmctrics of the force-free fields may help in finding 
continuous transformation groups (so-called Lie groups) compatible with the underlying 
equations; each such symmetry group can then correspond to a well-detenllined a-function. 

Here, we shall illustrate this situation with a more practical approach. limited for 
simplicity to the a�isymmetric configuration introduced in connection with (7.4-10): if 
Hz(r) (or HtfJ) is given, then this equation determines Hrp(r) (or Hz), and through (7.4-9) 
we find the a.<r) -function. as well as the current distribution jl.(r},j�(r) that produces 
these force-free fields. We are then in a poSition to appro�imalely build the corresponding 
force-free coil by winding the conductor in helices with a radially dependent pitch 
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jz(r}1 j�(r), or by having separately superposed conductor layers with the required 
}z.(r) and j�(r) current densities. 

As an example, consider the axisymmetric case where the azimuthal component of the 
current density is constant: 

. dH, H2 - HI . ( ) J,p = - = - = JO const. 
dr 02 - Cl1 

thus generating. according to (7.2- 19), the axial field 

H,(r) � r(H2 - H1) - (H2ol - H102 )  
a2 - al 

(7.4-23) 

(7.4-24) 

between the inner and outer field components Hz (a1) = HI ' H z(a2) = H2- Introducing this 

into the rearranged (7.4- 10), 

I d(rH�)2 
2 dH - = -r H . .=...:..z.. 

2 dr <. dr 

and after integration and requiring that H�(al) = 0 ,  we obtain 

which also defines the function 

a(r) � J.t. 
H� 

(7.4-25) 

(7.4-26) 

(7.4-27) 

The force-free current distribution is thus fully determined: the current density components 
in the conductor are given by (7.4-9, 23, 24), that is, 

j� � jo(consl.) , j,(r) � a(r)H,(r) . (7.4-28) 

Tf for practical reasons [as in connection with (7.4-14)] wc require the outer poloidaJ and/or 
axial field components to vanish, the relations H�(a2 ) = 0 and/or Hl.((l2) = H2 = 0 in 

addition to (7.4-23) bind the parameters 01 ,02 . H2 , HI , )0 . However, a more precise 

analysis requires the vaJidity of the equations (0 be verified in relation to the imposed 
conditions 7.13. 
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Chapter 8 

MAGNETOHYDRODYNAMICS 
AND PROPERTIES OF MATTER 

In previous chapters we discussed the healing and pressure effects thal appear when 
e1ectromagnelic fields and currenls are large enough. and which can give rise to complicated 

inleraction processes in the field----conductor system. As the fields become even stronger, 
Ihe high temperature and pressure may influence the parameters of the conductor, and the 
equation of stale and other matter-related functions have to properly describe the 
phenomena. There arc also remarkable effects when conductors or electrically conducting 
fluids move within electromagnetic fields. This situation is described in the first section by 
combining the equations of (quasistationary) magnctodynamics and fluidodynamics to 
obtain the equations of magnetohydrodynamics. The final seclion describes some of the 

most important properties of conducting and magnetic matter which are of relevance to the 
subjects treated in this book. 

Applications. Magnetohydrodynamic applications range from the astrophysical scale8-H 

(magnetic activity in the Earth, the Sun, and intergalactic space) down to the laboratory 
scale (MHD current generatorsSOi, electromagnetic processing of materials6-�2, controlled 

thermonuclear fusion plasmas1. 16). The second section in this chapter is wholly devoted to 
magnetic flux compression I 10 because this peculiar method produces the highest fields on 
the stellar scale and in the laboratory and is substantia1ly different from conventional high 

magnetic field generatorsLI1. The classical and quantum physics of magnetized material, as 
presented in the third section, leads the way to the magnetic resonance method which is 

used today in a wide spectrum of applications, from the noninvasive inspection of solid 
state, biological, and molecular structures841 up to the human body imaging techniques 

used in clinical medicine8A.l. Finally. pennancnt magnetsS.S2 are another important subject i n  
applications8.4IJ. since with the new magnetic materials they can be a convenient substitute 

for current-driven magnets. 

435 
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8.1 MAGNETOHYDRODYNAMIC 
EQUATIONS 

In this section we summarize the set of magnetohydrodynamic equations in the 
quasi stationary approximation, some of them separately discussed and established in 
previous chapters, and present them in the most suitable form for treming the interaction of 

magnetic fields with electrically conducting fluids8. 1 . 

General formulation 

We will neglect displacement currents (i.e., we .Issume the quasistationary 
approximation) and viscosity effecls; we will consider nonconstant (but isotropic) electric 

and thermal conductivity (a and k) and assume a constant permeability J.L By r we denote 

the position vector of il fluid elements, so that 

dr 
U = 

dr 
(8. 1 · 1 )  

is its (nonrelativislic) velocity and p = 1 1  V, p .  £ are, respectively. the mass density (V. the 
specific volume), the hydrodynamic (isotropic) pressure, and the specific energy per unit 
mass [dimension: joulc/kgJ. 

Eulerian frame 

The fiuidodynamic and quasistalionary magnetic equations for a compressible, 
cOllducting fluid with negligible viscosity (having the properties and parameters just 
mentioned) are, in a fixed coordinate system8_H.O�: 

(a) The conrimliry equmion (expressing conservation of mass), 

or 

(Jp 
- = -V ' (pu) 
at 

(Jp - + U ·  Vp = -pV · u  
at 

(8.1·2) 

(8. 1 ·3)  

The total time derivative on the left-hand side lsee also (8,  1 -24)J expresses the variation 

of the density in the moving fluid element. If this does not change (and even more so, if 
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the fluid is incompressible), we have 

V · u = o  (8. 1 -4) 

(b) The equation of motion or Elller's equation (expressing conservation of momentum), 

(8. 1-5) 

where p is the hydrodynamic (isotropic) pressure and f is the volume density of external 

forces (for example, a gravitational force f = pg), The electromagnetic volume force 
density fn from (6. 1 - 1 8) is 

(8. 1-6) 

which is related 10 Maxwell's stress tensor (6. 1 -23). The form of (8. 1 -5) applies striclly 

only for an it/nIl fluid, in which, by definition. no energy dissipation processes arc 
laken into account-in particular, no viscosity and no heat exchange. [In a viscous flow 
there would be an additional term on Ihe right-hand side of the form k\ VCV' ·  u)  + k26.u . 
where for an incompressible fluid k I ;; 0, and typically for mercury k2 ;; 1 .6 x 10- 3 

kg/m·s.] It can be shown that in an ideal fluid V x u == O. which according to (A.3- 1 1 )  

means that u is derivable from a scalar velocity potential u ;; Vet-v' If i n  addition the 

fluid flow obeys (8. 1-4), the scalar function is defined through Laplace's equation 

V ·  VCP,. = MIl. = 0 . 

(c) The general thermodynamic equation (expressing heat balance) 

,}(pe) + u . V(pe) = g +  V . (kVT) + �(JP + u ·  Vp) Jr p Jr 

(8. 1-7) 

(8. 1 -8) 

where k is the thennal conductivity. and fOf the SOUfce term (the energy term generated 

by external sources). Joule heating is taken: 

.' 2 r (VxH) 
g = - = 

G (J (8. 1 -9) 

where a is the electric conductivity. Note that (8.1-8) is obtained from (5. 1 -42,43) by 

adding the comprcssibility lcnn -(p I V)aV ldt-that is, the (negative) work done by 
the overall pressure on the elemental volume V = I 1  p ; however, the compressibilily is 

negligible for a fluid in normal conditions. A further approximation step toward making 

(8.1-8) consistent with the presence of a quasistationary magnetic field would add the 

tcrm d(I1//2)/2iJt on the left hand and extend the hydrodynamic pressure with the term 

p -4 P + pHl 12 . [It is useful to mention that in these fluidodynamic equations each 
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time derivative has been extended by a term ( u ·  V) .. . with respect to a nontlowing 
situation, as motivated by the calculation leading to ( l .3� 1 8); in a viscous now. on the 
righl-hand side of (8.1-8) Ihere would be an additional term of the form V ·  ([ EJu), 
where [E] is the viscous Slress tensor, see (A.3-36).J 

(d) The energy conservalion equation (as an alternative to the previous thermodynamic 
equation). In hydrodynamics a convenient conservation equation is expressed as 

J ( I 2) ar PE + 2 Pu � -V · q  , (8. 1 - 1 0) 

which states that the increase in the internal plus kinetic energy density is equal to the 
negative divergence of the energy flux density 

(8. 1 - 1 1 ) 

[In a viscous flow there would be here an additional term [IJu. see the previous point 
(c).) Equations (8.1-10, 1 1) are obtainable from (8. 1 -8) with g = 0 when the equations 
or motion (8.1 -5) and continuity (8. 1 -2) and the appropriate vector transfonnations are 
applied. When a magnetic field is present, the internal energy density on the left-hand 
side includes the field energy density .uH2 / 2 ,  and the energy flux density on the right 
-hand side includes the Poynting flux V·p � (5. I - I Q), where 

I p � E x  H � rE' - (u x B)] x H � H x (u x I1H) - - H  x (V x H) 
" 

(8. 1 - 12) 

here the field E' :::: j/ (j = V x H / (J ,  ( 1 .3-37), has been introduced because it is the one 
that drives the current density j on the moving conductor. Consequently, the energy 
con�ervation equation with a quafiistationary magnetic field in the conducting fluid 
becomes 

J ( I 2 I 2 ) ar P£ + 2 PU + 211H = -V . q  , 

where now 

q � PU(E + --'-U2 + p)- kVT + H x (u x I1H)- --'- H  x (V x H) 
2 P " 

(8. 1 - 1 3 )  

(8. 1 - 14a) 

This energy equation is equivalent to (8 . 1 -8,9), as can be verified by appropriate 
calculationM-34• For later use, note that in the approximation with a very large Reynolds 
number [as defined in (8.1-47a)] it is E' � 0 ,  (8.1-61),  and Ihe lasl lerm in (8. 1 - 12, 14a) 
thus vanishes. The second last term, with the trivectoral relation (A.3-lc), is 

H x (u x I'H) � J1H2u - I'( H ·  u)H . (8. 1- 14b) 
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(c) In addition, the equarimls of state of the nuid are required-for example. given in the 
form (8,3-79,80) 

p = p(T,p) (S, I - ISa) 

£ = £(T,p) (S. I - ISb) 

(f) Final ly . the quasi stationary magnetic equatiolls must be added. With the assumptions 
made in connection with ( 1 .2-18 to 2 1 ). ( 1 .3-37). lhey arc 

and also 

""d from (8, 1 - 1 6) 

<;' x H = j (S, I - 16) 

all <;' x E = -- (S. I- 1 7) 
ar 

<;' · B = O  , B = /1H ( 8. 1 - 1 8) 

j = o£' = u(E + U x BJ ' 

<;" j = O  . 

(S, I - 19) 

(8, 1 -20) 

It is often convenient to use combinations of the above equations-for example, the 
general magnetic diffusion equation (8. 1 -39) as it combination of (8. 1 - 1 6  to 19). With an 

appropriate set of initial and boundary conditions. and provided (halO' and k are known 

funclions, for example (5,3-1 1 ) ,  (8.3-10, 1 5), 

u = u(T,p) (8, 1-2 1 )  

k = k(T,p) (8 . 1 -22) 

the magncwhydrodYllw11ic (MH/J) probLem is lhell fully deTermined. It should be 
remembered that all these equations are given here in an Euieriwl frame-that is, with 

respect 10 a coordinate system fixed in space. For a general comment on the set of these 
MHD equations sce further on, in connection with (8.1 ·58). 

Lagrangian frame 

As wc know from section 1 .3, when considering a fluid moving with velocity D ,  i t  is 

often more convenient to solve the magnetohydrodynamic problem in a Lagrallgiall 

frame-that is, with respect to a coordinate system moving with the fluid (figure 8. 1 - 1 ). 
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The equations of the latter fonn are transcribed from the former by introducing the electric 
field ( 1 .3-37). 

E' = E + u x 8  (8. 1 -23) 

and the Lagrangian time derivative DlDr, considered as a total lime derivative. that was 
defined in ( 1 .3-18, 19) for a sca.lar function 4> and a vector A to be 

D<I> J<I> 
- = - + u · V<I> (8 . 1 -24) 
Dr dt 

DA JA 
- = - + (u · V)A (8. 1 -25) 
Dr dt 

The significance of the last teml is detailed in (A.3-22); in particular, when u is constant in 
space, it simplifies to the forms given in ( 1 .3-20,2 1).  

Tn this way, the Lagrangian magnetohydrodynamic equations are obtained from (8. 1 -
3.5.8, 16 to 20): 

z 

x 

Dp 
- = -pV · u  
Dr 

p
Du 

= -Vp + (j x 8) 
Dr 

(8.1 -26) 

(8. 1 -27) 

u 

y 

Figure 8.1-1 A comrre.�sihle or incompressible fluid moves with velocity u 
within a magnetic field B .  The Lagrangian coordinate system (x',Y:ZJ moves with 
an clement L!. V' of the nuid; wherea� (x.},.z) i� Ihe laboralory rrame. 
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D(pe) = / + V . (kVT)+ p Dp 
Dt <1 p Dt 

V x H =  j 

V x E, = _ DB - B(V . u)+ (B . V)u , 
Dr 

V · B = 0 , B = ,UH 

j = aE' , 

V · j = O  . 
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(8. 1 -28) 

(8. 1 -29) 

(8 1 -30) 

(8. 1 -31)  

(8. 1 -32) 

(8.1-33) 

With the appropriate equations of state [e.g.. (8. 1 - 1 5)], the electric and thermal 
conduclivlly functions [e.g .• (8.1-21 .22)). and the specific initial and boundary conditions, 
the problem isfully determined. 

The following remarks might be helpful: 

(a) The electric field E' is the field measured by an observer moving with the fluid and is 

the onc that drives the current density j in the moving fluid [see in connection with ( 1 .3-
29,30)]; otherwise. if the E field as measured by a laboratory apparatus is required. the 
substilUtion (8. 1 -23) must be made. 

(b) For later use, the explicit source (g) and force ( ra) terms, as given in (8 . 1 -6,9), arc 

used in (8. 1-27.28); no other external force is considered. f = O .  
(c) The thcnnodynamic equation (8. 1 -28) indicates that the increase in the internal volume 

energy density (pE) is determined by joule heating. the gradient of the heat flux density, 

and the work done against the hydrodynamic pressure. 

(d) The inductive equation (8.1 -30) indicates that the (negative) electric field E' is 

detennined by the total field derivative in time, and by the field amplification due to a 
convergent flow and to a compressible fluid [see in connection with (8. 1 -45)1. 

(c) For a fluid, for which the cominuilY equations (8. 1 -4,26) reduce to V · u  = O. the last 

term in (8.1 -28) plus the second last in (8. 1 -30) drop out. 
(I) For a viscous flow there are additional LemlS in (8. 1 -27.28), as mentioned in 

connection with (8. 1 -6,9, 1 1 ). 
For the energy cOTlserval;on equation for a fluid where Dpl DI = O. V · u = 0 ,  from 

(8. 1 - 13, 14) and (A.3-5) we obtain D (  I 2 I 2 ) [ (  1 2 ) , ]  
D

r P£ + '2pu + '2,UH = -'1 u p + '2,UH - kVT+(E x H) - ,UV · [(u · H)HJ . 

(8. 1 -34) 
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Finally, integrating over a volume V delimited by a closed surface S of a moving fluid in a 
quasistationary magnetic field yields 

g, J(e +tu2 +HH2�M�H -(E' xH) + kVT- pu 
M S 

+ [1l(u H)H -tIlH'uj }dS 

(8 1-35) 

where wc have used Gauss' theorem (A.3- 16) and have transformed the integration over 
the volume into one over the mass (dM = pdV), This equation expresses the energy 
cOflservation. In fact, it shows that the increase in the total energy (thermal, kinetic, and 
magnetic field energies) in the moving fluid of mass M (left-hand side) is given by (right
hand side. in order) the Poynting flux, thenna! diffusion. work done by the hydrodynamic 
and magnetic pressure with respect to the moving surface S (in analogy to (6.1 ·22b). the 
last bracket represents the vector resulting from the multiplication of u by Maxwell's stress 
tensor (6. 1-23)). For a general comment on the set of these MHD equations sce further on, 
in connection with (8.1-58). 

Magnetic diffusion 

Field diffusion 

The presence of conducting fluids moving with velocity u causes new effects for the 
diffusion of magnetic fields as introduced in section 4.1. Ohm's law is now 

j � (f(E + U X IlH) , (8. 1-36) 

and in the quasistationary approximation and for a fixed coordinate system, by taking the 
curl of 

and using 

V x H �  j (8. 1-37) 

Vxl!  � _  allH 
(Ji 

(8. 1-38) 

we get the generalized diffusion equation 

0lI tmH � - - V x (u x H ) (Ji (8. 1-39) 
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where 

I K = - (8. 1 -40) 
(j/1 

is the magnetic diffusivity (4. 1 -9), and the same assumptions that led to the sIalic diffusion 

equation (4.1-8) apply. In panicular, if I( were not uniform in space there would be the 

additional leml -V K x (V x H) on the right-hand side. (4. 1 - 1 1  b). Using the vector identity 

(A.3-9) and wilh 

(8. 1 -4 1 )  

this equation is rewritten as 

OH KLlH = Jr + (u · V)H - (H · V)u + H(V · u) (8. 1-42) 

By switching to a Lagrangian coordinate system with the Lagrangian time derivatives 
(8. 1 -24.25). wc oblain 

OH - = KLlH +(H · V)u - H(V · u) • 
01 

(8. 1 -43) 

which is sometimes termed the complete induction equation, and in this form il refers. as 

we know, to a frame moving with the fluid clement. The first term on the right-hand side of 
this equation represents the increa<.;c in the magnetic field by diffusion, as we know from 

(4.1-8); the second leml determines magnetic field amplification due to the curvature of the 
now (it can vanish in certain circumstances-for example, in the case of a rigid body 

translating with constant velocity parallel to itself); the third term gives magnetic 
amplification due 10 the compressibility of the fluid because, 

equations (8.1-3 or 26) it can be written in the form 

H Op H(JP ) H(V . u) = - -; Or = --; J; + u , Vp 

It vanishes when the fluid is incompressible, (8. 1 -4), 

V · u  = 0  

in fact, with the continuity 

(8. 1 -44) 

(8. 1 -45) 

The complete induction equation (8. 1 -43) thus describes the balance of magnetic fields in a 

moving conducting nuid. The amplification of magnetic fields by fluid motion is referred to 
as a dynamo procesSS.'I: It is positive when the mentioned amplification temlS prevail over 

the diffusion term. By virtue of this process S. I I .8 .n, the kinetic energy of the fluid can be 
converted into magnetic energy, and through diffusion and dissipation it can be converted 

into heat. as was discussed in chapter 5. 
Here again as in ( 1 .2-5), (4.2-17) it can be convenient to consider dimemionless 

equations and related quafi1ilies. We mark them with an asterisk by normalizing to 
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characteristic parameters: lime to. length 10' velocity lio = IJ{o. magnetic field Ho. For 

example, the generalized diffusion equation (8. 1 -39) or the complete induction equation 
(8. 1 -43) can be rewriUen in the forms 

Here, 

all * I -- = -.1 * H  * +V * x(u >I< xH *) 
iit * R m 

OH ' 1 
-- = - 6. >I< H * +(H * -V*)u >I< -H * (V * -u*) 
Dt >l< R m 

(8. 1 -46a) 

(R. I -46b) 

(8. 1 -47a) 

is defined as the magnelic Rey"olds number, which is the ratio of the u-dependent tcnns to 
the first Lenn on the right-hand side and can also be understood as the ratio of the diffusion 
lime (4.2-18b), 

to the transition or displacemcOI limc to = 10 I Uo in the system. 

In analogy to Ihis primary definition related to a moving electric fluid. it is also 
customary to introduce it Reynolds number for a conductor at rest (uo = 0) but exposed to a 

harmonic field oscillating at the frequency (J) = 2Tr I T, where it is, accordingly, the ratio of 
the diffusion time Td to a chaructenstic period of excitation-for example, 
10 = T I "  = 21 w as in (4.2-21)-thus 

11 

\ 

x 

Figure 8.1·2 A rigid body moving with velocity v across a magnetic field D.  
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(8. 1 -47b) 

Furthermore. by introducing the diffusion skin depth So = (IGO)l l 2  or So = 8 = (2K" I (t) l f 2 
from (4.2- 18,2 1 ), we can also write 

(8. 1 -47c) 

which does not contain the velocity or time explicily. [An example of this fOl1llUlarion is 
used in (4.3-47).]  Because of its IO-dependence, the magnetic Reynolds number can be 

very large in astrophysics; for example. it is I ()6-I012 on the Sun. The significance of Rm 

for magnetic systems is discussed in connection with (8.1 -58). 

Finally. we consider the simple case of a llolldefiHmable, im:ompressib/e conduc/or 

translating with velocity u = v with respect to the magnetic field configuration (figure 8 . 1 -

2), As II consequence of the remarks just made, the right-hand side of (8. 1 -42), which 
refers to the fixed laboratory coordinate system, will include only the f1rsl two terms 

where, according to (A.3-22), 

OH K"dH =J1+ (v V)H , 

all OH OH ( v · V)H = v  - + v . - + v_ -I d, J iJy  ' Jz  

Vector potential diffusion 

By introducing the vector potential A defined in (2.2-2), 

VxA = B = IIH 

inlo (8. 1 -36,37,38) wc get in analogy to (4. 1 -4) 

-v xC VxA ) = cr[ a; +UX (V X A) +VU] 

(8. 1 -48) 

(8 . 1 -49) 

(8 . 1 -50) 

(8. 1 -5 1 ) 

With the vector relations (A.3-9) and when u = V cP is expressible as the gradient of a scalar 

function [thUS, for an ideal fluid, V x u ;:;; 0, see in connection with (8. 1 -7)] and since 

V·A = 0, (2.2- 1 1 ), wc oblain 

U x(VxA)= -AV · U + (A · V)u - (u ·  V)A (8. 1 -52) 
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Finally, when J1 is uniform and the fluid is incompressible {Ihu� V' · u  = 0, (8. 1 -4)], 

equation (8. 1 -5 1 )  transforms inlo a similar form to (4. 1 - 1 3), 

.1A = a{; + (u ·  Il)A - ( A ·  Il)u ]-1'1 (8. 1 -53) 

The right-hand side expresses, in addition to the current source term j" = -dVU, (4. 1 -

14b), the eddy current tenn 

i; = -a[ a; + (u ·  Il)A- (A . Il)U] (8 . 1 -54) 

With respect to (4. 1-14c), it is extended by the term (8. 1 -52), 

u x B = (A · V)u - (u · V)A , ( 8 . 1 -55) 

which expresses the balance of the entering/exiting field lines with respect to the moving 
rigid conductor. 

As wc know from section 2.2, (he vector potential formulation can be convenient in 
plane or axisymmetric geometries because in these cases only one (scalar) component of A 
must be considered. For example. in a plane geometry with currents flowing normal to the 
plane, i = [O,O,j,(x,y)], ooly the A,-component exists A = [O,O.A,(x,y)] aod the 
magnetic field has the components B x' B)" solely (see figure 2, I �6), In Cartesian 
coordinates. (A3-22,23), the vector equation (8, 1 -53) for a rigid cylindrical body moving 
with constant velocity v == (vx' vy ) reduces in this case to the only l-component equation 

a2A, a2A, (aA, aA, ilk ) . 
�2 + -----:r"- ::= O'p ----"'-+ v.( ----"-+ vy ---->.. -Jih � , 
J, d)' L lit dX Jy . .. 

An example of a corresponding, axisymmetric equation is given in (43-1 1 ) ,  

Limiting cases 

(8.1 -56) 

In a typical MHD problem, which combines electromagnetism with nuid mechanics, 
the vectors B and u are the primary variables, together with two or more of the 

thermodynamic functions: fluid density p, pressure p,  internal energy per unit mass E, 
temperature T The dctennination of B and u requires two vectorial equations (that is, six 
equations for the six components of H, u }---for example, the equation of motion (8.1-5 or 
27) and the generalized diffusion equation (8.1-39 or 43). In addition, each thennodynamic 
function present in the problem requires one additional equation-for example. the 
continuity equation (8. 1 -3), one of the energy equations (8.1-8 or 13),  or the equations of 
state (8. 1 - 1 5). 
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To reduce the complexity of {his general set of MlID equations. it is convenient to 
estimme the relative imponance of the many competing physics effects and related terms 
and 10 eliminate them from the beginning. Dimensionless parameters can help in this 
ordering, as we have seen with the introduction of the magnetic Rcynolds number (8. 1 -47), 

lOll 
R = - = 11(1 lOll m /( 

Another such parameter is the nuid beta 

(8. 1-57) 

(8. 1 -58) 

which is the ratio of the fluid pressure to the magnetic field pressure (6.2-93); At f3« I .  the 
magnetic equations and �ffects predominate over the fluid ones. The Alfven Mach number 

(8. 1-59) 

is the ratio of the fluid velocity u 10 Alfven's velocity (6.3-3), 

"A = H� . (8. 1 -60) 

If the ReY1loJd ... lIumber iJ extremely large-that is. Rm � 00 ,  which can mean 

(J ---+ 00 (a perfectly conducting fluid}-the effective electric field E' = E + u x B is 

negligible compared with IEI or lE x BI because the current j = aE' must remain finite, thus 

E = - u x B  (8. 1 -6 1 )  

In this case. 3 simple set of ideal MHD equations follows from (8. 1 -3.5,17,19); for 
example, 

Jp + V . (pu) = O  
dr 

Du Pa;- = -Vp + (V x H ) x B  

as a;- = V x (u x B) 

V · 8 = 0  . 

(8. 1 -62) 

(8. 1 -63) 

(8. 1 -64) 

(8. 1 -65) 

which provide the eight equations for the eight components and functions involved of B, U ,  

p. p. Note that in this case there is the possible presence of a non negligible charge density 
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Pc = -£V · ( u x R) (8. 1 -66) 

in the fluid. which is obtained by taking the divergence of (8.1-61) and using Gauss' 
equation ( 1 . 1 -4). 

On the other hand, for an extremely small Reynolds number, Rm ---+ 0 [according to 
(8.1-57) this implies relatively small velocities, u ---+ 0 ,  if er remains finite], we obtain from 

(8. 1 -36,37) 

1 
E = - V x R . 

pc> 
(8 . 1-67) 

In this case the MHD equations reduce (0 the equations governing induction and magnetic 
diffusion in a stationary conductor, as discussed in chapter 4. For example, the last term in 
(8.1-39.46a) can be neglected and we have the dimension less diffusion equation (4.2- 17), 

all · 
= KtO � * H .  

Jr '  LJ (8. 1 -68) 

This implies, as we know from (4.2-18b), that any irregularity In the magnetic field 
diffuses away on a time scale 

, 

y 

, 

Figure IU-3 A cuntuur C spanning a �urface S and moving witn tne fluid 

flow velocity u in a magnetic field B. 

(8 . 1 -69) 
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where J( = I 1  Wt1 is the magnetic diffusivity. 
A fUl1her interesting comment concerns the balance of magnetic flux 

IjI � fO . ds (8. \ -70) 

S 

relative to an open surface 5 delimited by the contour C which moves with the fluid (figure 

8. 1 �3). ln the casc of a perfectly conducting nuid ( Rm � oo, (J � oo . 1( � O) theJrozen 

flux theorem applies. which states that the magnetic flu)!'; 1I' threading the open surface S 

remains constant as the contour C moves within the fluid. To show this statement, we 
integrate (8. 1 -64) over S to obtain with Stokes' theorem (A.3-14) and (A.3-ld) 

f�
· ds + fO ' (U X d\) � O  . 

S ;;, c 
By comparison with ( 1 .4-8) we can write this equation in (he form 

d ljl 
� O  

dl 
' 

(8. \ -7 \ )  

(8 . 1-72) 

which stales that the total lime derivative of the magnetic flux through a moving surface is 
zero. Since the surface S in the proof that led to ( 1 .4-9) can be arbitrarily small, we can say 
thut the magnetic fields lines are frozen in; that is, they are tied (0 the infinitely conducting 

fluid and move with it. 

Cylindrical one-dimensional geometry 

It may be lIsdul to adapt some of the general magnetohydrodynamic equations to a 

simple. but ror many applications significant, geometry; namely, to the cylindrical one
dimensional geometry (radius and time; sce, c.g., figure 5.2-3) ror a purely axial magnetic 

field. with the variables Hz,E�,j" u,. relative to a Lagrangian frame moving with the 
fluid. With Ihe use of Ihe Lagrangian time denvalive (8.\ -24,25), 

D a a - = - + u  -
DI ;;' ' ar ' 

and Ihe vector relations contained in table A.3-1I, for this geometry we obtain from (8. 1 -
23,26 to 32) the fluid equations 

Dp P arm,) -�-
Dr r ar 

Du, al' . .. J./ 
p - � -- + J-",. , 

DI ar ' -

(8. \ -73) 

(8. 1 -74) 
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and Ihe e1eclrodynamic equal ions [similar to (4.3- 1,4)] 

aH, . 
a.- =

-J� 

where 

I a(rE�) _ DH, Hz J(m,) 
- -I' - I'  , a, Ot r a.-

E� = E� -/JH,ur 

(8. 1 -75) 

(8. 1 -76) 

(8.1-77) 

(8. 1-78) 

(8. 1 -79) 

From these expressions it is easy to obtain. for example, the corresponding energy 

and magnetic flux conservation relations (8. 1-30,34) or. by eiiminatingj41 and £�� from the 

last three equations, calculate 

OH, = _I i.(!.. aH,)+ H, Op . 
Ot W ar (J a.- p Ot 

(8. 1 -80) 

This expression is the generalized diffusion equation (8. 1 -43,44) for the axial magnetic 
field with the additional term representing the field increase due to fluid compression. In 
this case, the tcnn (H · V)u vanishes [see (A.3-22)], because of the cylindrical coordinates. 

8.2 MAGNETIC FLUX COMPRESSION 

Magnetic flux compression is an interesting method for generating large 

electromagnetic power pulses, of the order of 101 1 watts and aboveI2.nllu�. In flux 

compression systems, a closed electric conductor linking a magnetic flux '" is compressed 

by external forces, thereby converting mechanical into magnetic energy. This 
transformation method is very efficient as long as flux. losses remain limited (typically 
smaller (han 50%). Therefore, problems regarding magnetic flux. diffusion (chapter 4) are 
here of major concern. 

Flux compression systems can be divided roughly into two classes8.6; 

(a) The current or energy generators, in which the compression volume is usually separated 
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from the inductive load. Typical maximum magnetic energies in the I - 10 1000MJ range 
are generated and transferred into low-inductance loads8 .. \ (see also in table 8.2-1), 

(b) The energy densiry generatorJ. in which ullrahigh magnetic fields are generated by 
radial implosion of a cylindrical hollow conductor. With such devices, lOOO-T fields 
with good homogeneity in volumes of order I cm-' are actually being produced8 n (see 
also table 8.2-11) and used in a large variety of physics appljcalions�·14. 

Current generators 

Flux compressIOn circuit 

We describe the nux compression system by lhe simple circuit shown in figure 8.2- 1 ,  
which includes a total time-dependent inductance 

(8.2- 1 )  

made up of the constant load inductance LL and the compression inductance Lc(t). The 

resistance R(t) fonnally represents the maglleticflux leakage. The currenl I flowing in the 
circuit is dClennined by the differential equation 

Le 

d(L1) + RI = 0 
dl 

R 

. /  i 
, ' 
1 ". ... ... ... .... : 1 / " " " 00 ' 1_ .... 1 1 1 1 1 1 L. - - --c:J- - - - �  I J I 1 \  J • • •  C R LCB cu 

Io'igure 8.2-1 Ideal ized nux cumpression circuit. 

(8.2-2) 
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We solve this equation with respect to the flux IJI = LI bound to the system at lime 1 and 
obtain 

(8.2-3) 

where La = Leo + LL is the total inductance a1 t = 0 and ICo is the initial current obtained. 

for example. through the discharge of a condenser bank C (lower, broken circuit in figure 
8.2-1). Introducing thcfllLl: coefficienl 

A.(t) =--=exp -f -dt 
Lt { t R }  

4,1co 
0 L 

and the inductive compression ralio 

(8.2-3) can be wrillen in the form 

(8.2-4) 

(8.2-5) 

(8.2-6) 

where J1 represents the current nmllipiicaliol1 ratio. Since magnetic fields are locally 
proportional to the current (i.e.. 1/ leo "" HI Ho), this equation <1150 approximately 

describes the multiplication of the field within the flux-compressing generator. 
By multiplying (8.2-2) with I and rearranging the terms, we obtain the enng)' 

equation 

_!/' dL 
= RI' +�[! LI2] 2 dt dl 2 

(8.2-7) 

Table M.2-1 Magnetic nUll: compression devices (explosively driven ) l . lo 

Compression device Load (final perfomluncc) 
Type Overall Initial Type , ndllctance Current Magn. Mugn. Flux cocft'. 

inductance current energy liekl 
Lo 10, LL I WM J.lllm ). 

(�H) (kA) (nil) (MAl (MJ) (TI 
"Bellows" 1.16 700 solenoid )5  16 2 60 0.54 

(l1ul plales) (r=3.2cm. 

L=3Ocm) 

"Hdieul" 725 6 coaxial 60 7 1 . 5  (40 0.08 
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Wc see that the work done by the mechanical forces in decreasing the inductance is partly 

lost through joule dissipation. The rest increases the potential magnetic energy of the circuit 

W. for which wc write 

where 

W(I) L [' -- � - -2-
WMo 4J fcu 

I , wMo = - LoICn 2 

(8 2-8) 

(8.2-9) 

represents the initial energy. Using the coefficients defined above. we can rewrite this in the 
form 

(8.2-10) 

This equation may he considered the basic expression for energy generators. For example, 

"bellows" systems have moderate >t values (50--100) but rather large flux coefficient 

(0.5-0.9) (see tahle 8.2-1), whereas helical devices are characterized by a very large 

compression ratio II and a relatively low flux t:oefficicnt. 

Flux compressIOn by incompressible plane 
conductors 

Let us consider the ideal compression geometry shown in figure 8.2-2, in which two 

infinite. parallel I'll/fit:' conductors approach each other with velocity v. Due to the symmetry 

of the problem. it will be sufficient to consider only one conductor (thc pixton) approaching 

the ideal symmetry wall with velocity v. 

�------� - -�- - - - �, , " 

r 
/' 
II� t) / 

Jo'jgure 8.2-2 Parallel plane r.:omprcssion system. 
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Usually, a compression system is characterized by the initial kinelic energy of its 
piston (with thickness d, see in figure 8.2·3), 

I 2 WKo = -pdvo (8.2- 1 1 )  
2 

and the initial magnetic energy in the compression volume 

(8.2-12) 

Assuming we have an ideal conductor (U---4oo), we can write the nux and energy 

conservation in the fann 

1 2 1 2 
-PuH x+-pdv = WMo + WKo 
2 2 

Differentiation of the fenner yields 

x dH v = -�-
H dt 

and from the latter we finally obtain 

d 

---.j ... l+-
II 

symmetry 1/(1) 
�) 

'WIll 

0 , 

;;-

Figure 8.2-3 Plane piston. 

(8.2- 1 3 )  

(8.2-14) 

(8.2- 15)  

-

� 
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This differemial equation can be integralcd by separation. and the result is a transcendental 
function in H (schcmatically shown in figure 8.2-4), 

The increasing magnetic pressure will decelen:llc the inward-moving piston until it 
reaches the flmUlroufld point, where il is finally slopped. AI this point all the initial kinetic 
energy of the incompressible liner has been transformed into magnetic energy. From (8.2-
13,14) we obtain, for the turnarOlmdfield HI and distance xI, 

Ht :::::: Xo = 1 + WKo 
Ho XI WMo 

(8.2-16) 

Wc see, for example, [hat the maximum field HI can be increased theoretically by reducing 
the initial trapped Ilux 2WMo '  Ho. However, there are physical effects that can limit the 

performance of the ideal arrangement: magnetic field diffusion into the piston (which will 
be discussed next); compressibility of the metallic piston (discussed later on in connection 
with imploding ultrahigh field devices). 

