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Preface 

The rapidly changing field ofdectronics requires a continual re-evaluation 
of the content of an electronics textbook. Also, improved methods of 
presenting familiar subjects are constantly being sought by a resourceful 
teacher. For these reasons, we felt that a new edition would be very 
beneficial to those teachers who strive to keep their material up to 
date. Also, the practicing engineer requires reference material which is 
current. 

Great assistance in planning this second edition was given by the 
publisher, who mailed questionnaires to a large number of users of the 
first edition. Criticism of the first edition and recommendations for 
the second edition were solicited and generously given. We are deeply 
indebted to these many contributors for their response and excellent 
suggestions. Although it was impossible to incorporate all of these 
suggestions into a single volume, the second edition does incorporate a 
great number of these recommendations. In addition, the publisher 
obtained outstanding reviews of the revised material, which resulted in a 
considerable improvement of the text. To all of those who have given 
their time to this cause. wc express our heartfelt thanks. 

The major changes in the second edition include the following ones. 

I. IEEE standard notation has been adopted. 
2. Some of the newer devices such as field-effect transistors and uni-

junction transistors have been included. 
3. A new chapter on cascaded amplifiers and noise has been included. 
4. Emphasis on the semiconductor devices has been increased. 
5. Chapter 16 on pulse applications has been completely rewritten and 

major changes have been made in most of the remaining chapters in 
order to achieve the aforementioned goals. 
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Preface 

6. A large number of problems have been rewritten and many new 
comprehensive problems have been added. 

7. By deleting some of the less impo,tant material and improving the 
efficiency of presentation, the second edition is not substantially longer 
than the first edition. 

The new material in this second edition has been presented to Electrical 
Engineering classes at the University of Utah with gratifying results. We 
are indebted to these students for their helpful suggestions. We also 
thank John P. Stringham for designing the nomograph given in Fig. 
3.39. The secretarial staff of the Electrical Engineering Department under 
the able direction of Mrs. Joyce Hansen and Mrs. Marian Swenson have 
been unusually helpful and cooperative in the preparation of the manu
script. 

We hope you enjoy this new edition. 
CHARLES L. ALLEY 
KENNETH W. ATWOOD 



Preface 
TO THE FIRST EDITION 

The recent development of semiconductor devices necessitated the 
addition of one or more courses to an already crowded curriculum in 
Electrical Engineering. In teaching the tube and transistor courses, we 
observed that there was much duplication of both basic theory and 
applications. At about this same time, the s-domain or complex frequency 
concept was introduced into the basic circuits courses. The students 
expressed disappointment that this powerful tool was not utilized in the 
electronic circuits courses also. Therefore, we concluded not only that 
a unified treatment of tube and semiconductor theory was needed, but 
also that the complex frequency concept should be used for electronic 
circuit analysis. The complete response of a system could then be obtained 
rather than the restricted steady-state response. A unified trealment of 
system response to a variety of input signals (such as pulses, step functions, 
sinusoids, etc.) could be achieved, as well as a unification of the tube and 
semiconductor devices. With these objectives in mind. we wrote notes 
which were used in teaching electronics at the University of Utah. These 
notes were used and continually revised for four years before the first 
edition of Electronic Engineering was published. 

As a means of achieving the foregoing objectives, sufficient semi
cond uctor theory is given to provide an adequate understanding of both 
semiconductor and electron tube devices. In general, the basic ideas are 
approached from the point of vicw of semiconductors. Then, with very 
slight modification, concepts are extended to include the electron-tube 
devices. This broadened application provides better insight into the 
behavior of both semiconductors and electron tubes than is normally 
acquired when each is treated separately. Electron-tube applications are 

I X  

, 



x Preface to the First Edition 

considered first, only when this approach provides easier understandiDg. 
The use of the complex frequency domain leads logically to the use of 

the root-locus technique for analyzing feedback circuits. This approach to 
feedback problems, which provides improved design criteria and visual
ization, is used in the discussion of oscillators and negative feedback 
amplifiers. 

The material is organized to provide a consistent development of ideas 
from the basic physical principles of the device to the more complex circuit 
applications. The organization was chosen to provide maximum ease of 
understanding rather than sophistication of presentation. 

To gain maximum understanding of the material in this book, the 
student should have a good foundation in alternating current circuits, 
calculus, and the Laplace transformation. However, since the s-domain 
concept is not used in the first six chapters. the study of circuits and 
mathematics could parallel the study of this book. By accepting some of 
the derived formulas on faith and by using a few transformations in a 
cookbook manner, the essential goals can be achieved by students who 
have had no transformation theory and whose mathematical background 
is otherwise less than ideal. 

Chapter I provides a background in electric and magnetic fields. 
This chapter may be omitted if the reader has an adequate knowledge of 
these topics. 

Chapter 2 furnishes the proper background in semiconductor theory. 
If this material has been studied elsewhere, Chapter 2 may also be omitted. 

Chapters 3 to 6 present the principles of operation and methods of 
analysis of typical semiconductor and electron-tube devices. Both 
graphical analysis and equivalent circuits are stressed. 

Chapters 7 to 9 discuss cascaded small-signal amplifiers. In these 
chapters. the s-domain equivalent circuits are used to predict the response 
of typical circuit configurations to various types of excitation. 

Chapters 10 to 1 3  treat large-signal amplifiers, negative feedback, 
and oscillators. 

Chapters 14  and 15 present the basic principles of modulation and 
detection. Typical circuits are also included. These chapters could be 
omitted without loss of continuity. 

Chapter 16 deals with electronic devices used as switches. Topics such 
as . saturation resistance and storage time. which are important in the 
switching mode, are discussed in this chapt.:r. Typical applications such 
as multivibrators are also included. 

Chapter 17 discusses electronic-power supplies, both regulated and 
unregulatcd. Either Chapters 1 6  or 17 could be studied in any sequence 
following Chapter 10. 



Preface to the First Edition xi 

An instructor's manual will be provided with problem solutions and 
answers as well as a set of suggested laboratory experiments. A transistor 
manual and a tube manual should supplement the text. In addition, a 
study of the root-locus method from a suitable text such as Introduction 
la Feedback Systems by L. Dale Harris (John Wiley and Sons) would be 
desirable. However, acceptable root-locus plots can be made by following 
the rules in Appendix 11. 

We are indebted to the students and staff of the Electrical Engineering 
Department of the University of Utah for the many helpful suggestions 
offered during the revision period. We are especially appreciative of the 
suggestions and comments given by L. Dale Harris and James E. Dalley 
of the Electrical Engineering Department staff. We are also indebted to 
Mrs. Joyce Hansen for the helpful suggestions and supervision of the 
preparation of the manuscript. 

CHARLES L. ALLEY 
KENNETH W. ATWOOD 
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Electron Ballistics 

1.1 PROPERTIES OF AN ELECTRON 

Certain properties of an electron are well known. The mass of an 
electron, which is 9.1066 x 10-31 kg, is the lightest known finite' particle 
of matter. The charge on an electron is 1 .6019 x 10-19 coulombs. This 
charge is the smallest known unit of electrical charge. In addition, certain 
effects of an electron can be seen. For example, the path of an electron 
under certain conditions can be seen with the aid of a cloud chamber; 
permanent records of some electron paths can be obtained by using 
photographic emulsions or plates. Moreover, certain materials emit 
scintillations of visible light when struck by an electron. Hence it is 
possible to see the actual point of impact ofoloctrons. Since electrons obey 
certain basic laws, their behavior can be predicted and controlled quite 
accurately. In fact, the entire science of electricity and electronics is based 
on man's ability to predict and control the movements of electrons. 

Some properties of an electron are not known. For example, the exact 
size, shape. and color are all unknown. In fact, since the size of an electron 

I Some "particles" (Le .. photons and neutrinos) are assumed to have zero rest mass. 
No measurable mass has been found to date for these particles. 

I 



1 EIec:tronle EngIneerIns 
is so much smaller than the wavelengths of visible light, it may not be 
proper to associate color with a particle of this size. 

Other properties of an electron are somewhat paradoxical. As an 
example, an electron acts as if it were a small particle in some experiments; 
whereas in other experiments, electrons act as if they were waves. The 
nature of the experiment determines which property will be the more 
pronounced. However, as far as the electrical engineer is concern�, the 
electron usually behaves as if it were a small particle of matter. 

1.1 BEHAVIOR OF AN ELECfRON IN AN ELECfRlC FIELD 

A basic law of physics states 'that the force on an object is equal to the 
time rate of change in momentum of the object. If the electron is assumed 
to be a small charged particle, this law can be written' as 

where F = the force, newtons 
m = the mass, kg 

• = the velocity, m/sec 

F = d(mv) 
dt 

(1.1) 

Now, if the mass is assumed to be constant,' Eq. 1.1 can be reduced to 
the familiar form 

d. 
F=m-=ma 

dt 
(1.2) 

where a is the acceleration in m/sec'. The equation for the electrostatic 
force on a charged body in an electric field is 

F = Q6' (1.3) 

where Q is tbe charge on the body in coulombs and 8 is the electric field 
intensity at the position of the charge in volts per meter. A combination 
of Eqs. 1.2 and 1.3 gives 

Q6' = ma (1.4) 

Since acceleration is the time rate of change of velocity, Eq. 1.4 can be 
written as 

Q6' d. - = -
m dt 

t A symbol set in boldface type indicates a vector quantity. 

(1.5) 

t The more general case where mass is not a constant will be treated later in this 
section. 
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or 

(1.6) 

where v is the velocity in m/sec. Equation 1.6 will apply in all cases 
when mass is constant. The importance of this generality can be realized 
if we note that in some cases the electric field and perhaps even the charge 
are each a function of time. However, a simpler equation can be found if 
the charged body is in a uniform electric field that does not change appreci
ably while the electron is in this field. This condition does not restrict the 
use of this simpler equation to fields which do not change with time. 
Because of its small mass and relatively large charge, the electron travels 
at very high velocities. Consequently, as long as the tIf field does not 
change appreciably during the time an electron is in the field, the approxi
mate formula will be valid. Under these conditions, the tIf term of the 
equation may be treated as a constant. If the charge on the charged body 
is constant, and if the mass is assumed to be constant, Eq. 1.6 becomes 

or 

v = QtIf t + v. 
m 

(1.7) 

(1.8) 

where Vo is the constant of integration and in this case is the initial velocity 
of the charged body at time t = O. 

as 

or 

Velocity is the time rate of change of distance, so Eq. 1.8 can be written 

ds Qtlft 
-=--+vo 
dt It! 

s = f Q:t dt + f v. dt 

(1.9) 

(LlD) 

where s is the distance in meters. Again, assuming Q. 8, and m are con
stant, Eq. 1.10 becomes 

s = QII t' + vot + So 
2m 

(1.11) 

where So is the constant of integration or initial displacement at time t = O. 
Equations 1.4, 1.8, and 1.11 are very similar to the three corresponding 

equations for a body of mass It! in a gravitational field. QtIf assumes tbe 
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role of the gravitational force." As a consequence, a charged body in an 
electric field "falls" like a body in a gravitational field. 

When a charged body falls through an electric field, the charged body 
loses potential energy as i t  gains kinetic energy. From the law of con
servation of energy, the kinetic energy gained is equal to the potential 
energy lost. Then 

QV= tmv' (1.12) 
or 

v= e�vr (1.13) 

where Q = the charge on the charged body, coulombs 
v = the velocity, m/sec, after falling through a potential difference 

V 
V = the potential difference through which the charged body has 

fallen, volts 
m = the mass of the body, kg. 

This equation will, of course, hold for any charged particle. If the 
numerical values for Q and m are substituted into Eq. 1.13, the equation 
for an electron becomes 

v = 5.93 x I OS( V)I-i m/sec (1. 14) 

It is interesting to note in passing that if an electron has fallen through 
only 3 x 10-7 v, the electron will be traveling at approximately the speed 
of sound in air at sea level. The very large velocities encountered in work 
with electrons can thus be visualized. 

PROD. 1.1. What will be the speed in miles per hour of an electron which has 
been accelerated through 10 v? How does this compare with 18,000 mph which 
is required to place a satellite into orbit? 

The foregoing equations are based on the assumption that the mass of 
the charged particles remained constant. However, when large velocities 
are encountered, the mass of an object changes. The manner i n  which 
the mass changes is now considered. 

From Eq. 1.1, 

F = d(mv) 
dt (1.1) 

If  mass is assumed to be constant, Eq. 1 .2  results. However, if mass is 

4 In the foregoing derivation, the effect of  gravity was -ignored_ Since tile electro
static force on an electron is usually very much greater than the gravitational force, very 
little error is introduced by ignoring the gravitational force. If large bodil.:-: with small 
charges are considered, both gravitational and electrostatic forces must be considered. 
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not assumed to be constant, Eq. l . l  must be written as 

dv dm F=m-+v-
dt dt 

5 

(1.15) 

Also, force multiplied by distance in this derivation is equal to kinetic 
energy W. Consequently, Eq. 1.15 can be modified to 

dv dm dW = F ds = m - ds + v - ds 
dt dt 

Furthermore, since ds/dt is equal to v, Eq. 1.16 can be written as 

dW = mv dv + v'dm 

( 1 . 16) 

( 1 . 17) 

Einstein has shown that mass and energy are related by the equation 

(1.18) 

where E is the total energy, including mass energy, and c is the velocity 
of light (2. 998 X 10' m/sec). The derivative of Eq. 1.18 may be taken 
to yield 

dE= c'dm (1.19) 
This change of energy (dE) is equal to the dW in Eq. 1.17. If this value of 
energy (dE) is substituted into Eq. 1 . 17, 

c2dm = mvdv + v2dm 
or 

(c' - 1'2) dm = mD dv 
This equation can be rearranged to yield 

dm -= 
m 

V 
2 2 dv 

c - v 

(1 .2 0) 

(1.21) 

If the mass of the object is m. when the velocity is zero, the mass m at 
velocity v can be found by integrating Eq. 1 .21 as shown below. fm l iS," -21' - dm = - - 2 2dv 

mDm 2 oc -v 
Carrying out the integration, 

In m - In m. = -! In (c' - v') + i In c' 

which can be written as 

In m = In ( 2 
moc

! lA) Cc - v )  

(1.22) 

(1 .23) 

(1.24) 



or 

m = [1 _ V'/C,)li ( 1.25) 
The relationship between mass and velocity has now been achieved. 

Other useful equations may be established by inserting the value of m 
from Eq. 1 . 25 into Eq. 1.17. Then, 

dW = F ds = m.v dv + v'd( m. } (1 26) [I - (v'/c'»)li [I - (v '/c,»)li . 
However, F is given in Eq. 1.3 as Q� hence, Eq. 1.26 can be written as 

'" d m.cv d ,m.cv d Qto s = Z 2 J...i' v + V 2 2 � V (c - v ) (c - v )  
When the integral is taken of both sides of the equation, 

(1 . 27) 

QJ.'c ds = m.cJ." , v ,10 dv + m.cf." , VS • 10 dv (1.28) 
• 0 (c - v ) 0 (c - v ) 

Since f.'" lis is the voltage Vthrough which the charged particle has fallen, 

Eq. 1.28 becomes 

QV = m.c[-(c' - v ,)'AJ" + m.c[2(c! - v')li + , 
v ' 

• ",J" o (c - v )  • 
which reduces to 

or 
QV = (m - m.)e· 

Equation 1. 30 can be solved for v. After some manipulation, 

[ 1 ]'" v = e 1 - (1 + V m
Q
c ,r 

o 

(1 .29) 

(1 .30) 

(1.31) 

When the numerical values for e, Q, and m. are inserted in Eq. 1.31, the 
velocity of an electron is 

[ I Jli V=c 1- m sec 
(1 + 1 .966 x Io-'V)' / 

This value of v can be inserted into Eq. 1.25 to yield 

m = m.(1 + 1. 966 x I 0-' V) 

(1 .32) 

(1.33) 
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A plot of velocity vs electron energy> is shown in Fig.!.!. Figure Ll 
may be divided into three regions. Region I extends from 0 to about 
40,000 ev. In this region, m is approximately equal to m, and Eq. 1.14 
yields the velocity. In region 2, both mass and velocity change simul· 
taneously. This region 2 extends from about 40,000 electron volts to 

10' 
c 

� 
� 108 -
E -

i 
� 107 c e 
i ... 

10' 

1 104 10.5 
Electron energy in electron wits 

Fia. 1.1. Velocity vs energy of an electron as found from Eq. 1.32. 

approximately 3,000,000 electron volts. Equations 1.25 or 1.33 must be 
used to determine the mass, and Eq. 1.32 can be used to find the velocity 
in region 2. Region 3 extends from 3,000,000 electron volts upward. In 
region 3, the velocity is almost equal to the velocity of light and the mass 
can be calculated from Eq. 1.33. Of course, Eqs. 1.32 and 1 .33 are 
applicable in any region, but accurate values are quite difficult to evaluate 
in region 1. 

PROD. 1.2. What is the velocity and mass of an electron which has been 
accelerated through 10,000 v? Answer: v = 5.93 x 10' m/sec m = 1.02 m,. 
PROD. 1.3. Repeat Prob. 1.2 for 200,000 v. 
PROD. 1.4. What velocity must an electron have in order to exhibit a mass 
equal to the mass of a proton at rest? What potential must this electron have 
fallen through in order to achieve this velocity? 

Mass of a proton - 1832 mass of an electron. Answer: V = 9.32 x loa 
volts v - 2.997 x 10' m/sec. 
PROD. I.!. If an electron is converted into energy, how much energy does the 
electron represent? How much energy is represented by a mass of onc gram? 

• This electron energy is shown as electron-volts where an electron volt is the amount 
of energy an electron receives when accelerated through onc volt. 
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Fig. 1.2. A cathode-ray tube. 

Fluorescent �---.J 

An example will help us visualize the use of the equations just derived. 
In this example, a cathode-ray tube will be used. Figure 1.2 shows the 
principal parts of a cathode ray tube; while typical tubes are shown in 
Fig. 1 .3. The electron gun (see Fig. lA) produces a narrow beam of 
electrons which have been accelerated through a potential difference of 
several thousand volts. As a result, the electrons are traveling at high 
velocity. These electrons pass between the vertical deflection plates. If a 
potential difference exists between these deflection plates, the electrons will 

FIg. 1.3. Typical cathodo-ray tubes. 
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Fig. 1.4. A typical electron gun. 
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be attracted toward the positive plate and repelled by the negative plate. 
Thus, the beam of electrons is deflected from the axis of the tube an 
amount proportional to the voltage difference between the deflection 
plates. Two sets of deflection plates are provided to obtain both vertical. 
and horizontal deflection of the beam. After being deflected, the electron 
beam continues on and impinges on a fluorescent screen, which emits 
visible light when struck by an electron. The cathode-ray tube thus allows 
the visual examination of a voltage waveform. 

Example 1.1. A cathode-ray tube has the dimensions as shown in Fig. 1.5. The 
electrons (in the electron beam) have been accelerated through a voltage V1: 
when they enter the space between the deflection plates. The velocity in the 
x direction (along the ax.is of the tube) is. therefore, 

Electron 
Run d 

I 

v. - C:,v· r (1.34) 

f 
y 

(Tube axis) 

!-+-I. --- L---...... J 
Fig. 1.5. Configuration for Example 1.1. 
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where q is the charge on an electron (16.019 x lO-lOcoulombs).' The distance 
traveled by an electron is equal to the velocity multiplied by the time. Hence. 
the time a given electron will be between the deflection plates is given by 

I _ !... = / (...!!!.....)I-> 
VIl: 2qVz 

The component of velocity at right angles to the axis of the tube Vw can be found 
by using the relationShip 

The acceleration in the y direction QlI can be found from the relationship 

F" = may 

But the force in the y direction is 

F" = -q8" 

The electric field intensity can be found from 

V, -If = -, d 

where d is the distance between the deflection plates in meters and Vll is the 
potential difference between the vertical deHection plates. This relationship 
assumes the electric field between the deflecting plates to be constant. This is a 
good approximation if the dimensions of the plates are large in comparison with 
the distance between them. When the foregoing substitutions are made for QlI 
and I, the formula for vll becomes 

u 
= 

q V,l(...!!!.....)1-> 

" md 2qV� 

where Vv is the electron velocity in the y direction after passing through the 
deflection plates. This equation can be simplified to the relationship _ / V,(_q )1-> 

v" - d 2m V;I; 
(1.35) 

Now, if we assume that after leaving the deflection plates, the velocities in the 
x and y directions are constant, we can write 

- = -

where Iv is the distance the electron has traveled in the y direction and I� is the 
corresponding distance in the x direction. In terms of Fig. 1.5, the foregoing 
equation becomes 

y L 
- = -

• Most cathode-ray tubes have accelerating voltages. Ve of 18,000 v or less. Conse
quently, the mass can be assumed to be constant. 
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or 
v. 

!I � L -
v. 

(1.36) 

wbere L and y are defined in Fig. I.S. When the equalities of v. and v. (Eq. 1.34 
and Eq. 1 .35) are substituted into this equation 

or 
UV. 

y - --
2dV. 

(1 .37) 

This equation is approximate, since certain simplifications were made 
in the derivation. For example, the fringing effect of the flux field at the 
edges of the plates was ignored. When this fringing is included, the 
equation is about the same as Eq. 1.37, except I is slightly longer than the 
deflection plates. 

The reader may question the validity of Eq. 1 .36, which infers that the 
electron has no velocity in the y direction until the electron reaches the 
center of the deflection plates. On reaching the center of the deflection 
plates, however, the electron suddenly acquires the fuIl velocity v •. This 
of course, is certainly not the way the electron would behave. The 
electron actually follows a parabolic path while between the two deflection 
plates. However, if tangents are drawn to the parabolic curve where this 
curve enters and leaves the area between the two deflection plates, these 
tangents will intersect at the eenter of the deflection plates as shown in 
Fig. 1.5. There is, therefore, no error introduced due to the simplification 
of Eq. 1 .36. 

PROB. 1.6. The sensitivity of a cathode-ray tube is defined as the ratio of 
deflection distance (of the electron beam on the screen) to the deflecting voltage 
applied to the deflection plates. What is the sensitivity in cm/v of the cathode
ray tube shown in Fig. I.S if d = 1 cm, l - 4 cm, and L = 10 in.? Assume the 
screen is at the same potential as the point where the electron leaves the area 
between the deflection plates. The electron has been accelerated through 2000 v 
when it enters the space between It,e deflection plates. Answer: 0.0254 cm/volt. 

PROD. 1.7. How far from the axis of the tube in Prob. 1.6 will an electron be 
when striking the screen if a potential of 10 v is applied between the deflection 
plates? If a particle with the same charge as an electron but with a mass 800 
times as large as an electron is used in this tube. how far from the axis of the 
tube will this panicle strike ? (Assume 10  v betwctn deftection plates.) Explain. 
What would be the effect of increasing the charge by a factor of 1O? 
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The derivation of Eq. 1.37 is based on the premise that v� is constant. 
This condition is true only if the potential of the fluorescent screen is the 
same as the potential of the deflection plate field at the point of exit of the 
electrons. If the potential of the screen is different from the potential of 
the field at the point of exit from the deflection plates, the situation becomes 
quite complicated. Fortunately, an approximate relationship can be 
found quite easily. Ifwe assume that the potential varies linearly from the 
center of the deflection plates to the screen, then the average value of v. 
becomes important. In this case 

, 
Vd + V:l'2 

Vat> = 2 ( 1.38) 

Now V.I is the velocity v. in the original equation (Eq. 1.34) and will 
have the value 

_ (2QV.)H 
Vd - -

m 
(1.39) 

where V. is again the potential through which the electrons have been 
accelerated when they enter the area between the deflection plates. The 
velocity v., is the velocity of the electrons when they strike the screen. 
This velocity is given by the equation 

_ (2Qv,)H 
v"" -

m 
( 1.40) 

where V, is the potential difference between the cathode of the electron 
gun and the screen of the tube. Perhaps it is well to note here that the 
velocity of an electron is determined completely by the potential difference 
through which this electron has fallen. Consequently, an electron which 
started from a cathode at zero potential and was accelerated to a velocity 
corresponding to a potential of 100 v will have exactly the same velocity 
as an electron that started at zero potential. was accelerated to a velocity 
corresponding to a potential of lOO,OOO v, and then decelerated back to 
a velocity corresponding to 100 v above the cathode. The history of the 
electron is therefore not important. All we need to know to determine the 
speed of this electron is the potential at which the electron started (usually 
this is the potential of the cathode) and the potential in which the electron 
finds itself at a given instant. 

When Eqs. 1 .39 and 1.40 are substituted
' 
back into Eq. 1.38, v •• becomes 

(� v.r + (� vr 
Va" = 2 

(1.41) 
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Now, if this. value is substituted back into Eq. 1 .36 in place of v� and 
Eq. 1.35 is substituted in place of v.' then 

y = LlV. � (1 .42) 
d[V. + (V.V,) I 

This equation is much more useful than Eq. 1 .37 because V. is usually not 
equal to V,. Notice that Eq. 1 .42 reduces to Eq. 1.37 if V. = V,. Equation 
1.42 will, of course, be meaningless if V, is equal to zero or is less than zero, 
because the electrons will never strike the screen. 

Fig. 1.6. Action of an electron in passing through a set of deflection plates. 

The electron in the foregoing example appears to have gained some 
energy in being deflected. The source of this energy, however, is not very 
obvious. To explain the energy relations in a cathode-ray tube, refer to 
Fig. 1.6. Assume that no electrons are in the vicinity of the deflection 
plates. A certain charge distribution will then be on the deflection plates 
due to the battery V •. An electron is then injected into the area between 
the plates with a velocity v� which is parallel to the axis of the tube. At 
the point of injection, the electron is in position Q of Fig. 1.6. As the 
electron proceeds, it is repelled by the negative plate and attracted to the 
positive plate. Therefore, when the electron leaves the deflection plate 
area, it will be in position b of Fig. 1 .6. There has been no force in the '" 
direction, so Vz is constant. HO'."'ever, the electron now has a velocity in 
the y direction because of the field between the two deflection plates. 
Hence, the electron has more kinetic energy at point b than at point Q. 
However, the electron is closer to the positive plate at point b than at point 
Q. As a result of the electron being nearer to the positive plate, the charge 
on the two plates is redistributed. In this new condition, more positive 
charge appears on the positive plate, and more negative charge is on the 
negative plate. This movement of charge constitutes a flow of current 
through the battery in such a direction that energy is taken from the 
battery. This energy that is taken from the battery is coupled through the 
electric field to the electron in the space between the two plates. 
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As the electron leaves the area between the deflection plates, however, 
another action takes place. The electron at point b of Fig. 1.6 is much 
nearer the positive plate than the negative plate. As a result, the electron 
experiences a decelerating force due to the positive plate and an accelerating 
force from the negative plate. But, since the decelerating force is greater 
than the accelerating force, the electron is slowed down. Also, as the 
electron gets farther from the plates, the charge on the plates will return 
to the charge distribution which existed before the electron entered the 
field, causing the current that flows (due to the change of charge distribu
tion) to deliver energy to the battery. Therefore, the electron borrows 
energy from the deflection plates' supply while between these plates. But, 
as the electron leaves the deflection plates, all of the borrowed energy is 
restored to the deflection-plate power source. 

If the screen of  the tube is maintained at a potential such that the 
electron is not slowed down after leaving the deflection plates, the electron 
returns its borrowed energy to the deflection plates and obtains new energy 
at the same rate from the field of the screen. The electron, therefore, 
obtains no net energy from the deflection plates. The deflection plates 
do change the direction of travel of the electron, however. 

The previous work assumed that the electric field remains essentially 
constant as a given electron travels through the field. As already noted, 
this condition is met in practical situations except when the rate of change 
of the electric field is very fast. However, if the electric field changes very 
rapidly, the voltage between the deflection plates will be different when the 
electron leaves the deflection plate area than when this electron entered 
the area. The electron can then acquire a net energy from the field of the 
deflection plates. The source supplying energy to the deflection plates 
must be capable of furnishing this energy. This loss of driving energy 
causes difficult problems when frequencies in the microwave band (several 
thousand megacycles) are being used. 

PROB. 1.S. How far from the axis of the tube (Fig. 1.7) will the electron strike 
the face of the tube? 

Potential of cathode = -2000 v 
Potential of plate I = + 10 v 
Potential of plate 2 = -10 v 
Potential of final electrode in electron gun = 0 v 
Potential of screen = +2000 v. Answer: y = 0.311 cm. 

PROD. 1.9. Repeat Prob. 1.8 with a screen potential of 0 v. Does this condition 
cause the tube to be more or less sensitive? Explain. 
PROD. 1.10. When the voltage difference between two deflection plates 
becomes large enough. the electron beam will strike one of the deflection plates. 
At what deflection plate voltage does this condition occur in the tube of Prob. 
1 .81  Answer: Vy = 445 volts. 
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Fiar. 1.7. Configuration for Probs. 1.8. 1 .9, and 1 . 10. 

PROD. 1.11. How much time is required for an electron to pass between two 
deflection plates 3 cm long? Assume that the electron has been accelerated 
through a potential V: of 2000 v before entering the area between the deflection 
plates. If a signal of 20 sin klO'! is applied to the deflection plates. what is 
the maximum voltage change which can occur while the electron is between the 
deflection plates? 

1.3 BEHAVIOR OF AN ELE;crRON IN A MAGNETIC FIELD 

An electron in a magnetic field experiences a force only if the electron 
has a component of velocity at right angles to the flux lines of the magnetic 
field. This principle is illustrated in Fig. 1 .8. The component of velocity 
v. which is perpendicular to the flux lines B. produces the force F.. A 
velocity in the +ydirection produces a force in the -x direction. However. 
a velocity in the z direction (parallel to the magnetic force) produces no 

• • • • • • • • • • • 

• • • • • • • • • • • 
Uniform magnetic field Bz (out of page) • • • • • •  • • • •  

• • • • • • 

• • • • • • 

Fy _ force due to 
magnetic field 

• • • • • 

• • •  • 

• • • •  
u. 7.:::=-::-�---

Velocity of . • • • • • 
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• • • • • • 
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Fig. 1.8. Action of a magnetic field on an electron. 
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force. The magnitude of the force can be found from the relationship 

(1 .43) 

where FfI = force in the y direction in newtons. 
B, = magnetic flux density in the . direction in webers per square 

meter. 
q = charge on the electron (16.019 X 10-2• coulombs). 

V,:e = velocity in the x direction in  m/sec. 
Similar relationships can be derived for forces in the x and z directions. 
A general expression can be written in vector form7 as 

F = Q(v X B) (1 .44) 

where Q is the charge on any charged body and includes the sign of the 
charge. F, v, and B are vector quantities for force, velocity, and magnetic 
flux. 

The force is always at right angles to the velocity (Fig. 1 .8). In addition, 
this force is constant for a constant velocity and constant magnetic flux. 
Under these conditions, the path of an electron will be circular. The force 
due to Eq. 1.44 is tending to pull the electron toward the center of the 
circle. In contrast, the centrifugal force of the electron tends to pull the 
electron away from the center of the circle, This centrifugal force is equal 
to 

where F = the force, newtons 

mv' 
F = 

r 

m = the mass of electron, kg 
v = the velocity of electron, m/sec 
r = the radius of curvature of the electron path, rn 

( 1.45) 

These two forces (Eqs. 1 .44 and 1.45) must be in equilibrium and thus can 
be equated as shown by Eq. 1 .46. If the velocity is  perpendiculal to the 
magnetic field, 

From this equation, 

or 

mv' 
Bqv = 

r 

mv 
r = -

Bq 

Bqr 
v = 

m 

(1 .46) 

(1.47) 

( 1.48) 

1 (v )( B) is read as ,,·cross B and does not mean v times B. This cross product means 
the component of v which is at right angles to B multiplied by B. The resultant force is 
at right angles to both the component of v (which is at right angles to B) and to B. 
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In making one complete circle, the electron travels a distance s as given 
below. 

s = 2'1Tr 

The time required to make a complete circle T is given by 

s 
T=

v 

( 1.49) 

(1.50) 

When the values of s and v from Eqs. 1 .49 and 1.48 are substituted into 
Eq. 1.50, 

or 

T =  
21rrm 
Bqr 

T =  21rm 

Bq 
(1.51) 

For an electron, m and q are constants (for velocity « speed of light), so 
the time for one circle is dependent only on the magnetic flux density. 
When the values for the charge and mass of an electron are substituted 
into Eq. 1 .51 ,  

T = 35.5 
X l(J12 sec 

B 
(1 .52) 

Magnetic fields are used in many applications. For example, magnetic 
deflection of electron beams in cathOde-ray tubes (especially in television 
receivers) is widely used. Also, magnetic fields can be used for focusing 
electron beams, and they are even used in the generation of microwave 
frequencies. Furthermore, charged particles are accelerated to very 
high velocities by "cyclotrons." This latter application will be con
sidered as an example of the use of magnetic fields. 

A cyclotron is constructed as shown in Fig. 1.9. Two hollow D-shaped 
conductors are arranged as shown. An electron emitter or gun is located 
inside the hollow D's and very near the center of the cyclotron. A uniform 
magnetic flux is maintained throughout the area of each D. Finally, a high 
voltage a-c source is connected between the two D·s. Now, assume a 
group of electrons is emitted from the electron gun just as D no. I is 
maximum positive and D no. 2 is maximum negative. These electrons are 
accelerated into the D no. t space. Since the electrons now have a velocity. 
they will be deflected into a circular path as shown in Fig. 1.9. If the 
frequency of the a-c supply is correct, the electrons will arrive at the gap 
between the two D's (position b) just when D no. 2 is maximum positive 
and D no. I is maximum negative. The electrons will again be accelerated 
between the two D's. Since the electrons will now have a higher velocity 
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than they had from a to b, the radius of the electron path will be greater. 
Similarly, the electrons will arrive at point c just in time to be accelerated 
again. The electrons continue this action for many cycles. Each time the 
electrons cross the gap between the D's, an increase of velocity and radius 
of the path results. When the velocity is sufficiently high, the electrons 
are removed from the magnetic field and travel in  a straight line to the 
desired target. Since a group of electrons can be released once each cycle, 

D no. l 

Uniform magnetic field 
over D areas 

Plane of 
electron paths 

Side view 
Electron 
path 

Target 

Top view 

Fig. 1.9. A simplified cyclotron. 

the output of a cyclotron is a periodic pulse of high-velocity particles. 
Whereas the foregoing analysis has used an electron as the charged particle, 
most cyclotrons are used to accelerate protons, hydrogen nuclei, or other 
large particles. However, the analysis is the same. 
Example 1-;2. A cyclotron has the configuration shown in Fig. 1.9. The maximum 
voltage from the a-c source is V m' If mass is assumed to be constant, the elec
trons will have a velocity of 

v � 5.93 x 10'(V m)li m/sec 

after the first passage through the gap. From Eq. 1 .46 

mv (V,JH' 
r � Bq � 3.37 x 10-' 

B 
meters 

In the curve from b to c (Fig. 1 .9), the velocity will be 

v - 5.93 x lo-"(2Vm)!.-( 

and the radius of the path will be 

r � 3.37 

(1.14) 

(1.53) 
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In general, the velocity after passing through the- gap n times is 

v. - 5.93 x 10'(nVm)� 

and the radius of the path for this velocity will be 

(nV )� 
r = 3.37 x 10-11 ; 

The frequency of the high voltage source can be found by noting 

35.s 

and, 

T = -- X 1O-12 sec 
B 

I B f = - = - x 10" cycles/sec 
T 35.5 
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(1 .54) 

(!.SS) 

(1.52) 

(1 .56) 

Cyclotrons of the type just described are used only for accelerations up 
to about 0.1 of the velocity of light. When greater accelerations are 
required, the change of mass must be considered. As noted in Eq. 1 .51 ,  the 
period becomes longer as the mass increases. Some cyclotrons have been 
built which are frequency modulated (the frequency is changed) to allow 
for the change of mass. At the time a given group of electrons (or other 
particles) leaves the emitter (or particle source) the frequency of the high 
voltage oscillator is high. As the mass of the particles increases, the fre
quency of the oscillator decreases. The given group of particles, therefore, 
always arrives at the gap between the D's just as the field is a maximum. 

PROD. I.n. (0) How many times must an electron pass through the gap of a 
cyclotron before achieving a velocity of 0.1 times the velocity of light? Assume 
the high voltage oscillator produces 1000 v peak. (b) How many times must a 
hydrogen ion (composed of onc proton) pass through the gap of this cyclotron 
before achieving a velocity O. t times the velocity of light? 
PROD. 1.\3. (0) If the magnetic field strength of Prob. 1 . 12  is 1.53 x 10-1 
webers/m2• how large must the D's be to accommodate the largest radius path? 
(b) To what frequency should the oscillator be set? Answer: d = 40.8 m, 
f = 2.34 x /0" cps. 
PROD. 1.14. A cyclotron is to be designe� to furnish electrons with an energy 
of 1 ,000,000 ev. A high voltage oscillator with an output of 10,000 v is to be 
used. Use a magnetic flux density of 1.5 x 10-2 webers/rn', (a) Find the size 
of D required. (b) What is the frequency of the oscillator at the start of an 
electron bunch? (c) What is the frequency of the oscillator at the time the 
.electrons leave the D '! (d) How many bunches per second can this cyclotron 
produce ? (Assume the frequency changes at a linear rate.) 
PROD. 1.1S. A magnetic field exists as shown in the sketch of Fig. 1.10. Two 
electrons enter this field at point A with a velocity of 107 m/sec. The velocity of 
electron a has the direction shown where a. = ! o . The velocity of electron b 
has the direction shown where P = 1°. (a) How far from A will electron a again 
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Fig. t.lO. Configuration for Prob. 1.15. 

cross the axis? (Hint.' Break the velocity of the electron a into two components, 
one component parallel to the magnetic flux lines and onc component perpen
dicular to the magnetic flux lines.) (b) What path will electron a follow? (c) 
How far from A will electron b again cross the axis? (d) What use does this 
problem suggest for magnetic fields ? 

1.4 BEHA VIOR OF AN ELECTRON IN A COMBINATION 
ELECTRIC AND MAGNETIC FIELD 

When 'an electron is in an area that contains both an electric and a 
magnetic field. the force on the electron is the vector sum of the force due 
to the electric field and the force due to the magnetic field. These forces may 
either tend to reinforce each other or tend to cancel each other, depending 
on their respective directions. 

It is possible for one force to completely cancel another force. Such 
a condition i5 shown in Fig. 1 . 1 1 .  The magnitude of the force due to the 
electric field, FE' can be found from Eq. 1.3. 

( 1 .57) 

The magnitude of the force due to the magnetic field, F ft[, can be found 
from Eq. 1 .43. 

(1 .58) 

If these two forces are equal and opposite in direction, the electron will 

+Cllarge 

r x x x X Fe x x x x 
Uniform magrtelic field (into page) 

x x x X X X X X x Parallel P\: x x x x x x x� 
Path of electron 

x x x X FMX X X X 
-Chal¥� 

Fig. 1.11. Cancellation of force due to an electric field by a magnetic field. 
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continue in a straight line. The two forces can be equated to give 

Qif = BQv 
or 

21 

if - = V 
B 

( 1 . 59) 

where tf = the electric field intensity in v/m 
B = the magnetic flux density in web.ers/m' 

v = the velocity of the electron in m/sec 
I f  the velocity of a charged particle is less than this v, the particle will be 
pulled toward the positive plate. In this case, FE is greater than FM' If 
the velocity of the charged particle is greater than v as given by Eq. 1 .59, 
the particle will be forced toward the negative plate. This type of con
figuration is known as a velocity filter. Only particles with a given velocity 
will be passed; all other particles will be captured by the two plates. A 
filter of this type may be used on a cyclotron to remove the particles in the 
outermost orbit from the magnetic field. 

PROD. 1.16. Design a velocity filter to remove electrons from the cyclotron of 
Prob. 1.13. The spacing between plates must be 1 cm. What voltage must be 
applied to these plates ? Answer: V = 4590 volts. 
PROB. 1.17. Repeat Prob. 1 . 1 6  for the cyclotron of Prob. 1.14. 

PROD. 1.18. An electron enters the space between two deflection plates with a 
velocity of 13 .27 x 106 m/sec. If the configuration of the deflection plates is as 
given in Fig. 1.12. how far from the input end of the deflection plate will the 
electron strike the deflection plate? 

+ lO v  v,Et<Ct,on":J, 
_ _ _  __ 

2 � 1 13·�s�106 j ----+1- - 20t" 1�------------�1O�"---------L---J 
x = o  

Fig. l.ll. The configuration for Prob. 1.18. 

y = o  

PROD. 1.19. How far will the electron of Fig. 1 . 12  have traveled in the y 
direction when it has traveled 10  cm in the x direction? 
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Semiconductors 

Modern engineering must be based on an understanding of the basic 
physical properties and processes of materials. A thorough understanding 
of engineering materials may be obtained only from a serious study of 
advanced subjects such as atomic physics, physical chemistry, and quantum 
mechanics. The development of new devices is predicated on the intelligent 
application of these principles to the problems of modern technology. 
This frequently requires the cooperative effort of physicists, chemists, and 
engineers. 

The effective use of solid-state electronic devices requires at least a 
superficial knowledge of the physical principles on which they operate. 
Such a knowledge should also allow the engineer to understand and 
effectively use the many devices which will almost certainly be developed 
in the future. 

The purpose of this chapter is to present some of the physical principles 
of semiconductor material. The treatment will, of necessity, be superficial, 
since a thorough treatment is clearly beyond the scope of this book. It is 
hoped, however, that the reader will acquire some mental images and basic 
relationships which are sufficiently correct to permit him to intelligently 
use the available devices. Consequently, physical models will be used at the 

22 
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expense of mathematical rigor in an effort to make the otherwise intangible 
principles somewhat concrete. For example, the Bohr model of the atom 
will be used in favor of the quantum theory because the particle theory of 
matter is easier to visualize than its wave nature. Models and analogies 
will be borrowed frequently from the literature. An attempt will be made 
to give proper credit, but this will not always be possible because the 
original sources may be unknown or the evolutionary modifications of the 
original may make it impractical, if not impossible, to give the deserved 
credit to all the contributors. 

2.1 ATOMIC MODELS 

The Bohr model of the atom places an orderly arrangement of electrons 
in elliptical orbits around a nucleus of protons and neutrons. This concept 
was contributed primarily by Bohr during the early part of this century. 
The theories developed from this model agreed so well with experimental 
evidence that the measuring instruments and techniques of that period were 
unable to detect any difference between the predicted and actual behavior 
of matter. However, as the measuring instruments and techniques 
improved, it became evident that discrepancies existed. 

The discovery and investigation of the photoelectric effect provided 
convincing evidence that light has a dual nature. Some effects, such as 
diffraction, can be explained only on the premise that light behaves as a 
wave. Other phenomena, such as the mechanism of photo emission, can 
be explained only on the basis that light consists of bundles of energy or 
particles known as photons. Later it was shown by Davisson and Germer, 
by the use of diffraction techniques, that electrons in motion also have 
the properties of a wave. This rather startling discovery led DeBroglie, 
Schrodinger, and others to the development of a wave theory for all 
matter. This wave mechanics or quantum mechanics e1iminates certain 
discrepancies inherent in the Bohr model. An atomic model which 
accurateJy represents the wave mechanics concept is difficult to visualize, 
however, because the particles are not so discrete and well defined. For 
example, probability densities which are dependent on boundary conditions 
replace the solid charged satellites of the Bohr model. For this reason, the 
Bohr model will be used, as stated previously, to aid the visualization of 
the basic principles. 

The Bohr model diagrams of a few atoms of interest are shown in Fig. 
2. 1. The simplest atom is hydrogen which has one planetary electron and 
a nucleus consisting of one proton. The tetravalent atoms arc of con
siderable interest to the semiconductor industry. The simplest of these is 
carbon, which has six planetary electrons and six protons in the nucleus. 
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The two electrons nearest the nucleus form what is known as a "closed 
shell." That is, only two electrons can be accommodated at that energy 
level. The four outer electrons are known as valence electrons and they 
determine the chemical activity of the material. These valence electrons 
were originally thought to occupy the same energy level. However, closer 
investigation has revealed that the valence shell is split into at least two 
levels, with two electrons in the lower level or subgroup. The outer level 

Hydrogen 

Carbon 

Silicon 

Fig. 2.1. Bohr model diagrams of a few atoms. 

would require four additional electrons to fill the shell. This behavior 
may be observed from the silicon diagram which, like carbon, has four 
valence electrons but has a filled shell between the inner shell and the 
valence shell. Silicon's chemical properties are similar to those of carbon. 
Another element in this group is germanium, which has thirty·two orbital 
electrons including four valence electrons. Germanium has two filled 
shells between the valence electrons and the inner shell. 

The energy of the orbital electrons may be determined from the laws of 
mechanics. The hydrogen atom will be used as an example. If the single 
orbital electron is removed to infinity, the atom is said to be ionized. The 
electron at infinity is considered to be at rest and to have a potential energy 
equal to zero. This is an arbitrary choice of reference for potential energy, 
but it is a convenient and widely accepted one. If the electron is given a 
W!ry slight nudge in the direction of the nucleus, the electron will travel 
toward the nucleus and will be accelerated by the electrostatic force 

q' F = --

417.'" 
(2.1) 
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where • is the permittivity and r is the distance between the charges. 
The potential energy at any given point is the work required to bring 
the charge from the reference to the point in question. If the point is a 
specific distance r from the nucleus and the reference is at r = 00, then the 
potential energy is 

(2.2) 

where E. is the permittivity of free space. The negative sign indicates 
that the potential energy of the electron decreases as it moves toward 
the nucleus. In contrast, the kinetic energy increases as the electron moves 
toward the nucleus because the electron is being accelerated by the force. 
As noted in Chapter 1, the electron can be considered as "falling" toward 
the nucleus because of the similarity to a mass falling in a gravitational 
field. 

If the electron has any component of velocity or force normal to the 
radial direction r, the electron will go into an elliptical or circular orbit 
around the nucleus. For mathematical simpliCity, it will be assumed that 
the orbit will be circular with radius r. In order to have equilibrium, the 
electrostatic force between the electron and nucleus must be equal to the 
centrifugal force. 

(2.3) 

where v is the tangential velocity of the electron. 
Then, using Eq. 2.3, the kinetic energy of the electron is 

q' W. = imv' =--
8'7TElI' 

(2.4) 

It is interesting to note by comparing Eqs. 2.4 and 2.2 that the kinetic 
energy of the electron in orbit is only half as great as the decrease in 
potential energy from the reference level. The law of conservation of 
energy then requires that half of the potential energy change be transferred 
to some other type of energy, since only half was transferred to kinetic 
energy. Observation of an ionized gas will reveal that electromagnetic 
radiation accounts for this energy transfer. This radiation is frequently in 
the visible spectrum and is the mechanism which produces the light in 
neon tubes or simiJar devices. 

The total energy level of the electron is 

q' q' q' w = w. + w. = - -- + -- = - -- (2.5) 4'7TEvr 8'7TE'II' 8'7TElIr 



The period of the orbital motion is 

T = 
2wr 
v (2.6) 

A frequency equal to I /Tis associated with the electron. There can be no 
electromagnetic radiation at this frequency as long as the radius remains 
constant because there can be no change in the total energy of the electron. 
Radiation or absorption of energy can only be associated with a change in 
radius and thus a change in energy level. 

It has long been known that the atom can be stable only when the 
orbital electrons have certain discrete energy levels. The energy differences 
between these permissible levels indicate the amounts of energy or size of 
energy packets that can be either radiated or absorbed by the atom. In 
1900, Max Planck showed that the relationship between the frequency f 
of the electromagnetic wave, either radiated or absorbed, and the discrete 
energy packet is 

W = hf (2.7) 

where f = the frequency of the electromagnetic radiation 
h = Planck's constant 6.625 x 10-" j sec 

The lines on a spectrograph of a specific material could then be used to 
determine the size of the energy packets for a given material. When 
Planck made hi� discovery, the electron had not been discovered so it 
could not be known that the energy packets were the difference of per
missible electron energy levels, or W = W, - W,. 

The development of wave mechanics provided an explanation for the 
discrete energy levels of the electron. If the electron in motion has the 
characteristics of a wave, the electron in a stable orbit must behave as a 
wave which has an integral number of wavelengths in one circumference of 
its orbital path. Otherwise, the electron waves would tend to cancel one 
another by interference, as illustrated in Fig. 2.2. The peaks and troughS 
of the wave are represented by the solid line. In 1924, DeBroglie postulated 
that the wavelength l of 'he matter waves is 

). = .!!... (2.8) 
mv 

where the wavelength A is the distance between the peaks (or troughs) of a 
wave (l = v/f). Davisson, Germer, and Thompson later demonstrated 
the wave nature of electrons by obtaining interference patterns from 
crystal diffraction gratings placed in a stream of moving electrons. If we 
accept the postulate that there must be an integral number of wavelengths 
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Fig. 2.1. Wave characteristics of an electron in (a) a stable orbit, (b) an unstable orbit. 

in one circumference of the orbital path, it follows that 

where n is an integer. . 

nh nJ. = 2'ITr = -mv 
Using Eq. 2.4 to solve for v in terms of r, we see that 

Then )Ii 2'ITr = nh( 4".£.rm 
mq 

Solving for the permissible values of r = r. 

The stable values of energy, from Eq. 2.5 are 

q' -mq' Wft = - -8'IT£ r 8£ 'h'n' • • • 

(2.9) 

(2.10) 

(2.11) 

(2.12) 

(2.13) 
It should be remembered that the foregoing derivations are for the 

simplest configuration of a single hydrogen atom. The object was merely 
to illustrate the fact that the electrons associated with an atom may have 
only discrete values of energy in the stable state. This fact is illustrated in 
the energy diagram of Fig. 2.3. It should be evident that this basic 
prinCiple applies to all atoms_ 

The precise energy levels of the electrons of an individual atom are 
modified by the presence of other atoms in near proximity. For example, 
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an electron associated with one atom of a group is influenced by the charge 
distributions of the neighboring atoms in the group. A particular electron 
in a tightly packed group of hydrogen atoms experiences a force caused by 
a neighboring atom, provided that the electron in question is not equi
distant and midway between the electron and nucleus of its neighbor. 
The resulting force would change both the potential and the kinetic 

+ W. 

Fig. 2.3. Electron energy levels of a hydrogen atom. 

energies of the electron. This effect applies to all electrons in the group. 
Thus, when the atoms of a particular element are spread far apart, the 
permissible energy levels of one atom are precisely the same as any other 
atom; but, as the spacing between the atoms is decreased, the energy 
levels of each electron are increasingly influenced by the charge distTibu� 
tions of the neighboring atoms. The magnitude of the influence depends 
not only on the spacing but also on the location of the electron within 
the group. Consequently, the discrete electron energy levels of the isolated 
atoms change into energy bands when other atoms are in close proximity. 

Tt is meaningful to talk about the spacing between individual atoms only 
when they form a crystalline solid. Then the atoms have an orderly 
arrangement with a rather precise spacing. This spacing between repre
sentative atoms in the crystal is known as the lattice constant. In general, 
the semiconductor materials used in electronic devices are crystals, and 
one of the manUfacturing problems is to obtain a very pure, regular 
crystal. 

Figure 2.4 shows the energy bands as a function of lattice constant for 
tetravalent crystals such as diamond (carbon), silicon, and germanium. 
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The energy bands between the permissible bands are known as forbidden 
bonds. The actual valence electrons of one atom are indicated by a small 
circle with a negative sign inside. This condition is called a filled energy 
state. The small empty circles represent energy states which are available 
for but not occupied by electrons in a particular band. For example, there 
are eight energy states available in the valence shell of a carbon atom but 
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Fig. 2.4. Energy bands of a tetravalent crystal as a function of lattice spacing. 

only four of them are actually occupied or filled. When the temperature is 
absolute zero, the electrons are in the lowest possible states. This condition 
is assumed in Fig. 2.4. The energy levels below the valence band are not 
shown because they are all filled and do not contribute to the electrical 
characteristics of the material. 