We consider the case of a thick. (cl » sf/!) incompressible piston with constant 

conductivity a = ao that compresses un initial nux �oHoIo at constant velocity Vo (figure 

8.2-3). During the compression a certain amount of nux will penetrate the conductor. Thus. 
for the !lux balance. we write 

(8.2- 17)  

where 

I = x + '\·f/! (8.2-18) 

SqI being the flux skin depth defined and discussed in Chapter 4. In most practical case� this 
formulation allows olle 10 make a sufficiently precise estimate of the compression 
dynamics. 

A simple evaluation is obtained if we assume that the surface field varies during 
compression as 

HI -----------------------

t 
field 

IInf-----

Figure 8.2-4 Comprcsscd field pulse. 



456 CHAPTER 8 MAGNETOHYDROOYNAMICS AND PROPERTIES OF MATTER 

(8.2- 1 9) 

where the characteristic lime r can be approximated within the limitation mentioned in 
conneclion wilh (4.2-41) by 

dx v = --
dt 

(8.2-20) 

Here. wc have implicitly assumed that the flux loss and the penetration velocity of the 
diffused field remain limited; that is slP « x and dS\Il /dt« v. This approach, in which the 

field increase is considered as a time sequence of exponential functions with variable r, is 
sometimes called the skin-layer method 8.4. Its physical motivation is based on the facl that 
the parameters of field diffusion, such as the skin depth. are dominated by the ever
increasing field, so the contribution of the previous (initial) condition ( HO exp{-; I s� I .  scc 

next equation and figure 8.2-3) gets rapidly lost. For the final distribution in the conductor. 
from (4.2-40) we have 

H(�,t) = HOexP{.'. - l.} 
r .'irfJ 

and for the current density we get 

'
(
'

) 
iJH H(�,t) 

J " t = -- = 
at; -'� 

(8.2-2 1 )  

here, 

(8.2-22) 

is the flux. skin depth and /(0 is the magnetic diffusivity (8. 1 -40). With the help of the 
induction law ( 1 .4-5), for the surface electric field we can write 

£(0,1) = j(O,/) = _ dl" 

0'0 dt 

from which with (8.2-2 1 )  we obtain 

(8.2-23) 

where IjI = JioHx is the flux. per unit height in the compression volume. When the factor 
srfJv //(n is a constant. for the relative flux reduction we obtain by direct integration 

(8 2-24) 
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For the case where the piston moves at a constant velocity v = vo. we calculate from (8.2-
20,22,23) 

'I' { 2 ( r.;; )} 
Vlo � 

exp -K V7 - }  . 
Here. wc have inlroduced the magnetic ReYllolds number (8. 147) 

R = .\'01'0 
In "'0 ' 

(8.2-25) 

(8.2-26) 

which can be considered as the ratio of the diffusion decay-time ("" x6 1 K'o) over the 
compression lime (xO/vO ) '  Thus, a large Rm means that diffusion losses are relatively 
unimponanL For example. for a copper piston with Xo = 10 cm and vo = 0.2 cm/fls. we 
have Rm = 1 5  '000. 

We now want to establish a relation hetween the field-diffusion concept and the 
ronnal circuit equations given at the beginning of this chapter. With the approximation just 
used, we c.l lcuJatc for the mean resistance R 

while the total inductance is 

- I 
R = -

G()sftI 

Introducing these approximations in (8.2-3), for the field amplification we obtain 

� = � � �exp[-l(lIf _I dt] . 
Ho I" I " s�1 

When the piston velocity is constant, that is, 

�'o = -�-; = -�: 
we calculate with (8,2-20,22) the field amplification 

H I" [t( to )] - = -cxp I - -
Ho I " Rm I 

(8.2-27) 

(8.2-28) 

(8.2-29) 

(8.2-30) 

Besides the fact that here we have introduced the ratio 10 I / instead of Xo I x (which 
remains within the tolerances of our approximation), wc find the same result as in (8.2-25). 

We calculate the ma:cimtlmfield amplification Hm I Ho that can be atlained for x -7 0 ,  
i n  which {:<Ise the minimum distance ' follows from (8.2-1 8,20,22): 
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that is, 

(8.2·3 1 ) 

Introducing this value in (8.2-30), the maximum amplification for large Rm values becomes 

(8.2·32) 

where e = 2.7 1 828 is the base of natural logarithms. 

Implosion of an ideal flux compressing shell 

The generation of magnetic fields of 100 and mOre testa by flux compression requires 
pistons with very large kinetic energy densities. These C'Ul be obtained by resorting 10 
explosive-driven cylindrically converging shells, with the resull that the energy is 
concentrated near the implosion ax.is where the ultrahigh fields are generated. 

Analysis of a cylindrical compression system is rather complex and involves 
formidable theoretical methods and numerical solution procedures. Fortunately, in most 
cases of practical interest, it is possible to separate the acceleration phase of the imploding 
cylindrical shell from (he flux compression phase. This simplification is generally possible 
in explosive-driven systems, since acceleration of the shells by explosive action is 
essentially tenninatcd a few ccnrimelers from the initial radius, when the magnetic pressure 
is still llegligible. 

Field diffusion 

We shall begin our study of cylindrical generators by discussing the implosion of a 
cylindrical shell, characterized by an i"itial velocity Vo. Here, we consider typical velocities 
01" 0.1-1 cmllls ( l-JO kmls), as can easily be obtained with chemical explosivesl lO• For 
our analysis of the implosion dynamics we shall assume that the shell is an incompressible 
friction less fluid confmed within two concentric cylindrical surfaces. From the generul 
continuity equation (8. 1 -4,73) wc derive, for the axisymmetric and incompressible fluid 
(sce table A.3-H), the condition 

(8 .2·33 ) 
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,I bl 

I <J 

Figure 8.2·5 Imploding ideal shell: tal initial and (b) intermediate position. 

from which. by intcgr •. t1ion. we obwin 
rv = A{t) (8.2-34) 

here. r is the radius. v the radial velocity. p lhe mass density. and A(t) an integration 
constant, which will be defined by a convenient set of the two boundary conditions. The 
incompressibility also results i n  conservation oflhe volume (figure 8.2-5}, ll1al is. 

, , - R
' R ' 

R
' 

ry - rl - 2 - I = O (8.2-35) 

where RO is (he (oUler) radius of thc fully collapsed <lnd incompressible shell (r, -t 0). For 
the kinetic ('nag), of the shell (per unit of axial length) comprised between the radii 'I and r 

wc calcu[;uc 

From the equation expressing conservation of momentum [see (8. 1 -63.74)], 

d.. + v iN  + .l � = O  ill a; p ;), . 

(8.2-36) 

(8.2-37) 

wc can easily derive by integration with respect to r the pressure law within the shell: 

(8.2-38) 

where A(t) is defined in (8.2-34). 

To gain some insight into the peculiarities of the cylindrical implosion, let us first 
discuss the freely imploding sheJJ. This most simple case is defined by the bOllndary 
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conditions (at r = 'I ."2 ) 

(8.2-39) 

and the initial condition (at I � 0, rl � RI ) 

(8.2-40) 

The velocity Vo also defines. through (8.2-36) extended 10 the initial radii R I . R2 . the initial 
kinetic energy 

(8.2-41 ) 

The relation between the implosion velocity vI and the inner radius 'I follows from the 

conservation of (kinetic) energy 

We finally obtain 

For the case where the liner is initially very thin. that is. 

d = R, - RI « RI 

wc derive the simple expression 

, , RO = 2dRI 

(8.2-42) 

(8.2-43) 

(8.2-44) 

(8.2-45) 

We sec thut the velocity of the inner boundary gradually increases and at 'I � 0 diverges 

as (,llln rd)-1 /2 . Thus, this behavior also means that during implosion of an 
incompressible shell the (constant) kinetic energy concentrates more and morc towards the 
inner boundary. 

Another substantial difference with respect to Ihe plane case 
distribution within the converging fluid. which is found from (8.2-38): 

1 ,[( �2 ) ( �' ) In(r/� ) ] p(r.rI ) = -pvl 1 - 2  - 1 - 2  
2 r ':1 In("2/�)  

Here. we have used Ihe expression 

is the pressure 

(8.2-46) 
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' I  i 3.'(1� 

, I 

"igure 8.2-6 Pressure distribution ill the rreely imploding. cylindrical shell. 

(8.2-47) 

derived from the same equation, but taken at the radius r � 1'2 .  Maximum pressure is 

attained at a radius fp• which is easily calculated from the condition (}PIa, = 0; we obtain 

(8.2-48) 

With these cx.pressions it can also be easily checked that at r = fp the fluid has a stationary 

velocity; whereas al '1 < r < rp il is accelerated and at Ip < r < 1"2 il is decelerated (figure 

8.2-6) 

Ideal flux compressIOn 

We first consider the simple problem shown in figure 8.2-5. where <tn ideal (i .e . •  

incompressible. infinitely conducting and very long) cylindrical shell compresses an 

initially trapped magnetic flux. If the magnetic nux is conserved. (he field amplification is 

(8.2-49) 
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so the magnetic pressure and energy density increase as 

� __ (_RI )4 . 
.. , 

(8.2-50) 
Ho r, 

The field increases until the imploding conductor has transformed all ils initial kinetic 
energy (per unit length) WKo into magnetic energy: 

where 

(8.2-5 I )  

is the initial magnetic energy. For the lumaroundfield Ht and radius rt we derive with (S.2-

49), similarly to the plane case (8.2-16), 

Ht = (.&)2 = WKo + 1 
HO 'i WMo 

(8.2-52) 

The problem of magnetic flux compression by the incompressible, ideal conductor is 
fully determined if, in addition to the initial condition (8.2-40,4 1), we fix the boundary 
conditions 

P2 = 0 (8.2-53) 

and 

(8.2-54) 

The latter takes care of the magnetic pressure exerted by Ihe initial field HO on the inner 
boundary and is obtained from flux conservation (8.2-50). Much in the same way as in 
(8.2-45) for the free shell, here we obtain the relation between the implosion velocity vI 
and the radius rl of the flux compressing shell. We must now add to the left-hand side of 
the energy balance (8.2-42 or43) the potential magnetic energy 

where WMo is given in (8.2-5 1 ). In analogy to the approximation (8.2-45) we then obtain 

(8.2-55) 
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Here, in addition to condition (8.2-44), we require 

and ", is the turnaround radius given in (8.2-52); 

(�I t == :�: (8.2-57) 

Approximation (8.2-55) includes some previously established results. Note that for v I = 0 

wc have rl = rl• and for rt ---+ 0, (S.2-55) is identical to (8 .2-45), 
If, in addition, the shell also remains thin in the vicinity of the turnaround radius, so 

that 

(8.2-55) reduces to 

( ' )' ::J � I -(;' 

from which we calculate the deceleration 

(8.2-58) 

(8 2-59) 

(8.2-60) 

Assumption (8.2-58) is, however. rather artificial since the shell generally becomes thick 
towards compression cnd. If. for eKample, wc have 1'2 ' 'i - 3 ,  an exact c;:t1culationR,7 

, 
shows that the maximum deceleration vti l 'i  obtained from this approximation is 
undereslimalcd by a faclor of four. 

Ultrahigh field generators 

To understand cylindrical nux compression systems, particularly with regard to their 

maximum performance. we must at least include the compressibility and the electric 
conductivity of the imploding shell. A nux compression experiment can be properly 
described only within the framework of maglletohydrodYflamic theory (MHD) and we refer 

lO rhe basic equations presented in section 8. 1 ,  notably the fluidodynamic equations (8. 1 -
2,3,5) and the electromagnelic equations (8. 1 - 1 6  to 20). However, the set of these 
equations can be solved. even for the simplest cases, only by numerical methods. It is 
outside the scope of this book to report on the numerous results found in this respect. 
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Instead, and to gel an idea of the relevance of the various phenomena involved, we shall 
discuss the compression system in various steps, which gradually take into account an the 
important physical effects: constant electric conductivity, temperalUce-dependcnt 
conductivity, compressibility of the melaJ shell, instabilities of the imploding shell. and so 
on. 

Incompressible shell with finite conductivity 

If finite electrical conductivity of the shell is taken into account, we know that a 
fraction of the trapped magnetic flul( will diffuse into the conductor during implosion and 
be lost for further compression (figure 8.2-7). Introducing the flux coefficient A :::::; 11' / '110 

(ddined in (8.2-4)], for the field amplification as a function of radius, instead of (8.2-49), 

we can write 

(8 2-6 1 )  

(for typical values of A, see figure 8.2-8). Differentiation of this equation yields 

This expression shows th;Jt the field maximum can be obtained during implosion and not 
necessarily al VI -+ O. 

For the field amplification we can also formally write 

"' ..... - --........ , 
,'" ", , , , , , , , . , , , , , , , , , , . , . , 

'\ So " 
" -/' -' ..... _ - _  .. 

Figure 8.2·7 Flux compressing shell with finite elCClrical conductivity ard 
constant implosion velocity. 



8.2 MAGNETIC FLUX COMPRESSION 465 

H 
Ho 

(8.2-63) 

where srp is the flux skin depth defined in (4.2-20), For a reasonable description of the 

compression dynamics it will. in general, be sufficient to use appropriate approximations 
for sip. such as those given by (8.2-22) or in tables 5.2-JI and 5.4-1. 

More refined approximations make use of the skin-layer method [see in connection 
with (8.2-19)].  For example. we could easily extend the calculations made for a plane 
pislon from (8.2-19) to cylindrical geometry and thereby obtain an estimate of the flux 

coefficient A as a function of rt (8.2-24 or 25), or of the maximum field amplification 

Hm I Ho· 

It m<JY be instructive to give Cl simple, if only qualitative, physical meaning 10 the 
maximum field amplification. We know from (4.3·39) that the characteristic magnetic 
diffusion time out of a cylindrical cavity with radius ,. is 

r2 
fdiff = -"'0 

( K(i constant magnetic diffusivity); whereas the remaining compression time. at constant 
implosion velocity \'0, is 

r 
fl.:ompr. :::: Vu 

1.0 
A 

() = He/lie 
0.5 0.021 Rm = 10] 

0.07 
0.21 

0 

A 0 =  Hr/he 
0.021 

0.Q7 
0.5 0.21 Rm = 104 

0.7 

0 0.2 0.4 0.6 0.8 I .U 
ri/RI 

Figure 8.2-8 Flux coefficient during compression as calculated numericalll·7• 
Note thal Rm = W·OOO is oblained, for example. for a copper shell having R ] ::: 5 

cm and I'] = 0.25 cm/llS. 
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The two lime values become equal at radius 

(8 2-64) 

Consequently. in  the first part of the implosion (from RI to 'md), we have 

where 

R = RlvO 
m 

"0 

(8.2-65) 

(8.2-66) 

is the magnetic Rlf),rwldx number. The value of the constant a] must be dercnnined with an 
ex.act calculation. (From numerical calculations 8 7. based on a constant implosion velocity 
vo. we obtain a] = 0.04.) 

When the surface magnelic field exceeds the characteristic field 

I� = � 2 

flofl 
(8.2-67) 

(see also table 8.3-11), the assumption of constant conductivity is no longer reasonable. In 
fact, we know from (5.4-29) that if wc use a conductivity law of the form 

a = aO (8.2-68) 1 + flQ  
the flux skin depth s4J increases drastically, roughly by a factor Ho/he with respect to the 

value based on constant conductivity. 
We now give an estimate of the maximum attainable fields. It was also shown in 

connection with (5.4-29) that the equipartition law 

1 2 Q = c,B � rJ - J10H (8.2-69) 
2 

where r? = I is the surface energy factor, holds even for a conductivity law as given above. 
Thus for H » he we can write 

(8.2-70) 

Since the flux is lost mainly toward the end of compression, when Ihe conductivilY is 
lowest. 
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h1H-1 (j ;; (] min ... 0'0 c md • 
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(8.2-7 1 )  

wc can extend Ihe approximation for the maximum amplificalion found in (8.2-65) to 

(8.2-72) 

that is. we obtain 

(8.2-73) 

where the constant Rm is defined by (8.2-66) and a2 is a parameter. The radius rrrd at field 

maximum Hmd can be obluincd through the condition r�dH md ;; Amd R12 HO. where � is 
the flux coefficient at Hnl4J : 

[ ]1 / 5 .'illi!. = r;:-� Ho = r;:- (l/O/h,) 
R v'"md H V ll.md R I md m 

(8.2-74) 

MagnetohydrodYllamic caJculations� 1 confil111 these [OI111S and for the parameters find a" '" 
1 . 1 .  Arnd "" 0.6. They also confirm the equipartilion Jaw (8.2-69) with " .. I .  

Il is instructive (0 rewrite (8.2-74) with the help of (8.2-66) in the form 

(8.2-75) 

We then clearly sec thill the maximum attainable fields, obtained from the implosion of an 
incompressible shell with variable conductivity. can be influenced, but only weakly, by the 

initial velocity \/n or the initial trapped flux (TrRfJ1oHo). For example, for a copper 
eonduelor (Iable 8.3-11) and Ihe very good inilial values pHo = 10 T,  RI = 5 cm, "0 = 0.5 

cmllls (i.e., Rm = 20.(00). from (8.2-75) and from (8.2-74), we ob.ain pHmd = 1800 T ,  
rmd = 0. 1 cm. 

Compressible shell with infinite conductivity 

By taking the compressilJility of  the shell into account we make a further imponam 
step toward reality. For the purpose of separating this problem for the time being from 
magnetic field diffusion. we will assume that the shell is an ideal conductor (0' --7 go) . TIle 
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problem then becomes purely hydrodynamic and is expressed by (8.1-73 to 75) (wilhout 
the terms including jIP and k). plus an equation of state for the fluid. The magnetic field 

compression enters through the boundary condition (8.2-54). These equations can be 
solved only numerically. In the following we shall first outline the mOSI important physical 
effects and then give some rcsulLs obtained by numerical computation. 

The most significant difference between this formulation of the problem and the 
simple incompressible theories treated so far is that pressure pulses now travel at a finite 
velocity through the fluid and eventually pile up to form shock waves (see at the end of this 
chapler). Consequently, energy is transponed only at a finite velocity from onc region of 

the fluid 10 another. 
As the magnetic pressure at the inner surface increases during compression, (S.2-54), 

the inner layers of the shell are gradually compressed (see discussion in section 6.3). Wc 

know fmm (6.3- 15) that the surface then moves (with respect to the uncompressed fluid) at 
about the flow velocity u of the penetrating shock wave (figure 8.2-9). Clearly. maximum 
field is attained when 

u = v() • (8.2-76) 

with Vo the (constant) implosion velocity of the shell. Wc obtain the ideal maxim/till 
magllelic field Hllm by equating the magnetic pressure and shock pressure (6.3- 1 4, 1 6). 

1 , '(co ) 
-J1oHmo = Pnvo - + S , 2 vn 

(8.2-77) 

where the constants cO's are given for various metals in table S.3-JX. Since Co I Vo and S 
are both of the order of unity, it follows Ihut the energy density of the maximum attainable 
fields is about four limes the kinetic energy density of the liner. 

.1 " hI 

Figure 8.2-9 Implosion of a compressible shell. 
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crlindm:al ---... pl!OlOn 
,,' compressible 

v , , 
\ plane piston 

(1.1 "--...>L-L-'...u..ll.U_�.Li-'..Lu.u._J-L..U 
0. 1 10 

Figure 8.2-10 Maximum field obtained by a compressible, infinitely 
condUl'lin)! cylindrical .�hdl (after SomonP). The field amplificrllion due 10 plane 
pis(On� is repoTted in the same variables for comparison. Note tha! according to the 
definition nfeffective thickness we would have (de) planel(dt)cyl. ::: hi/RI' where 
.t t is the distance of Ihe plane piston from the symmetry plane of implo.�ion . 
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Due to tbe finite velocity of the shock wave, only a fraction of the initial kinetic energy 
is therefore lmnsformed into magnetic energy of the compressed field. This effect can be 

expressed by the efJel.'tive thickness dc• which we define as the thickness of an inner skin 

of the shell at the initial position whose kinetic energy is transformed totally into the 

magnetic energy of the final field. According to this definition we have (for de « RI) 

I 2 I 2 2 2mleRtPO ' - Vo ::::. -j.1oHmnlrrmo . 
2 2 

where rmo is the radius corresponding to maximum field. Hence. by using (8.2-77) and 

the flux conscrvution relution ( 1-1  mor�o = HoRf ). we obtain 

(8.2-78) 

As long as the initial thickness of the shell is small compared to de. all the kineLic 

energy of the flux compressing shell is taken up for compressing the field. From (8.2-52) 
we then directly obtain the maximum dynamic field Hroc. 

(8.2-79) 

When d ?: de we fonnally expect Hmc :; Hmo las in fact is the case in plane geometry (see in 

figure 8.2-10)1; however. the velocity VI of the inner boundary of the imploding shell 

increa'ics rapidly with respect to Vo [scc in (8.2-45) for an incompressible shellJ. and this 

leads 10 a further energy concentration effect and thus an increase in lhe maximum attainable 
field H/11(;' The results of the numerical calculation are shown in figure 8.2-10. 
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Table 8.2·11 UUrahigh field implosion generalorl, lO 

Initial condition 

magnetic field p Ho = l 2 T  
shell internal radius RI = 7.5 cm 
shell kinetic energy W�O = 1.5 MJ/cm 

Maximum performance 

magnetic field jJ.Hm = 1 1 00 T  
shell internal radius Tm = O.s cm 
magnetic energy WMm = 380 k.1lcm 

flux coefficient Am = 0.4 

Considering [he same example treated in connection with (8.2�75). we now obtain by 
dynamic limitation for a copper conductor (table 8.3-II) of thickness d ;;; 0.3 cm: de ;;; 0 . 1  

cm, J.J Hmo ;; 1 1 30 T, 11 Hmc = 1650 T, rmc ;; 0.4 cm. Thus, we obtain about the same 
maximum field (8.2·75) as by conSidering the magnetic diffusion limit. Here, however, the 
limit is more stringent than for magnetic diffusion alone. In fact. we have available only onc 

"free" parameter, vo; whereas in (8.2�75) we have, in addition, the flux. (PoHotrRh. A 

typical set of parameters is given in table 8.2-11; however, maximum fields of 3000 tesla 
have been claimed in large implosion devices8.4, 

Cylindrical flux compression 

A realistic evaluation of compression dynamics requires that field diffusion IInd the 
comprcs.sibility of the conductor be Simultaneously taken inlO account. This genera] 
problem, which therefore includes the complete set of MHD�equations with an appropriate 
equation of state and an electrical conductivity law, can be solved only numerically. As an 
example, we can mention the one�dimensional MAGPIE codeu with which axisymmctric 
compression problems, both in Bip and in Bz. geometry, can be solved. 

From the previous discussions on the most significant effects playing a role near 
turnaround, we can draw the following conclusions. 

(a) Maximum field Hm is detennined principally by the implosion dynamics of the 
compressible pislon; that is, Hm ::::: Hme. In fact, if a flux skin depth sip is taken into 
account (figure 8.2- 1 1). the conclusions we have drawn with respect to the cylindrical 
surface of radius r me following (8.2-77) remain valid; they are simply extended to an 
inner surface of an approximated radius r m + S 41' to which the magnetic pressure is 
substantially applied (figure 6.3-4). 
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maximum field. 
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(b) Minimum radius r m is determmed principally by the conductivity of the piston. If H m is 

fixed by point (a), this radius follows naturally from flux conservation: 
2 2 Hm('in + stp )  = HoRI ' 

These conclusions apply 10 a generator giving typically J1 Hili :::; 500--1500 T and rill = 
0.3-1 cm. In other, extreme conditions, other effects may predominate. For example, if the 
final radius tcnds Lo become of the same order as the diffusion radius 'md. or smaller [ i .e. ,  

of the order of millimeters, see (8.2-74)]. i t  is clear that the maximum field is fixed by 

diffusion losses alone: that is. Hm := Hmd. 
Ultrahigh field generators are subjected, in addition 10 enhanced field diffusion and 

shock compression, 10 other effects that can, in practice, limit their performance. Here. we 

shall mention the boiling-off of the shell 's surface layer (already discussed in section 6.3: 
see figure 6.3-5) and the instability of the metal-field interfacc. Thc mctallic fluid is 
exposed, in principle, to all sorts of magnetohydrodynamic instabilities. For all practical 

cases of interest to us, the Rayleigh-Tay/or instability is by far Ihe most important. In flux 
compression systems the effect of such instabilities, as well as of mass (or vapor) projected 

ahead of the piston, is to penetrate into the volume where the ultrahigh fields are generated 

and used, and thus seriously limit the performance of the generatorsl 10. 

8.3 SOME PROPERTIES OF MATTER 

Thc electric, magnetic, mechanical, and thermal properties of materials provide 

fundamental inpuls into the theoretical analysis of magnetic field problems. This is even 
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more so when engineering structures, such as magnets, have (0 be designed and 
buiItH•49•H 50. Here we will present some fundamental data (when nol already given 
throughout the chaplers) and order them around some elementary physical models. 

Electric conductivity 

According to Ohm's law ( l . 1 -53), 

j = (1£ (8.3- 1 )  

the electric conductivity (j is a physical parameter relating the electric field £ to the current 

density j. In the most general cases the conductivity can have the form of a tensor [see also 
in (A.3-33)]. Here. we shall consider only cases where j and E are aligned. such that (J 
reduces to a scalar function, which varies with the material considered (see table 8.3-11) and 
can depend On various physical quantities. 

TIle conduction mechanism can be interpreted formally as the flow of frce elcctrons 
that is inhibitcd by various interaction processesR 21.�.:\6. If wc introduce. in accordance with 
transport theory. a re/mafio" time r for scattering such that the overall mean elcctron drift 
velocity can be expressed as 

the currcnt density yiclds 

1 eE 
(v) = -r-

2 me 

2 . 
(

) l e E' j = nee v = -fie - T . 
2 me 

(8.3-2) 

(8.3-3) 

Ohm's law thus rcsults from an average balance belween the momentum gained by each 
free electron from the electric field and the momentum lost in collisions. According to (8.3· 
I), the conductivity can therefore be written formally as 

1 e2 (1 = -fie -T ; 
2 me 

(8.3-4) 

here. nt: is the density of free electrons (there is about one free electron per atom). and e and 

lIIe are the charge and mass of the electron. Instead of r. wc can also introduce the mean 

free path 

(8.3-5) 
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Table 8.3-1 Various parameters of copper
' 10 

Parameter 
critical temperature 

critical pressure 
(.;rilical density 

surfm:e tension ( 1 13 1  °el 
viswsily ( 1 200 "C) 

thermal conductivity (0 CC) 

Svmbol 
0cril' 
fleril. 
P nil. 

T, 
-
A 

Value " 

8500 K 

653 MPa 

1 .4x I 03 k� m,·1 

I . l  N m- l  
3. 12xlO·.l kg m'ls'] 

385 J m-I s·1 (K), j 

473 

Luren/. numher It) QC) L 2.23xW'R wall n (K), j 

resistivity T<lliu (0 "C) 

el.e.c!r�c...£onductjvily pressure coeff. 

relaKiltion lime (0 0c) 
mean free path (0 CC) 
electrun density. (tI "Cl 

ion binding energy 

comprcssibililV (0 CC) 

'lino 
a _. _ .. 
r 

A, 
n, 
W. 

-l ljJV)(JV jdf>1 

IIDimcnsions: I MPa '" Id> newIOn/m2 = 107 dyn/cm2 = 10 bar. 

2x 10-3 

2.7 
S.3xIO·14 s 
4.2xIO·8 m 

8.5x102R m-� 

3.5 cV 
7xlOII IMPar l 

where "i is the density or the sC3ncring centcrs (e.g., ions) and Se is the scattering cross 

section . Values of r and Ae, as calculated on the basis of the free electron model of 
Sommerfeld, ilre given in table 8.3-1. 

Conductivity in the solid state 

In a solid conductor the conduction eft'ctronJ can interact with the irregularities in the 
lalfice (impurities, defects, microcrystalline boundaries, etc.) and with the thennal vibration 
of the ions in the lattice (phonons). The latter effect is. as we have seen, temperature
dependent. The tutal resistivity '1 = 1 1  (J can. therefore, be split into a temperature
i ndepcndent ('1d) and a temperature-dependent (110) component: 

(8.3-6) 

At room temperatures the contribution of ('1<.1) is generally negligible (table 8.3-1). For 

temperatures above the so-called Debye temperatureBo, (table 8.3-IX), a simple theoretical 

model gives. for the temperature dependence of the conductivity. 

Bb a � -
T 

(8.3-7) 
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Figure 8.3-1 Resistivity tJ = 11(1 of copper as a function of helll content Q 
= icvdT, mea<;ured under quasistalic conditions. The broken curve (L) is the linear 

extrapolation obtained from (8.3-8), (The curve is constructed by using da1a 
contained in figure 8.3-2, tables 8.3-11 and IV, and reference 8.26.) [Eleclric 
resi�ti ... ily dimension: I )lO cm = 10.4 n m I 

The more detailed theories of metals confirm these findings and provide explicit 
expressions for the conductivity8.n, Instead of going into theoretical details. we limit our 
attention 10 the experimental resuhs, which roughly confirm this simple conductivity law 
from about 100 K up 10 mehing point 

We express the conductivity law in the form 

(J = � = ao 
1J 1 + f3Q 

(8.3-8) 

where 

(8.3-9) 

is the thennal energy density from O°C on, f3 the heat coefficient, T the temperature in 
degrees Celsius, and ao the electric conductivity at Doe (figure 8.3- 1 ). The values of an 
and f3 given in table 8.3-11 have been obtained by fining published resistivity curves in the 
temperature range from Doe 10 the melting temperature of the various metals (figures 8.3-
2,3). With the exception of some metals (for example. iron. stainless sleel, brass), the 
deviation of the linear from the measured curve is generally smaller than ±5%. In table 8.3-
Il the critical field he defined in (5.4- 1 1 )  and the magnetic diffusivity K"o defined in (8. 1 -
40) are also included. 
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� - brass 
(48% Zn) 

�-------I / '  (lfansienl) 
, ' 
I " 
, ' , 

-2<Xl 0 5110 10110 1500 2000 

Figure 8.3·2 Resistivity of electrolytic copper and aluminum. brass. and 
aluminum-silicon as a function of temperature. measured under qua.�istalic 
conditions. In the transient casc�l. the temperature range 500-2000 QC is swept 
through in about 2 �s. (Curves up to mching poim are from reference 8.27; curves 
of the liquid phase are frum reference 8.26.) 

475 

The clccuical conductivity in conductors for practical applications also depends 
critically on the ex.act composition and the manufaclUring condition of the alloys. An 
example of this is presented in table 8.3-11I, which moreover shows the temperature 
dependence of the resistivity 718 �8 at two cryogenic Icmperamres of practical interest (76 K 
obtained by liquid nitrogen cooling, 4 K by liquid helium) compared to the value at room 
temperature (295 K). In high· field applic'ltions. the tensile strength of the conductor is also 
very important: the two qualities are expressed by the figure of merit ay / '}. where ay is 

the yield strength given in table 7 . 1 ·11 .  
The electric conductivity also depends on several other physical quantities. Here, we 

mention only pressure and magnetic field, since their innuence on the conduction 
mechanism can be of some importance in very particular problems. The conductivity law 
(8.3·9) can be extended to include (he compression effect in the form 

(8.3-10) 

where p = 1 /  V is the mass densHy, and the experimentally detennined pressure coefficient 

a is given. for copper. in table 8.3·1. 
When a magnetic field H is applied, the conducting electrons move, between 

collisions, in circular (or helical) orbits with a LamlOr radius (6.4-49c), 

'L = m(v) 
(8.3- 1 1) 

J10He 



Paramelers 

e1. resi�livily lIo{20'C) 
El. conductivity .:1o 

rN. lemp. coerr. ( pep j:P: b 

mean value in lemp. interval 

mass density p,,(20"C) 
specific heal .-. 120"C) 

specific heal cp 
mean value in lemp_ inlervaJ 

melling poinl 

l;hara�terisli1; field}Jh, 
lI1agn_ diffu�ivlly Ko '" (O'"",,r' 
" 

Dimensions 

(Jfl-cm(",IO""n m) 

1000n'rnj"' 
JO" ("Cr' 

·C 
IO' kg·m·' 

u t  J m-J-("Cr' 

10' J.I:;g".« C)" 
·C 

·C 

T 
Hr'm'·s" 

From dala cOflwned in references 8.26 .tIld 8_27. 
b 

Co 
(eleetrolytic) 

1.72 

63.3 
5.15 

(0-1083) 

8.92 
3.43 

0.44 
(0-1083) 

1081 

'3 
1.26 

Be�1 lineM fit of (8.3-8) within irwlicated tempenllure Interval. 
, 

Table 8.3·11 • Solid metal conductorso 

Brus Chromium Beryllium Silicon AI (�,5%. 
{Cu 58q,. copper b�u bronze annealed 
Zn 42%) (CrO.7%) 8e 2%. (Si 2%. JOO "C) 

Co 0.4%) Mn O.S%) 

g ,  3.83 , 17.2 2.77 
15.7 27.2 1 1 .5 61 39.2 

2,( , 16 0,. , g  
(0-100) 120) 10-3(0) 10-(00) (0-658) 

g ... " 8.3 8.72 2.7 
3.18 3.42 3.47 3.28 2.53 

0_45 0_39 0.4� 0.38 10 
(20-550) (20) 00-100) 12()-4001 10-657) 

900 . . 1024 '" 
67 " " 110 1 I  
'.1 2.9 7.0 " 2.� 

Up to the (Fytransilion poinl 1915 "Ci. 
d Mean value of expre�sion (5,4·1 1 )  calc"lat� for the !Wlle Lempo::ralllre ;nrl';""'/ U� cp ( I T  "IOk gauss). 

F,. Slalnles� H, W Wood's 
(deelrol ylic) "ul (liquid) �. 

IAlS( 304) (Bi 50%. 
Pb 25%. 

Sn 12.5'l., 
Cd 1 2.S'k) 

9.g 72 94.8 ,., " 
1 l .J 1.38 106 20.6 19 

, -13.6 0.9 1.2 5.S 2.9 

1().9QO) 10-(000) (20) (0-3380) (0-73) 

7.87 8.Q3 n.5 19.3 '.7 

3.42 1.0 1.87 2.72 1.7 
-0.63 0,42 0.14 0. 17 0. 17 

10-900) 10-1000) (20) (0-2000) (20) 

"" 14'" -38.9 mo 71 
" " 61 37 " 
7.1 " 7S 3.9 " 
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T tc) 
Figure 8.3-3 Resistivity of electrolytic iron and of stainless steel as a 
function of temperature measuretl under quasisl<llic conditions. (Dala are from 
references 8.26 ilnd 8.27.) 
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One could qualitatively expect that the relative increase in resistivity Lll1l11 due to a 
magnetic field is a function of Ae I l L  (i.e., of H ' 11), since. in fact, with (8.3-4,5) we gel 

Ae 2 J1()H - � -- - --
,. L 

On the basis of theoretical considerations we find8.!J. R..11 

(8.3-12) 

Table 8.3-111 Electrical resistivity or two copper alloys at low temperatures 

Condition of aUlI)' 

155--hanl 

155-:lnneak·d 

l04-hanJ 

Tcmper.lIure ElectriC resistivity Figure uf merit 
T '1 O'y/'1 

lK) (�n·'m) lMp"itlhm) 
4 0.20 2410 

76 0.40 1 1 60 
_ _ _ _  1�5 _____ • •  __ }J� _ _ ____ _ _ _  .?@ _ _ _  _ 

4 0.36 230 
76 0.56 140 
295 2.09 3 l  

4 0.040 1 1 -000 
76 0.24 1680 

_ _ _  }25 _ _ _ _______ ']2 _ _ _ _ _ _ _ _ _  J� _ _ _  _ 
10000nnealed 4 0.010 3000 

" 

76 0.21  150 
295 1.75 0.6 

Designated by the Copper Development Ass-oclallOn as alloy 104 and 155. 
Composilion hy wl: alloy 104, Cu+Ag 99.5%, Ag 0.027%; alloy 155, Cu+Ag 
99.75%. Ag 0.027%, P 0.06% Mg 0. 1 1 %. The "hard" condition is obtained by 
cold rolling; Ihe "annealed"' condition is obtained by appropriate heat treatment. 
(From reference 8.56.) b 

" For the yield strength ay , see in table 7.1-11. 
Eleclric rcsislivily dimension: I J.lQ·cm :::: 10.4 Q·m. 
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(8.3- \ 3) 

where 11 is the resistivity at zero field, and f is a function characteristic of the metal that is 
dependent on [he relative direction of current and field. The experimental results are ploued 
in a so-called reduced Kohler diagram (figure 8.3-4). Note that for copper at 20°C and in a 
field of 100 T .d'1/1J "" 20% ; but at IOOO°C (ohmic healing!) and in the same field the 
relative resistivity increa�e drops to about I %. Thus magnetoresistance is generally 
negligible in problems related to magnetic field diffusion. 

Calculation of heat conduction by free electrons based on Fenni-Dirac statistics gives 
for the thermal conductivity 8.2� 

k - \ 'k'T ne - -11: - 1 
3 me 

By combining this expression with (8.3-4) we obtain the Wiedemann-Franz law 

0.1  Fe(lo) 

0.01 0.1 10 
H f/ ohl (tesla) 

(8.3-14) 

(8.3- \5)  

Figure 8.3-4 Resistivity increase LH} in polycryslalline metals as a 
consequence or magnetic resistance effects. in longitudinal and Iransverse fields (rrom 
data contained in rererence 8.23). f/ is the lield-f"ree value (at a given lemperature), 
1JD is the value of the resistance at the Debye temperature eo (see table 8.3-IX am 
figures 8.3-2 and 8.3-3). 
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Table 8.3-IV Metal conductors above melting point <i 

Parameters Dimensions 

eI. conductivily (at T m °C)O'I 1<1'(O'm)"1 
reduced temp. coeff.(f,rcp·pl 10-l(oCr' 
conductivity decrease ayo� (at T m) -
mass densily P I (al T ml I03kg.m·) 
specific heal cp 103 J.kg- I(OCr] 
(mean value within temp. interval) "C 

melting point T m "C 
boiling point Tb (760 mm Hg) "C 
latenl heal of mehing 106J.k.g- t 

latenl heat of vaporization I 06J.kg' I 

heat of suhlimation (from OOe) I06J.kg. 1 

(I Mainly from references 8.26 and 8.27. 

C" AI 
(electrolytic) (99.5'l' j 

4.7 5 0  
0.31\ 0.53 
0.48 0.61 

8.31 :U8 
0.47 1.08 

(1 083-1500) (66(}... J()()(» 

1083 65R 
2500 2450 
0.21 0.38 
4.7 10.5 
5.6 12.1 

b In analogy to (8.3-9). near the melling point wc write a =Ot[l .... /31c ... (T - Tm )r1 . 

F, 
(electrolytic) 

0.7 
-

0.92 

6.88 
0.79 

( 1 550-2000) 

1536 
3070 
0.27 

-

7.5 

Wood's Hg N. 
melal 

I . I S  1 . 1  lOA 
8.7 - 3.2 
0.74 -0.25 0.7 
- -13.7 0.918 
- 0.])7 I.3S 
- (0-300) (100-350) 

73 -38.9 97.8 
- l57 883 
- O.o J ] 7  0 . 1 1 3  
- 0.292 4.2 
- - -
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where L = Jr2 k2 /3e2 = 2.45 x 10-8 W!lIK is the Lorcnz constant. (The exact value for 
copper is given in table 8.3-1.) By taking into account (8.3-7) we scc, for example. (har the 
thermal conductivity is independent of temperature, 

Conductivity In liquid, vapor, and plasma states 

A decrease in electric conductivity is found for most metals on meltillg (table 8.3-IV 
and figures 8.3-2,3). This effect depends on the decrease in the mean free path of the 
electrons resulting from additional disorder in a liquid. Nevertheless. in the rapid heating 
caused by field diffusion, there may not be enough time for the liquid to settle for its 
quasistatic structure. It is expected. therefore. that the conductivity decrease on transient 
melting not be so pronounced as measured in quasistatic conditions (figure 8.3-2). 

As the temperature of the ohmicaUy heated conductor becomes higher than the boiling 
point, the surface starts boiling off; the dense vapor then expands and is gradually 
transformed into a highly conducling plasmaH.u. Study of the properties of the electric 
conductivity and, in general, of transport coefficients across these phase changes is a rather 
arduous problem. In general one tries 10 approach it from a praclical side by giving 
empirical laws. 

Superconductivity 

There me certain mmcnals in which dc electric CUfTents can be transported with 
(practically) zero rcsistanccll-l�.II.��. This property is attained when: 

• the temperature of the matcrial is less than a cri/lea/ temperature Tl;; 

• the magnctic field to which the material is exposed is less than a critical magnetic field 
Hc; 

• the density of the current llowing in the material is less than a critical current density jc. 

Thcse critical parameters vary with the material. For a given material, they also 
depend on the form of the specimen. its orientation wilh respect 10 the magnetic field, and 
so on. The three critical parameters are related, as shown for two superconductors in figure 
8.3-5; in particular, there is the empirical relation 

(8.3-16) 

where H{;o denotes lhe critical field at zero temperature and TeO is  the critical temperature at 

zero field (table 8.3-V). 
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SlIpercmulllclI\lily was discovered by H. Kamcrlingh-Onnes in 191 1 (figure 8.3-6). 
During his studies on the liquefaction of helium he found (hat certain metals (mercury. lead, 

tin, etc.) l:Omplcleiy lose their electric resistance below substance-related. very low 

characleristic temperatures. Decades of theoretical, experimental. and technological studies 

and experiments were devoted to this exciting phenomenon. In the 1 9605, J. Bardeen. 

L.N. Cooper, and J.R. Schrieffer developed what is known as the BCS theory, which 

gave certain theoretical him!\ on understanding superconductivity. According 10 this theory, 

in certain substances a fraction of the conductor electrons form so-called Cooper pairs, 

which do not have any interaction with the lallice (although the lattice contributes to their 

formation) and thus make up for the resistance-free conduction. A new milestone was 

reached at the beginning of 1 986, when A. Muller and G. 6ednorz found that certain 

ceramics could become superconducting at temperatures that are definitely higher than those 

obtained in metals. There followed a rapid succession of discoveries indicating substances 

with ever increasing critical temperatures. Within one year. with Y-6a-Cu-O, one of the 

ceramic compositions based on copper oxide, the critical temperature was increased to 100 
K. It WilS now possible to reach the superconducting state by cooling these ceramics with 

the simple liquid nitrogen technology. 

Aboul 30 pure elements and well over 1000 alloys, compounds. and ceramics have 

been found 10 be superconducting; they can be ordered into three classes: 
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Table 8.3-V Properties or some (commercial) hard superconductorsM 1 1 . �  n 

Supcn:ondUClivilY Critical temp.(K) ---1!pper I.:rilical field (T) Cr!!!cal current density (A·mm-2J 

TeO Hen H, at 4.2 K j, al 8T,4.2K at 12T. 2K 12T, 4.2K 
Nb-Ti (46,5%) 9.1 14 1 1 .5 8OO 400 0 
NbJSn tJ 18.3 24.5 12.5 1000 7OO 500 
V Ga ll .' 1 5  23.0 2 1 .0 600 7OO )00 
Nb)(Alo_8 GeO_2) 2 1  40 - - - -

" For Nb.1Sn and V)Ga,jcis given fur the overall composite excluding stabilizing COppeL 

• Type 1 superconductors. They are characterized by a very sharp lransillon to 
normal conduction when the magnetic field reaches He- They mostly include metals 

(mercury, lead, etc.) and have limited technical applications. 

• Type 2 (or "hard") superconductors. 
superconducting characteristics are gradually lost. 

In this group. certain physical 
starting from a field Hc l up to Hc2 

(called the "upper critical field", or just "critical field") where the substantial transition [0 
normal conduction occurs. These superconducting materials are capable of supporting 
high current densities al high magnetic fields, and are thus of technical interest. They 
include the two superconductors mostly used today in technical applications: Nb-Ti. a 
niobium-titanium alloy (generally near a 50--50% weight share), and Nb3Sn. a niobium-

3-tin compound pertaining to the so-called A- 15  cubic cryslal structural type compounds 
I which ha., a better high-field perfonnance (figure 8.3-5 and table 8.3-V), but is a brittle 
compound and thus more difficult to form into tilamcntary conductors). 

• High-temperature superconductors. These new ceramic compositions are mostly 
based on copper oxide with critical temperatures above the liquid nitrogen temperature 
(-190°C) (and in future hopefully increasing up to rOom temperature). At preseO! there 
arc still some tcchnical difficulties in using them in practical. high-field generators. 
However, there can be no doubt that within a few years. these high-temperature 
superconductors will be used commerciallyl.ll-for example, in energy related 
products, as in cables, transformers. and inductive energy storage. 

There are several remarks to be made in connection with the practical application of 
hard .wpercorwuctors8 Ill. As already mentioned, the critical parameters depend on various 
facts. such as the geometry of the superconductor. its manufacturing procedure. and so on.  
This is  why in practice Nb3Sn superconductors are good up to only about 12 T, and Nb-Ti 

superconductors up to 8 T. although their critical fields measured on specimens are about 
24 and 14 T. respeclively (Iable 8.3-V). 
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Figure 8.3·6 Evolution of the critical lemper • .IIure with the discovcl)' of new 
superconductors. 
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An important effect to be laken into account in the pro:lctical application of hard 
superconductors is related to a series of locaJ microheating mechanisms that can increase 
locally the temperature 10 anove the critical temperature. lThe temperature excursions are 
enhanced by the fact that specific heals of all materials (except helium) arc extremely small 
at the low temperature under consideration.] When this happens, the resistance rises 
suddenly to the high values of the normal state (for Nb-Ti at around 10 K, about 40 times 

the resistance of copper at room temperature), and through local joule heilting (RP.) a nearly 

explosive deposition of the inductive energy tied to the system can take place: The normal 
state propagates through the whole superconductor, a process called a "quench". The local 

heating in hard superconductors can derive from a variety of sources, from purely 
mechanical friction (the superconducting wires. moving slightly under the influence of the 
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j X R forces) to magnetic diffusion effects. which are related to the physics of the 
superconducting state in hard superconductors, 

The most significant diffusion effects are caused by so-called "flux jumps" in 
connection with an increasing magnetic field. As a consequence, in ae fields, the heating 
effects depend on the frequency, amplitude, and direction of the magnetic fields. It can be 
shown that flux heating effects are proportional to the surface of the superconducting wire. 
Thus, in practical applications the superconductor is subdivided into filaments with 
diameters typically 10 to 50 JlID (required for field variations of I 10 5 T/s). 

To cope with these dangerous heating errects, further slabiJillllicm means are 
introduced. The most important is to embed the filaments in a matrix of copper or aluminum 
to fonn integrated, composite conductor strands. The coolant for hard superconductors is 
liquid helium; in some applications it is used in the superj1uid state at about 2 K, where 
thermaJ conductivity is very high. This coolant then prevents localized transient heat 
accumulation by rapidly conducting and dissipating the dangerous thermal energy into the 
surrounding matrix. 

Magnetic matter 

As mentioned in section 1 . 1 .  in most materials when subjected to a magnetic field H ,  
an additional field component. or magnetization M, is generated locally such that ( 1 . 1 - 17) 

and the magnetic .\'u.Keptibility ( 1 . 1 - 19), 

M 
Xm = - = I'R - I  H 

can have positive or negative values, according to the material (table 1 . 1 - 11). 

(83-17) 

(8.3-18) 

For the purpose of illustration. we shall bricny and in simple tenns describe the 
atomisric effects induced by the application of a magnetic field H to diamagnetic. 
porama!:Jlelic, and jerromagnelic materials8 19.820. We shall show thal the magnetic 
properties of these materials are a.;;sociated with the magnelic moment and the CllIgu/llr 
momentum (.\pinJ possessed by elemenlaty particles (electron, prolOn, neutron, etc.) and 
the orbils ojrhe e1ectrolls in the atom8.�7. 

Diamagn et i sm 

Diamagnetism, which is obtained when a magnetic field is switched on over certain 
malerials. will manifest il'\elf as a negative susceptibility and as a tendency to push the 
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material towards lower fields. It is characterized by the rotation (so 10 say) of the electrons 
around the atoms induced by the varying external magnetic field. which can also be 
expressed as an induced magnetic moment opposite (0 the applied field. 

The application of the induction DU) with direclion norrnal lQ the orbit with radius r 
of the circulating electrons with mass m == me and charge q = -le] (figure 8.3-7a) will 
induce, along the circular orbit, the Faraday electric field ( 1 .4-5), 

I aB E� = -l'a; (8.3-19a) 

This produces an additional acccJcmting force qE acting on the electrons of the atoms, 
which results in an additional velocity given by 

IIlV = IqE� dl (8.3-19b) 

Ihat is. an angular velocilY or frequency 
v qB wL = - = --r 2n1 

(8.3-20a) 

or in vector form 
q wL = -- B  2111 

(8 3-20b) 

, . a) ' I  I 
8(1) 

rJ 
I.; 

----- -----
,. 

I 
WLel " . -I ........ 

� x 

I , e,I/J 
R 

Pi t E. 
P, 

Figure 8 . 3 - 7  (a) The diamagnetic orbiting electron with charge q = -e in a 
varying (increasing) magnctil' field having antipar.tllel magnctic moment I'j ' (for a 

p.ntick with positive chargc.: q. the direction of 1'. wL• and Lt would be rcvel"SCd): 

tb) rreccs.�ion of magnctic momcnt p around an (increasing) magnctic field R. 

b) 
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and this in turn yields a current flowing clockwise with respect to B: 

1 = _ qwL . 
2" 

(8.3-2 1 ) 

Note that the Lannor frequency wL . already found in (6.4-23) as a precession frequency, 
is half the cyclotron frequency (6.4-49), 

(8.3-22) 

that is, the frequency of a charged particle orbiting in a steady magnetic field. For each ith 
electron on an orbit nannal to B with radius rj. application of the induction yields it 
(negative) magnetic moment (2.2-45), 

(8 3-23) 

In other words, the induced angular velocity results in a magnetic moment Pi that is 
antiparallel lo the applied field B (independent from the sign of the charge). By introducing 
the mechanical angular momentum 

Ihis magnetic moment can also be written as 

Pi = )i, with q 
Y = - . 

2m 

(8.3-24) 

(83-25) 

ISince [he so-called gyromagnelic ratio r is independent of the form of the angular 
momentum, this relation also applies to the cyclotron rotation (8.3-22) as shown in (6.4-
23 ).) 

We are now in a position to e}(press the magnetization M in terms of atomistic 
parameters because according to ( 1 . 1 -23) it can he given as the mean magnetic moment per 
unit volume. For a spherically symmetric charge distribution in the atom, the electron orbits 
with radii Ri will in general lie at random positions with respect to the plane normal to R .  

By evaluating the mean square value we find that (8.3-23) can be applied directly with the 
2 -substitution r/ --4 )R/ . What is left is the summation over all Z orbits of the 11 atoms per 

unit volume (0 obtain (with the electron charge e and mass me) 

(8.3-26a) 

and thus from definition (8.3-18) the diamagnetic susceptibility is 
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M 2 Z -_ _  J1one � 2 Xmd - - = - � Ri • 
H 6me i::: l 
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(8.3·26b) 

since in general M « H, that is, B == lloH . The diamagnetic susceptibility Xmd is negative 
(table 1 . 1 - 1 1 )  and is a direct consequence of the electron cloud surrounding the atomic 
nucleus; it increases with the radius square of the orbits and has no explicit tempemturc 
dependence. 

It follows implicitly from (8.3-25) (hat a diamagnetic effect is  obtained also from 
panicles that have no orbital movement but an internal magnetic moment Ps with coUinear 
angular momentum or spin L, 

p, = yL . (8.3-27) 

For example, for the internal magnetic and angular momentum (spin) of the electron. it is 

e y = -- . 
me 

(8.3·28 ) 

which is twice us large as for the orbital moment (8.3-25). If we apply a magnetic field B 
(see in figure 8.3-7b), we know from the equation of the gyroscope (6.4-23) that under the 
action of a torque, which here is 

T =  p, x B =  -yll x L  (8 3·29) 

the angular momentum vector L begllls to precess, here about B, at frequency 

'"L = -yB ; (8 .3·30) 

and (he reasoning then cominues formally as in (8.3-23). If f1 is the angle between B .  or 
the coliinear z-axis, and Ps (which in figure 8.3-7b is shown parallel to L, contrary to the 
left figure). then the mean magnetic moment is now reduced to 

P<. = Ps cos/3 . (8.3·3 1 )  

If there me 11 atoms each with magnetic moments Ps free to rotate and distribllled U1 rwuJom 
ill sp{/ce. {3 may have any value, and for the magnetization component along 8 we have 

M:. = tlL, Ps cos {3j = 0  . (8.3·32) 

The pcnnanent magnetic moments Ps all precess independently of {he angle f3i at the same 
angular frequency (8.3-30) and l:onsequently in this case the mean components of M 
perpendicular to B also vanish. 

M - M  - 0  x - y - (8 3·33) 

A diamagnetic effect exists only when there is a resultant finite pcnnancnt moment (8.3-
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23), bUl there is no such effect for pennanent magnetic moments distributed at random. (On 
the contrary, the diamagnetic magnetization (8.3-26) calculated with [he inductively driven 
electron cloud model is due [0 the resuhant magnetic moments Pi. (8.3-23), all being 

anliparaliei lo RJ 
Diamagnetism is thus a general property of materials, but it  is so small that it  generally 

goes unnoticed. It is clear that more precise calculations must be based on quantum 
mechanical theory; in particular, they must consider the particular interaction effects and the 
quantization of the angular momentum L and magnetic moment p [see (S.3-47.50)), 

Pa ramagnetism 

If the atoms have pennanent magnetic moments. application of a nux B will try to 
align them through the action of the torque (8.3-29). There will also be the diamagnetic 
precession, but the alignment effect, contrasted only by the kinetic movement, will strongly 
predominate. In contrast to the freely precessing magnetic momenlS that in (8.3-26) led to 
diamagnetism, here the magnetic moment Ps are energetically coupled to the structure of the 

surrounding material (which we call the "lattice"), thus providing the so-called 
paramagnetism. A simple classical calculation made below (Langevin's theory) gives the 
so-called Curie law for paramagnetic susceptibility 

2 _ JioPs n 
Xmp = 3kT 

(8.3-34) 

where Ps is the overall magnetic dipole moment of each of the total n atoms per unit volume 
and Tis the temperature of the material. This expression is found on assuming PsB « kT, 

whieh means that there is deviation from this law at very low temperatures and in very 
strong fields. In sufficiently strong fields. B � kT/ Ps ' all magnetic moments tend to be 

aligned along the field and the magnetization saturates at 

(8.3-35) 

It is wOrlh pointing out that in dielectric substances, with pennanent electric dipoles Pe 

(2.2-54), analogous effects and formulae apply, as with paramagnetism. 
For the calculation of the paramagnetic susceptibility we start by noting that the 

magnetic potential energy of a magnetic moment Ps making an angle f3 towards B (figure 

8.3-7b) is given in (6. 1-38a) as 

w = -p, . n = -PsBcosf3 (8.3-36) 

From thermodynamics we know that the number dn of atoms (in thermodynamic 

equilibrium with the lattice ul tempemture n having moments lying between f3 and fJ + d{3 
is proportional to exp(-Wlkn, more precisely it  is 
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dn = -'- exp(PSBCOSfJ}infJdf3 . 
n A kT 
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(8.3-37.) 

The normalization constant A is obtained by integrating this expression, and by setting 

x = cos fJ .  d, = -sinfJ dfJ . IV = i� . f dll = n 

we obtain (what is sometimes called the partition function) 
+1 

A - f wxdx - ' ( w - w ) - - e - -- e - e  
IV 

(8.3-37b) 
- 1  

The resulling magnetization along D (that is the magnetic moment density) i s  given by 

j ell"·lx dx d lnA 
M:. = JPsCOS{3d'l = -II P.� 

A 
= n ps � . 

where dll is taken from (8.3-37a), and the last term follows fomlally from the previous 
one, as can he checked immediately. This then leads directly to the result 

Mz. = -n ps (� - coth W) . 
IV 

(8.3-39) 

which for 11' « I gives the Curie law (8.3-34), since for the hyperbolic cotangent there is 
the series approximalionA.J cOlh IV = 1 1  H' + IV 1 3 - . . " Here again. the more correct 
calculation would include the quantum-mechanical rules, which for example require that 
only a discrete number of angles Pi are possible. as will be shown in (8.3-52). 

Ferromagnet ism  

Fermmaglleric nUl/aia!s are characterized by small, so-called magnetic or Weiss' 

domains (containing typically 1 0 10 to 1015 aloms); within each domain, magnetic moments 
are spontaneously and fully aligned. This full alignment of spin an orhital moments is the 
consequence of I.t strong mutual interaction called fcrromagnctic coupling, which is a 
quantum mechanical cfft..'ct that is particularly strong in certain crystalline structures. The 
magnetization of a fcrromagnetil: material is the vector sum of each domain's magnetization. 

When the orientation of the magnetic moments of each single domain is at random, 
there is no magnetization in the bulk material. Application of an external magnetic field will 
gradwllly illign the moments of all the domains. However, Ihis effect wilJ not necessarily be 
line;'l r. as for paramagnetism, because intuitively it strongly depends on the structure and 
dimensions of the domains and their evolution and interaction. 
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Orientation and dimensions of the domains. and the so-called Bloch walls separating 
them. arc generally dictated by minimum energy slate. When a magnetic field is applied. the 

domains change and the walls arc displaced correspondingly ,Icross the crystal, unless they 

are blocked by an imperfection of Ihe lattice, or by a grain boundary in polycrystalline 
substances. These imperfections also introduce a resislance 10 falling back 10 the initial slale 

when the field is removed. This is the source of hysteresis. In addition. ferromagnetism 

depends on the size of the specimen, the magnitude and frequency of the applied field, etc. 
Above the so-called Curie temperature. the kinetic movement overcomes the spontaneous 

alignment within the magnetic domains, the alignment gets lost, and thus the ferromagnctic 

property of the material disappears. to leave only the paramagnetic effect. (For example. the 

Curie temperature of iron is at 746 °C, whereas the melting occurs at 1530 °C; sce table 
8.3-11 and figure 5.4- 1 .) 

The behavior of ferromagnetic substances under the action of an applied magnetic 

field is typically described by the so-called B-H or magnetization curves. Some basic 

parameters are illustrated in figure 8.3-IOb and defined herewith: 

• Saturation. Pmctic<.Il: maximum induction Bs when the curve starts to level off. 

Theoretical: the asymptOlic maximum of the magnetization term Ms = lim (B - PQH). 
H-->oo 

The value depends on temperature. 

• Remanellce: The induction Br remain ing after H has returned to zero. 

• Coercil.lity: The field He required to cancel the remaining induction. 

• Domaills of magnetization :  As the magnetic field /-I is applied up to point � .  the 

process remains reversible; then extensive domain wall movements set in. so if at P2 the 
field is reduced, a new hysteresis curve is traced out; at Py, the material is brought to 

near saturation with almost complete alignment of the domains. 

Energy losses in ferromagnctic materials are a topic of particular interest in 

applications. The two main electromagnetic losses in these materials can be characterized as 

rollows: 

• Eddy currellt loss: results from ohmic heating by induced currents flowing within the 

skin depth (as widely discussed in chapter 5). 

• Hysteresis loss: the result of the rearrangement of Bloch walls and domain 

magnetization, when B and H vary through the hysteresis loop. The energy lost in going 

amund the loop is given in (5.4A3), 

wl1 = f B . dH (8 )-40) 

which corresponds to the area of the loop (when the velocity of variation is large, the 

rearrangement process may not be complete, and this loss therefore depends on the 

velocity, or frequency, of field variation). 
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Ferromagnelic malerials can be subdivided imo lhree main typesll.�1 (figure 8.3·8): 
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• Soft magnetic materials, in which the area of the hysteresis loop and the coercitive 
field arc small: within limits (figure 8.3-1 Oa) the magnetization can be approximated by 
the lincur relation ( 1 , 1 -20). M = XmH . with large magnetic susceptibility Xmo Soft 

ferromagnctic malcriais ( He < 10] A ·  m - I) are interesting for applications with varying 

field and where the losses must remain low (transformers, inductances, antennas). They 
include the following materials. of which some are characterized in table 8.3-Vl: pure 
iron (with traces of impurities: C, Si,  P. S,  N. 0): nickel-iron alloys (c.g . .  Permalloy). 
silicon-iron alloys. special alloys (Fc-Co. etc.); fenites (e.g.. Mn,Zn,Fe204; 
Ni.Zn,Fe204; Li,Fe204); pressed cores (Fe or Ni-Fe powders immersed in an 

insulator). 

• Intermediate ferromagnetic materials are typically used in magnetic recording and 

include y-Fe203' Cr02. barium ferrite. 

• Hard magnetic materials, in which. on the contrary, these pammelers are large: 
within limits (figure 8.3-lOb), the magnetization can be approximated by a large and 

pemlanent value, M = M o .  Hard ferromagnelic materials ( He >  1 04 A ·  m- I ) arc 
interesting for permanent magnets and hence widely used (e.g., in loudspeakers, 
motors). They include the fOllowing materials (see table 8.3-VIJ); alnico (Fe with AI, 
Co, Ni, and If<lces of Cu, etc.): hard ferrites (Ba, or Sr. Fe(2019); compounds of the 
lanthanide elements (c.g., SmCo3).  

It is  interesting to present here a simple but significant summary of magneloslatic field 
bchavior in relation to materiaJs, as already introduced with the concept of magnetic charges 
in section 1 . 1  .md the boundary conditions in section 1 .5. 

R T 'l B T b) 
1.5 nc,,::-:;.:--:,:c--::::-�-_�, p 3 , 

H H 

2 (mTtJoJ 10  20 

soli material hard material 

Figure 8.3-8 Magnelii'.ation curves of IWO ferromngnelic malerial�: (a) sofl 
material. Iypically Iron-nickel. or Illagnctil:lllly soft iron with negligible area in the 
hysteresis loop; (b) hard material, typil:a1Jy alniw. or magnelically hMd l>leel wilh 
large area ([he critical points on Ihe hysteresis curve are also shown). 
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Table 8.3- V I Soft ferromagnelic materials 

Mmerial Permeability Coercivity 
Initial" 

ma,. . Ilf{A . m -I)  
Fe( I(X)%) 1'500 30'000 1 2  
bulk soecimen) 

Fe(-52%), Ni(-48) 1 2 ' -OOO
u 

80· 000 4 
to.2-mm-thick 
specimt:n) 
Fc(-23%). 50-150'000

" 
120-300 0000 1 .2-0.4 

Ni(-77%)I+Cu,CrJ 
(0.2 10 a.l -mm-
thick specimen: 
v[lrious thermod. 
treatments) 
Mang:mese-zinc 1-1 000 10-30 
ferrile. grade IV 
(used for p<lWf;:r 
transfonnerx) 
Nickel-zinc ferTile, 70-50

({ - 160-500 
grade IV 
(used for power 
transformers and 
inuuclors) , 

Measured al 11=0.4 Nm (From daul In ref. 1i. 2 1 )  " 
Theoretical value corresponding to the saturatiun JKlhlri�.alion 

,. 
Measured al R < 0.1 mT and fn:qucru:y < 10 kHz 

Remancnce Saturatiun 
8,(T) ""TI 

" - 2 . 1 5  

- 1 .5" 

- O.8�.78 

0.1�.25 O.J5�.52
n 

0.24--0.34 0.25--0.42
" 

" 
Practical value 31 I leA/m 

f' Pral:lical value 31 4 kAlrn 

Resist. 
(Jl{hm) 

1 0  

45 

20-100 

> I Oj 

• Magnetic materials and fields. In table 8.3+VIIJ we present four idealized 
materials, together with the related field behavior, which characterize in a meaningful 

way the magnetic field-material relution. We thereby huve neglected para- and 
diamagnetic materials, but their susceptibilities lm are typically smaller by factors of 

10.8 (tables 1 . 1 -11 and 8.3-VI,VII), which make them insignificant in many applications. 
We recall from ( 1 . 1 -4,26) the relations between magnetic and electric fields 

V · H = Pm (8.3-41 ) 

where Pm ;;:;; -V · M is the magnetic charge density and Pc the free electric charge 

density. Similarly to the electric field, magnetic field lines begin on positive (north) 
magnetic charges and end on negative (south) charges, the number of field lines being 
proportional 10 the charges. The similarity extends to the behavior of electric fields if! 
electric c:mldtlClOrS, as compared to that of magnetic fields ;n !1·vft ferromagnetic 
rII(lferia/s. 

Permanen t magnets 

A permanent magnet is obtained by applying to a hard ferromagnetic material a field 
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pulse that runs from zero up [0 when saturation induction is obtained, and back to zero. It is 
interesting 10 recall that the alignment of the domain, and thus the polarization IM = ,uoMo , 
is determined by the local field H I ,  which IS generally smaller than the applied field HO' 

Consider. as a first example, a long magnetic bar (as the one shown in figure 1 . 1-4 in 
section 1 . 1 )  10 which a magnetic field Ho is applied. and from ( 1 . 1 -39a) the internal field is 
given by 

(8.3-42) 

As HO returns gradually to zero, the induction B in the bar follows Ihe hysteresis' upper 
hranch in figure 8.3-8b, and when Ho = 0, it rcaches a point in the lefl upper quadrant 
defined by lIi = -kmMo . (Nole that the branch is in general defined and labeled by the 
maximum applied field HO, unless, as in our ca:-;c, the saturation branch is considered.) 
The obtainable remnant induction, and thus the polarization, 'M = J1.oMu, is obtained rrom 
the definition ( 1 . 1 - 1 7), 

or 

(8.3-43) 

which delenmnes Mo when the (salUralion) magnetil.ation curve is known. 
In a second example. a magnetic circuit of total length L = I + x with a shon gap in 

air of length x and cross-sectional area S (the rectangular circuit shown in figure 1 .4-3. or a 
ring circuit) is surrounded by an evenly spaced winding. which produces the field HO all 
along L. The magnetic circuil equations ( 1 .4-39,40) give 

(8.3-44a) 

(S.3-44b) 

Table t!t.3-VII Hard rClTomagnctic materials for permanent magnets 
Material Relllanence " Coercivitl Energy product " 
(from rei's. 1 . 17,H.40,l-1.42) Br(T) Hc(k A ' m , l )  (BH)ma� (kJ ' m '

)
) 

Ferrite f Fe10J)' isutropic 0.27 I KtJ H.4 

Strontium I�rrite 0.39 260 28 
( SrO + flFe20.,), ccrami�' 

Alni(.;o 4 1 .0 120 70 

Lanthanide elem. wmp. 1 . 1  770 2 1 0  
ISm,Co), metall!!': 
NdFeB, nlt"tallic 1 .4 880 370 

, In cgs-unlts (Tahle A.I-I I ) .  I kG -:- n.t  T. I kOe -:- 8U kA'm I MG · Qe -:- 8 kl . m" . 
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Table 8.3·Vlll Idtal lud, significant magnellc malerials 

Material Magnetosl<uic tick!. H behavior 

IV"" characteristic 
Nonmagnetic - Field penetrates a� if no material 

Hard ferromagnet .. Magnelizalion M :: Mn ;, large Field penetrates as if no material  
and permanent 

Soft (erromagnets Magnetization M = Xm" with internal field is expelled 
large magnetic susceptibility Xm Elllernal field is perpendicular to the 
Magnetic charges accumulate on its surface 
surface [see comments in relation 
with (8.3-41)J 

Superconductors Electric conductivity a -. 00 No internal field 
Large electric surface currents External field ;s parallel to the 

surface 

When Ho = 0 from these equations we obtain 

(8.3-45) 

In referring IQ the energy expression (5.1-7) we can say Ihat the square of the magnetic 
fields produced near the poles of a permanent magnet is proportional to the magnetic energy 
density in the ferromagnetic mmerial; we also can say that the total magnetic energy in the 
gap, PoH;xSx 12.  is equal to the total magnetic energy in the lllagnet. IHi 8i1/ S/2. 

For a dosed magnetic circuit, x = O. with field lines dosed within the material, it is 
always Hi = 110 . As the outer field Ho is gradually reduced to zero, the induction Bi 
again follows the hysteresis curve upper branch (figure 8.3·8b) until at Ho = HI = 0 the 
remnant induction 8r is auained. The obtainable permanent magnetization Mo in this case 
is given by 

1l0Mo = B, . (8.3-46) 

The great advantage of permanent magnets is that they maintain a magnetic field 
without any power input. as on the contrary is required in current driven magnets. For 
practical reasons. the ficJd must remain as much as possible unaffected by time. 
temperature, and imposed outer field variations. These propenies can be obtained by the 
correct choice of the ferromagnetic material. which must possess among other propenies: 
(a) a large energy product (HI 81 )max defined in the upper left quadrant of the hysteresis 
curve [sce in (8.3.45)); (b) a largc value of magnetization M or remnant induction Br [see 
(8.3·46)]; (c) a large value of the coercive field He (to avoid canceling the remaining 
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induction), Typical parameters of some hard ferromagnetic materials suitable for the 
construction of perrnanent magnets8�U are given in table 8.3-VII. 

Wc recall Ihat in  the preceding chapters we have addressed several additIonal 
problems. which can be of use in considering permanent magnets: magnetic fields in 
connection with a permanently magnetized rod ( 1 . 1  A2). a spherical magnet (2. 1 - 7 1 .73), 
and a Ilmgnctic circuit ( 1 .4.45): magnetic work done along a hysteresis curve (5.4·43); 
magnetic energy and force in the gap of a magnetic circuit (6.2-49,50). In addition to the 
extensive small-scale applications (in motors, loud speakers, etc.), pennanent magnet 
technology is nowadays applied with success in large magnet systems8 .�!. such as in 
magnetic levitation <Jnd in beam transport and handling for particle physics. 

Quan turn para meters 

So far we have studied magnetism by applying the classical electromechanical theory. 
However, at the level of orbits ilnd spin of the elementary particles, it is more correct and in 
some cases ahsolutcly necessary to apply the concepts of  quantum mechanicsH.tJ.�A�. For 
example, here it m<JY be interesting (0 recall that in relativistic quantum them)' the modulus 
of the angular momentum L is quantized by the a:imulhal quantum flwlIher I through 

ILl = ,,�'(i + I )  (8.3-47) 

whereas the projectiull of this vector in a predetermined direction (e.g . .  the direction of the 
applied field H) can take the value defined by the related projection quantum number I H '  

where '/I can have the 21 + I possible values 

IH = I , I - I , I - 2, . . . . - 1 + 1 . - 1  , (8.3-48 ) 

and h � hI21r is the (normalized) Plallck constant [ h :::: l .055 x 1 0·j4 ls}. The qUlHltum 

numhcr I relative to the orbital momentum is an integer, whereas the fermions (including the 
electron. proton, or neutron) possess Jpin momentum with number s :::: ± 1 / 2  so that the 
total is f -) 1 + s .  The expressions for the magnetic moment (8.3-25,27) can be unified into 

(8.3-49) 

where g is the LlIIu/tf or spectro.\'col'ic spliuint:: factor, with g :::: I for orbital angular 
momentum and !: :::: 2 for the spin momentum. The quantization of the orbital or spin-related 
magnetic moments rollows logically from (8.3-27,47,48), 

(8.3-50) 
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and for Ihe componcnI along H, 

(8.3-5 1 a) 

where we have introduced the Bohr magnetoll 

[=9.27 10-24 A·m2] (8.3-51 b) 

as the (minimum) quantum magnetic moment of the electron. This situation, pertinent 10 a 
single electron orbit, is iIluslraled graphically in figure 8.3-9 with the example I = 2. 

As a consequence of (8.3-50,5 1 ), the angle {3 between p and B can attain only the 
21 + I discrete valuc� defined by the quantum number IH(S.3-48), 

cosfl = IH 
.JI(I + 1) 

(8.3-52) 

For the same reasons, the potential energy (8.3-37) for a particle (or orbi!) with magnetic 
momentum p in a static magnetic field B is (8.3-48,55) 

8 

-2 

J!.u... - I 8mB - 11 

- - - - . -

(8.3-53a) 

Figure 8.3·9 The quantization of the magnetic moment p with respect 10 the 
directiun of the applied magnetic field B. Here, the example i.li for the quantum 
number 1 = 2. 