Figure 2.4 shows that as the lattice spacing decreases from its initial 
large value. a single band is first formed. This band is a combination 
valence and conduction band. As the spacing is further reduced, the band 
divides into separate conduction and valence bands with a forbidden pand 
between. In this case, at O'K the valence band is completely filled and the 
conduction band is completely empty. It would be impossible to adjust 
the atomic spacing of a particular crystal arbitrarily. However, the lattice 
constant of crystals of different elements are di.fferent, so different elements 
having similar valence shells such as the tetravalent group could be used 
to provide variation of lattice constant in discrete steps. The spacing 
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between nuclei would naturally increase with the complexity of the atom 
because of the larger atomic diameter. Typical energy-band configurations 
for carbon, silicon, germanium, tin, and lead are indicated in Fig. 2.4. 

2.2 CONDUCTION IN A SEMICONDUCTOR 

The conduction process depends on the availability of charge carriers 
which are able to move in the presence of an electric field. The acceleration 
of the carrier by an electric field increases the carrier's total energy. This 
increase of energy level can be accomplished only if an unfilled state is 
available at a slightly higher energy level. Referring again to Fig. 2.4, it is 
evident that lead is a good conductor because there are unfilled energy 
states in the same energy band as the valence electrons. On the other hand 
germanium, silicon, and diamond crystals are insulators at OaK because 
their valence bands are completely filled and their conduction bands are 
completely empty. A comparatively large amount of energy would then be 
required to elevate a valence-band electron through the forbidden band to 
the conduction band. A very strong electric field could elevate an electron 
to the conduction band, but this would be a process known as the "voltage 
breakdown" rather than a normal conduction process. When the tempera
ture is raised above absolute zero, the crystal atoms acquire vibrational 
kinetic energy. Some of the valence electrons may acquire sufficient 
energy to jump from the valence band to the conduction band. The 
crystal would then be a conductor of sorts because there would be carriers 
in the conduction band and also unoccupied states in the valence band. 
The conductivity would depend on the number of carriers in the conduction 
band. Thus, the higher the temperature, the better the conductivity. The 
crystal is called a semiconductor because near room temperature it has 
electrical conduction properties between those of a conductor and an 
insulator. 

The conduction due to the electrons in the conduction band is a different 
process than the conduction due to the unfilled states left in the valence 
band. The latter is called conduction by "holes." In the intrinsic or pure 
semiconductor material, there are as many holes as there are free electrons, 
as the former is created by the latter. An analogy (which is attributed to 
Shofkley) might be used to illustrate the conduction processes. A parking 
garage with two floors has the lower floor completely filled with auto
mobiles and the upper floor completely empty. Under these conditions 
there can be, no movement of automobiles on either floor. If one auto
mobile is elevated from the lower to the upper floor, there can be motion of 
automobiles on each floor. The auto on the upper floor may move freely 
ov�r comparatively large distances. In contrast, the motion on the lower 
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floor is accomplisbed by moving one car at a time into the available space. 
Hence, an observer near the ceiling of the first floor would sec the "hole" 
move rather than the automobiles. The hole would have less mobility 
than the auto on the upper floor. Nevertheless, both would contribute to 
the total motion. 

A qualitative examination of the crystal structure may give additional 
insight into the behavior of the valence-band electrons. Under carefully 
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Fia. loS. Two-dimensional representation of covalent bonds in a tetravalent crystal. 

controlled conditions, the molten material solidifies into an orderly 
arrangement of atoms. A two-dimensional symbolic diagram of this 
arrangement for a tetravalent material is shown in Fig. 2.5. Covalent 
bonds exist between each pair of atoms and hold the crystal together. In 
this manner, the atoms share their valence electrons, so each atom feels 
that it has realized its ambition to fill its valence shell. In fact, the total 
electron energy is less in the crystalline arrangement than it would be in a 
haphazard arrangement. Figure 2.4 show that the energy of the valence 
electrons is reduced as the crystal is formed. This reduction in energy 
accounts for the "latent heat offusion" which occurs when a liquid freezes. 
In Fig. 2.5, each circle represents the nucleus and the closed shells of a 
tetravalent atom. Consequently, the net positive charge ofthis inert group 
is equal to the charge of the four valence e1ectrons. Each minus sign 
represents a valence electron and the double lines represent the covalent 
forces or bonds which hold the atoms together. Thus, the diagram 
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represents the condition of the entire intrinsic germanium crystal at OOK. 
As the temperature is raised above.OoK, the energy of the crystal atoms 
is increased and they vibrate about their equilibrium positions. If an 
electron receives sufficient energy, i t  may escape from the valence position 
or break the covalent bond and drift through the crystal lattice. The 
electron has then received the energy required to jump from the valence 
band to the conduction band. This energy is about 0.78 electron volt for 
germanium and 1.2 electron volts for silicon at OOK. The electron may 
receive this energy by heat, light, particle bombardment, or intense electric 
field. 

Conduction in the conduction band results from the movement of the 
"free" electrons under the influence of an electric field; this movement 
is hampered only by collision with the stationary lattice atoms and local 
atomic fields. The mechanism of the hole conduction is merely the move
ment of an electron from one covalent bond to a nearby missing covalent 
bond under the influence of an electric field. 

2.3 ELECTRON EMISSION 

The process of electron emission which is utilized in electron tubes 
requires that electrons escape from the surface of a conductor into the 
surrounding gas or vacuum. The energy of the electron must then be 

TABLE 2.1 

Commonly Used Cathode Materials 

Material Ww (ev) Melting Point (OK) 

Cesium 1 .81  299 
Copper 4.10 1356 
Nickel 4.60 1 725 
Thorium 3.40 2 1 1 8  
Tungsten 4.52 3643 
Thorium on tungsten 2.60 
Rare-earth oxides 1.00 (typical) 

increased from the conduction-band level to essentially the zero-reference 
level at infinity. which is known as the vacuum level. The energy difference 
be-tween the highest occupied state at OOK and the vacuum level is known 
as the work function of the material. The electrons may receive sufficient 
energy for emission from heat, light, bombardment by particles, or intense 
electric fields. These types of emission are known as therm ionic emission, 
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photoemission, secondary emission, and high field emission, respectively. 
The emitted electrons are free charge carriers in the space surrounding the 
emitter. These electrons drift in the presence of an electric field and thus 
cause the space to be a conducting medium. 

. 

Some commonly used cathode materials are listed in Table 2. 1. The 
work functions Ww and melting points are also given. An ideal thermionic 
emitter would have a low work function and a high melting point. The 
mechanical properties of the material also need to be considered. Com
monly used thermionic emitters are the rare·earth oxides, tungsten, and 
thorium on tungsten. Cesium is sometimes used as a photo emitter. 

2.4 CHARGE CARRIERS IN A SEMICONDUCTOR 

The conductivity of a semiconductor depends on the charge-carrier 
density. Therefore, conductivity depends on the temperature, as pre
viously discussed. In order to predict the conductivity characteristics of 
a material, a relationship between charge-carrier density and temperature 
must be developed. At temperatures above absolute zero, some valence 
electrons break their covalent bonds and become carriers. At the same 
time these electrons leave holes which act as positive carriers. In addition 
there is a continual recombination of electrons and holes. Therefore, the 
total number of carriers· will reach a steady-state value at a particular 
temperature. 

It would be impossible to predict the time of excitation or recombination 
of a particular electron. However, using the methods of statistics it is 
possible to accurately predict the number of electrons in the conduction 
band or the number of holes in the valence band at a particular tempera
ture. This prediction is analogous to the accurate prediction of death 
rates of populations even though it may be impossible to predict the time 
of death of each individual. 

Fermi and Dirac used statistical methods to determine the probability 
of occupancy of any particular energy state as a function of temperature. 
This is analogous to the probability that a person will die within a year as a 
function of age. The number of persons in a given age group who will die 
within a year may then be determined by multiplying the total number of 
persons in the group by the probability function. In a similar fashion, the 
number of occupied states at a given energy level and temperature can be 
determined by multiplying the total number of states by the probability 
that the states are occupied. The Fermi-Dirac probability function is 

f(W) = 1 + e(�-W'''kT (2.14) 
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where W = the energy level under consideration 
k = the Boltzmann constant, 1.38 X 10-23 irK, which relates 

temperature to energy 
T = the temperature in oK 

W F = a specific energy level known as the Fermi level 
When the temperature is absolute zero, it may be seen from Eq. 2.14 that 

the probability is zero that an energy state of higher level than the Fermi 
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Probability function 

(a) 

N. _ "N,f(w)- N(l -f(w}J ---
Density of states Density of electrons Density of holes 
(per unit energy) (per unit energy) (per unit energy) 

(b) (C) (d) 

Fia. 2.6. An illustration of the method of calculating the densities of electrons per unit 
energy or hoJes per unit energy by taking the product of the probability function and the 
density of states per unit energy. 

level is occupied and is unity that an energy state having lower energy 
than the Fermi level is occupied. Therefore, a rule concerning the Fermi 
level may be stated. No electron can have energy higher than the Fermi 
level when rite temperature is absolute zero. 

Again, Eq. 2.14 shows that the probability of an energy state being 
occupied is one half when the state is at the Fermi level and the temperature 
is above OOK. This second rule is also useful in locating the Fermi level, as 
will be seen later. The Fermi-Dirac probability function is sketched for 
two different temperature values in Fig. 2.6a. 

In order to determine the number of occupied states, and hence the 
number of charge carriers in a given volume of crystal, the density of 
available energy states which have energies within a narrow energy band 
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!:J. W must be known as a function of energy. This, for example, is analogous 
to knowing the number of people in each age group as a function of age 
in the United States. The method of quantum mechanics provides the 
desired density of energy states having energies within the limits !:J. W 
as a function of energy. First, Aldeet van der Ziel has shown that the 
maximum possible density of electrons which can have velocities within the 
limits !:J.v is given by the relationship' 

!:J.N. 
= 8n(m

�
')'v' !:J.v 

h 
(2.15) 

where !:J.N, is the number of available �tates per unit volume which can be 
filled by electrons having velocities within the limits !:J.v, m, * is the effective 
mass of the electron,' and h is Planck's constant (6.625 X 10-" j/sec.). 

Writing Eq. 2. 1 5  in differential form, 

8n(m *)'v'dv dN = ::.:�''--:.'-'� , 
h '  

(2.16) 

The velocity v can be expressed in terms of the kinetic energy of the 
electron. Then substituting Wk = mv'/2 and dW. = mv dv into Eq. 2. 16  
we have 

� • * � 
dN = 8(2) n(m, ) Wk d� . 

• 
h3 

k (2.17) 

When an electron receives sufficient energy to jump from the valence 
band to the conduction band, the potential energy of the electron is 
increased to the potential energy level of the conduction band, W,. 
The electron usually receives more than enough energy to jump the gap 
and become free. The excess energy is retained by the electron in the form 
of kinetic energy, Wk' Therefore, the total energy of a conduction-band 
electron is W = W, + W. and the kinetic energy is Wk = W - W,. 
Note that dW. = dW. Using these relationships, Eq. 2. 17  becomes 

where 
dN, = A,(W - W,)1i dW = A,N,(W) dW (2. 18a) 

A, = 8(2)1i,,(m, *)H/h3, 

and the density of states is 

N,(W) = (W - W,)Ii. 

I See Solid Slate Physical Electronics. by Aldert van der Ziel. Prentice-Hall. Englcwood 
Clltfs, New Jersey. Section 3.3, p. 46. 

I Classical mechanics can be used to determine the behavior of free carriers in a 
crystal provided that an effective mass m.- (which accounts for the periodic crystal 
forces) is used instead of the electronic rest mass m. (See Table 2,2.) 
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It can be shown that the distribution of available states near the top 
of the valence band is the same as the distribution of states near the 
lower edge of the conduction band. In other words, Eq. 2.1Sa is applicable 
near the upper edge of the valence band when the term ( W  - Wo) is 
replaced by ( W, - W) and the elfective mass of the hole m. *, which is 
dilferent than the elfective mass of the electron, is used in the constant A. 
Then dN, = A.( W. - W)!4 dW = A. dN.(W) dW (2.1 Sb) 

A sketch of the available states N, per unit energy as a function of energy 
W is given in Fig. 2.6b. 

TABLE 2.2 

Some Physical Constants and Some Fundamental 
Properties of Ge and Si 

Physical Constants 

Electron charge q, coulomb 
Electron rest mass rn, kg 
Proton rest mass, kg 
Planck's constant h, joule-sec 
Boltzmann constant k. joule/oK 
Avogadro's number, molecuJes/kg-mole 
Permittivity of free space £", farad/m 
Permeability of free space 1-'11' henry/m 
Speed of light, m/sec 
Wavelength range of visible light, A 

Specific Properties 

Atomic number 
Atomic weight 
Density (25°C) kg/m' 
Melting point, QC 
Relative dielectric constant �/£1I 
Effective mass ratio m·fm: Free electrons 

holes 
Intrinsic carrier density (3000K), ni, 

C -, pi, m 
Gap energy Wg• electron volts : OaK 

300"K 
Carrier mobility (300"K), m'/v-sec 1'. 

1'. 
Diffusion constant (300"K) m'/sec D. 

D. 

Ge 

32 
72.60 

5.33 x 10' 
936 

16 
0.55 
0.37 

2.4 x 10" 

0.782 
0.67 
0.39 
0.19 

98.8 x 10-' 
46.8 x 10-' 

1 .6 X 10-19 
9.1 1  X 10-31 
1.67 x 10-" 
6.62 x 1()-3' 
1 .38 x 10-23 
6.02 x 10" 

8.854 x 10-" 
411 x 10-7 

3.00 x loa 
4000 - 7200 

Si 

14 
28.06 

2.33 x 10' 
1420 

1 2  
1 . 1  
0.59 

U x 1010 

1.2 
1 . 1  
0.12 
0.05 

33.8 x 10-' 
13 x 10-' 
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Now, the number of electrons, or occupied states, per unit volume which 
have energies within the band dW may be obtained from the product of the 
number of states dN, and the probability function f( W). 

dn = f(W)(dN.) = AiW - W,)"f(W) dW (2.19) 
where n is the number of electrons per unit volume. 

The number of electrons per unit volume (n) as a function of energy is 
shown in Fig. 2.6c when the temperature T = T.. Since a hole is an 
unoccupied state, the density of holes per unit energy may be determined 
by subtracting the density of occupied states n, per unit energy, from the 
total density of states N" per unit energy. Note that the probability 
function is symmetrical about the Fermi level. That is, the probability 
that states are filled at a given f!,. W above the Fermi level is equal to the 
probability that states are empty [ I  - f(W)] at the same f!,.W below 
the Fermi level. The Fermi level is shown in Fig. 2.6a near the center 
of the forbidden band or gap. This position will be verified later. 

The total number of electrons per unit volume in the conduction band 
is obtained by integrating both sides of Eq. 2.19 over the entire conduction 
band. iro n = AiW - W,)"f(W) dW (2.20) 

w. 
An examination of the probability function f( W), Eq. 2.14, suggests 

that a useful approximation may be made when W - W F is at least 
several times as large as kT. Then the exponential term is large in com
parison with one and f(W) � e-nv-TV,,,OT (2.21) 
For the normal room temperature of 300oK, kT = 4. 14 X 10-21 joule. 
The normal forbidden band or gap energy is of the order of one electron 
volt = 1 .6 X 10-" joule. The total gap energy is  then about 40kT. 
Since the Fermi level is near the center of the gap, or forbidden band, as 
indicated in Fig. 2.6, there are no stateseloser than about20kTto the Fermi 
level. Equation 2.2 1 ,  which is known as the e1assical approximation, is 
highly accurate under these conditions. 

The number of occupied states, or electrons, per unit volume in the 
conduction band may now be determined. Using Eqs. 2.20 and 2.21 

n = fro A,(W _ W,)" e-tW-W,,,.T dW (2.22) J w .. 
If a change in variable from (W - W,) to x is made, this integral may be 
recognized as a standard form.' With the aid of the integral table, 

(2.23) 

1 See Eq. 508 in B. C. Pierce and R. M. Foster, A Short Table of Integrals, Fourth 
Edition, Ginn and Co., New York, 1956. 
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The previous technique may be used to determine the hole density in 
the valence band. The probability that states are not filled is 

1 
1 - F( W) = -----:=''--::� 

1 + e<Wr-WlfkT 

PROD. 2.1. Verify Eq. 2.24. 

(2.24) 

Since the energy level at the top of the valence band is several kT units 
below the Fermi level, 1 - F(W) "", e-OV,-W)/.,.. Using Eq. 2.18b 

JW, 
P = _ � A,(W. - W)\o{ e-(wr-wl/'" dW (2.25) 

Notice the similarity between Eqs. 2.22 and 2.25. A serious question, 
however, may be raised concerning the validity of Eq. 2.25, as the density 
of states function is only valid near the top of the valence band but the 
integration is to be performed over the entire energy range below W •. 
This inconsistency will produce little error, however, because the proba
bility function 1 - F( W) approaches zero at an exponential rate, and at 
normal temperatures the product (I - F(W» N, is negligibly small for 
all energy levels for which N, = A.( W. - W)\O{ is not valid. The integral 
table may be used to integrate Eq. 2.25. Then 

p = 
A, (kT)li",\o{ e-" .. ..-w.I/'" 

2 
(2.26) 

Calculation of either p from Eq. 2.26 or n from Eq. 2.23 requires a 
knowledge of the Fermi level W F" Wjto, however, vanishes from the product 
pn as shown in Eq. 2.27: 

pn = A,A, (k T)'", ,-( W�w.I/'" 
4 

where W, - W, is the gap energy W, which is known. 

(2.27) 

In the intrinsic material, the density of free electrons ni must be equal 
to the density of holes Pi ; therefore, np = niPi = nil = Pil and 

n; = p; = !(A,A,,,,k')\o{Tli 
e-( lV./2>T) = BTli ,-( W.I"T) (2.28) 

The experimentally determined values of B (which give charge carriers 
per cubic meter) are : 

B = 1.76 X 1022 for germanium 

B = 3.88 x 10" for silicon 

PROD. 2.2. Calculate the theoretical values of B for both silicon and gennanium 
and compare them with the experimentally determined values. Why are the 
values of B different for germanium and silicon? 
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A comparison between Eqs. 2.23 and 2.28 shows that the Fermi level 
would be at the center of the forbidden band or gap if A, were equal to 
A.. Actually, A, differs from A. because of the difference in the effective 
mass of the electron as compared with that of the hole in a crystal. 
Nevertheless, the Fermi level is very near the center of the gap in the 
intrinsic crystal. 

The gap energy is a function of temperature because the atomic spacing 
increases with temperature owing to thermal expansion. The gap energy 
can be determined from the following relationships : 

For silicon, W, = 1 .2 - (2.8 X IQ-'T) electron volts 

For germanium, W, = 0.782 - (3.9 X IO-'T) electron volts 

At 3000K the gap energy is approximately 1 . 1  electron volts for silicon 
and 0.67 electron volts for germanium. 
PROD. 2.3. Calculate the number of conduction electrons in 1 cc of intrinsic 
germanium at (a) 300oK, (b) 200oK, (c) 4OOOK. One electron volt � 1 .6 x 10-19 j. 
Answer: (a) 2.56 x 1013 (b) 2.99 x /010 (c) 6.35 x /0". 
PROD. 2.4. Calculate the number of conduction holes in I cc of intrinsic 
silicon at (a) 200'K, (b) 300'K, (c) 4OOoK. 

PRO:a. 2.5. Calculate the ratio of conduction electrons in germanium at room 
temperature (3000K) to the total number of atoms in the crystal. The density 
of Ge is 5.46 glcm3. Its atomic weight is 72.6 grams, in which there are 6.024 x 
1 023  atoms (Avogadro's number). 

2.5 RECOMBINATION 

From the foregoing discussion, it is evident that free electrons and holes 
are being continually generated in a semiconductor crystal at normal 
temperatures. The number of charge carriers would increase indefinitely 
if the holes and electrons did not recombine. When the temperature of 
the crystal remains constant for a period of time, however, the rate of 
recombination is equal to the rate of generation and the carrier density 
remains essentially constant at the value predicted by statistical methods 
(Eq. 2.28). [f the number of carriers were increased above the equilibrium 
value by some process, such as shining light on the crystal, the recombina
tion ratt? would also increase because the opportunities fOT recombination 
are proportional to the number of carriers. This is analogous to the 
marriage rate being proportional to the population. After removing the 
light. the recombination rate exceeds the generation rate and the carrier 
density decreases exponentially toward the equilibrium value. This process 
is expressed by the following relationship; considering negative carriers : 

(2.29) 

, 
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where no is the number of negative carriers at eq uilibrium. t'ln is the increase 
in carriers due to the light, and T is defined as the time required to reduce 
the excess carriers to l Ie times the number at the instant the light was 
removed at t = O. T is given the name "lifetime" and compares with the 
time constant of an electrical RC circuit. The rate of change of carrier 
density 

But from Eq. 2.29 

Then 

dn 
_

_ t'ln e-l/1 
dt T 

dn "0 n - = - - -
dl T T 

(2.30) 

(2.31) 

(2.32) 

The first term of Eq. 2.32 is the rate of generation and is a function of the 
temperature and the lifetime. The second term is the rate of re combination. 
It is proportional to the instantaneous carrier density and inversely 
proportional to the lifetime. When n is equal to no. the recombination 
rate is equal to the rate of generation and the density is in equilibrium. 

According to Dewitt and Rossoff,4 experimental measurements of the 
lifetime of various crystals reveal that the lifetime of similar crystals vari<3 
widely. The purer crystals have longer lifetimes. In addition, the shape 
of the crystal has a pronounced influence on the lifetime. The larger the 
ratio of volume to surface area, the longer is the lifetime. For example, 
a cubic crystal has a longer lifetime than a thin or long crystal. The 
measured lifetimes are always much shorter than predicted values based 
on the assumption that the recombination results purely from an electron 
coming in contact with a hole. 

Investigators have postulated that the imperfections in the crystal act as 
a catalyst to speed up the recombinatioJ' process. It is not known how 
these imperfections do this, but it is specul.lted that the imperfection some
how holds the carrier until an opposite type carrier comes along and 
recombination results. The probability of recombination would be 
increased by this mechanism. The imperfections are known as deathnium 
cenlers or traps. Actually the entire surface of the crystal is an extended 
imperfection. Therefore. a decrease in surface area for a given volume 
of crystal would reduce the number of traps and increase the lifetime of 
the carriers. 

t The basic information for this discussion of lifetime and recombination was obtained 
from Transistor Electronic:;, by D. Dcwitt and A. l. Rossotr: McGraw-Hill, New 
York, 1957. 
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1.6 DRIFT AND CONDUCITVlTY 

The motion of the charge carriers would be random in the absence of an 
electric field. According to the particle theory of matter, each free electron 
would travel in a straight path until it had a collision. If the collision 
were elastic, the electron would proceed in another direction. By this 
process the motion would be completely random but there would be an 
average length of path between collisions. This average path is known as 
the mean free path. Also there would be a mean free time and an average 
particle velocity associated with this time. The holes would also move from 
atom to atom in a random fashion. The hole mean free path would 
normally be shorter than that of the electron. 

When an electric field is applied to the crystal, the carriers acquire a 
component of velocity in the direction of the field. Because of the increased 
kinetic energy of the carriers, they experience a greater energy loss at each 
collision. This energy loss accounts for the ohmic power loss in the 
conduction process. The carriers are deflected in random directions after 
each collision, but the component of velocity acquired in the direction of 
the field between collisions results in an average drift velocity v. The 
current density is equal to the product of the charge per unit volume and 
the drift velocity. Consequently, the current density due to electron drift 
is 

In = nqvn (2.33) 

where v. is the average drift velocity of the electrons. 
The hole drift would also contribute to the current density. Therefore, 

J. = pqv. (2.34) 

where v. is the average drift velocity of the holes. 
The total current density 

J = J. + J. = q(nv. + pv.) (2.35) 

Conductivity a is defined as the ratio of current density to the electric 
field intensity. 

J 
(1 = -

8 
Then, combining Eqs. 2.35 and 2.36 

q(nv. + pv.) a =  
If 

(2.36) 

(2.37) 

It is convenient to use the concept of charge mobility I' which is defined as 

v 
1' = -If 

(2.38) 



42 Electrooic EngineerIng 
Then <1 = q(nl'n + PI'.) 
where 1'. = the mobility of negative carriers 

1'. = the mobility of positive carriers 

(2.39) 

The carrier mobilities for a material may be determined experimentally by 
the use of the "Hall effect" which will be discussed later. The mobilities 

t 

o 

Ge Si 

Temperature � 

Fig. 2.7. Conductivity of germanium and silicon as a function of temperature. 

of lightly doped germanium and silicon at 3000K as determined by 
M. B. Prince' are listed below. 

Germanium 
Silicon 

1'. 
0.39 
0.1 2  

1'. 
0.1 9  m'/vsec 
0.05 m'lvsec 

Carrier mobility decreases with increasing temperature because the 
increased vibrational energy increases the effective diameter of the atoms 
and thus reduces the mean free path of the carriers. The mobility tempera
ture coefficient is often neglected for temperatures near 3000K because 
it is dwarfed by the exponential variation of thermal generation with 
temperature. 

PROB. 2.6. calcuJate the conductivity of pure germanium at room temperature 
(3000K). See Prob. 2.3. Answer: 2.22 mhos/meter. 
PROD. 2.7. Calculate the conductivity of pure silicon at 300oK. See Prob. 2.4. 

PROD. 2.8. What is the resistivity of (a) germanium and (b) silicon at 300oK? 
Answer: (a) 0.45 ohm-meter. (b) 2400 ohm-meter. 

Figure 2.7 illustrates the variation of conductivity of intrinsic germanium 
and silicon as a function of temperature. This variable conductivity 

• M. B. Prince. Phys. R .... Vol. 92. No. 3 (1953). 
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property is exploited in devices such as thermistors, which are used in 
applications such as thermal compensation of transistor circuits and 
automatic temperature control systems. In the thermistor, the nature of 
the variation of resistance over a given temperature range depends on 
the type of semiconductor material used. whereas the actual resistance at a 
given reference temperature depends on the size and shape of the device. 

PROB. 2.9. A rectangular thermistor is made of pure germanium. Its dimen
sions are 0.1 cm x 0.2 cm x 1.0 cm. The electrodes are attached to the ends 
of the bar. Determine the resistance of the thermistor at 300"K and 350"K. 
Assume that the carrier mobilities at 350"K are approximately the same as they 
are at 300"K. 

2.7 DOPED SEMICONDUCTORS 

A semiconductor crystal which is impure or imperfect may be called an 
extrinsic semiconductor. As previously discussed, imperfections cause 
traps or deathnium centers. It would be expected that impurities would 
alter the energy levels and change the conductivity of the crystal. When 
impurity atoms are intentionally added, the semiconductor is said to be 
doped. Very small amounts of impurity may have a remarkable effect on 
the behavior of the crystal. 

The conductivity of a semiconductor may be greatly increased if small 
amounts of certain impurities are introduced into the crystal. For example, 
if a few parts per million of elements such as arsenic or antimony, which 
have five valence electrons, are added to the semiconductor, the impurity 
atoms replace the germanium or silicon atoms in the crystal structure, as 
shown in Fig. 2.8. Four of the valence electrons will form covalent bonds 
with the neighboring atoms. The fifth electron will not fit into the lattice 
arrangement and, therefore, will be loosely bound to its nucleus. At OaK 
the energy of this electron is only a few hundredths of an electron volt 
below the conduction band. Therefore, at normal temperatures the 
probability is very high that this electron will be a free electron in the 
conduction band. The electron is then said to be activated. Note that a 
negative carrier is produced without creating a hole or a positive carrier. 
A fixed positive charge remains in the lattice but no covalent bonds are 
broken. 

A semiconductor to which a pentavalent atom has been added is called 
n-type because the majority of charge carriers are negative. The penta
valent impurity atoms are called donors because they provide the extra 
free electrons. If there is only one donor for each million intrinsic atoms, 
the number of free electrons and hence the conductivity may be increased 
many-fold. In n-type material, the holes produced by thermal generation 
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loosely 
_ ..... - bound 

electron 

Fig. 2.8. Crystal lanice with a donor impurity. 

Missing 
covalent J!---t- bond 

..,le or hole �:---J-",-_ 

Fig. 2.9. Crystal lattice with an acceptor impurity. 
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readily recombine because of the abundance of free electrons. Therefore, 
conduction is due almost entirely to free electrons. In this case, the elec
trons are called majority carriers and the holes are called minority carriers. 
Consequently, the conductivity is 

(2.40) 
Each donor atom provides an allowed energy state in the forbidden band 
(of the intrinsic material) at an energy level of a few hundredths of an 
electron volt below the conduction band, as shown in Fig. 2.lOa. This 
level is known as the donor level. 

PROD. 2.10. Assuming that all the donor atoms provide a free electron. calcu
late the conductivity at 3000K of n-type germanium which has one donor atom 
per million germanium atoms. Compare the conductivity with that of pure 
germanium (Prob. 2.6). 

If a small quantity of trivalent impurity is added to an intrinsic semi
conductor, each impurity atom fits into the crystal structure but lacks one 
of the electrons needed to complete the covalent bonds. This situation is 
illustrated in Fig. 2.9. Each impurity atom is called an acceptor because 
it provides a hole or positive carrier. At normal temperatures these holes 
move freely through the material and become charge carriers because very 
little energy is required to move a valence electron from a neighboring atom 
into the hole provided by an acceptor atom. 

Each acceptor atom provides an allowed energy state in the intrinsic 
forbidden band at an energy level a few hundredths of an electron volt 
above the valence band as shown in Fig. 2.IOa. This level is known as 
the acceptor level. 

A crystal which is doped with acceptor atoms such as indium or gallium 
is known as p-type because conduction is primarily by holes. In p-type 
material, the free electrons which are thermally generated in the intrinsic 
material quickly recombine because of the abundance of holes. Therefore, 
the conductivity of p-type material is 

(2.41)  

In the event that both donors and acceptors were added to an intrinsic 
semiconductor, it would be expected that the donor electrons would com
bine with the acceptor holes. The difference between the donor and 
acceptor concentrations should determine the effect of the doping. Equal 
concentrations should provide characteristics similar to the intrinsic 
material. Experimental evidence verifies that these assumptions are 
essentially correct. 



46 Electronic Engineering 

The Ferrni-Dirac· distribution function is also applicable to the extrinsic 
or doped semiconductor. Determining the location of the Fermi level is 
usually the major problem in the application of this function. The Fermi 
level was found to be near the center of the forbidden band in the intrinsic 
semiconductor ;  the knowledge that the density of free electrons is equal 
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Fig. 2.10. Energy states of a "doped" semiconductor. 

to the density of holes was used to make this determination. Similarly, 
the doping concentrations and the degree of activation of the impurity 
atoms must be known in the extrinsic semiconductor in order to locate 
the Fermi level. The degree of activation, and thus the Fermi level, is a 
function of temperature. Before we attempt to locate the Fermi level in 
a specific example, let us review the characteristics of the Fermi-Dirac 
distribution function. 

I .  The probability that states with energies above the Fermi level are 
filled is  always less than one half. 

2. The probability that states with energies below the Fermi level are 
filled is always more than one half. 

3.  At O'K all states with energies above the Fermi level are empty and 
all states with energies below the Fermi level are filled. 

Now \et us consider a silicon crystal which has been doped with donor 
atoms. The foregoing rules clearly show that the Fermi level must be 
above the donor level at all temperatures below T" which is the temperature 
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required to activate one half of the donors (see Fig. 2. lOb). For tempera
tures above T" the Fermi level must drop below the donor level because 
less than half of the donor states are filled. T, is of the order of SocK. 
At temperatures well above T" almost all the donors are activated and the 
negative carrier density is approximately equal to the donor density 
because the carriers generated from the intrinsic atoms are normally 
negligible. Whenever the carrier density is known, the Fermi level may 
be determined at a given temperature by the use of Eq. 2.23 because the 
Fermi level with reference to W, is the only unknown in the equation. 

PROD. 2.11. A silicon crystal is doped with 1021 donors per cubic meter. 
Find the Fermi level with respect to the bottom of the conduction band at 
300"K. Assume the constant AekMn'A/2 to be approximately equal to the 
constant B (Eq. 2.28). Answer: 0.316 v below Wo' 
PROB. 2.12. Determine the probability that the donor states are filled in the 
doped crystal of Prob. 2. 1 1  Assume that the donor level is 0.02 electron volts 
below the conduction band. 

As the temperature is raised to such a high value that the carriers 
generated by broken covalent bonds in the intrinsic material have a 
density comparable with the donor density, the Fermi level must approach 
the center of the forbidden band because the hole density will then be 
comparable with the electron density and this situation can occur only 
when the Fermi level is near the eenter of the gap. The Fermi level is 
sketched as a function of temperature in Fig. 2. lOb. A sketch of charge 
carriers as a function of temperature is shown in Fig. 2. 1 1 . 

n 

T _  

Fig. 2.11. A typical plot of charge carriers as a function o f  temperature for n-type 
crystal. 
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PROD. 2.13. Sketch the Fermi level as. a function of temperature for ap-doped 
crystal. 

It was previously shown by Eq. 2.27 that the product of positive and 
negative charge carriers pn is independent of the Fermi level, assuming a 
condition of thermal equilibrium. Therefore Eq. 2.27 is valid for doped 
as well as intrinsic crystals. In the intrinsic material, since p� = ni' we 
can write 

pn = nl (2.42) 

where n, is the number of negative carriers in thermal equilibrium. In the 
doped crystal, the Fermi level is shifted away from the center of the gap 
and p is not equal to n. However, the product pn is a function of the gap 
energy and temperature only and is, therefore, the same as in the intrinsic 
crystal. Then 

n ' 
p = -' 

n 
(2.43) 

Equation 2.43 is useful in determining the number of minority carriers 
per unit volume when the number of majority carriers and intrinsic carriers 
are either known or can be calculated easily. Inspection of Eq. 2.42 
reveals that in the doped semiconductor the minority carriers are reduced 
from the number in the intrinsic material by the SJme ratio as the increase 
in majority carriers, which results from the doping. For example, consider 
an n-type crystal which has one hundred times as many negative carriers 
per unit volume as the intrinsic crystal would have at the same temperature. 
The p-type carriers would only be 0.0 I as numerous as those in the intrinsic 
material. Physically, the reduction in holes results from the increased 
opportunities for recombination offered by the activated donor electrons. 
Mathematically, the increased probability that the holes are filled results 
from the elevated position of the Fermi level. compared with its central 
position in the intrinsic case. The end result is that the conductivity of 
either n- or p-type semiconductors is almost entirely due to the majority 
carriers. 

2.8 THE HALL EFFECf 

The phenomenon known as the Hall effect is significant in the discussion 
of semiconductor theory for two reasons. First, the Hall effect provides a 
method of determining the electron and hole mobilities for a given material. 
Second, the Hall effect demonstrates that conduction by holes is a different 
process than conduction by electrons. Frequently, the beginning student 
is reluctant to accept the concept of conduction by holes. 
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Figure 2 . 12  illustrates the Hall effect. A current is passed through a 
conductor or semiconductor as indicated. The current flows because of an 
axial, or x, component of electric field. A magnetic field is arranged so 
that the magnetic flux in the material is normal to the direction of current 
flow. Assume that the material is a p-type crystal and that the magnetic 
flux lines are coming out of the paper. The holes would then experience a 
downward force which would cause them to crowd together toward the 
bottom of the crystal as indicated by the closeness of the line spacing in the 

o 0 0 

H�le 
0 
cu:re:

/o 
E;uipotential surfaces 

o 0 
o o 

0 0 I 
0 0 

l�� o 

0 0 1 0 0 0 0 0 0 0  0 0 0 0 

I . .1 

I 
t F = ll x B  I I 

Fig. 2.12. The Hall effect. 

6 

figure. This uneven distribution of charge_ would produce a transverse, or 
y, component of electric field. Since there can be no appreciable transverse 
current flow in the crystal, the upward electrostatic force on each charge 
must be equal to the downward magnetic force. The resultant electric field 
-in the crystal would be the vector sum of the axial and transverse compo
nents, as indicated by the vector diagram of Fig. 2. 12. Then equating the 
transverse electric and magnetic forces, 

F = BlI = pqA/8', (2.44) 

where / = the length of the crystal 
A = cross-sectional area 

I'q = charge density due to the holes 
The axial component of electric field, using Eq. 2.36, is 

From Eq. 2.44 

Then 

8' = { • 
<J 

6' = BI _ BJ 
, pqA pq 

O ,g" 1 Ba tan = - = -
6'. pq 

(2.45) 

(2.46) 

(2.47) 
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Using the relationship a = pqf'. (Eq. 2.41) 
tan e = Bf'. (2.48) 

The flux density B can be calculated or measured. The angle e may be 
determined from careful measurements to find equipotential points on the 
face of the crystal. After a line is drawn through the equipotential points, 
the 

"
angle e is measured between the equipotential line and the transverse 

line. The hole mobility for the type crystal used may then be calculated. 
tan 0 

f'. = 13 (2.49) 

An n-type crystal could have been used for the preceding example 
instead of a p-type. The force exerted by the magnetic field on the moving 
charges would still be downward and the electrons would be crowded 
toward the bottom of the crystal. Therefore, the transverse component of 
electric field would also be downward and the equipotential surfaces would 
slope the opposite direction from the transverse surface, in comparison 
with the p-type crystal . Thus, the type of conductivity may be identified. 

MKS units were used in the preceding development. If the magnetic 
flux density is given in webers/m', the mobility will be obtained in m'/v-sec. 

PROD. 2.14. A Hall effect experiment is arranged as shown in Fig. 2.12. If 
the magnetic flux density B is 0.1 webers/m2 and the angle which the equi
potential surface makes with the horizontal x direction is 80°, determine the 
mobility and the type of majority carriers. 

Actually the carrier mobility decreases as the temperature increases, 
because the carrier mean free path decreases. The mean free path decreases 

because the vibration amplitude of each 
atom about its eq uilibrium position increases. 

- - -- - - - - - w1 Therefore, the effective collision diameter of 
each atom increases with temperature. For 

- ------- -- Wc this reason the resistance of a conductor 

t 
w 

- ------ -- Wu 

- - - - - --- w, 

o 
f -

Fig. 2.13. Configuration for 
Prob. 2 . 1 5. 

increases with temperature. 

PROD. 2.15. Let us assume that there exists an 
element for 'which I he portion of filled electron 
states is not given by the Fermi·Dirac distribu· 
tion but rather the function shown in Fig. 2. 13.  

That is, f = 1 SO (I.. _ W 
_ 7) filled states 

T 300 states 
where W, > W > W, and f = 0 for W > W, 
and f = 1 for W <  W,. 

It has also been determined that 

N( W) = A( W _ W ) available states e 
cm3 ev 
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rather than Ac(W - Wc:)'-'7 where A = 1()20 and W is in electron volts, for this 
particular element. (This expression is valid only in the lower part of the 
conduction band.) 

Let Wc: = -6 cV, W., = -8 cv, 
T 

W, = -7 + 
300 ' 

T 
W, = -7 -

300
. 

(a) How many available states N are there with an energy of -S.S ev in a 
cubic centimeter? 

(b) How many available states are there with energies between -6 and -S.S 
ev in a emS? 

(c) What is the maximum temperature in degrees Kelvin for which there will 
be no electrons in the conduction band ? 

(d) Does any such temperature exist in the case of the Fermi·Dirac distribu
tion ? Why? 

(e) What is the most probable number of electrons per ems with an energy 
between -5.75 ev and -5.74 ev if T = 4500K? 

(r> What is the maximum number of electrons per em8 which can be between 
the energy levels of -5.75 ev and -5.74 ev? 

(g) If T = 450oK, how many electrons will there be in the conduction band 
for 1 cm3 of the material ? 
PROD. 1.16. A large bar of germanium having the dimension shown in Fig. 
2.14 is used for the following problems. 

1 

__ .".r<------ 5 cm -------+1 

Uniform connection 
Fig. 1.14. Configuration for Prob. 2.16. 

(a) What is the resistance of the bar at 4OO0K if there are no impurities in the 
germanium? Neglect edge effects and assume that the bar is enclosed in a light
proof box. Also assume that the mobility does not Change with temperature. 

(b) What changes will take place in the resistance if a bright light (which 
generates no heat) is suddenly turned on in such a way that all side surfaces are 
illuminated for one minute, then the light is turned off? 

(c) Find the resistance at 4000K (no light) if arsenic atoms (pentavalent) are 
added in the ratio of 0.5 parts per million. 

(d) Without calculating the new values of resistance, discuss the effects of 
reducing the temperature from 4000K to 3000K for the intrinsic germanium bar 
of part a and the doped bar of part c. 
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Diodes 

A diode is an electronic device that readily passes current in one direction 
but does not pass appreciable current in the opposite direction. Such a 
device is formed when a piece of n-type semiconductor is connected to a 
piece of p-type semiconductor. In actual production, a single crystal of 
semiconductor is formed with half of the crystal doped with acceptor 
impurities and the other half of the crystal doped with donor impurities. 
Other types of diodes are constructed by placing an electron emitter 
(cathode) and an electron collector (plate) in a vacuum or in a controlled 
gaseous atmosphere. The properties of the various types of diodes are 
considered in this chapter. 

3.1 THE p-n JUNCfION 

Figure 3.1 illustrates the action of the p-n junction. Assume two 
pieces of semiconductor exist (Fig. 3 . 1a). The p material contains an 
extremely small percentage (in the order of 10-4%) of atoms with a 
valence of +3. These acceptor atoms are rep�esented in Fig. 3.1a as the 
circles with the negative signs. Associated with each acceptor atom is a 
hole, which is represented as a positive sign. An even smaller percentage 
of intrinsic atoms have lost electrons due to thermal agitation (or photo 

52 
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(d) 

Fig. 3.1. The pAn junction. (a) Representation of p- and If-type material ;  (b) represen
tation of p-II junction; (C) ch"rg� ui:slribuliQJl of lhe p-n ju m.;{iun; (d) pot�Tlti(ll d i!)tribu
tion of the p-II junction. 

emission), These atoms are represented by the positive sign in the square. 
The free electrons released by this action are represented by the negative 
sign in the square. fn the n material of Fig. 3 . 1 a, the +5 valence atoms 
are represented by the circles with the positive sign. The free electrons 
due to these donor atoms arc shown as negative signs. As in the p 
material, the intrinsic atoms form a few electron-hole pairs. Again, these 
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electrons are represented by a negative sign in a square and the holes are 
represented by a positive sign in a square. It is important to note that both 
the piece of p material and the piece of n material are electrically neutral. 

A charge redistribution occurs when the two pieces of semiconductor 
materials are connected. In this condition, as shown in Fig. 3. 1h, some of 
the free electrons from the n material have migrated into the p material 
and have recomhined with the extra holes. Also. some of the holes from 
the p material have migrated into the n material and have recombined 
witn free electrons. As a net result, the p material has assumed a net 
negative charge and the n material has assumed a net positive charge. 
This charge distribution is shown in Fig. 3 . lc. As a result of the "charge 
distribution, a potential difference exists across the junction (Fig. 3.1d). 

The process by which the charges cross the junction is known as diffusion. 
This process may be visualized if only the action of the electrons from the 
n piece of material is considered. When the two pieces of material are 
joined, there is a concentration of electrons in the n material but essentially 
none in the p material. The random motion of the electrons will allow 
some electrons to pass from the n to the p region. Because there are 
fewer electrons in the p region than in the n region. fewer electrons will 
tend to pass from the p to the n region. If no other forces exist, the 
diffusion process will continue until the concentration of electrons is 
uniform throughout the material. This process is the same process which 
occurs when two containers of dissimilar pure gases are joined. Eventually 
both containers will contain a uniform mixture of both gases. However, 
because of the charges on the electrons, thcse electrons are attract�d toward 
the positively charged n region. Similarly. the holes are attracted toward 
the negatively charged p region. Hence, an electric field is established 
(by the diffusion process), which inhibits the diffusion process. 

A crude analysis of the diffusion process can be made. In this analysis, 
assume an electron distribution exists as shown in Fig. 3.2. The charge on 
the electrons will be ignored in this analysis but will be considered later. 
Because of the random distribution of electron directions, half of the 
electrons will have a component of velocity to the left and half will have a 
component of velocity to the right. Now. assume that all the electrons 
contained within the slice of crystal between x and (x + I,) are able to 
move a distance 1 in the x direction in the time f. The term 1 is the mean 
free path of the electron in the x direction and f js the time required to 
travel this distance. Then, the total number of electrons crossing the line 
x of Fig. 3.2 from the right is one half the total electrons contained 
between x.and (.r + i). But, the total numher of electrons in a unit cross
sectional area is equal to the electron density per unit length multiplied by 
the total length. rn this process, the total number. of electrons per unit 
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cross section is equal to the area under the curve of Fig. 3.2 between the 
points x and (x + i). The total number of electrons per unit cress section 
is therefore approximately 

Nrzto (z+I'J = I(n + .!. dn i) (3.1) 
2 dx 

The first term in on the right of the equation is area 1 of Fig. 3.2; the 

t 
n�. _ _ _ _ _ _ _ _ _ _ _  _ 

I 
I . I I I 
I I 

% - % 

Distance ,. 

�.Are. 2 

",--",,' 1 

. +  

Fig. 3.2. A plot of electron distribution for use in deriving the diffusion equations. 

second term is approximately equal to area 2 of the same figure. Area 2 

is a triangle and hence has an area of !l !l.n where !l.n is given as 
dn T. 
dx 

The total number of carriers per unit cross-sectional area which cross x 
from the right in time ( is, therefore, 

NR = ! (nT + ! dn I') 
2 2 dx 

(3.2) 

By similar reasoning, the total number of carriers per unit cross-sectional 
area which cross x from the left in time i is 

J ( - 1 dn I') NL = - nl - --
2 2 dx 

(3.3) 

The net flow of electroDs per square meter across the surface at x in time 
( is 

(3.4) 
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The total flow per square meter per second is 

or 

N _ ! !: nd 
, -

2 i Ox 

N _ 
IVn dn 

, - 2 dx 

(3.5) 

(3.6) 

where v is the mean thermal velocity of the electrons and is equal to l/f. 
Since each carrier has a charge q. the total current flow per square 

meter across the plane x is equal to 

J = q IVn do n 
2 dx 

(3.7) 
A similar equation for current flow due to the diffusion of holes can be 
derived. In this case, 

J = _q l.v. dp 
• 

2 dx 

where J. = the current density in  amps/m' (due to hole movement) 
1. = the mean free path of the holes in m 
ill) = the mean thermal velocity of the holes in m/sec 

p is the concentration of holes/m3 

(3.8) 

Iv 
The term "2 of Eqs. 3.7 and 3.8 is called the diffusion constant D. 

Consequently, 

and 

J = D dll 
n 

q 
n d x 

dp Jp = -qDp -dx 

(3.9) 

(3. 1 0) 

The diffusion constant is a function of the type of material and the 
temperature as well as the type of carrier. The values for lightly doped 
germanium and silicon at 3000K are given in Table 3. 1 .  

TABLE 3.1 

Values for Germanium and Silicon at 3oo·-K 

Ge 

98.8 x 10-' 
46.8 x 10-' 

Si 

33.8 X 1O�4 m2/sec 
13.0 x 10--' m2/sec 
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In the actual n-p junction, as stated previously, both types of semi
conductive materials are neutral before the junction is made. After the 
junction is made, the n material loses electrons due to diffusion and gains 
holes. 

However, as the electrons enter the p-region, recombination with the 
numerous holes occurs. In fact, the hole population next to the junction 
is said to be "depleted," since practically all these holes are filled with 
electrons. The original electrically neutral nature of this region is replaced 
with negative ions wherever a +3 valence atom exists. Similarly, any 
holes which "travel" (or are injected) into the n-material are immediately 
removed by recombination with the free electrons near the junction. In 
the n-material, the free electrons are depleted and positive ions occur 
wherever a +5 valence atom exists. As a result of this action (the p
material becomes negative and the n-material becomes positive), an 
electric field is established at the junction. f n the steady-state condition, 
this field is just strong enough to inhibit the diffusion action of the electrons 
from the n-material and the holes from the p-material. 

The free electrons in the n material and the holes in  the p material are 
known as majority carriers. But, because of thermal energy, photons, etc., 
some free electrons are produced in the p material and some holes are 
produced in  the n material (as indicated by the signs in  the squares in  
Fig. 3.1) .  Some of these carriers diffuse to  the junction and are swept 
across the junction by the electric field. As mentioned in Chapter 2, 
these carriers are known as minority carriers. Since the potential hill at 
the junction is caused by the diffusion of the majority carriers, the minority 
carriers which are swept across the junction tend to reduce the height of 
the potential hill. As a result, an equilibrium condition is reached in  
which the flow of minority carriers is equal to the flow of majority carriers. 
The current resulting from the diffusion of the majority carriers is known 
as the injection current and the current resulting from the minority carriers 
is known as the saturation current. 

As previously mentioned, the charge distribution of Fig. 3. 1  c causes a 
potential difference across the p-n junction (Fig. 3. 1  d). This potential 
difference is a rew tenths of a volt at room temperature. It seems possible 
that a current would flow in  an external circuit if  a conductor were 
connected to the open ends of the p-n combination since they are at 
different potentia Is. This supposition is not true, because the contact 
difference of potential at the junctions of the crystal and the external 
conductor causes the total emf around the closed circuit to be zero, and 
no current wi1l flow. For example. if a conductor is brought into contact 
with an n crystal, the net drift of electrons will be from the crystal to the 
conductor until the crystal becomes positive with respect to the conductor 
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and equilibrium is  reached.' Of course, the opposite is true if the conductor 
is  connected to a p-type crystal. 

The directions of the injection current /1 and the saturation cu(rent Is 
are shown in Fig. 3.3b. In addition, the lengths of the current arrows 
indicate the relative magnitude of these currents. The net current flow in 
this case is zero, 11 = Is. The majority carriers must have enough kinetic 
energy to "climb" the potential "hill" whereas all minority carriers just 
"slide down" this potential hill with no kinetic energy required. In fact, 
the minority carriers gain kinetic energy i n  traversing the junction. 

If an external battery is connected with the positive terminal to the 
n-type material and the negative terminal to the p material, the potential 
difference across the junction will increase as shown in Fig. 3.3c. The 
height of the potential "hill" is increased by the amount of the external 
battery voltage. Then only those majority carriers which have a very large 
amount of kinetic energy can "climb" the potential "hill." As a conse
quence, the injection current If is greatly redu�td as shown in Fig. 3.3c. 
Since the minority carriers still require no energy. the current Is remains 
the same as in Fig. 3.3b. The external current flow is, therefore, mainly 
owing to the thermally generated minority carriers of the semiconductor. 
This current Is - /1 is known as the reverse current of the diode. 

If the external battery is connected with the negative terminal to the 
n-type material and the positive terminal to the p material, the potential 
difference across the junction is decreased as shown in Fig. 3.3d. The 
potential "hill" is  reduced by the magnitude of the external battery voltage, 
neglecting the IR drop in the crystals. As a result, a large number of the 
majority carriers are able to cross the junction. Therefore, the injection 
current I, is greatly increased as shown in Fig. 3.3d. Since the minority 
carriers can still traverse the junction with no loss of energy (these carriers 
still gain kinetic energy but not as much as in Fig. 3.3b and Fig. 3.3c), 
the current Is does not change. The forward current of the diode 11 - Is is, 
therefore, quite large. In fact, because of the large number of majority 
carriers as compared to the minority carriers, the forward current is  
usually thousands of times larger than the reverse current. 