8.3 SOME PROPERTIES OF MATTER 497 

The energy levels of an electron in the atom are defined in general by the four quantum 
numbers n,I'/H's.  where n is the principal quantum number (such that I = 1 ,2 ,  . . . •  
n - 1 ); in particular, when there is a magnetic field, (8.3-53a), its otherwise degenerate 
energy levels are split into 21 + I discrete so-called Zeeman energy levels separated by 

LlW = )IlB . (8.3·S3b) 

For example, for the orbital case I :::: 2 shown in figure 8.3-9 there are five levels labeled 
'H == -2. - I ,  0, +1 ,  +2; for a particle with spin 312 there are four levels. 'H:;;;;;;-3/2, -1/2. 
+1/2. +3/2. We also recall lhat the quantized photon energy corresponding to a radiation 
with frequency ill = v/2Jt' is 

W = cdi = vh .  (8.3·S3c) 

In analogy to the Bohr magneton (8.3-51 b), the IlUclel�r magneton is defined as 

eh [ 5 05 10.27 A 2 J inN = -- = . x · m . 
2mp 

(8.3·54) 

The Larlllor frequency remains as befqre in (8.3-30), but since the gyromagnetic ralio is 

we find 

e 
y = -/? -- . for electron orbit (g = I )  or spin (g = 2) . 

Zme 

e y = g-- . for nuclear spin (g == from 0.3 to 4) , 2mp 

WL r {= 14.0 g8 GHz. tesla; for an electron , 

vL 
= 

2][ = 
-

21C 
B 

= 15.3 gB MI-h, tesla; for a nucleon . 

(8.3·550) 

(8.3·SSb) 

(8.3-56.) 

(8.3-S6b) 

in general. an atom contains many electrons and related orbits. In this case the various 
orbital and spill momcnta of the single atom add vectorially. and this result is then 
quantizcd. form�lly as above. Consequently. for [he total atomic magnetic moment the same 
rules as in (8.3-47.50) apply, where I is un integer or hair-integer, and g now lies between 
I and 2, since it is a measure of the relative mix in the resultant momentum of orbital and 
spin components. [Here we recall  the Pauli exclusion principle, which states that in an atom 
at the same time only one electron (fennion) can occupy the same ( n,I,IH,s )-defined 

quantum level.] 
In the nuclear domain the relation between resultant spin and magnetic moment is not 

so simple, as even the single proton (hydrogen nucleus) with spin / = 112 has the magnetic 
moment PH = +2.79 "'N , or the single neutron with the same spin has PH = -1.91 mN' 
This can be taken care of by attributing to each situation the appropriate yor g value. where 

the above quantizalion rules remain of course valid. 
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Critical magnetic fields and monopoles 

Starting from the magnetic quantum moment IllS (8.3-5 Ib), we obtain the (minimum) 
quantization of the LamlOr radius 'l. (6.4-49c) and the magnetic flux II'm relative to an 
electron orbiting with the cyclotron frequency n (S .3-22) in a plane normal 10 the induction 
B. From IllS = 1C r( I with J = -e!2121C (similarly 10 (8.3-2 1)] wc obtain 

and 
1 h 

Y'm = Ir 'L B = -2e 

[ 2.56 x 10-8 ] 
: IB(inT)j I /2 

m 

[= 2.07 X IQ-15 T . m2] . 

(8.3-57) 

(8.3-58) 

Here Ii � hf27f is the normalized Planck constant and e, me are the electron charge and 

mass. If in addition we introduce the Bohr radius (e is the dielectric constant) 

[: O.53 X I O-11l m] (8.3-59) 

(i.e. , the fundamental orbit radius of the electron in the hydrogen atom) and the electron 
Comptt}fl wavelength 

(Le., the wavelength-shifl resulting from the rxr scattering of a light quantum by an 
electron), we can define two critical magnctic ficJdsR 11>." 19; 

(a) Crilical quallfulII field, from ..le = 2ft Il '  at which classical electrodynamics becomes 
invalid: 

2 2 Ho 
= 

m�c 

ell 
(8.3-6 1 )  

(b) Crilicai mllKfletic:field, from re = Il' at which magnetic effects prevail over Coulomb 
effects: 

[: 2.36 X lO' T] . (8.3-62) 

In section 1 . 1 ,  following ( 1 . 1 -33), we have shown that in MaxweH's electromagnetic 
theory fonnal magnctic charges appear intrinsically in pairs, but wc also mentioned Ihat 
there is no physical reason prohibiting the existence of isolated magnetic charges. 
sometimes also called monopoles. Dirac in his fundamental work of 1931 Ul showed that 
quantum physics allows the existence of m{lgnetic monopoles carrying a magnetic charge 
g = Ngo• which is an integral multiple N of the fundamental charge 

(8.3-63 ) 
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(This wriling, which includes Ihe magnelic pcrmcabilily 110, is consiSlenl wilh Ihe 

definition of magnetic charges in ( 1 . 1 ·26,29,33). 1 If monopoles exist at all, there is no 
rCi.,Ison to suppose them all identical; that is, different N-values could be possible. For 
simplicity. in the following we set N = I .  Note that the monopoJe induction charge 
expressed as /.101:0 corresponds to twice the magnetic flux quanwm introduced in (8 .3-
58). I n  analogy to the electric field produced by a free electric charge, (6.4- 14), a magnetic 
charge gO at rest is the source of a radial magnetic field 

I r 
H = -g0 3  4" r 

(8.3·64) 

whereas when moving with velocity v in an electromagnetic field it experiences a force 
which with ( 1 .3-23) wc write 

(8.3·65) 

similarly 10 the Lorentz force (6. 1 - 1 )  for .m electric charge. where C = {,uOfO)-I J 2  i!ii the 
velocity of light in vacuum ( 1 .2-1 1 ). The energy gain WO) of a monopole in a magnetic 
induction R over a distance I is thus 

W. In _ " 
18 - 00 [= 3.29 X IO·9 J · mo l · rl or = 20.6 Gcv . mo l . T-l j . (8.3·66) 

For example. a magnetic field of JO T over I m confers 206 GeV on a monopole. [ In a 

comparable. practical electric field of I M V ·m-t-see comments in connection with (6.4-
15)-an electron acquires only 1 MeV). By any practical comparison. the magnetic 
monopole is thus very strongly interacting with magnetic fields. No other intrinsic property 
of the monopolc other than its magnetic Charge is predicted by Dirac's 1 93 1  theory, but 
since then other speculative characteristics have been attribuited to it by theoretical works�l\. 
ror example. the mass of the lightest monopole could be between 10 12 and 10 1 7  cV-that 
is about 103 to 10� times the proton mass-and thus be far more massive than presently 
observed elementary particles. As a consequence of the large mass and strong interaction. 
the monopoIcs should be exceedingly rare. and perhaps were produced only very early 
during the Big Bang. <It the birth of the Universe. 

Nuclear magnetic resonance 

Over the last thirty years magnetic resonance based on nuclear magnetic moments and 
spins (nuclear magnetic resonance, NMR) has been the subject of many applicationsl4 1 •  
mainly for diagnostic radiology i n  medicinel.41 (magnetic resonance imaging. MRI), for the 
study of chemical species (magnetic resonance spectroscopy) and the structure of solid 
state. This technique is based on (a) the Larmor frequency (8.3-56b) in the local field 8, 
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(8.3-67) 

of the prcccssing nuclear magnetic moments, (h) the application of a static magnetic field 

and (c) an additional sinusoidally varying magnetic field (as will be theoretically analyzed at 
the cnd of this subsection). 

In practice. a body or sample (whose content is characterized by the y.values of its 

constituent atomic nuclei) is immersed in a magnetic field B and the relevant Lannor 
frequencies vL = illL 12n are detected with an appropriate radiofrequency probe (typically 

in  the 10- 10 lOO-MHz range), For example, in MRJ a large magnetic field of about I tesla 

polarizes the spins of protons (e.g., contained in the water molecules of a human body) and 

the spin-flipping caused (as we will show) by a radiofrcqucncy pulse is detected. The spin 

polarization is extremely weak but is compensated for by the abundance of water in the 

various tissues of the body. 

As shown in figure 8.3-10, a nuclear magnetic resonance (NMR) apparatus consists 

of a magnet generating a well-defined B-field and a transmitter/receiver system. Due to the 

broad range of applicalions, a large variety of physical effects and magnetic as well as 

radiofrcquency techniques arc involved. Typically, the magnet would consist of a 

(superconducting) solenoid (see figures 2.3-6 and 8 section 2.3) or onc of the arrangements 

shown in figures 2.3-4,5 , 17, 1 8. or 19, for the production of the highly uniform field; to 

augment the field unifonnity. sometimes simple shim coils are used within the magnet, as 

mentioned in connection with (2.3-1 5a). Whereas just a highly unifonn field through the 

sample is needed for speclroscopy applications. imaging applications require a simple 

space-dependent magnetic field with high regularity because to every field value a defined 

space region call Ihen be attributed. and this allows scanning through the body under 

investigation. 

, , , , , , , 

,) 
" ... - - - - � .. , ", , , , 

b) 

" " ' , �-.. 

c) 

1 - ' - ' - ' - l._.� � � .,.  \ -;1 ' - ' - ' - ' - ' - '-' 
, , , , , , , , , . . , , . '.. ...... � ,, - - -.. ,/ --

-J 
l?igure 8.3- 1 0  Schematic ammgt:menl of a possible nuclear magnetic 
resonance apparatu.�: (a) main solcnoidal coil prodw.:ing a highty uniform magnetic 
field. (b) secondary Maxwell coil (when required) producing a gradient field. (c) �Ie 
shape antenna and receiver probe for detecting the nuclear spin resonance. 
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A convenient way to obtain large-volume magnetic fields with these properties (figure 
2.3A) is to superpose on the fundamental uniform field a much weaker gradient field, 
which can be generated by a Maxwell or inverse Helmholtz coil pair [see (2.3-15b)] or by 
other arrangements as discussed in conneclion with figures 2.3-3 and 2 1 .  Final ly , Ihe 
radiofrequency antenna and receiving probe must transmit the radiofrequency power from 
the generator (0 the sample and detect the response of a local Larmor precession resonance. 
This can be achieved with one single coil, or with separated coils. The receiving coil must 
possibly be perpendicular to the main field direction since this ensures lhe maximum 
induced c1eclfOmotive force (emt) signal by the fluctuating (perpendicular) magnetic field 
generated by the resonantly precessing nuclei. 

For the presentation of the classic NMR mooel, we extend the considerations made in 
connection with paramagnetism. Here we have again pennanent magnetic moments p�. not 
of the atoms but of the nuclei in the magnetic material, that start to precess at the Lannor 
frequency (8.3-67) under the action of an applied outer field B .  By introducing the 
magnetization M. which by definition ( 1 . 1-23) is the density of magnetic moments. 

M == liPS (8.3-68) 

(where n is the number of magnetic moments Ps per unit volume). the gyroscope equation 
(6.4-23) is transformed into 

M = )M x B  . (8.3-69) 

This shows that the vector M [as P. in (6.4-23] precesses with the Larmor frequency COL 
around the magnetic field. We know from (8.3-32,39) that if the moments p. are 
distribuited at random an effect appears only if there are interaction processes with external 
elements, These processes are taken care of fonnally by the so-called Bloch equalion 

. (M, - Mo)e, _M-,x,-e,,-x_+_M�YLeLY M = )M x B - -
TI f2 

(8.3-70) 

through two characteristic lime constants8.42: fl relaxes the longitudinaJ Mz component and 
is also called the spin-lallke relaxation time because it is due mainly to the thennalization 
process between the spin and surrounding material; '2 relaxes the transverse Mx..My 
components and is usually called spin-spin relaxation time because it is mainly due to the 
interactions among spins (typical values for fl . fZ . for example for metaJlic Fe at room 
temperature, are I to 5 ms); in addition, ex. ,ey,ez' are the Cartesian unit vectors with ez 
taken along the B vector. and Mo is the equilibrium magnetization along the z-axis of the 

spin system obtained at the cnd of the process. 
As we know from the introduction, NMR techniques require, in addition to a static 

magnetic field Bo. an oscillating field DI which may be represented by a magnetic field 

rotating with frequency min the (x,y)-plane normal to B [see in (3.2-31) and figure 3.2-1 
in section 3.2]: 

(8.3-7 1 ) 
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Precession of the magnetization M around the static field Ba and the sinusoidally varying 

field B\ will result in a complicated motion of nutation for M in the laboratory reference 

system. To simplify description, it is conveniem to introduce a primed Cartesian coordinate 

system with unit vectors e�.ey.e� = ez that rotates with angular velocity liJ around the 
common z-axis. The relation between the time derivatives for magnetization (as for any 
vector) in the two system is 

and with (S.3-69) we obtain 

dM' dM -- = - + oo x M  
dt dt 

(S.3-72) 

(S.3-73) 

We can say that in the primed system (with the field Bo only) the M' vector precesses 
around a reduced field Bo - 00 I r . However, in this rotating system there is also the 
stationary field BI (8.3-7 1), which we fix to be aligned with e� . Thus. the resultant 

precession expressed in the primed system is around an effective field 

B�ff = Bo - co + BI = J..(lJJL - lJJ)e� + Ble� , 
r r 

and the NMR process is described by the B10ch equation (8.3-70) 
B � Beff : its component equations are 

M· , ( )M' M� 
x = lJJL - (L)  y - -

'2 

M· , = -..AA� B  _ M; - Mo 
z P"y I . 

'I 

(S.3-74) 

with the substitution 

(S.3-75a) 

(S.3-75b) 

(S.3-75c) 

From these equations we derive the magnetization M' == (M�,My,M�) in the rotating 

system as a function of the incident radiofrequency w. 
Two irradiating methods are used in NMR practice: continuous wave and pulsed 

resonance. In the first, stationary regime, by definition it is M� = M; = M; = 0, and the 

magnetization components are found immediately from (8,3-75): for example, if we assume 

a low radiofrequency intcnsity-that is ,)61 « TI , TZ, or r
Z 

BrTITZ « I-we obtain 

(S.3-76a) 
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(8.3-76b) 

(8.3-76c) 

The dependence of M�.M;, versus (lOL - m)r2 give rise to typical dispersion and 

absorption behaviors around the resonance (j) = wL' The nuclear equilibrium magnetization 
Mo. first introduced in (8.3�70). appears in all three components, and thus is a measure of 

the NMR signal intensity. It is expressed. analogously to the Curie law (8.3-36a), but with 

(8.3-50,54) Ip,1 = ')1>-./1(1 + J) , as 

2 2 

M = H = n"- r h  1(1 + 1) 
o Xm" "U 3kT 

(8.3-77a) 

In the more widely used pulsed-resonance technique, the NMR effect is probed with a 

pulse of radiofrequency (J) applied during a lime Ip that is short compared to the relaxation 

times TI _ T2 ' At resonance ID = wL, we see from (8.3-74) that in the rotaling primed 
system. the movement of the vector M simplifies to the precession around B) :::::; Ble� at 
angular velocity rut = fBt only, so that the corresponding angle of rotation is 

(8.3-77b) 

For e;\ample, thc application of a pulse of duration such that tPt = If 12  will rotate M into 
the x,y·plane (nonnal to 80). After the pulse is over, this transverse magnetization will 

decay with Ihe characteristic lime !2 . and the longitudinal component will recover with fl . 
as defined in (8.3-70). 

Finally, we note that in the alternative quantum-mechanical NMR model. the 

calculalion makes direct reference to the Zeeman energy levels (8.3-53), and with 
.1W = wh = }fIB we reconfinn the Lannor frequency condition (8.3-67). 

High-energy densities 

Interaction of a high magnetic field with a metal conductor may increa ... e the lamer's 

internal energy to densities up to and, eventually, well above the chemical binding energy 
of solids. At these energy levels the properties of the metal (the atoms or ions in the 

lattice), as well as the transport properties of the electrons, may well be different from their 
behavior under nonnal conditions-that is, at room temperature and atmospheric pressure. 

(n the following we discuss and illustrate some of the properties of solids at these extreme 

conditions that have been applied previously in this book. 
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energy 

(Id/g) 

0.1  

0.0 I L.J'--'--_L----'--"--'------'-_-'------'------' 
1.0 1.2 1.4 1.6 

density p/PO 
1.8 

Figure 8.3·1 J Energy density in shock-eompressed copper: Ec is the cold 
compression (lattice) contribution; f:j and £� are the thermal contributions of ions 
and electrons. (The curves have been obtained from data given in reference 8.29.) 

Equation of state 

In the pressu're and temperature range of interest to us (up to the order of 105 MPa 

and 1()4 K), we may consider the metallic conductor to be in the form of an isotropic 

condensed state, and hence thermcxlynamically defined by three independent variables, 
such as the specific volume V = 1 1  P. the pressure p, and the temperature T (here and in the 

following in kelvin). They can be reduced to two independent variables by introducing an 

equa/ion of state-that is. a relation between the variables themselves and/or between 

related thennodynamic quantities, such as the internal energy e, or the enthalpy (heat 

function) h = QV = e + pV. For example, we can give an equation of state in the fonn 

£ = £(p,v) , or p = p(V,T) . (8.3-78,) 

Experimental results and physical arguments show that it is reasonable to consider the 
internal energy density (per unit mass) of the metal in the fonn 
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pressure 
(N/cm2) 
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P; 

105 L--'--_L--L_.L--L--L.L--'.---..J 
1.0 1.2 1.4 1.6 1.8 

density p/PO 

8.3·12 Pressure in shock-compressed copper: Pc is the cold 
compression (lattice) contribution, P; all<! Pc art: the thermal contributions of ions 
and electrons. r i� the Grilneisen parameter. which varies between 2.0 and 1.54 
(dimensionlcss!). The curves have been obtained from data given in reference 8.29 
( I  Mbar = 105 MPa = \0' N/cm2), 
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(8.3-78b) 

where Gc is the potential energy of [he solid at absolute zero, Ej is the thennal [eM due to 

vibwtion of the atomic lattice. and fe is the term due to thennal excitation of the electron 

(figure 8.3-1 I) .  Similarly, the pressure is written in the form 

P = Pc(V l+ P; (V, T)+ Pe (V, T) 

(figure 8.3- L2), Each component can be expressed by theoretical models 1 . 10. 

(8.3-78c) 

However. it is often more practical to use approximated or interpolated functions. For 

example, by neglecting the eleclronic terms Ee and Pe. the simple equations of Slate 

2( Vo )2( 1 1 )  rCp(T -To) 
P � Co - - -- + -'''---;.,.--'--

V V Vo V 

(8.3-79) 

(8.3-80) 
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Tabl, 8.J·IX , Equation of slate oC metals 

Parameter Dimensions AI Fe a .... 
(24-ST) (58% CuI 

density Po at O"C g·cm·3 2.71 7.8 8.5 
density Poo = V- I al 0 K g.cm-3 2.746 - -
mole weight g·ma!- I 27.0 55.8 -
sound velocity Co cm-liS' 1 0.52 -0.45 -
shock par.tmeter C cm·J.ls·\ 0.52 0.39 0.37 
shock parameter S 1.4 1 .6 1 .5 

thermal en. dens. �o at OOC J.g. 1  1 6 1  - -
mean spec. heal CD al 20"C J.g.1 (oC).1 0.90 - -
Grtineisen param. Il.Po) 2.08 1.95 -
electron param. a 10.7 J.g" (oC)., 500 - -
Debye temp. 90 al Doe K 390 420 320 
Fermi temp. E\o K -13'000 -30'000 8200 

u Mainly (rom references 8.28. 8.29, and 8.30. 

Cu Pb 

8.93 1 1 .3 
9.024 1 1 .60 
63.5 201.2 
0.39 0.19 
0.40 0.20 
l .SD 1.52 
77 32 

0.38 0. 1 29 
1 .98 2.46 
1 1 0 140 

320 88 
8200 - 1 1 '000 

W 

19.3 
19.40 
183.9 
-

0.40 
1 .27 
28 

0.136 
-
60 

350 
-

can be proposed, where r (the so-called Grtineisen parameter. see figure 8.3- L 2) and cp 
(the specific heat at constant pressure) can be approximated by their (constant) values at 
normal condilion, (lable 8.3·IX). 

Specific heat and phase transitions 

In tables 8.3·[[ and IX. we give the mean value of the specific heat of variou, melals. 
Actually. the specific heat is lemperature-dependem, even within the small temperature 

range (from about ooe to IOOO"C) considered here (see figure 8.3-13), Nevertheless. for 

most metals in the solid phase, the cp values remain within ±IO% of their mean value. Note 

that according to our definition it is Cv = {JCp . where Cv is the specific heal per unit volume 
and cp is the specific heat per unit mass. 

In metal conductors interacting with fields above 100 T. the temperature can increase 
by ohmic dissipation well above 10'000 K. We must. therefore, also consider the phase 
transitions that can take place in the metal (figure 8.3-14), 

The first transition is from solid to liquid. In most problems of interest to us, it plays a 
limited role. For example, from a quantitative, energetic viewpoint, we note that the latent 

heal of melling Em (lable 8.3·IV) is small compared 10 the other energy densities (E;, "'; see 
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-200 0 1000 I�OO 

T (oCl 
Figure 8.3-13 Various quantities for pure copper as a function of temperature 
T. measured under quasistatk conditions. (The specific heat cp within the ran� 
0-1083"C is from reference 8.27; the remaining cp curve and mass; density p :R 
from reference 8.26.) 
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figure 8.3-1 J )  characterizing a meLal at the pressures and temperatures of relevance here 
(megabar. 10'000 K), Also, the structural arrangement of the atoms or ions in the lattice 
does not significantly change al the transient heating regimes (on a microsecond lime scale) 
characteristic of ohmic heating processes. 

Of more importance is the vaporizaliorl (sublimation) process of the metal, since it can 
appreciably change the surface conditions. Unfortunately, this process is rather difficult 
to describe properly when related to the very short time scale involved in uhrahigh field 
experiments834• In fact, due to the rapid heating proces�. the condensed meta1 may become 
well overheated before the boiling process sets in. In ultrahigh field generators the situation 
is further complicated because the electrically conducting vapor may interact with the 
magnetic field, inhibiting its expansion. In any case the process will develop as a so-called 
vaporizalion wave (6.3-22) penetrating into the metal and eventually boiling off measurable 
amounts of it. 

Shock waves 

The concept of the shock wave is best introduced with the example in figure 8.3- 1 5 .  

A piston compressing, at a velocity u, a medium initially at rest gives rise to an increase in 
density whose discontinuous profile travels into the medium with a (shock) velocity vs' The 

moving discontinuity represents a shock wave8.2S• 
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Figure 8.3·14 Phase diagram of copper. The numbers indicate the temperature 
in kelvin. The vapor-liquid saluration curve is taken from reference 8.3 1 :  the 
liquid-solid curves are taken from reference8.n, which gives similar curves for AL. 
Ni, Pb. Also shown are some points of the Hugonio( curve obtained from copper at 
normal conditions ( I  bar; 8.92 gteml; 272 K). The isotherm originating from the 
critical point (6.53 kbar; 1 . 14 gtem3; 8500 K-that is the separation line between 
vapor and liquid-is nol shown. 

A stationary plane shock. traveling in a compressible isotropic fluid is described by the 
three Hugoniot relations expressing conservation of mass, momentum, and energy across 
the shock discontinuity. Using the notations defined in figure 8.3-15. they can be written in 
the form 

I I -(v - UI ) = - v  
\'J !>  Va .f (8.3-81 ) 

(8.3-82) 

(8.3-83) 

Here. vs'  u. V = 1 1  p. p. e denote the shock velocity, flow velocity. specific volume. 

pressure, and the internal energy per unit mass. The indices 0 and 1 stand for values ahead 
of and behind the shock front. The Hugoniot relations can also be written in the form 

� = l - ..!i  
Vs Vo 

I e, - eo = -(PI + Po)(Vo - "I) 2 

(8.3-84) 

(8.3-85) 

(8.3-86) 
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Figure 8.3-15 Piston driving an ideal shock wave into a medium at rest. 

From (8.3-84,85) we can eliminate u or v� and get the simpler expressions 

2 _ \1,2 (PI - PO) 
Vs - 0 (VO - v, )  

2 u, = (p, - po)(VO - v,) 

509 

(8.3-87) 

(8.3-88) 

For the case in which the initial pressure is negligible 

5 1 .53) 
(PI » PO). we obtain from (8.3-

(8.3-89) 

this equation expresses the equipartilion of kinetic and internal energy in a shock
compressed medium. 

In order to solve the shock problem completely, one more equation must be added to 
the three general dynamic relations. This fourth expression is obviously an equation of state 
characterizing the thermodynamic properties of the medium. We suppose it to be known in 
the form [see, e.g., (8.3-80)] 

p = p(V,E) . (8.3-90) 

Elimination of the internal energy £ through (8.3-83) reduces this equation to the simpler 

expression 

p =  l'Ho (V) , (8.3-9 1 )  

where FHII is the Hugoniot function related to the initial state (Po. Vol .  Alternatively, with 

(8.3-86) we can obtain 
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Figure 8 . 3 - 1 6  (pIPo}·HugonioLS of various metals. (Mainly rrom da!a 
contained in references 8.28.8.29, and 8.30.) (I Mbar'" IlP MPa). 

p = FHo (u) . (8.3-92) 

For example. this last equation defines the Hugolliot-Rankine curve in the (u,p) plane. that 

is, the locus of all (u, p) points that can be reached by a shock starting from the initial state 
(uO.PQ). Hugoniot curves have been detennined for many solids (figures 8,)-16 and 8.3-

17).  

The measured shock and flow velocities of most meta1s fit. within a few percent, into 

the linear relation 
Vs = C + Su • (8.3-93) 

where C is (almost) the value of the sound velocity Co in the non-shocked fluid and S is a 

material constant (see table 8.3-1X). Within the range covered by this relation. and provided 

that the assumptions made in connection with (8.3·85) are valid. the Hugoniots take the 

simple parabolic fonn 

or 

I 
p = -(co +Su)u 

Vo 

2 
_ co(Vo - V) 

p - 2 [S(Vo - V)- Vol 

(8.3-94) 
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For copper. for example, these curves coincide within 2% with the Hugoniot covering the 
pressure range from 0. 1 through 9 Mbar, as drawn in figure 8.3-16. 
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Chapter 9 

NUMERICAL AND 
ANALOG SOLUTION METHODS 

Only a few simple problems can be solved exactly or with sufficient approximation by 

analytic melhods, as documented throughout this book. The problem of calculating and 
describing magnetic-field and current distributions in relation to complicated conductor 
geometrics having variable electrical conductivity andlor to materials having variable 
magnetic permeability can be solved by using a large variety of computer programs. An in

depth coverage of numerical solution methods is beyond the scope of this book; discussion 
is limited to presenting some of the basic theoretical considerations underlying numerical 
methods and referring to the extensive literature. In general, analog solution methods 

applied to magnetic Dirichlet problems are no longer used. However, in a way the most 
straightforward analog method is to measure currents and magnetic fields either in the actual 

apparatus or in a scaled-down model. The latter procedure can have distinct advantages, as 
discussed in the la'\t seclion of this chapter. 

App/icalions. The practical aspects related to the subject treated in this chapter are 

numerous, in the sense that proven, commercially available software for the solution of 

electromagnetic problems (for example, solvers of Maxwell's or magnetic-potential 
equations) covers a broad range of possible applications. This aspect is further supported 

by loday's widespread access to powerful computers, ranging from desktop pes 10 

massively parallel superconducting arrays. 

513 
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9.1 NUMERICAL COMPUTATION 
METHODS 

The creation of computation programs can be facilitated by the widely diversified 
elecU'omagnetic theory base presented in the previous chaplers. The general problem 
concerns the complete solution of MaxwelI's equations for the electromagnetic fields or of 
the LapJace or Poisson equations for the electromagnetic potentials, with the appropriate 
boundary and initial conditions. In practice, and in view of specific applications, we 
obviously try to simplify the problem by choosing the most convenient theoretical 
formulations. of which many are deduced in this book. 

The most general and flexible numerical solution techniques used today are (he 
powerful finite-element method and to a lesser extent the finite-difference method. These 
methods allow us to treat problems that include ferromagnetic materials and are also useful 
for calculating the diffusion of magnetic fields and the associated eddy currents. Another 
method. which is panicularly convenient for the study of eddy current problems, is the 
Jinite-elemeflf network method, which takes advantage of the development of the general 
network theory that has developed separately over the last 25 years. 

The approximation of complicated. iron-free magnet systems by jilamentary or simple 
elemental conductors makes it possible to apply relatively fast and convenient numerical 
solution procedures. In particular, axisymmetrlc current distributions can be approximated 
by an array of circular loops, in which case computation is reduced to solving for the 
elemental loop and then adding the various components. 

With the sophisticated software available today, any desired resull, such as field lines, 
contour lines, current flow lines, can easily be displayed in useful and appealing graphical 
fonn. We can obtain stereoscopic pictures that give a three-dimensional view of the field
line pattern, or have an artist'S multicolor impression of complicated coil structures. A 
historically based review on the development of numerical methods-in particular, of the 
finite-element method-<:an be found in the literature9.29• 

Finite-difference method 

The numerical solution of partial differential equations such as found in the previous 
chapters can he calculated in a natural way with respect to a finite number of points 
penaining to the region of interest. For this solution. the differenlial equation is transformed 
into a difference equation, which is particularly suitable for numerical treatment. This 
solution technique, based on the finite-difference method, since Ihe end of the 1 970s has 
given way to the method of finite elements. Nevertheless, it is still used with continuing 
success, particularly in the fonn of the finite-difference time-domain techniques, which are 
applied for the solution of MaxweU's equation in relation to microwave problems'1·'6.9·I1. 
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Poisson 's difference equation 

The difference solution method is presented here with a simple example related lO 
Poisson's equation: 

M/' = f . 

which in cylindrical coordinates and for rotational symmetry (2. 1 - 1 3) is 

;P,p 1 d<P i}2,p 
- + - - + -- = fer ,) ;;,2 r ;;' (k2 ' 

(9. 1 - 1 )  

(9.1-2) 

A difference equation is now derived, which provides a relation between the function 

4p = <P(ro,ZO) at point P and the function in the neighboring four points at distance h In 

figure 9. 1 - 1 .  For this purpose the function is expanded in a Taylor series around point P 

(9.1-3) 

By truncating this series at order ; + j �3 and introducing a simpler notalion for the 
differentials [defined as 4>, = (iJ<p/dr)r=ro • . . .  J. we obtain 

This approximation and the notation 4\> = 4.l(ro. zo) are used 10 express the potentials in the 
four neighboring points of P: 

'0 - Q 
T h h P h R 
h 

- - - �i- - - G·_·--+-
'" ' 

Figure 9.1-1 Difference solulion melhod: five·poinl cross in rOlalional 
symmelry. 
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1 2 et!; = 4>(Ib -h. Z() = 4p - h4>, + 2 h 4>,., 

1 2 <Pr = 4>('0 + h. Z()  = I1\> + h4>' + 2h 4>,., 

(9.1-4) 

To obtain the required difference equation, we must eliminate the four differentials. for 
which purpose we need a further equation taken from (9.1-2) with JP = !('o.Zo): 

1 
cPr r + - <P, + cP., , = /p 

• Ib . 

By straightforward algebra, we finally obtain the (local) Poisson difference equation 

_I [(<IlJ - 11\» +(<1'\>. - 11\» + ( 1 - �}et!; - 11\» +(1 + �}<Pr - 11\» ]  = Jp 
h' 21b 21b 

(9.1-5) 

(9. 1 -6) 

Proceeding similarly, it is possible to deduce the difference equation related to two or 
more points Q,R, . . .  with unequal distances to P. In particular, with P on the axis of 
symmetry ('0 -+ 0), the difference equation (9.1 -6) is not applicable. To establish the 
appropriate difference equation9 .• , we rewrite (9.1-5) in the limit ro -4 0 [where 
lP, l rO -HP,.r; see (2.1-24)], 

(9.1-7) 

and by proceeding as before we obtain, for points P, Q, R on axis and T at radial distance 

h from it, 

(9.1-8) 

Poisson's difference equation in the Cartesian two-dimensional (x.y)-plane can easily 
be found by proceeding as above. Formally, it can also be directly obtained from the 

previous expressions by the coordinate substitution r � x and z � y and by letting ro --., 00. 
In particular, we find from (9.1 -6) the five-point difference equation in Cartesian coordi
nates: 

1 ,[(<IlJ -11\» + (<I'\>. -11\» + (et!; -4p) + (<Pr -11\>)] = Jp 
h 

(9. 1 -9) 
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Difference solution method 

A potential problem in three dimensions with rotational symmetry can be defined by 

Poisson' s  equation (9.1-2) and the potential on the boundary (figure 9 . 1 -2). For the 
solution of this Dirichlet problem by the difference method we first draw a network of, for 
example. square meshes inside the region of interest, which define internal points (full 
circles in figure 9 . 1-2). In addition, the mesh lines define boundary points where they 
intersect the boundary (open circles). 

At each internal point P an appropriate difference equation relates the potential 4>p to 

the potentials cPQ• �, cPs . .. .  of neighboring internal or boundary points Q. R, S t . . .  For 

example. the difference equation (9. 1-6) can be taken at regular internal mesh points; (9. 1 -
8) mllst be used for points on the axis� and in general a four- or five-point difference 
equation with unequal distances to P must be considered when boundary points are 
included. 

The Significance of the difference solution method is that if overall there are N internal 
points. the appropriate difference equations provide N linear equations for the N unknown 
potentials at each point (the tix.ed potentials at the boundary points being taken as 
constants). 

The solution of the Dirichlet problem through the difference method thus reduces to 
solving a large set of simultaneous linear equDrions. which can be written in the matrix. form 
(A.3-36) 

[M]<I> = f  , (9. 1 - 10) 

where in general (M] is a �uare matrix.. 4> is the unknown potential column vector, and r is 
a column vector with known components. This is a well-known centntl problem in 
numerical comput<ttion and is treated in most books on numerical methods. 

The numerical solution of the system (9. 1 - 10) can follow either direct or iterative 
procedures. The direct merhod gives (in principle) the exact answer in a finite number of 
steps. but the algorithm is often complicated and nonrepetitive; it requires relatively large 
computer memory for the storage of intennediate resull". 

, y 
bound ary 

-< ..• , . .... - >-..... -G - � 
Figure 9.1-2 Difference solution method: determining the potential with given 
boundary conditions within a network of square meshes. 
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Iterative methods are more frequently used to solve the system (9.1-10) because they 
are based on a relatively simple and straightforward aigorithm9.J. One starts with an initial 
set of arbitrarily approximated potentials for the internal points. A first round of 
computation will produce potentials that displace those assumed. A second round can 
funher improve the (;onsistency of the resulting potentiaJs with Poisson's equation, and so 
on. Considerations on the stability and on the velocity of convergence of the procedure are 
analyzed extensively in the references mentioned. The success of the difference method 
strongly depends on the appropriate choice of the network of internal points- that is. of 
the size and fonn of the mesh, which must be adapted to the nature and sensitivity of the 
problem in the different regions of interest. Regular mesh spacing is preferred in numerical 
computing because it improves computation speed and simplifies programming. In this 
respect the only regular polygons that can completely fill the plane are triangles. rectangles. 
and hexagons. 

Here we have introduced the difference method with some simple considerations 
pertaining to the elliptic Poisson differential equation (9. 1 * 1) ,  (See also section A.3.) The 
method can be extended equally well to parabolic and hyperbolic differential equations. It 
has been developed in recent years to a high degree of specialization to treat quite 
complicated physical problemsll.l. 

Finite-element method 

Since the 1970s, the finite*element solution method has been a very successful 
numerical method for solving boundary and initial value problems. such as found in 
structural mechanical and electromagnetic problems. ([ is more flexible than the difference 
method-for example. in satisfying boundary conditions. facilitating mesh grading, and 

Figure 9 . 1 - 3  The plane region defined by the contour C subdivided inlo 
triangular finite elemenls. 
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implementing modular algorithms. Hence, it can be used to treat quite complex 

electromagnetic problems, which may incorporate anisotropic and inhomogeneous 
media'U.H,9 7. 

The fundamental idea of the finite-element method is the replacement of continuous 

functions by picccwise approximations, usually polynomials. This is done by subdividing 
the region over which the partial differential equation is to be solved into conveniently 
chosen subregions called finite elements (figure 9.1-3). Within each element (for example. 
a triangle) (figure 9.1-4), the solution is approximated by a function that depends on its 
(three) vertex values. The overall solurion of (he problem consists in detennining the vertex 
values over the entire system of subregions (triangles). starting from the appropriate 
boundary and/or initial conditions. 

Shape functions 

The crucial step in this procedure is 10 delennine (with a sufficient degree of 
approximation) the function thal must lake into account, within the elements. the 
appropriate fonnal or physical aspects of the problem (e.g .• the Poisson or Lagrange 

equation with the related boundary and/or initial conditions), For example, a first·order 
approximation to the solution cP(x,y) of Poisson's equation (9. 1 - 1 )  in Cartesian 

coordinates 

within a plane triangle is found through the Lagrange interpolation method to be '1 5  

)' 

o 

,) 
_ - ... ..., V4 

- - - - - - " v3.._------
" , , , , , , , , , , , , , , , v, 

x 

b) 

< > 
v, 

(9. 1 - 1 1 )  

(9. 1 - 1 2) 

Figure 9.1·4 (a) A linear triangle V 1 V2V] and its adjacent triangle V2V3V4 : 

(b) the transformed. curvilinear equivalent (isoparametric transformation). 
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with 

1.( ) = Qi + hi' + ciY . = I 2 3 ...., x,y , I ' "  2A 
being the shape functions, where A is the area of the triangle, cP, = cl', (xi. Yi) are the vertex 

Junctions, and the constants ail bi • Cj are expressed through the venex coordinates by 

(9. 1 - 1 3 )  

the others. j = 2,3, are obtained by cyclic pennutation. Starting from a given boundary 
condition, the system of equations (9. 1 - 1 2) defines all the vertex values tP,(Xj,Yi) and thus 

pennits the solution to be extended over the whole surface covered by the triangles. Note 
that the Lagrangian interpolation equation (9.1-12) implicitly allows us to start from the 
general boundary conditions just mentioned. 

As an example we consider in figure 9. 1-4a the triangle with the vertices 
VI ,, (0.0) . V2 " ( 1.0) . V3 " (0.1) and the boundary conditions 

• <1> = 1  on the x-axis between V I and V 2, 

(9. 1 - 14) 
d<1> 

• - = 0 
iJx 

on the y-axis between V I and V 3' 

From the system of equations (9. 1 - 12). it is found by straightforward algebra that the 
linearly approximated solution relative to the triangle V I Y2 Y3 is 

thus, in particular, 

<1>(x.y)= I+I (9. 1 - 1 5) 2 

(9. 1- 16) 

The vertex value 4>4 at the vertex of an adjacent triangle Y I Y2 V 4 is detennined from (9. 1 -
12) lo he 

(9. 1 - 17) 

The vertex values cPj of all the other triangles covering the surface of interest are detennined 

Similarly from the system of equations (9. 1 - 1 2). 
The foregoing elementary procedure, which is based on the simple triangular elements 

shown in figure 9.1-4. is used here to illustrate in a very elementary way the ba�ic ideas 
behind the finite-element method. In today's finite-element theory, the procedure leading to 

an appropriate function cP is much more elaborate and complex. For higher-order 
approximations. the shape function L is often a matrix, and solution (9. 1- 12) in this case 
has the matrix fonn (A.3-36). 

<I> = [LJ<I>y . (9. 1 - 18)  
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, , , , , 
... -----... --

-.... ---

Figure 9 . 1 - 5 A tetrahedron. a triangular prism, and a rectangular brick with 
mid-side nodes. 3.'1 examples of three-dimensional elements thal allow quadratic shape 
functions. 

It can lake into account morc complicated finite elements than triangles, as well as more 

component (vector) vertex. values �v. 

Complex algorithms for finding the most convenient shape function L generally start 

from a conveniently chosen trial function. One such method is the Rayleigh-Rilz method 

(which provides an algorithm for minimizing a given functional expression). Probably the 

mosl important variational principle to be applied for time-dependent problems is that of 

Hamilton. However, these and other classical variational methods are only useful when a 

suitable functional expression exists; otherwise, there are other methods of numerical 
solution. such as the weighted residual. 

A further generalization is made possible by greatly varying the finite elements. 
Triangular and rectangular elements can be refined by assigning further nodes within the 

element. For example, a quadratic shape function can be attributed to the triangular element 

with mid-side nodes. as shown in figure 9. 1 -5. Particularly powerful extension is made 

possible by the isoparametric finite-element algorithm. This method allows one to use 

curvilinear finile elements, which can adapt better to certain boundaries, thereby appreciably 

reducing the number of elemems. This algorithm is based on transfonning the curvilinear 

clement in the (x.y)-plane into a conventional straight-line element in the parent plane 
(figure 9. 1 -4b), where the finite-element method is then applied in the usual way. 

Example: Leakage field In an electromagnet 

Consider the two-dimensional (very long) electromagnet shown i n  figure 9.1-6, made of a core (3) arxJ 
coil (4) with the armature (2) held fixed in air (I). As we know from sections 2.2. 4.3, and A.4, the 
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resulting two-dimensional magnetic field is described by the one A,-component of the vector polential, 

(9. 1 - 19a) 

for which the following equations hold (4. 1 - 13. A.4-27): 

a'} a'1' . "  4 d l  ' h '  0 iJx + i)y = -Poh . In region . an Wit h "" (9. 1 · 19bl 

iPA ;;lA CM =a;t+# '" -J1(J=t. in regions 2 and 3 (9.1- 19c1 

where the conSlants jJ. a are the magnetic permeability and electric conductivity of the E4 1 -steel of core an.! 
armature. and the uniform current density flowing in the coil is taken to be 

We know from (2.2-23) Ihal A remains steady when crossing the boundaries between the regions, whereas 

the magnetic fidd is refracted according 10 the laws ( 1 .5-20 10 22); the initial condition is set ac; 
A�(t = 0) = O. 

The high-densit)' triangular mesh used 10 solve this problem through the finite-element method�ll is 

shown in figure 9.1 ·6b. The magnelic sleady-slale field distribution is shown in figure 9.1·73. whereas the 
1ransienl dislribution for t = 10 = ID ms is in figure 1J.1·7b. Note that ftelt.l lines emerge from the 

felTomagnetic structure at practically 90". as required by the refraction law ( 1 .5-22) for J.lR » I . 

I 
n 

. ) 

2 

Figure 9. 1·6 ( a )  Cross section of (very long) elcclromagnel, symmetric 
aboul lhe y-axis with: (b) the high density triangular mesh used to apply the finite
element solution method. 
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1---------:::::::==::::1 a) 
,-

-------------, b) 

Figure 9.1-7 Magnetic field distribution in the magnet shown in the 
previous figure: (a) Steady slale, r» to: (b) transient, t = to = 10 ms (courtesy of S .  
Sikora. Finite-Element and Boundary-Element Methods in reference 9.27). 

Finite-element network methods 

523 

The finite-element electric network method is a convenient procedure for numerical 
calculation of the eddy currents induced by pulsed magnetic fields in complicated conductor 
systems. It is useful when the conductor is thill (i.e. , when the conductor thickness is 

smaller than the field penetration skin depth) and when the penneability Jl is constant (no 

iron). In contrast to the finite-difference solution method described at the beginning of 
this section, basically only the conductor volume and not the entire space is modeled (the 
magnetic field in space, distorted by the diffusion process, is calculated separately by a 
simple approximation). 

The basic idea of the finite-element electric network method9.lo.9.J8 is to represent the 
electric conductor through an appropriate network of circuit branches, which define an 
ensemble of M rectangular meshes labeled m or n,  each with an associated lumped 
resistance Rill and inductance Ln m towards any other mesh n. The eddy currents, which 

arc induced by a pulsed magnetic field, arc then given approximately by the mesh currents 
im; these are found by numerically solving the system of M simultaneous differential 

equations with their initial or boundary conditions. 
The general procedure for solving the eddy current problem in a thin conductor can be 

characterized by the following steps: 
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Figure 9.1·8 Portion or a rectangular network of branches with lumped R 
and L elements representing the conduclOr sheet for the study of eddy cum:nls 
induc:.:ed by a pulsed current flowing in an external loop: each branch represents a 
conductor plate of thickness d supposed to be much thinner than the current skin 
depth. 

(a) Subdivision of the conductor into conveniently chosen plates Ihat are Ihen represented 
by a network of circuit branches; definition of the pa'isive RL network by calculating 
Ihe resistances and inductances of each mesh, with the result of establishing the 
inductance and resistance matrices ILl and [RI. 

(b) Inclusion of lhe extern • .!1 magnetic field generating circuits by describing their coupting 

to the meshes of the network-that is, by defining the mutual inductance matrix [Le] 
between them and the network. 

(c) Solution of the system of differential equations of the network. which will provide the 
space distribution and time evolution of the eddy currenl� in the network approximaling 

the conductor system. 
(d) Calculation of the magnetic field from the linear current branche$ of the network; 

superposilion of this field on the external field to obtain the approximated effective 
spatial magnetic field distribution connected to the diffusion process. 

(e) Calculation of the related time- and space-dependent quantities of pr.lctical interest-for 
example. the magnetic forces acting Oil the field-penneated structure. the magnetic 

energy. the ohmically dissipated energy in the conductor. and so on. 

Network definition 

In referring to the first step--that is. the construction of the network of branches 
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representing the conductor (figure 9.) -8}-it is necessary and logica1 to attribute to each 
branch a rectangular conductor portion (a plate of thickness d). with the branch lying at its 
eenter line. Since the branches are conveniently arranged in two directions represented by 
the coordinates u,v, normal to each other, one accordingly speaks of u- and v-plates. 
(When the con ductor thickness is of the order of the diffusion skin depth or larger. it may 

be necessary to consider a three-dimensional network, see figure 9. 1 -9). For calculating the 
current im in the mth mesh we have to detennine first the inductance and resistance of each 
mesh. 

The mutual (and self-) inductances Ln.m between two meshes n,m (figure 9.1-10) are 

defined on the ba'\is of the flux bound to the rectangular area delimited by the four branches 
of mesh m and produced by the unit current flowing in the four plates defining mesh 11 [the 
basic reason for not simply taking branches also for mesh n is to avoid computational 
singularities in the Neumann integral when it comes to a self�inductance Lm.n-nll see 

remarks following (2.4- 10)]. From (2.4-10) we find 

4,m =�t An ·dlm 'n (9.1 -20a) 

The vector potential All at any point Q on the four branches of mesh m is obtained by 
integrating over the four rectangular plates of mesh n, each with volume Vn 1 4  = ldllbn and 
constant current density jn = in/<dnbn ) (figure 9.1  � 10). (Branches and plates could have 

different dimensions, in which case the correct figures must be considered.) It can be found 
easily in closed analytical fonn from definition (2.2-2 1 )  that 

An = L f -I in 
I
dV" 

4Jr V rm,n , 
(9. 1-20b) 

Both equations decompose In a straightforward way into four integrals, such that the 

Figure 9 . 1 -9 When the conductor sheet thickness is of the order of the 
current skin depth or more. a multi layer network must be ll'>ed to correctly describe 
the eddy cUlTent distribution in the conductor; here. a portion of a three-layered 
network is shown. However, in general the computation becomes intractable if 
conceptual simplifications are not introduced. 
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inductance Ln,m consists of 1 6  similar integrals that formally describe the inductance of a 

branch with respect to a closed plate array. From a computational viewpoint it is therefore 

more convenient to detennine the branch inductances and combine them into the appropriate 
mesh inductance Ln,m' 

Similarly, the mesh resistances Rm are a simple (series) combination of the branch 

resistances 

(9.1-21) 

(which could differ from branch to branch because of different dimensions d,h or electrical 

conductivity 0'), With the expressions given for Ln,m and Rm we can now logically 

construct the inductance and resistance matrices, where in general [L] is not a symmetric 
matrix (because of the difference between branch and plates), and [R] is a simple, diagonal 

matrix. It goes without saying that the eventual symmetries in the general problem (e .g . , 
symmetries in the conductor geometry) should be properly taken into account, since they 
can often substantially simplify the computational work.. Further simplifications can be 

introduced by physical arguments, as will be shown by an example at the end of this 

section. 
A further remark concerns the formal introduction of the outer, pulsed-field sources, 

whose effect we are in fact studying in the conductor [step (b)]. If the sources are E 
extemal loops labeled e, each carrying the current 'e. this can be expressed by the mutual 

inductance towards mesh m. which in the filamentary approximation is given by the 
Neumann inlegral (2.4-23) 

L -�# 
to,m - 41r (9.1-22) 

or a convenient simplification of it. 

I, 

Figure 9.1·]0 Calculation of mutual inductance between mt::sh m represented 
by branches and mesh n represented by plates. 
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Network solution 

The numerical solution of the network problem [step (c)) can take advantage of the 
genera/ network theory developed particularly in the last 20 yearsU.9 9; together with the 
most advanced. new generation of computers it has become a powerful tool that can handle 
the most complicated and extended electric network systems. The problem here is relatively 
simple, since wc have branches with lumped L· and R·elements only, but it is characterized 
by a large number of meshes. To solve for the M mesh currents i", we have a total of M 

linear coupled differential equations, of which the one for the current i", is from 
Kirchhoffs law (1 . 1-63) 

die 4.1/1 dt ' (9.1-23) 

with the inductances and resistances defined in (9.1-20 to 22). The problem represented by 
the system of the m = 1 . . . . •  M equations (9.1 -23) is fully determined when M independent 
initial conditions arc given . In matrix notation the systcm of differential equations can be 
wrillen in 'he form (A.3-36,37), wi,h 'he rules (A.3-34,35), 

or 

. . 
[LJI +[RJI = [4JI, . (9.1 -24) 

(9. 1 -25)  

There arc diffcrent. well-known numerical techniques to solve such a transient system-for 
example. the Runge-Kutta method or the Predictor-Corrector method9.2 L •  Note that the 
eigcnvalucs of the product matrix (L]-l [R] are the inverse of the characteristic decay times 

fm of each of the M meshes representing a conductor portion or plate. 
Many eddy current problems are related 10 a1temating external magnetic field sources, 

varying as eiCIX in complex writing. In this case the system is described by the equation in 
matrix notation 

[R + iwLJI = [iwL,JI, ' (9. 1 -26) 

where the matrices [L]. [LlI'l, [R] are defined as before. and I and It" are the complex phasor 

vectors'U. By solving for I in this system of ordinary equations. we obtain the mesh eddy 
currents and their phase relation with respect to the alternating currents It' in the outer 
circuits. 

If we return to the picture of a field diffusion process [step (d) defined at the 
beginning of this subsection], the overall magnetic field distribution can easily be found in a 
first approximation by superposition of the original (unperturbed) field on the field 
generated by the induced currents flowing in the network branches. Calculation of the latter 
field. generated by the known currents flowing in the filamentary straight branches of the 
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network, is formally a simple procedure that will be discussed in connection with (9.2-2) in 
the next section. Similarly, numerical calculation of other related quantities {step (e)]-for 
example, forces exerted on the conductor. and potential or dissipated ellergies-is 
straightfOlward. In conclusion, the finite-element network method allows a step-by-step 
approach for numerically solving complicated eddy current or magnetic field diffusion 
problems in a relatively logical and convenient way. 

In some cases it is important to model the conductor system as simply as possible to 
reduce the subdivisions [step (a)] to a minimum; here. physical intuition in predetennining 
the dominant eddy current paths and exploitation of all recognizable symmetries will help. 
We wanl lO illustrate these concepts with an example. 

In the operation of some devices for the study of controlled thennonuclear fusion, the 
penetration of a vertical equilibrium magnetic field into the toroidal magnet and vacuum 
containers plays an important role9.'9 (the equilibrium field serves to center the hot plasma 
ring and confer-together with the other magnetic fields-the necessary stability). An 
example of such an arrangement with the eddy current stream lines calculated for each of 
the nine thin-walled toroidal sectors with an extended network mesh is shown in figure 
9.1 - 1 1 .  (This model serves 10 study the motion of the plasma ring located at the center of 

Figure 9.1-11 Eddy current stream lines on a thin conducting toroidal sheet 
(subdivided into nine segments by highly resistive wedges) induced by a vertical field 
Hz; this example has been calculated with the network mesh method presented in 
the text9.1' (courtesy of Princeton Plasma Physics Laboratory): 
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, 

Figure 9.1·12 The calculation of the eddy current distribution indu (."Cd by an 
axial magnetic field on a seclOred loroidal sheet (as shown in the previou� figure) 
�ould be simplified appreciably by premodeling each of the nine sectors through six 
saddk-sh<lped loops (for simplicity, only two of the nine sectors are shown). 

529 

the toroidal chamber in reaction 10 a varying outer axial magnetic field that is disturbed by 
the induced eddy currents.) BUI even not knowing this picture, we expect the eddy currents 
in each sector to have a saddle-shaped pattern, either by intuition or, in Ihis case, from the 
result of the cylindrical case discussed in section 4.4 in connection with figure 4.4-9. 
Instead of representing the toroidal sector by an extensive electric network as indicated in 
figure 9.1-8, each sector could also be mode led roughly by six: saddle-shaped loops (three 
on thc upper half and three on the lower half), each composed of two toroidal and two 
poloidal branches (the"u" and '\,"-plates), as shown in figure 9.1-12. 

Magnetic reluctance network 

From the similarity between electric and magnetic circuits (table 1 .4-1), and 
Kirchhoffs laws ( 1 . 1 -62,63) and ( 1 .4-49,50) governing them, we derive the magnetic 
reluctance network method (RN M) for finding the flux: lines and related parameters in 
magnetic materials, which is formally identical to that applied previously to electrically 
conducting materials. Here the magnetic material is subdivided (as in figure 9.1-8) into 
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u,v-plates with their related magnetic fluxes (in --7 'l'n) and reluctances (Rn --7 RHn) .  The 

necessary equations for defining these parameters in the grid of branches and nodes are 
derived from the magnetic Kirchhoff laws (1.4-49,50). The system of equations is fonnally 
similar to (9.1-23 to 25) and is solved correspondingly. We refer to the literature for 
further details9_27• 

9.2 APPROXIMATION BY FILAMENT ARY 
OR SIMPLE ELEMENTAL CONDUCTORS 

Circular loops and solenoids 

An axisymmelric current system can be approximated for computational purposes (0 
any required degree of precision by a sufficiently dense array of filamentary, coaxial, 
circular loops, each one characterized by irs own currem and radius. The magnetic field 
distribution generated by this current system in space is then given as the vectorial sum of 
the contributions of all the loops. On the same computational basis, we can handle a more 
general current system composed of an array of axisyrrunelric subsystems (such as the one 
just mentioned), where each of these subsystems may have any position and orientation in 
space. In fact, the results caJculated for each subsystem in its axisyrrunetric fr'dme of 
reference can be linearly transformed into the one common frame of reference for the 
general system. 

The magnetic field generated by one loop is described in tenns of the complete elliptic 
integrals in (2.3� 1 1), and similar expressions apply for the mutual inductance (2.4-26) and 
the axial force (6.2- 14) between two loops9. 1 I .  In numericaJ calculations it is convenient to 
recompute the elliptic integrals contained in these equations on the basis of appropriate 
approximations, rather than take tabulated values. 

In the previous chapters we gave the most imJX>rtant electromagnetic relations 
regarding axisyrrunetric current distributions. We saw, in particular, that it is convenient to 
introduce the magnetic vector potential A, because it ha'!: only the azimuthal component A �. 
Its relation with the magnetic field components is found in (2.2-27) and with the mutua1 
inductance in (2.4-32), and hence with the magnetic forces in (6.2-14). 

An alternative method for calculating magnetic fields generated by (iron-free) 
axisyrnmetric current distributions is based on the expansion in polynomials9. 12 (2.1-17), 

wilh the solulion given by (2. 1-21,22). The coefficients a2n of this expansion (2. 1 - 18,20) 
are determined from the on-axis magnetic field (and its derivatives), which is given for the 
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Figure 9.2-( Solenoid with distributed circular currents. lIS magnetic field 
can be conveniently computed by approllimating the coil with some (here 4) 
elemental cUlTent loops. 

loop, and the thin or thick solenoids in (2.3-7,19,35). 
A thick mU/liwiflding solenoid with distributed circular currents (figure 9.2-1) can be 

characterized by its geometry, a filling factor f defined in (2.3-26), and a (homogeneous) 
constant mean current density J = Jj = NI 12b(a2 - a,) .  The magnetic field generated by a 

solenoid with rectangular cross section is given by (2.3-29,30), or can be determined from 
tabulated values as described in connection wilh figure 2.3-9. In [he filamemary 
approximation, which allows easy computation of fields. inductances. and forces (as we 
have mentioned before), the solenoid is seen as being composed of an appropriate array of 
filamenlaty loops. If knowledge of the field near or within Ihe currenl-carrying system (the 
coil) is required. the method of ca1culation must consider the finite extent of the current 
distribution9-13 and rely basically on (2.2-22) rather than on the Biot-Savart law integral 
(2.2-38) or the related loop formulae. The filiform approach starts by subdividing the 
cross-sectional area of the coil into a convenient number of (rectangular) elementary sectors 
with area sm,n (m-radial and n-axial positions) and then placing at its centcr a filamentary 

loop with current 

(9.2- 1 )  

The minimum number m,n of subdivisions will be dictated by straightforward logical 
considerations with reference to the geometry of the problem and the required precision; in 
the limit, one filamentary loop can be sufficient (see figure 2.3-1). 
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Approximation by filamentary straight sections 

The filamentat)' approximation can often be applied successfully also for c:ollductors 
or coils of any shape, not necessarily circular and coaxial as just seen9. 14•  Here again, more 
filamentary conductors are introduced when necessary to simulate the spatia1 extension of 
the coil bulk (figure 9.2-1). It is particularly useful for computation when each filamenlary 
loop (of any shape) can be approximated by a polygon of straight sections Iy (figure 9.2-

2). 
In fact, the field contribution of each straight element can be given in a simple dosed 

form. The integral (2.2-38) over the vth straight section, 

with the vectors 

I I" 'PQ Hp v = - f dl x-3-. 4" o 'l'Q 

in particular dl = dl ev • 

rPQ = r� + Ive� . thus dJ x rPQ = (eO' x rv)d/ , 

gives the field contribution in point P due to the \tth section 

, 

o 
y 

1 

rp 

P ry 

Filure 9.2·2 Straight filamentary section of a polygonal loop. 

(9.2-2) 

(9 2-3) 
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where av is the angle between r" and e v  . For computation purposes, it is convenient to 
transform this result with the vector relations 

into the form containing only the vectors r v . which define the corners Qv of the polygon, 

(9.2-4) 

In many computing systems it is possible to use directly this vector notation; in other cases 
it may be convenient to apply one of the cJlpressions (2.346). The total magnetic field from 
all the sections of the closed polygon is obtained by vector summation: 

Hp = L Hp.v 
v 

and if there are more polygonal loops we have (0 sum over all of them. 

Inductance and magnetic energy 

(9.2-5) 

The magnetic energy W for a system composed of N coils can be expressed by 
logically extending (5. 1-33,34) in Ihe form 

1 N N 
W = - L L L"qlplq (9.2-6) 

2 p=1 q=1 

where the inductance for each coil pair (p,q) is obtained from definition (2.4-5) with 
notation of type (2.4-20) as 

L - .E... _'_ J pq - 41f I I v p q P 
hdV dV. 

, p q pq 
(9.2-7) 

This generalized definition gives the self-inductance of any of the N coils for p = q. and 

also the mutual inductance between two coils for q *' p. with Lpq = Lqp. With the same 

nOlation, (he tOlal magnetic flux thread by the system is [sce (2.4-28)] 
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N N 
VI = 2. 2. LpqIq . 

p=1 q=1 

(9.2-8) 

The calculation of Wor "'through the inductance expression (9.2-7) can be extremely 

tedious. It is mandatory to look for simplifications or approximations; and following what 
has already been said in this section, the fjlamentary conductor approximation is the way to 

go. The inductance of any coil pair can then be calculated through the double-line integral 
(9.1-22). Since in these calculations the magnetic field B is aJready available (as it is. 
anyway, the first quantity of interest to be looked for), the form 

(9.2-9) 

obtained by transcribing (2.4-3\),  may be more convenient. Here. we have induded the 

concept that each coil (approximated by one elemenlal filamentary loop) could. in fact, be 
composed of N (densely packed) total windings carrying the coil current I. 

In this way it is easy to calculate the mutual inductances Lpq (where p � q). but not the 
self-inductances (where p = q), which diverge [as we know from the comments following 
(2.4-10); specifically. here Bp becomes infinite on the filamentary element dspJ. The 
integral (9.2-9) could still be used for an approximation of the self-inductance if, for 
example. the integration surface were extended only to a physically meaningful boundary 

other than the filamentary conductor (e.g., the outer boundary delimiting each coil). 

Force and field lines 

The force per unit volume experienced by a conductor element carrying the current 

density j in a magnetic flux density B = ,uH walii found in (6. 1 - 10) (0 be 

If across the elemental conductor surface srn,n (which is normal to the current density) both 

j and B can be substituted by a mean value. then with LlV = sm." dl and Im.n = )sm./I' we 

get. in the limit. 

(9.2-10) 

which, as expected. is the Biot-Savart force (6. 1 -4) applied on the elemental sections. 
Since 8 is known (because it is generally the first quantity to be looked for by the 
computation) the filamentary approximation i s  convenient also for the force calculation. 
However. a note of caution is appropriate because the force is evaluated at the filamentary 
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conductor clement, where the magnetic field of the latter diverges. In theory, the field 
produced by a straight section does not generate any resultant force on it. but because of the 
divergence, large errors are possible. From a computational viewpoint this difficulty can 
simply be avoided by subtracting from the overall flux density the component produced by 
the straight element for which the force is computed. 

Magnetic field lines are an integral expression of the magnetic vector field H ,  as 
defined in section 2.5. They are detennined by the solution of the system of nonlinear 
differential equations (2.5-4), With the exception of a very few simple cases, this problem 
can be solved only numerically. 

9.3 ANALOG METHODS 

Many analog methods have been applied in the past for the solution of the Dirichlet 
problem, or for determining and eventually plouing magnetic fields derived from a given 
current distribution. Examples are the electrolytic tank or the resistance network, where the 
potential is obtained by measuring voltage over a continuous or discrete resistance 
distributionl.lo. However. with the advent of modem digital computers. these types of 
analog methods are not in practical use any longer. 

Clearly, the most direct analog method is to measure the magnetic field distribution by 
magnetic probes around the real coil or conductor system. 

Electromagnetic model scaling 

General formulation 

When the real conductor system is large and complex. it may be convenient to use 
scaled4down models, which must, however, correctly and in a well4defined way transform 
all the relevant electromagnetic parameters and phenomena9.31• The problem here is to 
determine the transformation rules by finding the proponionality parameters a,. between the 
model and the real system parameters (the fanner being marked by the superscript m): 
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om = aDD 

.o -Il - a�1l 

(9.3-1) 

where all the quantities have the usual meaning. as defined in section 1 . 1  and throughout 
the book. The nabla operator and the time derivative transfonn as 

V'" = _
1
_'1 

a, 

() 1 () - = --arm at dt 
(9.3-2) 

The a-parameters are determined by the requirement that Maxwell's equations remain 
invariant with these linear transfonnations. For example, from ( 1 . 1 -1). 

'1 X H = j +� . 

follows by inserting relations (9.3- 1 .2) and rearranging 

The invariance is assured when 

and 

Proceeding as above, from the laws of Faraday, Gauss, and Ohm ( 1 . 1 -2.4,6), 

dB 
'1 x E = -

dt 

'1 D = p , 

j = aE , 

(9.3-3) 

(9.3-4) 

(9.3-5) 

(9.3-6) 

(9.3-7) 

(9.3-8) 

(9.3-9) 
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where 

we obtain. respectively. 

as = u/1aH 
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(9.3-10) 

(9.3- 1 1 )  

(9.3-12) 

(9.3- 13)  

(9.3-14) 

(9.3-15)  

(9.3-16) 

The solution of the seven equations (9.3-5, 6, 12 to 16) with respect to the eleven a
parameters defined in (9.3-1) is straightforward, giving a possibility 10 designate four 
independent parameters. 

For example, taking the scale and field parameters ur and aH to be independent and 
assuming that the materials involved have no magnetic or elecuic polarization, J1 = /10. [; = 
co. that is. ap = 1 ,  aE = 1 ,  or 

then from (9.3-6, 12) we obtain 

and the remaining four parameters become 

all a · = 
J a , 

Quasis tationary approximation 

(9.3-17) 

(9.3-18) 

(9.3- 19)  

In the magfleloquQsistalionary approximation. (9.3-3) reduces to Ampere's law 
V x H = j  ; (9.3-20) 

consequently. there is no (9.3-6) and thus there is one additional independent parameter to 
those mentioned above. Also, there is no free electric charge (9.3-8) and again we assume 
(9.3- 17) 10 be valid. In conclusion, there remain six parameters (ar ,at ,aH ,a E ,  a j ,aa ) 
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three of which are independent. For example, if we choose a" a H, rla 10 be independent, 
from (9,3-5, 12,14) Ihe three remaining parameters become 

_ 2 _ � - '!lL  9 3 2 1 a, - a,a" , aE - , aj - ( . - ) Cl,acr Cl, 

The scaling laws can be extended 10 include an electrically conducting fluid moving 
with velocity u, for which the parameter all.' defined by 

urn - Cl  U - u (9.3-22) 

is related to the already known a,. at. In the magnetohydrodynamic approximation ( 1 .3-

35, 37), the Faraday law 

Ob 
V x E' =-a;-+ V x (u x B) (9.3-23) 

has an additional term with respect to (9.3·7), which, however, introduces a condition that 
is identical to (9.3-12). Thus, the situation of independent and dependent parameters 
remains unchanged by the introduction of a velocity in the MHD-approximation, 

Many other considerations can be made and conditions applied. For example. a 
significant quantity in magnetic field generation is the .skin depth (4.2· I 8a), 

s =�:� , 

for which we find, with (9.3-21) ,  

(9.3-24) 

It would be convenient for the skin depth to scale as the linear dimension, and for the free 
parameter a(J we thus set acr = I .  MocIeling of fields and losses in ferromagnetics is 

another example of practical imponance9..27. 

The fact that only one time parameter at (or frequency parameter ai-I ) is admitted in 

the transformations le.g . .  (9.3- 18.21)] require$ the model 10 be supplied with a current or 
field pulse that must be similar to the pulse in the onginal system-that is, with the same 
reduced Fourier spectrum. 

Magnetomechanical model scaling 

The scaling considerations made previously can be extended to include other domains 
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of physics-for example. magnetohydrodynamics. Another interesting possibility is to 

include the elastic (plastic) equations of the materials used for building the magnets. since 

this allows testing of scaled down models to evaJuate the integrity of complex magnet 

systems, which is particularly useful when the magnets are driven 10 extreme 

magnetomechanical conditions. 

The equations describing a magnetomechanical system include the quasistationary 

magnetic equations (9.3-7. 9. 20): 

V x H = j  (9.3-25) 

(9.3-26) 

j = aE (9.3-27) 

and the equations of the elastic equilibrium. either the stress equation (7.1-35) 

(9.3-28) 

(here stress is indicated by E. instead of a as in chapter 7. to avoid confusion with the 

electric condutivity 0') or alternatively the displacement vector equation (7. 1 -42) 

GLlu + �V(V , u)- kaVT+ j X I'H = O  . 
1 - 2v 

(9.3-29) 

with the interconnecting expressions for the strains ers and displacements (7.1-24,26) 

Ljj = I. lj,lj,se,s • 
" 

du, dus e = - + -'os iJx dx s , 

There is also the heat transport equation (7.1 -36) 

(fT MT+ j . E = cv -ar 

(9.3-30) 

(9.3-3 1 )  

In addition to the six magneroquasistalionary parameters a,. at , aH ,a£ ,a j , lla  . the 

following/our parameters are introduced: 

(9.3-32) 

[em] = a,[e] 

Here. we assume that all the material factors involved (i.e., IJ.ka,G,v'Y;k ,k,cv). with the 

exception of the electrical conductivity u. remain the same in the model as in the original 

system. 
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By proceeding as in (9.3-4), the thennoelastic equations (9.3-28 or 29, 30, 3 1 )  
provide the rcHowing conditions: 

(9.3-33) 

Together with the three magnetoquasistationary conditions (9.3-5, 12, 14), we have nine 

equations for the ten parameters, onc of which is thus independent: The only choice clearly 

falls on the scale parameter a,. and from the nine conditions mentioned we obtain 
immediately the nine a-parameters. and the model transformation scheme is 

Tm(rm ,tm) :::: T(r.t) 

[e.o(rm ,t.o)] = [e(r,r)1 

[E(r'" ,t'")] = [E(r,O] 

(9.3-34 ) 

In conclusion, if the functions H(r,/) . I(rt/) . , .  '. are a solution of the above set of 

equations with boundary and initial conditions referred to the real apparatus, then also the 

functions HIn(rm " m ) , (Em(rm"m) l . . . .. are a solution with appropriately transformed 

boundary and initial conditions referred to the scaled-down model. If in the operation of lhe 
model (which here has the same field as the apparatus, uH - I ) it is found that some 

stresses and the temperature exceed critical values, then consequently the same is true in the 

real apparatus. Note that (9.3-5, 24, and 33) require aI, = ull and ua = 1 :  Thus a lower

field model ( a H < I )  can be useful for the study of a criticaJ stress region in a magnet only 
if it has (because ar < 1 )  lower critical failure parameters (section 7.1). 

Within the limits imposed by the magnetoquasistationary approximation and by 
having neglected the dynamic lenns (1e ,  pt) in (7 . 1 -36, 42), this transformation scheme 

allows us to smdy in the real apparatus and in the model. in a self-similar way, not only 

stationary phenomena but also the effects of time-dependent current and tempemture pulses. 
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APPENDICES 

These appendices present, after a review on electromagnetic units, a collection of 
mathematical notes on functions (A.2), on vector and tensor analysis (A.3). and on 
second-order differential equations (A.4). Although it is assumed that the reader possesses 
a broad knowledge of fundamental mathematical lools, these Appendices are useful 
reminders related to the theoretical analysis in the text. For a complete discussion. the 
reader is referred to the extensive literature on mathematical physics at the end of the book. 
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A.1 

APPENDICES 

ELECTROMAGNETIC UNITS AND 
EQUATIONS 

Table A.I-I gives some of the most important electromagnetic relations, wriuen m 
four different systems of units; table A. t-II specifies the units of six different 
electromagnetic systems and gives the conversion factors for obtaining SI units 
(International System of Units)"·2S. Finally. tables A.I-Ill and A.I-IV report the values of 
some of the most frequently used constants and conversion factors. 

R e l a l i o n  

Muwell 

Ohm 

Fields in malter 

8iot-Savart 

Lorentl 

Coulomb 

Energy dens. 

Joule power 

Poynling vti:l. 

Cyclolron frcq. 

Table A.I-. Electromagnetic relalions 

Sl sysiem 

V :.: H = J +-f 
V )( E = -'!' 
9 · " = 0  
V. D =pc 
11 = pll 
0 ",  et.: 

j = o£ 

D . cnK-I-P 
8 " Po H " PoM 
H "' ��J1JdV 

df'''U><BJdV 

Y " q\£ , " )(BI 

F = �� 
tPH2+td:1 
1'1" 

P _ lhHI 

O "" -qBlm 

Practical '"' system 
V )( H = 04j+� d(rRr,:) . , " 
V x E = -1O-8 Ob I ,}  
V 8 - 0  

V '(cRE) = 1 .1 J I(  IOn
Pe 

B = PR " 
- >-
J. "" 
D _ E + 4Jd> 
B .. It + 4}1\\1 
H .. O.lf:;-dV 

d f' _ O.IIJ w.8IdV 

F = '11107 £+0.111)( 81 

F .. 9'>< 1O".il!l. 
cR,2 

2 2 
J.lR .lJi- HR li-
10'1' {" 

• 
P - .!f.-IExHI 

O . -qBlm 

[mu svstem 
V x H = 411j+'! 
V x E = -�/d 
V 8 = 0  

V · D = 4IrPe 
8 = IJRII 

O "' (tR h·2 1E 

J. "" 
O - E + 4nf' 
B - II+4nM 
H a  f7d V  

d Y _ U w. BldV 

f' .. qlr.,,"><B) 

F.2.� 
<R , 

. 2 � 
J.lR ""ii"" + £R 

1'117 

p =i;rE)(HI 

O K _q81m 
" In �ome lexthooks (e.g., reference 1 .5) the equal ions contain J instead of j/c. 

Gausslliln syst. 
V )( H ",, 4"'j+!� < < 
V )( E = -11 
'1 · 8 = 0 
V ·D - 41rPe 
B = PR" 
0= eRE 

J .. oF. 

O >= E+4Jd> 
B _ H + 4nM 
H ,, *f5d V  

d f' - ;IJ)(BJdV 

F a qlF.: +(IIIc)><B) 
r'" '11'12 

fR,2 

H2 E2 
J.lRr. + CRl"i" 

J'la 

P = ii-I E )( H I  

n _ _  qBl mc 

" 



Quantity SI system 

(uni!) 