PROD. 3.1. A concentration of 1013 electrons/cm3 exists in german ium at point 
x and to the right of point x. The distribution decreases linearly to the left until 
1 cm from x no electrons are present. (a) At the instant this condition exists, 
what is the rate at which diffusion electrons are passing a plane 0.01 cm to the 
left of point x? (Neglect the effects of charge on the electrons to find diffusion 
rate.) What current density does this electron flow represent ? (b) Repeat part a 
for a plane ! cm to the left of point x. (c) Repeat part a for a plane 1 .01 cm to the 
right of point x. Assume the mean free path of an electron is less than 0.01 cm. 

I This establishment of a potential difference between a doped semiconductor and a 
conducting wire is used in the construction of point contact diodes: 
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Fig.3.3. The effect of an external voltage on the potential distribution of a p-n junction. 
(a) The p-n junction; (b) potential distribution with no external battery ; (c) potential 
distribution with a reverse bias external battery; (d) potential distribution with a forward 
bias external battery. 
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3.2 THE DIODE EQUATION 

When p and n materials are joined together, the Fermi levels of each 
must be at the same absolute level in order to provide thermodynamic 
equilibrium. The proof of this statement is beyond the scope of this 
book. Nevertheless, if the Fermi levels were not the same, a voltage 
could be measured between the open ends of the material, and the junction 
diode would act as a battery.2 However, since no energy source is present 
i n  the material, it cannot generate an emf. Figure 3.4 is a diagrammatic 
sketch of the energy levels of the p-n combination. In the figure, W" is 

Fermi 
''''' 

Conduction bind 

Violence bind 

p n 

Conduction band % ---r-
qVho 

w".=-===== Wt 
W'P' �':::'":::M:::''''''''''''' 

WVII ----- -'---

Conduction �d 

_ _
_

_ _ _  Fermi 
level 

Yalence Wnd 

Fig. 3.4. Energy levels of a p-n junction. 

the lowest conduction-band energy level i n  the p material and W,,, is the 
corresponding level in the n. In the n material, the Fermi level is near the 
donor level and, therefore, just below the conduction band as discussed in 
Chapter 2.  In the p material, the Fermi level is  near the acceptor level, just 
above the valence band. As the junction is formed, the diffusion of carriers 
occurs until the Fermi levels become aligned. The difference between the 
two conduction-level energies then becomes q Vho' where Vho is the potential 
difference between the conduction leve1s in volts. Vh/) was caned the 
potential hill in the previous section, but is also known as the barrier 
potential. 

Since electron energies are shown in Fig. 3.4 and the potential energy 
of positive carriers or holes is shown in Fig. 3 . 1 ,  the potential hill in  
Fig. 3.4 is inverted as compared with the one in Fig. 3 . 1 .  

Using the technique developed in Chapter 2, we may determine the 

t A p·n junction can be forced to act as a generator ir external energy is supplied in 
the form of heat or light, in which cases the Fermi level is displaced. These devices 
are known as thermoelectric and photovoltaic generators, respectively. 
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negative carrier density for each type of material. In the n material (see 
Eq. 2.23), 

nn = A 'T�e-m·n-lf"/)lkT. (3. 1 1) 

All the constants of Eq. 2.23 have been absorbed by A' In Eq. 3 . 1 1 .  
Similarly 

np = A'T�e-(Wrp-n-,)/A·T (3.12) 

where nfl is the negative carrier density in the p material. The ratio of Eqs. 
3 . 1 1 and 3 . 12  is, 

� = e-(W� __ JJ "e .. )/.tt (3.13) 
n. 

But the energy difference, Well - WCII = q V"o' Then 

(3.14) 

Equation 3 . 14  shows that the ratio of negative carriers in the two regions is 
dependent only on the barrier potential between these regions (for a given 
temperature). When an external voltage is  applied to the diode, the barrier 
potential becomes V. and 

(3.15) 

These electrons, np• are the ones which have sufficient energy to cross the 
potential barrier and. in so doing. become part of the injection-current 
density, Jr. The remaining part of the injection-current density results from 
the holes which have sufficient energy to cross in the opposite direction. 
From the discussion in Chapter 2 and the foregoing development, it is 
apparent that 

(3. 16) 

The injection-current density is proportional to the number of majority 
carriers which pass through the potential barrier Vh• Then 

(3. 1 7) 

But n" and pp arc the majority-carrier densities in their respective materials 
and arc essentially equal to the densities of donors and acceptors. There
fore, they may be included in a new constant B. 
Then 

(3. 1 8) 

When there is no external connection, the injection-current density must 
be equal in magnitude but opposite in direction to the saturation-current 
dens

,
ity, as previously observed. Then 

(3. 19) 
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where V"" is the height of the potential barrier when no external voltage 
is applied as previously indicated. Solving for B in  terms of Is, 

(3.20) 
and, using Eq. 3. 18, 

(3.21) 

but the difference between Vho and Vh must be due to an external voltage. 
V. Then 

J - I eQV/kT [ - - s (3.22) 

where V is part of the externally applied voltage. This voltage V differs 
from the externally applied voltage by the [R drop in the doped crysta!.' 
The injection current is obtained by multiplying both sides of Eq. 3.22 by 
the cross-sectional area at the junction. Hence, 

[1 = _[se,noT (3.23) 

The algebraic sum of the injection and saturation currents must be the 
current in the external circuit. 

[ = _[se,V/.T + [s = _!s(e,V/OT - 1 )  

At room temperature (300'K) Eq. 3.24 reduces to 

[ = -1 s(e39V - I )  

(3.24) 

(3.25) 

If V is about 0. 1 volt or more negative, I is approximately equal to [so 
If V is 0.1 volt or more positive, the exponential term of Eq. 3.25 is large 
in comparison with unity, and 1 is approximately equal to the injection 
current. 

The maximum rated current for a given diode is determined by the heat 
dissipation qualities of the mounting system and the cross-sectional area 
of the diode. In addition, the type of material used in the diode has a 
bearing on the maximum current rating. 

PROD. 3.2. When 1 v reverse bias is applied to a junction diode, 1 J4a of 
current flows. Calculate the approximate forward current when 0.256 v forward 
bias is applied to the junction. If the diode has to n internal resistance, what is 
the magnitude of external voltage required in order to obtain 0.1 v across the 
junction? Answer v = 0.476 voll!l. 

PROD. 3.3. Plot a curve of I vs. V as given by Eq. 3.25 if 's is to-6 amp. Plot 
values from -5 v to +0.3 v. 

3 This is a point which should be stressed. Quite often an external battery is applied 
to the diode and the current through the diode is measured. Since these values do not 
agree with values obtained from Eq. 3.23 (with Vbat used for V) the reader may assume 
Eq. 3.23 is not valid. However, remember V is not equal to the battery voltage Vou but 
will always be less. 
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A sketch of current vs. voltage as given by Eq. 3.24 is shown as the solid 
line in Fig. 3.5. The plot of current vs. voltage for an actual diode is 
similar to the expected curve, but considerable departure exists for large 
values of both negative and positive bias voltage. This departure is shown 
by the dashed line in Fig. 3.5. The departure in the reverse bias region from 
a to b is partially due to leakage along the surface of the junction. Other 
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Fig. 3.S. Characteristic curve of a p-n junction diode. 

leakage paths exist through the mounting material which protects the 
junction. As a result, this departure is known as the leakage component. 

At point c of Fig. 3.5, a new elfect known as the breakdown of the crystal 
is noted. In this "breakdown" region, high currents may be passed and 
they are limited only by the resistance in the external circuit. These high 
currents may generate enough heat to destroy the junction. Consequently, 
most diodes have a maximum reverse voltage rating. This maximum 
reverse voltage depends somewhat on the temperature of the diode. The 
"breakdown" region of the diode, as well as the region from b to c, is 
investigated in more detail in Section 3.6. 

The departure from the theoretical curve in the forward bias region is 
e""<cd by the IR drop in the doped crystal as previously mentioned. 
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3.4 TEMPERATURE AND SEMICONDUCfOR MATERIAL 
EFFECT ON THE CHARACfERISTlC CURVE 

Equation 3.24 shows that the diode current is a function of temperature, 
which appears in the denominator of the exponent. However, the varia
tion of the saturation current with temperature is much greater than the 
variation of the exponential term. The saturation current is proportional 
to the number of minority carriers which are swept across the p-n junction 
as previously discussed and the number of minority carriers swept across 
the junction is proportional to the minority-carrier density in the material 
under consideration. Using the relationship pn = n,' (see Eq. 2.42), 

and 

Then 

J. � C(p. + n.) = C n.'(_l + _I ) = C' n;' Nd Nu 
where C and C '  are constants. Using Eq. 2.28, we see that 

(3.26a) 

(3.26b) 

(3.27) 

(3.28) 

The rate of change of J. with temperature may be obtained by differentiating 
J. with respect to temperature. 

d(J.) = d(C' B'T'e-W,/KT) = C' B,(l + W. ) T'e-W.'kT (3.29) 
dT dT T kT' 

The fractional increase of /, per OK can be determined at a given tempera
ture T by dividing Eq. 3.29 by J,. Then 

.!..(dJ.) = 
� + � 

J. dT T kT' 
For germanium at 300oK, the fractional increase of J, per OK is 

.!..(dJ.) = ..l..- + 39(°·68) � 0. 1 
J. dT , .. "K 300 300 

For silicon at 3oooK, the fractional increase per OK is 

.!..(dJ.) = ..l..- + 39(.!J.) � 0.16 
J, dT 3O'"K 300 300 

(3.30) 

(3.31) 

(3.32) 
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Therefore. the saturation current in germanium near 3000K increases 
approximately 10 per cent for each degree K and doubles for each lOoK 
increase in temperature, and the saturation current in silicon doubles for 
approximately each 6°K increase. 

The foregoing derivation is valid for the semiconductor in the extrinsic 
range (or the range where the material behaves as n or p material). Germa
nium begins to be useless as a diode material at 100°C. However, silicon 
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Fig. 3.6. The effect of increased temperature on the characteristic curve of a P-Il junction 
diode. 

does not generally begin to degrade too badly until 200°C or higher. 
Other materials such as silicon carbidc4 are usable to temperatures of 
500°C or higher. 

The effect of increased temperature on the characteristic curve of a p-n 
junction diode is shown in Fig. 3.6. 

PROB. 3.4. (a) If a germanium diode has a saturation current 10 of 10 l1a at 
room temperature (300"K), what will the saturation current be at 400oK'1 
(b) A silicon diode has a saturation current 10 of 0.01 IJa at room temperature. 
What will be the saturation current of this diode at 40CrK'1 Assume the rate 
of increase to be constant at the 3000K va1ue. 
PROD. 3.S. The diodes of Prob. 3.4 have 0.2 v forward bias across the 
junction. (a) Find the current at room temperature if the diode is germanium . 

• Westinghousc R and D Letter, Vol. 4, No. S, February 1961. 
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(b) Find the current at 4000K if the diode is germanium. (c) Find the current at 
room temperature if the diode is silicon. (d) Find the current at 400DK if the 
diode is silicon. Answer: (a) 24.4 mamp (b) 354 mamp (c) 24.4 l'amp (d) 345 
mamp. 

3.5 JUNCfION CAPACITANCE 

A p-n junction and a charged capacitor are sirriilar. As previously 
noted, the stored charge in the region of the junction results from the 
removal of free electrons from the n region, which leaves fixed positive 
donors. Similarly, the fi11ing of the missing covalent bonds of the acceptor 
atoms in the p material produces fixed negative charges. The removal of 
the free or mobile carriers near the junction produces a depletion region 
which supports fixed excess charges and an electric field (Figs. 3 . 1  and 
3.7). Some relationships between the barrier potential and the depletion 
width, the junction capacitance and the barrier potential, the maximum 
field intensity and the doping concentrations, and so on will be developed 
with the aid of Fig. 3.7, representing an abrupt junction planar diode of 
unit cross-sectional area. The excess positive charge density in the 
n-doped crystal is approximately equal to qNd and penetrates a distance 
La (Fig. 3.7b). Similarly, the excess negative charge density in the p-doped 
crystal is -qN. and it penetrates a distance L.. As indicated by the 
dashed lines in Fig. 3.7, the excess-charge regions do not terminate 
abruptly, but little error will be introduced by assuming abrupt termination 
at the effective distances Ln and L1) from the junction. Conservation of 
charge requires that the total charge be zero. Then 

(3.33) 

The electric field intensity (Fig. 3.7c) may be determined from Gauss' 
law, which states that the total electric flux DA passing through a given 
closed surface is equal to the coulomb charge enclosed by the surface. 
Imagine that a Z Y plane is located through the depletion region to the 
left of the junction. The total charge to the left (and to the right) of the 
plane is -qN.(L. + x). All the electric flux lines originate on positive 
charges to the right of the plane and terminate on the negative charges 
to the left of the plane. Then, since the cross-sectional area is unity, 

8 = 0 = _ qN.(L. + x) 
(3.34) 

E E 

Since the imaginary plane is to the left of the junction, x is negative 
and the electric field reduces to zero at x = - L.. The maximum field 



Diodes 

Lp 0 L" 
I I I 

(a) Semiconductor junction I I I I I I I I I I I I 
.� qNd------------t--- 1 � -�p � O ----------------;��_t�--�,�-------------
� 0 � � I 
2! I 
u I -qNo----------- • 

I I 
(b) Electric charge 
I I I 
I I I 

-Lp 0 L" 

j Em�--n-------jy 
t(c) Electric field I vh - ---- - ------I- - -..j- - -.;o+-----
I I I I I I 

--- - - - - - - ---�-- ---�------ -----I I I I I I 
O ______ -:I«. _ -.l _ _ _ _  L _ _ _ _ _ _ _ _ _ _ 

-Lp 0 L" ;t� 
(d) ElectriC potential 

· 67  

Fig. 3.7. The electric charge. field. and potential relationships in the depletion region 
associated with a ,..n junction. 

exists at x = 0 and is given by 

tC'max = _ qNaLlI ==- qNaL'1I 
• • 

(3.35) 

The electric potential, using the p material to the left of L. as the reference, 
IS 

iL• V. = - C dx 
-L. 

(3.36) 

Since the potential difference V. across the barrier is equal to the negative 
of the area under the C curve, inspection of Fig. 3.7c shows that 

V. 
= If mu(.h + L.) = q N .L.( L. + L.) 

2 2. 
(3.37) 
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But from Eq. 3.33, L. = N.L./N. and 

Therefore, 

V. = qN.L.'(1 + N./N.) 
2E 

L = [ 2.V. J" • qN.(1 + N,/N.) 
A similar solution for L. yields 

Electronic Engineering 

(3.38) 

(3.39) 

(3.40) 

Note that the depth of charge penetration, L. or L .. is proportional 
to the square root of the total barrier potential V. and is roughly inversely 
proportional to the square root of the doping concentrations. 

A concentration of charge exists at the junction and also a potential 
difference appears across the junction. Whenever these conditions exist, 
a capacitance also exists. The usual definition of capacitance C is charge 
Q, divided by voltage V. When a change of charge results from a change 
of voltage, the dynamic value of capacitance C may be defined as 

C = dQ 
dV (3.41) 

For the junction, the charge and voltage are both functions of the distance 
L. or L •. Therefore, Eq. 3.41 may be written as 

C = dQ/dL. 
dV./dL. (3.42) 

A voltage increase dV. will cause an increased depth of penetration dL. 
to the left of L. and an increased depth of penetration dL. to the right 
of L.. But, dQ for the increase to the left of L. is 

or 
dQ = qN. dL. 

dQ 
dL 

= qN, » 
We can take the derivative of Eq. 3.38 to obtain 

(3.43) 

(3.44) 

(3.45) 
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The value of L. from Eq. 3.39 is substituted into Eq. 3.45 to yield 

l2QN,( 1 + 
N.) V.] I> 

d V. N" - � 
dLp E 

Now, substitution of Eqs. 3.44 and 3.46 into Eq. 3.42 yields 

qN [ qN E J 4 C = (} !-i:  = (! farad/m2 
eqN,(1 +. No/Nd) V,] 2( 1 + N,/NdJV. 

Equation 3.47 can be written as 

where K is a constant. 
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(3.46) 

(3.47) 

(3.48) 

PROD. 3.6. A given silicon diode has Nd = 1016 atoms/cm3 and Nn = 1017 
atOlns!cm3. Determine the effective length of the depletion region on each 
side of the planar junction in a silicon diode with 20 volts reverse bias 
applied. Assume the zero bias barrier voltage VII" :':::':: 0.65 v at this doping concen
tration. £ = t .06 X 1 O-1D f/m for silicon. Answer: Lp = 1.58 X 10-5 cm, 
L" = 1.58 X 10-4 cm. 
PROD. 3.7. What is the junction capacitance of the diode of Prob. 3.6 if the 
cross-sectional area of the junction is 1 0-6 m2 ? 

3.6 JUNCTION BREAKDOWN 

The breakdown effect shown at poin t c in  Fig. 3.5 will now be considered . 
One theory attributes the rather abrupt current i ncrease to the high 
potential gradient (or electric field) which exists at the junction. According 
to this theory, the high electric field is able to disrupt the covalent bonds 
and therefore greatly increase the minority carriers. This effect which was 
proposed by Zener is known as Zenf?r breakdown. Another accepted 
theory for the voltage breakdown is the ura/ollche breakdown. This theory 
was founded by Townsend while hc was studying the behavior of gases 
subject to electron bombardment. Accordingly, th is thcory was originally 
applied to gaseolls conduction but applies just as weJl to the semiconductor. 

Accord ing to the avalanche theory, a few carriers are generated in the 
intrinsic sem iconductor material owing to thermal action, as previously 
discussed. These carriers are accelerated by the high electric field near the 
junction until high velocities are acq uired. A carrier with sufficient energy 
can produce an electron-hole pair when this carrier collides with a neutral 
atom. The new carriers so produced are free to be accelerated and i n  
turn to produce additional carriers. The origin of the term Ql'alanche can 
be seen by the foregoing explanation. 
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Since the electrons are much more mobile than the holes, most of the 
carriers are produced by electron col1isions. The electrons have many 
random collisions as they travel through the semiconductor. In order for 
the avalanche effect to manifest itself, the electrons must obtain sufficient 
energy i n  traveling one mean free path to produce ionization of the atoms 
in the semiconductor. Hence, the electrons must have a kinetic energy 
equal to or greater than the gap energy of the semiconductor for an 
avalanche to be produced. 

, C 
Breakdown of � Breakdown of 
a typical diode I a more heavily 

I doped dIOde 
I I I I I d I 

t 
I 

v �  

Fig. 3.8. The effect of impurities on the breakdown potential of a p-n junction. 
The breakdown potential is a function of the impurity concentrations 

of the semiconductor. As can be noted by Eqs. 3.39 and 3.40, the depletion 
width varies inversely with the impurity concentration. Hence, as the 
impurity concentration increases, the depletion region becomes thinner. 
As the depletion region becomes thinner, the electric field intensity becomes 
higher for a given junction voltage. Higher electric field potentials produce 
higher electron energies per mean free path. Therefore, a heavily doped 
p-n junction will have a lower breakdown potential than a relatively lightly 
doped p-n junction. This effect is illustrated in Fig. 3.8. 

Many diodes are designed and constructed for operation on the ava
lanche portion of the characteristic curve. These diodes are known as 
zener diodes or reference diodes. These diodes operate in a region (from 
c to d on the curve of Fig. 3.8) where the current is essentially independent 
of voltage. The uses of these diodes are discussed in Section 3 . 1 5. 

Reference diodes are available with breakdown voltages ranging from 
about 3 v to well over 100 v. The avalanche appears to be the primary 
breakdown mechanism in diodes with reference voltages above about 7 v 
because the breakdown voltages of these diodes increase with temperature. 



Diodes 71 

The reduced mean free path at elevated temperatures would account for 
this positive temperature coefficient. In contrast, diodes with breakdown 
voltages less than about 6 v have a negative temperature coefficient, which 
inclicates that the zener breakdown mechanism is predominant in this 
range. The increased kinetic energy of the valence electrons would aid the 
high field in producing carriers and thus cause a negative temperature 
coefficient. Diodes which break down at about 6 to 7 v have essentially 
zero-temperature coefficient. 

PROD. 3.8. Zener breakdown will occur in a silicon diode if the electric field 
intensity exceeds about 108 v/m. A given silicon diode has N� - N" = 1018 
atoms/cm3• Wi1l zener breakdown occur with 5.0 reverse bias applied to this 
diode? V .. ", 0.9 v, • = 1 .06 x IQ-'Ofjm. At what voltage will a zener 
breakdown occur '! 

3.7 THE DIODE SYMBOL 

The symbol of a p-n junction diode is shown in Fig. 3.9b. The polarity 
signs are shown for forward bias. Notice the arrowhead points in the 
direction of conventional current (as opposed to electron flow) when the 
diode is forward biased. ' 

p I 0 
(aJ Actual diode 

+ 

(b) Symbol 
Fig. 3.9. Th. p-o diode symbol. 

3.8 THE TUNNEL DIODE 

The tunnel diode is a junction diode which is very heavily doped with 
impurities. In fact, a good tunnel diode must contain impurity concentra
tions greater than 5 x 10"/cm' for silicon and greater than 2 X IO"/cm' 
for germanium.' This heavy concentration of impurities atrects the elec
trical characteristics of the junction. As noted in Section 3.6, heavy doping 
reduces the thickness of the depletion region. Actually, the depletion 
width' will be in the order of l OO  A (I A = 10-8 cm) when the doping 

' I. A. Lesk, N. HOlonyak. and U. S. Davidsohn. "The Tunnel Diode-Circuits and 
Applications:' Electronics, Nbvember 27, J959, Vol. 32, No. 48, pp. 60--64 . 

• Bernard Sklar. "The Tunnel DiodQ-Its Action and Properties," Eleclronics, 
November 6, J959, Vol. 32, No. 45, pp. 54-57. 
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concentration is in the order of 10" atomsfcm'. To enhance this thin 
depletion region, the transition from n to p material must be as abrupt 
as possible. 

As was previously mentioned, the heavy doping reduces the junction 
breakdown voltage. When the concentration of impurities reaches the 
values listed previously, the semiconductor begins to resemble an alloy 
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Fie. 3.10. The characteristic curve of a typical tunnel diode. 

and the breakdown voltage is reduced essentially to zero. 
An additional effect is to place the Fermi level of the n material in the 

conduction band. In addition, the Fermi level of the p material is i n  or 
is very near the valence band. 

As a result of the foregoing effects, the voltage-current characteristics 
of the tunnel diode are as shown in Fig. 3.10. The reason for this unusual 
shape will now be considered. 

As noted before, the Fermi levels jn the n and p material must coincide 
in a diode with no external voltage. Accordingly, the energy diagram 
for no external voltage would be as shown in Fig. 3 . l la. According to 
the "classical" concepts, the only electrons able to cross the junction are 
the few electrons with sufficient energy to climb the potential barrier. 
(This potential barrier is higher in heavily doped tunnel diodes than in 
conventional P-Il junctions because of the location of the Fermi level.) 
However. according to quantum mechanics there is a probability that 
certain electrons which do not have enough energy to climb the potential 
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hill can pass from the p to the n material (and also from the n to the p 
material). These electrons pass between the valence band of the p material 
and the conduction band of the ,,' material. The electrons are said to 
tunnel through the potential barrier and hence the name tunnel diode. 
The quantum mechanics, therefore, predicts that current flow can occur 
in Fig. 3 . 1 10. However, the probability that electrons will cross from the 
p to the n region is the same as the probability that electrons will cross 
from the n to the p region. Consequently, the two currents cancel in 
Fig. 3 . 1 10. This condition corresponds to the origin (point A) of the curve 
of Fig. 3.10. 

When a small forward bias is applied across the diode, the energy 
relation is given by Fig. 3. l lh. Here there is a greater probability that the 
electrons will pass from the n to the p region than from the p to the n 
region. Consequently, a net flow of currcr1-t occurs across the junction. 
This condition is shown as point B on the curve in Fig. 3.10. (This 
current is known as Esaki current after the Japanese inventor of the tunnel 
diode.)' 

If the forward bias is increased beyond the level just considered, some 
of the electrons in the conduction band of the n material have the same 
energy as the forbidden band in  the p material. These electrons cannot 
exist in the forbidden band and, therefore, must stay in the n material. 
Consequently, the number of electrons available for transfer across the 
junction is reduced. This action accounts for the region B to C in the 
characteristic curve of Fig. 3.10. I n  this region, an increase of bias causes 
fewer electrons to be available for transfer across the junction. Conse
quently, more forward bias results in less current across the junction. 
Finally, the condition is reached where most of the conduction-band 
electrons in the n material have the same energy as the forbidden band in 
thep material. This condition is shown in Fig. 3 . l l c,and the corresponding 
current is indicated by point C in Fig. 3 . 10. 

As the bias is increased beyond point C (Fig. 3 . 10), more of the electrons 
in the n material are able to ucli m b" the potential barrier so the action is 
the same as in conventional diodes. This condition is shown in Fig. 3 . l ld  
and as point D on the current curve of  Fig. 3.10. 

Actually, the most useful section of the characteristic curve is the region 
from B to C, where an increase of voltage causes a decrease of current and 
the device behaves as if it were a negatil'e resistance. The usefulness of this 
negative resistance characteristic is indicated in Probs. 3. 1 1  and 3. 12. 

1 The actual theory is much more involved than this description indicates. For 
example, the momentum of a tunneling electron must be the same on each side of the 
forbidden band. Momentum differences cause the diode material to vibrate mechani
cally. 
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In addition to the negative resistance characteristic, the tunnel diode has 
other advantages. One of the most important advantages is the speed with 
which electrons cross the junction. In the conventional junction diode the 
electrons diffuse tllrough the junction at a velocity which is considerably 
below the velocity of light. Consequently, the time required to cross the 
depletion region is relatively great. In contrast, the electrons in the tunnel 
diode exhibit their wave characteristic and cross the very thin depletion 
region with a velocity approximating that of light. 8 As a result of this 
very short transit time, the tunnel diodes can be used at very high fre
quencies. In fact, the tunnel diodes have been used in circuits with fre
quencies' above 10 OHz. Other advantages of the tunnel diode include 
small size, ruggedness, and ability to operate in high radiation fields and 
at high temperatures. 

The tunnel diode also has disadvantages. One obvious disadvantage (Fig. 
3. 10) is the low-voltage region over which the device operates. (This low 
voltage can be an advantage as well as a disadvantage, however.) The main 
disadvantage is the lack ofisolation between input and output circuits. The 
advantage or this isolation will become evident as the chapters on amplifiers 
are studied. 

PROD. 3.9. What is the conductivity of n germanium at room temperature if 
2 x 1()l9 impurity atoms are present in each cubic centimeter? Compare with 
Prob. 2.6. Answer: 1.25 x 10' mhos/m. 
PROB. 3.10. Determine the width of the depletion region in a silicon diode 
which has both n and p regions doped to a concentration of 5 x 1020 impurity 
atoms per cc. Assume Vho = 1.14 v. 
PROD. 3.11. A battery with a voltage VB is connected in series with a 5-0 
resistor, a S-mh inductance. and 0.05-pr capacitance. 

(a) Determine the voltage across the inductance as a function of time if the 
circuit is connected together at time t = O. 

(b) Add a negative resistance of 5 n in series with the circuit in part a and 
then find the voltage across the inductance as a function of time. 

(c) What use does this problem suggest for a tunnel diode ? 
PROB. 3.12. An a-c voltage generator has an RMS open terminal voltage of 
0.01 v and an internal resistance of 10 n. The generator is connected to a 
resistive load of 100 n. 

(a) Find the voltage across the load, the current through the load, and the 
power delivered to the load. 

S This statement may seem to be in conflict with the principles slated in Chapter 1 .  
However, an electromagnetic wave is able to move along a conductor at approximately 
the speed of light even though the electrons in the conductor move at a relatively. slow 
speed. The effect is transferred down the conductor from carrier to carrier much faster 
than the carriers actually move. The same principle applies to the tunneling effect . 

• The abbreviation GHz means gigahertz where giga (abbreviated G) is 10' and 
Hertz (abbreviated Hz) is cycles per second. This is standard IEEE notation and will be 
used in the remainder of the book. 
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(b) Add a negative resistance of IOS n "in series with the circuit in part Q. 
Find the vOltage across the load, the current through the load, and the power 
delivered to the load under these conditions. 

(c) What use does this problem suggest for a tunnel diode ? 

3.9 HIGH-VACUUM DIODES 

The high-vacuum diode is constructed as shown in Fig. 3.12. The 
important components of this vacuum diode are: a heater wire, an electron
emitter surface, and an element known as a plate. This entire structure 
is placed in a glass or metal envelope. Most 
of the air in the envelope is removed so the 
active elements are surrounded by an effec
tive vacuum. It is impossible to remove all 
of the air in the envelope, but the pressure 
inside the envelope is reduced to the vicinity 
of 10-' mm Hg (Atmospheric pressure is 760 
mm Hg.) 

The heater wire is a piece of resistance 
wire and is heated by an electric current 
which flows through the wire. In some 
vacuum tubes, the heater wire and the elec
tron-emitter surface are combined. In this 
case, the hot heater wire or filament emits the 
electrons. This type of emitter is known as a 
filament-type emiller. Other tubes use the 
heater wire or filament to heat a metal sleeve 
(Fig. 3.12). The metal sleeve, which is usually 
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Fig. 3.11. The high-vacuum 
diode. 

coated with a good thermal electron emitter such as the rare-earth oxides 
is known as a cathode. The cathode is usually electrically insulated from 
the heater. 

T.!!.e heated cathode emits electrons into the vacuum. If the plate is 
morc positive than the cathode. these electrons are attracted to the plate. 
� a consequence, current flows through the tube. If the plate is more 
negative than the cathode, the electrons are repelled back to the cathode 
�nd no current flows through the tube. The action is similar to the p-n 
junction achon except the only carriers are electrons. A second difference 
exists because the plate cannot emit electrons at normal temperatures so 
no reverse current flows in the vacuum tube. In fact. since the electrons in 
actual tubes are emitted from the cathode with a finite velocity, some 
current flows in the forward direction for zero and even slightly negative 
plate voltages. 
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3.10 VACUUM DIODE CHARACTERISTIC CURVES 

A plot of plate current as a function of plate voltage for a high-vacuum 
diode is given in Fig. 3.13.  When the plate voltage is more than one or two 
volts negative, the current is zero. As the plate is made more positive, 
the current increases exponentially until point A is reached. At point A, 
saturation of the plate current occurs. This saturation exists because the 

+ 

t Actual curve 

o 
Plate voltage -�. 

+ 

Fig. 3.13. Plate current vs plate voltage of a vacuum diode. 

plate is collecting all the electrons the cathode is able to emit. If the 
temperature of the cathode is increased. the plate current increases to a 
higher value before saturation occurs. This behavior is shown by the T, 
curve of Fig. 3.13, where saturation exists at point B on the curve. 

The value of saturation current for a given temperature can be found 
from a relationship known as Richardson's equation. 

� -.---- (3.49) 

where J = the temperature·limited current density of the cathode 
A. = an experimentally determined constant (different for each 

metal) 
T = the temperature of the cathode in oK 
k = Boltzmann's Constant 

Ww = the work function of the cathode surface. (This W., is the 
amount of energy an electron must have in order to escape 
from the cathode.) 

This equation is very similar to the equation which gives the number of 
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conduction-band electrons in a semiconductor material (Eq. 2.28). Since 
Eq. 2.28 gives the number of electrons in a material with sufficient energy 
to become carriers at a given temperature, and since Eq. 3.49 determines 
the number of electrons in a cathode with sufficient energy' to escape from 
the surface of the cathode at a given temperature, the equations should be 
similar. 

The constants for a few common materials are given in Table 3.2. 

TABLE 3.2 

Constants for a Fe" Common Materials 

Ao W� Melting 
Temperature 

Material [amp/m'-('K)'] rev] ['K) 

Cesium 16.2 x 10' 1.81 299 
Copper 65 x 1()4 4.10 1 356 
Nickel 30 x 1()4 4.6 172S 
Thorium 60 x 1()4 3.40 2118  
Tungsten 60 x 1()4 4.52 3643 
Thorium on tungsten 3.0 x 10' 2.60 
Oxide coated 0.1 x 1()4 1.00 

PROD. 3.13. Calculate the saturation current for an oxide--coated cathode with 
an area of 2 cm' and a temperature of 300"K (room temperature). Repeat for 
a temperature of I I  OO'K. 
PROD. 3.14. Calculate the saturation current for a 2 cmt: tungsten emitter at 
2500"K. Answer: 0.571 amp. 

The actual plate current vs plate voltage curve (Fig. 3.13) does not 
exhibit true saturation. This actual curVe digresses from the theoretical 
curve as a result of the �choltkr effect. This Schottky effect is produced by 
t� potential gradient at the cathode. This potential gradient becomes 
Eositive at the cathode when saturation is reached and increases as the 
l2!ate potential increases. This positive gradient at the cathode helps 
some electrons. which baye kinetic energies less than the work function 
of the cathode, to overcome the surface barrier of the cathode. Hence, 
as tfie plate becomes more positive, more electrons are " U ut of 
the cat 0 e an .emlSSlon Increases. 

Commercial tubes are designed so that the saturation current is much 
higher than the maximum recommended plate current. Hence, if com
mercial tubes are operated at the manufacturers' suggested filament 
voltage, the tube will not be operated in the saturation region. 

As Fig. 3.13  indicates, the current below saturation does not increase 
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linearly with voltage but follows an exponential curve. The mutual 
repulsion of the electrons in the space between the cathode and plate is 
responsible for the exponential shape of the current vs voltage curve. A 
simple derivation will illustrate this behavior. 

Assume that two infinite parallel plates exist. One plate represents the 
cathode. and the other plate represents the plate. A section of this 

Cathode 
�-----------v------------��I 

o Volts 

Plate 

70-71 - - - - - - 71 // I ---4- TI - - ---( I � - - � 
- � � - � - � /" I ./ 

_ _ _ --'<--.---"'_ _ _ _ _ -1./ d Volume 

+ Volts 

Fig. 3.14. Field distribution of a diode with a charge between the plates. 

configuration is shown in Fig. 3.14. Also shown in Fig. 3.14 is a small 
volume of space between the plates which contains a charge density p. 
From Appendix I, 

ac. + ac. + ac, = !!. 
ax ay az E 

(1.8) 

For the field configuration shown in Fig. 3.14, 
a:, = 0:' = O. Therefore, 

Eq. 1.8 becomes Z y 

dC. = _d2V = I!... 
dx dx2 Ev 

(3.50) 

The electric field C is equal to -dV/dx and the value of E for a vacuum 
IS Et>. 

The second equation required is given in Chapter I as Eq. 1 . 12  

!mv' = Vq (1. 12) 

where V is the voltage through which the electron has been accelerated. 
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In this case, the charge on an electron q has been inserted in place of the 
general charge Q of the general Eq. 1 . 12. 

The third relationship is 
J - = -p 
v 

where J = the current density in amp/m' 

(3.51) 

v = the velocity of the electrons which constitute the current in 
m/sec 

-p = the electronic charge density in coulombs/m3 
When the value of v as given by Eq. 1 . 12 is substituted into Eq. 3.51, 

J(m)'" 
- p = (2Vq)'" (3.52) 

The quantity p is negative for the space current of electrons. The value of 

p as given by Eq. 3.52 can be substituted back into Eq. 3.50 to yield 

d'V = J ( m r V-'" dx2 E" 2ql 
This equation is difficult to integrate. However, (dV)' d dx = 2dVd'V 

dx dx dx' 

(3.53) 

(3.54) 
Now, if both sides ofEq. 3.53 are multiplied by 2(dV/dx), Eq. 3.53 becomes 

2 dV d'V 
= 

2J( m j'" V-'" dV 
dx dx' <, 2q dx 

Both sides of this equation can now be integrated to give (dV)' = 4J(!!!. r Vl-i + K. dx E" 2qJ 

(3.55) 

(3.56) 
At the cathode, V is zero and C is assumed to be zero due to the space 
charge}' Since rff is equal to -dV/dx, K. must be equal to zero. Taking 
the square root of both sides of Eq. 3.56, we find that 

dV = [4J(m)l-i] l-i vv. (3.57) dx Et! 2q 
10 This development assumes that the electrons leave the cathode with zero velocity. 

Actually. the electrons leave the cathode with a wide distribution of velocitics. Hence, l 
is not zero but actually a small negative value. The effect of ignoring the initial velocity 
of the electrons can be seen by referring to Fig. 3.1S. 
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Integration of both sides of Eq. 3.58 yields 

tVU = [��(�rrx + K, 

E1ectronlc Engineering 

(3.58) 

(3.59) 

But, from Fig. 3.14, x is zero at the cathode. Since the voltage at the 
cathode is also zero, K'}. must be zero. 

Theoretical 'I 
curve 'I 

// 

/ 
/ 

/ 

I / 
/ 

/,Actual 
/ curve 

Distance % _ £ 

Fig. 3.15. A plot of Yvs x as given by Eq. 3.62 and as exists in an actual diode. 

A plot of V as a function of x (as given by Eq. 3.59) is shown as the 
theoretical curve in Fig. 3. 1 5. This plot is seen to be different from the 
curve in an actual diode. The discrepancy between the two curves is due 
to the initial velocities of the electrons from the cathode. These electrons 
form a "cloud" of electrons, which is known as a space charge, a short 
distance from the actual cathode. The actual current in the tube is drawn 
from this electron cloud. Hence, a "virtual cathode" appears to exist a 
short distance from the actual cathode. This virtual cathode is at a more 
negative potential than the actual cathode. However, the curve from the 
virtual cathode to the plate does have the form given by Eq. 3.59 if the 
potential of the virtual cathode is used as the reference (V = 0) point. 
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Substituting zero for K, in Eq. 3.59 and solving for J, we find that the 
current density is 

4< V� 
J = 9(m/;q)'A x' amp/m' 

When the values of E" m, and q are substituted 
current density becomes 

J 
2.335 X lO-'V� / ' = amp m 

x' 

(3.60) 

into Eq. 3.60, the 

(3.61) 

where x is the distance from the cathode to the point in question in meters 
and V is the potential in volts x meters from the cathode. For a diode with 
a distance d meters between the cathode and the plate, the current density 
at the plate is 

J = 
2.335 x to-'V!' 

d' 
(3.62) 

where V. is the potential difference between the plate and the cathode in 
volts. 

This relationship is known as Child's Law. Equation 3.60 states that 
the current density is proportional to the voltage to the .� power at any 
given distance from the cathode. The fact that the amount of current 
leaving the cathode must be equal to the amount of current reaching the 
plate for steady-state conditions indicates that the current does not vary 
with x. Therefore, the potential is seen to vary as the ! power of x. 
(If Eq. 3.61 is solved for V, x appears to the t power.) This derivation 
was for a plane electrode configuration, and a similar derivation for 
cylindrical electrodes leads to a similar but more complicated relation
ship.ll Even in the cylindrical configuration, however, the current is 
theoretically proportional to voltage to the I power. Hence, the expo
nential shape of the current vs voltage curve (Fig. 3 . 13) is due to the charge 
on the electrons which are in transit from the cathode to the plate. 

PROB. 3.\S. Justify Eq. 3.5 1 .  
PROB. 3.\6. A plane electrode diode has the plate 5 cm from the cathode. A 
voltage of + 100 v is applied between the plate and the cathode. (a) What is the 
current density at the plate? (b) If the tube is 1 . 5  cm by 5 cm, what is the total 
current of this tube? (c) If the pJate voltage is raised to 200 v, what wiIJ be the 
plate current ? Answer: (a) 0.93 amp/m' (b) 0.7 mamp (c) 1.98 mamp. 
PROB. 3.17. A plane electrode diode has t cm distance between the plate and 
the cathode. The plate and cathode are each 1 cm by 5 cm. Plot the curve of 
plate current vs plate voltage for this diode from 0 to 200 plate v. (Use 
steps of 50 v.) 

J1 K. R.  Spangenberg, Vacuum Tubes, McGraw-HilI, New York, l��. pp. 1 73-175. 
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PROD. 3.18. Plot the theoretical curve of voltage vs distance from the cathode 
for Prab. 3.17 if the plate is + 100 v and the cathode is 0 v. 

3.11 SYMBOLS FOR VACUUM DIODES 

The symbols for the two types of vacuum diodes shown in Fig. 3 . 16  
represent the actual element arrangements inside the tubes. Tube manuals, 
which can be purchased at most radio supply stores, list socket connections, 
characteristic curves, voltage and current ratings, and so forth, for most 
commercial tubes including diodes. 

�- Fjl ament-__ ...:j��'r" 
(a) (b) 

Fig. 3.16. Symbols for vacuum diodes (a) filamenHype emitter (b) cathode-type 
emitter. 

3.12 GAS DIODES 

A gas diode may be constructed in  the same manner as a vacuum diode. 
However, instead of maintaining a vacuum inside the envelope, the gas 
diodes have a carefully controlled amount of a pure gas present. 

The exact behavior of a gaseous medium as an electrical conductor is 
very complicated,a Tn fact, the conductivity of the gaseous medium is a 
function of the gas pressure, the gas temperature, the material from which . 
the electrodes are made, the magnitude of the applied voltage, and even 
the nature of the voltage source. As a result of this complication, the 
following discussion of the gaseous conduction process is somewhat 
superficial and oversimplified. 

When the plate i's more than a volt or two negative with respect to 
the cathode, no current flows in the gas diode. The electrons are then 
repelled back to the cathode as i n  the high·vacuum tube. When the 
plate voltage is made positive, electrons from the cathode are attracted 

12 A comprehensive treatment of gaseous conduction is given in GaseOtl.f Com/uefors 
by James O. Cobinet Dover Publications, New York. 1958. 
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to the plate. These electrons must pass through the gas molecules on the 
way to the plate. Although the concentration of gas atoms is not nearly 
so great as is the concentration of atoms in a semiconductor, the action 
is somewhat the same. 

If electrons are emitted from a heated cathode, these electrons diffuse 
through the gas molecules. This diffusion process tends to create a uni
form electron distribution throughout Ihe volume. If a plate of zero 
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Fig. 3.17. A plot of current vs voltage for a hot cathode gas diode tube. 

potential is inserted in this gas, each electron that strikes the plate will 
be captured. Consequently, a very weak current will flow to a plate of 
zero potential from a heated cathode. This condition is shown as point 
A of Fig. 3.17. 

As the plate is made more positive, electrons drift through the gas 
molecules to the plate. These electrons will have many collisions with the 
gas molecules. However, as long as the energy of the electrons is small, 
each of these collisions will be elastic. (In an elastic collision, the electron 
has essentially the same kinetic energy after the collision as before the 
collision.) The current increases exponentially with voltage as shown from 
A to B in Fig. 3.17. 

At point B of Fig. 3.17, the current digresses from the simple exponential 
curve of A to B. At this point, some of the electrons have enough energy 
to ionize the gas molecules on collision. The gas molecule receives enough 
energy from the free electron to anow a valence electron (in some cases 
more than one valence electron)' to escape. As a result, the gas molecule 
becomes a positive ion. The electrons continue on to the plate and the 
positive ion travels toward the cathode. Because of its comparatively 
large mass, the positive ion travels much more slowly than the electron 
does. Therefore, the ionized gas acquires a positive charge which assists 
in the acceleration of the electron away from the cathode. 
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As the current density is increased, the voltage rises slightly at first, but 
then as additional current is drawn more ionizing collisions occur and the 
voltage across the diode decreases until the voltage is essentially equal to 
the ionization potential (usually about 12 v) of the gas. This condition is 
indicated as point C in Fig. 3. 17. An increase of current beyond point C 
causes essentially no increase of voltage across the tube. (Actually the 

t 
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C 

Fig. 3.18. The characteTistic curve of a cold cathode gas tube. 

voltage will increase if the current is raised to a high enough value, but 
this high value of current is beyond the maximum current rating of the 
diode.) 

A second type of gas diode, also in wide usage, contains a plate and a 
cathode surface, but the cathode is not heated. Consequently, the tube is 
referred to as a cold cathode diode or (because of its principal usage) as a 
voltage regulator diode. The voltage-current characteristics of this type of 
tube are shown in Fig. 3.18. 

In order to produce ions in the cold cathode tubes, a small amount of 
radioactive material is included inside the tube,l3 The radiation from this 
material produces positive and negative ions in the tube. Consequently, 
a . small voltage across the tube a.ttracts positive ions to the negative 
cathode and negative ions (or electrons) to the positive plate. When all 
of the ions produced in the tube are collected, the current through the tube 
reaches a saturation condition as indicated at point A in Fig. 3. 18. At 
point B in Fig. 3.18, the current starts to increase with increasing potential. 

IS Glenn Cassidy, "Radioactive Krypton in Cold-Cathode Gas Tubes," The Western 
Electric Engineer, Vel. IV, No. 1 ,  January 1960. 
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At this point, some of the electrons have enough energy to ionize the gas 
molecules on collision. The gas molecule is broken down to an electron 
(in some cases more than one electron) and a positive ion. The electrons 
continue on to the plate and the positive ion travels back to the cathode. 
As a result of this ionizing process, the current increases exponentially. 
This ionizing (voltage) region was first investigated by J. S. Townsend and 
accordingly is known as the Townsend I Region. The Townsend I region 
is shown in Fig. 3 . 18  as the region between B and C. 

In gaseous conduction, the negative carriers are free electrons as in the 
semiconductor. In contrast, the positive carriers are the positive ions 
instead of the holes. However, because of the much greater mass of the 
positive ions (as previously mentioned), the positive carriers move at a 
much slower Velocity than the electrons do. 

Another phenomena occurs at point C of Fig. 3.18. At this point, the 
actual current again digresses from the expected curve. In this region the 
positive ions have enough energy when they strike the cathode to cause 
secondary electrons to be emitted.H As a result, the current increases 
above the value expected for pure gaseous conduction. This region is 
known as the Townsend 11 region and is shown in Fig. 3.18  as the region 
between C and D. 

The phenomenon from the origin to D of Fig. 3.18 is known as a dark 
discharge; that is, there is no visible light emission from the tube. If the 
radiation is removed, the current drops back to zero. However, at point D 
a new phenomenon occurs. The ions produce a visible glow in the gas and 
the discharge becomes self-sustaining. In this case the number of secondary 
electrons from the cathode is sufficient to keep the current flowing. Hence, 
current is maintained even if the radiation is removed. 

The self-sustaining condition is known as a glow discharge. The total 
voltage actually decreases across the tube as shown in the curve (part D to 
E) of Fig. 3.18. From point Eto F of Fig. 3.18, the voltage remains almost 
constant whereas the current changes over quite a wide range. The change 
of current from E to F is much, much greater than the change of current 
from the origin to D. The current at point E flows through a restricted 
volume of the gas. As the current increases, the active volume of gas 
increases until point F is reached. When the tube is operating at point F, 
the entire volume between the cathode and the plate is active. When the 
current is increased beyond point F, the voltage across the tube increases 
again. However, if the voltage is increased very much beyond point F, an 
arc discharge occurs (much as in electric arc welding) and the tube is 
quickly destroyed because of excessive heat. 

u. Positive ions usually do not achieve sufficient speed to cause Significant ionization 
in this VOltage range. 
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Most cold cathode gas diodes are designed to be operated in the E 
to F region (Fig. 3 . 18) of the characteristic curve. In this region, the 
current is almost independent of voltage. Typical tubes have operating 
potentials from 75 v for some tubes to 1 50 v for other tubes. The type of 
gas in the tube and the pressure of the gas determines the operating 
potential. The potential at point D of Fig. 3 . 1 8  is known as the striking 
potential. The voltage across the tube must rise to this striking potential 
before the tube can drop back to the operating potential. 

Glass enyelope 

Plate 

. �Gas �( -1 _________ Cathode --.......t'-

(a) Heated cathode 
tube 

Filament 

(b) Cold cathode 
tube 

Fig. 3.19. Schematic representation of a gas diode. 

The symbolic representations for gas diode tubes are shown in Fig. 3 . 19. 
The symbol for the heated cathode type is the same as the symbol for a 
high-vacuum diode except a small black dot is included in the envelope to 
represent the gas. 

3.13 GRAPHICAL SOLUTION OF DIODE CIRCUITS 

In order to use diodes intelligently, methods of analysis and design must 
be understood. In general, two basic approaches will be described. One 
approach (described in Section 3 . 14  and Section 3 . 1 5) uses an equivalent 
circuit for the diode. However, in this section the diodes and associated 
circuit elements will be analyzed by graphical methods. 

In the graphical method of solution, the current vs voltage charac
teristics of the diode are expressed in graphical form. Frequently the tube 
manuals and manufacturers' .data sheets present the characteristics of the 
diodes in graphical form. These plots of current vs voltage are known as 
characteristic curves. The characteristic curves furnished by the manu
facturer represent average diodes of a given type. Hence, if very accurate 
curves are required, the characteristic curve for the particular diode in 
question must be plotted from measured voltages and currents. 



Diodes 89 

With the diode's characteristics presented i n  graphical form, the current 
vs voltage characteristics of the circuit ex.ternal to the diode must be 
presented in graphical form. Intersections of the various curves represent 
solutions of the circuit currents and voltages. An example will illustrate 
this procedure. 

Example 3.1 .  A circuit i s  connected as shown in Fig. 3.20. Find the output 
voltage Vo if v/ has the form shown. The characteristics of a 5U4 tube are given 
i n  Fig. 3.21 . 

100 
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.s 0 
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--J -+ -1-+ -1-..,. 
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10 20 30 40 50 60 70 80 90 100 

Time in milliseconds 

Fig. 3.20. A typical diode circ:uit. 

When v I is 0 v, essentially no current flows through the circuit. Hence, Vo is 0 
i f  VI is O. However, when v/ is +50 v, some current will flow through the cir
cuit. From Fig. 3.20, the voltage equation around the plate circuit loop is 

Vp = VI - ipRL 

where U I = the instantaneous input voltage 
vp = the instantaneous voltage across the diode (plate voltage) 
ip = the i nstantaneous current through the loop (plate current) 

(3.63) 

This equation contains two unknowns ip and Up. However, a second relation
ship between ip and Vp is given by the diode characteristic curve (Fig. 3.21). 
Hence, enough information is available to solve for both il, and 1,,'1" 

Since the characteristic curve is a graphical representation of the relationship 
between ip and Ill'. it would be desirable to find a graphical representation of 
Eq. 3.63. Fortunately. if IIp and i1, are the variable quantities of Eq. 3.63, this 
equation represents (graphically) a straight line. This line will have a slope of 
- I / RI, and an intercept on the Vp axis (point A )  of VI' Accordingly. if VI is 50 v, 
the line ABC represents Eq. 3.63. I n  this case, the intercept with the vp axis 
(point A) is SO v. A second point on this line is found by noting that if Vp = 0, 

,. 
• T Ip = 

R T. 
(3.64) 

Here, with III or 50 v and RL of 500 n, ip is 100 l11a and is indicated as point C 
i n  Fig. 3 .21 .  
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Fig. 3.21. The characteristic curve of a 5U4 tube. 
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Fig. 3.22. The voltages VI and Vo for the circuit of Fig. 3.20, 
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There is only one point (point B) common to both the characteristic curve 
and line AC. Hence, point B is the only solution for Eq. 3.63 that also satisfies 
the voltage-current requirements of the diode. Thus, ip is 60 ma and Vp is 20 v 
when VI is +SOv. In this- case, vd is equal to ip times RL or vD .... 30v. 

Similarly, line DEF represents Eq. 3.63 when ", is 100 v. Point E is the 
required operating point with iJ> = 140 ma and Vo of 500 x 0.14 or 70 v. 

Whenever the plate of the diode is more negative than the cathode. essentially 
no electrons will pass through the tube. Hence, Vo = 0 for all negative values of 
plate voltage. Accordingly, the relation between vI and vD is as shown in Fig. 3.22. 

The foregoing circuit is known as a clipper circuit, since the negative 
portion of the input voltage waveform was clipped off. If the plate and 
cathode of the diode are interchanged in the circuit of Fig. 3.20, the 
positive portion of the input wave will be clipped. 