Length I m 
M�M kg 
Time t , 
Fo�eF m.kg·s-2",N (newtOn) 
Prusucc p N·m·2 "Pa (pa�a1) 
Energy W N·mzVAs:J (joule) 
Power P J·s-lcW {watt) 
Velocity u m'5-1 

Magnetic field H A - I -m 

u. 
e 

Magn-induction B kg.s-2.A . 1",Wb-m-2=.T (testa) 
Magnetic nux , m1.lI:g.$ -2.A: V 's=Wb (weber) 

Inductance l. m2 .lI:g'S-2.A -l�'A -1 .V .. Wb.A .l zH 
Ihcnry) 

Voll.i.ge U m1.lI:g·s-3.A -I .. v (volt) 
Electric field E V -I ·m 
Eleroic Pl1T1!nt J A (am�) 
Current density j A -, m 
Electric chargc q s·A..c (coulomb) 
Electric iDduction 0 m-2''s.A-m-2.C 

Capacitance C m ·.l.ts -1 .,4.A .l=.s.A. V- I _F (farad) 

ResisUInC'e R m2.lI:JIl.s·3 A .2=A- I .V=fl: (ohm) 
Elr:aric conduct. G n-I .m· '"mho,m, l 

Table A.l·11 Electromagnetic units 

Practirn .:p �ystem 

(unit) 10 obtain 
SI mult. 

with 

om IO-.l 
g 10-3 
• 1 
cm·g·�-2" 10-5 
d" 10-1 
dyn·cm-2 10-1 
dyn·cm=c:r 10.7 
g IO·:!. 
ag·s-l 
cm.,·1 
(k IOj{41l)"t 
G 104 
cml·G::.Ml 10-8 

H 1 

V I 
V·cm-I 10' 
A 1 
A-cm-2 10' 
C I 
- -
F I 

" I 
0. 1 -I om 102 

emu system 

(uni!) 

As in the cgs system 

cm- 1I2'g t12·s- l=Oc 

(oersted) 
cm·lll.g 11l.�-1 =G (gauss) 
cm31l.glll'$.I =cm2{j"�h 
(llWIwell) 
om 
cm31l.g lll .s-2 
cm IIl.g IIl's-l 
cml12.g 'n·s-t�bam�re 
cm.:m.glll.s-I 
cmln.gln 
cm-3n'gLl2 
cm· l .s.l 

cm.s· 1  
cm-l.s 

10 obtain 

SI mult. 
with 

IOj{4l1'rl 
104 
10-8 

10-9 

IO·S 
10-6 

10 
10' 
10 

IOS(41r)-1 
10' 

10,9 
101 1  

esu system 
c",2, 991924�6)< I 0 10:.)>< I 0 I 0 

(unit) 

As in me cgs $yslern 

cm ll2.g lf�.s-l 
"m-312'g l12 
cmll2.glll 

cm-l·s2 

cm ln.glll·s- t =statvol! 
cm· IIl'gln,s-l -statvoltlcm 
cm312.g'll·s-2=swam�re 
cm .112.g I fl.s-2=sllItamperelcm2 
cm3fl.gl12.s-1 "sllItcoulomb 
cm-IIl·Bln.S- ! -sllltooulomblcml 
om 

cm-].� 
,� 1 

10 obtain SI 
mult. with 

loJ(4� rl 
to"""c 
10·8c 

10·9c2 

IO-Sc 
IO-t.c 
IOc'] 

]05,,-1 
IOc-1 

IOS(41fC)" I 
lO'Jc-l 

1O+9c2 
IOl lc·2 

Gauss 

(unit) 

� in 
the c&5 
system 

As in 
the emu 
sy!tlem 

As in 
"" �, 
system 

As in 
m� au 
sy$.lem 
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Table A.l·lIl Selected physical constants"'!:  

Quantity Value 
Magnetic pennc:ability Po = 4Jr X 10-7 = 1 .256637061 4  X IO-{) H· m-I 

Dielectric constant Eo = 8.854187817 X 1 0-12 p. m-I 
I 

Velocity of light C '" (Jlofo) -'2 = 2.99792458 x 108 m· s-I 

Planck constant h = 6.62607 x IO-34 1·5 

h = 1.05457 X 10-34 J ·s 
Elc:crron charge e = - 1 .602 177 X 10-19 C 
Electron rest mass me = 9.10938x 10-31 kg 

Proton rest mass mp = 1 .67262 X 10-27 kg 

Atomic mass unit a.m.u.= 1 .66054x IO-27kg 
Gravitation constant g = 9.807 m·s-2 
Boltzmann constant k = RI N = 1.3806x 10-23 1- K-1 

Avogadro number N = 6.02213x 1Q13(rnol)-1 

Bohr magneton (t!hI 411' me) mB = 9.27401 X 10-24 A· m2(= JfT) 

Nuclear magneton (eh} 4;r mp) mN = 5.05078 x 10-27 A· ml(= Jff} 
Magnetic flux quantum (hI 2e) 'I'm = 2.067834 X \O-�s Wb(= V·s) 

Table A.I-IV Some conversion 'actors 

Quantity Value 

Magnetic field (H) I Oe = 79.58 A-m-I 
I gamma magn. field unit '= lO-s Qe 

Magnetic induction (B) I G = 10-4 Wb_m-2 = 10" tesla 

Energy I eV = 1 .602x lO- 19J 
1 erg = 10-7 J 
I cal = 4. I 84 J 
1 ton (eq. TNT) = 109 clIl = 4. 18x109J 

Pressure I Pa ;;;; IO-� bar 

1 bar = HP N·m-2= l Q6dyn/cm2 
I aim = O.98OxI05N-m-2 

T emperruure O °C +273.16 K 

1 cV + 1 . 16 ID' K 

El. conductivity , 100% IACS+58x l 06(Qm)-1 

tllntem. Annealed Copper Standard; conductivity of pure copper with density 8.89 g/cm3 at 20"C. 
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A.2 MATHEMATICAL FUNCTIONS 

The error function 

The error junction, which frequently appears in plane diffusion problems, is defined 

byA.4 

so that 

and 

...l.. (X x2 
erf x = .fir JO e- dx 

erf O = O  

erf oo = l  

erf (-x) = -erfx 

For small values of x, it can be expressed by the convergent series 

and hence approximated by 

2 00 (-I)" x2n+1 
err x = J':" L (2n+l)n! 

n=O 

erfx Al hx 

For large values of x, the semiconvergent series 

_ e:- 1 1 1·3 ] ·3·5 
.' ( ) crfx - l - � - - -3 + 25 - ]7 + '" ..... 1t x 2x 2 x 2 x 

can be used with an error which is in absolute value less than the last term retained. 

Defining the complementary error function a� 

...Lf� x' crfe x = i - erf x = .Jii 
x 

e- dx 

the integrals related to the notation 

(A.2- 1 )  

(A.2-2) 

(A.2-3) 

(A.2-4) 

(A.2-5) 

(A.2-6) 
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{ i 1erfc x} =: fJrfcxd x 

will also be used. lnlegralion by parts yields 

2 
n1erfcxl = Jne-X - x erfc x 

l i2erfc x} = t[(1+ 2X2)erfC X - Jnx e-x2 J 

By induction we find the recurrence formula 

with which we can easily check that 

From definition (A.2-7) we get 

(i"erfeO) = , (I, ) 2 r "2n+l 

dl illerfcxJ , on-I f } 
d x  =: - 1 er e x  

where the special case 11 = 0 is defined by (A.2- 1 ,  6). 

erfc x 

o --------------- _________ .:o __ �_� 

_I t.....=:.....u..l..u..u..l..l..J....L�.J...J...J..Lu..u.:l 
-1.5 -1.0 ·0.5 o 0.5 1.0 1 .5 

x 

Figure A.2·l The error function and the complementary function. 

(A.2-7) 

(A.2-8) 

(A.2-9) 

(A.2-1O) 
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The functions erf x and erfc x are shown in figure A.2- 1 ;  the nonnalized functions 
( in erfe X I for n = 0.1 . . . .  , 6 are shown in figure 4.2-3. 

Bessel functions of integer order 

We present some basic definitions and relations regarding the Bessel functions used 
in the main text; for funher information we refer the reader to the literatureA,l.A.). 

The solutions of the differential equation 

are, for the (+)-sign case, 

and. for the (-)-sign case, 

0.6 

0.4 

-,)1(·1) 
, I \ ... .. . 

: /\ .... J2(x) 
, . \ : 

0.2 '/ ./ \ \ �-'\' '. I :  \ I :  \ " : \ I : \ I 
, ;  \ ', ,' : , , o ..:- - - - � - �  - - -r- - - - .... - - ' .  --I--

I . I : \ . I 

-0.2 

\ " I ,: \ '" \ ', I : \ "/ • \ • I ' , I .  " 
, ''1 .... -, 

' -I • • . . .• 
-04 L..L--'....L>.IL.l-L.J--l.....L....L.L..LJL..L...J 

o 2 4 6 8 10 12 14 
x 

Figure A.2-2 First-kind Bessel functions of order v ::: 0,1,2. 

(A.2- 1 1) 

(A.2-12) 

(A.2-13) 
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Figure A.2-J Second-kind Be�<;el functions of order \I = 0 ,  1 .  2. (Note that 
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Figure A.2-4 First (1)- and second (K)-kind modified Bessel functions of oo;jer 

v =  0. 1 .  
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8 ,,-r'-rT-r.-rT-r.-rT-r-rro 
6 
4 

100 x kei x 

-J� __ ;"._ -+--1 
-2 
-4 
-6 
-8 

_ 10 L..l---'----'--'-"--'---'----'--'-L..l---'-'--'--'-L.J a 2 4 6 8 x 

Figure A.2-S Kelvin functions of order \1=0. 
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with A ,  B constants. Here, J v (and Y v ) are the BeJSd functions of the ]irst (and second} 

kind of order v (we consider here only the integer values v = n = 0 , 1 .2 • . . .  ). whereas I v 

(and K v )  arc the modified Bessel functions of the first (and second) kind of order v. IY v 
is known as the Neumann function and is sometimes denoted by N v' For Bessel functions 

of nonintcgcr order we refer to the litcratureA.J, for example in (7.4- 1 9) we use J.\I1 of 
fractional order 3n.] 

We use Z as argument in order to indicate that it is sometimes useful to work with 
Ihe complex forms of these functions (see in section 3.1), with 

z = x + i y  ; (A.2- 14) 

however, we genemlly opemte with the real variable and real functions, in which ca."e all 
the following expressions written in z are also valid with substitution z�x. The Bessel 

functions of order V = D, I,  Z are shown in figures A.Z-Z, A.2-3, and A.Z-4. 

It is sometimes convenient to split the modified complex Bessel functions into their 
real and imaginary parts, and. by introducing the so-called Kelvin funclion�.J (figure A.Z-

5), we can write (in particular for v = 0) 

'a(X + ix) = ber-J2x + i bei -J2x 

Ko(x + ix) = kcr-J2x + i kei-J2x 

The roots of the equations 

Ja(xo) = O  

(A.2-15) 

(A.2-16) 

(A.2-17) 
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and 

Table A.2·[ The first fin roots of Jo(x8 )=:0  and Jl(xr) 

rOOIS values roots values 
" x" 0 J, (x8 )  

" x, JO(xr ) 
I 2.405 +0.51 9  3.831 +0.403 
2 5.520 -0.340 7.0 16 -0.300 
3 8.654 +0.271 10.17 +0.250 
4 1 1 .79 -0.232 13.32 -0.218 
5 14.93 +0.207 16.47 -0.196 

are given for all n's by 

Aa -= n(n - 0.25 + Q,Q�525) (to within ± 0.03%) 

XI = 1l'(n +O.25 _ o.0�106) (to within ± O.06%) 

(A.2-18) 

(A.2-19) 

(A.2-20) 

The associated values of Jo(xi) and J,(x8) of the first five roots are reported in table 
A.2-1. 

The following summation holds A 2; 

-
1 � � - � (.x1l)2 - 4 

n==1 0 
(A_2-21 J 

Denoting by Fv eilher J v ,  Yv• Iv or (-IY K", we have the recurrence formula"'[ 

(A.2-22) 

but withoul lhe factor (-1 )  when Fv ::; J v• or = Yy; and we also have the differential 
relations (with k ::: 0, I ,  2, ... ) 

::Ic [zv Fv<z)] ::: z v FV-k (z) 

dd;. [Z -v Fv(ZJj = (_I)k 
Z -v F

v+k(z) 
(A_2-23) 

but without the factor (-1) when Fv ::: Iv ' or = (- l r  K v. For example, with k = I and 
v = n and denoting the derivative with respect to z by a prime, we get 
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lJ�(l) + nJ" (l) = zJ ,,-I (l) 

lJ�(l) - n J,,(l) = -lJ,,+,(l) 

and wi,h k = n and v = O. from (A.2-23) we ob'ain 

There are relations between the Bessel functionsA.1; for example, 

From (A,2-23) wc also get the integral relation 

In addition, when v = n = I. the following relations are obtained: 

J&(l) = -J ,  (z). Y6(l) = - Y,(z). '&(z) = I ,(l). Ko(z) = - K, (z) 

J , (l) + zJi(l) = doll) 

zF,(z) = f ,FO(z)d,. Fo(z) = -JF,(z)dl 

Two other integral relations used in the text are, by putting l=aJ, fJJ. 
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(A.2-24) 

(A.2-2Sa) 

(A.2-2Sb) 

(A.2-26) 

(A.2-27) 

The following power series expansions (for small arguments, z. x < l )  apply: 

that is, in particular, 

v � 1_1)'(")" 
Jv(z) = (t) I k'(V+/)! k=O 

2 74 .6 
Jo(l) = 1 - -',;-+ 6;;" - 2Jo4 +  .... 

- .L(.z.)" In(z) = n! 2 

(A.2-28) 

and the same series also apply for I v. but without the (- I )k-factor in (A.2-28), and thus 
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with only (+ )-signs in the latter series; andA-1 

( 1 ' )' + (1" )' _ her x :::: 1 _ .>..,,,,':+-
(2!)' (41)' •• ., (A.2-29) 

The following approximations for very small arguments (z. x « 1 )  can also be useful for 
calculating functions of the second kind: 

yv(z) " t ln(tz)Jv(z) + ... (A.2-3 1 )  

Kv(z) " (-I)V+1 1n( � ,) Iv(') + ... (A.2-32) 

kef x == -In(tx)ber x + 1 1r beix + . .. (A.2�33) 

keix ;;;; -In(tx)beix - tnber x + ... (A.2-34) 

For very large arguments (z. x »  I), the following approximations are usefulA.·I: 

(A.2-35) 

(A.2-36) 

(A.2-37) 

(A.2-38) 

in particular, the following combinations of the Kelvin functions can be approximately 
calculated for large argumentsA.J: 

(ber' x)' + (bei' x)2 '" A(X>( 1 - 41r.;-+ ':" + ... ) 
ber xhec' x + hei' xbeix == A(x>(i -ix - 64.Jz-x - ... ) 

ber ...t bei' x + ber' xhei x 2' A(x>(i + Six + ... ) , 

where the prime denotes derivation with respect to x, and A(x) = ex..,fi /(2m). 

(A.2-39) 

(A.2-40) 

(A.2-4 1 )  
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Functions in series formulation 

For the analytic or numerical solution of many magnetic field problems it is 
convenient to express given functions in them with series of well-known and simpler 
functions. As we have seen throughout the book, there are different reasons for this 
representation, but probably the most interesting is the possibility of approximating the 
solution with a very limited number of functions in the series which are well suited to the 
problem and relative geometry under investigation. The polynomial Taylor series is the 
most used [e.g., (2.1-17), (2.2-29), (2.3-13), (9. 1 -3), (A.2-4), (A.2-28»). But since 
polynomials are often poor functions to use for approximating many given functions of 
interest, other more appropriate sets are used in practice. as for example the series in Bessel 
funclions, which are useful in cylindrical field problems [e.g., (4.3- 3 1 ), (4.3-4 1), (4.3-
5 1 ), (4.5-12), (A.4-19). (A.4-30»), or even double series where two different series 
representations are folded into expressing a given function [e.g., (A.4- l 3), (A4-41»). 

Among the many other complete series (meaning that they can approximate any 
continuous function in a closed interval)� the most known and useful is the Fourier series 
based on the harmonic functions cos nx and sin nx [e.g., (4.2-44), (AA-l3), (A.4-21 b), 
(A.4-3 1), (A.4-66)]. Any steady periodic function fil) in the period T = 2" I w such lhal 
JW=j(I+nD can, in fact, be expressed by the Fourier series 

-
!(n = Lan cosnmt + b'JsinnCtt 

n=O 

(n = 0 corresponds to the only term ao), where 

(A.2-42) 

T ,-2 
anew) = t f f(t)cos(nax ) d  I, 

T 

,I 
2 

b" (w) = t f f(t) sin(n£<lt) d I . (A.2-43) 
T 

2 2 

The an,bn parameters arc obtained by multiplying (A.2-42) by cos(box) and sin (brut), 
respectively, and integrating, thereby noting the onhogonality of the sin and cos functions: 

/T cos(hax)cos(nltX)dt = {f 
-2 T 

t {O f sin(bax)sin(nltx)dl = L 
-f 2 

f 
f sin(bax)cos(nc.x)d l  = 0  

-f 

b "' n  

b = n >, O  

b = n = O  

b ;t n 

b = II :# O 
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In fact, this fonnalism can be ex.:tended to a nonperiodic function j(t), in which case 
(with T 12  � ±oo) we have the double Fouritr inlegrals 

- -
1(1) = f A(m)cos(aK)dm + f B(m)sin(aK)dm 

o o 

+- +-
A(m) = � f 1(I)cosoxdl B(m) = t f 1(I)sinaKd l  

- -

They are generally presented in the symmetric, complex fonn 

I -f . 1(1) = = F(w) e -,rut dw 
v2rr -

(A.2-44) 

(A.2-45) 

(A.2-46) 

(A.2-47) 

where F(w) is referred to as the Fourier transfonn of f(t), and fit) is the inverse transform 
of F(w). (These expressions may be extended to multiple dimensions in a natural manner.) 

Here wc have introduced the basic element'i of the Fourier trans/oml method for solving 
differential e<lulllionsA 23. The idea is to transfonn the original equation (ordinary or partial) 
into a simpler equation (algebmic or ordinary differential) where the solution is easier; the 
required �olution of the original differential equation is then obtained by finding the inverse 
transform of the solution of the simpler equation. In the literature one can find extensive 
tables where numerous Fourier transforms and their inverse are tabulated ... ·20• making the 
application of this method easy and convenient for a large number of problems. 

The Lap/ace Iransform of a functionfit) of the real variable t is by definition 

-
F(r) = f 1(1) e -" dl 

o 
(A.2-48) 

where s is a parameter that can be complex. This transformation results from the Fourier 
integral (A.2-47), provided that iw = s andj(t) is zero for I < 0  and different from zero 
for t � O. The Laplace transform method is widely used, similarly to the Fourier 
transform. to soLve partial differential equations. We refer 10 the extensive Iilerature ... 24 ..... U 

and to the tables that list the transforms of a large variety of functions, together with the 
inverse transforms ... ·1. 
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A.3 COORDINATE SYSTEMS, VECTOR 
AND TENSOR RELA nONS 

Vector formulae 

Defini t ions 

Billectoral multiplication: 

A . B = IAI' I�cos" (scalar product or dot product), (A.3-la) 

A x B = IAI' IBlsin" e ;  (vector producl or cross product : area of parallelogram), (A.3-l b) 

where <p is the angle between the vectors A, B ,  and e.l is the unit vector normal to the 
plane (A, B). 

Trivectoral multiplication: 

A x (B x C) = (A · C)B-(A · B)C (A.3-lc) 

(A.3-ld) A · ( B x  C) = (A x B) ·  C = B · (CxA) = (A,B,C) 

The latter triple product gives the volume of the parallelepiped (A, B ,  C); in particular, it 
vanishes when either two or three of the three vectors are identical, because A X A = O. 

Vector operators 

The definitions of the differential vector operators grad. diy, curl, which are 
extensively used in electrodynamics, are as follows: 

gr.dIP = V <P = : n (A.3-2a) 

gives the maximum slope of the scalar function f/J. where the unit vector n points in the 
uphill direction nonnal to the equipotenlial surfaces (or lines); 

div F = V · F =  lim '!"fF . dS 
v,o V 

(A.3-2b) 
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provides the net outflow of vector F per unit volume, for a small volume; and 

(A.3-2c) 

describes the circulation of vector F per unit area, for a small area. Note that the definitions 
are related to the integral formulations (A.3- 13,I4, 16). Here and throughout the book we 

use the nabla operator V as a differential "vector" operator, which for example in Cartesian 
unit coordinate vectors is wriuen as 

a a a 
V = e  - + e  - + e  -x iJx  Y iJy  ' ik  

For other coordinate systems see table A.3·1I. 
The following special relations can easily be checked: 

V · r = 3, V x r = O, V,, = rlr, 

V · rlr3 = 0 if r " O, V(IIr) = -rIr3, 

where r is the radius vector from the origin. 

Differential relations 

V (V x A ) = O  , 

V x (",A) = (V",) x A  + 'I'(V x A) 

V x (A x B) = A(V · 8) - B(V · A ) + (B ·  V)A - (A·  V)8 

V x (V",) = O  

V(A · B) = (A·  V)8 + (B ·  V)A + A  x lV x B) + B x (V x A )  

For the meaning of (A·  V)8, see (A.3-22). 

(A.3-3) 

(A.3-4) 

(A.3-5) 

(A.3-6) 

(A.3-7) 

(A.3-8) 

(A.3-9) 

(A.3-IO) 

(A.3- 1 1 ) 

(A.3-I2) 
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Integral relations 

Along a curve limited by two points in space A. B: 
B 

f V 'I' . d 1 =  'I'(B) - 'I'(A) (gradienl theorem) 

A 

Over a surface S bounded by a closed curve C: 

f(V x A) . d s = fA . d l  (Stokes' theorem) s c 
/. (ds x '1)1/1 = 1 1/1 dl . s le 

Over a volume V bounded by a closed surface S: 

J (V · A)d V =fA . d s  (Gauss' lheorem) 

V S 

(A.3-13) 

(A.3-14) 

(A.3-15) 

(A.3-16) 

f (V x A)d V =fdS x A (A.3-17) 
V s 

f (V'I')d V =f'l'dS (A.3-IS) 
V s 

f[(V B)A + (B . V)AJ dV =fA(B dS) . (A.3-19a) 
V S 

f[A x (V x B) + B x CV x A)- A(V ·  B)- B(V · A)JdV = f(A ' B)ds 
V s 

- fB(A . ds) -fA(B . ds) , (A.3-19b) 
s s 

f (V '1" V � + 'I'�� )dV = f I/IV</>d. (Green's Iheorems) 
V S 

[from (A.3-5) with A = V� and (A.3-16)j, 

J ('I'�� - ��'I')d V = f (I/IV</> - </>VI/I)d. 
V s 

[from (A.3-20a) subtracting the same with '1', � interchanged]. 

(A.3-20a) 

(A.3-20b) 
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Vectors in Cartesian, cylindrical, and spherical 
coordinates 

Various coordinates and transformations 

1be Canesian, cylindrical. and spherical coordinate systems are used most in Ihis 

book (figure A.3-t). Transformation from one coordinate system into another requires 
transfonnation of the variables and vector components, as shown for the four examples in 
lable A.3-1. 

As before, we define a vector by its components; for ex.ample. in Cartesian 
coordinates A =:  (Ax.Ay ,Az) '  where the components Ax • . . .  are taken along the directions 

ofthe onhogonal unit vectors ex • . . .  along the x, ... axes. The vector relations (A.34 l )  then 

take the fonn 

x 

, 
,,�A' 

A '  " A , y , 
, " " , I _____ �' 

y 

Cartesian COOI'd. (x. y. z) 

, 

Spherical polar coord. (p.,. 0) 

Figure A.J·1 

, 

A, 

Cylindrical coord. (r,� <:) 

, 

Toroidal coord. (R. 4J. B) 

Coordinate systems. 
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Ax 
A · (B x C) = (A,B,C) = Bx 

ex 

ey 

Ay 

By 

(A.3-2 1a) 

e, 

A, 

Bz 
(A.3-2 Ib) 

(A.3-21c) 

Table A.3·J Transformations of coordinates and vector components 

Cartesian (x,y,z) to cylindrical (r,4i.�) 

x = rcnst/' 
y = rsinq, 
1. = 1.  
AT = A.( costp+ Ay sin,p 
A." = -Ax sin tP + Ay cos 4' 
Az = A. 

Cartesian (x,),. z) 10 spherical (P.,p. 9) 

Cylindrical (r.4J.1.) to Cartesian (x,y,z) 

r = (x2 + y2 )II2 
tan q, = y l x 
z ::: z 
A = A  .!. - A, 1.  .t , r r 
A = A  L+ A .e!. y r r IP , 
A� = A.: 

Spherical (p,tp.9) to Cartesian (X.y.l) 

x = psinO cost/' 
p = (xl + y2 + ;::2 ) 1 12 [ r = (x2 + i )" l ] 
cos B = z l p  [lanB =;1 y = psin8 sint/' 

l = pcm8 
Ap = AxsinBcos4> + Aysin8 sin4> + Az cos9 
An = A.r cosB1.:os4> + Ay cos 11 sin4> - AzsinB 
A." = -A..Isin4' + Ay costp 

- -

tan tP = yl x  
A = A  .!. + Ag B.. _ A, l: .t P p  rp , 

A = A  l.+ � .E. + A  .:!. Y P p  rp " 

A = A  ..t - As L  l P p  P 
- -
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Differential expressIOns 

The differential vector expressions of gradient. divergence. and curl can be derived 

formally from the above expressions by considering the nabla operator V as a differential 

vector operator with components V ii  (i,-t .. i} They are given in different coordinate 

systems in table A,3-Il 
Note, for example, that the expression (A· V)B used in (A.3-9) represents a vector 

that has the following components: 

In Cal1esian coordinates 

(A ' '11)8 = (A· VB,)', + (A ·  VBy)'y + (A · VB, )', 

that is. in extended writing, 

in cylindrical coordinates, 

where the gradient operator V in cylindrical coordinates is given in table A.3-II. 

Laplacian Of a vector 

When V ·  A = 0, the L.placian of a veclor is defined by (A.3-IO) la be 

/lA = ('11 . V)A = V2A = -V x (V x A); 

(A.3-22.) 

(A.3-22b) 

(A.3-23) 

taking twice the curl of A in accordance with the expressions in table A.3-I1 gives. in 
Cartesian coordinates. 

(A.3-24a) 

and. in cylindrical coordinates. again with V ·  A = 0 we obtain 



" � 

VeclOr relation 

Ortnogonal 
line elements 

VIf/ (gradient) 

V-A (divergence) 

Vx A (curl) 

V _ (V¥") ", V1", : A\I" 
(Laplacian of a scalar 

t..f!.�tion)_ 

Tab� A.3·lI . Components of ve<etor relations in cunilinear coordinates 

Cartesian coordinates Cylindrical coordinates 

dx, dy, dz dr, rd4', dz 

IV'!'). = � IV'I'>, =� 

(VIf/)y = i IV,!,), =�� 

(V,!,), = 'Z IV 1"), = 'Z 
d4.x �y a..\. 1 a(,A, ) + 1  a.. + M. T +T+a:- ' ik  ' i!<p  <k 

(... .. ) (V )( A)x "" a;-- ; (1 .... .. , ) lV)(A)
, 

'" r �-T 
(V )(A»' = (�6 _�) (V)(A). = (�-!}) 
IV X A), = (�-�) ' ( "', ... ' .. , ) (VxA)� = --; ----ar- - af'  

a2", a21jF iJ2Y' 
-- + -- + --ax' iJy' <1<' 

1.L(r�}+.La2ff' + a2", r '"  iJr ,2 a;2 az2 

Spherical polar coordinates 

dp , P d9,psin8d41 

a., IV,!,), =-,p 

V , a.,  ( "')0 = P iJ() 

(V ) I a., 
'" • = plinO di 

1. iJlpAp) .....L. a(sin�) � � 
p ---a;- + psin9 iHJ + psin di' ("" '0"," �) (V )( A)p '" ps1n9 iJ() 

-

Mp O(�) 
(VXA)8 =��-*� 

(VXA)f =*(�-�) 
..L.i..(p2 d\If)+---.l-.L(sin9�)+ I a2", p2 '" Op p2�inO iJ9 dii p2sin28 a;2 
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(A.3-24b) 

( al�, I aA. I alAr al.,) 
+ iJr + , a;- + ;r � + ik2 el . 

There are more complicated cases which require auention; for example, the 
expression -V x (ifJ x A). Instead of the above Laplacian. a more complicated expression 
follows by laking Ihe curl of (v/V x A): for example, the one component along e� becomes 

-[Vx (v/VA)J� =[ i( f�-V'� )-i( V'�+ � � -f�)] (A.3-25) 

Vectors in orthogonal curvilinear coordinates 

Definit ions 

In  a curvilinear. orthogonal coordinate system, a point in space is  defined by the 

coordinates (If,V,W) and the related, mutually orthogonal unit vectors eu.ev,ew' NOle that 
the directions of the unit vectors may vary from point to point and that these vectors are 
thus functions of position (this is nol so for the Cartesian case). Any vector A at a given 

point in space can be expressed in tenns of the unit vectors as 

A = Aueu + Avev + Awew . 

In particular, the infmitesimal displacement vector dl from poim (u.v.w) to 

( u  + duo v + d  v, w + d w) can be expressed as 

d l = /du eu + g d v e. + hd w ew (A.3-26) 

where J. g .  h are the functions of position characteristic of the particular coordinate 

system. Switching to particular coordinates implies the use of the functions as given in table 

A.3-1Il. 

Differential 
, 

expressIOns 

By relating (A.3-26) to the definition of the differential vector relations, it is possible 

to calculate the general expressions in orthogonal curvilinear coordinatesl.6: 
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Table A.3-1I1 Coordinate system Iransrormalion 
System Coordinates Functions of position 

Curvilinear u , w f 8 h 

Cartesian x y , I I I 

Cylindrical , � , I , I 

Spherical p 8 � I P psinB 

Divergence : V ·  A(u.v. w) = I�h It, (gMu)+ ::" (jhA,) + t, (fgAw)] 

Curl : V x A(u. v. w) = g\;[�(Mw) -1., (gAv)]-u 
+.1;;[1., (fAu) -l,(Mw)]_, +*I;t(gAv )-�(fAu)]ew 

Laplacian . t.'" = V . V ", -..l...[.d..(f!2. all') + .d..(fh all') + -"-(1B.�)] • � T - Igh '" I '" iN g iJv i}., h <f,;i 

(A.3-27) 

(A.3-28) 

(A.3-29) 

(A.3-30) 

To refer these expressions to a specific coordinate system, the values in table A.3-III can be 
used (the expressions in table A.3-II are obtained like this). 

Direction of the curl vector 

Determining the direction of V x A is not straightforward (as it is. on the contrary, for 
"1'1' or A x B). However. its knowledge is useful in magnetic-field-related problems 
because the curl appears in many expressions (current density, magnetic vector potential, 
magnetic force). We are interested in two important cases, namely, the conditions for the 
vector V x A to be perpendicular or parallel to A. The first case is determined by the 
condition 

A (V x A ) = O  , 

which in orthogonal curvilinear coordinates (u.v.w) with the vector components 
A "  (A" A, .• Aw) can be wrillen Ihrough (A.3-29) as 

�I� (Mw )  --t(gA, )]+ �It, (fAu )-t(Mw)] + 7i1;t(gA,) -$;(fAu)] = O. 
(A.3-3 1 )  
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It is immediately clear thal this equation is satisfied when any two of the three components 

AU,Ay.Aw simultaneously vanish. In other words, V x A is orthogonal to any vector field 

A whose direction coincides with one of the unit vectors eu,ev• or ew of any orthogonal 

curvilinear coordinate system (for example. in cylindricaJ coordinates. if A = !\pet/' is 

purely azimuthal). If this is not the case, there may still exist surfaces in space at every 

point on which the orthogonality is obtained; in fact. consider A == A(u,v,w), then (A.3-

3 1 )  may transform into Ihe equation of such a surface. 

The vector V x A is parallel to A when 

A x (V x A) = O  (A.3-32) 

This case is discussed in section 7.4, since it penains to the concept of force-free fields. 

Matrices and tensors 

Definitions 

A rectangular array of parameters (real or complex) ordered i n  m rows and n columns 

is called a malrix. For example, for a square, tridimensional matrix with m,1I = 3 we write 

SI 1 S" S" 
[SI",xn = S' I  S" S23 

S3 1 S32 S33 
(A.3-33) 

and the element in the ilh row and jlh columns is written Sij .  Matrices occur in our book in 

the solution of systems of linear equations and in the transformation of vectors. As an 

example of the matrix algebra, we recall the rules for addition and multiplication of two 
malfices. The sum 

[AI",xn = [Slmxn + [Blmxn (A.3-34a) 

involves two matrices with the same order 111 x n and defines a matrix [A] whose ijth 
elements are the sum of the ijth elements of the matrices [5] and [B): 

The multiplication of two matrices 

Aij = Sij + 8ij . (A.3-34b) 

[AI",xp = [S]mxn[B]nxp (A.3-35a) 

results in a matrix where the Ai) element is the sum of the products of the corresponding 

elements of the ith row of [S] and thejth column of [8J: 
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n 
Aij = LSi,Brj . ; = I.. . .. m . j = l" ..• p . 

r=l 
(A.3·35b) 

A tensor, or more specifically a tensor of rank two and order fl. is represented by a 
square matrix [TJ"xn Ihat relates linearly two II-dimensional vectors a. b, for which we 

write 

. :  IT1 b (A.3·36) 

The tensor elements Tij are defined by means of their transformation properties under 

coordinate transformation .... 6, 
(n Ihis book. tensors are mentioned Of appear in different occasions .and are generally 

used 10 expand simple laws into direction-dependent expressions: for example, MaxweIrs 
magnetic stress tensor (6.1 -22,23), the stress- strain tensor (7. 1 - 1 , 16, 24). or the 
generalized Ohm law (8.3-1). where the current density j = a and the electric field E = b ,  
coupled through the electric conductivity tensor [a 1 =  (T}. are not necessarily aligned. Note 
that vectors can be considered tensors of rank one with element 7i. and scalars can be 

regarded as rank-zero tensors with the single element T. 
in (A.3-36) the veclOrs a. b are represented by single column matrices and we can 

apply the matrix algebra-in particular the multiplication rule (A.J-J5). In Cartesian 
coordinates with the vector components a = (a x .ay.az ). b !!  (bx.by.bz. ) .  the relation (A.3-

36) can be wrinen as 

ax T.u 
ay :::: 1)'.'( 
az T�"( 

which by the detinition (A .3-35) is expressed by 

or simply 

ax ::: T.ubx + Txyby + TXZbz. 
ay = �\'xbx + �\.yby + �\'l.bz 
a:. = Tz,"(bx + 'f:.yby + 'f:.zbz. 

Uj = L tij hj , i,j = x,)'. z 

j 

(A.3·37a) 

(A.3·37b) 

(A.3·37c) 

Note that the multiplication (A.3-36) transforms the tensor inlo a vector. On the same 
fonnal grounds, the multiplication of a tensor by the nabla operator in Cartesian coordi
nates V .  (a/iJx, a/ay, a/iJz), expressed as a simple row matrix, transforms the tensor into a 
simple column vector according 10 the rule (A.3-35) 

(A.3·38) 
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as detailed, for example, by the elastic equilibrium equations (7. 1 - 1 1 ,12), 

Transformations between coordinate systems 

A vector a is related to a coordinate system through its components. If the coordinate 
system changes (for example. through rotation) into a primed system. also the vector 
components change. although the vector remains the same. It is to be expected that this 
transformation is described by a matrix [S] and that we can write, similarly to (A.3-36,37), 

or 

a' = [Sj a 

a; = �Sij aj . 
j 

(A.3-39a) 

(A.3-39b) 

For example, in a two-dimensional Cartesian system changed by rotation through an angle 
� it is 

as can easily be checked. 

[Sj = cos� sin� 

-SlOtP cos4> 
(A.3-39c) 

Similarly, also the elements of a tensor arc transformed when changing coordinate 
system. For a second-rank tensor the new tensor elements are expressed as a double sum 

7;; = � Sir Sjs Trs (A.3-40) 
,., 

In particular, it can be shown that for a so-called Hennitian tensor (see definition at the end 
of this subsection) there exists in general a flew coordinate system, and consequently a 
transformation matrix [S]. where the tensor will be diagonali7.ed. This means that the matrix 
array representing the new tensor has nonzero elements along its diagonal; for example. in 
three dimensions the matrix has only three elements 

AI [Tj = 0 
o 

(A.3-41a) 

where the Ai are called the eigenvalues of the original tensor [7]. prior to transformation. 

Due to its importance. we give here the recipe for obtaining the diagonalization of a 
tridimensional tensor, and we refer to the literatureA,26 for the proof and for further details 
on tensors, The eigenvalues Aj are (here) the roots of the third-order equation defined by 

the determinant 
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7i 1 - A. 7i2 7i3 
T2 I 7'12 - A. T23 = 0  (A.3-4 Ib) 

[for the unfolding of a detenninant see in (A.3-21 b)]. But what is the transfonnation matrix. 

[51 that transforms the original coordinate system into the final system, in particular 
transforms the unit vectors ej of the original system into the new cl' which in this case are 
called unil eigenvectors? The three elements Sij transforming the first unit vector, 

ej :::: L,Sij e j • j :::: 1,2,3 , 
J 

(A.3-42a) 

are obtained from the three linear homogeneous equations defined by the matrix. notation 

1i , - A., 1i2 1i3 
12, T22 - AI T23 

Nonnalization into unit vectors in addition requires 

(A.3-42b) 

(A.3-42c) 

The other matrix elements 52}' 53} and the two unit vectors e2.e} are obtained similarly. 

The (three-dimensional ) diagonali7.ation procedure is thus fully outlined (extension to other 
dimensions is straightforward). 

The matrices of interest in this book are typically Hennitian square matrices defined in 

general by elements that are equal to their complex conjugate transpose: Iij = Iji (sec 

section 3 . 1 ). In particular, when the elements are real, the Hermitian matrices are 
symmetric. T;j = 1ji· The eigenvalues A.i of a Hermitian or symmetric matrix are always 

real numbers and the related eigenvectors are orthogonal (these properties can be useful in 
the diagonalizatioll procedure). 

A.4 SOME SOLUTIONS OF SECOND-ORDER 
DIFFERENTIAL EQUATIONS 

In consideration of the frequent reference made in the main text to specific solutions 
of some differential equations, we present a brief (neither complete nor rigorous) review 
regarding the most important. We refer to the extensive literature on mathematicaJ physics 
for a complete discussion. 
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Pertinent differential equations 

Some of the most important quantities or functions U considered in the main text-in 
particular, the magnetic field components--can be found as solutions of second-order, 
linear. partial differential equations. In two-dimensional Cartesian coordinates these 
equations can be written in the general form 

(A.4- I )  

(The extension of this equation to more variables is straightforward.) The equation is said 
to be linear if it is linear in U and all its derivatives; it is tenned as homogeneous if F = O.  
otherwise it i s  non homogeneous. 

The classification is determined by the coefficients a,b,c of the highest partial 
derivatives, and the equation is said to be 

elliptic, if b2 < 4ac 

hyperbolic, if b2 > 4ac 

parabolic, if b2 = 4ac 

(A.4-2) 

More in general, these coefficients can be functions of x and y; they may even contain U 
explicitly, in which case the equations are nonlinear. 

Elliptic differential equations are generally associated with steady-state problems and 
require the boundary condition to be fixed, that is, they require the function U or it'> 
derivatives to be predetennined on the boundary of interest [see (A.4-6, to 8)]. Relatively 
simple examples are the Laplace equation (2.1-3) for the magnetic scalar potential. or the 
Poisson equation (2.2-19) for the magnetic vector potential components; for example, [he 
latter relates to the general form (A.4-1 )  by taking a, c = I ,  and b, d,e! = 0: 

J'U + J'IJ = F(x y) a.;r JT . (A.4-3) 

Hyperbolic equations are generally related to propagation problems and require a 
knowledge of cert"in initial values "nd often of boundary values as well. A typical example 
is the electromagnetic wave equation (3.3- 1 .2). With reference to (A.4- I )  and with the time 
variable gf = y, the simplest hyperbolic (wave) equation is 

h 2 ·  ffi '  w ere p IS a CQC IClen1. 

(A.4-4) 

Parabolic equations are typically associated with diffusion problems and define a 
(pcnetration) velocity that is small compared to the time variation of the main quantity and 
its associated velocity. An example is the magnetic diffusion equation (4.2-3), with the 
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slow penetration velocity of the field into the current-carrying conductor and the 
propagation velocity of the field in the surrounding space (which is infinite in the 
quasistalionary approximation). With reference 10 (AA- l )  the simplest parabolic (diffusion) 

equation takes the form 
q2 J2U JU _ O "'5? - di - (A.4-5) 

where q2 is a coefficient. 

For the solution of parabolic as well as hyperbolic equations, a knowledge of a 

mixture of initial and boundary values is generally required. In facl. it is most convenient 

la solve the partial differential equations (A.4- t )  in direct conjunction with the associated 
initial and boundary value conditions. The general form of the boundary conditions can be 
specified as 

• Dirichlet boundary condition U = f(l) 

(first kind). 

• Neumann boundary condition -f,- = h(1) 
(second kind). 

• mixed boundary (or Robin) condition � + m(I)U = k(l) 

(third kind). 

(A.4-6) 

(A.4-7) 

(A.4-S) 

where n denotes the normal to the boundary. and I is a length measurement along the 
boundary. When h. k vanish. homogeneous conditions are obtained. 

Laplace equation 

The solution of the Laplace equation 

(A.4-9) 

can be tackled through various methods. For magnetic scalar potential problems. some 
useful methods are: 

(a) the method of separation of variables; 
(b) the method of conformaJ transfonnation (for two-dimensional plane geometries); 
(c) the method of series expansions (for approximated solutions); 
(d) Green's function method4.4.4.1• 

The method of confonnal lransformalion [method (b)] is illustrated with the parallel 

transmission line problem in section 2.1 .  Method (c) is appropriate at smaJl distances. 
where the potentiaJ is developed into a series and in this fonn inserted into the Laplace 
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equation: the resulting constraints determine the parameters of the series. This is illustrated 
by the series expansion method for axisymmetric geometry in section 2.1 .  

Nole Ihat the Laplace equation (A.4-9) can be seen formally as a special c ase  of the 
Helnlholtz equation (A.4-53) with a = 0 ;  thus the solutions are related accordingly. 

Separation In Cartesian coordinates 

The variable separation melhod(method (a)] is based on the assumption that the 
solution in the three- (or two-) dimensional space can be written as the product of three 
(two) functions, each depending only on one variable. In the three-dimensional Cartesian 
coordinate system we set 

U(x.y,,) = X(x)Y(y)Z(,) (A.4- IO) 

and by inserting into the LapJace equation (A.4-9) we obtain 

(A.4- l la) 

Because each tcrm depends only on its own variable, it can be equal separately to a constant 
value. This fact can be expressed through the system of three differential equations in the 
fonn 

(A.4-l lb) 

where the coefficients of separation k, / can be real or imaginary numbers. 

In a two-dimensional system, with Z = const. and [2 = _k2 , a particular solution is 
clearly 

(A.4- 12) 

Since no limitation has been imposed on the constants A,B,e,D.k, the general solution 
results from the linear combination of the possible particular solutions; that is, 

-
U(x. y) = (flax + Bo)(CoY + Do) + L.(An e;k.x + Bn e - ;k.x)(Cn ek•y + Dne -k.y) 

(A.4- l3a) 

where the constants An' Rn,en, Dn (n = 0, 1, .... ) are determined by the boundary conditions, 
the coefficients kn may be real or imaginary, and the singular value k = 0 is taken care of 

by the first tenn. In reality. there are additional singular tenns that would account for the 
contributions of line currents and poles when there are any; but for these we refer to the 
lilerature2.1• An equivalent fonn of solution (A.4-13a) is 
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-

n=1 
(A.4-l3b) 

where in Ihis special case (for a problem periodic along x) we have substituted kn -> n .  
and have thus obtained a Fourier series periodic in x for any value o f  y in the range 
O S  Y < 00 ,  Clearly, the complementary solution, where x and y are interchanged. is also 

valid. 
The constants An.Bn.Cn,Dn can be given in closed form. For a DiricWct problem on 

a rectangle 0 S x $ a, 0 $ Y $ b, where. for example, we have U = f(x) on side y = 0 

and U = 0 on the other three, we obtain the solution 

(A.4-l3c) 

The constant An is determined from the condition 

so that. as shown in (A.2-42,43), 

(A.4-13d) 

When boundary conditions are given on more than one side. the solution of the Dirichlet 
problem is obtained by adding solutions of the type (A.4- J 3c,d), 

It is easy to show that among the fundamental solutions of Laplace's equation (A.4-9) 
we have 

u = A In r • in two - dimensional geometry, 

I 
U = A- . in three - dimensional geometry. r 

(A.4-14) 

where r is the distance from the origin, in Cartesian coordinates r = � x2 + y2 + ,2 . 

Separation in cylindrical coordinates 

The variable separation method can be similarly applied to other coordinate systems. 

In cylindrical coordinates, where the Laplace equation is 
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(AA-15)  

and the components of H = -VU are 

by sening 

U(r.�.z) � R(r)<P(�)Z(z) (AA-16) 

we get 

-L-<L(rdR) + _,_ d2 <p + 1.. d2 Z = 0 ,R d , dr ,2f/J d ip2 Z d l? . (A.4- 17) 

For an axisymmelric system with rp = const. and a I a� ---+ 0, the separated equations 

are 

(AA- IS) 

from which the general solution [by also comparing with the Bessel equation (A.2· l 1 )] 
takes the formA.7 

-
U(r.z) = R(r)Z(z) = (Aa + Do In r)(COl + L\) + L,(An JO(Knr) + On YO(kn')!lCII sinh(k"z) + Dn COSh(K"l)J, 

n=1 
(AA-I9a) 

where the constants An. Rn.en. Dn(n = 0.1. 2, . . .  ) must again satisfy the boundary 
conditions, the coefficients kn may be real or imaginary numbers. and Jo. Yo are the Bessel 
functions defined in (A.2-12); the singular lenn k = 0 is taken care of partly by the first 
term rsee comments relative to (A.4-13, 1 4»). For kn --+ i kn (meaning that the right-hand 
sides of equations (AA- IS) have opposite signs] the solution transfonns according to 
established conventions, sinh � sin, cosh � cos, 10 � 10' yo � KO, into 

U(r,z) = R(r)Z(z) "" (.40 + Ho ln r)(CoZ + 00)+ �)An IO(knr) + Bn Ko(knr))(Cn sin(knz) + On cos(knz)J. 
11=1 

(A.4-19b) 

When the z-axis, as symmetry axis, is included in the domain of interest for U, it follows 
that Ba = Bn = 0 Co preserve finite values at r � O. 

In plane two-dimensional symmetry, by using the polar coordinates (r.4» , the 
separated equations foHowing from (AA-15) (since Z = const. and a I ik � 0) are 

(AA-20) 

and the general solution is 



AA SOME SOLUTIONS OF SECOND-ORDER DIFFERENTIAL EQUATIONS 573 

-
U(r.l/!) = R(r)<P(I/!) = (.40 + Bolnr)(Col/J + Do) + I (Anr

n + Bnr-
n

) 
n=1 (A.4-2Ia) 

x (CnsinfJIp + Dn cosm/J) 

Here again (as for solution (A.4- 13)] we have introduced vn --+ n. because in typical 
magnetic field problems the potential is periodic in cP (i.e., repeating every 21T), where n 

is an integer. The first tenn in the solution corresponds to (he singular value v = 0 
(axisymmetry); in reality [as mentioned in connection with solution (A.4- 13)], [here are 
additional singular terms that would account for the contributions of line currents and 
poJes2 I. NOle thai, in practice. v oftcn has only one fixed value. v = n. which depends on 
the azimuthal symmetry of the problem; in addition, if the z-axis, where r _ 0, is in the 
domain of interest. it follows that Eo = Bn = O .  The complementary solutions given by the 
substitution v ---t i v are of limited practical importance in magnetic field problems. 

As in the rectangular case (A.4·1 3c,d). the constants can be found in closed form. 
For a Dirichlct problem on a circle, where for example U = f(i/J) is given on the boundary 
r = a, the solutions are 

(A.4-2Ib) 

where in both cases 

(AA-2Ic) 

In conclusion. we outline the complete solution of (AA·15). Putting as before 

yields for R(r) the equation 

which has the Bessel functions Ov and Yv• or Iv and Kv) of (integer) order 

v = n as solutions. Hence, the general solution is 

- -
U(r.l/!. z) = R(r)<P(I/J)Z(z) = I[A,sin(v�) + B, cos(vl/!)] I [  Cn J v(knr) + 

(A.4-22a) v=1 n=l 
+ Dn Yv(knr)] x [Ensinh(knz) + Fn cosh(knz)] • 
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or 

v=1 n=l 
(AA-22b) . 

+DnKv(knr)] X [Ensin(knz) + Fn cos(knz)] • 
depending on the values of (he separation constantsA.16 ( kn real or imaginary), Here, all {he 

remarks made in connection with the solutions (AA-19, 21) apply; the singular tenns in the 
solution are not given. 

Example: Solution in a periodic geometry 

The solution applied 10 concrete problems is generally much simpler than the general form (A.4-22) 

because of symmetries and other facts. As an example. consider the magnetostatic problem illustrated in  

figure AA-I: We are looking for the magnetic potential tP(r.�.z) that results from an infinite array of 

cylinders with length L and radius (J on which the axisymmetric periodic potential is given: 

4>(r = a. z ) = /(z) = /( z + L) . 

The following remarks apply: 

(a) The periodicity in z of the boundary condition requires the form (A.2-22b) for the solution of the 

Laplace equation (A.4- 17) and 

(b) forces the separation constants to have discrete value only 
kfl = 2mtl L  , n = O,I ,2, ... 

(1,;) the axisymmetry ellcJudes the terms �, so the only value of v is v = 0; 

(A.4-23a) 

(d) the elltemal solution must vanish at r --t oo ,  so there are no lo(kfl') terms because they diverge at 

infinity (sce in figure A.2-4); 
(c) because the boundary condition has odd symmetry about z, all lhe COS(*IIZ) terms must be excluded. 

+fo -fo 
\ , , 

. _ .& , , , , , 
./ , , 

xt 7-' +fo 
� '\ � \ ) 

"'-..,y 
, 

� , , 

-fo 
� 

� 

, '\ , , , , , , , .I , 

j(z) j(z+L) -..... 1 .. __ --- L ----< ..... 1 .. 0---- L ---.... .111-0.0---- /. ---... -11 ... >--

Figure A.4-1 Infinite army of cylindrical shells on which an axisymmetric 
periodic magnetic potential l1>(a,z) = fez) = f(z + L) is prescribed; special case. 

fez) = ±fo(consl.). 
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With these simplificalions. the general solution (A.2-22b) simplifies to 

(A.4-23b) 

Note thal lhe artifact of multiplying the basic geometry into an infinite array is an approximation often used 
in practice because it imroduces a significant simplification. Similarly to (AA-13,21), the constants All can 
be determined by applying the boundary and orthogonality conditions: 

I A LK 
( 2nna)_ j" ( 2nn z)r 

)d "2 11 0 -- - Sin -- (Z Z L 
0 

L 

A simple boundary condition is defined by 

1+/o(con51.) 0 <  l < L f 2  , 4>(a,z)=f(z)� fo ( ) - u const. U2 < z < L , 

for which An = 0 for 11 even and 

An = 
4/0 n = I ,3.5 . . . .  11Jr1o(21l"n al L) 

Separation In spherical coordinates 

(A.4-24a) 

(AA-24b) 

(AA-24e) 

Spherical coordinates (p,(},cp) are generally less imponant than cylindrical in 
magnetic field problems. Hence, we limit our attention briefly to the Laplace equation in 
axisymmetric geomelry [J I Jq, � 01. which lakes Ihe ronn 

(A.4-25a) 

The general solution of this equation is obtained by variable separation in the usual wayA.7: 

-
U(p.O) � R(p)0(cosO) � L(Anpn + BnP-n-I )p" (A.4-25b) 

n=O 

where the constants An ,Bn are determined from the boundary conditions, and Pn(cos8) 

are the spherical hannonics or Legendre polynomials of order n, of which the first five are 

Po � I; 11 � cosO; 11 � t(3co,2 0 - I ) 

I'J � t(5cos3 0 -3cosO); P4 � 1I-(35cos4 0 - 30cos2 0 +  3); ... 
(A.4-25c) 
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For Ihe complele solUlion of the general Laplace equation in spherical coordinales we refer 
to the IiteratureA.26• SpericaJ problems concerning magnetic potentials are discussed in 
connection with (2. 1 - 1 5,26,67), whereas a spherical magnetic diffusion is presented in 
(A.4-74). 

Poisson equation 

The vector potential equalion (2.2-16), 

(A.4-26) 

relates to a basic problem in quasistationary magnetic fields. of which the general integral 
solution is given in unbounded space by (2.2-2). 

Alternatively. solutions can be sought directly from the differential equation; attention 
must be paid to the definition of a vector Laplacian, as mentioned in connection with (2.2-
19) or (A.3-24). The general solution of (AA-26) is given by the combination of the 
solution of the homogeneous equation (where j = 0)  plus a particular solution of the 
inhomogeneous one, and the two are then required to match at the appropriate boundaries. 
Green's function method is also very useful for solving the Poisson equationA 1. The 
multipole expansion, on the other hand, can be a convenient approximation for describing 
the vector potential al relatively large distances from its generating current source. This 
method, which extends the integral fonn (2.2-21), is illustrated in section 2.2. 

Simple and double senes solution 

For a plane two-dimensional problem with purely axial current densities j ;:::: (0,0.1.:> 
and the veclOr field A == (O.O,Az) in Cartesian coordinates (x,y). the differential equation 
(AA-26) reduces to the Poisson equation 

a2Az a2Az . 
0:.-2 + t)y2 = -J1h 

and the magnetic field components from pH = V X A with table A.3-U are 

H = .l JA, 
y � iIx 

(A.4-27a) 

(A.4-27b) 

The solution of the corresponding homogeneous equation (where Jl. = 0)  is found 
as a simple Fourier series in (A,4-13c,d) and also in (A,2-42), whereas a particular 
solution of the full equation and the appropriate boundary conditions depend on the specific 
problem. In addition, it is often convenient 10 simplify the general solution by appropriately 
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choosing the coordinate system in accordance with the symmetries of the problem. For 
example, if the solution (AA- l3) does not involve unifonn fields in either the .t- or y
direction, wc put Aa = Co = 0, and since the origin of Az is arbitrary we take Ho.Do = 0; 
if Az is to be odd along the x-direction it is B" = O. Thus, the genera] solution of the 

homogeneous equation would reduce in this case to 

-
Az(x,y) = L Sin nkx(G" enky + H" e-nky) 

,,=1 
(AA-28) 

For the same plane problem, but defined in polar coordinates (r, �). the differential equation 
is given in (2.2-35), and the general solution is discussed thereafter. 

On the other hand, for a purely axisymmetric. azimuthal vector field, 
A ;:  (O.A�.O) with � = Aq,(z,r), the vector Laplacian reduces to the q>.component In 

(A.3�24) and the corresponding Poisson equation becomes, as in (2.2�28), 

,.]2 AIjI I d4.1j1 A., iJ2 A., . 
iJr2 + ;: & - 7 + (k2 = -J1J� (AA-29) 

The general solution results, as we know, from a combination of the solution of the 
homogeneous equation (where j� = 0) with a particular solution of the inhomogeneous 

one. In comparing the homogeneous equation with the equivalent (A.4� J5) (where 
at a� -? 0). we note the additional term -A� t ,2. By proceeding as with (A.4� 19), the 

general homogeneous solution becomes 

-
�(z,r) = R(r)Z(z) = (Aor + Hor 

-I 
)(COz + 00 ) +  I[A" J I (k"r)+ B" YI (knr)] x 

n=1 
X [C"sinh(knz) + Dn cosh(k"z)] 

(A.4-10) 
Of more practical interest is the double Fourier series solution, sometimes called 

Roth's method! ' .  Here, onc single function. represented by a double series. provides the 
solution over the whole domain containing free space and conductors. In fact, the method 
consists in establishing the solution in the fonn of a double series, and then fix.ing its 
constants so as 10 satisfy the complete equation (A.4�26). including the current sources. We 
illustrate this method by sketching the solution of two different problems, the first 
ex.pressed in Cartesian (x,y) coordinates and the second in axisymmetric (r,Z) cylindrical 
coordinates. 

Example: Infinitely permeable, rectangular 
boundary 

Consider the pmblem described in Cartesian (x.y)-coordinates in figure A.4-2: Find the vector 
potential A�(x, }') within an infinitely permeable (J.l -4 00),  rectangular boundary containing a currenl-
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canying conductor. For the solution of the differential equation (A.4.27) we postulate the product of two 

simple Fourier series. in cosines onlylol, 

-
A2(x,y) = L Lam 11 cos(kmx)cos(klly) 

m_I /1 .. 1 
IA.4-J I )  

Uhe general solution would include four such double series resulting from the additional cos-sin. si n'cos, 
and sin-sin terms) so that the field components 8rc 

IA.4-32) 

IA.4-33) 

The boundary conditions are determined here by the fact that there are no tangential field component� 

at the infinitely impermeable boundary [scc in  (1 .5·22)]. 

Hx(any ...I:;y =O,b)= 0, Hy(x = O,a;any y) ::::: 0 IA.4-34) 

which implies 

kll = (n - I)"lb . km = ( m - I)1l"l a . IA.4-35) 

The still undetermined am,n -coefficients are fixed by requiring the solution (A.4-31, 35) 10 satisfy the 

Poisson equation (A.4-27): By differentiating twice we obtain 

b 

b, 

b, 

" ) 

L i(k� +k;lam,,, cos(kmx)cos(k"y) = ,uj� 
m",L " .. L 

.I 

h 
----E] 

0 

", ., 
• 

(A.4-36) 

I 
x 

Figure A.4-2 Infinitely long, current-carrying conductor contained within an 
infinitely penneable rectangular boundary. 
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Explicit expressions for am•n are obcained by applying the onhogonality rule of Fourier series (see. i n  

comparison, the orlhogonality of the simple Fourier series in the integrals following (A.2-43)J. 

Multiplying each side by cos(kp-t)cos(k1y) and integrating over the space ( a x b), which reduce$ to the 

conductor cross section S on the right-hand side where jz is finite:. yields 

that is, 

jj (k� +.1:; )am,1t cos2(kmx)cos2(kny)dxdy = J.1 J J jl cos(kmx)cos(klly)dxdy 
0 0 s 

am,/! i!f(k; + k;) = J.l J f j� cos(kmx)cos(kny)dxdy 
s 

(A.4-37) 

(A.4-38) 

because on the left-hand side. only the integrals with the terms p = m and s = n remain finite. The integral 
on the right-hand side depends on the form of S and on the functional dependence of jz' but when these are 
given. it is fully detennined, and so are the am,n -coefficients. For example, when S is rectangular with 

sides (a2 - a[ ) x (b2 -bl)' and jz constanl, lhe result is 

(A.4-39) 

The first three parameters corresponding 10 the singular In, n = I values require, however, both integrals to 

be recalculated in the appropriate fann, to obtain 

(A.4-40) 

and we are free to set ul.l = 0 (because a constant term in Al is irrelevant). In conclusion. the onc solution 

(A.4-3 1 )  with the now.<fefincd parameten um,II,Km,k" in (A.4-35, 39, 40) is valid in the whole space 

( u  x b), including the conductor. 

Example: Axisymmetric, superconducting boundary 

We now apply the double series solution method (also defined as Roth's method]" ) to the problem 

described in cylindrical coordinates by the Poisson equation (A.4-29) and figure A.4-3: Find the 
axisymmctric vector potential A,(z.r) within an infinitely conducting (0" -+ 00) cylindrical boundary 
containing a toroidal current-carrying conductor. 

We proceed as we did in the previous ellample. only that here we postulate for the solution of (A.4-

29) the double series solution [it can be shown 10 represent any given function of the type of A,{z.r)] 

I. am,/! sin(kmz)J I (kllr) (A.4-41)  
11=1 
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i" 
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, 

Figure A.4.3 Axisymmelric curen! distribution contained in a perfectly 
conducting, cylindrical box, 

so Ihal lne field components (2.2-27) are 

... -
1lfIr(z. r) = - .: = - L 

m=1 
LQm.llklll COS(kml)J1(kllr) 

"",I 

Lam.tlle,. sin(kmz)Jo(kllr) 
,,=1 

(A.4-42) 

(A.4-43) 

where Jo_ 1, �re the Bessel functions (A.2-12) and we have used (A.2-23), that is. a(,. J ,  lIar = ,-Jo-
The boundary conditions require the field 10 be tangential on the superconducting boundary [sec ( 1 .5-

121]; Ihal is, Ihey require the normal field components on the boundary 10 vanish, 

H,(any z;r = a ) = O  Hz(z = O,b;any r) = O  , (AA-44) 

which implies 

kmo = (m - I)Jr , (A.4-45) 

where xl are the rOOls of J. [i.c. J ,(xI) = 0]. given in table A.2-J. (Note that the symmetry requiremems 
aboul lhe axis and the midplane are implicitly taken care of by this solution.) 

The am.,,-coefficients are detennined, as in (A.4-36), by requiring the solution (A.4-41, 45) to satisfy 
the Poisson equation (A.4-29): Differentiating twice and using the differential equation (A.2-1 \) with 
v ::: I,z ::: ",,' gives 

I iam.,,(k! + k�)sin("mz)J 1 (k,,') = J,liz 
"1=1 ,,=1 

(A_4-46) 

The explicit forms of the "",.n-parameters arc obtained again by applying the orthogonality rule. By 
mUltiplying each side by rsin(kpZ)J t (ksr), then integrating over t!le whole cylindrical space (which reduces 
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10 the conductor cross section S on the right-hand side where j� is finite) and making use of the 

o"hogonalilY relation deduced from (A.2-27) with v ::: I and a == knQ, 1 =  r I a {thereby noting wit" (A.2-

22) that Jo(k"a) = -J2(klla) when J,(klla)=O],  

we finally find, when m � 2, 

whereas for the singular case m ::: 1 il is 

The current integral 

..c." j'(k ) - f al.Il 2 11 0 lIa - S 

Is '"  11 jJ jfsin(kml) J I (kIlT)r dr dz 
s 

(A.4-47) 

(A.4·4S) 

(A.4-49) 

(A.4-50) 

depends 011 rhe form of the conductor cross section and on the current density function jf(Z., r), but when 

these art� given. it is fully determined. For example. if S is a rtx:tangle with sides (a2 -al )x (� - hI). and 
jQ = const. strJightforward integration gives 

for m :=?:  2. 

for Ill ::: I .  
(A.4-S I ) 

In conclusiun, the one solution (A.4-4 I),  with th� parameters o"'.II . knl'kll given in (A.4-45. 48, 

49, 50), defines the problem in the whole cylindrical space, including the conductor. Extension to more 

conductors can be taken care of by the appropriate form of the integral (A.4-50). Also, the solution of the 

analogous problem. where Ihe boundaries are infinitely permeable l.u = 00. as in connection with (A.4-34)J 

instead of superconducting'" IJ. can be found by similar steps to above, with slight differences in the 

formulae. (The same can be said for the previous example related 10 figure A.4-2.) 

Helmholtz equation 

The vectorial Helmholtz equation 

(A.4-52) 

is found in the theory of force�free magnetic fields (section 7.4) and also as a result of 
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_L 
separating variables in the diffusion equation with the time-dependent Ansatz T(t) � e (11 

[see (A.4-61)] and in !he wave equation wi!h T(t) = e- i ca [see (3.3-1)]. As mentioned 
before, the vectorial equation in Cartesian coordinates splits into three scalar equations. one 
for each Hi (X,y.Z) component, 

(i = x,y,z) (AA-53) 

but in other coordinate systems, attention must be paid to the particular form of the 
Laplacian [see, e.g., (A.3-24)]. The Helmholtz scalar equations can be solved. for 
example, by variable separation (as for the solution of the LapJace equation), or by the 
Green function methoo. Note that the Laplace equation (A.4-9) can be seen as a special case 
(a = 0) of (A.4-53). Values of the parameter a for which nontrivial solutions of the 
boundary-value problem exist are called eigenvaiues, and the corresponding solutions are 
called its eigenfunctions. 

Consider first the two-dimensional equation in x, y for the function Hz. = Hz.(x,y), 
which separates into 

H, = X(x)Y(y) , 

so that (A.4·53) transfonns into 

By separating. as in (A. 4-1 1), we get 

d2 � = _k2X. dx d2� = _Pr dy 
and the general solution becomes 

where k2 +P _ a2 = 0  , , 

-
H,(x,y) = (Aox + Bo)(Co eiay + Do e-iay)+ I,(An ei'.x +Bn e - i '.x) 

where 

n=1 
X (Cn eilnY+ Dn e-i/n)') • 

(AA-54) 

(AA-55) 

(AA-56) 

The variable separation in the Helmholtz equation provides a solution that is fonnally 
nearly equal to the corresponding LapJace equation. but where the separation constants k. I 
are now connected to the equation constant a; in fact, only the singular solutions (given 
here for the special case k = 0) look different. We are thus in a position to write down the 
solution of the Helmholtz equations corresponding to the related Laplace equations. 

For example, the axisymmelric Helmhollz equation 
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(AA·57) 

has the genera1 solution 

n=1 (AA·58) 

[compare with (A.4· IS) and its solution (AA·19)). 

Diffusion equation 

Various solutions of the magnetic diffusion equation (4.1·8), 

�H -;' = O  (AA·59) 

are discussed in chapter 4 and, in its equivalent thermal form. in section 5.1.  Here we shall 
present some solutions obtained with the variable separation method from the scalar, 
parabolic differential equation (4. 1 - 16), 

(AA·60) 

in three different coordinate systems. 

Separation in Cartesian coordinates 

The variable separation 

H,{x,y,,;1) = G(x,y,z)T(t) 

gives the eigenvalue equations 

(AA·61)  

(A.4·62) 

[identical to Helmholtz' equation (AA·53)] and thus the solution 
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(A.4·63) 

where Gn(x.y,z) are the eigenfunctions of the Helmholtz equation related to the 
characteristic separation parameters a.�. and the first terms represent the singular solution 
for Cl = O. The parameten; Ao,Bo,Co,�,An' and Clo are fixed by the specific boundary 
and initial conditions. For example. with the initial condition given by 
Hz(x,y,z;t = 0) = Ho(x,y,z) within a space V it iSA.7 

An = f HOGn dxdydz 
V 

(A.4·64) 

If the initial field Ho is prescribed in the entire space, by the combination of the lac;t two 
expressions we obtain the solution in closed fonnA.,: 

H (, y ,' / )= I f -f fH (x' y' Z')exp[-(X-X')' -(Y-l)'-('-" )' ]d X'dy
'dX' 

z • " (4JrlG)3/2 o · . 4117 
-

(A.4·65) 

For the diffusion of a step-function field Ho= canst. applied at time t = 0 on both 

surfaces delimiting a slab at x = ± d (figure 4.2-6), it is convenient to use the 
eigenfunction solution (AA·63), which in the general one-dimensional case becomes 

- , 
Hz(x,t) = I\ox+  Du + L(Ansinanx + Bn cosanx)e-K'Un t 

n==1 
(A.4·66) 

Because the solution must be steady at x = 0 (i.c.. [dHt. 1 at: ]x=o = 0) 
we find An = 0, An = 0; and be<:ause of the boundary condition H,(±d,t) = HO for 
O :S;  t S; 00 it is ±and = nIC12. n = 1,3, ... (odd), and Do = HO' Finally. the initial condition 

0" 
Hz(x,O) = 0 delennines Bn = (-1)-'-4Ho I nIC through Fourier-series summation. The 

solutions to other and time-dependent boundary conditions for the slab problem are given in 
table 4.2·' and in (4.2-47), (5.1-47). 

Separation In cylindrical coordinates 

The solution of the diffusion equation in other than Cartesian coordinates requires the 
separated equation (A.4-63) to be applied accordingly. For example, consider the simple 
one-dimensional diffusion equation in the cylindrical coordinate r, (4.3-5), 

(A.4·67) 
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For the postulated solution 

H,(r. t )  = R(r)T(t) 

the separated equation, in addition to (A.4-61), is 

(A.4-68) 

By comparing with the Bessel equation (A.2- 1 1 ). the general solution is 

Hz(r,1) = (Aa + &llnr) + IJ An JO(run) + Bn Yo(run )]e -1«1�r, (A.4-69) 
n=l 

where the first term is the singular solution corresponding to a = 0, and all the constants 
are fixed by the initial and boundary conditions. 

As another example, consider the plane, two-dimensional diffusion problem related to 

the vector potential component Az{r.(fJ) depending on the polar coordinates (r,lP), for 
which the differential equation (4.3- 1 1 )  is 

(A.4-70) 

For the postulated solution 

the separated equations, in addition to (AA-61), are 

(A.4-7 l) 

If synunetry considerations impose for Ihe integer v the value v = I [see comments In 
conncction with (AA-2 1)], the gcneral solution with the help of (A.2- 1 1) is 

A,(r.�;t) = (Cosin�+ Docos�) [Eor + rOr-1 + I[En JI  (anr) + F" YI(anr)]e"";']' 
n=! 

(A.4-72) 

where two tenns Eor + Fa / r represent the singular solution corresponding to a = 0, and 

all the constants are fixed by the appropriate initial and boundary conditions. 
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Separation In spherical coordinates 

The diffusion of an axisymmetric magnetic field H(p,8) == (Hp,Q,HO) into a 

spherical conductor with radius a is conveniently described (as we know from the remarks 
made in connection with (2.2-27)] through the use of the only azimuthal component 
�(p,8) of the vector potential A '" (O,�,O): 

and, in the appropriate spherical (p,O)- coordinates, 

I a .  I a Hp = -. --a (A�sIfl8) , Ho = - - o(�) 
pslfl8 8 P dp 

In tbis case, the vectorial diffusion equation (4. 1-13), 

reduces to the component equation 

aA 
M = CJ"r Jt ' 

(A.4-73) 

(A.4-74) 

Similarly to (2.2-28) or (A.3-24), we have obtained Ihis axisymmetric equation by 
calculating (M)� = -(<;7 x H)� with the help of the components given in table A.3-11. 

[Note that, as pointed out in connection with (A.3-24), for the Laplacian of a vector in 
spherical or cylindrical coordinates we obtain (M)� '=t �.) 

The solution of this diffusion probJem can be found through variable separation by 
proceeding similarly to (A.4-24,61): The solution of (AA-74), valid within the conducting 
sphere, must be matched with the solution of the equivalent equation in free space [that is, 
(A.4-74) with the right-hand side equal to zero because (J = 0 I by requiring Ihe continuity 
of both � and J� I Jp at the boundary surface p = a .  For the case where a steady 

oscillatory magnetic field (3.2- I ), ii = Ho(p,9)e;a.r , A = Ao(p,8)e;a.r, is impcsed upon 
the conducting sphere we refer to the literatureAol4. 
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ac machine, 339 

acceleration, 
- dipole. magnetic. 361 -367 
- electrostatic. 360 
- magnetic. 361 
- material limits. 360 
- rail gun. 368 
action integral. 269 

Alfwin, Hannes (Olof Gasta) (1908·), 
Swedish aSlrophys.; 344 

Alfv"n 
- current. 381 
- Mach number , 447 
- vC\ocity. 344 
alternating current, see: ac 
alternators, 326, 333·339 

Ampere. Alldri-Marie ( 1 775-/836), French 
phY!i., brilliant and inspired. founded the 
science of electromagnetism; 2 

ampere (A), unit. 543 

Ampere force density, 299, 428 

Ampere law, 33 
- cylindrical geometry. 184 • differential. 23. 32 · integral, 33 • plane geometry. 165 

- thin sheet. 205 
Amperian current densities. 9 

angular momentum, 486 

antenna, Henzian. 147 

approximation by elemenlal conductors. 
531·534 
Aristotle (384·322 BC). Greek philospher 
and scienl.. characterized the orientation 
alld l:ontent of all that is termed Western 
civilization; 125 

annalUre, see: statar 
Avogardo. Amedeo ( /776·1856), Italian 
pilys.; 544 
A vogardo number. 544 

banana orbil. 382 

Bardeen. John (1908.). American phys.; 
481 

bac;e of natural logarithms, 135, 458 

BCS theory, superconductivity, 481 

beam, elastic, 417 

bearings, magnetic, 3 1 6  
Bednon, Georg J. (1950·). Gennan phys.; 
481 
bending·free coils, 425-426 
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bending moments, 4 1 7  
Bernoul/i, Daniel (1700-1782), Swiss 
scient., of 'he well-known BernoulJi family 
of moth.  and phys.. founded 
hydrodynamics; 2 
Bessel, Friedrich Wilhelm (1784- 1846), 
German astronomer; 187 
Bessel functions. 