PROB. 3.19. A circuit is connected as shown in Fig. 3.20. If RL is changed to 
1000 n, plot "0' Repeat if RL is increased to 10,000 n. 
PROD. 3.20. A circuit is connected as shown in Fig. 3.20. What value must 
RL have if vo is 80 v when VI is l OO  v? 

3.14 DIODE EQUIVALENT CIRCUITS 

As mentioned in Section 3. 13, an equivalent circuit can be used for anal
ysis and design of diode circuits. The diode is replaced by linear circuit 
elements (resistors, capacitors. batteries, etc.) and switches the combination 
of which has approximately the same current vs voltage characteristics as 
the diode. With the equivalent circuit used in place of the diode, standard 
circuit analysis can be used to determine the circuit performance. 

To illustrate the process of obtaining a suitable electrical network, 
consider the characteristic curve of the 6AL5 vacuum diode shown in 
Fig. 3.23. This characteristic curve is approximated (for the range 0 to 
about 7 v) quite closely by the dashed line of Fig. 3.20. This dashed 
line represents a linear relationship between voltage and current. Since a 
resistor has the same linear relationship, the diode can be approximated 
(at least in the voltage range of 0 to 7 v) by a resistor. In  Fig. 3.23, 30 
milliamperes of current flow when 6 v is applied. Hence, the dashed line 
represents 6/0.03 = 200 n. This dashed line resistarice is  known as the 
static plate resisrance of the diode (at 30 ma.) and is given the symbol rp. 

If small voltage fluctuations (in the order of 1 V or so for Fig. 3.23) are 
encountered, a second type of equivalent resistance can be found. The 
change of diode voltage with diode current is the important relationship. 
Thus, if il, is the instantaneous value of plate current and Vp is the instan
taneous value of plate voltage, 

Av" 
r = --11 6.; p 

(3.65) 
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or i n  the limit, 
dvp 

r = -
• d '  Ip 

Electronic Engineering 

(3.66) 

where r 1) is known as the dynamic or small signal plate resistance. For 
example, if the plate of a 6AL5 tube is maintained near + 6  v the dynamic 
plate resistance would have the slope given by the dotted line of Fig. 3.23. 
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Fig. 3.23. A method of finding the impedance to be used in an equivalent circuit for a 
6ALS diode. 

I 
Hence, a change of I v causes a change of 8 ma or r. = -- = 125fl. 

0.008 
The circuit in  which the diode is used will determine which type of equiva
lent plate resistance to use. However, most diode circuits will require the 
use of the static rather than the dynamic plate resistance. In contrast, 
the concept of dynamic plate resistance will be very useful in analyzing 
the devices to be considered in Chapter 4. 

Thus far, only part of the equivalent circuit for a diode has been found. 
The static plate resistance is only valid for the range 0 to 7 v (the dynamiC 
plate resistance is very accurate for plate voltages from 5 to 8 v). In the 
o to 7 v range the equivalent circuit for the diode is as shown in Fig. 3.24a. 
If negative voltage is applied to the plate, essentially no current flows in the 
circuit, and the equivalent circuit for the tube becomes an open circuit as 
shuwn in Fig. 3.24b. The total equivalent circuit for the diode is as shown 
in Fig. 3.24c. The switch Sl of this figure is in position I if a positive 
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Fig.3.24. Derivation of the equivalent circuit for a 6AL5 diode. The switch SI of part c 
is at position J for + voltage on plate and in position 2 for - voltage on plate. 

voltage is  applied to the plate, and i n  position 2 if a negative voltage is 
applied to the plate ." 

The semiconductor diode can be represented by an equivalent circuit as 
shown in Fig. 3.25. Again, the switch operates as explained previously. In 
this diode, the resistance in the forward direction " is quite low (ohms or 
so) whereas the resistance in the reverse direction " is quite high (megohm 
or so). The current vs voltage characteristics of the equivalent circuit are 
also shown in Fig. 3.25. The equivalent circuit shown applies only to 
diodes operating in the voltage region before breakdown OCCurs. Manu
facturers usually list the values of " and '11 for semiconductor diodes. Tn 
many cases diodes can be considered as simple switches which are ON in 
the forward direction (r, � 0) and oFF in the reverse direction (r, � 00). A 
diode with this type of characteristics is known as an ideal diode . 

r, 
Very high 
resistance 

2 

Positive electrode 

I 

SI 

rt Low 
resistance 

Negative electrode 

(a) Equivalent circuit 

.. 

o 
o 

(b) Current \IS. voltage characteristics 
of the equivalent circuit 

Fig. 3.25. Equivalent circuit of a semiconductor diode. 

+ 

U The system of linear approximation given in Chapter 16 can be used with diodes to 
produce more accurate equivalent circuits_ 
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The eq uivalent circuit for a gas diode and the current vs voltage charac
teristics of the equivalent circuit are shown in Fig. 3.26. Since the voltage is 
essentially constant over a wide range of current in  the forward direction, 
this type of tube can be represented by a battery. When the bias is in the 
reverse direction, essentially no current flows so the equivalent circuit is an 

Add low value of 
R here for a 
zener diode 

Anode 

+ 
-=- v 

2 1 o 

Cathode 

(a) Equivalent circuit 

t 
+ 

o 
, 0  , 

Zencr diode--,I 
, 

Voltage � 

(b) Current vs. voltage characteristics 
of the eqUivalent circuit 

Fig. 3.26. Equivalent circuit for a gas diode or for a zener diode. 

+ 

open circuit. Again. the switch SI operates as outlined previously. Figure 
3.26 can also be used to represent the zener diode in the constant voltage 
region of operation. Of course, the zener diode would not have high 
resistance if the bias voltage were reversed. 

In all the foregoing equivalent circuits, the impedances of the elements 
in the equivalent circuits are not affected by frequency. For low fre
quencies, the circuits are quite accurate. However, for very high fre
quencies (megahertz or higher) one additional element should be added 
to each circuit. As already noted for the semiconductor, a capacitance 
exists across the diode. Similar capacitances also exist between the plates 
and cathodes of gas and vacuum diodes. Consequently, each diode 
equivalent circuit should be shunted by a capacitor equal to the capacitance 
across the diode. These capacitances are usuaHy in the micro4microfarad 
(or pi.cofarad) range, so they only become effective at very high frequencies. 
The use of this capacitance is an oversimplification. A more accurate 
representation will be discussed in Chapter 16. 

3.15 USE OF DIODE EQUIVALENT CIRCUITS 

Some simple examples may help illustrate the usefulness of the equivalent 
circuits just devised. 
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! of a 5U4 
+ 

u = 100 sin 377t '\.., 

5 v  

Fig. 3.21. Circuit for a ha1f-wave rectifier. 

Example 3.2. Onesectio� ora 5U4 diode is 10 be connected as shown in Fig. 3.27. 
If the characteristic curve of the 5U4 diode is as shown in Fig. 3.28, find an 
expression for the current through the load, RL. 

To find an accurate value fOT r p. the peak voltage across the diode must be 
known., This peak value can be found by the graphical method of Section 3 . 13. 
In this example, the peak vOltage applied to the circuit is 100 v and RL is 2000 n. 
Therefore. the line AC (Fig. 3.28) represents the peak voltage conditions and 
point B indicates the maximum voltage across the diode. Since this maximum 
value of plate voltage is about 16 v, a resistance line is drawn which approximates 
the characteristic curve between 0 and 16 v. This line (when extended) indicates 
lOO rn. Hows when 40 v are applied. Hence rp is equal to 40/0.1 or 400 !l for 
the circuit given in Fig. 3.27. 

The two equivalent circuits shown in Fig. 3.29 approximate the action of the 

800 
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�. r::;;; B -
0 o 20 

/ 
/' V 

-- -'--
40 60 

Plate volts 

/ Actual curvy 
/ 

/ 

rp 4000 

- - A 
80 100 

Fig. 3.28. Characteristic curve of a SU4 diode (one section). 
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(a) 
Equivalent circuit when 
sin 377t is negative 

+ 

(b) 
Equivalent circuit' when 

sin 377t is positive 

Fig. 3.29. Equivalent circuit for Fig. 3.27. 

+ 

diode. Since sin 3771 is positive for t from 0 to Tio sec, the current ip can be 
found by the relationship 

(m > 1 > 0) 

100 
ip � 

R 
sin 3771 

rp + L 

For this example, lOO/(rp + RV is equal to 0.042 amp. 
is negative for 1 between -rh sec and 10 sec 

ip � 0 
(m < I < h) 

(3.67) 

. . 
Also, since the sin 3771 

(3.68) 

Now, since the sin 3771 is positive for t greater than to sec but Jess than Th sec, 
Eq. 3.67 will also apply for this time interval. In fact, Eq. 3.67 applies for 1 > n/6O 
but less than (2n + 1)/120. By similar reasoning, Eq. 3.68 is valid for 1 greater 
than (2n + 1)/120 but less than (n + 1)/60 where n is 0, 1 , 2, 3, 4, and so forth. 

A plot of the current in RL can be made using Eq. 3.67 and Eq. 3.68. This 
plot is shown in Fig. 3.30. Again, the negative portion of the input signal has 
been clipped off. 

The average current can be found by integrating the total current in one cycle 

100 i rp +RL 
-

E 
.� t 1'; � 8 

o I 
no 

I 
00 

3 no 
TIme in seconds --+-

2 
00 

, llO 

Fig. 3.30. The current output of the circuit in Fig. 3.27. 
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and dividing by the time for one cycle. Therefore, 

or 

fI'''[IOO/(rp + RL)) sin 3771 dl 
I - :J."o ____ --.-;-_____ _ aye -

%0 

100 

(3.69) 

I = (3.70) an (rp + RL),r 

The example just considered is known as a half-wave rectifier. The 
rectifier circuits are used in power supplies which convert a-c to d-c power. 
If RL is much larger than rp in Eq. 3.67, rp can often be ignored. When 
rp is ignored, the diode is assumed to be an "ideal diode." 

PROD. 3.21. A circuit is connected as shown in Fig. 3.27. Change RL to 
250 (} and plot ; p. 
PROD. 3.22. One section of a 6AU (see Fig. 3.23) diode is to be connected as 
shown in Fig. 3.27. If R L is 20,000 0, plot i p vs time. 

Many times the manufacturers list only forward resistance r, and reverse 
resistance r. for the junction diodes. Following is an example which 
illustrates how this information may be used. 

Example 3.3. A diode is connected in a circuit as shown in Fig. 3.3 1 .  The diode 
has a forward resistance of 100 n and a reverse resistance of 100,000 n. If a 
voltage with the waveform shown in Fig. 3.31 is applied to the input, plot the 
output voltage vo-

+10v 

Ov 

-10'11' 
0 1 2 3 4 5  

Time in milliseconds 

0.1 JA.f 

<>--jl---r---<; 

"0 

Fig. 3.31. A diode damper circuit. 

The capacitor in the circuit is assumed to be completely uncharged at the time 
t = O. Then, at time t = 0 +, the circuit would be as shown in Fig. 3.32a. This 
circuit is a simple series RC circuit whose loop equation can be written as 

Solving this equation fOT i, 

10 = r,; + � JI dt (3.71) 

(3.72) 
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The term r le is known as the time constant of the circuit and is usually given the 
symbol T. 

Since Vo is equal to i times r" 
"0 - lOe-'" (3.73) 

Thus at time t = 0, the output voltage is 10 v, but this output voltage decays 
rapidly (with a time constant of 10 I'sec) to essentially zero. This portion of the 
output voltage is plotted (for 1 msec > t > 0) in Fig. 3.33. 

Diode 

r, = lOOn 

(a) Time t � 0+ ri2V
-.it 0. 1 ,.,.1 

-=- lO v  

Diode 

't = lOOn 

IOv 

rl -�_ O.I�f Diode 

-=- lOv 
+ 

(b) Time t = 1 millisecond+ 

Vout 

(c) Time t = 2 miUiseeond+ 

Fig. 3.32. The equivalent circuits for Fig. 3.31. 

At time t = 1 msec, the capacitor is charged to essentially 10 v when the 
input voltage shifts to become - 10 v. Consequently, the equivalent circuit is as 
shown in Fig. 3.32b, where 

(3.74) 

where t' has the value of 0 at the time I = 1 msec. Thus, the output voltage at 
time 1 - 1 msec is -20 v and decays toward 0 potential. However. the time 
constant rbC is large (10-2 sec) compared to one msec (the time during which this 
circuit is valid). so the capacitor does not discharge appreciably before the input 
voltage reverses again. Actually, 

"0 = -20e-o·1 = -18.2 v (3.75) 

for the output voltage at the end of this portion of the cycle. This voltage 
variation is plotted in Fig. 3.33. 

Since the capacitor discharged only 1.8 v during the period from the time t - 1 
msec to I = 2 msec. a charge of 8.2 v remains on the capacitor. Hence. at time 
t -= 2 msec the equivalent circuit is as shown in Fig. 3.32c. In this case, 

(3.76) 
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Fig. 3.33. A plot of vout for Fig. 3.31. 
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6 7 

where r has the value of zero at time t = 2 msec. As in the circuit in Fig. 3.320, 
the capacitor quickly charges to 10 v again. From this point on, the action ofthe 
circuit is repetitious. 

The foregoing circuit is  known as a damper circuit. In effect, this 
circuit has "clamped" the most positive portion of the input waveform to a 
value of 0 v. Many modifications of this circuit are used in various pulse 
circuit applications. 

PROD. 3.23. Repeat Example 3.3 if a diode with a forward resistance of 100 n 
and a �verse resistance of 1 megohm is used. Does this diode improve the 
clamping action? 
PROD. 3.24. Plot the output voltage waveform if the diode in Fig. 3.31 is 
reversed in the circuit. Assume r, = l00 .a and rb = 100.000 n. 

The circuit considered in Example 3.2 removed the negative portion of 
an a-c signal and was caned a half-wave rectifier circuit. The circuit for 
afull-wave rectifier is given in Fig. 3.34. 

1 ]E�� 

Fig. 3.34. A full-wave rectifier circuit. 

. 1  i 
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Example 3.4. A circuit is connected as shown in Fig. 3.34. The voltage input 
to the transformer T) is 100 v, 100 cycles, and the output voltage is 400 v peak on 
each side of the center tap. The diodes have low forward resistance and very 
high back resistance. The capacitor has a capacitance of 10 " f  and the load 
resistor has a resistance of 1000 n. Plot the voltage across R L as a function of 
time. 

Let time t = 0 when the terminal 1 of transformer T I is at the maximum 
positive potential, Since diode D2 has a reverse voltage, very little current will 

400 
395 

t 278 � l 6 

o A 

V2 E 

\ 
\ 

--,-
\ I 
\ I 
\ I 
\ I 
\ , " 

Time ----+-
Fig. 3.35. Output voltage waveform of the circuit of Fig. 3.34. 

flow through side 3 of the transformer. In fact, since the reverse current is so 
small, the reverse current can be ignored without introducing any appreciable 
error. Since side 1 is positive with respect to ground, a current will flow through 
diode D1• This current will charge capacitor C as shown in Fig. 3.35 (curve A to 
B) and also cause current to flow through RL. If the forward resistance of the 
diode and the resistance of the transformer are ignored, the capacitor will charge 
to the peak value of the voltage (400 v) acrosS 1/2 of the transformer secondary. 
After the peak value of voltage is past, the voltage at point I will decrease as 
shown by the dashed line B to C of Fig. 3.35. As soon as the voltage at point I 
becomes less than the charge on the capacitor, the diode D\ is biased in the 
reverse direction and the diode becomes an open circuit. The charge on the 
capacitor C starts to leak off through the resistor RL as soon as Dl is cut off. 

The performance of this circuit can be analyzcd mathematically. Thus, the 
voltage across the capacitor, Vc between time 'I and '2 is given by the equation 

(3.77) 
(I, < I < I,) 
where VI is the voltage at which diode Dl ceases to conduct. and 11 is the time 
when this cut�off of diode Dl occurs. Also. the voltage on the transformer side 
of the diodes, "T (curve ABCDEF, etc., in fig. 3.35) is given by the equation 

VT = I V m cos W/[ (3.78) 
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where V m is the peak value of transformer voltage and w is the radian frequency 
of the power source. 

Inspection of Fig. 3.35 indicates that VI occurs when the slope or Vc is equal to 
the slope of VT. 

and 
dVT 
dt = - w V  ... sin <vI 

Now, these two derivatives will be equal when I = 11, Hence, 

VI - w V"" sin wf1 = - -C RL 

The voltage. V)J is equal to VT at the time I., Therefore. 

VI = V"" cos wt. 

When Eq. 3.82 is substituted into Eq. 3.81, 

or 

w Vm sin wl1 = 

I 
tan lOll = -;:-:;:; 

wRLC 
This equation can be written as 

or 
I I 

t = - tan-1 ---;� 1 w wRLC 

If the value of , 1 from Eq. 3.86 is substituted into Eq. 3.82, 

VI = V rH. cos (tan-1 W;.LC) 

(3.79) 

(3.80) 

(3.81) 

(3.82) 

(3.83) 

(3.84) 

(3.85) 

(3.86) 

(3.87) 

This equation can be simplified by referring to Fig. 3.36. If 8 = tan-1 l/wRLC. 
o has the value shown" Hence, the cos 0 is wRI.C/[\ + (wRLC)']loi and Eq. 3.87 
becomes 

(3.88) 

The value of V% (the voltage when diode 
D2 begins to conduct) can be found by 
equating Vc and L'T at the time I = '1.' 
Accordingly, when the value of Vl from 
Eq. 3.88 is substituted into Eq. 3.77 and 

Fig. 3.36. A graphical representatirm 

of Eq. 3.91. 
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when Eq. 3.77 is equated to Eq. 3.78, 

(3.89) 

or 

(3.90) 

Since I. can he found from Eq. 3.86, and the values of w, Rv and C are known 
for a given circuit, the time I1 is the only unknown in Eq. 3.90. Unfortunately, 
Eq. 3.90 cannot he solved directly and therefore must he solved either graphically 
or by trial and error. 

For this example. 
wRLC � 628 x 10" x 10-' - 6.28 

1 . 
tan-' 6.28 

� 90 � 0.157 rad.an 

I 
I. � 628 

x 0.157 � 2.5 x 10-4 sec 

400 x 6.28 
V. � 

(I + 39.4)� = 395 v 

12 by trial and error � 3.7S )( 10-8 sec 

V, = 278 v 

(3.91 ) 

(3.92) 

(3.93) 

(3.94) 

As mentioned previously. the current through each diode flows only during 
a short period of time each cycle. While the current flows, it has the value 

dlJT vT i = C - + -
dl RL 

(3.95) 

The term C(dvTldt) represents the current used to charge the capacitor. while 
the current vTJRL is the current delivered to the load. Usual1y the current 
required to charge the capacitor is many times greater than the current required 
by the load resistor. Neglecting the source resistance and inductance, the 
maximum current flow through the diode usually occurs at '2 when dvTldt is 
greatest. Hence, a quick check allows the circuit designer to determine if the 
current through the diode exceeds the recommended maximum. 

Substituting Eq. 3.80 and Eq. 3.78 into Eq. 3.95, 

. . v'" cos wt. 
'mal[ at If = Cw V," Sin wt. + 

R L 
(3.96) 

= 10-' x 628 x 400 sin (628 x 3.75 x 1()4) 
400 cos (628 x 3.75 x 10-3) 

+ 
1000 

= 1.77 + 0.283 = 2.053 amp 
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Since actual circuits always contain some inductance and resistance, ima:r:: occurs 
later than I, and is less than that given by Eq. 3.96. 

A derivation similar to the roregoing can be made for the half-wave rectifier. 
In the half-wave rectifier. the time when conduction ceases (11) is the same as 
in the full-wave rectifier. However, the time when conduction hegins (I,) will 
he different. A plot is made in Fig. 3.37 to help determine the value of I, and 
Is for either the full-wave or half-wave rectifier. 

7 

6 
5 

2.- :.-l J: I =----Reference is chOsen so t _ O when 
'3;"/2 11 _ Vmalt. 

' r  

1"'72 
o 

I I 
!-wt2 for haH wave �ti�r 

--

.....-I-- ""2 for full wave rectifier 

--

r---.. ..:::!J a � � �  .... N ..,. ID  � � � �  § � � �  § 
-

Fig. 3.37. A plot to help dete�iDc 11 and It in Fig. 3.35. 

PROD. 3.25. Repeat Example 3.4 if C is changed to 'lOO pf. What is the peak 
current through the diode. 
PROD. 3.26. The diode D, (in Example 3.4) has a failure and becomes an open 
circuit. Plot the output voltage waveform. What is the peak current through 
diode D2 '1 

The foregoing derivation of relationships in a rectifier-filter system is 
adequately rigorous, but disappointingly tedious from the standpoint of 
system design. Considerable simplification results when certain approxi
mations, which will he discussed, are allowable. Whenever a capacitpr 
is used in a rectifier system to improve the rectification efficien and 
r uce t e a-c component or " e In the oad, the ca acitance value 's 
usu c osen so t at t e n e vc ari on with 
d-c component of load voltage. Under this condition, the time constant 
of the load resistance and filter cawcitance must he long compared with 
the )?!'riod T ofthe input voltage (Fig. 3.38). Then the ca acitor and load 
voltage decreases almost linearlY' at the initial discharge rate V mu RLC 
(obtained from Eq. 3.79 by letting I = I, and assuming v, - "max). This initial 
slope would reduce the load voltage to zero at· I = RLC if it were allowed to 
continue. 
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Fig. 3.38. Constructions used in the approximate solution. 

If semiconductor diodes are used as rectifiers, the maximum voltage 
across the load is approximately equal to the peak input voltage, since 
the forward drop across the diode is approximately one volt. Then an 
approximate relationship between the filter capacitance and the ripple 
voltage can easily be obtained by the following procedure. 

1. Assume that the load voltage decreases linearly from t = 0 until t = T. and 
then the capacitor is instantly recharged to V mu and so on. Then triangle 
AD'D' is similar to triangle ADD and , 

T D'D' 
-- � --

Vmu; 
(3.97) 

2. D'D' is the peak-to-peak ripple voltage which may be approximated from 
the specified rms ripple voltage. D'D' "" 2 v'2 V,I.pl •• 

3. The average or d-c load voltage is obtained by subtracting the peak ripple 
voltage H'D'/2 from V mn, or, more often, the maximum input voltage is 
obtained by adding the peak ripple voltage to the specified d-c load voltage. 

4. The minimum value of load resistance. which is the worst case, may be 
obtained by dividing the d-c load voltage by the maximum specified load 
current. 

S. The required value of capaci�ance:�n be&>btained from the specifications for 
the power supply and with the aid of Eq. 3.97 

C __ _TVmu 
2 v2 vripple RL 

(3.98) 

When a full-wave rectifier is used, the discharge period is approximately 
T/2 instead of T. Therefore, the required filter capacitance is reduced 
by a factor of two. 

PROB. 3.27. Design a full-wave power supply with a capacitor filter which 
will provide 50 volts d�c at I ampere into a resistive load. The permissible rms 
ripple voltage is 2 per cent of the d-c load voltage. Use silicon rectifiers and 
determine the filter capacitance as well as the rms voltage of the transformer 
secondary. The primary power is 1 I 5 v 60 Hz. 

A computer solution of the equations in Example 3.4 is presented in 
nomograph form in Fig 3.39. This nomograph is very useful when deter
mining the ripple factor as a fraction of wRLC. 
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Hot cathode gas diode lubes are frequently used as rectifiers. The 
voltage drop acr�.ss lhese tubes is small in comparison with a vacuum 
diode (12 v is a typical value). Consequently, gas tubes have lower internal 
losses at high currents. In contrast, cold cathode gas diodes are usually 
used as voltage regulators. Of course, the zener diode is also used as a 
voltage regulator. The action of a voltage regulator can be demonstrated 
by an example. 

Example 3.S. A gas diode (type OD2) has the following characteristics. Operat
ing voltage is 108 v for a current of 5 to 30 ma. The diode is connected in a circuit 
as shown in Fig. 3.40. What values may RL have in order for the voltage across 
RL to remain 108 y ?  

5K 

Ov�----------,---�----� 

Fig. 3.40. A voltage regu1at9r circuit. 

The voltage drop across the S �n resistor must be 300 - 108 � 192 v. There
fore, the current through this resistor must be 

192 
1 = SK � 38.4 ma 

The current through the diode can vary from S to 30 ma and still maintain 108 v 
across the diode. Therefore. the current t,hrough the load can change between 
8.4and33.4ma. Hence, the values ofload reSistance will be 10%'0080 = 12,9000 
to 1 08/0.033< - 3240 n. 

PROD. 3.lI!. The diode of Example 3.S i. connected as shown in Fig. 3.40. If 
RL is SOOO n, over what voltage range can the 300-v supply vary and still 
maintain 108 v across RL 1 Answer: V mill = 241 v, V mall:. = 366 v. 
PROD. 3.29. A circuit is connected as shown in Fig. 3.41h. Plot the output 
voltage waveform if the input voltage has the form shown in Fig. 3.41a and the 
characteristics of the diode are as shown in Fig. 3.4lc. 
PROD. 3.30. A circuit is connected as shown in Fig. 3.42. Plot the steady-state 
output waveform if the .input signal has tbe form shown. 
PROD. 3.31. A junction diode has I v reverse bias applied. The measured 
current is 0.1 pa. What current would flow (T = 300"K) if 10 v forward bias 
is applied ? The internal resistance of the diode is 0.25 n. 
PROD. 3.32. A germanium diode (at room temperature) has doping con
centrations such that Nil - 1017/cm3 and Nd, - 10Ui/cm', 
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Fig. 3.41. Information for Prob. 3.30. 
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(0) What are the values of n. and P. ? 
(b) What are the values of n. and P.? 
(c) What is the magnitude of the potential V,w'1 
(d) What are the lengths of L. and L. ? 

Electronic Engineering 

(e) What is maximum electric field intensity in the depletion region? 
PROD. 3.33. A silicon diode (at room temperature) has the following physical 
parameters: 

Ns -= IOU/emS 
N. = IO"lcm' 

Cross-�tional area - 0.01 cm' 

(0) Determine the junction capacitance of this diode when no external voltage 
is applied. 

(b) Make a plot of capacitance vs external voltage for this diode if the ex
ternal vOltage were to vary from -2S to 0 v. 
PROBe 3.34. Write a computer program which will read�jn values of (I), RL, e, 
and V 1IJ' The computer should solve the equations given in Example 3.4 and 
print (or punch) out the values of 11, '", VI' V2, and Vave. 
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Basic Amplifiers 

The vast electronics industry is centered around the amplifier, a device 
capable of increasing the power level of an input signal. For example, the 
minute amounts of power collected by a radio-receiving antenna are 
entirely inadequate to operate a loudspeaker or provide a picture on a TV 
picture tube. Amplifiers' and other electronic circuits are required in 
order to increase the power level of the received signals and make them 
suitable for operating the output devices. In addition to its major role in 
the communications area, the amplifier is a basic building block in 
automation and computer industries. Also, electrouic instruments that 
employ amplifiers have become an essential part of the medical prOfession. 

The amplifier is actually an energy converter. The input signal merely 
controls the current that 1I0ws from the power supply or battery. Thus, the 
energy from the power supply is converted by the amplifier to Signal 
energy. There are many types of amplifiers in current use, including 
hydraulic, pneumatic, magnetic, transistor, and vacuum tube amplifiers. 
Only part of the transistor and vacuum tube types will be included in this 
treatment. The basic principles of almost all types are similar, however, 
so a thorough understanding of one will give insight into all.. 
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4.1 JUNC110N TRANSISTORS 

When a semiconductor is arranged so that it has two p-n junctions as 
shown in Fig. 4.la, it is known as ap-n-p junction transistor. The electrical 
potential in the transistor as a function of distance along the axis is 
sketched in Fig. 4.lh. If forward bias is applied to one junction and 
reverse bias is applied to the other junction, as shown in Fig. 4.lc, the 
potential diagram will be altered as indicated in Fig. 4.ld. The reduction 
in the height of the potential barrier of the forward biased junction will 
cause positive carriers from the left-hand region, which is known as the 
emitter, to be injected into the center section, which is known a� the base. 
Some of the injected holes recombine with the negative carriers in the base 
region, but if the base region is made very thin, the majority of the injected 
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Pia:. 4.1. The p-n·p junction transistor. (a) p-n-p transistor; (b) idealized potential of 
a; (c) biased p-n-p transistor; (d) idealized potential of c. 
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holes diffuse across the base and are accelerated through the reverse biased 
junction into the right-hand section, which is known as the col/ector. The 
holes drift across the collector region and cause current ic to flow in the 
collector circuit. Also� a base current iB flows as a result ofrecombinations 
in the base. A circuit diagram of the p-n-p transistor and bias batteries is 
given in Fig. 4.10. Tbe transistor could have been an n-p-n arrangement, 
in which all potentials and currents would be reversed. A circuit diagram 
including bias batteries and the transistor symbol for an n-p-n transistor is 
given in Fig. 4.1[ 

From the preceding discussion, it would seem that either end of the 
transistor could be used as the emitter. Tbis conclusion is generally not 

i. ic C i. �� � ---- -+-P-"�P 

RL ... L '" 

11 1 VD - Vcc - 11.. - Vcc 
(.) (h) 

FfI. 4.2. Common-base transistor amplifiers. 

true. The heat dissipation at the collector junction is much greater than 
the dissipation at the emitter junction because of the comparatively large 
potential difference across the collector junction. Therefore, the transistor 
is usually designed so that 'the heat can be most effectively conducted away 
from the collector junction. The power dissipation rating of the trallsistor 
depends on the thermal conductivity from the c6ilector junction to ihe 
transistor case and thence to the ambient surroundings. 

At this point, a few words should be said ahout conventional current 
and voltage directions. Actual current directions and potential poIarities 
were shown. in Fig. 4.1. .However, IEEE .standards require that ,currents 
which flow into the device be considered positive, and that currents which 
flow out of the device be considered. negative (Fig. 4.2). Therefore, the 
collector and base currents whiQh usually flow out of the p-n-p transi.ror 
are negative currents indicating that they flow in the opposite direction'to 
the conventionial positive currents .. Also,. a potential is considered positive 
if.it is positive with respect to common node. Tbe arrow head point.s in 
the direction of positive poten.tial, as shown in' Fig. 4.2. In the p-1I-p tran
sistor, the collector is actually negative with respect to the base, which 
is the common node in the common base configuration. Therefore, the 
actual p-n-p collector voltage is negative, 
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When the voltllge �tween the collector and the base is held constant, 
as in the preceding discussion, the fraction Qf the emitter current which 
r��!Ies the, coIIe!;I9r terminal is <:alIed �. In addition to this current, the 
saturation current resulting from thermally generated carriers flows across 
the reverse biased collector-base junction, as discussed in Chapter 3. This 
saturation current was known as Is in the diode but is known as loo or 10BO 
in the transistor.' Since loo flows out of the collector in a p-n-p tran
sistor, loo will be a negative current. Then the collector current is 

-io = a.iE - loo (4. 1) 

@<Onerally! the collector circuit can be thought of as the output circuit. It is 
therefore desirable 'to h",; asillrge-a: corrector current as possible, or in 
other words, t"..l1,llve _£" approach u�. This can be accomp,lis!'ed by 
makins.,t11, bl!£e .. sectJon trun; as previously mentioned, to reduce the 
o,!iportunities for recombination. Also, the doping concentration in the 
base region may be a minimum practical value in order to provide a 
minimum recombination rate. In currently available junction transistors, 
values of a. range from about 0.95 to 0.998. 

Using Kirchhoff's current law, it is evident from Fig. 4.1 that the base 
current is 

-iB = iE + io (4.2) 

-iB = iE - (a.iJ!) - loo) = (1 - a.)iE + leo (4.3) 

PROB. 4.1. A certain transistor has a. = 0.98. V BE is adjusted so that iE = 10 
ma. Assuming that the collector junction is reverse biased and leD = -10 Ma, 
calculate ic and iB" Answer: iB = 190 po, le = 9.82 ma. 
PROB. 4.2. At what magnitude of emitter current will the base current be equal 
to zero? 

4.2. THE COMMON-BASE AMPLIFIER 

If the emitter and base terminals are the input terminals and the collector 
and base terminals are the output terminals, the transistor is in the common 
base or grounded base configuration. A gain in signal power may be 
realized with this arrangement. The input resistance of this configuration 
is low because of the forward bias on the emitter':Oase]i.mcfioii�-·ln coii:1:rast, 
�- ." . _ ... . . . . . " .. 

1 The saturation current is frequently known as IcAO in the literature. The three 
subscripts indicate this cunent flows from the collector (first subscript) to the base 
(second subscript) when the emitter circuit is open (the third subscript indicates the 
condition of the third tenninal of the device). For example. when the emitter junction 
is reversed biased and the collector circuit is open the current which flows is known as 
16�o' Since the second subscript is always B when thermal currents are involved. this 
second subscript may be eliminated without loss of information. 
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the �tput resistance is hig,!_�,!!!, <ifJhe-l"£Ys!�.l!!"-S_����1!-�t.£!': 
base ju�ctl2!t. Therefore, a load resistance which is high in comparison 
with the input resistance may be placed in the collector circuit. Since the 
output current may be almost equal to the input currentt the ratio of power 
in the load resistance to the power input (known as power gain) may be 
almost equal to the ratio of load resistance to input resistance. If the input 
and load currents are almost equal, the voltage gain must be essentially 
equal to the power gain. When there is no means provided to separate the 
bias currents from the signal currents, the amplifier is said to be a d-c 
amplifier. A schematic diagram for a common base d-c amplifier is 
given in Fig. 4.2a. 

Some practical problems may arise from the lack of common d-c 
potentials in the input and output .circuits of this amplifier. These 
problems are avoided in the circuit of Fig. 4.2h. This circuit utilizes 
capacitors to isolate the bias currents from the signal currents. This 
amplifier is called an a-c amplifier. In this amplifier the bias supply 
voltage V BB must be increased in order to compensate for the drop 
across RI' The value of RI should be large in comparison with the input 
resistance of the transistor so the signal current in the emitter of the 
transistor is almost equal to the source current ii' [n either the d-c or 
the a-c circuit, a small variation in the input voltage causes a change in the 
height of the emitter-base junction potential barrier, which in turn causes a 
significant change in the injection current across this barrier. Most of the 
injected carriers drift across the narrow base region into the collector and 
thus cause collector-current variations which are almost equal to the 
emitter-current variations. The collector-current variations cause voltage 
variations across the load resistance RI.- These voltage variations may be 
much larger than the input voltage, v,. The voltage variations across RL 
constitute the output signal voltage, which may be isolated from the bias 
voltage by the capacitor Ca. Observe that the varying or signal com
ponents of current or voltage are the total valu.es minus the bias values. 

. . 
Notice also that the bias potentials applied to the transistor, V EB and 
V CB are different from the bias battery potentials V BB and V cc. 

When the load resistance is small in comparison with the transistor 
output resistance, i. is approximately equal to <xi •• This statement will be 
verified 1ater. . Then, neglecting the shunting effecfof Rh we have 

VI = ieRin 

Vo = 
- icRL � ocieRL 

The voltage gain is 

(4.4) 

(4.5) 

(4.6) 
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The instantaneous power input is 

- " R  Pi - '. in 

The instantaneous power output is 

The power gain is 
- " R � ( ' )'R Po - 't! L - (1.1, L 

Electronic Engineering 

(4.7) 

(4.8) 

(4.9) 

The foregoing relationships are based on the following assumptions : 

1 .  The input current is proportional to the input voltage, so that Rtn may be 
defined. 

2. The load resistance RL is small in comparison with the output resistance of 
the transistor. It is evident that the output current ic must approach zero as 
the load resistance approaches infinity. 

3. The frequency of the signal components is such that all reactances in the 
circuit are negligible. 

PROD. 4.3. A certain transistor has an input resistance of 50 n, an output 
resistance of 1 megohm. and an !X of 0.98. Calculate the voltage and power gains 
in a common-base circuit which has a load resistance of 10 Kil. Assume that the 
conditions listed are fulfilled. Answer: G" = 196, Gp = 192. 

4.3 GRAPHICAL ANALYSIS 

In order to use a transistor intelligently, some basic relationships 
between its currents and voltages must be known. For example, the 
relationship between the emitter-base voltage and the emitter current 
might be very helpful. Also, the effects of emitter current and collector 
voltage on collector current would be very useful. These relationships 
could be calculated from theoretical considerations if sufficient information 
were supplied by the manufacturer. However, it is much easier and more 
accurate to determine these relationships experimentally. The diagram of a 
circuit which might be used to obtain the common-base characteristics is 
given in Fig. 4.3. The batteries and potentiometers which are used as 
variable bias sources in this circuit are customarily replaced by a-c 
operated power supplies with adjustable d-c output voltages. The emitter 
bias voltage would be low (a few tenths of a volt) and its adjustment 
would be rather critical if the resistor R were not included in the circuit. 
The voltmeters shown should be highly sensitive, preferably vacuum tube 
voltmeters, so that their operating currents do not make an appreciable 
contribution to ic or i E" 
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VBB Vcc 

Fig. 4.3. A circuit for determining transistor characteristics. 

There are four important variables in the circuit, as indicated by the 
meters. Some of these variables must be held constant while the relation
ships between others are found. For example, the emitter current must be 
held constantwhile the effect. of the collector voltage on collector current is 
determined. When the collector current is plotted as a function of the 
collector-base voltage (with emitter current held constant), the resulting 
curve is known as a col/ector-characteristic curve. Each different value of 
emitter current will yield a different collector-characteristic curve. A set of 
several curves obtained from several representative values of emitter 
current is known as a family of collector-characteristic curves. A typical 
family or set of collector characteristics for a p-n-p transistor is shown in 
Fig. 4.4. The negative current indicates that the current is flowing out of 
the transistor, where the reference direction is into the transistor. A set of 
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Fig. 4.4. A family of collector characteristic curves, 
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curves for an n-p-n transistor might be identical to the set shown except 
that the polarities of currents and voltage, would be reversed. 

From Fig. 4.4 it should be observed that: 

1 .  The collector current is almost equal to the emitter current when reverse bias 
is applied to the col1ector junction. 

2. The collector current is almost independent of collector voltage when reverse 
bias is applied to the collector junction. 

3. The collector current is rapidly reduced to zero and then reversed when 
increasing forward bias is applied to the collector junction. This behavior 
occurs because the injection current across the collector junction opposes the 
injection current across the emitter junction. The collector current is 
essentially the algebraic sum of the two injection currents. 

The emitter-base voltage does not appear in the set of collector charac
teristics. Therefore, a relationsl.1ip is needed between emitter current and 
emitter-base voltage to determine the input resistance of the transistor. 
Experimentation reveals that the collector voltage has a slight influence on 
the emitter current. Therefore, a family of curves is needed to completely 
define the input characteristics of the transistor. Normally the emitter-base 
voltage is plotted as a function of the emitter current with the collector 
voltage held constant (Fig. 4.5). A curve is obtained for each different 
value of collector voltage. 

The characteristic curves just described are known as static-characteristic 
curves because certain parameters were held constant while the relationships 

0.8 r---�---"'--"""".,.-----'r---...., 

2 

� � 0.2 

f----7'7'i'7""'---+---+---f----J 
°O�--�1---�2�--�3----4�--�5 

Emitter current iE milliamperes 

Fig. 4.5. Input characteristics of a typical transistor. 
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between other parameters were obtained. When a transistor is used as an 
amplifier, there must be a load impedance in the collector circuit to 
produce an output voltage. The variations in input or emitter current and 
the resulting variations in collector voltage represent the signal compo
nents in the circuit. The characteristics of an amplifier in which all 
terminal voltages and currents are allowed to vary simultaneously are 
known as dynamic characteristics. The dynamic characteristics could be 
obtained by placing a load resistance in the collector circuit and plotting 
a set of curves for each value of load resistance. However. this method 
would become very tedious if many values of load resistance were 
considered. A much easier method of determining the dynamic charac
teristics utilizes the static characteristic curves which are either furnished 
by the manufacturer or easily obtained in the laboratory. This method is 
developed as follows. 

When a load resistance is placed in the collector circuit, as in Fig. 4.2, 
the collector-base voltage VCB at any instant is the collector supply voltage 
V cc minus the drop across the load resistor. Then, letting the voltages 
and currents carry their appropriate signs, 

(4.10) 
Solving for ic 

ic = (4. 1 1) 

or 

(4.12) 

Compare Eq. 4.12 with the familiar equation of a straight line 

lI = mx + b  (4.13) 

where m = the slope of the line ' 
b = the y axis intercept 

It is evident that Eq. 4.12 i,' the equation of a straight line which has a 
slope of - I/RL and ic axis intercept of V cclRL. Equation 4. 12 shows that 
when ic = 0, VCR = V co' Qr in Qther words, the VCB axis intercept is V cc. 
This line is known as the IQad line. When drawn on the stalic collector 
characteristics of a transistor, the load line gives the dynamic operating 
characteristics for any chosen value of load resistance. A typical family of 
coJiector characteristics is provided in Fig. 4.6a. The load line is drawn for 
a 5 KO load resistance with V cc = 25 v. A bias point or quiescent point 
must be selected some place along the load line. If the expected input 
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signals arc symmetrical about the quiescent or bias value of iet it would 
be wise to select the quiescent or bias point at about the center of the load 
line. This would be the case for sinusoidal input signals. On the other 
hand, if a positive pulse were to be applied to the input, the quiescent point 
preferably might be located at the lower end of the load line. 

The emitter-base voltage, for any combination of emitter current and 
collector voltage, may be found from the input characteristic curves, as 
previously discussed. Therefore, a dynamic operating line may be drawn 
all the input characteristics using the combinations of emitter current and 
collector voltage found along the load line on the collector characteristics. 
This dynamic input characteristic is illustrated in Fig. 4.6b. 

The dynamic operation of the transistor amplifier can be visualized with 
the aid of the curves of Fig. 4.6. In this sketch, the emitter current is  
assumed to be varying sinusoidally about the chosen quiescent ope.rating 
point with maximum amplitude I, max = I ma as shown. Then, the 
amplitude and waveform of the collector-current variations are projected 
on the collector current axis as shown. Similarly. the collector-voltage 
variations are projected on the COllector-voltage axis as indicated. Note 
that time axes have been drawn normal to the load line, current axis, and 
voltage axis, respectively. From the construction in Fig. 4.6a, it may be 
observed that the collector current and voltage have the same waveform 
as the emitter current, providing'that the collector current is proportional 
to the emitter curr�nt, or in other words, if IX is constant. 

The magnitude. and waveform of "EB may be obtained from the input 
characteristics by projection of the assumed excursions of emitter current 
along the dynamic input characteristic to the "EB axis as shown in Fig. 
4.6b. Since the dynamic input characteristic is not straight, the waveform 
of VEB is not the same as the waveform of iE• or in other words, iE is not 
proportional to VEB' This behavior is to be· expected from the pr�ing 
discussion of the properties of a p-n junction. The waveform of "EB 
could be plotted quite accurately if we consider enough points at equally 
spaced time or degree intervals along the iE curve and project them from 
the dynamic curve to produce the VEB vs time plot. This detail is  not 
warranted at this time, however. The change in waveform is known as 
non linear distortion and will be treated in detail in Chapter JO. 

lt may seem more reasonable to assume that the input voltage vRB is  
sinusoidal and the input current j E is  distorted rather than vice·versa. 
This condition would be true if the signal source had an internal impedance 
small in  comparison with the input resistance of the transistor. Tben the 
transistor input voltage would be almost equal in magnitude and hence 
similar in waveform to the driving source emf. The emitter current and 
consequently the collector current and voltage would then have nonlinear 

._1 
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distortion. However, if the driving source has an internal impedance 
which is large in comparison with the transistor input resistance, the 
variations in input resistance are very small in comparison with the total 
impedance in series with the driving emf (visualizing a Thevenin's equiva
lent circuit) and the input current has essentially the same waveform as the 
source emr. The transistor input voltage would then be distorted as in the 
exam pie given in Fig. 4.6, but the output voltage would be essentially 
undistorted. [t may be observed from Fig. 4.66 that the used segment of 
the dynamic input characteristic approaches a straight line as the emitter 
current variations are reduced in magnitude. Thus the distortion may be 
negligible under any conditions of operation if  the signal amplitude is 
sufficiently small. 

The voltage gain, current gain, and power gain of the amplifier may be 
obtained from the curves of Fig. 4.6 by a comparison of the relative 
magnitudes of the output excursions of current and voltage with those of 
the input. Comparison of peak-to-peak amplitudes yields the most 
accurate results because of the lack of symmetry of some of the waveforms. 
The power gain is the product of the voltage galD and the current gain, 
since the input impedance and load impedance are assumed to be resistive. 

PROD. 4.4. Determine the vo1tage gain. current gain, and power sain of the 
transistor amplifier represented in Fig. 4.6. Answer: G1) - 80, Gi = 0.98, 
G. = 78.5. 
PROD. 4.5. Using the characteristic curves of Fig. 4.6, draw a load line for 
RL = 10 KO and V cc = 20 v. Assuming that the emitter signal current will be 
0.5 sin rut ma, select a suitable quiescent operating point and draw the dynamic 
input characteristic. Sketch the emitter�base voltage. collector voltage, and 
collector current and calculate the voltage gain, current gain, and power gain. 

4.4 FACTORS WHICH AFFECT co 

In the preceding discussion it has been implied that the current ratio " 
varies from one transistor to another but is constant for a particular 
transistor. This is not strictly true. The dimensions of the transistor as 
well as the doping concentrations, which are built into the transistor, do 
primarily determine 0: as previously mentioned, but the magnitude of 
applied voltages and currents also have some effect on ". The importance 
of this parameter " may not be appreciated at this point in the discussion 
of transistor amplifiers, but as the theme unfolds " will emerge as one of 
the chief char(1cters. Therefore, an investigation will be made to determine 
what factors affect ". 

Figure 4.7a is a sketch of the cross section of a typical alloyed junction 
transistor. The base section is a thin wafer a thousandth of an inch or so 
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thick. The emitter and collector are small beads of doped material alloyed 
to the base. This sketch is much larger than an actual transistor. Other 
methods of manufacture, which produce physical structures quite different 
from this one, are in use. The physical construction for the vari6us types 
of transistors is usually described in the transistor manuals. 

The current How through the base region is primarily by diffusion. The 
main objective is to have as few charge carriers as possible lost by recom
bination. Assuming the transistor to be a p-n-p type, the holes which are 

Emitter 

Base 

4 w 

Collector 

la) Ib) 
FIe. 4.7. Properties of an alloyed junction transistor (the base width is highly 
exaggerated). 

injected into the base diffuse in a radial fashion as indicated in the figure. 
Those carriers which reach the collector junction are swept into the 
collector and contribute to the collector current. The carriers which strike 
the outside perimeter of the base wiJI almost certainly recombine because 
ofth. deathnium centers or traps existing at the surface of the material. It 
is evident from the figure that the percentage of carriers which find their 
way to the perimeter is reduced as the base thickness is reduced. Also, the 
recombinations in the body of the base region may be made small by 
providing low doping concentrations and by making the base thin. The 
base thickness (or axial length) must be small in comparison with the 
diffusion length. The diffusion length .is defined as the distance the carriers 
will travel before their number is reduced by recombination to po/e, 
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where P. is the initial concentration and e is the base of the natural 
logarithm. 

The ratio of the current which arrives at the collector junction to the 
initial cucrcnt resulting from the carriers injected into the base is known 
as the transport factor, y. This transport factor depends primarily on the 
thickness of the base and is always less than unity. The effective base 
region is that portion of the base in which there is essentially no electric 
field. This effective base width, therefore, excludes the depletion region or 
potential hill at each junction. Because of the small potential difference 
across the emitter· base junction, the depletion region of this junction is 
very thin and may be considered essentially zero. The thickness of 
the depletion region is proportional to the square root of the potential 
difference across the junction (Eqs. 3.39 and 3.40). In addition, the penetra
tion is inversely proportional to the square root of doping concentration 
(Eqs. 3.39 and 3.40). Therefore, the depletion regions are primarily in the 
base material since the base is lightly doped in comparison with the emitter 
and collector. Thus, the effective base width, indicated by w in Fig. 4.7b, 
decreases as the collector voltage is increased. The penetration into the 
base region of the collector junction depletion region is indicated by the 
cross-hatched area of Fig. 4.7b. Thus the transport factor increases as the 
collector voltage is increased. 

If the collector voltage is increased suffiCiently, the effective base width 
w may become zero. This condition is known as punch through. Then, 
the transistor behaves as though the collector were connected directly to 
the emitter, thus providing a low resistance path between the ends of the 
transistor. Permanent damage to the transistor may result when punch 
through occurs. The punch through voltage may be appreciably less than 
the avalanche breakdown voltage experienced in a junction diode. 

While holes are being injected across the emitter junction into the base 
(assuming a p·n·p transistor), electrons are being injected from the base 
into the emitter. The total injection current across the emitter junction 
is the sum of these injection currents. Only the injected holes are effective 
in causing carriers to flow into the collector, however. The ratio of injec
tion current density from emitter to base to the total injection current 
density across the emitter junction is known as emitter efficiency 1]. Then 

_-=J .... _ 

"1 = 
J. + J. 

(4.14) 

where J. is the current density resulting from injected holes and J. is the 
current density resulting from injected electrons. In order to have "I 
approach unity, ''P must be largt: in comparison with in' 
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The diffusion current density which flows as a result of a positive charge 

concentration (Eq. 3. 10) is 

dp J. = -qD. 
dx 

(3.10) 

The diffusion constant D. has been evaluated for different types of 
material and the values for silicon and germanium at room temperature 
were listed in Chapter 3. Therefore, J. can be calculated if the rate of 
change of charge concentration with axial distance, dp/dx, can be found. 
Referring to Fig. 4.7, the initial injected charge density in the base is 
assumed to be p.. The density at the beginning ofthe depletion region near 
the collector junction is essentially zero because the carriers are swept into 
the collector region at that point. In reference to Eq. 3.10, dp/dx must be 
constant throughout the base if the diffusion current is constant through 
that region. Actually, this would be the condition if there were no 
recombinations. With no recombinations, then, there must be a linear 
decline of charge concentration from Po at the emitter junction to zero at 
the collector junction. This distribution is represented by the dashed line 
in Fig. 4.7b. The slope of this line is dp/dx. Then 

and 

dp Po - � - -
dx w 

1. _ 
qp.D. 

. -
w 

(4.15) 

(4.16) 

The actual variation of p with x, including recombinations, is the solid 
line of Fig. 4.7b. 

Let the injected electron density at the junction in the emitter region be 
110. Ifit is assumed that the emitter length is longer than the diffusion length 
L, the injected carrier density reduces to n./e at distance L from the 
junction.' The slope of the density vs the distance curve at the emitter 
junction is 

dn no - = -
dx L 

This situation is illustrated in Fig. 4.8. Then from Eq. 3.9 

J = qn.D. 
• L 

(4.17) 

(4.18) 

• As the negativ� carriers recombine in the emitter region. the diffusion current due to 
these negative carriers also decreases. However. the charge which tends to accwnulatc: 
as a result of the recombinations causes a drift current to ftow in the emitter region. The 
sum of the drift current and diffusion current produces a continuous current through 
the emitter. 
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The ratio of curr�nt, dC.Q.Sities is 

J1I noDnw - = 
J. PoD.L (4.19) 

In the interest of obtaining a high transport factor )" the base width 
w must be small in comparison with L. In addition, the number of injected 
carriers is proportional to the carrier density i n  the material from whence 
the injected carriers came. Therefore, n. is small in comparison with P. 
because of the light doping of the base region. Thus, the factors which 
cause the transport factor to approach unity also cause the emitter 
efficiency to approach unity. Therefore, the emitter efficiency also increases 
as the collector voltage is increased. 

"/ '" 
-"-::-7L-----

I ,/ '" 
� -7---------! L 0 

t 

Another factor which may affect <1. 
is called collector efficiency, 6. This 
factor accounts for the carrier multi· 
plication which may occur in the col
lector region. The collector efficiency 
is essentially unity except for rather 

___ x 

0.37110 high collector voltages which cause 
carrier multiplication by the process of 
ionization. This ionization results 
from high-velocity carriers as discus
sed in Chapter 3. The collector effi

Emitter 
junction 

Fig. 4.8. Injected electron 
tration as a function of z. 

concen- ciency, <5, will then exceed unity. In 
fact, it may quickly increase to infinity 
as avalanche breakdown occurs. A 

typical plot of d as a function of collector voltage is given in Fig. 4.90. 
The collector efficiency may be expressed by the forinula 

1 
� - N . 1 

- (VoW .. ) 
(4.20) 

where V ... is the avalanche breakdown voltage and N is an empirically 
determined exponent (usually about 3 for an alloyed junction transistor). 
The current ratio ex is the product of the emitter efficiency. transport factor, 
and collector efficiency. 

(4.21) 

Alpha (<1.) is known as the current amplification/actor of a transistor in the 
common-base configuration. The variation of <1. with collector voltage is 
sketched in Fig. 4.9. The reduced values of <1. at very low values of collector 
voltage occur because minority carriers accumulate at the collector junc
tion. This accumulation Occurs because the collector voltage is so low 
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Fig. 4.9. (a) Collector efficiency as a function of collector voltage. (b) The variation" of 
Cl with collector vOltage. 

that the iR drop in the collector region causes a slight forward bias across 
the collector-base junction and carriers are injected from the collector to 
the base region. 

A scrutiny of this premise that the current flow through the base is due 
entirely to diffusion is in order. The charge density distribution (in the base 
of a typical transistor) which was given in Fig. 4.7b is enlarged and pre
sented as curve p in Fig. 4.10. This injected charge tends to create a net 
positive charge and a resulting electric field in the base of a p-n-p transistor. 
This electric field causes free electrons in the base and connecting conduc
tors to flow in a direction that neutralizes the charge. If the charge were 
completely neutralized, the excess electron density distribution would be 
indicated by the dashed curve n' in Fig. 4.10. There would then be no 
net field in the base and current flow would be entirely by diffusion as 
assumed. Note that the excess electrons must be furnished by the external 

Po 

l! � c 
{: o�--------_';;; � � � <.J 

IU 

Fig. 4.10. Charge distribution in the base of a p-n-p transistor. 
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circuit hecause the base waS electrically neutral before the charge injection 
occurred. This transfer of charge produces a capacitance effect which will 
be considered later with the high-frequency performance of the transistor. 

The free electrons tend to diffuse through the base in a manner similar to 
the diffusion of holes. The electrons cannot pass into the collector, 
however, because the collector barrier forces them back into the base. 
Consequently, there is a negative charge density at the collector junction. 
In addition, the electron density is not sufficient to neutralize the positive 
charge near the emitter junction because of the electron diffusion. The 
actual negative charge distribution then follows the solid curve labeled n 

i 1 - - --- - - - - - -----

at 

Fig . •. H. variation of Of, with emitter current. 

in Fig. 4.10. The net charge distribution in the base is the difference 
between p and n as shown by the shaded area in Fig. 4. 10. This unneutral
ized charge .creates an electric field which opposes the Clectron diffusion. 
The field builds up to a magnitude which produces an electron drift 
current equal in magnitude and opposite in direction to the electron 
diffusion current. 

The electric field in the base region is in a direction' thaf accelerates the 
holes th�ough the base. 'In other words, the hole diffusion js aided by 
d'i'i'ft duclo the electric field. The transport factor is therefore increiised 
by the net charge distribution in the base, and the charge distribution is  in 
turn a function of the emitter current, because the injected charge density 
is proportional to the emitter current. : :The transp",rt factor therefore 
increases with emitter current. 

The emitter efficiency decreases as the concentration of electrons near 
the emitter junction increases because the Tate of injection of electrons into 
the emitter is proportional to the' free electron density on the base side 
of the junction. As the emitter current is increased, the transport factor 
increases more rapidly than the emitter efficiency decreases for small values 
of emitter current, but as the emitter current becomes larger, the emitter 
efficiency decreases more rapidly than the transport factor increases. 
Thus or; is max;imum at some specific value of emitter current in any given 
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transistor. A sketch of a as a function of emitter current is provided in 
Fig. 4. 1 1  in which the variation of a is exaggerated as· compared with a 
typical transistor. 

4.5 EQUIVALENT CIRCUITS 

As with the diodes, equivalent circuits approximating the behavior of 
amplifiers have been developed. The basic ideas for these equivalent cir
cuits may be derived from Fig. 4.12. The amplifier usually contains two 
input terminals (or an input port) and two output terminals (or an output 
port). (One input terminal and one output terminal may be common.) 

v 

h -+ 1 2 
- 1, 

t Electrical J , network or I amplifier I 1 2 

2 

Fig. 4.12. A general four-terminal network or amplifier. 

A circuit of this type is usually known as a two-terminal-pair network (or 
as a two·port network). Regardless of conditions inside the network, 
only four quantities can be measured in the external circuits. These quan
tities are input voltage and current (V, and I.) and output voltage and 
current (V, and I,). 

If the currents I. and I. are assumed to be the independent variables, the 
voltage V. may be a function of both I. and I,. Thus, if terminals 2-2 are 
open circuited (I, = 0) and a current I. is applied to the input terminals 
1- 1 ,  a voltage V. (and also V,) can be measured. The ratio V.II. can be 
expressed as an impedance Zll' In a simple d-c situation, Z .. may be a 
single resistance. In contrast, if V. and I, are expressed in the Laplace 
transform form. the impedance Zll may be afunction of s. (For sinusoidal 
a-c signals, Z .. will be a function of fro.) Now, the input terminals 1-1 
are open circuited and a current I, is applied to the output terminals 2-2. 
Again. the voltage V, (and also V,) is measured. The ratio of V.II, is 
expressed as an impedance' Z... Thus, we may write 

(4.22a) 
and 

V. = Z"I, (4.22b) 

• Since ZI1 involves the current and voltage at the same set of terminals, this imped
ance is called a self impedance. In contrast, ZIt involves the current at onc set of tenni
nals and the voltage at a second set of terminals and is known as a transfer impec/(mce. 
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when both I, and I, are present and Z11 and Z" are linear the law of 
superposition permits us to combine the foregoing equations and express 
V, as 

V, = Z11/, + Z .. I, (4.23) 

Similarly, the ratio of V,jl, with the output open can also be found. 
This ratio is called Z". Also, the ratio of V ..11. with the input open is 

1 , , - Z, Z, -
, 

V, f ZI2 f V 2 

(a' 

Z, + Z, 
- 1, m � I, 

V, f ZI2 J V, 

(b) 

PIa. 4.13. (a) An equivalent T circuit for Fig. 4.12 where the network contains only 
R. L. and C components. (b) An equivalent T circuit for Fig. 4.12 where the network 
contains an amplifier. 

found and is called Z". When these ratios are established, we can write 

and 
V, = Z .. /, 

Vz = Zu1£ 

(4.24a) 

(4.24b) 

These equations, if linear, are combined (by the use of the law of super
position) to yield V,. 

(4.25) 

If the circuit contains only R, L, and C components, the circuit is known 
as a passive circuit and Z .. will be equal to Z... One equivalent circuit 
which represents Eq. 4.23 and Eq. 4.25 is given in Fig. 4.13a. The validity 
of this equivalent circuit may be checked by writing the loop equations. 

V, - (Z, + Z,JI, + Z"I, 

V, '" Z"/, + (Z" + ZJ/, 

(4.26) 

(4.27) 
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These equations are the same as Eqs. 4.23 and 4.25 if 

(Z, + Z,,) = Z11 and (Z" + Z,) = Z .. 

This configuration is known as the T configuration for obvious reasons. 
In an amplifier circuit, Z12 is not equal to ZIU- This circuit is known as an 

active circuit. Either a voltage or current generating source can be added 
to the passive equivalent circuit to account for the difference between Z" 

and Z". The circuit of Fig. 4.13a, must, therefore, be modified when the 
circuit is active. A modification is shown in Fig. 4. 13b which correctly 
represents an amplifier. The loop equations for the circuit of Fig. 4. l3b are 

v, = (Z, + Z,,)/, + Z"I. 

V, = (Z" + Zm)/, + (Z, + Z,,)/. 

(4.28a) 

(4.28b) 

The term Zm has been added to Z" to form Z". The term Zm may be 
either positive or negative to fit a given situation. The voltage generator 
I,Zm also indicates how amplification may be accomplished. 

As already noted, the values of the Z parameters can be found as 
follows: 

Z11 = the input impedance when the output circuit is open. 
Z" = the ratio of the open circuit voltage at the input terminals to the 

current flowing in the output circuit. 
Z" = the output impedance when the input circuit is open. 
Z21 = the ratio ·of the open circuit output voltage to the input current. 

Some limitations on the accuracy of the equivalent circuits do exist. 
The impedances are assumed to. be linear impedances and, as the reader 
has no doubt already observed, the characteristics of the tubes· and 
transistors are not linear. However, for srnall�signal variations, the 
characteristics are essentially linear. In fact, the smaller the signal, the 
more nearly linear are the characteristics of the devices over the range of 
operation. Consequently, the equivalent circuits which have been developed 
and those yet to be developed in this chapter are valid for small.signal 
amplifiers. Larger signals can be handled if the characteristics of the 
device are approximately linear over the region of operation. 

An equivalent Tcircuit for a transistor may now be drawn. Figure 4.14 
shows the grounded base configuration and an equivalent circuit. The 
impedances which are essentially pure resistances at low frequencies are 
given subscripts corresponding to the terminals to which they connect. 

Thus r. is essentially the dynamic resistance of the forward biased 
emitter junction plus the small ohmic resistance of the fairly heavily doped 
emitter region. The dynamic junction resistance can be easily determined 
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as a function of the bias value of the emitter current. The voltage-current 
relationship across the emitter-bias junction is expressed by the diode 
equation (Eq. 3.24) 

iE = -IEo(e,(· .. ,kT - 1) (4.29) 
The dynamic conductance g, = 1/" = diEldvEB evaluated at the bias 

E C 
...,..... -. " '" 

"i B 
". 

(a) 

E • • • •  • + ' C 
� v ., ;/l rmill r, -+,-" " 

r, ". "i 

B 

tb) 
Fie. 4.14. An equivalent T circuit of a grounded base transistor. 

value of emitter current lE. Then, taking the derivative of Eq. 4.29 with 
respect to VEBt 

But, using Eq. 4.29, 
I "ell/leT - . I - EOe - 'E - EO 

(4.30) 

(4.31) 
When the emitter junction is forward biased 0.1 volt or higher, iE » IEO. 
Then 

. q .  q I g "" - IE � - E 
• kT kT 

where lE is the Q point, or bias value of iE. Thus 
kT 

r. � 
qlE 

(4.32) 

(4.33) 

At 17°C, qlkT = 40, g. = 4OIE (amp) and " = 251IE (ma). 
The resistance Tb accounts for the effect of collector voltage variations 

on emitter current as well as the ohmic resistance of the lightly doped 

-. ..  _--
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base. The collector voltage influences the emitter current because of the 
variation of effective base width with varying collector voltage. For this 
reason, r. is frequently known as the base spreading resistance. Finally, 
the resistance r, includes the effect which the varying collector voltage, 
and hence varying base width, has on the collector current, as well as the 
surface leakage resistance across the reverse biased diode. Also, r, includes 
the effect of current mUltiplication due to avalanche effect in the collector
base depletion region. When high frequencies are considered, the equiv
alent circuit must also include capacitances. These will be treated in detail 
in Chapter 7. At low frequencies, the loop equations of the two loops of 
Fig. 4.14 are 

v, = (r, + rb)i� + 'bit: 
v. = (r M + r.)i, + (r. + r,)i, 

When these equations are compared to Eqs. 4.23 and 4.25, 

Zn = '. + Tb 

Ztt = '" 
Ztl = T" + r". 
ZII = 'Il + '11 

Combining Eqs. 4.35b and 4.35c, 

(4.34a) 

(4.34b) 

(4.35a) 

(4.35b) 

(4.35c) 

(4.3Sd) 

(4.36) 

A useful variation of the equivalent circuit shown in Fig. 4. l4b is given 
in Fig. 4. l5a. In this variation, the voltage generator between the points 
'" and y (Fig. 4. l4b) is replaced by an equivalent current generator. The 
parameters of this current generator are found by applying Norton's 
Theorem to the generator between points x and y of Fig. 4. 14b. When 
the output circuit of Fig. 4. ISa is shorted as shown in Fig. 4.1Sb, the 
direction of collector current will be as shown. Since the short circuit 
collector current will be Cl times as large as i., Kirchhotr's current law yields 

(4.37) 

Kirchhoff's voltage law applied to Fig. 4. ISb gives 

(4.38) 
so 

(4.39) 
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Fig:. 4.15. A current source equivalent T circuit. 

But, if} = (l - (1.);. since only small signal variations are being considered. 
Therefore, 

( 1 - ex)i,'b 
i a: = "'----'--'-" 

" 

When this value of i. is substituted into Eq. 4.37, 

or 

, . + (1 - ex)i,'b . a. le = /Xl, 
, . , 

ex' = ex _ ( I  _ ex) ,b 
r, 

(4.40) 

(4.41) 

(4.42) 

In the usual transistor" b « " and (I - ex) « I .  Therefore, ,,: is practically 
equal to ex. 

The relationship between the voltage generator of Fig. 4.14b and the 
current generator of Fig. 4.ISa can now be found. If these two generators 
are equal, the open circuit voltages and the short circuit currents must be 
equal. Then, 

(4.43) 
or 

(4.44) 
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Table 4.1 lists a set of parameters for a typical low�power transistor. 

TABLE 4.1 

Parameters for a Typical Low-Power Transistor 

• � 0.984 
r� ·= 1 3 !1 
'. � 1000 n 
re = 1 .8 megohm 

PROD. 4.6. Find tne value of cr.' for the transistor of Table 4.1. Is this value 
near the value of er. ?  Answer: ex' = 0.98399/2. 

I, 

Zll Z" 
v, 

Fig. 4.16. An alternale z-parameter equivalent circuit. 

Another equivalent circuit known as a z-parameter circuit which may 
be derived from Eqs. 4.23 and 4.25 is shown in Fig. 4.16. A check of 
the loop equations verifies that this is  a valid equivalent circuit. 

Actually, as the reader may have surmised, a large number of equivalent 
circuits can be devised. For exam pie, if VI and V, of Fig. 4. 1 2  are assumed 
to be the independent variables, a y-parameter circuit can be developed. 
Thus, if terminals 2·2 are shorted and a voltage VI is applied to terminals 
1 · 1 ,  the relationships 11/V1 = Yll and ,';V1 = Y.1 can be measured. 
Then, if terminals 1·1  are short circuited and a voltage V, is applied to 
terminals 2·2, the relationships '11 V. = Y1• and '.1 V, = Y" can be 
determined. Then,

' 
by the law of supcrposition we can write the two 

equations 

" = Y" Vl + Y"V, 

(4.45a) 

(4.45b) 

One form of the y-parameter equivalent circuit is given in Fig. 4. 1 70. 
Nodal equations can be written to verify the validity of this equivalent 
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circuit. Again, we may summarize the method of measuring the 
y-parameters. 

Yu = the input admittance with the output terminals shorted. 
Y12 = the ratio of the short circuit current through the input terminals to 

a voltage which is applied to the output terminals. 
Y21 = the ratio of the short circuit current through the output terminals 

to a voltage which is applied to the 'input terminals. 
Y" = the output admittance when the input circuit is short circuited. 

�r, 12 � �I, �I, 

t t t G22 t V, + 
V, Yn t � Y22 V, Gn j. G2th v, I Y12V2 Y21Vl I I G12V2 - I 

(a) (b) 
Fig. 4.17. (a) The equivalent Y circuit. (b) The equivalent G circuit. 

An additional circuit can be found by assuming I, and V, are the 
independent variables. The two resultant equations are 

I, = GuV, + G"I, (4.46a) 
, V, = G21 V, + G,,!, (4.46b) 

One equivalent circuit which represents Eq. 4.46 is shown in Fig. 4. l 7h. 
The g-parameters are defined as follows: 

Gu = the input admittance with the output terminals open. 
G12 = the ratio of the short circuit input current to the current which 

is applied to the output terminals. 
G" = the ratio of the open circuit voltage at the output terminals to the 

voltage applied to the input terminals. 
G" = the output impedance when the input is short circuited. 

The final equivalent circuit to be discussed here is known as the hybrid 
or h-parameter circuit. This circuit receives it& name from the fact that it 
is a hybrid combination of the z- and y-parameter circuits. The h-param
eters of transistors are most easily measured and therefore are given by 
most transistor manufacturers (y-parameters are given quite often for 
high-frequency applications). 

In developing the h-parameter circuit, the independent variables are 
assumed to be I, and V,. Then, the two characteristic equations have the 
form (4.47a) 

(4.47b) 
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where Hn = the input impedance when the output is shorted. 
Hn = the ratio of voltage appearing at the open circuit input 

terminals to the applied voltage at the output terminals. 
H21 = the ratio of current appearing at the short circuited output 

terminals to the input current. 
H" = the output admittance when the input is open. 

Previous equations have used capitals to indicate voltages, currents, 
impedances, and admittances. This notation follows the IEEE recom
mendations for d-c or steady-state a-c signals (see pages xx and xxi of the 

", 

> ii � R = hj. � t 
h�o1? hfi, 

+-:-" 

: G c ho  v � , 

Fig. 4.18. An equivalent h-parameter circuit. 

List of Symbols). When time-varying signals are considered, lower case 
letters are used. In addition, the h parameters as defined by the IEEE 
carry letter subscripts (capital subscripts for d-c values and lower case 
subscripts for time-varying signals). Thus, the preceding characteristic 
equations (Eqs. 4.47a and 4.47b) when applied to a small-signal variation 
about a fixed operating point in a transistor have the form : 

(4.48a) 

(4.48b) 

where hi = the input impedance when the output voltage Vo is held con
stant and thus Vo = O. 

ho = the output admittance when the input current is constant. 
h. = the ratio of voltage induced in the input to the output voltage. 

It is called the open-circuit reverse voltage transfer ratio. 
hI = the ratio of short circuit output current to the input 

current. This is called the forward current amplification factor. 
When applied to the common-base transistor1 this parameter 
lS -et. 

An equivalent circuit represented by these equations is shown in Fig. 
4. 1 8. 
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One set of parameters may be obtained from another set of parameters 
by matrix manipl1lations. To aid the reader in making these manipulations, 
Table 4.2 is included. 

TABLE 4.2 

Formulas for Converting Parameters 
Con-

versions 6. represents the term (llz = 2:u2:" - zuzu) 
fcom 

' .. -Z1l L'., Z" 1 -%11 Yll = - Yu = -- hll = - hll = - 8'11 = - 8'11 = --L'.z L'.z ' .. z" z" z" 
z's -%2) Z" -Zu 1 z" L'.z 

Yat = -- Yn = - nu = --
hll = - 8'21 = - gu = -L'.z L'., z" z" z" z" 

Y .. -Yu L'.y y" 1 -YII 2:11 = - %11 = -- 8'11 = - g11 = - hll = - hll = --L'.y L'.y y .. y" y" y" 
y's I L'.y -Yn y" -YII y" 2:11 = -- 2:n = - gu = -- gu = - hu = - hn =  -

L'.y L'.y y" y" y" y .. 

h .. -ha L'.h h .. 1 -hu 
ClI = tl.h 8'11 = -- %1 1 = - %u = - Yll = - YlI = --M h" h" hn hn 

h', -hu h" -hu 1 h" L'.h 
8'11 = M gu = tl.h ZI1 = --h .. 

Zu = -hn 
YIl = -h" Yu = -

hu 

h _ 8'n -gu L'.t tu I -gll 
u - - hu = -- Yu = - Yll = - %11 = - Zll = --

g's L'.g L'.g gn gn gn g" 
-gu gn -gll 1 gn L'.g hu = -- hu = - Yn = -- yu = - Zn = - 2:., = -
D.g D.g g" g" gn gn 

PROD. 4.7. The following measurements are taken on a two-port device : 
Test 1 

The output termina1s are shorted and the following quantities are measured : 
Vl = 0.5 v. I. = 1 ma, 12 = 50 ma. 
rest 2 

The input terminals are short circuited and the following quantities are 
measured : 11 = 100 p amp, 12 = 10 p. amp. V2 = 10 v. Develop an equivalent 
circuit which could be used to represent this device. Determine the magnitude 
of the parameters in this equivalent circuit. 

PROD. 4.8. The following tests are conducted on a two-port device : 
Test 1 

The input terminals (1·1) are open circuited, V2 = IO v, Vl = 0.01 v and 
J, - 10 I' amp. 
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Test 2 
The output terminals (2·2) are open circuited, VI = 0.1 V, 11 = 1 mamp. 

V2 - IO v. 
(a) Draw an equivalent circuit for this device and indicate the magnitude of 

all parameters in the circuit. Answer; ZIl = 100 n, ZlI = 1 KO., Z21 = 10 KU, 
Z22 = IMD.. 

(b) Convert this equivalent circuit to an h-parameter equivalent circuit. List 
the values of al l  parameters. 

The h parameters for a transistor may be obtained from the characteristic 
curves of Fig. 4. 19. (Remember that the equivalent circuits are valid for 
small-signal variations only.) The parameter h. may be defined for the 
common base configuration4 as 

, 
(4.49) 

The value of hob at a given operating point i"s, therefore, equal to the slope 
of the characteristic curve at the given point on the set of collector charac
teristics. This slope is represented by the line AB of Fig. 4.19. The reader 
may question the value of 3 ma emitter current when the input circuit is 
supposed to be open. Remember, however, that the equiva1ent circuit is 
valid for the small signal component of current. Hence, if the time
varying component of emitter current is zero (emitter current is constant), 
the emitter circuit is effectively "open circuited" for the small signal 
component. 

The parameter h,(,,) can be defined for the common base configuration 
as 

(4.50) 

This equation represents the slope of a curve which could be drawn by 
plotting ic as a function of iE with the collector voltage held constant. The 
required currents and voltages are also given in the collector characteristics 
of the transistor. The line CD of Fig. 4.19 represents a constant collector 
voltage "c. The ratio of the length of this line as measured by ic to the 

t Equation 4.49 defines the output admittance as the ratio of the change of collector 
current to the change of collector voltage: with the emitter current maintained constant. 
This definition is obviously correct for small-signal variations. 

A double subscript notation is used for transistor parameters. The first sUbscript 
indicates which parameter is involved and the second subscript indicates which element 
of the transistor is used as the common element to both input and output circuits. Hence 
h9� indicates the output admittance, with the input current constant, for a common-base 
configuration. 

. 
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Fig. 4.19. Characteristic curves of a common-base transistor. 
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length of this line as measured by i E gives approximately' the value of h", 
in this region. 

Unfortunately, it is difficult to measure the currents accurately enough 
to determine an accurate value of h" (or h"" for that matter) from these 
curves. A technique for determining h" (and hOb) with greater accuracy will 
be given in Chapter 5. Note also that h" is negative because iE is positive 
and ic is negative. 

The parameter ht can be written for the common-base configuration as 

h'b = dVE I 
I diE vc_constant 

(4.51) 

Each curve of the input characteristics was plotted for a particular, constant 
collector voltage. Therefore, the slope of these curves represents h ... 
The line EF (Fig. 4. 19) represents the value at the chosen operating point. 

The parameter h,. can be written for the common-base configuration as 

h _ dVE I b -
r dVe ir--('Oll$tllnt 

(4.52) 

This parameter is the slope of the curve obtained by plotting VE as a 
function of Vc with the emitter current held constant. A vertical line on 
the input characteristic curves represents a constant emitter current. The 
line CH of Fig. 4.19 will yield an approximate value for h,b at the indicated 
operating point. The length of this line in terms of emitter voltage divided 
by the length of this line in terms of collector voltage gives the approximate 
value of hr-h' 

When Eqs. 4.49, 4.50, 4.5 1 ,  and 4.52 are considered, two quantities 
affect VE' These quantities are i" (Eq. 4.45) and l'a (Eq. 4.52). Also, two 
quantities affect ia' Again these quantities are iE (Eq. 4.50) and Vc 
(Eq. 4.49). Then, by superposition the voltage and current relationships 
in the transistor may be expressed as 

A ' die A ' + die A utc = -.- '-'I E - '-'Vc d'l<: vc=k dvc iE=k 

(4.53) 

(4.54) 

But, for smaU·signal variations, the small change of signal AVE can be 
equated to the time-varying component of voltage v�. The input voltage Vi 
in Fig. 4. 1 8  is equal to v. in the common-base configuration. Similarly, 

6' I d' l . . .  . � .  � 
". I n thiS apprOXimation, the ratio -. IS taken rather than T !1/E '·l'-con�tan� 'Jl_c- eon_taat 
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we note that tl.iE = iit tl.vc = vo, and ll.ic = io. When these values are 
substituted into Eq. 4.53 and Eq. 4.54 and the h parameters are substituted 
for the derivative terms, these equations become 

v, = hibi,. + h,.ovo 

io = hl1';i + hOIPo 

(4.55) 

(4.56) 

These equations are the same as Eq. 4.48. Hence the hybrid equivalent 
circuit is  valid for the transistor. 

The foregoing treatment indicates that the hybrid equivalent circuit 
parameters can be found from the collector characteristic and input 
characteristic curves. 

PROD. 4.9. Obtain the common-base h parameters for the transistor of Fig. 
4.19 at the operating point indicated. Note the difficulty of obtaining accurate 
values for hob and hIll_ Answer: hob � 2 x la--- mho, hill � 500, h,,, == 3 X JQ-3, 
hI' = -0.98. 

PROB. 4.10. Using the h parameters of Prob. 4.9, calculate the voltage and 
power gains of a common· base circuit which has a load resistance of 10 KO. 

4.6 INPUT AND OUTPUT IMPEDANCE OF THE 
COMMON-BASE CONFIGURATION 

The equivalent circuits will be used to illustrate the method of solution 
for transistor circuits. In order to calculate the input impedance of a 
transistor with the output shorted, the circuit of Fig. 4.20a is drawn. A 
voltage v, is applied to the input and the input current i, is calculated. 

(4.57) 

but with the output shorted, 

and 
Vt = i.r. + ( l  - oc)ri. (4.58) 

Then, since h" is the input impedance with the output shorted, 

v· 
h" = � = r, + (1 - ex)r, (4.59) 

" 

Thus, htll is obtained in terms of the equivalent T parameters. From 
the equivalent circuit, it may be observed that the input impedance with 
the output open is '. + Tb = Z11' These values are the minimum and 
maximum values of input impedance for a given common-base transistor 
at the specified operating point. Intermediate values are obtained for 

finite values of load resistance. 
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The h parameters hub and h.,-" may be obtained in  terms of the , param
eters with the aid of Fig. 4.20b. I n  this figure, the input is open and 
voltage Ve is applied to the collector. Since ifJ = O. the output resistance is 
Z22 = 'e + 'b and 

1 1 1 
h'b = - =  � - (4.60) 

Z22 'e + rt. Te 
The voltage v, applied to the output terminals IS i,(T, + Tb) and the 

Vi 

-
i, 

+ 

r. 

r. 

ra) (b) 

r 
V, 

Fig. 4.20. Equivalent circuits for determining the relationship between r and h 
parameters. 

voltage across the open circuit input terminals is ie'b' Therefore 

h _ i,rb 
r. - . ( + )  I, re Tb 

As previously mentioned, hlb = -ex and from Eq. 4.44. oc ,-....J r"Jrc' 

(4.61) 

The input resistance. output resistance. voltage gain (l'o!t\), and current 
gain {ie/ir.} of a transistor can be determined for any value of load resis
tance or source resistance by the solution of any valid equivalent circuit. 
The h-parameter circuit will be most commonly used in this text. For 
example. the input resistance can be determined from the equivalcni 
circuit of Fig. 4.21a (or Eq. 4.48h) by noting that -i, = I',jRL. Then, 

-hfbi, = v,( h" + ;J (4.62) 

The loop equation for the input circuit is  

Vi = i"hjb + "rbVt (4.63) 

When Eq. 4.62 is solved for Ve• and this value of Vc is substituted into Eq. 
4.63, Eq. 4.63 becomes 

Vi = I� lib - t 
. (

' 
It" h 1" 

.) 
(4.64) 

IrOb + 
RI. 
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Then, 
Z,. = v, 

= (h" 
_ h" h"RL ) 

I, 1 + hobRL 

Electronic Engineering 

(4.65) 

Although Eq. 4.65 is very useful, the reader should develop skill in solving 
the circuit equations rather than attempting to memorize the resulting 
equations. 

By the same type of reasoning, the output impedance of a transistor 
amplifier can be found. In this case, the input signal voltage Vi is reduced 

E c 
� -" , " 

h .. ' � > : v, i hfbie ha/, >R£ v, + : 
h""',Q 

B 
la) 

c 
� � " � " 

h,; ( �R, � :> 
t �hob v, 

� + hfbifl • 
h""" 9-

B 
Ib) 

Fig. 4.21. Equivalent h circuit for determining input and output impedance. 

to zero but the generator resistance Rg is sti1l present across the input 
terminals. Then, an equivalent circuit is drawn as in Fig. 4.2Ib. In this 
circuit, the nodal equation for terminal C is 

it = VChob + h'bi, 
Also, the loop equation for the emitter loop is 

h"v, = - i.(h" + R,) 

(4.66) 

(4.67) 

When Eq. 4.67 is solved for i. and this value is substituted into Eq. 4.66, 

Vc 1 hi/I + R" Z = - = = (4.68) o 
it (

hob _ h,,,h,b ) hObhlb + hObRg - h,,,hrb 
hib + Rg 

Note that both h" and i, are negative. Also observe that the output 
impedance approaches I/hob as R, approaches an infinite value. However, 
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as R" approaches zero, the output impedance becomes much smaller than 
I/h... In general, however, the input impedance is low and the output 
impedance is high for a common-base transistor. For emphasis, this low 
input impedance is due to the emitter-base junction being biased in the 
forward direction. Similarly, the high output impedance is due to the 
collector-base junction being biased in the reverse direction. 

PROB. 4.11. From tbe equivalent T circuit, calculat. the input impedance ofth. 
transistor of Table 4.1, when the load resistance is (a) 0 11, (b) 10 KIl. Answer: 
(a) 28 11, (b) 29 11. 

. 

PROB. 4.12. From tbe equivalent Tcircuit, ca1eulate .the output impedance of 
the transistor of Table 4.1, when the driving source resistance is (a) lOO n and 
(b) 100 KIl. 
PROB. 4.13. Derive an expression for the voltage gain of a common-base 
transistor amplifier as a function of load resistance using the h-parameter 
equivalent circuit. (Hint: Use Eqs. 4.62 and 4.63.) Answer: G. = -h,./(h..h" 
- h",h" + h"G u. 

PROB. 4.14. Deriv. an expression for the · current gain of a common-_ 
transistor amplifier as a function of load resistance using the h-parameter 
equivalent circuit (Fig. 4.2Ia). 

4.7 THE TRIODE TUBE 

The triode tube was invented in 1906 by Dr. Lee DeForest, who inserted 
a third element in the form of a wire mesh or screen between the cathode 
and plate of a high vacuum diode. The configuration which resulted is 
shown in Fig. 4.22. In this device, the electrostatic field between the 
control grid and the cathode is able to control the flow of electrons to the 
plate. 

The action of the control grid can be visualized with the help of Fig. 4.23. 
Electrons are emitted by the hot cathode. Since the plate is maintained 
positive with respect to the cathode, an electrostatic field exists between 
the plate and cathode. The potential on the control grid "warps" this 
electrostatic field. If the control grid is positive, (Fig. 4.230), most of the 
electrons near the cathode are attracted toward the plate. Since the 
control grid is a wire mesh, most of the electrons pass through the control 
grid to the plate. However, a few of the electrons are intercepted by the 

. positive grid wires. The current through the tube then has the relationship 

(4.69) 

where iK is the cathode current, io is the grid current, and ip is the plate 
current. 



144 Electronic Engineering 

�_ C:onl:<o grid 

Cathode 

Filament 

Fig. 4.22. A triode tube. 

If the voltage on the control grid is at the same potential as the cathode 
(Fig. 4.23b), a fewer n·umber of electrons near the cathode are attracted 
toward the plate. The reason for this reduced current (as compared to the 
positive grid case) is  due to the reduced electric field intensity near the 
cathode. The electric field intensity is equal to -dV/dx where x is distance. 
Therefore. the slope of the curves in Fig. 4.23 is a measure of the electric 
field intensity. A reduced electric field intensity results in a reduced flow 
of electrons, as discussed in Chapter I .  When the control grid is at the 
same potential as the cathode, the number of electrons collected by the grid 
is very small. Therefore, i" of Eq. 4.69 is almost equal to zero for a grid 
potential of zero volts above the cathode. 

� .., ! ... "l! ... :g " � � � -� !1'. II .:. '" '" 
I I 

Path through I 
� a &rid wire � I '" I - I g g > 1 .s .s I .s 

.. I . � � c c 1 � J.� � /. 1 ......... "" 0  0 -- I 

Virtual Distance_ Distance --+- Distance_ 
call1Ode (a) (h) (c) 

Fig. 4.23. A plot of the potential distribution inside a triode tube. (a) The control grid 
positive with respect to cathode; (b) the control grid at the same potential as the cathode ; 
and (c) the control grid more negative than the cathode. 
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When the potential of the control grid is negative with respect to the 
cathode (Fig. 4.23c), the plate current is reduced even further. Also, since 
the control grid is negative, the electrons are repelled by the control grid 
and the grid current "0 is essentially equal to zero. However, plate current 
may still pass between the grid wires. 

As indicated previously, the control grid is able to control the amount of 
. current to the plate. In fact, the action is very similar to the action in a 
transistor. The electric field between the cathode and control grid region 
is analogous to the electric field in a transistor between the emitter and 
the base. Also, the electric field between the plate and control grid of a 
triode is analogous to the electric field 
between the base and collector of a tran
sistor. Essentially no positive carriers exist 
in a high vacuum tube, so only electrons 
act as carriers. The triode does have an 
advantage over the transistor inasmuch as 
the control grid draws essentially no current 
if maintained more negative than the cath
ode.6 In this condition, the parameter cor
responding to IX. in the transistor is equal 
to unity. In addition, the control grid con
sumes essentially no power if it draws 
essentially no current. Consequently, the 

Plate 

Envelope 

- - - -+- Control grid 

Cathode 

u.._-Filament 

Fig. 4.24. Symbol for a triode 
tube. 

triode tube is usually operated with a negative control grid. Cases where 
the control grid does draw current will be investigated in Chapter 10. 

The symbol of a triode tube is given in Fig. 4.24. The similarity between 
this symbol and the actual tube is apparent. 

If the control grid current i. negligible, only three variable input and 
output quantities remain. These quantities are: voltage between the 
cathode-and the control grid, plate (or cathode) current, and the voltage 
between the plate and the common electrode. The most commonly used 
triode circuit is the common cathode circuit to be investigated in Chapter 5. 
Consequently, practically all triode characteristic curves list the voltage 
between the plate and the cathode rather than the voltage between the 
plate and the control grid as a parameter. 

The characteristic curves of a triode tube may be plotted by using the 
circuit in Fig. 4.25. In this circuit the three meters indicate the required 
three variables. A set of curves which corresponds with the set of collector 
curves of a transistor is plotted. The plate current is plotted as a function 

• As will be discussed later, some current does ftow in the control grid circuit due 10 
capacitance between the control grid and other tube elements. 
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Fig. 4.25. Circuit used for plotting triode characteristic curves. 
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Plate voltage in volts 

Fig. 4.26. Characteristic curves for a 6,15 triode. (Courtesy of Radio Corporation of 
America.) 
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of plate voltage. Since one curve is obtained for each different value of 
grid-to-cathode voltage, a family of these curves, which is known as a set of 
plate characteristics results. Figure 4.26 is a typical set of plate charac
teristics for a triode. The triode tube does not normally have a set of input 
characteristics since there are only three variables and all necessary 
information is obtainable from the collector or plate characteristics 
provided that vG is negative. 

4.8 THE TRIODE EQUIVALENT CIRCUIT 

The vacuum triode circuit which corresponds to the common�base 
configuration ofthe transistor is shown in Fig. 4.27. In the vacuum tube, 
the circuit is known as a grounded grid amplifier. The equivalent circuit' 

-
i. 

K 
p 

Fig. 4.27. The gmunded grid amplifier. 

for the triode is found by observing that the plate current i p is dependent 
on the control grid-to-cathode potentiaf vaK, and also on the plate-to
cathode potential VI'K' 

When the current is the dependent variable and two voltages are the 
independent variables. the situation is described by the y-parameter 
equations (Eq. 4A5). This form of equation can be used for ip but the 
only independent equation we can write for ; K is i K = -; p. Thus, in 

7 A word on symbol nomenclature is in order at this point. In the early days of radio, 
batteries were used as the power sources. The A battery heated the filaments and the B 
battery supplied plate voltage. The C battery furnished negative control grid bias poten
tial. Accordingly, most literature and, in fact, the old IRE standards use the symbols i,. 
and i� for the instantaneous total currents in the plate and control grid circuits of a 
vacuum tube. The instantaneous time-varying components of current used are i. and i/l' 
In this text. to avoid confusion between base and collector currents and to confonn to 
recent IEEE standards, ip and ia will be used to indicate the total instantaneous currents. 
Similar subscripts will be used for voltages. 
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general form, the characteristic equations are 

iK = - ip (4.70a) 
and 

(4.70b) 

In terms of time-varying components, these equations can be written as 

(4.71a) 

(4.71b) 

One form of equivalent circuit which represents Eq. 4.71 is shown in 
Fig. 4.28. Note that this circuit is similar to half the circuit in Fig. 4.17a, 

,VIr 
K P --

.,...... . 8mU,Jt. 0� ."' ... -'p 

Vi 
RL 

V. 
� r 

Fig. 4.21. An equivalent circuit for the tube of Fig. 4.27. 

if the cathode is assumed to be the common element. Since both of the 
voltages in Eq. 4.71b use the cathode as reference, this result is not 
unexpected. 

The parameter gm (in Eq. 4.71b) is known as the transconductance of the 
vacuum tube and is defined as 

dip / 
g = �  ". dVGK vPK_conshnt 

(4.72) 

Also, the parameter r SI is known as the vacuum tube plate resistance and 
is defined as 

r = � 
• d '  I P K vcx_constant 

(4.73) 

The symbols and definitions of these parameters are standard in the 
vacuum tube industry. 

A second equivalent circuit can be found by applying Thevenin's 
Theorem to the circuit of Fig. 4.28. In this circuit, the current generator 
between the cathode K and plate P is converted to a voltage generator. 
The internal impedance of this voltage generator will be r p' (The value of 
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internal impedance between terminals K and P when all current sources 
are open circuited and all voltages shorted.) In addition, the magnitude 
of the voltage source is equal to the open circuit voltage at the terminals 
K to P. For the generator of Fig. 4.28, this voltage is 

(4.74) 

Let a new parameter p, be defined as 

(4.75) 

where p, is known as the voltage amplification factor. With these changes, 
the equivalent circuit of a grounded grid amplifier can be represented as 

K + 'p p 
c--+- � '. J.l.VglI 

Vi R£ v. G 

Fig. 4.29. A voltage source equivalent circuit for the tube of Fig. 4.27. 

shown in Fig. 4.29. This circuit is known as a voltage source equivalent 
circuit for tbe triode. From this circuit it can be seen that if tlie plate 
curr.ent is held constant, the plate-to-cathode voltage will change 'p,' times 
as much as the grid-to-<:athode voltage. Accordingly, the parameter p, can 
be defined as 

dV/'K 
p, = --d Vu 1\- 'I'_ColIstunt 

(4.76) 

Note that p. is negative since ('OK must increase in the negative direction 
as v l' K increases in the positive direction in  order to maintain ' i p 
constant. 

As with the transistors, the value of the vacuum triode parameters can 
be'found from the characteristic curves of the triode. For example, the 
value of ' p is shown in Fig. 4.26 as the reciprocal of the slope of the line 
BC. Here the control grid is maintained constant at -4 v and the relation 
between VI' and iJ• is established. For example, a change of 40 v in  vp 
causes a change of 4.5 ma or 

r = 
40 ohms 

p 4.5 X Hr' 
Hence, , p is equal to 8900 n. In addition, the line AC represents a con
stant value of plate voltage (120 v). The relationship between Vu and i" is 
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established to obtain an average value for gm' 6.va is 2 V and 6.ip is 4.5 ma. 
Hence, 

4.5 x 1 0-' 
2250 ' h gm = = m)crom os. 

2 

Also, the line AB represents a constant value of plate current (8 ma). 
Therefore the amplification factor may be obtained from the relationship 
between vp and Va along this line AB. In this example, 6va is -2 v and 
6vp is 40 v. Therefore 

40 ,.. = - = -20 
-2 

PROa. 4.15. Find the values of 1'. r •• and gm for the tube of Fig. 4.26 at the 
point where vp = 200 V, and Vo =- -6 v. Answer: I-' = -/9.6, r� = 8.5 KO. 
gm - 2.300" mhos. 
PROD. 4.16. Is r" the same for all points on the characteristic curves? What 
shape would the characteristic curves have if r v were constant ? 
PROD. 4.17. Is I' the same for all points on the characteristic curves? What 
condition must the characteristic curves meet if IJ is constant? 

4.9 THE GROUNDED GRID AMPLIFIER 

Just as the transistor can be used to provide power amplification, so 
is the triode tube capable of power amplification. As noted before. the 
circuit of the t(iode which conforms to the circ!!it of the common-base 
transistor is known as the rounded rid am lifier. The circuit of a typical 
groun e grid amplifier, together with the appropriate equivalent circuit, 
is  shown in Fig. 4.30. 

From the equivalent circuit of Fig. 4.30b, it is evident that if) = -ik when 
reverse (normal) bias is applied between the cathode and the grid. Thus. 
the forward current gain is unity with, reverse bias, but less than unity if 
forward bias is used (positive grid). 

K C p I + G 
'V v, 

ZL 
v. 

K + 'P l' 
(. -PVj i;\ 
Z. v, 

ZL v. + 
G 

+ 1 1 - - 11 + 
licK 

- Vpp 

(a) (6) 
Fig. 4.3O. The circuit diagram and equivalent circuit of a grounded grid triode amplifier. 
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Since VI is vh' which is -vl1.t. our loop equation is 

The voltage gain, 

The input impedance, using Eq. 4.78, 

The output impedance, from Fig. 4.3\, 

z = Vo , . " 

v, = i.(r. + Z,) + p.v •• 

Z. = r. + (-p. + I)Z. 
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(4.77) 

(4.78) 

(4.79) 

(4.80) 

(4.81) 

(4.82) 

(4.83) 

(4.84) 

(4.85) 

It should be observed that the common grid connection has high voltage 
gain, low input impedance, and high output impedance. The impedances 

K lW" 
+ 'p P 

. ... .;...,-. � 'p 
G u. > z, 

� 
Fjg. 4.31. Circuit for determining output impedance of the grounded grid amplifier. 
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are affected by the load and source impedances in a manner similar to the 
common-base transistor. In fact, the grounded grid amplifier acts as an 
impedance transformer having an impedance transformation ratio of 
- I"  + I .  The power gain for a resist ive load is, 

For resistive loads, 

G = i.'RL = (-I" + I)RL 
• . 'R + R '" in '11 E 

G. = G, 

(4.86) 

(4.87) 

Thus, it becomes evident that ,he characteristics of a common-base 
transistor amplifier are similar to a common-grid vacuum tube amplifier. 

PROD. 4.18. Calculate the voltage gain. input impedance, and output imped
ance of an amplifier with RL = 50 KO, Rv = 10 KO, rp = 8 KO, and ,u z= -20. 
PROB. 4.19. A transistor is connected as shown in Fig. 4.32. The voltages and 
currents that were measured are shown on the diagram. Draw an equivalent 
circuit using h parameters for this transistor. Give values of each component 
in the equivalent circuit. 

1 905 ma -1 865 ma 

1 

- (>!..J' -lE le 
v '-.. ./ O v  

I 
o l lolamp 

. 0.0005 v 1 v 

I I 
Fig. 4.32. The configuration for Prob. 4.19. 

PROD. 4.20. A transistor amplifier is connected as shown in Fig. 4.33a. The 
transistor characteristics are given in Fig. 4.33b. If Vg - 2 sin wt. find: 

(a) The quiescent collector voltage and current. 

(b) The current amplification of the amplifier. 

(c) The VOltage amplification of the amplifier. 

(d) The power amplification of the amplifier. 
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H-

I-

-30 

Fig. 4.33. The information required for Prob. 4.20. (a) �ircuit configuration ; and 
(b) characteristics of the transistor in part Q. 
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The Common Emitter 

Amplifier 

The reader may have surmised while reading Chapter 4 that a rearrange
ment of the input terminals of the common-base amplifier would reduce 
the input current requirement for a given output current and thus provide 
higher power gain. Such a configuration would employ the emitter as the 
common or grounded terminal, the base as the other input terminal, and 

iB -

t L-...!..1'----ll__-+-tiE�III__R--'L 
Fig. S. t.  A common emitter amplifier. 
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the collector as the other output terminal. This type of circuit is known as 
the common emitter configuration. Figure 5. 1  is  a simple circuit diagram 
of this arrangement for a p-n-p transistor. With the conventional current 
directions shown in this figure. in. ie• and Vo are negative. Thus a polar
ity reversal occurs between the input and output signal voltages. 

5.1 CURRENT GAIN OF THE COMMON EMITTER AMPLIFIER 

In the common emitter configuration, the input current is the base 
current, in. But 

in = -iE - io (5.1) 

Since the collector current ic is normally almost equal to the emitter 
current i E' the base current iH may be small in comparison with the collector 
current. Thus, current gain is achieved. Using Eq. 4.1 (reprinted below) 

- ic = er..iE - loo 
. io - leD 

-lE = 
'" 

Substituting this value of -iE into Eq. 5. 1 ,  

Solving for io explicitly, 

io - loo . 
in = - '0 

'" 

"'in 
= ( 1  - "')io - J 00 

• er.. . leo 'e = In + 
1 - " 1 - "  

(4.1 )  

(5.2) 

(5.3) 

(5.4) 

(5.5) 

The term r; (1 - ". is called the sh2rt�� .. !,u�r:.e.�t .ll�!�.2.':-��r:t . 
o.mpli(ica.!J..Qn .r!.�.t0r fQr �he co.m}!tq!l, C:!11it��� �_'?n.�ection. This amplification 
factor is sometimes known as P (beta). Other symbols which are commonly 
used in the literature are "0, and hn;. Equation 5.5 may be rewritten : 

io = Pin + (I + Plloo (5.6) 

PROB. 5.1. Prove that the coefficient of Ico in Eq. 5.6 is correct. 
PROB. 5.2. A transistor has IX = 0.99 and leD = I /la at a specified operating 
point. What value does P have ? What wjIJ be the vaJue of collector current 
when the base current js reduced to zero, assuming P to be constant ? Answer: 
fJ = 99, i(' = 0.1 mo. 

One way to visualize the control action of the base is to assume the 
forward bias between the base and emitter to be increased. This increased 
bias causes the height of the potential hill, or barrier field, to be reduced. 
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The i njection current across the emitter�base junction is therefore increased. 
Most of the carriers which comprise this current, drift across the thin base 
region into the collector region. Thus, the increase in collector current may 
be much greater than the increase in base current. The collector current 
change is almost proportional to the base current change. Therefore, the 
base current is often assumed to be the control parameter. The reverse 
diode cunent loo is amplified because it is forced to flow across the base 

I� + 1)100 

1 (lIco 
'---" ..... 

• 

Fig. 5.2. An illustration of the process by which Ica is multiplied in the common 
emitter configuration when I. = O. Actual current directions are shown. 

to emitter junction. As a result, a small forward bias is produced across 
that junction and the collector current is increased as though lC() were 
added to the base current. The process by which I co is multiplied is 
shown in Fig. 5.2. 

S.Z CHARAC£ERISTlC CURVES 

A very useful set of curves is the family of collector characteristic, or 
io vs VCR curves. A typical set of P-Il-P collector characteristics is provided 
in Fig. 5.3. Comparison with the common base collector characteristics 
of Fig. 4.4 reveals that the following differences exist : 

1 .  The base current iB is a parameter in the common emitter set. 
2. The curves of Fig. S.3 are not evenly spaced, which indicates that i(' is not a 

linear function of i B. This should be cx.pected since at is a function of i}; as 
discussed in Section 4.4. 

3. The collector current is approximately equal to zero when vc,.; equals zero, 
regardless of the value of in. The reason for this behavior is that the collcctor
base junction has the same amount of forward bias voltage as the emitter-base 
junction when "CIi.: equals zero. This condition may be verified by observing 
from Fig. 5.1 that V IJC equals Vc E in polarity as well as magnitude when VC' Jo: 
equa1s zero. The knee of each curve occurs when Vc Jo: is increased sufficiently 
to reduce the collector-base junction bias to zero. Larger values of t'e Jo: result 
in reverse bias. 

4. The spacing between curves increases as Vc M increases because IX and hence {J 
increase with Vc l!.:. 
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Because there are four independent transistor parameters, an additional 
set of curves is required. A set of input characteristics similar to the 
common base set of Fig. 4.5 is given in Fig. 5.4a. The curve obtained with 
v(.'�; equals zero is widely spaced from the others because the base current 
is increased as a result of the carriers injected across the collector·base 
junction. The transistor does not normally operate in this region of very 
small collector voltage, which is known as the saturation region. Notice in 
Fig. 5.4a that "BE does not equal zero, generally, when in equals zero. This 
small forward bias when iD equals zero results from leo Rowing across the 
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Fig. 5.3. Collector characteristics for the common emitter configuration. 

emitter·base junction, as explained previously. The emitter·base junction 
voltage could be reduced to zero by the application of a small reversed 
base current as indicated in Fig. 5.4a. This reversed base current would 
be nearly equal to 1"0 as shown in Fig. 5.4b and the collector current is 
reduced to nearly leo. The base and collector currents differ somewhat 
from leo because some of the carriers which comprise leo still (even 
with no bias) diffuse to the base-emitter junction where they are swept 
across this junction. 

The curves provided for the common emitter connection contain the 
same information as those for the common base configuration, because 
-iE = ic + in. The common emitter curves are more useful, however, 
because i" may be readily and accurately obtained by the addition of the 
other two currents, but it is  difficult to accurately determine in from the 
common base curves because in is the difference of two currents which arc 
nearly equal. Therefore, the common emitter curves are used for all 
transistor configurations. 
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Fig. 5.5. Circuit for obtaining characteristic curve data. 
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Figure 5.5 is a circuit which may he used to obtain data for the common 
emitter curves. The batteries and potentiometers may be replaced by 
variable voltage power supplies. The variable resistor R should be very 
large compared with the base-to-emitter resistance of the transistor so the 
base current will remain essentially constant while the collector voltage is 
varied. This large value of R requires a rather high base supply voltage. In 
addition, an electronic-ty"pe voltmeter must be used to measure VBEo The 
energizing current of a conventional meter may he larger than the base 
current and thus cause the reading of the meter which measures iB to he 
completely erroneous. Also, a highly sensitive voltmeter, preferably an 
electronic type, should he used to measure vcs. 