• fractional order, 432 
- integral orders, 547-552 

Biot, lean-Baptisle (1 774-1862), French 
ph)'s.; 2 

Biot-Sav3rt force, 
- elemental. 298, 534 
- general. 297 

Biol-Savart Jaw, 

- elemental. 532 
- filamentary conductor. 87 
- generalized, 80, 84 
- in various units. 542 
Bitter, Frands (1902-1967), American 
phys.; 104 

Bitter solenoid, 104 

black hole, 3 

Bloch, Feli. (/905-1 983), American 
(Swiss) phys.; 293 

Bloch walls, 490 

Bohr, Niels (1885-1962), Danish phy .... the 
major contributor 10 the development of 
quantum physics: 496 

Bohr 
- magneton, 496. 544 
- radius. 498 

Boltunann, Ludwig Eduard (1844-1906), 
Austrian phys., elaborated statistical 
mechanics; /, 351 

Boltzmann constant, 544 

boundary conditions, for 
- current densities. 50 
- electromagnetic fields. 44. 53 · moving boundaries. 51  
- nonsupe:rconducting boundaries. 46 
- scalar potential, 58 · vector potential. 82 

boundary magnetic fields. 
- also see: exponenfial. step-function, para

bolic. or sinusoidal boundary fields 

- constant on rotating rod. 1 97 
- general on half-space. 168 
- polynomial on half-space. 1 7 1  
brain. 3 

braking, magnetic, 320-326 

bubble, definilion, 423 

bullet velocily, 257 

canonical angular momentum. 380 

Cartesian coordinates, 558-559 

Cartesius. see: R. Descartes 

capacitance. definition, 226 
Cauchy, Augustin Louis ( 1 789-1857). 
French moth.; 67 

Cauchy-Riemann equations. 67 

Cavendish, Henry (1731-1810), British 
phys.; 2 
Celsius, Anders ( 1 701-1744), Swedish 
astronomer; 249 

celsius (OC), temperature unit. 544 

centering force. toroidal coil. 421 

centrifugal force, 376, 407 

cgs units, 543 

characteristic 
- magnetic field. nonlinear diffusion, 280 
- modified field. 272 
- parameters. dimension less form. 2 1 .  44 

circuit. electric. 
- equivalent. diffusion problem, 231 
- flux compression. 451 
- general. definition, 225-227 
- homopolar generator, 324 
- network method, 527 

coercivity. magnelic. 490 

coils, 

- also see: magnetic fields. from 

- BiUer type:. I 04  
- circular. 91  

- dynamically contained, 416 
- force-free. 430 
- multilayered. 4 1 1  
- saddle shaped, 1 14 
- solenoidal, 97-1 05 
- (oroidal, 105-107. 420-426 



commutator-Iype machines, 339 

complex 
- functions 134. 136 
- yariable. 135 
- vectors. 138 

compressional loading. 400 

Compton, Arthur Holly (1892-1962), 
American phys.; 498 

Compton wavelength. 498 

condenser bank. 356. 452 

conductivily. 
- also see: resistivity 
- electric. 17. 474 
- electric. pressure-dependent. 473 
- electric. temperature-dependent. 268 
- thennal. 245 

conformal transformation, 66, 137 

conjugate 

- function. 137 
- momentum. 359 
- variable. 135 

conservation of 
- canonical angular momentum. 377 
- energy in MHD. 438. 44 1 -442 
- kinefic energy. 376 
- magnetic moment, 375 

constant-stress coils, 423-426 

containment, dynamic, 416  

Cooper, Leon N. (1930-). American phys,; 
481 

coordinate systems, 
- definitions. 558 
- lransfonnations. 559. 563 

copper. parameters. 473-476. 

copper alloys. parameters, 393. 401. 477 

Coriolis. Gustave-Gaspard (1792-1843). 
French eng. and malh.; 377 
Coulomb, Charles-Augustin (1736-1806), 
French phys.; 2 

coulomb (Cl. unit. 543 

Coulomb gauche. 78 

Coulomb law. 542 

critical angular frequency, 325 

critical field, magnetic, 498 

creep, 400 

cryogenic temperatures, 40 I 
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Curie. Pierre (1859-1906), French phys,; 
290 

Curie 
- law. 488. 503 
- temperature, 490 

curl vector. 

- definition, 556 
- direction of, 563 

currenl density. surface, 
- boundary condition. 204 
- definition, 39 
- from magnetic field, 175 
- from vector potential, 209 
- mean. 203 

current density. volume, 
- boundary conditions, 50 
- capacitive 38 
- displacement. 38 
. electric polarization. 38 
- electric sources, 157 
- inductive 39, 77 
- magnetization. 7, 38 

current distribution. series expansion, 1 13 

current integral, 269 

current stream vector field, 202, 208. 2 1 6� 
2 1 9  

curvature 
- drift. 376 
- radius, 425 

cyclic loading of materials, 403 

cyclotron frequency. 372-373. 486. 542 

cylindrical shell, 
- geometrically thin-walled. 2 1 6  
- limiting cases, 214 
- magnetically thin, 217-218 

d'Alembert, Jean le Rond (/717-1783), 
French math, and phys,; 78 

d' Alembert equations. 78 

O-coil.425-426 

Debye. Peter (Joseph William) ( 1884-
1966), German (American) phys,; 47J 

Oebye temperature. 473 
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decay of trapped field, 
- general. 1 6 1 .  169. 194 
- in bar, 182, 188 
- in cylindrical conductor. 194 
- in slab. 1 8 t  

delay time, see: diffusion tirne 

demagnetizing 
- factor, 1 1. 1 5  · field, 10, 13, 73, 72 

Deseartes, Rent (1596.1650), French 
math. and philosopher, the ''father'' of 
modern philosophy and creator of analytic 
geometry; 558 

differential equations. 
• hypemolic, 154, 568 
- elliptic. 568 • parabolic. 158. 568 

diffusion equations. 
- Canesian coordinates. 583 
- cylindrical coordinates, 584 
- current density. 157 
- electric. 1 54 
- spherical coordinates, 586 • 'hennal, 246, 398 
- vector potential. 152 

diffusion equations, magnetic, 
- analogy 10 thennal diffusion. 159 
- complex notation, 142 
- general. 1 54 
- generalized MHO, 442. 450 
- nonlinear. 278·279 
- quasistalionary. 156 
- thin sheet. 205 
- vector potential, 154 

diffusion. magnetic, of 
- exponential field, 1 76, 189 
- general time-dependent field, 168 
- parabolic field, 280, 282 
- rotating field, 197 
- sinusoidal field 173, 175, 189. 194.196. 180 · !i(ep·function field, 166, 1 78, 1 79, 187. 1 98, 
195, 1 8 1 .  192 
- transient polynomial field. 1 7 1  

diffusion lime. magnetic. 
- bar. 1 8 1  
- characteristic. 22 
- definitions. 163 
- hollow cylinder, 194 • rod. 188 

• slab, 180 
- thin cylindrical shell, 193. 272, 274 
- transverse cylinder. 1 96. 200 

diffusivity, 
- magnetic. 156 
- hermal. 245 

dipole, 
- electric. 9 1  
- magnetic. 1 1 , 1 12 

dipole force, 
- electric. 3 1 0  

- magnetic. 306, 309, 385 
- magnetic levitation. 331 

dipole moment, electric . 3 10 

dipole moment, magnetic. 
- body conductor. 90, 306 
- constant of motion. 373. 375 
- filamenzary conductor. 89 
- magnetized body, 308 

dipole. potential energy. 308 

Dirac, Paul Adrien Maurice (1902-1984), 
British phys.; 498 
Dirichlel, Peter Gustav Lejeune (1805-
1859), German ma/h.: 57 

Dirichle. boundary condi.ion, 246, 259 

displacement vector. 
- definition, 395-396 

- equations, 398·399, 405·407, 414 

divergence-free. see: solenoidality 

Duhamel, Jean-Marie·Constant ( 1 797. 
1872), French moth.; 162 

Duh.mel theorem, 1 62, 188, 229 

Earth escape velocity, 357 

eddy currents, 

- from vector potential. 1 57. 209, 446 
- from magnetic field. 202. 
- from current stream veclor, 202. 208 
- in Ihin discs. 210- 2 1 1 
- in thin sheets. 2 1 2  
- on toroidal sheet. 528 

Edison, Thomas Elva (1847·1931), 
American eng .. genius of lechnology, held 
over 1000 paten/s,' 3 

eigenvalues . 582 



Einstein, Alberr (1879·1955), American 
(German) phys., one of the great 
personalities in the physics of the 20th 
century. elaborated the theory of relativity; 
26 

elastic equilibrium equations, 39 1 -392 

electric charge. relaxation rime, 22 

elecrric circuits. see: circuits 

electric dipole moment, 9 1  

electric force density. 299. 304 

electric moment, 16 

electric potential, 56, 77, 358 

. complex notation. 143 

electric stress tensor, 304 

electromotive force. 17. 34-35 

electron collision time. 23 

electroquasistationary equations. 24, 30 

electrostatic acceleration, 358 

electrostatics, 20 

elliptic differential equations, 568 

elliptic integrals, 93 

ernf, see: electromotive force 

emu units. 543 

energy conservation, see: conservation 

energy density, in 
- electric field. 238 
- heat. 249 
- magnetic field. 238 

energy. electromagnetic. 
• also see: Joule dissipation 
- in half-space. 252 
- lotal magnetic. 242 

energy equation, 358, 370, 378 

energy factor, surface, 258, 276, 282. 284, 
466 

energy skin depth, 259, 282, 284 

energy units, 544 

enthalpy, 504 

equation of motion. 
- for charged particle. 358. 370 
- general. relativistic. 357 

- in Cartesian coordinates. 370 
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- in cylindrical coordinates. 377. 385 
- in fluidodynamics, 437 

equation of state. 504-506 

equilibrium condition, 3 1 2  

error function. 545-546 

esu units. 543 

Ether, 125 
Euler, Leonhard (1707.1783), Swiss math., 
one of the most productive mathematicians 
ever; 2 

Eulerian 
- conservation equation. 437 
- differential equation. 407 
- frame of equations, 32, 439 

exclusion principle. 497 

exponential boundary field, on 

- plane. half-space. 1 76 • rod, 189 
- slab. 189 

failure criteria, 399-404 

Faraday, Michael (1791·1867), British 
phys . .  one of the great experimentalists of 
all times; 2, 125 

Faraday Jaw, 

- cylindrical geometry. 184 
- differential. 34 
- hollow cylinder. 191 
- integral. 35. 120 
- plane geometry. 165 
- rOlating cylinder. 324 
- thin sheet. 205 

farad (F), unit. 543 

fatigue of materials. 403 

Fermi, Enrico (1901·1954), Italian phys., 
one of the most brilliant physicists of the 
first half of the 20th century and great 
architect of the nuclear age; 478 

Fenni·Dirac statistics, 478 

ferromagnetic materials, 492-494 

ferromagnetism, 489-491 

field emission limit. 358 

filamentary conductor approximation, 86, 
9 1 , 1 14, 1 18. 1 2 1 ,  424 
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filling factor, windings, 100 

fininite-difference method, 5 1 5-517 

finite-element 
- method, 5 1 8-521 
- network. method. 523·528 

flux 
- coefficient. 452. 465 
- compression devices. 452 

flux quantum, magnetic, 498, 544 

focal length, 384, 386 

force density, magnetic, 
- axisymmetric. 30 I 
- general, 299-300, 303, 428 

force, total magnetic, 302, 3 1 1  
- on loop, 3 1 3  
- on solenoid, 3 1 4  

force-free magnetic configurations, 427-
434 

Fourier, Jean-Baprisle ( 1 768- 1830), 
French math.,· 553 

Fourier 
- double series. 578-580 • series, 553. 576·577 
- transfonn method. 554 

Franz, Rudolph (1827·1902), German 
phys.; 478 
Fredholm, Erik Ivar (1866-1927), Swedish 
marh.; 229 

Fredholm integral equation, 229 

frictionless bearing. see: bearings 

frozen flux theorem, 449 

Galilei, Galileo (1564-1642), Iralian phys. 
and math., considered the founder of the 
experimental inductive-deductive method' 
2 

' 

Galilean transfonnation. 26 

Galvani, Luigi (/737· I 798}, Iralian phys,; 
2 

gamma 
- function, 17 t 
- magnetic unit. 544 

gap, field penetration, 219 

Gauss, Carl Friedrich (/ 777-1855), 
German math., one of lhe greatest 
malhematicians ever; 2 

gauss (G), unil, 543 

Gauss system, units. 543 

Gauss' theorem, 36, 557 

Gaussian 
. optics. 383 • plane, 135 

generators, see: alternators 
Gilbere, William (1544·1603), Brirish 
physician and scient.. the pioneer 
researcher inlo magnetism in the 161h 
cenlury; 2 

gr.dienl theorem, 58, 557 

Green, George (1793-184/), Brirish marh. · 
U7 

' 

Green 
- function method. 247 
- theorems, 557 

Griineisen, Eduard (1877·1949), German 
phys.; 507 

Grtlneisen parameter, 507 

guiding cenler, 373, 375 

guns, 359 

gyrofrequency, see: cyclotron frequency 

gyromagnetic ratio, 486, 497 

Hall, Edwin Herbere (/855-1938), 
American phys.; 340 

Hall effect, 340 

Hamilron, William Rowan (l805· 1865), 
Irish math. and phys,; 383 

Hamilton's principle, 383 

hard superconductors, 482 

hearth, 3 

heat conduction, see: thermal diffusion 

heal factor, 268 

heating through diffusion, in 
- half-space, conducting, 252-258 
- half-space, ferromagnetic, 292 
- hole, 263 
- hollow conductor, 270 



• rod, 261 • slab, 260 
- thin cylindrical shell. 271 -277 
- thin disc, 268 
- thin slab. 264-267 
- thin rod. 267 
- transverse rod. 262 

Heaviside, Oliver (1850·1925), British 
phys.; 3 

Heaviside function. see: step-function 

He/mho/Ill Hermarm (Ludwig Ferdinand) 
(1821-1894), German scient., one of the 
greatest scientists oJ the 19th century,' 2 

Helmholtz Iheorem, 13,  17 

Helmholtz coil pair. 95·96 

Helmhohz equation, 428 
- Cartesian coordinates. 582 
- cylindrical coordinates. 429. 583 
- spherical coordinates. 431 

Henry, loseph ( 1 797·1878), American 
scient.; 543 

henry, (H). unil, 543 

Hermite, Charles (1822·1901), French 
math,,' 567 

hennitian matrix. 567 

Hem, Heinrich (l857·1894), German 
phys.; 147 

Hcrtzian dipole. 147 

hexapole, magnetic, 1 1 2  

high energy density physics. 352, 356 

high explosives, 357 

high-temperature superconductors. 482 

homopolar generator, 324 

Hooke, Robert (1635·1703), British phys.; 
392 

Hooke's law, 392, 394·395 

Hugoniol relations, 347. 508·5 1 1  

Hugoniot, Pierre.Henry (1851.1887), 
French phys.; 508 

Hugoniot-Rankine curves, 510 

hybrid coils. 3. 387 

hyperbolic differential equation. 568 

hyperbolic functions. 

- relations, 183 

- series expansions, 489 

hyperfine magnetic fields. 3 

hysteresis. magnetic. 
- curve, 286. 
- heating, 293 
- los.�, 490 
- rotor. 337 
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IACS. see: International Annealed Copper 
Standard 

Ignitor, 404 

image method, 
- conducting plane. 329, 332 
- magnetic media. 74 
- superconducling plane. 75. 289. 327 

imaginary unit. 134 

imaging equation. see: ray equation 

impedance. 
- complex fonnulation. 233 
- equivalent circuit, 231 
- from alternating current .. , 233 
- from skin effcct, 225. 227 
- from step function currents. 229, 230 

implosion. cylindrical shell, 458·461 

inductance. calculated from 
- current densities. 1 18. 533 
- Faraday law. 120 
- magnetic energy. 243 
- magnetic field. 1 1 8. 534 
- vector potential. 1 18 

inductance. of 
- coaxial conductor, 231. 244 
- filamentary conductor, 1 19 
- parallel plates. 369 
- parallel wires. 1 20 • rod, 233 

- solenoidal coil. 3 1 4  

- toroidal coil. 421 

induction 
. healing, 285, 288 
- machines. 337-338 

inenial confinement fusion. 352, 356-357 

intergaIactic space, 3 
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International Annealed Copper Standard, 
544 

International System of Units. 542-543 

isomagnetic lines, 182 

Joule, lames Prescott (/8/8-1889), British 
phys.; 3 

10ule dissipation, 237, 244, 249 

joule (1), unit, 543 

Kamerlingh-Onnes, Heike (1853-1926), 
DU/ch phys.; 481 

Kelvin, Lord, see: W. Thomson 

Kelvin functions, 549, 552 

kelvin (K), temperature unit, 544 

Kepler, Johannes (1571-1630), German 
(Czech) Ul·tronomer; 2 
Kirchhoff, Gustav Robert (1824-1887), 
Gemllln phys.; 19 
Kirchhoff laws, 19,42 
Kohlraul'ch. Rudolph Hermann Arnd 
(1809-1858), German phys,; 2 

Kohler diagram, 478 

Lagrange, Joseph-Lauis (1736-1813), 
French math.; 2 

Lagrangian 
- time derivative. 28, 440, 449 
- frame of equations. 32, 440 
- interpolation method, 519 

Land., Alfred (/888-1975), German 
(American) phys.; 495 

Lande factor, 495 

Lang,vin, Paul (1872-1946), French phys.; 
488 

Langevin theory, 488 

Lap/ace, Pierre Simon ( 1 749-1827), 
French math,; 57 
Laplace equation, 

Lannor 

- frequency, 383, 485, 497, 500 
- radius, 373, 475, 498 

laser, 3 

leakage field, 522 

Lebedev, Pyotr Nikolayevich (1866-1912), 
Russian phys.; 3 
Legendre, Adri,n-Mari, (1752-1833), 
French moth.; 88 

Legendre polynomials, 88, 575 

Leibniz (sometimes written Leibnitz), 
Gott/ried Wilhelm (1646-1716), German 
math. and scient., a master of knowledge of 
his lime, founder with Newton of 
differential and integral calculus; 2 

Leibniz rule. 36 

lens. magnetic. 384 
Lenz. Heinrich Friedrich Emil (/804-
1865), German phys.; 36 

Lenz law, 36 

levitation, magnetic. over 

- ferromagnetic crack. 327 
- conducting thin sheet. 329 
- conducting thick sheet. 332 
- superconducting plane. 329 

linear machines, 339 

logarithm, series approximation. 1 13  

Lorentz, Hendrik Antoon (1853- 1928), 
Dutch phys.; 3 

Lorentz force, 
- general. 296 
- in Hall effect, 340 
- various units. 542 

Lorenlz gauge. 78 

lumped circuits, see: circuits, electric 

Lorentz transformation, 25 

Larenz. Ludwig Valentin ( l 829-189/), 
Danish phys.; 480 

Lorenz constant, 480 

- Cartesian coordinates, 64, 570 MAGLEV, see: magnetic levitation 
- cylindrical coordinates. 60, 572 magnetic axis, 127, 130-131 
- spherical coordinates. 61.  575 

Lamwr, Joseph (1857-/942), British phys,; magnetic charge density, 

363 - from dipoles, 10 



- from monopolcs, 12 
- surface, 39 

magnetic circuits, 40 

magnetic diffusion. see: diffusion 

magnetic dipole. 
- field components, 90 
- scalar potential. 90 
- vector potential. 90 
magnetic dipole moment. see: dipole 
moment 

magnetic domains, 489-490 

magnetic energy. see: energy, electro
magnetic 

magnetic field lines. 
- definition. 126 
- from vector potential, 130 
- refraction, 47 
- ripple. 106 
- separarrix. 127 
- shaping. 95 

magnetic fields. axisynunetric. from 
- Birler solenoid. 105 
- circular loop, 92. 56 
. circular arc. 93 
- coil pair. 94-95 
. dipole, 90, 92 
- double coil pair, 97 
- Helmholtz coil. 95. 96 
- Maxwell coil. 96 
- mutual inductance. 125 
- semi-infinite solenoid. 102 
- single-turn solenoid. 100 
- thin solenoid. 97, 99 
- thick solenoid. 101, 103 
- lOroidal coil. 106 

magnetic fields. general. from 
- mulliphased coils. 144 
- saddle-shaped coil. 1 14 

magnetic fields, two-dimensional, from 
- cylindrical rod. 65 
- filamentary conductor. 108 
- multipole conductors. 1 1 2  
- overlapping cylinders. 1 1 6  
- rectangular bar, 109 
- straight conductors. 107 
- strip conductor. 1 1 0  

magnetic flux. 

- and vector potential. 1 17 
- compression circuit. 451 
- defining closed surfaces. 1 3 1  
- from inductance. 534 • poloid.l, 85, 1 30, 380·381 
- quantum. 498. 544 

magnetic gradients. in 
• coil pair, 96 
- saddle-shaped coils, 1 1 6  

magnetic 1ens. 384 

magnetic levitation, 
• also see: levitation 
- of conducting cylinder. 330 
- of magnetic dipole. 331 
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magnetic materials. 491 

magnetic moment, 8. 486-489 
- also see: dipole. or muhipole 

magnetic permeability. 
- complex nOlalion 141. 294 
- heating effects. 286 

magnetic pcrmeance, see: permeance 

magnetic pressure. see: pressure 

magnetic pump. 339 

magnetic reJucatance. see: reluctance 

magnetic resonance • 
• imaging. see: MRI • nuclear. see: NMR 
- spectroscopy. 499 

magnetic rod. 
- linearly magnetized, 1 3  
- pennanently magnetized. 1 5  • transverse. fully diamagnetic. 66 
magnetic scalar potential. 
• axisymmetric systems, 60 
- boundary conditions. 58 
- definition. 56 • expansion in spherical harmonics. 94 
- expansion near axis. 61 • equipotential surface. 56 
- magnetized material. 70 
- two-dimensional systems, 64 

magnetic shielding, see: shielding 

magnetic sphere, 
- fully diamagnetic. 63 
- force on. 385. 364 
- linearly magnetized, 72-74 
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• permanently magnetized. 70-72 

magnetic surface, 
- and magnetic nux, 130 
- definition, 128 
- plasma pressure on. 129 
- toroidal, 129 

magnetic susceptibility, 7, 484, 487-488 

- various materials. 8 

magnetic vector potential, 
- axisymmetric systems, 84 
- boundary conditions. 82 
- complex notation, 142 
- definilion. 76 
- expansion near axis, 85 
- two-dimensional systems. 86. 522 

magnetization, 6 
- also see: hysteresis curve 
- and magnetic moment. 8 
- curves, 490-491 .  286-287. 293 

saluration.278 

magnetohydrodynamic equations, 32 

magnetornechanical 
- machines. 339 
- model scaling. 538 
- systems. 236 

magnctomotance. 40 

magnetomolivc force. 40 

magneton 
- electron. 496, 544 
- nuclear. 497. 544 

magnetoquasistationary 
- diffusion equations. 156 
- energy conservation. 251 
- field, 2 1  � field equations. 23. 30.439 
. field equations, complex , J41 

magnetoresislance, 478 

magnetostatics, 20, 81  

magnets. see: magnetic fields, from 

matrix, 564-566 

Maxwell, James Clerk (1831-1879), British 
phys . .  rank.ed as next to Newton for his 
fundamental contributions 10 science' 3 
125 

. , 
Maxwell coil pair, 96 

Maxwell equations. 

· complex notation. 140 
· in various units. 542 • vectorial fonn. 4 

maxwell (Mx), unil, 543 

Maxwell stress tensor, 303 

Maxwell-Galilean transformations, 29 

Maxwell-Lorentz transformations. 27 

mean free path, collisions, 472 

membranes. definition, 4 1 7  

MHO, see: magnetohydrodynamics 

minimum potential energy, principle. 3 12  

mmf. See: magnetomotive force 

model scaling, 
- general electromagnetic. 535·538 · magnetomechanical. 539-540 
- magnetoquasislationary. 537-538 

momentum density, electromagnetic. 300 

momentum equation, 358 

monopole, magnetic, 1 3. 88, 498-499 

motors, 333-339 

MRI (magnetic resonance imaging). 499 

Miiller. Alex F. (/927-), Swiss phys . .  481 

multipole expansion, of 
• magnetic force. 305 • veclor pOlential, 88 

multi poles. magnetic, 1 1 2, 1 1 3 

mutual inductance, between 

• axisymmelric conductors. 124 

• circular loops. 123 
- filamemary conductors. 1 22. 123 
- general conductors. 124 
- stalor-rolor. 334 
• two subsystems. 243 

nabla operator. 
- surface. 39. 204 

· volume, 27. 553. 560 

Neumann, Franz Ernst ( 1 798-1895) 
German phys. and math.; 246 

. 

Neumann 

- boundary condition. 246, 569 

- function. 549 



neutron star, 3 

Neweon, fsaac (1642·1 727), Brieish maeh. 
and phys., one of the dominating 
personalities in the history of science, 
discoverer of the gravitation law (together 
wieh R. Hooke); 2, f25 

newton (N), unit, 543 

NMR (nuclear magnetic resonance), 
- apparatus. 500 
- classical model, 501-503 
- continuous wave method. 502-503 
- pulsed resonance method. 503 
- quantum mechanical model. 503 

nonlinear magnetic diffusion, 
- felTomagnetic. 290 
- general formulation. 278 
- temperature dependent. 279 

octupole, magnetic, 1 12 

Oerseed, Hans Chriseian (1 777·1851), 
Danish phys.; 2 

oe"ted (Oe), unit, 543 

Ohm, Georg Simon (1787-1854), German 
phys.; 2 

Ohm law, 17, 472 

ohm (0), unit, 543 

ohmic heating, see: Joule dissipation 

Omitron, 404 

optics of charged particles, 383 

orbit. see: trajectory 

parabolic 
- boundary field. 342 
- differential equations. 568 

paramagnetic suspension, 319  

paramagnetism, 488-489 

Pascal, Blaise (1623·1662), French maeh. 
and philosopher; 543 

pascal (Pa), unit, 543 

Pauli, Wolfgang (1 900·1958), Swiss 
(Austrian) phys., the "conscience" oJ 
physics, formulated the exclusion principle 
and invented the neutrino; 497 
Pauli exclusion principle, 497 
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peak effect. current diffusion. 283 

permanent magnets, 

- machines. 339 

- materials, 493-495 

penneance. 41 

perturbation, 
· magne[ic field, 202 
- vector potential. 210 

phase transitions. 506-507 

phasor, 138, 240 

piteh angle, 381  

Planck, Max (Kari Emse Ludwig) (/858· 
1947), German phys., originated quantum 
physics; 495 

Planek constant, 495 

plane wave, 149- 1 5 1  

Poissan, Simeon-Denis 
French math.; 80 

Poisson equation, 

( 1781·1840), 

· cylindrical cooridnates. 84. 577 
- difference equation, 5 1 6  
- vectorial. 576 

Poisson integral solution, 
· quasistalionary. 80 
- retarded. 83 

polarization 
- also see: magnetization 

- electric. 6. 15 
- magne[ic, 6 

pocential energy. 
- equilibrium condition. 3 1 2  
- magnetic dipole. 308 
- magnetic inductive, 3 1 2  
- stability condition, 3 1 8  

power, electromagnetic equations, 
- complex, 241 
- differential, 237. 239 
- integral. 238, 239 

Poynring, John Henry (1852·19J4), Brieish 
phys.; 3 

Poynting vector. 
- complex notation. 241 · definition, 238 
- in MHD,400 
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. in various units, 542 
- time averaged, 148 

pressure, 
- electromagnetic, 300 
- hydrodynamic. 341 
- magnetic. 342 

pressure units. 544 

pressure vessels, 405 

principal stresses, 389-390 

projectile velocity, 359 

propulsion, magnetic, 
- also see: acceleration by ablation thrust. 351 
- cylindrical sheet. 352-356 
- thick conductor. 351 
- thin sheet. 343 

proximity effect, 69, 76 

pulsar, 3 

pulse loading, 402 

Q-factor. defininition. 259 

quadrupole, 

- fields. 1 1 2 
- magnets. %. 1 1 6  

quantum 
- fields. magnetic. 498 
- numbers, 495-497 
- theory. 495-498 

quasi stationary . see: magnetoquasistation
ary and eiectroquasistationary 

radiation damping. 358 

Rankine, WUlkiam John Macquorn (1820-
1872), British eng, and phys.; 510 

rail gun. magnetic, 368 

rationale magnetic surface. 129 

Rayleigh, Lord, see: J. W. Strutt 

ray equation, optical, 384 

reactance, inductive, 233 

receding image method, 329 

refraction. magnetic field lines, 46 

relativistic limit, 357 

relativity, 

- general theory, 26 
- special theory. 26 

relaxation time, 

- collisions. 47 
- electric charge. 22 

reluctance. 
- definition. 4 1  • network method, 529 
- rotor, 339 
remanence, magnetic, 490, 494 

remnant induction, see: remanence 

resistance, total, 18  

resistivity 
- of various materials. 18, 393, 474-479 
- total, 473 

response function, diffusion, 161 

retarded 
- potentials. 83, 143 
- similarity variable. 169 

Reynolds, Oshorne (/842-1912), Brirish 
eng. and phys.; 197 

Reynolds number, magnetic, 444-445, 457, 
466 

Riemann, Bemhard (1826-1866). Germlln 
math.; 67 

ripple, magnetic field, 106 
rope. definition, 417 

rotating 
- magnetic fields, 144 
- magnetomechanical machines. 333-339 
- rod, 197 

rotor, 333-339 

Runge, Carl (David Tolme) (/856-1927), 
German math. and phys.; 527 

Runge-Kutta method, 527 

saddle in field configuration. 127 

saddle-shaped coil, 1 14 

saluration, magnetic induction, 287 

saw effect, 264 

Savart, Felix (1791 -1841 i, French phys.; 2 

self-inductance. see: inductance 



Scherrer, Paul (1890-1969), Swiss phys., 
great experimentalisl and out:itanding 
physics teacher; xx 
Schrieffer, John Robe" (1931-), American 
phys.; 481 

series expansion of 
- Bessel functions. 551-552 
- curren! distribution, 1 1  J 
- error function. 545 
- general functions. see: Fourier and Taylor 

series 
. hyperbolic functions. 489 
- logarithm. 1 13 
- muhipole vector potential. 1 12 

shear force. 4 1 7  

sheet. definition. 4 1 7  

shell, definition. 4 1 7  

shielding factor, magnetic. 220-225 

shock Wilves, 347, 507-5 1 1 

sr, see: International System of Units 

similarity variable. 166, 169. 283 

sinusoidal field diffusion, 
- cylindrical hole, 194 
- overview, 180 
- plane half-space, 172. 182 
- rod, 189 
- transverse rod. 196 

skin depth, 

- energy. 259. 282. 284 
- harmonic. 1 7 1 ,  173 
- magnetic flux. 170.28 I ,  284. 538 
- nomogram. 174 
- thennal. 249. 257 

skin-effect impedance, 227 

slip parameter, 337 

Snell van Rojen. WilIebrord (Snelliul'j 
(1591-1626). Dutch astronomer and math.; 
47 

Snell refraction law. 47 

solenoidaJity condition, of 

- current, 20 I. 203. 305 
- electric field. 201 
- magnetic field. 23 

Sommerfeld, Arnold (10hannes Wilhelm) 
(1868-1951). German phys .. patriarch of 

INDEX 61 7 

German theoretical physics at the 
beginning of the 20th cemury; 473 

specific heal, 245, 249, 278 
sphere. see: magnetic sphere 

stability condition, 318 

Slalor, 333-339 

Stefan, 10sef(1835-1893}, Austrian phys.; 
125 

Stefan-Boltzmann law, 287 

step-function field diffusion, 

• cylindrical shell. 192 
- overview, 178 
- plane half-space, 166. 229 
- rod, 187, 230 
- slab. 179 
- transverse shell. 198. 200 
- transverse rod, 187 

Stokes, Georg Gabriel (1819-1903), British 
phys. and moth.; 32 

Stokes' 
- drag force, 358 
- theorem. 32. 557 

Strull, John WiWam (Lord Rayleigh) 
(/842-19191, British phys.; 471 

sunspots. 3 

surface differential operators. 39, 204-205 

surface temperature, see: heating through 
diffusion 

susceptibility, 
- electric, 15 
- magnetic, 7 

suspension, magnetic. of 
- fcrromagnel, 327 
- magnetized sphere. 3 1 6  
- superconducting sphere. 3 1 7  
- also see: levitaton 

synchronous machine. 336 

Taylor, Brook (1685-17311, British math.; 
87 

Taylot series, 61,  85, 87 

- axisymmetric coordinates, 515 

- in vector form, 305 

temperature units, 544 
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tensile propenies of metals. 393, 401 

tension, magnetic, 301 

lensor, 565-567 

Tesla, Nikola (1856-1943), American 
(Jugoslav) eng.; 543 

lesla (T), unil, 543 

Thales of Mile/US (624-546 BC), Greek 
philosopher and scient., contributed 
sub.uantially to the foundation of scienlific 
thought; 2 

thenna! 

- conductivity, 245, 250. 278. 478 
- diffusivity. 245 
- diffusion equation, 245. 539 
- energy density in slab, 247 
- e�pansion. 397-398 
- skin depth, 249 

thennoelasticity equation, 399 

thermodynamic 

- equation. 437 
- equilibrium, 488 
- panition function. 489 

thin-sheet approximation, 207 

thin-walled cylinder approximation, 200 

Thomson, William (Lord Kelvin) (1824-
1907), British math. and phys.; 2 

time average theorem. 1 39 

time derivative, Lagrangian. 28 

tokamak, 129, 378 

toroidal. 
- coil. 364, 421 
- coordinates, 558 
- magnets. 105-1D7. 421 -426 

torque. on 
� magnetic dipole. 307. 487 
- loop , 3 1 3  � stator·rotor, 334-337 

torsional modulus. 395 

trajectory. 

- charged particles, 371-372 
. guiding center. 373 � in tokamak field. 379·382 
- paraxial. 383 

transmission line, 

- coaxial, 231, 244 

- parallel wires. 67-69. 120. 297 

transverse boundary field, on 

- hollow conductor, 198 
- rod, 195, 178 
- rotating rod. 197 
- thin shell with gaps. 2 1 8  
- thin-waned shell. 200 

trigonometric functions, relations. 145. 292 

trivectoral multiplication. 555 

turnaround magnetic field, 455, 462 

ultimate strength. 399 

vaporization 

- process, 507 · wave, 349 

variable separation method, 570-574 

vector relations, 

- components in coordinate systems, 560-562 
- coordinate transfonnations. 558-559 
- differential. 556 
- integral. 557 

velocity, 

- diffusion, 170 
- diffusion penetration, 1 5 1  
- diffusion limit for thick conductors, 351 
- thennal limit for thin sheet. 345 

virtual work. 3 1 1  

viscosity. 358 

volt (V), unit, 543 

Volta, Alessandro (Giuseppe Antonio 
AnGStasio) (1745-1827), Italian phys.; 2 
von Mises, Richard (1883·1953), American 
(Auslrian) math. and auodynamist; 403 

van Mises equivalent stress, 403 

Wall, James ( 1 736-1819) British 
instrument maker, important contribulor to 
the Industrial Revolution with his thermal 
engines; 543 

watt (W), unit, 543 

wave equations, 
· generalized, 142 · in free space. 147. 155 



wave number, 1 5 1  

Weber. Wilhelm Eduard (1804·1891). 
German phys.,· 2 

weber (Wb). unit. 543 

We;ss, Pierre-Ernesl (1865-1940), French 
phys.; 489 

Wendelstein 7-X. 132 

Wiedemanll, Gustav Heinrich (1826-1899), 
German phys.; 478 

Wiedemann-Franz law, 478 

yield magnetic field. 4 1 5  

yield strengths. 399. 475 
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yielding in cylindrical container 412-414 

YDung. ThDmas ( 1 773·1829). British 
physician and phys.; 392 

Young modulus. 392 

aema, •• Pierer (1865·1943). DU/ch phys.; 
497 

Zeeman level splitting. 497. 503 
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