5.3 TRANSISTOR RATINGS 

The manufacturer specifies the maximum permissible collector voltage, 
collector current, and collector power dissipation of a transistor at a 
specified ambient temperature. This dissipation rating must be reduced as 
the ambient temperature increases. Under certain conditions, the dissipa
tion rating may he exceeded for very short periods of time, but until these 
conditions are thoroughly understood, it is only safe to assume that the 
transistor will be permanently damaged if any rating is exceeded at any 
time. Transistor damage may be prevented jf the area of safe operation 
for the transistor is clearly indicated. For example, if the absolute maxi
mum ratings of the transistor whose collector characteristics are shown in 
Fig. 5.3 are; 

ic max = -6 ma 

VOE rnax = -3O .v 

collector dissipation = 35 mw at 25°C 

The dashed line on Fig. 5.3 marks the boundary of the area of safe 
operation. Before taking data for a characteristic curve plot, this area 
should be marked and kept vividly in mind so that no data points will be 
taken outside of the area of safe operation. 

The maximum collector voltage rating for the common emitter connec
tion may be considerably less than for the common base configuration. 
The reason for this reduced collector voltage rating may be seen from a 
study of Eq. 5.5 and Eq. 4.20. It should be observed that {J approaches 
infinity as IX approaches unity. Therefore, the collector current in the 
common emitter configuration will approach infinity, even with zero base 
current, as t:1. approaches unity. 

PROD. 5.3. A transistor has ex = 0.99 at low values of collector voltage. The 
avalanche voltage V A = 40 v. The exponent N := 3. Calculate the collector 
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voltage at which the collector current approaches infinity in the common 
emitter configuration. Hint: Using Eq. 4.20, assume that a: = 1]1' at low values 
of collector voltage. Then, a; = 1 when t5 = lIT/I'. Answer: Vc = 8.6 v. 

The avalanche breakdown voltage, listed as VA in Eq. 4.20, is commonly 
listed as V ORQ in manufacturer's ratings: 

VeBo = collector-to-emitter breakdown voltage with emitter circuit open 

The apparent breakdown voltage which occurs in the common emitter 
configuration when IX = I and lB = 0 is known as VCEO' 

y CED = collector-to-emiller breakdown voltage with base circuit open 
. 

when V CBO and V CED are known for a given transistor, V CIJO is the highest 
and V CED is the lowest collector breakdown voltage of this transistor. 

t , 
I 
I 
I 
I VCBO 
I 
I 
I 
I 

Fig. 5.6. Collector voltage breakdown characteristics and ratings for a typical transistor. 

Intermediate values of breakdown voltage occur when finite resistance 
is placed between the base and the emitter in the common emitter con
figuration. This breakdown voltage is known as Vc/o;u at a specified 
base circuit resistance. 

V OEll = collector-io-emitter breakdown l'oltage u'ill! base 
resistance specified 

The highest V Ci<:1l occurs when the base is shorted to the emitter. 
This value of VCI-;R is known as VCi':s, 

VCI';S = collector-to�emitter breakdoll'n rof/age u'i/h base shorted 
to emitter 
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The common emitter breakdown voltage is increased slightly above 
V CES and is essentially equal to V cno if reverse bias is applied between 
the base and emitter. This reverse-bias breakdown voltage is known as 

VCJ<x' 

V CEX = collector-Io-emitter breakdown voltage with base reverse-biased 

The various breakdown voltages for a typical transistor are shown in 
Fig. 5.6. 

5.4 THE GROUNDED CATHODE AMPLIFIER 

The triode tube may be used in a configuration which corresponds to the 
common emitter configuration of the transistor. This- circuit, known as a 
grounded cathode amplifier, is shown in Fig. 5.7. The resistor R, provides 

p 

Vi 
K VGG 

b--_...L..:...+ --+--"l- \If"+-'----<> - Vpp 
Fig. 5.7. The grounded cathode triode amplifier. 

onducting path between the grid and the bias su 1- . This grounded 
cathode circuit IS y ar e most WI e y use tu e circuit. Consequently, 
the characteristic curves given by the manufacturers are for the grounded 
cathode circuit. 

If the control grid potential is maintained negative with respect to the 
cathode, the grid current is essentially equal to zero. Consequently, the 
vacuum tube is "a voltage actuated device, whereas the transistor may be 
considered a current actuated device. A family of collector characteristics 
for a typical triode is shown in Fig. 5.8b. 

5.5 GRAPHICAL ANALYSIS 

A common emitter (or common cathode) amplifier may be designed with 
the aid of the characteristic curves in the same manner as that indicated 
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Fig. S.S. Illustration of graphical analysis by the use of load lines. (a) Transistor 
amplifier; (b) triode amplifier. 

for the common-base amplifier of Chapter 4 (Section 4.3). The following 
procedure might be used. 

1 .  Choose a value of collector supply voltage somewhat less than the maximum 
rating of the device, providing a resistive load is to be used. 

2. Draw a load line from the supply voltage (Vcc or Vp1') through the safe 
operating range below the maximum dissipation curve so that the load line 
intersects the current axis below its maximum rating. See Fig. 5.8 for an 
example. The actual choice of load resistance will depend on the require
ments of the amplifier. Maximum power output is obtained when the 
maximum area falls below the load line, since power is the product of v and i. 
Larger values of load resistance result in better linearity. Maximum power 

gain is obtained when the load resistance is equal to the internal resistance of 
the amplifier. These statements will become more meaningful as the work 
progresses. 

3. A quiescent operating point is selected in accordance with the requirements of 
the amplifier. If the input signals are symmetrical, an operating point near 
the center of the load line would provide maximum dynamic range. Such a 
point is selected for the examples of Fig. 5.9. 

The quiescent operating point of the transistor may be located on the 
input characteristic curves in the same manner as describle for the common 
base configuration. From these input characteristic curves the required 
forward bias voltage VOE may be obtained. However. the required bias 
current is usually obtained. by using a supply voltage which is large compared 
with VilE- The bias current is then controlled by a series�dropping resistor. 

The performance of the transistor amplifier can be determined by select-
ing a convenient collector voltage swing about the quiescent operating 
point. The collector current swing and base current variation required to 
produce this output may then be determined from the load line on the 
collector characteristics, and the input characteristics may be used to 
determine the required input voltage variation. Thus the current gain. 
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voltage gain, and power gain may be determined as well as the magnitude 
of the permissible signal levels. The degree of nonlinearity may also be 
predicted for various signal 1evels and operating conditions. Similarly. 
the performance of a triode tube amplifier can be determined by selecting 
a convenient plate voltage swing about the quiescent operating point. The 
plate current swing and the grid voltage variation required to produce this 
output may be determined by traversing the load line on the plate charac
teristics. This load line method of determining the performance of an 
amplifier is illustrated in Fig. 5.9 for the common emitter configurations of 
both the n-p-n transistor and the tube amplifier. The voltage gain for the 
tube or the current gain for the transistor may be obtained by dividing 
the peak-to-peak output quantity by the peak-to-peak input quantity, as 
discussed in Chapter 4 in connection with the common "base transistor 
amplifier. A qualitative measure of the amplifier distortion may be 
obtained by comparing the output waveform to the input waveform. A 
sinusoidal input waveform was assumed in Fig. 5.9 because the departure 
from sinusoidal waveform in the output is easily recognizable and measur
able. A quantitative discussion of distortion is delayed until Chapter lO. 
PROB. SA. Determine the approximate voltage gain of the triode amplifier 
whose characteristics, load resistance, and bias potentiais are provided in Fig. 
S.9b. What are the maximum permissible magnitudes of input and output 
voltage which may be obtained with reasonably good linearity? 

The current gain of the transistor amplifier may be obtained from the 
collector characteristics and load line of Fig. 5.9a. However, an additional 
set of curves is needed for the graphical determination of the voltage gain 
of the transistor. As discussed in Chapter 4, a set of input characteristics 
may be used to obtain the needed relationship between the input current 
and the input voltage. A typical set of input characteristics for the common 
emitter configuration was shown in Fig. 5.4. In addition, an unusual 
set of input characteristics is given in Fig. 5 . 10. Also a set of collector 
characteristics for this hypothetical transistor is provided. From Fig. 5.10 
it may be seen that the relationships between the base current and collector 
voltage taken along the load line are used to plot the dynamic input charac
teristic. In this figure the static input characteristic curves are quite widely 
and uniformly spaced. In contrast, the typical transistor may have the 
static input characteristics essentially merge into a single curve for all 
collector voltages above a few tenths of a volt. Also, the input charac
teristics may vary appreciably between individual transistors of a given 
type. Therefore, the manufacturer usually does not provide a corn plete 
set of input characteristics. Frequently the input resistance of the transistor 
is given as a function of the base current, and from this information the 
small signal voltage gain may be obtaineJ. 
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PROD. S.S. A symmetrical input signal is applied to the transistor of Fig. 5.10. 
Determine the current gain and voltage gain of the amplifier with the load 
resistance indicated when the quiescent operating point is at Vc E = - 10 v and 
the base current variation is from -30 pa to -90 pa. Answer: Gj -= 50, Gv = 65. 

A second graphical method of solution quite widely used is by a graphical 
plot which relates the input voltage (or current as the case may be) to the 
output current (or voltage). This graphical plot is known as the dynamic 
transfer curve. Example 5.1 illustrates the procedure for finding the 
dynamic transfer curve and also demonstrates how the dynamic transfer 
curve is used to find the output current (or voltage). 

Example 5.1. A triode is connected as shown in Fig. 5. 1 1 .  Find ip if VI has the 
form shown. The characteristic curves of the 6J5 are shown in Fig. 5.12. 
Assume RL is 20,000 n. 
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As the first step, the load line is drawn on the plate characteristics of the tube 
(Fig. 5. 1 2). Values of input voltage (grid voltage) are known and values of 
output current (plate current) are required. Thus a plot of ip vs va is the re
quired transfer curve. Since the tube will operate along the load line, the. requited 
values of ip and Vo can be taken from the load line. 

Hence. point X' is chosen on the load line of Fig. 5.12. The value of grid 
voltage and the value of plate current corresponding to point x are noted. A 
point with the same value of grid voltage and plate current as point :t is plotted 
on a new graph with va as one axis and ip as fhe second axis. This new graph 
(with point x indicated) is shown in Fig. 5.13. 

This procedure of transferring points f�om Fig. 5.12 to Fig. 5.13 is continued 
until enough points are plotted in Fig. 5.13 to draw the dynamic transfer charac
teristic curve. Note that as RL approaches zero, the dynamic transfer curve 
approaches the stDtic transfer curve. 

After the dynamic transfer characteristic has been drawn, the input signal VI 
is drawn as shown in Fig. 5.13. Values of voltage are then projected from the 
input signal (point A, Fig. 5.13) to the transfer curve (point B) and from the 
transfer curve to form the output signal (point C). 

The same process can be used for finding the dynamic transfer charac
teristics of a transistor. If the transfer of base current iB to collector 
current ic (or collector voltage vcl is  wanted, the load line values of either 
collector current or collector voltage may be obtained as a function of 
base current from the collector characteristics. For example, the dynamic 
transfer characteristics of in vs ic are given in Fig. 5.14h for a load resist
ance of 1250 n. However, i f  the transfer of base voltage VB to collector 
current ic is required, both the input and the output characteristics of 
the transistor are required. For example, in Fig. 5.14c a base potential o f  
-0.49 v i s  shown as point x.  (The dynamic input characteristics are 
required for this step.) Point x must then be transferred to the corre
sponding base current and collector voltage of the collector characteristics. 
(See point x in Fig. 5.140.) From these curves the required collector 
current can be read and the corresponding point plotted on the vn vs ic 
characteristics. Figure 5.14d shows the total VB vs ic curve for the given 
load. 

The dynamic transfer characteristic can be used to check the linearity 
of an amplifier. If the input signal is applied to a straight portion of 
the dynamic transfer characteristic, the output signal will have the same 
shape as the input signal. If, however, a curved portion of the dynamic 
transfer characteristic is used, the output signal will have a different shape 
than the input signal. This change of shape is  known as nonlinear dis
tortion. 

Figure 5.14 shows that the relation between base current and collector 
current is more nearly linear than the relation between b�se voltage and 



-5, ::::> 

� -4k;--t-----�� 1 :;�1 
� -31 f :::;:;I:>�I I ." _ISO " 

% 
� � 
a -2 100 ." 

R. = 1250 D tilE I I "'<l-so·"l 
o ' )J 

o - I  -2 -3 -4 
Collector voltage in votts 

fa) 
-5 

5 

\ • -4 � 
!i E � 
'E -
." 
� 

l 

;; -2 1 

� � 

/' / 
o � 
8 IV V 

o o -50 -lOO -ISO -200 
Base current in microamperes 

fb) 

-250 -300 

-
Cl 

r 
�, 

f j' 



-0.7 

-0.6 ) 

-0. 5 ; i 
.!E -0.4 f > -0.3 � 
.l! 

, -0.2 

-0. I 

J fj 
0

0 

VC - -3� 
Vc = -1 

l.---::::: r:-- _ � ....... x � 1--1--" Vc : 0 

� ----- 'RL = 12500 

?/ V 

-0.1 -0.2 -0.3 
Base current in milli!l!T1pcrcs 

(c) 

-5 

;: -4 
8. E � E -3 .. 
'i' � , -2 u 

� 
;3 I 

0
0 

I 

I 'J / / 
/ V 

-0.1 -0.2 -0.3 -0.4 -0.5 -0.6 -0.7 
Base voltage in volts 

(d) 
Fig. 5.]4. The dynamic transfer characteristtcs for a transistor amplifier. (a) Output characteristics; (b) a plot of ;B vs ;c; 
(c) input characteristics; (d) a plot of v.., vs ;c. 

� 
r 
I 
! � � 

5 



170- Electronic Engineering 

collector current. Hence, the transistor is best used as a current-activated 
device. 

PROD. 5.6. Draw the dynamic transfer characteristic for the tube used in 
Example 5 . 1 ,  but with the load resistance RI� increased to 50,000 .0, Which 
value of R J .. gives the greater linearity? 
PROD. 5.7. The transistor of Fig. 5.14 is connected to a 1 000 n load resistor. 
The vOltage source Vcc is -5 v. Plot L'C if ill is - 1 50 + IOO sin w/ lla. 
PROD. S.S. Draw the dynamic characteristic of ic vs iIJ for the transistor of 
Fig. 5.14 if RL is 2000 O. Compare this curve with Fig. S.14h. 

5.6 EQUIVALENT CIRCUITS FOR THE COMMON EMITTER 
TRANSISTOR 

The h parameters for the common emitter transistor configuration may 
be obtained from the collector and input characteristics of Fig. 5.3 and 
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Fig. 5.15. Curve for obtaining hIe' 

- 100 120 

Fig. 5.4 in the same manner as described in Chapter 4 for the common-base 
configuration. For example. the slope of a collector characteristic (t"CE vs 
ic curve with ill constant) would be 

h = die oe dvcJo; 
(5.7) 

iB=tOn!,t:lllt 

This parameter is the output admittance with the input open. 1fthe output 
current ic is plotted as a function of the input current ill for a constant 
value of collector voltage. the slope of this curve is the forward current 
transfer ratio 

(5.8) 

This parameter is the dynamic or small signal value of fJ. the currenl 
amplification faclor of the common emitter configuration. The static or 
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d-c value of {J is frequently indicated by the symbol hFE• Figure 5.15 
is a plot ofic as a function ofiB for the transistor of Fig. 5.3 at VCE = 10 v. 
The slope of this curve at a given point is h" at that point. Note that in 
contrast to h,. (which is negative) h,. is positive. 

The slope of the static input characteristic is the input impedance with 
the output shorted. 

h. = dVBE 
.. 

d ' I B lIcrCOlUltant 

(5.9) 

The input characteristics (Fig. 5.4) could be used to plot a family of 
VBE vs VCE curves with iB as the constant parameter. This plot is made in 
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Fig. 5.16. The slope of any one of these curves at a particular point is the 
reverse voltage transfer ratio at that point. 

h = dVllE 
.. 

dVCE iB-conatant 
(5. 10) 

The term hr. is also known as the reverse voltage amplification factor }lctJ. 
As previously mentioned, h .. and h,. may be determined by taking the 

ratio of incremental values of the pertinent variables about the operating 
point. Hence, it is not necessary to plot the curves of Figs. 5.15 and 5.16. 

The differential equations which describe the operation of the transistor 
are, 

(5. 1 1a) 

(5.1 1b) 
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From the defining equations for the preceding h parameters (Eqs. 5.7 to 
5.10) and the symbolism "'vBE = v •• etc., the common emitter h-parameter 
circuit equations for the time-varying components of voltage and current 
can be written. 

Vk = h" ib + hrfvce 
i� = hl,i/} + h�vtl (5.12) 

The Common emitter h-parameter equivalent circuit is presented in Fig. 
5.17. In solving this h-parameter circuit, it is important to remember that 
when a resistive Joad is connected to the output terminals, the voltage vc, 
is negative. 

Vb. 

+ 

Fig. 5.17. Common emilter h-parameter equivalent circuit. 

The solution of a common-emitter h-parameter circuit is easily carried 
out by assuming that the input current i. is known. This method of 
solution is illustrated with the aid of Fig. 5. 18, where the transistor load 
resistance is RL• The output voltage 

(5.13) 

where gL = I /RL• 
(5.14) 

Substitution of Eq. 5.13 into Eq. 5.14 yields 

(5.15) 

The input resistance is 

(5.16) 

Note that except for the second subscripts, this 
·equation (5.16) is the 

same as Eq. 4.64. In fact, all of the common emitter /z-parameter 
equations have the same for� as the corresponding common base 
h-parameter equations. 
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The voltage gain is (using Eqs. 5.13 and 5.15) 

(5.17) 

Note that G" is a negative quantity which indicates a polarity reversal 
between output and input voltages. (The denominator will always be 
positive since hit hOI! is greater than h,e hIe') 

+ 

E 

Fig. 5.18. An h-parameter circuit for a common emitter transistor with a load 
resistance RL• 

PROB. 5.9. Using the h-parameter circuit, solve for the current gain of the 
common emitter transistor in terms of the h-parameters and the load resistance. 
PROB. 5.10. Solve for the output resistance of the common emitter amplifier in 
terms of the h�parameters and the driving source resistance Ra' 
PROD. 5.11. Determine the common emitter h parameters for the transistor 
whose characteristics are shown in Fig. 5.14. Use the quiescent operating 
point indicated as x. Answer: hie' = 800 n, hre = 1 X 10-2, h'e = 15, hoe = 
2 X 10-4 mhos. 
PROD. 5.12. Using the h-parameters found in Prob. 5 . 1 1 ,  calculate the current 
gain, voltage gain, and power gain of the transistor with a load resistance of 
1.25 KIl. 

The two-generator h-parameter circuit is convenient for solving any 
common-emitter circuit problem. The one-generator equivalent T circuit 
will be developed, however, in order to provide a better understanding of 
the common-emitter configuration. 

Figure 5.19a is the common emitter arrangement of the equivalent T 
circuit of Fig. 4.20. Inspection of the circuit will show that the input 
impedance with the output open (Z11) is rb + r,. Figure 5. 19b illustrates 
the method of determining the input impedance when the output is 
shorted, (h .. ). 

(5.18) 
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but ic = h'eib when the output is shorted. Then 

Vt" = ib'b + (ib + h,i,,)re 
and (with the output shorted) 

.v.b' = ht', = Tb + (1 + hl,)r, 
" 

Electronic Engineering 

(5.19) 

(5.20) 

Inspection ofEq. 5.20 and Eq. 4.59 reveals that the input impedance with 
the output shorted is hi. + I times as large as the input impedance of the 
common-base circuit under these conditions. Then 

h" = (hi' + I)h". (5.21) 

� + � + � + 
r, r, 

rm4 
r, r, 

Tmil! 
r, r, 

,� ) VM) r. r. t" ,.t r, Vu 

(a) (6) (cl 
Fig. 5.19. An equivalent T circuit for the common emitter configuration. 

PROB. 5.13. Prove Eq. 5.2 t is valid and explain why the input impedance of 
the common emitter configuration is increased by this factor (h" + I). 

Figure 5.19c illustrates the method of determining the output impedance 
when the input is open, Ilh ... 

but since ib == 0, -i, = ic' Then 

Vc. = io(ro + '. - 'm) 

and the output impedance with the input open is 

Z22 = Tc - r m + T,. 
From the relationship 'm = a'" , 

ZZ! = ( 1  - et')rc + 'a 
1 

Z2! = - = Td + r, 
h" 

Where r. - (l - oc')r, by definition. Then r. = r,/(hl• + I). 

(5.22) 

(5.23) 

(5.24) 

(5.25) 

(5.26) 
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Since 'd » ', and ', » '. 

ho, = � � ! = hr. + 1 <:::! (hr. + l)h •• Ztt rd, re 
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(5.27) 

Thus it is seen that when the input is open, the output admittance of the 
common emitter configuration is (h" + 1) times that of the common 
base. 

An equivalent T circuit which would give a more obvious indication of 
the output impedance and also give the output current and voltage in 
terms of the input current would be a definite improvement over the 

la) 

i. 
, 

Ih) 
Fig. 5.20. Improved equivalent T circuits for the common emitter configuration. 

equivalent T circuits of Fig. 5.19. Two circuits incorporating these advan
tages are given in Fig. 5.20. It is quite evident that the current generator 
of Fig. 5.200 would give the proper short-circuit collector current. From 
this circuit the open circuit generator voltage is 

, Cl. • Vgen = rdl� 
1 - a,' 

VgCR = rx' r ,)b 

Vgen = r mib 

(5.28) 

(5.29) 

(5.30) 

(5.31) 

This vl-!{'n is the same as the opcn�circujt voltage of the generator of 
Fig. 5.20b. It is also the same open-circuit voltage as that provided 
by the generator of Fig. 5.19 because i, = 0 and i. = i, when the output 
15 open. 

PROD. 5.14. Prove that the short-circuit currents of the generators of Fig. 5.20a, 
Fig. 5.20b. and Fig. 5.19 are identical. 
PROD. s.ts. Prove th�t h'f! = -(hf� + I)h/b' 
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In tbe preceding development, ail of the h parameters have been found 
in terms of the , parameters except h" = 1-'". This parameter is the ratio 
of the voltage which appears at the open circuit input terminals to the 
voltage Vu which produced this input terminal voltage. From Fig. 5.21, 

Vc, � ic(ra 1r r.) 
Vb. = ill', 

(5.32) 

(5.33) 

The h parameters for both common base and common emitter con
figurations have been determined in terms of the ' parameters. Conversely, 
the , parameters can be determined in terms ofthe h parameters as follows. 

T, 

FJK. S.21. Circuit for detennining hr. = !1-<6-

The value of '. + r, in Eq. 5.26 is equal to I /h�. When this term IS 

inserted into Eq. 5.33, we find that " is 

" _ h" (5.34) h .. 
From Eqs. 5.20 and 5.34 

r, = h" - (1 + h,,) h" 
h" 

From Eq. 5.26, r. + ', = Ilh .. , and using Eq. 5.34 

1 - hr. rd = 
h .. 

We note in Eq. 5.5 that p or h" is equal to "/(1 - ,,), Thus 

IX = _h",/t.!'_ 
h,. + 1 

(5.35) 

(5.36) 

(5.37) 

Also, all of the common emitter h parameters except hr' have been deter· 
mined in terms of the common base h parameters. A summary of these 
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relationships follow. 

From Prob. 5.15, h" is 

h" = (h" + I)h" 

hN = (h" + I)h .. 

h,. = -(hi, + I)hlb 

Finally, from Eqs. 4.61, 5.35, and 5.27, h" is 

h" = h,,h .. - h", 

177 

(5.21) 

(5.27) 

(5.38) 

(5.39) 

PROD. 5.16. Find the common emitter h parameters for the transistor of Table 
4.1 .  
PROD. 5.17. Verify.Eq. 5.39. 

The h parameters are most often given by the manufacturer. Since the 
h parameters as well as the , parameters vary with the terminal voltages 
and currents of the transistor, the parameters are normally specified or 
obtained at some specific operating point. In addition, a plot of the 
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5 

2 
� 2 1 1 
ii 0.5 � <.> 0.2 
0.1 

Iv hib 
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h .. 

I 

� ['ht, 

.,..1'/ 
/' ,,� "'- /' /' 

ht, r": 
"" hib '" 

0.1 0.2 0.5 1 2 5 10 
Is in miJIiamperes 

(b) 
Fig. 5.22. A plot of the variation of the h paramelers as a function of (a) collector to 
base volts; (b) emitter current. 

parameters as a function of the terminal voltages and currents is sometimes 
given as shown in Fig. 5.22. This presentation makes it possible to obtain 
the parameters quickly at any other operating point. The parameter 
values 3Te normali�ed to values listed by the manufacturer at the given 
operating point, that is, the point iE = I ma and "CB = 5 v in Fig. 5.22. 

PROD. 5.111. A 2N527 transistor has h,. = 81, hie = 2.4 K ohms, hH = 30 1'  
mhos. and hn _ 0.79 X 10-1. Find the r parameters and also the common 
base h parameters for this transistor. 
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PROD. 5.19. Assume the h parameters given in Prob. 5.18 are valid for vCB = 5 v 
and i E = 1 ma. ]f the h parameters vary as given in Fig. 5.22, find the h param
eters for vCB = tO Y, and ilC = 2 ma. Answer: hit. = 128, hfb = 18.1 n, hob = 
0.43 p- mhos, hrb = 6.5 X 10-4, 

5.7 THE EQUIVALENT CIRCUIT OF A COMMON 
CATHODE AMPLIFIER 

A common cathode amplifier circuit is shown in Fig. S.23a. The 
equivalent circuit for this configuration is given in Fig. S.23b. This 
equivalent circuit can be obtained by merely rearranging the equivalent 

R. 
Vi 

VGG + 

G 

Vi RIl Vg 

-

(al 

KmVg 
K 

(b) 

+ 
-=- Vpp 

p 

Fig. 5.23. A common cathode amplifier. (a) The actual circuit, (b) the equivalent 
circuit. 

circuit for the grounded grid triode (Fig. 4.28). However, this circuit can 
also be found by the differential equation for plate current. 

A ' dip A dip A illp = - ilV{,l + -- Ll.Vp dVG v/'=k dvp V(i=>.t 
(S.40) 

where ip is the plate current, Vo is the control grid voltage. and vp is 
the plate voltage. [n terms of small-signal components, this equation can 
be rewritten as 

(S.4l) 
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where ifJ' vir' and vp are the time-varying components of ip, vo, and vp, 
respectively and r. and gm are as defined in Eqs. 4.73 and 4.72. Accord
ingly, an equivalent y-parameter circuit for the triode is shown in Fig. 
5.23b. 

If the control grid is maintained negative with respect to the cathode, 
essentially no current Haws in the control grid circuit. Hence, the control 
grid is drawn in Fig. 5.23b as an open circuit. The foregoing equations and 
terms are exactly the same as those in Chapter 4 (Section 4). This similarity 
should have been expected since the derivation in Chapter 4 used the 
cathode as the reference electrode and the circuit just described also uses 

G 

Vi 

K 

+ 

p 
-. 

'. 

Fig. 5.24. An equivalent circuit containing a voltage generator. 

the cathode as the reference electrode. This similarity can be carried one 
step further by replacing the current generator of Fig. 5.23b by a voltage 
generator. As in Chapter 4, Thevenin's theorem is used in this transition. 
The resulting circuit is shown in Fig. 5.24. The current generator has 
been replaced by a voltage generator with an open circuit potential f.' 
times as great as the grid potential. As in Chapter 4, f.' is negative and 
is given by Eq. 4.75 

(4.75) 

Of course, the values of r fJ' 1'. and gm can be found from the characteristic 
curves as explained in Chapter 4. 

The usual type of characteristic curves for a tube have the form shown 
i n  Chapter 4 (Fig. 4.26). However, other configurations may be used. For 
example, if the plate current is plotted as a function of grid voltage with 
the plate voltage held constant, the slope of the curve at any point is the 
transconductance at that point. This curve is known as a static transfer 
characteristic curve. as previously mentioned. A family of transfer 
characteristics is given in Fig. 5.25, where a curve is obtained for each 
different value of plate voltage. 

Since the characteristic curves are not straight lines, the parameters of 
the tube (f.'. gm' and r.) must not be constant. The typical variation of tube 
parameters with plate current is shown in Fig. 5.26. This figure indicates 
why the tube parameters must be found for the region in which a given 
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Fig. S.25. Transfer characteristics for the 12AT7 triode. 

tube will be operated. The same tube operating in a different region will 
have different parameters. 

Equations can be derived' for the p- of a tube, and they indicate that P
is determined by the physical structure of the tube. The change of p- is 
due to variations in physical spacing of the elements and the edge effects 
of the elements. However, a similar equation for the gm of the tube 
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- 1  8 / 
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Fig. S.U. Curves showing the dependence of fl.g .... and r. on the: operating point of 
a 6J5 triode. 

I For development of these cquations,see KarlSpangenberg, Vacuum Tubes, McGraw· 
Hill, New York, 19S8, pp. 12S-128 and pp. 13S-137. 
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indicates gm is dependent not only on the physical structure of the tube 
but also on the current density in the tube. Hence, the great variation in 
gm with plate current in Fig. 5.26 results. Since the plate resistance is 
equal to p. divided by gm' r. must behave as iIlustraled in Fig. 5.26. 

PROD. S.20. Find the values of 1-'. gm. and '11 for the tube whose characteristic 
curves are given in Figs. 5.25 and 5.27. Use the operating (Q)pointofuG = -1  v 
and vp = 175 v. 

-c 
� � 10 u 

Plate voltage in volts 
Fig. 5.27. Characteristic curves of a t2AT7 triode. (Courtesy of Radio Corporation 
of America.) 

PROD. 5.21. Draw two equivalent circuits for the I2AT7 tube of Prob. 5.20. 

The equivalent circuits of Fig. 5.23 or Fig. 5.24 may be used to determine 
the magnitude of the input and output impedances of the common cathode 
tube amplifier. Assuming the grid does not draw current, the input 
impedance of the tube itself is 

(5.42) 

In a later section, it will be shown that an input capacitive term does 
exist. However, for low frequencies (less than hundreds of kilohertz) 
the input impedance of the tube may be considered as essentially infinite. 
There must be a d-c conducting path between lhe grid and the bias source, 
however, to maintain the desired bias on the grid. Therefore. the input 
impedance to the amplifier circuit is dependent on the resistance of this 
d-c conducting path and effective input capacitance of the tube and nol 
on the load resistance. This behavior is in contrast with the transistor 
amplifier. 
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Because Z12 is zero, there is no reverse amplification factor for the triode 
tube. Therefore, i n  contrast with the transistor, the output impedance of a 
tube is not a function of the driving source impedance. It may be scen 
from the equivalent circuits that 

Zout = rp (5.43) 

Consequently, the triode tube amplifier circuits are easier to analyze than 
the transistor circuits because of the rather complete isolation of input 
and output circuits. 

Perhaps the most interesting behavior of the triode tube is the current 
gain. From Fig. 5.23 and Fig. 5.24, it is obvious that the current gain of 
the tube itself is essentially infinite. This interesting fact may be verified by 
referring to Eq. 5.5. 

(5.5) 

Since oc is essentially one for a tube with a negative grid, h,. = 00 for the 
tube. Also, since the power gain is equal to the voltage gain multiplied by 
the current gain, the power gain is essentially infinite at low frequencies. 
Of course, this power gain does not consider the signal power which may 
be consumed in the grid circuit resistor. When the grid resistor is taken 
into account, the tube amplifier has the same order of power gain as the 
transistor amplifier. 

We can find the voltage gain of a triode amplifier by using the equivalent 
circuit. For example. the circuit of an actual amplifier and an equivalent 
circuit of this amplifier are shown i n  Fig. 5.28. The capacitor C, is ve.ry 
lar e and therefore blocks the d-c bias volta e due to V(jo but passes the 
time-varying signal Vi' T erefore. the signal component Vg of the total 
grid voltage vG is equal to v,. A loop equation can be written for tlfe 
plate circuit. 

(5.44) 
or " . , 

(5.45) 

The output voltage is 

for the direction of current and Vo shown. Thus, 

(5.46) 
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The total voltage gain is 

G = v. = I'RL 
• v, (r. + RI) 
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(5.47) 

Since I' is negative the output voltage is  inverted in relation to the 
input voltage. This inversion is characteristic of all grounded emitter 
circuits. Also, from Eq. 5.47, the voltage gain of the circuit increases as 
RL increases. How'ever, the maximum voltage gain of the circuit in 
Fig. 5.28 will never be greater than 1'. 

Ce (large) 

u. 

-

(0) 

re. G p 
iiI 'P u, R, 1I. = lIi R£ V. 

)w' 

(6) 

Fig. S.lI. A common cathode amplifier. (a) Actual circuit; (b) equivalent circuit. 

PROB. 5.22. The plate characteristics of a 6J5 tube are shown in Fig. 5.29. If 
the 6J5 is connected as shown in Fig. 5.28, find the voltage gain. Ypp is 300 v 
and Yoa is -6 v. The value of RL is 50,000 n. Answer: G" � - 13. 
PROB. S.23. Repeat Prob. 5.22 if RL is changed to 20,OOO !l. Compare the 
voltage gain and amplifier linearity for these two values of load resistance. 

5.8 BIASING CIRCUITS FOR THE TRANSISTOR 

'rhe circuit diagrams used in  the preceding discussion employ two bias 
batteries. In the common emitter transistor configuration ihe batteries 
have the same polarity with respect to the common electrode. Therefore, 
a single battery or d-c power source may be used as illustrated in Fig. 5.30 
to provide the biases. The potential difference between the base and the 
emitter is normally very small in comparison with the collector supply 
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Fig. 5.29. Plate characteristic curves of a 6J5. (Courtesy of Radio Corporation of 
America.) 

voltage V cc. Therefore, nearly all of V cc is dropped across RI and the 
base bias current is 

IB "" Vcc (5.48) 
RI 

The value of R, may be calculated after proper values of V cc and ID have 
been determined. This type of bias is known as fixed bias because the base 
bias current does not vary with the transistor parameters. 

1B 
) 

>Rf :1---<> 
0---1 ( 

?> (r • \� RL =rvcc 
Fig. 5.30. Fixed bias. 
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Fixed bias is satisfactory providing the transistor parameters are 
accurately known and the temperature remains fairly constant. If the 
parameters change because of temperature change or substitution of 
transistors, the operating point will move along the load line as shown in 
Fig. 5.31 .  The initial design placed the quiescent operating point in the 
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Fig. 5.31. Shift in quiescent operating point when fixed bias is used. 

center of the load line, as indicated in Fig. 5.3la. An increased temperature 
causes the saturation current to increase and the characteristic curves to 
shift upward as shown in Fig. 5.3Ib. This moves the quiescent operating 
point upward on the load line. If a transistor with a lower current 
amplification factor were substituted, the characteristic curves would be 
compressed, as shown in Fig. 5.3lc. The quiescent operating point would 
then move downward along the load line. Conversely, an increased hI. 
would cause the operating point to move upward. 

Several methods are used to stabilize the operating point. In the Simplest 
method known as self bias, the base bias current In is derived from the 



186 Electronic Engineering 

collector potential DCE rather than from the collector supply potential 
V cc. This method of bias is illustrated in Fig. 5.32. Any change in  
parameters which would cause an  increase in collector current would 
decrease the collector potential because of the IR drop across the load 
resistor. This decrease of collector potential would decrease the bias 
current, which in turn would tend to restore the collector current and 
voltage toward the initial operating point. The collector voltage at the 

-=- Vcc 

(a) (h) 
Fig. S.32. Self· bias. 

quiescent operating point, V CE' is usually large in comparison with the 
base-to-emitter voltage V BE' Therefore, 

R ,-...; VOl<; 
, -

In 
(5.49) 

PROB. S.24. Calculate va!ues of bias resistance R, for both fixed and self bias 
for the transistor amplifier whose characteristics and operating conditions are 
given in Fig. 5.14. Answer: Fixed bias 33.3 KO, self bias 13 KO. 

The degree of stabilization realized with self bias depends on the magni
tude of the ohmic resistance of the load. J n some caseS a transformer is 
used to couple the signal components in the collector circuit to the load. 
In this case the ohmic resistance in the collector circuit is small, the 
collector voltage is almost equal to the supply voltage, and self bias would 
not provide much better stability than fixed bias. Another problem arising 
from self bias is that the signal (time-varying) components of collector 
voltage cause signal currents to flow through the bias resistor R,. These 
currents are of opposite polarity to the input currents and tend to cancel 
them. This effect decreases the ain of the am lifier and is called de en r . 
lion or ne alic"e ee ac . This degeneration can be e iminated by dividing 
the bias resistance RI mto two parts as shown in Fig. 5.32b and using the 
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part which is attached to the collector in conjunction with a capacitor C 
to filter out the signal components. This method is not an ideal arrange
ment, however, because R" loads the input and R"loads the output of the 
transistor. 

Another factor which needs to be considered in the slability problem is 
the variation of base-ta-emitter voltage with temperature, for a given 
value of emitter current. The diode equation developed in Chapter 3, 
when applied to the emitter base junction becomes 

(5.50) 

where J EO is the saturation current of the emitter-base junction. But I KO 
varies widely with temperature as djscussed in Section 3.4 and illustrated 

t 
D 

A B 
IIEB � 

Fig. 5.33. Variation of v BB or ; Jl with temperature. 

in Fig. 3.6. Typical iE vs vEn curves are given in Fig. 5.33 for three 
different temperatures. Assume that To is the ambient temperature and 
that the bias point is O. I f  the emitter current is held constant, the 
emitter-Io-base voltage will decrease to A of Fig. 5.33 as the temperature 
is raised to T} or increase to .B as the temperature is lowered to Ta. On 
the other hand, if the base bias voltage were to be held constant, the emitter 
current would vary from C to D as the temperature varied from TJ to T3• 
This would be the condition if battery bias wefe used with no series 
resistance. This situation could be approximated when transformer 
coupling is used. In case the bias source is a large voltage in comparison 
with VUF. and a resistance is used to control the bias current, as- was done 
in the fixed and self bias circuits, the emitter-base junction voltage may vary 
with temperature and the emitter current is not affected appreciably by 
the variation of VEB with temperature. 
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Differentiation of the diode equation will show that the voltage across 
a junction decreases approximately 2.2 mv per ·C temperature increase 
if the current across the junction remains constant. This variation of 
junction voltage with temperature holds for silicon as well as for ger
manium transistors. 

The effects of emitter and base circuit resistances on collector current 
thermal stability is shown in Fig. 5.34. In Fig. 5.34a, the emitter resistance 
is infinite and, therefore, all of Ieo flows through the base circuit resistor 
RB and none across the emitter-base junction. Therefore, the thermal 

(fJ + 1)[00 1(1 - ')P + lll� � -

R. 

ra) (b) re) 

Fig. S.34. The effects of base and emitter circuit resistances on the collector current 

thermal stability. 

component of collector current is leD. In Fig. 5.34b, the base circuit is 
open and all of Ieo is forced to flow across the emitter-base junction and 
is amplified as shown in Fig. 5.2 and by Eq. 5.6. Therefore, the thermal 
component of collector current is (fJ + I)Ieo. In Fig. 5.34c, both RB and 
RE are finite, so a fraction k of leo flows through RB and the remainder 
(I - k)leo flows across the base-emitter junction and is amplified by fJ as 
shown. The fraction k depends on the ratio of R" to Rn. 

A commonly used collector current stability factor SI (actually an 
instability factor) is defined as the ratio of the change in collector current 
(d/cl to the change in leo(t::.leo) or, considering incremental changes, 

SI = dIe 

dl co an bias values held ('onatant 
(5.51) 

The circuits of Fig. 534 provide stability factors (a) I ,  (b) fJ + I ,  and 
(c) (1 - k)fJ + 1 ,  respectively, as may be observed. Note that (a) and 
(b) are the limiting values of the general case (c). 

A practical transistor bias circuit must provide forward bias to establish 
the desired quiescent operating point in addition to providing suitable 
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thermal stability to maintain the Q point within a desired or specified 
range. A circuit that will accomplish these purposes is shown in Fig. 
5.35. This circuit is known as a stabilized bias circuit. In order to deter· 
mine the current stability factor a Thevenin's equivalent circuit is drawn 

Rc Rc 

A 18 � 
- Vcc 

RB 

RE I. t R. 
VB B 

(a) (b) 

Fig. 5.35. (a) A stabilized bias circuit. (b) Thevenin's equivalent circuit for (a). 

for the stabilized bias circuit as shown to the left of the points A and B 
in Fig. 5.35a. It may be seen by inspection of Fig. 5.35a that 

and 

Rn = R1R, 
RI + R, 

V _ R,Vee 
n - R, + R, 

(5.52) 

(5.53) 

Kirchhoff's voltage equation may be written for the bias circuit of Fig. 
5.35b. 

(5.54) 

But the current stability factor involves le and I co' not J E and J n. 
Therefore, the following relationships must be used: 

-I,, = Ie + ln 
le = 0: III + leo 

\ - 0: \ - 0: 
Then, from Eq. 5.5, 

I - (I ...!.£sL) \ 
-

0: _ 

B - C - -
I - Cl Cl 

- 0: 1 leo 
,, - -

0: 0: 

(5.55) 

(5.5) 

(5.56) 
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Substitution of Eq. 5.56 and Eq. 5.55 into Eq. 5.54 yields 

- (le + I :  a. la _ I�O)RE + VEn _ C : a. 
le _ /�O)R" - VB _ 0 

(5.57) 
Rearranging and collecting terms, we find that 

10[( 1 + I: a.)RE + t : a. RH] = 10o(:E + :.p) - VB + VEn 

(5.58) 
Multiplication of both sides of Eq. 5.58 by 

a.
, gives 

Ic!RJ< + (I - a.)RBl 
= 10o(RE + RB) + (Vb:B - VB)a. (5.59) 

The current stability SI = iUa/alao can be determined from Eq. 5.59 if 
V ER and CK. are assumed to be constant. However. variations of V Ell and 
IX with temperature, which may be very important in some circuits, need 
to be included in the total stability problem. This more general solution 
may be obtained if Eq. 5.59 is rearranged as follows. 

RB[(t - a.)/a - laol = RE(Iao - la) + (VEB - VB)" (5.60) 

Using the approximations I - a. "'" I/P and a. "'" I ,  

Rn(; - Iao) "'" R .. ,(lao - la) + VEB - VB (5.61) 

The objective of the stabilized bias circuit is to confine the Q-point 
excursion to a predetermined range on the d-c load line for a specified 
range of ambient temperature, as shown in Fig. 5.36. 

In  order to illustrate the increase of {J with temperature which occurs 
in some transistors, particularly the silicon type, collector characteristics 
are given for the maximum and minimum transistor temperatures. The 
high temperature curves are not required if a curve of hFE (or (J) is given 
as a function of temperature. lal and 1C'l are the lower and upperlimits 
of the Q-point collector current as set by the design engineer. These 
permissible current extremes are set so that clipping does not occur in 
the output in any prescribed condition of operation. 

Assuming that the values of ICI and 102 are known, that J.C01 and IC02 
are the corresponding values of thermal current at T1 and Tt. and that 
p, and {J, are the corresponding values of {I at these temperatures, Eq. 
5,61 can be written twice-once with values substituted for temperature 
Tl and again for values substituted for temperature T2, The first of these 
equations can then be subtTacted' fTom the second with the following 
result. 

(5.62) 
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where �/co = Ico'l - Ico1' �lc = IC2 - lOt and Il. V  EB = VEB2 - V EBt· 
Then, 

Observe that Rn may be determined as a function of RE' or vice versa. 
Therefore, an appropriate value must be chosen for either RE or Rn and 

" -� I", -� le. "'" � lCl -------"'- lCl """ � 
0 Vcc 0 Vcc (a) (b) 

Fig. 5.36. Curves used to illustrate the determination of a stabilized bias circuit. 
(0) Collector characteristics at temperature T,; (b) Collector characteristics at tempera� 
ture Tz• 

then the value of the other resistance may be determined from Eq. 5.63. 
A suitable value for R>; would be a value such that the voltage drop across 
it, lERl-;, is large compared with � VHi': but small compared w ith Vcc. 
Values of I >;R" between one and three volts are typical. An example 
will be given to illustrate a method of determining the bias circuit com
ponents for a stabilized bias circuit. 

Example 5.2. A germanium transistor is to be used in an R-C coupled audio 
frequency amplifier c.ircuit which must furnish 1 .0 ma peak signal current to a 
3.3 KO load. The amplifier must operate properly over an ambient tempera
ture range of 2ye to 50�C. The collector supply voltage VCt' = -20 volts. 

We will first draw a 3.3 K load line on the collector characteristics as shown 
in Fig. 5.370 by the dashed line. But the total d-e load resistance includes the 
emitter circuit resistance R}<;. which must, therefore, be chosen before an accurate 
d-c load line can be drawn. If the low temperature Q point is tentatively chosen 
at vc/<; = - 12 v and le = -2.4 ma, II-: would also be approximately 2.4 rna. 
Now let us select i,,:R,.; � 2.0 v, and the desired value of RI-: = 820 n. An 
accurate d-c load line, the solid one, can now be drawn (Fig. 5.370) and the low 
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temperature Q points Q1 set at VCE = -12 v, [Cl = -1.94 rna. This collector 
current is high enough to permit the required 1 ma peak signal current without 
clipping. The maximum temperature Q point can now be determined. First, 
note from Fig. 5.37a that the collector current cannot exceed 4.5 ma for this 
load line. Therefore in order to avoid clipping of the onc ma signal at the maxi
mum temperature this Q point collector current lc'/. must not exceed 3.5 ma. 
Thus, ll./a =- let - [Cl = - J .56 ma. 

In Chapter 3, Eq. 3.31 , the thermal current of a germanium diode at 300'K 

was found to double for each 10°C increment of temperature. This rule will be 
used to determine 6.1eo_ However, the junction temperature limits must first be 

30 

. 200r .............. 
oS I 
� I 

'ii I 
-:. 100 APd I "8 I 

I /r.<---6T'--"'rl 
o L-��--------� 

25 B5 = 1j mu. 
Ambient temperature, ·C 

(b) 

-20 -25 

FJa. 5.37. (a) Collector characteristics used to illustrate the Q.point excursion. (b) 
Derating curve used to determine thermal resistance. 

determined. The junction temperature is hotter than the ambient temperature 
because a thermal resistance OT exists between the junction and the ambient 
surroundings. The difference in junction and ambient temperature is equal to 
the power dissipated at the junction times the thermal resistance. 

The derating factor (equal to IIOT) is usually given by the transistor manufac
turer for air-cooled transistors, but sometimes a derating curve, as shown in Fig. 
S.36b. is given instead. Either the derating factoror the thermal resistance 0Tmay 
be determined easily from the derating curve. The derating factor is the slope of 
the derating curve .6.P,J.6. T in watts (or milliwatts) per "c and the thermal resist· 
ance is the reciprocal of this slope, or tJ.T/tJ.Pd in °C per wait (or milliwatt). The 
slope of the derating curve is the maximum dissipation rating P" of the transistor. 
usually given at 2S"<:, divided by the temperature difference .6. T between this 
rating temperature and the maximum permissible junction temperature. In the 
example under consideration, the derating factor is 200 mw/60°C = 3.33 mwrC 
and the thermal resistance 8T - 1/3.33 = O.3'C per miJIiwatt. 
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The junction temperature limits can now be determined. The minimum 
junction temperature is 

at the lowest Q·point limit. The maximum junction temperature is 

50°C + (3.5 x 5.58)(0.3) "" 56°C 
Now. lco must be determined at these temperature limits. 

The manufacturer usually gives ma�mum and typical values of leD at 2SoC. 
The value of leo for a particular transistor can, of course, be readily measured. 
The maximum lea at 2SoC for the given transistor is listed as -12 JUl. which is 
a safe design value for any transistor of this type. The foHowing relationship will 
determine leD at any junction temperature when a reference leo is given. 

T;-T. 
leo(T) = leo(T,)2� (5.64) 

where To is the reference temperature, TJ is the junction temperature, and Tais the 
temperature difference over which lea doubles. Thus, in this example 

and 

Then, 

Aloo = -83.5 I'aand SI � Ale/Aleo = - 1 .56/0.0835 = 18.7. 
As previously stated, the emitter-base voltage V EB decreases approximately 

2.2 millivolts per "C temperature increase. Since l:J.T = 56"C - 32°C = 24°C in 
this example. 8 Vli:R = 24( -2.2 x 10-3) = -0.053. However, this decrease is 
partially offset by the increased emitter current at the higher temperature. In 
this example, the partial compensation due to emitter current change will be 
neglecIed. 

The P of a germanium transistor varies mildly with temperature and therefore 
will be considered constant at a value of 90 over this small temperature range. 

The value of Ro can now be calculated by using Eq. 5.63. 
820[ -83.5 x 10-' - ( - 1 .56 x 10-')] - 0.053 

RH = -..:....--:I"".5"6,-x""I"0,..-.. ' '-----:..:....---
§O - ( -83.5 x 10-6) 

820(1 .47 x 10-') - 0.053 
RIJ = - 1 .73 x 10-' + -83.5 x 10 • = 

1 .205 - 0.053 
66 10 • - 17.4KCl 

x - (5.65) 

The resistors Rl and RI (Fig. 5.35) must be determined in a manner that 
will provide the desired Q-point values. This may be accomplished by the 
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simultaneous solution of Eqs. 5.52 and 5.53, repeated here for convenience. 

R1R'l 
. R B = -;;'-'�;;RI + R2 

RI VCC 
VB � -=-'�=Rl + R2 

Solving Eq. 5.53 for R2 yields the relationship 

R, = _R.:.I (,--V.-,c",C
,--_V--,B,,-) 
Vs 

Substituting this value of R2 into Eq. 5.52 and solving for R., we have 

VccRs RI = -:c-=�:-
and finally 

Vec -
Vn 

VeeRn R. = -,;,;-= 
VB 

(5.52) 

(5.53) 

(5.66) 

I 
(5.67) 

(5.68) 

The voltage VB must now be determined. Equation 5.54 can be rearranged to 
yield 

(5.69) 

If the input characteristics for the transistor are available, V b:B can be accurately 
determined at the Q point. If these characteristics are not available, an ade· 
quately accurate estimation may be made. For example, VER may be estimated 
at 0.2 v for germanium and 0.5 v for silicon in small signal amplifiers. Using 
this estimate in our example. 

V lJ � 2 + 0.2 + (45 x 10-6)(17.4 x 10") - 2.98 v 

the Q-point base current TBO (which is equal to TB in Eq. 5.69) can be deter
mined as -45 ILa either from the collector characteristics in Fig. 5.36a or from 
IcolhFE' providing that hFE at the Q point is known. The values of RI and Rz 
can now be determined for Qur example : 

RI = 17.4K(20)/(20 - 2.98) = 20.2 KO 

R. - 17.4K(20)/2.98 = 1 17  KO 

This completes the design of the bias circuit. 

PROD. 5.25. Verify Eqs. 5.66, 5.67, and 5.68. 

In this example, the emitter circuit resistor Rh: was chosen so that I ERE 
was large i n  comparison with t. V ER' Consequently, the t. V EB term in 
Eq. 5.63 can be dropped with little error, as illustrated by Eq. 5.65. Also, 
as assumed here, fJ is almost independent of temperature (over moderate 
ranges) in  a germanium transistor. With these constraints, Eq. 5.63 can be 
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simplified as follows. 

R .. {Meo - MC> 
RB = -=-'-='----= Me 

- - tlIeo 
p 
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(5.70) 

Multiplying both numerator and denominator by P. dividing both numera
tor and denominator by t;./eu. and using t;.le/llIeo = S" Eq. 5.70 
becomes 

(5.71) 

and whenever I « SI « P. a further simplification can be made. Then 

(5.72) 

PROD. 5.26. A given transistor which has hIe = 100 is used in a stabilized 
bias circuit which has Rh: = I Kn. The required stability factor S[ is 10. 
Determine the base circuit resistance RH by both the method of Eq. 5.71 
and the approximate method (Eq. 5.72) and compare the values. Repeat the 
calculations for SI = 5 and SI = 20. 

The resistor RE will seriously reduce the gain of the amplifier unless a 
bypass capacitor is connected in parallel with RE as shown in Fig. 5.38a. 
The voltage gain of the amplifier without the bypass capacitor is approxi
mately equal to the ratio of the collector circuit resistance Re to the emitter 
circuit resistance RE' Since the voltage iERE is large compared with 
V EB. the input voltage is almost equal to iERE and the output voltage 
is equal to ieRe. Then. since ie "" iE• the voltage gain is G. "" Re/RE' 

(0) (b) 

Fig. 5.38. (a) Stabilized bias including bypass capacitor. (b) Equivalent circuit as scen 
by C.. 

• 
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The stabilized amplifier essentially has full power gain over the range 
of frequencies for which the bypass capacitor is effective. The lowest 
frequency at which the bypass capacitance is considered effective is the 
frequency at which the magnitUde of the capacitive reactance is equal to 
the resistance which is being bypassed. This frequency is called the low 
cutoff frequency f. (or w, in  radians per second). The capacitor CE 
appears to be bypassing R", but actually RE is in parallel with the transis
tor resistance as seen from the emitter terminal. J n fact, this transistor 
resistance is usually so much smaller than RE that RE can be neglected. 

The transistor resistance as seen from the emitter terminal can be 
determined with the aid of Fig. 5.38b. In practical circuits, Rc is very 
small in comparison with r, and the desired resistance is the same as the 
input resistance of a common-base amplifier with output shorted (h .. ) 
except that the parallel combination of RB and the driving source resistance 
Rs appear in series with r,. Let this parallel combination be defined as 
R'sI assuming that the reactance of the coupling capacitance Cc is negli
gible compared with Rs at the lowest frequency of interest. With these 
assumptions, the required bypass capacitance is determined to be 

C 
� h" + 1 

E -
",,(R's + hi,) 

(5.73) 

Full power gain is achieved for the amplifier at frequencies 10 w, or 
higher. Thus, if frequencies down to w, are to be amplified with essentially 
no loss of gain, a capacitor ten times as large as that given by Eq. 5.73 
will be required. 

PROD. 5.27. Derive Eq. 5.73. 

The chief disadvantage of the stabilized bias circuit, aside from its 
complexity, is the shunting effect that the bias resistance RB may have 
on the input signal in the event that RB is not large in comparison with 
the input resistance of the transistor. There are several advantages of 
the circuit, however, that make this circuit attractive. In addition to 
stabilizing the Q point of a given transistor from. the standpoint of 
temperature variation, the stabilized bias circuit permits interchanging 
transistors that have appreciably different parameters without altering 
the bias circuit (see Fig. 5.31 for the effect of varying h,,). This feature 
makes assembly line amplifier production possible without the necessity 
of individual tailoring of bias components or the requirement of excessively 
close tolerance limits for the transistors involved. Also, the signal shunting 
effect of RB, which was mentioned as the chief disadvantage, may actually 
be an advantage in a mass produced amplifier because it tends to stabilize 
the amplifier gain when transistors of varying h" are used. This feature 
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results from the fact that transistors with high hI. also have high input 
resi�tance (hi. = (hI, + I )h .. ), and hence the shunting effect of Rn appre
ciably reduces the gain of only the higher gain transistors. Silicon 
transistors often have such small values of leo that thermal stabilization 
is not required; however, stabilized bias is usually used in order to gain 
the other benefits mentioned. 

Measured values of lvu (listed by manufacturers) include the surface 
leakage component. Therefore, the rate of lea increase with temperature 
is usually less than the values derived in Ch. pter 3. Although germanium 
transistors follow quite closely the rule of doubling leo every 10°C, silicon 
transistors, because of their relatively small ratio of thermal current to 
surface leakage current, usually have a much slower rate of increase than 
the theoretical doubling every 6 degrees. Manufacturers data should be 
consulted, especially in the case of silicon transistors. 

PROB. 5.28. A 2N2712 n·p-n silicon transistor has the following character
istics : h" = 200, maximum collector dissipation = 200 mw at 25°C, maximum 
junction temperature = JOO°C. loo = O.5 /la at 25°C. leo doubles for each 
15°C temperature increase. 

This transistor is used as a common emitter amplifier with V cc = 20 v and 
RL = 10 KO. The Q point (at 25°C) is at VCE = 10 v and lc = I ma. VnE = 
0.5 v at this Q point. Draw the diagram of a stabilized bias circuit and determine 
the value of all resistors which will permit a 1.0 v change in V CE when the 
ambient temperature is raised from 25 to 85°C. Allow a 2.0 v drop across the 
emitter resistor. Use any valid approximations. 
PROD. 5.29. Calculate the emitter bypass capacitance required for the amplifier 
of Prob. 5.28 if the desired lower half-power frequency is 15  Hz (wI = 100 rps) 
and the driving source resistance (excluding the bias circuit) is 5 KO. Verify the 
validity of the assumptions made in Prob. 5.27. Use hie = 5 KO. 

5.9 CATHODE OR SELF BIAS FOR TUBES 

The bias battery of a triode amplifier can be eliminated if cathode bias 
is used. The circuit which acComplishes this desirable simplification is 
shown in Fig. 5.39. T�e average d-c plate current, lp, flowing through & 
produces a voltage drop with the polarity shown. Since the cathode is 
positive with respect to ground and the control grid is at ground potential, 
the grid is negative with respect to the cathode. This type of bias is also 
known as selfb;as. 

The capacitor C K is placed in the cathode circuit to bypass the time
var in si nal to round. If the resistor RK is not b assed, degeneration 
of the time-varying signal results. This degeneration can be visua Ized by 
gbserving that an increase in control grid potential causes an increase in 
gthode current. If C K is not present, this increase of cathode current 
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�auses an increase of Yolta,e across�K' As a result, the total potential 
between grid and cathode is not as g·reat as this potential would be if the 
voltage acros� RK were constant. The capacitor C K provides a low 
im edance path to ground for the time-var in si nat. Therefore, the 
magnitude 0 the time-varying voltage across RK is very small. 

--

12!l - P:! \ IX. 

r 
Vi Ra 

Fig. 5.39. A cathodc�biascd amplifier. 

The desired value of Rx can be found by applying Ohm's law. 

V" RK = -
Ip 

(5.74) 

where VG is the quiescent bias voltage desired and 11' is the quiescent plate 
current. Both of these values can be obtained from the load line on the 
characteristic curves. 

The capacitor e K must bypass RK. However, as was indicated in  the 
transistor configuration just considered, the input impedance of the tube 
(as viewed from the cathode) is also in parallel with Rx. As given in 
Eq. 4.8 1 ,  the input impedance to the cathode is 

z. = ri' + Z" • -I-' + I (4.81) 

Thus, if the reactance of the capacitance, e K, at W1 is to be negligible 
(say To or less) in comparison with RK• the (oHowing relationship must 
hold. 

e > 10(R" + Z,) 
K _ Z w1RK I 

If Z, » RK, this equation reduces to the simple form : 

eK � 10 
(lJ1RK 

(5.75) 

(5.76) 
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The bias circuit for the triode is much simpler than some of the stabilizing 
circ��ts required for a transistor. However, since the current through a 
tube is not affected by the temperature of the tube, th.e problem of 
stabilization does not enter. As an added advantage, the cathode bias 
circuit is self stabilizing. If plate current should tend to increase through 
the . tube, the voltage drop across RK would increase. This increased 
voltage drop causes the negative bias on the tube to increase, which 
tends to decrease the plate current. 

PROD. 5.30. (0) Find the value of RK which would be required in Example 5.1 
if self bias is used instead of fixed bias. (b) Assume the amplifier must pass fre
quencies as lo'w as 60 Hz, what size CK should be used ? (c) Draw the self 
bias circuit and give the proper values of components. Assume VG (at the Q 
poin!) is -6 v. Answer: (0) 1.05 KO, (b) CK = 45 1'fd. 
PROB. 5.31. Design a 615 amplifier stage which will give a voltage gain of IS. 
Use a V PI' supply of +300 v and operate the tube at a quiescent control grid 
potential of -4 v. Use a cathode bias circuit. List the value of all resistors and 
capacitors if the lowest frequency to be amplified is 50 Hz. 
PROD. 5.32. Using the curves of Fig. 5.3 and Fig. 5.4, select an operating 
point for R L =- 10 KO and determine the current, voltage. and power gain of 
the amplifier. 
PROD. 5.33. A 6J5 tube is connected as shown in Fig. 5.11.  (The characteristic 
curves are given in Fig. 5.12.) If the quiescent grid voltage is -6 v, and RL = 
30 KO determine the current gain, voltage gain, and power gain of the amplifier. 
(Use R, of 500 KO) 
PROB. 5.34. Draw the dynamic characteristics for Vc vs VB for the transistor of 
Fig. 5.14. Assume RL is 1500 n and Vcc is -5 v. 
PROD. 5.35. ' Repeat Prob. 5.6 but use the dynamic transfer curve. 
�ROD. 5.36. Using an equivalent T circuit, derive an expression for the input 
Impedance of a common emitter transistor which has a load resistance R L in its 
output. 
PROD. 5.37. A circuit is connected as shown in Fig. 5. t 1.  If RL is 30 KO and 
VI is ( -4 + 0.002 sin wt), what is the voltage output? Which method would be 
the most accurate in this problem, load line, transfer characteristic, or equivalent 
circuit? 

PROD. S.38. A given silicon transistor has h" = lOO, maximum collector 
dissipation = 200 mw at 25°C, maximum junction temperature = 175°C, and 
loo = 2.0 pa at 75°C, This transistor is used in a circuit with Vca = 30 v and 
a nominal Q point at VeE = tO v and le = 2 ma. The environment of the 
amplifier requires an ambient temperature variation between .sa°e and tOO°C. 
Design a stabilized bias network which will restrain the Q point range from 
Vc K = 9 v to Vc E = 1 1  v. Assume that I co follows the theoretical variation 
of I Co with temperature. 
PROD. 5.39. A given type transistor has a range of hI. between SO and 200. 
An amplifier manufacturer wishes to use these transistors in a circuit with 
Vcc = 25 v and a nominal Q point at VCE = 10 v and Ic = 3.0 ma. Design 
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a stabilized bias circuit that will confine the Q point between Va E = 9 v and 
VCR = 1 1  v, assuming that the junction temperature remains constant. 
PROD. 5.40. Under certain conditions, it may be rather difficuh to measure 
the voltage transfer ratio h, and the current transfer ratio hr This statement 
is particularly true at high frequencies where not only a magnitude but also a 
phase angle must be included. Fortunately. it is possible to determine all four 
h parameters by making simple impedance or admittance measurements with 
a bridge. (An r{ bridge is required at high frequencies.) One set of circuit 
configurations which can be used is shown in Fig. 5.40 (the circuits are a-c). If 
the circuit represents a transistor, d-c bias would have to be supplied with 
appropriate blocking capacitors to isolate the a-c and d-c components. 

-- 1 

1 

(0) 

1 2 
-12 

Y. 
2 

1 2 

1 2 

(b) 

1 2 

t 2�+-O 
(c) (d) 

Fie. 5.40. Configurations which can be used to determine the h parameters by use of 
a bridge. 

With a transistor connected as shown in Fig. S.40, the fonowing impedance 
and admittances are measured on an r-:f bridge (Fig. 5.40) : 

Z. = 6QO( 8000 ohms Y, = (5 x 1O .... � mhos 

Y, � (6.8 X 10-') mhos � Y. = (8.08 x 10-') mhos 

Find the h parameters for this transistor. (Hint: Note that in (a) V2 = 0, in 
(b) [. = 0, in (c) V. = V" in (d) V. = 0.) 
PROD. 5.41. A radio set manufacturer has purchased a large quantity of npn 
silicon transistors for use in automobile radios. The variation of {J of these 
transistors is from SO to 200 and the maximum value of leo is 0.5 p3 at 2.5°C. 
lco doubles, approximately, for each lone temperature increase. 

The audio�frequency amplifier in the radio has Vue = 13 volts, Rc = 4.7 KO. 
The maximum expected ambient temperature range is from _30ne to 75nC. 
Design a bias circuit which will confine the Q point within the limits vc/<; = .5 
volts and VCI'J = 8 volts over this range with random selection of the transistors. 
Assume VB,.-; = 0.05 volt at 205°C. Select RE and determine the base circuit 
resistors. (Common·emitter configuration.) 0T O.75nC per mw. 
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6 

Multi electrode Tubes 

and Transistors 

The triode tube was invented in 1906, but it was the early 1930's before 
anyone attempted to place more than one grid between the plate and 
cathode.' The first multigrid tube was the tetrode, which contains two 
grids in addition to the cathode and plate. The physical arrangement of 
a tetrode is shown in Fig. 6. 1 .  This tube is a triode with an additional grid, 
placed between the control grid and the plate. This second grid is called 
a screen grid because it acts as an electrostatic shield for the plate. 

6.1 TETRODE TUBES 

The need for an additional grid became evident when amplification of 
radio frequencies was attempted with triode tubes. A certain amount of 
capacitance (usually in the order of several pi) exists between the plate 
and grid of a triode. Consequently, when the triode amplifier is designed 

1 Encyclopedia Britannica, Vol. 8. page 34QH gives a short history of the development 
of the vacuum tube. 

. 
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to produce high gain at high frequencies (frequencies above a fraction of a 
megahertz) this grid to plate capacitance is large enough to couple a 
significant amount of power from the plate circuit back into the grid 
circuit. As will be discussed later, this feedback of signal may cause the 
amplifier to oscillate and thus become useless as an amplifier. Conse
quently, elaborate circuits were designed to counteract the effects �f the 
grid-plate capacitance. With the introduction of the screen grid, the 
interelectrode capacitance at lower radio frequencies ceased to be a 

�-I:on'troll grid 

�-Ser •• n grid 

Fig, 6.1. The physical arrangement of a tetrode. 

problem. The capacitance from the plate to grid of a conventional tetrode 
is of the order of a fraction of a pf. 

The symbol for a tetrode is shown in Fig. 6.2. The general pattern of 
the symbol is evident. 

The screen grid could be connected to grou nd or cathode and would 
serve as a good electrostatic shield between the plate and control grid. 
However, with the control grid negative and the screen grid at zero 
potential, the plate would be unable to attract an appreciable number of 
electrons. The plate current would, therefore, be very low. By maintaining 
the screen grid at a constant positive potential, the electrostatic shielding 
effect between the plate and control grid is maintained, but electrons from 
the cathode are attracted toward the positive screen grid. When the 
electrons arrive at the screen location some of these electrons are inter
cepted by the screen wires and become screen current. However, most 
of these electrons pass between the screen wires and continue on to the 
plate of the tube. For reasons to be explained later, the potential of the 
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Pfate 

1-

-+"':'-:"Screen grid 

Control grid-+- - - -

Cathode 

Fig, 6.2. The graphical symbol of a tctrode. 
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screen grid is usually lower than the potential of the plate. A typical 
circuit arrangement of a tetrode amplifier as well as typical values of 
supply voltage, are shown in Fig. 6.3. 

The characteristic curves for a type 24A tetrode are shown in Fig. 6.4. 
Notice that a change of plate voltage (above 90 v) causes very little change 
in  the plate current. In effect, the electric field in the cathode-control grid 
region is shielded from the plate by the screen grid. Therefore, the value 
of r p for a tetrode is very high. In fact, the plate resistance of the type 
24A tube shown in Fig. 6.4 is about O.S megohm. 

The unusual dips in the characteristic curves for plate voltages between 
8 and 85 v require further explanation. When the curve of screen current 
vs plate voltage is displayed as well as the curve of plate current vs plate 
voltage, the reason for this unusual behavior becomes clear. Figure 6.S 
illustrates the two curves as well as a curve showing the variation of total 
cathode current (plate current plus screen current) as a function of plate 
voltage. The total cathode current is seen to be almost independent of the 
plate voltage. Hewever, as the plate voltage is increased above 8 v the 
plate current begins to decrease, because the kinetic energy required of a 

"i 
Rg 

-=- 4  ... 
+ 

24A 
R, 
+ 

-==- 75v 

Fig. 6.3. Typical tetrode configuration. 



204 

8. 0 

i :: Ot-
0 

i 5.0 
� 4. 0 

0 

V';='+75 V 
VF = 2.5v 

J 
/1 .: 3. 

i 2. 0 
o VI U� I. ��� :i 

Q.. -1. 

-2. 0 

Electronic Engineering 

I 
V�=IOv 

-'1.5 v 

V -�O� 
4.5v 

-6.0 11 

o 20 40 ro 00 lOO I� 140 lro lOO 200 
Plate voltage in votts 

Fig. 6.4. Characteristic curves of a type 24A tetrode. 

primary electron is about 8 to 10 ev (depending on the type of metal) in 
order to release a secondary electron from a metal sheet. Therefore, as 
the energy of the primary electrons reaches about 8 ev. some secondary 
electrons are emilled from the plate. 

These secondary electrons are released in the region between the plate 
and the screen grid. Since the screen grid is more positive than the plate, 
the electrons are allracted to the screen grid. The net current to the plate 
is equal to the primary current minus the secondary current. Therefore, 
the total current to the plate decreases. At the same time, the current 
to the screen grid increases due to the additional secondary electrons. As 
the energy of the primary electrons increases, the number of secondary 
electrons also increases. In fact, as the curves of Fig. 6.4 indicate, when 
the plate voltage is between 1 5  and 60 v, the number of secondary electrons 

V 11, f-I 
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60v 85v 
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,. 
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-r Cathode current - '" 
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l' 1 - .. - - �  

Fig. 6.5. Plate current and screen current characteristics for a tetrode. 



may be greater than the number of primary electrons. The plate then acts 
as an electron emiller, and the plate current is reversed. As the plate 
potential becomes more positive than the screen potential, some of the 
secondary electrons are attracted back to the plate. When the plate 
voltage is 85 v or greater, essentially all of the secondary electrons are 
returned to the plate.> If the secondary electrons were not present, the 
characteristic curve would have the shape indicated by the dotted curve 
of Fig. 6.5. 

The characteristic curve indicates that the tetrode has a negative plate 
resistance for low values of plate voltage. (An increase of plate voltage 
causes a decrease in plate current.) This negative resistance characteristic 
of the tetrode, like the tunnel diode, has been used to produce oscillations. 
Oscillators will be discussed in subsequent chapters. However, for most 
amplifier applications the dip in the characteristic curve is undesirable. 
This dip seriously reduces the useful operating range of the amplifier. 
Consequently, the regular tetrode has been largely replaced by the pentode 
or beam power tetrode which is discussed in Sections 6.2 and 6.4 of this 
chapter. 

PROB. 6.1. Sketch Vo as a function of time if tbe tube of Fig. 6.4 is connected 
as shown in Fig. 6.3. RL = 30 KO and Vi - -4 sin wt. WouJd you recommend 
operation of this tube under these conditions? Why? 
PROB. 6.2. Draw the dynamic transfer characteristic for the tube whose 
characteristic curves are given in Fig. 6.4 if (0) RL � 40 Kil, (b) RI. � 40 Kil, 
(c) RL � 100 Kil. Asswne the tube is connected as shown in Fig. 6.3. 

6.2 PENTODE TUBES 

The undesirable secondary emission effects of the tetrode led to the 
development of the pentode tube. The pentode, which has three grids 
between the cathode and the plate is essentially a tetrode with a grid 
inserted between the screen grid and the plate. This third grid is called 
the suppressor grid. The physical arrangement and symbol for the pentode 
tube are shown in Fig. 6.6. 

The suppressor grid is usually connected to the cathode. A basic 
pentode amplifier circuit is shown in Fig. 6.7. As in the tetrode, the field 
from the positive screen grid causes electrons to move from the cathode 
toward the screen grid. The screen grid intercepts some of these electrons 
but most of them continue on toward the plate. The suppressor grid 

I About 90 % of the secondary electrons are emitted with an energy of J 0 cv or Jess. 
All of the electrons are emitted at different angles. As a result, the component of energy 
away from the plate is usually less than the net energy of the electron. Consequently. 
very few electrons have a net energy away from the plate greater than lOev. 

- - - - -.. . _-
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Fig. 6.6. The pentode construction and graphical symbol. 

causes a field of low potential to exist between the screen grid and the 
plate. However, the electrons which were not captured by the screen grid 
have enough energy to pass through this low-potential field to the plate. 
A few electrons which travel straight toward the wire of the suppressor 
grid will either be returned to the screen grid or captured by the suppressor, 
depending on the energy they possess. 

The electrons which arrive at the plate cause the emission of secondary 
electrons, as in the tetrode. However, the suppressor grid is negative in 
relation to the plate and returns the secondary electrons to the plate. 
The suppressor grid, therefore, does not suppress the emission of secondary 
electrons but does suppress the effect of the secondary emission. 

The characteristic curves of a typical pentode are shown in Fig. 6.8. 
In this figure, the dip due to the secondary emission is absent. Except for 
this difference, the curves are very similar to the tetrode curves. The 

/lr-,. 6AU6 

t � vooz _+ Vpp 

r 
Vi Ra -- 150v ----= 30Qv �I ��_�G�+� __ �� ____ �� 

Fig. 6.7. A basic pentode amplifier circuit. 
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poriion of the characteristic curve. If the plate has a very low voltage, a 
cloud of electrons will accumulate near the suppressor grid. Conse
quently, a virtual cathode forms in this region, and the characteristic curves 
for very low plate voltages have the same form as the vacuum diode. As 
the voltage increases, all the electrons in the screen to plate area are 
attracted to the plate and a saturation condition exists in which the plate 
potential has a very small effect on plate current. Therefore, the plate 
resistanee of a pentode is very high. 

6.3 EQUIVALENT CIRCUITS FOR PENTODES 

Equivalent circuits can be drawn to represent the tetrode or the pentode. 
Since the pentode contains one more grid than the tetrode, the equivalent 
circuit for the pentode will be found and modifications which will fit this· 
development to the tetrode should be obvious. 
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The pentode contains three grids and a plate. Consequently, if the 
cathode is taken as reference, each of these electrodes should have an 
effect on the plate current. Then, for small signals, the law of super
position can be used to determine the characteristic equation for the 
pentode current. 

f>.;p = gm !J.vGl + gm' !J.voo + gm'!J.vu, + .!. !J.vp (6.1) 
r. 

where gm indicates the effectiveness of v01 in controlling the plate current. 
lbe parameter gm can be measured by applying proper potentials to the 
various grids and plate. Then, note the change of i p as VOl is changed 
slightly. All other grid and plate potentials must be maintained constant 
while this change of plate current and grid I voltage occurs. Mathe
matically, this relationship may be written with the help of partial 
derivatives as 

oip g",, = -oV01 
(6.2) 

Similarly, the rest of the parameters in Eq. 6.1 can be written as follows: 

oip gm2 = ;-uV02 
oip gm' = ;UV03 
OVp r = 

'JI oi p 

(6.3) 

(6.4) 

(6.5) 

In a typical pentode amplifier circuit, the screen voltage vG; and the 
suppressor voltage VG, are maintained constant. Consequently, !J.va. = 
!J.va> = 0 and Eq. 6.1  can be written' as 

(6.6) 

This equation is identical to the characteristic equation of the triode. 
Consequently, the equivalent circuits for the pentode, for the tetrode, and 
for the triode are the same. For convenience, the two equivalent circuits 
for the pentode or tetrode are shown in Fig. 6.9. The foregoing derivation 
applies to the tetrode if gm' is equated to zero or is omitted. 

S By common usage, Vo in a pentode or tetrodc tube is understood to be vGl. Hence, 
the second subscript may be omitted when no confusion wi.ll result. 
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Fie. U. Equivalent circuits for a pentode or tctrode. 

PROD. 6.3. Draw the equivalent circuit of a pentode when the voltages of all 
the grids are permitted to vary. 
Example 6.1. Find the small signal voltage gain of the circuit shown in Fig. 6.7. 
The equivalent circuit for tbe amplifier of Fig. 6.7 is shown in Fig. 6.10. The 
voltage v. is found by writing the nodal equation for the plate circuit. 

(6.7) 

or 

(6.8) 

The gain of the pentode amplifier is, therefore. equal to gm times the parallel 
resistance combination of r,# and R L- If the pentode amplifier is coupled to 
another vacuum tube through a coupling capacitor ee and a grid resistor R" 
the reference gain of the pentode amplifier is equal to gm times the parallel 
resistance combination of R Lt r SI' and R,r (This statement assumes that X cc 
is much less than R •. ) 

The usual value of r" is very large. For instance, the plate resistance of the 
6AU6 is approximately I mcgohm. If the load resistance is quite low in com
parison to 'f" the parallel combination of ,,, and RL is approximately equal to 
R L" Therefore, 

(6.9) 

0 0 r Gt p r 
• • '¥l &"--.. + > r. RL v. 
� 

F'tI. 6.10. The equivalent circuit of a pentode amplifier. 
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PROD. 6.4. Find 'p.gm. and f.l for the tube of Fig. 6.4 at a plate voltage of 120 v, 
screen voltage of 75 v, and V Gl = -3 v. The difficulty encountered in finding f.l 
indicates why gm is usually used instead of f.l when working with tetrode and 
pentode tubes. Answer: rp = 300 KO.. gm = 800 Junho, fl = 240. 
PROD. 6.S. (a) Draw the equivalent circuit for the tube of Fig. 6.4 at Vv = 1 20 v, 
VGl = -3 v, and VG2 = 75 v. Assume RL is equal to 50,000 n. (b) Find the 
a-c output signal if vG = -3 + 0.1 sin wt. 
PROD. 6.6. Determine fl.g rn. and r p for the pentode whose characteristic curves 
are given in Fig. 6.8. Find values at the point V(]2 = 150 V, VG! = -2 v, 
Vp = 200 v. Answer: 'p = J MO, gm = 4200 flmho, ll = 4200. 
PROD. 6.7. Ifg". ofa 6AU6 (at a given operating point) is 5200 micromhos and 
r'P is I megohm, find the voltage amplification of a 6AU6 with a load resistance 
of 20,000 n. (a) Use Eq. 6.8. (b) Use Eq. 6.9. (c) Compare results. Answer: 
(a) K. � -102 (b) K. � -104 (c) 2% difference. 
PROD. 6.8. Repeat Prob. 6.7 if RL is changed to 500,000 n. (Note: As indi
cated previously. gm is a function of plate current. Hence, as R,. is increased. 
gm tends to decrease. Ignore this change of g m in this problem.) 

6.4 GRAPHICAL SOLUTION OF PENTODE CIRCUITS 

The graphical solution of a pentode circuit (or tetrode circuit) is very 
similar to the graphical solution of the triode circuit. However, some 
precautions must be observed when using pentode or tetrode tubes. The 
reason for the precautions can be seen most readily from the dynamic 
transfer characteristic. The dynam ic transfer characteristics for load 
resistances of 20,000 Q and 100,000 Q are shown in Fig. 6. 1 1 .  (A plate 
supply voltage of 300 v was assumed for both curves of Fig. 6. 1 1 .) 

The dynam ic transfer characteristic for R£ = 20,000 Q follows the static 
transfer characteristic very closely except when VG approaches zero. 
However, as RL is increased (to obtain greater voltage gain), the shape of 
the dynamic transfer characteristic changes quite radically. A very little 
change (0.3 mal of plate current occurs as the grid voltage is reduced from 
O to - 3  v. From - 3  v to cutoff the dynamic transfer characteristic closely 
follows the static characteristic curve, as shown. The action of the pentode 
for large load resistors can be visualized by referring to the characteristic 
curves. For a load line of RL = 100 K, the operation for l�U = 0 to 
va = -2.5 v is at a point of constant plate current and constant plate 
voltage on the plate characteristics. This point corresponds to the point 
known as collector saturation in the transistor am plifier. 

The voltage gain of the 6A U6 of Fig. 6. 1 1  can be found directly by 
plotting v/' vs VG from Fig. 6 . l lh.  The resulting curves, shown in Fig. 6 . 12, 
indicate that the total plate voltage change is essentially a constant for 
RL � 20,000 Q or more. When RL is large, the given change of plate 
voltage requires only a small change of grid voltage. This required grid 
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Fig. 6.11. Two dynamic transfer characteristics for a 6AU6 pentode tube. (a) Dynamic 
curve: (b) characteristic curve. (Courtesy of Radio Corporation of America.) 

voltage change is approximately I v, peak-to-peak, and is centered approxi
mately at V" = -4 v. Therefore, this amplifier would operate very 
satisfactorily, providing the grid bias is held at about - 4 v. However, it 
may be seen from Fig. 6. 12  that a 0.6 v ( 1 5 %) change in bias voltage will 
cause the quiescent operating point to move to either extremity of the 
useful operating range. Thererore, difficulty may be experienced in 
establishing and maintaining the quiescent operating point at the desired 
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location. In Fig. 6.12, the slope of the curves is the voltage amplification 
of the circuit. 

In many applications it is desirable to operate a pentode with a large 
value of plate load resistance and still use the full grid swing, thus avoiding 
the critical biasing problem. Such operation is possible if the screen grid 
voltage is reduced. The effect of reducing the screen grid voltage is shown 
in Fig. 6. 13.  

Example 6.2. In Fig. 6.13. a I S  KO load line was drawn on a set of 6AU6 
collector characteristics. The original screen grid voltage for this set of curves 
was 1 SO v and the load line was drawn through the knee of the V ID = 0 curve. 
The plate current scale was then altered so that the load line previously drawn 
represents a 120 Kn load instead of a IS  KO load. This required that the plate 
current values be reduced by a factor of 8. The reduced values are shown in 
parenthesis. This reduction in plate current can be obtained by a reduction in 
screen grid voltage. In order to detennine the required value of screen grid 
voltage for the modified curves, it was assumed that the plate current is propor
tional to the t power of the screen grid voltage. Then I SO/(V 0,) = SH = 4, 

and the new value of screen grid voltage (VGS = � = 37.S v. The values of 
control grid voltage also need to be revised because the grid voltage required for 
plate current cutoff is proportional to the screen grid voltage. Therefore. a 

.reduction of screen-grid voltage by a factor of 4 also reduces the cutoff control 
grid voltage by a factor of 4. To meet this requirement. therefore, all values of 
control grid voltage must be reduced by a factor of 4 as shown in Fig. 6.13. The 
.new values of V 01 are enclosed. by parenthesis. 

PROD. 6.9. Add the dynamic transfer characteristic of the 6AU6 with V pp = 
300 v, V G2 = 37.S v, and RL = 100 Kn to those presented in Fig. 6.lIa. 
PROD. 6.10. Determine proper bias, maximum input signal and maximum out
put signal for linear operation of a 6AU6 if RL is 15,000 0, Vpp =- 300 v. 
VG2 = 150 v. Answer: VG = -2v. Vi II1I:I ±2v. Vo = 60 to 285v. 
PROD. 6.11. Using the ideas developed in Example 6.2, find a new set of 
coordinates and determine the screen voltage and grid voltages if the 15 KO load 
line is to represent a 90 KO load line. 

6.5 OPERATION OF A PENTODE FROM A SINGLE VOLTAGE 
SOURCE 

The pentode amplifier circuit shown in Fig. 6.8 requires three batteries 
for proper operation. Through the use of resistors and capacitors, the 
number of batteries or power supplies required can be reduced to one. 
The circuit which accomplishes this saving of batteries is shown in Fig. 
6. 14. 

The resistor RK causes a voltage drop due to the flow of cathode current 
and provides self-bias in the manner discussed for the triode tube. 
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However, the cathode current for the pentode is 

IK = Ip + 1o• (6.10) 

where Ix is the quiescent cathode current, Jp is the quiescent plate current 
and 1o• is the quiescent screen grid current. Again, 

R _ 
Vbl&8 K -
lK 

(6. 1 1 )  

Also, eK can be found as shown in Eq. 5.75. However, since r. » RL 
for a pentode, Z, � I /gm. Thus, 

e 100gmRK + 1) K = (6.12) 
W1RK . 

where W1 is the lowest freque.w§ the amplifier is designed to pass witbout 
loss of gain. 

C< 

RL 

i C< 
R. V. 

R, R., Vi 
Cl[ Ri C., Vpp 

, -
Fig. 6,14. Operation of a pentode from a single voltage source. 

The screen grid voltage dropping resistor R .. causes a voltage drop due 
to tbe screen grid current flowing through R... The value of R .. is found 
by the relationship 

( R�\ Vpp - VGz ,. \= --'--'---= \. Ill , I 
(6.13) 

_"-) GO 
where V pp is the value of the plate supply voltage and Vo• is the desired 
potential on the screen grid. Again, J 02 is the quiescent screen grid current.· 

In order for the screen grid to have a constant potential;-the a-c imped
ance to ground in the screen circuit must be low. Otherwise, the a-c 
component of the screen current will produce an a-c component of voltage 
on the screen. Accordingly, the capacitor e .. bypasses the screen grid to 
ground or cathode. However, to- find the proper size for e,,, the total 
resistance this capacitor must bypass needs to be determined. 
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Since the cathode, control grid, and screen grid have the same configura� 
tion in a pentode as the cathode, control grid, and plate have in a triode, 
an equivalent circuit can be derived for the screen grid circuit. This 
equivalent circuit is  shown in Fig. 6. 15, provided that VI' and VG, are 
constant. 

The parameter gm' is given by the relation 

ilia, 
gtta2 = -

ilvGl 
(6.14) 

where io! is screen grid current and vO! is control grid voltage. The 
parameter r tit. is known as the SCreen resistance and is given by the relation 

ilva, 
r .. = --

(Iv ai02 
(6.15) 

Tube 
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Fig. 6.15. Equivalent circuit for the screen grid of a pentode with vp and Vos constant. 

where Va, is the screen grid voltage. Figure 6. I 5 shows that the screen 
grid bypass capacitor C" is actually in parallel with both R" and r " . The 
rule of thumb, therefore, requires that 

X", 
= 

R"r" 
(6.16) 

IO{R" + r,,) 
where X". is the reactance of the capacitor C" at the lowest frequency the 
amplifier is designed to pass. 

The v'alue of ',,2 is s�ldom included in tube manuals. However,. a quick 
experimental check will determine 'fl2' In most cases, an estimation of rg2

' 

is accurate enough for quick calculations. The similarity of the screen 
circuit to the plate of the triode has already been noted. Tt is not surprising, 
therefore, to find that r" has the same order of magnitude as the r. of the 
triode tubes. However? since the screen only intercepts a portion of the 
total space current, the value of r" is higher than the value of r. in a typical 
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triode. Usual values of '" are in the order of 20,000 to 40,000 Q. Of 
course, as the size of the capacitor C'rI is increased, the screen grid potential 
is hel� more constant. Therefore, Eq. 6.16 determines the minimum value 
C.tI should have whereas cost or size will dictate the maximum practical 
value in a given circuit. 

The quiescent value of screen grid current is given in some tube manuals 
for typical voltages on the plate and various grids. In other manuals, sets 
of characteristic curves include the screen current characteristics with the 
plate characteristics. Such a set of curveS is reproduced in Fig. 6.16. 
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FJg. 6.16. Characteristic curves of a 6AU6 pentode including grid current charac
teristics. 

The method outlined for operating a pentode from a single power supply 
can, of course, be used for operating a tetrode or any multigrid type of 
tube from a single power supply. 

PROD. 6.12. Determine values for all the resistors and capacitors in the 6AU6 
circuit of Fig. 6.14 if V pp is 250 v and RL is 25,000 O. (Bias the tube for maxi
mum linearity.) Assume rllt = 30 KO. Find the voltage gain and maximum 
power output. The lowest frequency to be amplified is 30 Hz. Answer: RK = 
380 0, CK = 140 I'f, R" = 45.5 KO, C" = 3 I'f, G. = 63. 

6.6 BEAM POWER TUBES 

Beam power tubes are large current tetrodes which are constructed so 
the screen grid wires have the same spacing as the control grid wires. The 
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screen grid is then oriented so its wires are in the electrical ushadowu of 
the control grid wires. The negative potential of the control grid repels 
the electrons and forms an electron beam in the space between the control 
grid wires. Since the screen grid wires are directly behind the control grid 
wires, the screen grid intercepts a minimum number of electrons. The 
screen grid also tends to diffuse the electron beam somewhat. The relative 
locations of the grid wires and the general shape of the electron beams are 

/.�nl-forminB plate 

Fig. 6.17. 1be action of the beam power tube. 

shown in Fig. 6.17. To enhance the beam-forming qualities, beam
forming plates are also included as shown in Fig. 6.17. 

rf the plate potential of the beam power tube is quite low, the speed of 
the electrons decreases as the electrons approach the plate. The charge 
density, as noted in Chapter 3, is given hy Eq. 3.51 .  

J 
- = -p 
v 

(3.51) 

Therefore, as the velocity of the electrons is decreased, the charge density 
is increased. Consequently, when the plate voltage is low, a negative 
charge is produced in the space between the plate and screen grid. If the 
screen grid is more positive than the plate, we might expect the electrons to 
reach their minimum velocity at the plate. However, electrons leaving the 
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screen grid area experience a decelerating force due not only to the lower 
potential of the plate but also due to the negative charges on all the 
electrons between the screen grid and plate. Consequently, a minimum 
velocity is achieved before the electrons reach the plate. In fact, electrons 
are actually accelerated from this minimum value as they approach the 
more positive plate. Therefore, minimum potential in the screen-ta-plate 
area occurs between the screen grid and the plate. 

This space charge has the same effect in the beam power tube as the 
suppressor grid exerts in the pentode tube. The secondary electrons are 

400r----,r----,-----,-----,-----,----�----_, 

Grid No. 1 volts = 0  

- 5  

- 10 

100 2)0 300 
Plate voltage in volts 

Fig. 6.18. Characteristic curves of a 6L6 beam power tube. (Courtesy of Radio Cor
poration of America.) 

returned by the space charge to the more positive plate. As a result, the 
characteristic curves of a beam power tube are quite similar to the charac
teristic curves of a pentode tuhe. Characteristic curves of a beam power 
tube are shown in Fig. 6. 18 .  Actually, the fairly linear portion of the plate 
characteristics of a beam power tube extend to lower plate voltages than 
the comparable pentode power tube. Therefore, greater power output and 
higher efficiency can be obtained from the beam power tube than can be 
obtained for a conventional pentode having si!1lilar ratings. 

For proper suppression of secondary emission the beam power tube 
requires a large plate current compared to a pentode which might be used 
for voltage amplification; consequently, the word "power" in the title of 
the tube. Therefore, the pentode is usually used as a voltage amplifier 
whereas beam power tubes are usually used in output circuits which require 
a relatively large amount of power. 
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PROB. 6.13. Design a beam power stage similar to the pentode stage of Fig. 
6.14 for a 6V6 tube if Vpp is 300 v and RL is 3000 n, and le, = 4.5 ma. (a) 
Determine values of all resistors and capacitors used. (h) Determine the maxi
mum output voltage signal. (c) Find voltage gain. (d) Find maximum signal 
power output. Assume r"2 = 30 KO. The lowest frequency to be amplified is 
30 Hz. 

6.7 TUBES WITH MORE THAN THREE GRIDS 

Special purpose tubes are constructed with more than three grids. In 
fact, pentagrid converter tubes are made which have five grids in addition 
to the cathode and plate. These tubes are designed for use in the first 
detector stage of superheterodyne receivers. The primary use is to mix 
two or more electrical signals to produce new signals. Typical uses of these 
tubes will be covered in more detail in the later chapters in this book. 

Many of the modern tubes contain several sections. For example, two 
triodes in a single envelope is very common. In fact, a 6SN7 is two 6J5 
tubes in a single envelope. These two sections operate as two separate 
tubes as far as the electrical circuit is concerned. However, in terms of 
economy, one 6SN7 requires only one filament and one tube socket com
pared to two filaments and two tube sockets for the two 6J5 tubes. Also, 
the cost of two 6J5 tubes is higher than the cost of one 6SN7 tube. In 
addition, the space required for one 6SN7 is about one-half the space 
required for two 6J5 tubes. Therefore, multisection tubes are more 
economical and require less space than the several single-section tubes 
which they replace. 

6.8 FIELD-EFFEcr TRANSISTORS 

The field-effect transistor (FET) is a voltage controlled semi-conductor 
which has a high input impedance, comparable to that of a vacuum tube. 
This transistor has only one p-n junction as shown in Fig. 6.19, and 
therefore, it is frequently known as a unipolar field-effect transistor 
(UNIFET). 

FIg. 6.19. Typical field-effect transistor structure. 



The schematic representation in Fig. 6.20 will be used to explain the 
principles of operation of the field-effect transistor. Figure 6.2Oa shows 
that a narrow semiconductor channel provides a conducting path between 
the source and the drain. This channel may be either an n- or a p-type 
crystal. The n-type is used in this discussion. With no biases applied 
to the transistor, the channel conductance G, = a(wt/l), where a is the 
conductivity of the crystal and w, t, and 1 are the width, thickness, and 
length of the channel, respectively. If a reverse bias is applied between 

c -
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L ' �Channel 
Source-1 N: ! U-Drain ,-
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/) f .... 

(4) Vas = 0, liDS: 0 I 
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-1 :  1 I� 
(d) Vas - 0, LIDS> v,. 

1--:=1 :  4 h  
(c) tlus = 0, liDS '" Vp 

(e) "a8 <0, liDS > 

Fig. 6.20. Schematic representation of the field-dfect transistor. 

. c;· 

the gate and the source, the depletion region width is .increased and the 
thickness of the channel is decreased. The reader . will recall that the 
excess carriers (electrons for n-material) have been removed or "depleted" 
from the depletion region. Therefore the depleted region will not con
tribute to the conduction. The gate bias required just to reduce the channel 
thickness to zero is called the pinch-off voltage V p (Fig. 6.20b). 

If the gate-source voltage Vos is zero and the drain is made positive 
with respect to the source, electrons drift through the channel because of 
the electric field. The drain current ID is equal to the drain source voltage 
VDB times the channel conductance Ge• providing that vas is very small. 
However, the positive drain voltage reverse biases the p-n junction near 
!be drain end of the channel, and when the drain voltage is increased to 

( 
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tbe pincb-off voltage tbe cbannel tbickness is reduced to uro at a point 
near the drain end of the channel. Tbe drain current does not stop wben 
the drain voltage reacbes pincb-off because a voltage equal to V p still 
exists between the pinch-off point and the source. Therefore, carriers arc 
injected from the source into the depletion region. The resulting electric 
field continues to accelerate tbe carriers througb tbe cbannel to tbe drain 
(Fig. 6.20c). As the drain voltage is increased beyond V p, the depletion 
region thickness is increased between tbe gate and tbe drain, but is prac
tically unchanged between tbe pincb-off point and the source (Fig. 6.2Od). 
Therefore, the source current remains essentially constant as the drain 
voltage increases above V p because tbe additional voltage appears across 
the depletion region and the electric field along the channel does not 
change. Tbis saturated drain current is known as I DBB (saturated short
circuit drain current), which is measured at VDS = V p, vas = 0, and 
RL = O. 

Tbe field-effect transistor normally operates with the drain volta e v B 
above V an reverse bias ap 11 0 e ate. The electric field (and 
t us the drain current 10 t e e anne IS t en controlled by the gate-source 
voltage vas in a manner similar to the control of the plate current in a 
vacuum tube by the electric field between the grid and the cathode. The 
effect of the gate voltage vas on the cbannel conductivity is shown in 
Fig. 6.20e. The drain current is almost independent of drain voltage 
whenever the sum of the drain voltage and the reverse-bias gate voltage 
excceds Vp• 

The drain characteristics of a typical n-channel transistor are shown in 
Fig. 6.2Ia. Notice the similarity of these characteristics to the pentode 
characteristics. Like the pentode, the output resistance r, is very higb in 
the normal operating range of the transistor. Avalanche breakdown 
occurs at the junction whenever the drain-gate voltage exceeds a given 
value (about 35 v for the transistor of Fig. 6.21). The transfer character
istics are shown in Fig. 6.2Ih. Observe that, like the pentode tube, a 
single curve is adequate to describe the transfer characteristics for all 
drain voltages in the normal operating region. The slope of the transfer 
curve at any point is the trans-conductance gM of the transistor at that 
point. 

The input characteristics of tbe typical n-channel FET are shown in 
.Fig. 6.21c. The &,ate current is the reverse-bias saturation current of the 
junction. This current is of the order of 10-' amp in a small-sigrtal 
silicon transistor. The input conductance is the slope of the input charac
teristics, which is very low in the normal operating range. The input 
r,!'sistance re is the order of 10" to 1010 ohms. Note that the input resiSi'aiice 
remains high when forward bIas nol exceeding a rew tenths of a volt is 
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Fig. 6.21. Characteristics of a typical n-channcl field-eff'oct transistor. (a) Drain 
characteristics. (b) Transfer charactcnstics. (c) Input characteristics. 

applied to the gate. Therefore, vas = 0 is a suitable Q point for a small
signal amplifier. Note that the input resistance drops abruptly when 
avalanche breakdown occurs. Avalanche breakdown occurs whenever the 
difference between the gate and drain potentials exceeds the avalanche 
.breakdown voltage. 

A d-c conducting path between the gate and the source must be provided 
in order to maintain the desired bias. The drain·gate saturation current 
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Ca'" Drain 

r • � • > r 
v, "�: � j. ,,v. � Yyll. �y. v. 

Source 
Fig. 6.22. Y-parameter equiv�lent cirtuit of an FET. 

I DO must flow through this path; therefore, the external gate-source 
resistance should not exceed a few megohrns. 

The equivalent circuit of Fig. 6.22 is a general Y-parameter circuit 
which is applicable to the field effect transistor providing that the signal 
levels are small and, therefore, the y-parameters are linear. At low 
frequencies the depletion region capacitances may be neglected and the 
equivalent circuit is simplified (Fig. 6.23a). The high-frequency limitations 
of this transistor will be discussed in Chapter 7. Note the similarity of 
both the characteristic curves and the equivalent circuit of the field effect 
transistor as compared with the pentode tube. The output conductance 
g. and the transconductance gm can be determined from the curves given 
in Fig. 6.21 by the same techniques described for the vacuum tubes. The 
gate conductance K., is so small over the normal range of operation that 
it cannot be determined from Fig. 6.2Ic. 

A common source circuit is shown in Fig. 6.23b. In this circuit, the 
gate bias is zero, which is satisfactory for very small input signals because, 
as shown in Fig. 6.2lt:, the gate conductance gl1 is negligible for forward 
bias voltages below about 0.2 v in a silicon transistor. A load line can 

� Drain 

r 
( )gmU': r 

v, B. Bd : > RL v. I � 

Source 

(a) (b) 

Fig. 6.23, (a) Equivalent circuit. (b) Actual circuit for a field--effect transistor. 
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be drawn on the drain characteristics and the voltage gain can be deter
mined graphically, as previously illustrated for the vacuum tube. Also, 
the voltage gain can be determined by the use of the equivalent circuit, 
Fig. 6.23a. 

where ,. = Ilg •. 
Normally" . is very large in comparison with RL; therefore, 

G Vo gmTrlRL R t.I = - = !::: gm L 
Vi Ta + RL 

(6.18) 

Equation 6.18 holds only when the minimum drain voltage exceeds Vp. 
Otherwise, rrl is not large in comparison with RL• 

Figure 6.24a illustrates a technique for selecting a suitable transistor 
and a satisfactory operating point for a specified load resistance. A wide 
range of drain saturation current (I DSS) values is available in the various 
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Fig:. 6.24.. (a) Load line on drain characteristics. (b) Typical circuit using source bias. 
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FET types. Therefore, a transistor which will permit the specified load 
line to pass near the knee of the Vos = 0 curve (vos = 0.5 curve for 
silicon FET·s) is usually available. After the load line is drawn, !be Q 
point is selected so that the entire excursion of drain voltage will remain 
in the relatively flat portion of the drain characteristics (Fig. 6.240). 

Source bias (Iilce cathode bias) may be utilized as shown in Fig. 624b. 
The bias resistance may be determined in the same manner as for a vac
uum tube. 

Rs = Vos 

ID 
(6.19) 

The bypass capacitor must bypass the impedance looking into the transis
tor source terminal in parallel with Rs. This source impedance is /}vos! 
Ms � /!J.VOS!MD � I!gm. Therefore, the value of bypass capacitance. Cs 
which will provide a low frequency cutoff w, is 

c = (gm + Gs) 10 
(6.20) 

where Gs = I!Rs. 
The variation of drain current with temperature in a field effect transistor 

is determined by two factors. One factor is the temperature variation of 
depletion region width, which results from the temperature variation of 
barrier height (V .. - V), discussed in Chapter 3, where V .. is the zoro
bias barrier height. As previously discussed, the temperature coefficient 
of this voltage is about -2.2 mvrC, which results in an increased drain 
current with increased temperature. The other factor is the variation of 
majority carrier mobility with temperature. This mobility influences the 
transconductance gm. As the temperature increases, the carrier mobility, 
and hence gm' decrease and tend to compensate for the variation of V .. 
with temperature. In fact, the proper choice of Q point will give essentially 
zero temperature coefficient of drain current from about -50 to 100°C. 
The temperature coefficient due to mobility change is about 0.7 ".rC. 
Therefore, the condition for zero temperature coefficient is 

0.OO7( -iD>rC = gm(O.OO22)rC (6.21) 

iD - = -0.315 v (6.22) 
gm 

The relationship of Eq. 6.22 can be expressed more conveniently in 
terms of the drain saturation current I DSS and the transconductance g_. 
A typical relationship of iD to IDSS for a diffused gate transistor is 

iD = IDSS( I _ v::)' (6.23) 
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Fig. 6.25. (a) MOS schematic construction. (b) Typical drain characteristics. 

where Tnss is the value of iD at Vos = O. Also, the transconductance gm 
is related to Vas by the following equation!  

gm = gmo( 1 - v��) (6,24) 

where gmo is the value of Km at VGS = O. Then, substituting Eqs. 6.23 
and 6.24 into Eq. 6,22, 

But, using Eq, 6.23, 

�(1 - vos) = 0,3 1 5 v (6,25) 
gmo Vp 

din 
g = --mo dvGS !>GS-O 

-2Inss (6,26) 

Substituting this value of gm. into Eq. 6,25, 

Vp - vas = -0.63 v (6,27) 
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or 

" GS = Vi' + 0.63 v (6.28) 

Equation 6.28 shows that zero thermal drift may be achieved if the FET 
is biased 0.63 v above the pinch-off voltage VI" Note that VI' and ros 
are negative for an n-channel FET. All signs should be reversed for a 
p-channel FET. 

A special type of fieJd effect transistor is the metal-oxide-semiconductor 
(MOS) (Fig. 6.25). In this type, the depletion region is replaced by a thin 
layer of silicon oxide, which is a good insulator, and the semiconductor 
which formed the gate is replaced by a metal conductor. A schematic 
representation of a typical structure is shown in  Fig. 6.25a. The principle 
of operation is similar to a conventional field effect transistor but is 
somewhat more complex. A detailed description of the principle of 
operation may be found i n  the literature.4 The insulating layer permits 
large-signal operation with forward bias, provides extremely high input 
resistance, of the order of 1015 ohms, and reduces the input capacitance 
of the device. A typical set of drain characteristics for a MOS field-effect 
transistor is shown i n  Fig. 6.25b. 

PROD. 6.14. The transistor of Fig. 6.21 is used as an amplifier with a resistive 
load and VOD = 35 v. Design the amplifier for the Q point (,(;8 = O. Draw 
a circuit diagram and determine the voltage and power gains. Answer: RL = 
6.8 KO, G. = - /2.3. 

PROD. 6.15. The amplifier of Prob. 6. 14 is to be biased for zero drift. Select 
the Q point, draw a circuit diagram) and determine the values of all components. 
Use source (like cathode) bias and bypass for frequencies down to 30 Hz. 
Determine the voltage and power gains. 

6.9 THE UNIJUNCTlON TRANSISTOR 

The unijunction transistor is corn posed of a bar of n-type semi-conductor 
material with an electrrcal connection on each end. The leads to these 
two connections are called base leads-base-one DJ and base-tK'o B2. A 
third connection is made at a position between the two end connections 
where a single p-n j unction has been formed. The lead to this junction 
is called the emitter lead E. The construction of the unijunction transistor 
is reflected in the symbol which is given in Fig. 6.26a. The equivalent 
circuit for the transistor is given in Fig. 6.26b. 

Under normal conditions, the base-one Dl is connected as the common 
terminal. Then, if the emitter is opened, the transistor acts as a voltage 

t Electronics, McGraw-Hill. November 1964. 
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'-----oB, 

(a) (0) 
Fig. 6.26. (a) The symbol and biasing arrangement of a unijunction transistor. (b) An 
equivalent circuit for the unijunction transistor. 

divider network and the emitter voltage is a given fraction of the base
two voltage. 

(6.29) 

If the emitter is biased at a potential less than V EO' the p-n junction is 
reverse biased and only the diode saturation current flows in the emitter 
circuit. If the voltage of the emitter is increased above V EO. the junction 
becomes forward biased. Under these conditions. holes are injected from 
the p-material into the n-bar. These holes are repelled by the positive 
base-two end of the bar and they are attracted toward the base-one end 
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Fig. 6.27. A p10t of RJJt vs emitter current for a 2N492. 
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Fie. 6.18. The emitter current-voltage characteristics of a unijunction transistor. 

of the bar. This accumulation of p-carriers in the emitter-to-base-one 
region results in a decrease of resistance for resistor RBt (Fig. 6.27). 
The decrease of resistance RBl results in a lower emitter voltage. Thus, 
a negative resistance results since more emitter current results in lower 
voltage. As more p-carriers are injected, a condition of saturation will 
eventually be reached. This action is shown in Fig. 6.27 and in the 
current-voltage characteristics in Fig. 6.28. The similarity of these 
characteristics to those of the tunnel diode is at once evident. The uni
junction transistor, however, has three terminals. Therefore, in order to 
completely describe the characteristics, a family of curves (as given in 
Fig. 6.29) is required. 

o 
o 2 4 6 8 10 12 14 16 18 

Emitter current in milliamperes 

Fig. 6.29. Static characteristic curves of Cl unijunction transistor. 
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Fig. 6.30. A relaxation oscillator. 

Unijunction transistors are used extensively in oscillator� pulse, and 
voltage sensing circuits. A typical application is illustrated by the relaxa
tion oscillator of Fig. 6.30. This circuit will be used to illustrate a typical 
use for a unijunction transistor. 
Example 6.3. A transistor is connected as shown in  Fig. 6.30. If VBB = 12  v� 
RI = 100 KO, R2 = 2.5 KO, and C = 0.01 ,ufd, plot the output voltage across 
capacitor C. The transistor is a 2N492 with the following characteristics : 
Rm + RB, = RBJJ � 7.5 KO, � � 0.67. 

At time t = 0, the 12  v battery is applied. The capacitor is uncharged and a 
current of 12/(7.5 KO + 2.5 KO) = 1.2 ma flows through R,. The base B, is at a 
potential of 9 v and VEO (from Eq. 6.29) is 9 x 0.67 = 6 v. Thus, the emitter 
junction is reverse biased and can be considered as if it were an open circuit. 
The capacitor C charges through Rl with a time constant of Ri C = 105 X 10-8 = 
10-3 = I msec. Since C is charging toward 12 v, the equation for Vc is 

Vc = 12(1 _ e-(t/lO-a) (6.30) 

+ 
-= � 12v 

: Rm =40n < 
i400 
T- 0.095v 

lOOK 

(a) 

Fig. 6.31. (a) The equivalent circuit for the emitter of the transistor in Fig. 6.30 when 
conduction occurs. (b) A simplified form of this equivalent circuit. 
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The voltage on the capacitor will be 6 v in 692 J.l seconds. At this time, t1, the 
emitter becomes forward biased and current begins to flow into the emitter. 
The resistor R Bl decreases and more current flows into the emitter. This action 
is accumulative and occurs very rapidly driving the resistor RBl into saturation. 

From Fig. 6.27, the saturation resistance is about 40 ohms or so. Thus, the 
emitter circuit becomes approximately that shown in Fig. 6.31a. When a The� 
venin's equivalent circuit is constructed for the network that connects to the 
capacitor, the circuit is simplified to the form shown in Fig. 6.3Ib. This circuit 
has a time constant of 4 x 10 X 10-8 = 0.4 J.l seco�ds. The capacitor is dis
charging toward essentially zero potential. Thus, in about 5 time constants, or 
2 J.l seconds, the capacitor C is essentially discharged. The excess holes are 
swept out of the emitter-to-base-one region and the resistance RHl returns to its 

10 

- 6 v  

694 1388 2082 
Time in microseconds 

Fig. 6.32. The waveform of the circuit shown in Fig. 6.30. 

normal condition. The circuit is now the same as at time t = 0, so the entire 
process is repeated. Thus. the voltage waveform across the capacitor has the 
form shown in Fig. 6.32. 

The relaxation oscillator can be used in conjunction with other wave
shaping circuits to produce a variety of pulse circuits.' On a note of 
caution, the power ratings of the transistor should not be exceeded. 
Since RBl may become very small, the voltage drop across and the current 
through RB2 may become large enough to damage the transistor. 

PROB. 6.16. (a) Determine the power dissipated in the transistor of Example 
6.3 when the emitter is cutoff. Answer: 10.8 mw. 

(b) Determine the· power dissipated when the emitter junction first becomes 
saturated. Answer: 14.4 mw in RB2 and 900 mw in RBI. 

(c) Ir the power in part b is assumed to be dissipated during the entire 2 J.l 
second discharging time, what is the average power dissipated in this transistor ? 
Answer: 13.4 mw. 

PROD. 6.17. Repeat Example 6.3 if R2 is changed to 7.5 KO, and Rl is changed 
to 500 KO. 

� For additional unijunction circuits sce G. E. Transistor Manual, Seventh Edition, 
General Electric Co., Syracuse, New York, 1 964, pp. 301-347. 
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6.10 THE SILICON CONTROLLED REClIFlER 

A semiconductor device known as a "Thyrode" or Silicon controlled 
rectifier (SCR) is constructed as shown in Fig. 6.33a. The action of this 
device can beexplained by theequivalentcircuit which is shown in Fig. 6.33b. 
This equivalent circuit is composed of an n-p-n transistor and p-n-p transis
tor connected as shown. In one condition, (gate negative) the bias to 
the gate (the base of the n-p-n) maintains the n-p-n transistor in the cutoff 
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Fig. 6.33. The silicon-controlled rectifier. (0) Actual construction ; (b) equivalent 
electrical circuit. 

condition. Since no collector current flows in the n-p-n transistor. the 
p-n-p transistor is also cutoff. Therefore, the impedance between anode 
and cathode is very high. 

If the bias on the gate is changed so the n-p-n unit starts to conduct, a 
collector current will flow into the n-p-n collector from the base of the 
p-n-p unit. This flow of current from the p-n-p base causes collector 
current to flow in the p-n-p transistor. The collector current of the p-n-p 
transistor is fed to the base of the n�p�n transistor. The action is accumu
lative since an increase of current in one unit causes an increase of current 
in the other unit. As a result of this action, both transistors are driven 
to current saturation. Consequently. the impedance between anode and 
cathode becomes very low. 

As soon as the self-regeneration commences, the gate (the reason for 
this name is now obvious) loses all control over the action. The collector 
current from the p-n-p unit is much larger than the external gate current. 
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As a result, the external gate circuit can turn the SCR ON but cannot turn 
the switch OFF. To turn the SCR OFF the gate bias must be in the reverse 
direction and the anode voltage reduced essentially to zero. In this 
condition, no current flows through the p-n-p unit and the gate regains 
control of the circuit. 

If the gate is maintained at cutoff (negative potential) and the voltage 
on the anode is varied, the characteristics are as indicated in Fig. 6.34. 

I . ...--,Avalanche 
I"'" breakdown 

+ t � OH characteristics 

I 

Breakover 
voltage 

OFF characteristics 

Fig. 6.34. The curve of I vs Y for the silicon-controlled rectifier. (Courtesy of Solid 
State Products, Inc.) 

At a positive anode potential, which corresponds somewhat with the 
avalanche breakdown potential in the reverse bias case, the SCR will turn 
itself ON. The potential required is known as the "breakover voltage." 
In effect. the current through the device does start to increase as in the 
regular avalanche breakdown. (Some junctions are forward biased and 
some are reverse biased.) However. this increasing current ·through the 
p-n-p section produces base current for the n-p-n section, and the regenera
tive action quickly takes over turning the SCR ON. The maximum voltage 
ratings of the device are chosen below the avalanche breakdown voltage 
and the breakover voltage · Consequently, the SCR can only be turned 
ON with the gate as long as recommended maximum voltage ratings are 
not exceeded. An example will illustrate the usefulness of the silicon 
controlled rectifier . 

• A p�n-p·n device with only two leads (corresponding to the anode and cathode) has 
also been developed. This device is known as a Shockley diode and uses the breakovec 
voltage to switch the device ON. It is also possible to purchase a light-operated p-n-p-n 
device. 
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Fig. 6.35. A silicon-controlled rectifier connected to a load. 

Example 6.4. A 3A200 SCR is connected in a circuit as shown in Fig. 6.35. 
The 3A200 has the following ratings: 
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Fig. 6.36. Electrical characteristics of the 3A200 SCR. (a) Forward ON; (b) gate 
current to fire; (� forward OFF; and (d) reverse. (Courtesy of Solid State Products, 
Inc.) 
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The electrical characteristics are as shown in Fig. 6.36. The load resistor RI. is 
1000 Q. 

Assume the adjustable contact of the 5 KU resistor is adjusted so the gate is 
effectively connected to the junction of the 5 KO and 35 KO resistors. 

The approximate gate input impedance can be found by dividing the maximum 
gate voltage to fire by the maximum gate current to fire. Hence, 

3 
'gate = 

2 X 10 
3 = 1500 0 (6.31 ) 

The actual gate circuit can be drawn as shown in Fig. 6.37. The parallel resist
ance of the 5 K and 1.5 K resistors is 1 . 1 5 K. The voltage across the gate-
cathode junction is 

or 

r 
1,;0 sin377t 

150 

35 K + 1 . 15  K 
l . 1 5  K sin 3771 

4.77 sin 3771 

• 
�35 K  • 

Gate 

::- : Resistance of 
· �5 K  >- the gate 1.5 K : j. 
-'- Cathode 

To 

Fig. 6.37. Equivalent gate circuit for Fig. 6.35. 

(6.32) 

(6.33) 

Now, from Fig. 6.36b, the gate current required to fire the SCR is O.65 1!l3 when 
the temperature is 50°C. (This 50"C is the assumed operating temperature.) If 
the gate resistance is constant,7 the voltage across the gate-cathode junction will 
be 

6.5 X 10--4 x 1 . 5  x 10" = 0.975 v (6.34) 

This value of 0.975 v will be achieved when 

0.975 = 4.77 sin e (6.35) 
or 

(j = 1 1.8<> = 0.206 radians (6.36) 

Therefore, the SCR will be turned ON when 3771 = 0.206 or t = 0.000547 sec. 
The SCR will remain ON until the anode potential is reduced essentially to zero. 

7 The gate resistance will. of course, change with the temperature and with the gate 
current magnitude. However. because operating temperatures are not precisely known, 
the solution is not precise. Hence, the error introduced by assuming rll .. t� = 1.5 KO 
can usually be ignored. 
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Fig. ".38. The voltages and current in the circuit shown in Fig. 6.3S. 

(Actually. according to Fig. 6.36a the SCR will turn OFF when the anode potential 
is less than 0.8 v.) 

When the SCR is turned ON, the voltage across the SCR is 0.8 v for a 
current of 3 ma and increases io 1.5 v at 150 ma anode current (Fig. 6.360). At 
the instant the SCR is turned ON, the voltage across the load and SCR is 

150 sin 0.206 - 30.7 v (6.37) 
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Approximately I -v drop exists across the SCR and the remaining 29.1 v are 
across the load RL. The current through the load is equal to 28'Mooo or 
29.1 ma. At the instant peak voltage is applied, the voltage drop across the 
SCR is I.S v and the remaining 148.5 v is across the load. The peak current is, 
therefore, equal to 148.5 rna. 

The voltages and current of the circuit are plotted in Fig. 6.38. 

The 5 K!l resistor in Fig. 6.35 can be adjusted so the SCR wiu not be 
turned ON until the voltage is almost at the peak value. The average current 
through the load can, therefore, be controUed over about a 2 :  I range by 
the circuit just considered. 

If the voltage to the gate is shifted in phase as well as amplitude, the 
current may be controlled from maximum to almost zero. 

PROD. 6_18. The tap on the 5 KO resistor of Fig. 6.35 is set 1 KO above ground. 
Find the voltages and currents of the circuit under these conditions. Plot curves 
similar to those in Fig. 6.38 for these conditions. 

PROD. 6.19. The voltage to the load and switch of Fig. 6.35 is 150 sin 3111. 
The voltage to the gate has heen shifted 

Vea •• � 4.11 sin (3111 - I radian) 

Find the voltages aDd currents of the circuit under these conditions. Plot curves 
of voltages and currents as functions of time. 

6.11 THE GAS TRIODE OR THYRATRON 

A gas-filled triode has characteristics quite similar to those of the SCR 
just discussed. As long as the control grid of the gas triode is main
tained sufficiently negative, the tube is cut off and no plate current 
lIows. If the plate has a positive potential and the control grid bias is 
reduced, a stream of electrons will start to flow between the cathode and 
plate. If the plate potential is well above the ionizing potential of the 
gas, these electrons will cause the gas to ionize and a self-sustaining glow 
discharge will result. The tube is said to "fire" when the glow discharge 
commences. 

Once the gas in the tube has been ionized, positive ions will be attracted 
to the negative control grid. Since these positive ions travel slowly com
pared to the electrons, the space around the control grid will contain a net 
positive charge. As a consequence, the field oflhecontrol grid is neutralized 
by this positive space charge. Therefore, the control grid loses control as 
soon as the tube "fires. n These positive ions also cause a current flow in 
the grid circuit. As a result, most thyratron circuits have a resistor inserted 
in series with the grid to limit this grid current to a safe value. 
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Fig. 6.39. Average firing characteristics of a 2021 gas thyratron. 

Once the tube has fired, the plate must be reduced below the ionizing 
potential of the gas before the control grid can regain control. The actual 
firing potential of the control grid is dependent on the potential on the 
plate. Typical firing conditions for a 2021 are given in Fig. 6.39. The 
actual firing voltages are dependent on gas temperatures, gas pressures, 
condition on electrodes, etc. 

PROD. 6.20. A gas triode is connected as shown in Fig. 6.40. Assume the tube 
has the same characteristics as the 2D21 of Fig. 6.39. 

(a) Plot the applied voltage as a function of time. 
(b) Plot the current through the 26,500-0. resistor and the capacitor C as a 

function of time if C is (I) I I'f, (2) 0.1 I'f, (3) 0.01 1'/ (Assume the grid draws 
no current for this part.) 

(c) Plot the current through the 100-0 load resistor for the three conditions 
of part b. When the tube fires, the plate to cathode potential is 10 v. 

(d) Find the magnitude of the resistor Rs which will limit the maximum grid 
current to 2 ma. Neglect the internal resistance of the tube. 

r 
nov, rms 

60 eps 

RL - lOO O  

26,500 0 

c 

Fig. 6.40. The circuit for Prob. 6.20. 
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PROB. 6.21. Design a pentode amplifier stage which will give a voltage gain of 
100. Use a 6AU6 tube and do not apply more than 300 v to the plate circuit. 
Indicate the size of all resistors and capacitors ir 60 Hz is the lowest frequency 
to be used. 
PROB. 6.Zl. The "typical operating conditions" of a 617 pentode are listed as 

Plate VOltage = 150 v 
Screen voltage = 100 v 
Grid voltage = -2 v 

Plate current = 3.5 ma 
Screen current = 0.5 ma 

(a) Draw the circuit diagram for a pentode amplifier. (b) Use above voltages and 
currents to determine values of all resistors and capacitors in the circuit. A V pp 
supply of 250 v is available and the lowest frequency to be amplified has an w of 
500. Assume t!..VG2/6.i02 = 40,000. 

t 
tlin - -3 + sin wt 

I 

+ 
� l50 v  

30 K 

+ 

300 v 

Fig. 6.41. The circuit configuration for Prob. 6.23. 

PROB. 6.23. A 6AU6 tube is connected as shown in Fig. 6.41. Sketch the 
output signal listing maximum. minimum, and quiescent values. 
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Small-Signal Amplifiers 

Electronic amplifiers are customarily used to amplify the signal from 
a transducer such as a microphone, phonograph pickup, radio antenna, or 
strain gage to a level which is adequate for the operation of another 
transducer such as a loudspeaker or recording device. For example, the 
amplifier in a public address system must raise the signal level of the 
few picowatts available from the microphone to the several watts of 
power required by the loudspeaker. The amplifier usually consists of 
several stages. A stage is composed of an amplifying device such as a 
vacuum tube or transistor I:llong with its associated circuit components. 
The stages are usually connected in cascade; that is, the output of one 
stage is connected to the input of the following stage. 

The final amplifier in the chain is required to furnish the necessary 
power to the transducer in the output. Therefore, this final amplifier is 
called a power amplifier. This power amplifier must operate at high signal 
levels to accomplish its purpose. If the power amplifier is a vacuum tube, 
it may require appreciable input voltage but very little signal power for its 
operation. Consequently, the amplifiers which precede the vacuum tube 
power amplifier are usually called voltage amplifiers. On the other hand, 
if the power amplifier is a transistor, it may require appreciable current but 

240 
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very little input power for its operation. The preceding amplifiers may 
then be referred to as current amplifiers. 

Both current and voltage amplifiers may operate at very low power 
levels, so the efficiency of the amplifier is not usually of prime concern. 
Also, the signal levels are small compared with those of the power amplifier. 
These factors make it possible to design amplifiers which have negligibly 
small distortion. Under these conditions the equivalent circuits may be 
used with a high-degree of accuracy. This type of amplifier will be known 
as a small-signal amplifier in this treatment. 

There is no intentional frequency selection in the untuned amplifier. In 
fact, an absence of frequency discrimination is desirable. This lack of 
discrimination is ill contrast with the tuned amplifier which is usually 
designed to select a band of frequencies and reject those not lying within 
the desired band. Small-signal tuned amplifiers are discussed in Chapter 8. 

The equivalent circuits will be used to predict the response of vacuum 
tube and transistor amplifiers for various types of excitation. The most 
direct approach would be to draw a complete equivalent circuit of the 
amplifier and its coupling device; then derive an equation for the transfer 
function which is the ratio of the output quantity, or response, to tbe input 
quantity, or excitation. This transfer function would be a function of the 
complex frequency S.l As a result. the complete response could be obtained 
for any specified excitation or driving function. The response as a function 
of time could be obtained for any given excitation by obta,ining the inverse 
transform of the product of the transfer function and the s-domain 
excitation. The steady-state frequency response could be obtained by 
replacing s by jw in the transfer function. 

One major problem in the procedure just outlined is the complexity of 
the eqUivalent circuit which results when the stray capacitance of the 
circuit is included. This problem can be circumvented by resolving it 
into two parts. First, the transfer function may be obtained for the "low
frequency" equivalent circuit in which the small stray capacitance and 
inductance may be neglected. Next, the transfer function may be obtained 
for the "high-frequency" equivalent circuit, in which the large series 
capacitors become short circuits and large shunt inductors become open 
circuits. Then the transfer functions of these two simplified equivalent 

1 A complete treatment of the complex frequency concept is given in many circuit 
texts among them. Network Analysis. Second Edition by M. E. Van Valkcnburg. 
Prentioe-Hall, Englewood Cliffs, New Jersey. 1964. The reader who is unfamiliar with 
this concept can understand the material which follows. in a restricted sense, by sub
stitutingjw for s in the equations and sinusoidal steady stau in place of s domain in the 
written material. When nonsinusoidal wavefonns are encountered, the respomc 
characteristics must be accepted without understandable proof unless the reader is 
familiar with the Laplace Transformation. 
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circuits may be combined to provide a complete transfer function of the 
amplifier stage. The transfer function of an amplifier which contains 
several stages is the product of the transfer functions of the individual 
stages, providing the amplifying devices (transistors, tubes, etc.) provide 
good isolation between the output and input of each stage. 

7.1 THE R-C COUPLED AMPLIF1ER 

The resistance-capacitance coupled amplifier will be used to illustrate 
the foregoing procedure for determining the response of an amplifier. 
Typical R-C coupling circuits for both transistors and tubes are shown in 

R3 

t 
Vi i 

V. 

(a) 

Fig. 7.1. Typical resistance-capacity 
(b) tube amplifier. 

Vpp 

Rp 

c, 

i i 
Vi v. 

I 
(b) 

coupled amplifiers. (a). Transistor amplifier; 

Fig. 7.1 .  In the R-C coupled amplifier the signal components of voltage 
and current are transferred to the following amplifier or load while the 
bias components are blocked by the capacitor C,. This R-C coupling, which 
is frequently known as resistance coupling, is a very commonly used 
method of coupling for amplifiers. 

In the discussion which follows, the assumption is made that the emitter 
(or cathode) is perfectly bypassed over the useful frequency range of the 
amplifier. Then the frequency characteristics of the amplifier will depend 
on the coupling capacitor C, and the stray circuit capacitance, but not on 
the emitter bypass capacitance. The validity of this assumption for a 
well-designed amplifier will be demonstrated in a fOllowing section. 

Equivalent circuits for the amplifiers of Fig. 7. 1  are drawn in Fig. 7.2. 
In the transistor amplifier equivalent circuit the bias resistors R:. and R3 
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"0i 

R, R. V, 

Ri 

c 11 " 

: 
Rp : R. V, 

< < 

Fie. 7.2. Equivalent circuits for the amplifiers of Fig. 7.1. (a) Transistor; (6) tube. 

of Fig. 7.1  were combined into their equivalent parallel resistance R •. 
These equivalent circuits of Fig. 7.2 can be further simplified by combining 
the parallel resistances shown. Then, if the input circuits of the two 
equivalent circuits are omitted, the remaining simplified equivalent circuit 
can represent either the transistor amplifier or the tube amplifier. This 
simplified equivalent circuit is presented in Fig. 7.3. From Fig. 7.2, it may 
be seen that when the transistor circuit is being considered, the current 
source i, = h,,i,, Y, is the sum of the load conductance IJR. and the 
transistor output admittance (approximately h�), and Y, is the sum of the 
bias conductance IJR, and the input conductance (IJR,) of the following 
transistor (approximately IJh.;). Observation also reveals that when the 

c 

V. 
Y, 

_ i, :  "l� .. •  'S'"cv.s - � cv .  

ol. l '=- "'itA of «(�� �,,� 
V, 

_ ,  f '  �r."';' � 'It � e..-"--J
, ..... c 

Fig. 7.3. The single equivalent circuit which results from the simplification of either 
circuit of Fig. 7.2. 
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vacuum tube is being considered. il = gmVgk' Yl is the sum of the load 
conductance IIR. and the plate conductance g. = Ilr., and Y, is the grid 
circuit conductance llR, of the following tube. 

The objective in this case is to obtain the output voltage v, in terms of 
the forcing current i,. In order to obtain a general solution without 
using differentials, the s-domain currents, voltages, admittances, and 
impedances will be used. Capital letters will be used to indicate these 
s-domain currents and voltages, and the complex frequency s will replace 
the frequency jw in the impedance and admittance terms. Writing s
domain' nodal equations for the circuit of Fig. 7.3, we find that 

( Y, + sC)V. - sCV, = -I, 

-sCV, + ( Y, + sC)V, = 0 

Solving for V, (using determinants), we find that 

but 

where 

then 

V = -sC/I , (1', + sC)(Y,. + sC) - s'C' 

-I, 
sC 

Y,Y, + (Y, + Y,)sC 

-11 S 
V, = 7"". --''-'- ---""---

1', + Y, 
__ Y-,,_Y,.,-_ s + .,. (1', + Y,.)C 

Y' + Y
' = R  + R  

y. y.  J r 
, , 
1 

R, = - and 
Y, 

1 R = , 
y. , 

-11 S 
V, = - --c='---.,...,. 

Y, s + I /(R, + R,)C 

where Y, = Y. + Y,. Or in alternative form 

(7.1) 

(7.2) 

(7.3) 

(7.4) 

(7.5) 

(7.6) 

(7.7) 

• As noted in the List of Symbols (p. xx), lower case letters with lower case subscripts 
are used to represent time-varying components of vOltages and currents. Thus. v. is 
understood to imply vo(l). Capital letters with lower case subscripts are used to represent 
s-domain vOltages and currents. Thus, Vo implies V.(s). (Since jw is a special case of 
.s(s = a + jw), V" may also imply V.(jw) if the steady-state sinusoidal problem is being 
considered.) The reader should be especially careful not to intermix s-domain and 
time-domain terms. 
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where 

R •• = I/Y, 
let 

1 
CUI = --"----

(R, + R,)G 
(7.8) 

"" is then the angular frequency at which the reactance of the coupling 
capacitor has the same magmtude as the total resistance in series wlth it 
(R, + R,) because from Eq. 7.8 

1 
R, + R, = - (7.9) 

"" G  
Equation 7.7 may then be written 

s 
V, = -I,R •• --=-

S + COl 

In a vacuum tube amplifier where I, = gm V,. 

S 
VI) = -gmYgkR'h -"-

S + CUI 

The voltage transfer function, or voltage gain is 

(7.10) 

(7.11) 

V, s 
( G. = - = -gmR.. 7.12) 

V"k s + co1 
When the complex frequency s becomes large in comparison with "' .. the 
transfer function (Eq_ 7.12) reduces to 

(7.13) 

This K. ofEq. 7.13 is commonly known as the reference voltage gain of the 
amplifier. Sometimes K. is also known as the mid-frequency voltage gain. 

As previously mentioned, when the transistor amplifier is considered, 
the current I, of Eq. 7.10 is h,.I, and Eq. 7.10 becomes 

(7.14) 

In the transistor, the current transfer function or current gain is usually 
of greater interest than is the voltage gain. The current gain may be 
easily obtained after making the substitution 

V, = I,R, (7.15) 

where I, is the current which flows through the input resistance R, of the 
following transistor. Substituting Eq. 7.15 into Eq. 7.14, we have 

(7.16) 
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and 
I, G· = - = • I , 

_ hteR�h S 

Ri S + (01 
(7.17) 

As the frequency s becomes large in comparison with "'I' Eq. 7. 1 7  becomes 

G . ...-..,J _ h" R,,, = -K. 
t - . R . I 

• 
. where Ki is the reference current gain of the transistor amplifier. 

(7.18) 

Equations 7.12, 7 . 13, 7.17, and 7.18 indicate that the transfer function 
of an R-C coupled amplifier (neglecting stray capacitance and inductance) 
may be written 

G = - K  s 
S + COl 

(7.19) 

where K is the reference (or mid-frequency) voltage or current gain of the 
amplifier under consideration. As noted before, the negative sign appears 
because of the polarity reversal experienced in the common-emitter 
amplifier. In other configurations, the negative sign would not appear. 

PROB. 7.1. A typical small-signal transistor has h" = I KO, hI' = 100, 
hu = 5 X 10-", and ho, = 5 X 10-5 mhos. at a given operating point. Several 
of these transistors are used in cascade with d-c load resistors Rc = 5 KO. 
Neglecting the loading effect of the bias resistors and the reactance of the 
coupling capacitors. verify the assumptions that RQ === l/hot and Ri � h,., 
What are the percentage differences between Ri and hit and between the actual 
output admittance Go and hoe? 
PROD. 7.2. Develop an expression for the reference voltage gain of a transistor 
amplifier. Answer: GI) = h,R"J(hrh,R'h - 1). 

7.2 SAG AND LOW-FREQUENCY RESPONSE 

Since the transfer function is defined as the ratio of thes-domain response 
to th s- omain excitatio the s-domain voltage response is 

v. (7.20) 

Then the s-domain response may be obtained for any s ecific excitation. 
For example, let us consider nega I e 10 ut excitation of magnitude 
M. Since the Laplace transform of a step function of magnitude M is 
M/s, the s-domain response of an R-C coupled amplifier to this step 
function is 

v _ _ M(_K ---,S,--) o -
S S + (/)1 

= M K --....:1,-
S + (t)l 

(7.21) 
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Fig. 7.4. Time response of an R-C coupled amplifier to a negative step input of magni
tude M. 

Taking the inverse transform of each side of Eq. 7.21, we find that 

v, = M Ke-w,' (7.22) 
A sketch of the output voltage v, as a function of time is given in Fig. 

7.4. The output approaches zero as time approaches infinity. This 
response is to be expected because a step voltage is merely a d-c voltage 
that is switched into the amplifier at the time of reference, t = O. Since 
the coupling capacitor blocks d-c, the steady-state output must be zero .. If 
the step input voltage had been of positive polarity, the polarity of the 
output voltage would, of course, be reversed. 

Although the R-e coupled amplifier is not suitable for amplifying d-e 
signals, the information gained from the step function analysis is very 
useful in predicting the behavior of the amplifier when it is called on to 
amplify rectangular pulses. A series of rectangular pulses is shown in Fig. 
7.5. These pulses have amplitude M, pulse duration d, and period (of 
repetition) T. In the case d = T/2, this signal is known as a square wave. 

If we assume the excitation to be a series of voltage pulses as illustrated 
in Fig. 7.5, we may express the time-domain input voltage as the sum of 
a series of step voltages. 
v, = M[u(t) - u(t - d) + u(t - T) - u(t - (T + d)) + u(t - 2 T) ' . ·1 

(7.23) 

d 

d T T+d 
t �  

2T 2T+d 3T 3T+d 

Fig. 7.5. A series of rectangular pulses. 
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The u(/ - a) symbolizes a step voltage that occurs at / = a and so on. 
The Laplace transform of this excitation voltage is ( 1 e-dS e-T, e-(T+dh e-2T1 ) 

V, = M  - - - + - - + - . . .  
s s s s s 

The s-domain output voltage is 

The time-domain response is obtained from the inverse transform3 

Vo = - M  K[e-w1t - u(t - d)e-W1(j-d) + u(t _ T)e-W1(t-TI 

(7.24) 

- u(/ - T - d)e-w,I<-T-d) + u(/ - 2T)e w,I< 'T) . . . J (7.26) 
The time response may be plotted by adding the exponential terms of 

Eq. 7.26, as illustrated in Fig. 7.6. Since the average steady-state current 
through the coupling capacitor must be zero, the cross-hatched area labeled 
A below the reference axis must approach the corresponding area labeled 
B above the axis after several periods T have elapsed. 

Ideally, the output voltage should remain constant during the pulse. 
However, the output current and voltage decays exponentially as shown 
because of the charging of the coupling capacitor. The eteparture of the 
actual output from the ideal flat response at the termination of the pulse 
isealIed sag. From a consideratIOn of the first pulse as shown in Fig. 7.6, 
the sag can be determined by solving Eq. 7.26 at t = d. Then 

Sag. = KM(J - e-w.,) (7.27) 
The fractional sag, or ratio of sag to the output at the beginning of the 
pulse, is of greater significance than the amount of sag. 

Fractional sag = Sag. = 1 _ e-w,d 
KM 

(7.28) 

If the pulse duration d is small in comparison with I/w. = (R, + R,)C, 
the fractional sag can be determined more easily than by the use of Eq. 
7.28. The initial slope of the exponential decay is, using Eq. 7.26, 

d(- KMe�" ) 
In i tia 1 slope = ::..>..-=.:..:;.:-"---'dt 1=0 

(7.29) 

The exponential sag closely follows the initial slope as long as the pulse 

a This time transformation is treated in Network Analysis, Second Edition, by M. E. 
Van Valkenburg. Prentice-Hall. Englcwood Cliffs. N.J., 1964. 
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, -

T + d  t �  

Fig, 7.6. The time response of an R-C coupled amplifier to a periodic rectangular pulse. 

duration is small (0.1 or less) in comparison with the time constant I/W" 
Then the total sag is approximately equal to the pulse duration times the 
initial slope 

Sag <== KMw, d (7.30) 
and 

Fractional sag � Wl d (7.31) 

Equation 7.31 points up the desirability of a small value of w, when 
rectangular pulses are to be amplified. 

Figure 7.6 shows that the first pulse after I = 0 has greater sag than the 
succeeding pulses. The sag decreases somewhat as the transient dies out. 
However, the fractional sag remains constant if the pulse amplitude is  
measured from the base line. 
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The excitation and response quantItIes were assumed to be voltage 
pulses in the preceding discussion. Current pulses could have been con
sidered with equal validity since the transfer function was developed 
generally for either case. 

PROD. 7.3. A periodic rectangular pulse of 1 msec duration is applied to the 
input of an R-C coupled amplifier. What must be the value of Wl to provide a 
fractional sag of 0.05 or 5 % ?  Answer: w1 � 50. 
PROD. 7.4. The R-e amplifier of Prob. 7.3 has R, � 10 K!l and R, � 2 K!l. 
What coupling capacitance is needed? 

An expression of the gain as a function of frequency may be obtained by 
replacing s by jw in Eq. 7.19. A plot of G as a function of w is  known as 

I c ." '" 

K --------=.-

O.707K ----

�l�W-'------WL'------�lOw�,-W �  
1� L-____ -L ______ � 

0.11:"1 

Fig. 1.7. Amplitude and phase response at low frequencies. 

the frequency response curve of the amplifier. This frequency response is 
more accurately described as the steady-state response to sinusoidal 
excitation. 

'GUm) = - K  jm 
jw + w1 

GUm) = - K  1 = -K 1 
1 - j(m,/m) 1 - j(f,/f) 

(7.32) 

(7.33) 

where "', = 2n/,. Figure 7.7 is a plot of both phase and magnitude of 
G(jw) as a function of w. It is evident that Eq. 7.33 will yield the 
reference gain when (jJ is large compared with W1. The upper end of the 
low-frequency range is defined as 10 w,. Above this frequency the gain 
does not differ from K by more than I % and the phase shift through the 
amplifier is approximately 1800• The frequency and phase res pons .. plots 
are made on semilog-ruled ·paper. 

PROD. 7.S. Write the gain (Eq. 7.33) in polar form for values of w � O.lw" 
00 = Wt. and 00 = 10 Wt. Compare the results with the plots in Fig. 7.7. 
Answer: At w � D.l "'" G � (K/IO)I-'6I' . 
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PROD. 7.6. Determine the value or 001 for a vacuum tube amplifier which has 
" = 20, r. = 10 KO, R. = 50 KO, R, - 0.5 megohm, and Cc = 0.2 "f. What 
would be the value of 11 ? 

In a pole-zero plot of Eq. 7.19 given in Fig. 7.8, the scale factor is -K. 
The frequency and phase response can be obtained directly from the pole
zero plot. For example, the distance from the origin to the specific value 
of w is the magnit\lde of the numerator of Eq. 7.32. In addition, the angle 
between the positive real axis and the jw axis is the angle of the numerator. 

j", 

Fig. 7.8. A pole-zero plot for the R-e coupled amplifier. Stray capacitance has been 
neglected. 

The distance between the pole and the specific w is the magnitude of the 
denominator of Eq. 7.32. The angle of the denominator is the angle if> 
between the real axis and the line drawn between the pole at (01 and w. 
Therefore, the phase angle of the fraction is the difference between these 
two angles which is 0 in the figure. Note that when s = jw" 0 = 45°. 
The pole on the negative real axis indicates an exponentially decaying term 
in the transient response. 

7.3 THE MID-FREQUENCY RANGE 

The term "mid-fregue.Ilcies" is used to designate theJ>and offreID!�,!cit;l' 
(or which �l!. the reactancc:�jl!.Jhe £ircu.i.t. -"re negl!!I!.llIe. In the mid
frequencies the reactances of the coupling capacitors and bypass capacitors 
are so small that these reactances are assumed to be zero. Consequently, 
the lower limit of the mid-frequency range is defined as the frequency 
which is tcn times (1)1- Also, at mid-frequencies the. reactance of the stray 
shunt capacitance, which is not shown in the circuit diagram, is so large 
that this reactance is assumed to he infinite. 
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The graphical analyses presented in the preceding chapters were based 
on the assumption that the resistor which is connected between the collector 
(or plate) and the power supply is the total load resistance on the amplifier. 
This resistor has been designated as RLo However, it now becomes 
apparent that the load impedance of an R-e coupled amplifier decreases 
as the frequency increases toward the mid-frequency range. This a-c 
load impedance ZL is represented in the equivalent circuit of Fig. 7.9 by 
the elements inside the rectangular enclosure. In the mid-frequency range 
the load impedance becomes essentially a pure resistance 'L' This a-c 
load resistance 'L is the parallel comBination of the d-c resistance RL and 
the resistance R., as may be seen fro\ll Fig. 7.9. 

r - - - - - ----. 
.-erZL 

c 

R, 

I 
I 
I I 
I 
I I 
I 

L _ _ _ _ _ _ _  ....l 
Fig. 7.9. Th� a-c load impedancc of an R-C coupled amplifier. 

The quiescent operating point of an amplifier must lie on the d-c load 
line which is determined by the d-c load resistance RL and drawn in the 
manner described in the preceding chapters. However, in the mid
frequency range the time-varying current-voltage relationships of the 
collector circuit are determined by the a-c load resistance rL' Therefore, 
an a-c load line can and should be drawn on the collector (or plate) 
characteristics to graphically display the dynamic operation of the ampli
fier. This a-c load line has the slope - I/r L and must pass through the 
quiescent operating point. The a-c load line may be readily drawn if a 
point in addition to the Q point is located. The x axis intercept may be 
located, as shown in Fig. 7.10, from the relationship 

I1vL = t1iL'L (7.34) 

When thc Q-point value (Io or I p) is chosen for f!,.j L' then !!.v L will be the 
voltage difference between the Q-point voltage and the x-axis intercept of 
the a-c load line. 

Since the a-c load impedance of an R-C coupled amplifier is less than the 
d-c load resistance, the a-c load line has a steeper slope than the d-c load 
line. In the transistor amplifier, the a-c load line is usually much steeper 
than the d-c load line because of the relatively low input resistance of the 
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following transistor. This relatively steep slope of the transistor a-c load 
line is desirable because the objective in the transistor amplifier is to have 
maximum signal current transferred through the coupling capacitor to the 
following transistor or load. On the other hand, the vacuum tube is a 
voltage-operated device. Therefore, the ideal a-c load line would have the 
same slope as the d-c load line. Then the maximum voltage gain and 
maximum voltage swing would be achieved, as may be seen from Fig. 
7. !Ob. However, the resistance between the control grid and the cathode 
would have to be infinite in order to make the a-c load line coincide with 

t V-.� 
Q 

, 

;I , 
, . 

\........--a-c load line 

\ 
, , ./ d-t lo.d line 

----.J( " 

--- - -

(a) 

i 
.!O 

a-c toad 
line 

(b) 
Fig. 7.10. Typical d-c and a--c load lines for R-e coupled (a) transistor and (b) Iriode 
tube circuits. 

the d-c load line. Therefore, the grid resistor R. is usually chosen in 
accordance with the maximum value recommended by the tube manu
facturer. 

The maximum permissible value of grid circuit resistance R. depends on 
the characteristics of the tube and the completeness of the evacuation 
process. Since it is practically impossible to completely evacuate an 
enclosure, many molecules remain in a satisfactorily evacuated tube. Some 
ionization of these molecules occurs during normal operation of the tube. 
The positive ions are accelerated toward the grid because it is the most 
negative electrode. The grid may then become positive with respect to 
ground because the positive ions remove electrons from the grid and cause 
·a small current flow in the grid circuit. If the grid circuit resistance is too 
high, the bias may be appreciably reduced by the I R drop in the grid 
circuit. This reduction of grid bias may cause serious consequences in a 
power amplifier which is normally biased at a point which fully utilizes 
the power dissipation capabilities of the tube. A significant reduction in 
bias from the design value then causes increased plate temperature and 
expulsion of gas from the electrodes. This additional gas causes increased 
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ionization which results in increased grid current and a further reduction 
of bias. This cumulative chain of events will sOOn destroy the tube. 

Electrons which leave the cathode may strike the grid even when the 
grid is a volt or so negative with respect to the cathode. The current 
which results is opposite in direction to that caused by ioniza,tion in the 
tube. In certain types of tubes such as high p. triodes, this contact
potential current is large compared with that due to ionization; first, 
because the operating bias is of the order of a volt and second, because the 
ionization in the tube is small compared with that of a power amplifier. 
This grid current reversal results from the smaller grid bias voltage and 
lower operating temperatures. 

The electrons collected by the grid will not affect the bias appreciably 
if the grid circuit resistance is of the order of one megohm or less. How
ever, if the grid circuit resistance is several megohms, a bias voltage of the 
order of one volt may be developed. This method is sometimes used to 
bias a high p. triode. 

In the R-C coupled amplifier, the quiescent operating point is not 
usually located at the center of the d-c load line. The optimum location 
of the Q point is at least partially dependent on the value of the a-c load 
resistance. The design of an amplifier usually begins with the final load 
and then proceeds toward the input of the amplifier. The quiesCf"nt 
operating point of the amplifier is usually determined by the current and 
voltage requirements of the a-c load. The d-c load line can then be drawn 
through the Q point to the collector supply voltage. The a-c load can then 
be computed and the a-c load line drawn. This graphical construction 
provides visualization of the operation and linearity of the amplifier. 

PROB. 7.7. A 2NI92 transistor must furnish 4 ma peak-ta-peak exciting current 
to a following transistor which has hie = 200 .n and shunting bias resistance 
RI1 = SOO n. Choose a suitable Q point and calculate the d-c load resistance for 
V co .,. - 1 5  v. Draw both the d-c and a-c load lines. Calculate the reference 
current, voltage. and power gains of the amplifier. 
PROB. 7.8. The amplifier of Prob, 7.7 has Vaa raised to -25 v. Using thesame 
Q point as Prob. 7.7. determine the d-c load resistance. Compare the current 
gain and temperature stability of the Q point for the two values of V cc. 

7.4 SHUNT CAPACITANCE IN AMPLIFIERS 

Capacitance exists between the various parts of any circuit. Also. the 
conductors used to connect the parts have inductance. At low and middle 
frequencies the effect of this "stray" capacitance and inductance is 
negligible, but at high frequencies their effect must be taken into account. 
The high frequency range of an R-C coupled amplifier is the range in 
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which the shunt capacitance affects the gai of the amplifier. Other factors 
which may limit the high frequency gain are1discussed in a following section. 
The reactance of the connecting wires is ufually negligible throughout the 
useful range of an R-C coupled amplifier. I 

The vacuum tube has capacitance betw"fn its various electrodes because 
these electrodes consist of conductors separated by vacuum or other 
insulating material. The magnitude of eath intereJectrode capacitance is 
listed in most tube manuals. These intere!ectrode capacitances are of the 
order of a few picofarads. Transistors alsp have capacitance between the 
base and each of the other two regions. 1 his is the junction capacitance 

11 ! " "CI2 , ne., 

I 

�t: ::0.. + 
I 

: : Fc ,: R.J. v •• ::: .. � ::: ::C11 + 

I, I' 
Fig. 7.11. Shunt capacitance in an jR-C coupled amplifier. 

discussed in Chapter 3. As noted, jun tion capacitance is dependent 
not only on the cross-sectional area of the j nction but also on the electrode 
voltages of the transistor. Additional high-frequency limitations of 
transistor amplifiers will be discussed late in this chapter. 

Figure 7. 1 1  is a high-frequency equivafnt circuit for a two-stage R-C 
coupled amplifier. The diagram includ s lumped capacitances which 
represent the distributed circuit capacitan es a� well as the interelectrode 
capacitances of the amplifying device. n addition, the effective shunt 
resistance of each amplifier is shown a-s h* The d� blocking capacitors 
are not shown because their effects are usu lIy negligible at the frequencies 
for which the shunt capacitances are effec ive. 

Figure 7. 1 1  will be used in determininlthe effective shunt capacitance 
at various points in the circuit. The inpu or driving point admittance of 
amplifier 1 will first be considered. This a, mittance may be determined if 
the input current i1 can be expressed as a iUnction of the input voltage V� .. 
Referring to Fig. 7 . 1 1 ,  and using s-domai variables, we find that 

I, = I, + I, = sCllV .. + sC12(V .. - V •• ) (7.35) 

where Cu is the effective capacitance bet een the input terminals and CII 
is the effective capacitance between the . nput and output terminals of 

- + • •  " 
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amplifier 1. But 

Vol = G"lVn 

where G., is the voltage gain of amplifier I .  Then 

I, = ,[Cll + C,ll - Gd)IV" 
I, 1"; = - = s[Cll + C,,(l - Gd)] V;1 

(7.36) 

(7. 37) 
(7.38) 

The effective input capacitance of the circuit appears to be the bracketed 
term in Eq. 7.38. Notice that the mutual capacitance C" has made a 
contribution which is (I - G,) times as great as if it had been connected 
directly across the input terminals. In a · common emitter amplifier, G, 
contains a negative sign. Then, for a common emitter amplifier the effective 
input capacitance would be 

Cln = Cll + C,,(I + IReG,1l (7.39) 

where ReG, refers to the real part of G.,. In case Cll and Cl2 were of the 
same order of magnitude, the effect of C" would completely dwarf Cn ;n 
determining the input capacitance of a high-gain amplifier. 

In the usual case, when the load impedance is not purely resistive, the 
effect of ClI is not purely capacitive but includes either a positive or 
negative conductance term depending on the phase angle of the load. This 
fact may be verified in the following problems. 

PROB. 7.9. If the input signal is V sin (5 x 1(0)t, calculate the input admittance 
of a common cathode triode amplifier which has Cgk = 5 pf, Cgp = 4 pf. 
and G" = 501135°. Determine the effective input capacitance. Answer: 
Y, - (/.03 x 1(/·)".···. 
PROBe 7.10. What is the conductance and susceptance of the amplifier of Prob. 
7.9 when G. - SOl''''? 

It may be seen from Fig. 7. 1 1  that the total effective capaCitance in 
parallel with the effective shunt load resistance, R"" is the sum of the 
effective output capacitance of amplifier I ;  the distributed wiring capaci
tance, Cw, and the effective input capacitance of amplifier 2. Again, the 
effective output capacitance of amplifier I may be determined by finding 
the sum of the currents which would flow through C" and Cl3 as related 
to the output voltage Vol' This sum. in the s domain, is 

101 = SC13VOI + SCI2(Vo1 - Vil) 
but. for an active amplifier, Vii = VD./G" •. Then 

I" = s[ Cl3 + C12( I - dJJ V,l 

(7.40) 

(7.41) 



Since G., is normally large in comparison with unity, the term I/G •• may 
be neglected. Consequently, the effective output capacitance is approxi
mately C .. + Cia' The total shunt capacitance in parallel with R •• is then 

C .. = Cn + C" + C� + C" (7.42) 

where CO2 is the effective input capacitance of amplifier 2. From Fig. 7. 1 1  
and Eq. 7.38 

C" = C" + C,,(I - IReG •• 1) (7.43) 

where ReG •• is the real part of the transfer function G.,(jw). 
As a result, the total effective capacitance in parallel with the load resist
ance of amplifier I is, within the useful range of the amplifier, approxi
mately 

C", = C18 + C" + C� + C" + C,,(I - IReG.,!) (7.44) 

The reactance of capacitance C •• is part of the load impedance of ampli
fier I .  The effect this reactance has on the response of the amplifier will be 
discussed in detail in the next section. However, some casual observations 
should be made at this point. First, the gain of an R-C coupled amplifier 
will decrease as the frequency increases because of the reduction in load 
impedance caused by the effective capacitance in parallel with the load 
resistance. Second, the effective input impedance of an amplifier becomes 
part of the load impedance or the preceding amplifier and therefore affects 
only the transfer function of the preceding amplifier. Similarly, the input 
impedance of the first amplifier stage becomes part of the load of the 
exciting source for that stage. Consequently, the input impedance of any 
stage does not affect the transfer function of that stage; but it does affect 
the character of its excitation. 

At this point, the observing reader may be seized with a mild case of 
panic as he becomes aware that the transfer function of any amplifier is 
dependent on the input impedance and consequently the transfer function 
of the following amplifier. This condition, known as "interacting" 
stages, requires that a simultaneous solution be made of the entire ampli
fier rather than considering it one stage at a time. In addition, the negative 
conductance (or resistance) term which appears in the input admittance 
(or impedance) when the amplifier has an inductive load should cause 
concern over the stability of the amplifier because sustained oscillations 
frequently occur in devices which exhibit a negative resistance character
istic. 

From the foregoing discussion and problems, it should be evident that 
capacitance between the input and output circuits of an amplifier may be 
very detrimental at high frequencies. As indicated in Chapter 6, the 
pentode tube is frequently an easy solution to the problem when the 
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amplifier is called on to handle high frequencies. Also, transistors which 
have extremely small collector-base capacitance are available. The 
grounded grid or common base amplifier configurations may also be used 
to advantage under certain circumstances because the grid or base region 
tends to shield the input (emitter) circuit from the output (collector or 
plate) circuit. A technique known as neutralization is also used in some 
cases to eliminate the effects of the input-output capacitance. Essentially, 
neutralization is  accomplished by providing a voltage 1800 out of phase 
with the plate or collector voltage. An appropriate capacitance from this 
voltage point to the input circuit will cancel the effects of the initial 
input-output capacitance. This technique is discussed in detail in Chapter 
8 in conjunction with tuned amplifiers. 

7.S AMPUFICATION AT HIGH FREQUENCIES (SINGULARITIES 
FAR REMOVED FROM THE ORIGIN) 

An equivalent circuit which is suitable for both high and mid-frequency 
amplification is  given in Fig. 7.12. This circuit is based on the low
frequency equivalent circuit of Fig. 7.3. In the high-frequency circuit the 

'2� 

• 
� r 

� : !:: : R, � �cw : == Vo 
Col � R, C" 

r 
.. 

(a) (h) 
Fig. 7.12. High-frequency equivalent circuit for transistor or vacuum tube R-C coupled 
amplifier. 

coupling capacitor has been removed because its reactance is negligible. 
In addition, the equivalent shunt capacitors have been added. The circuit 
of Fig. 7.12b has been further simplified by the combining of the parallel 
resistances into one equivalent resistance R&1I. and the parallel capacitance 
into one equivalent capacitance C,.. With this simplification, the output 
voltage is 

Finally 

V _ 
-I, 

_ 
- I, 

0 - -
y sC •• + t/R •• 

- I, 1 Vo = - --�--C •• s + ( t /R,.C •• ) 

(7.45) 

(7.46) 
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Now, let w, be the frequency at which XCI .. .  = R,.. 
Then 

and 

or 

V _ -T,R.. 1 _ -T R w, 
o - 2 � R.hC6h S + (U2 S + Wz 

For a vacuum tube amplifier 12 = gmV, and 

or 

G" = Vo = -gmR'h Wz 
V" s + cv: 

G" = -K CU2 
S + W2 
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(7.47) 

(7.48) 

(7.49) 

(7.50) 

(7.51) 

Similarly, for a transistor amplifier T, = h,,!,. and I" = V.IR,. Then, 

G, = T" = _ h" R.. w, = -K w, 
(7.52) fill Ri S + ('uz S + Wt 

The time response may be obtained for any exciting function which may 
be specified in the s-domain. For example, to obtain the time response to 
a step voltage input, let V, = - VIs. Then 

V, 
= VG, = 

VK.wL = A + B 

s s(s + w,) s s + w, 
where A = VK, and B = - VK,. Then 

(7.53) 

v, = VK,(1 - .-m.,) (7.54) 

A sketch of the output as a function of time is presented in Fig. 7.13. 
The output voltage rises exponentially toward the value VK,. The "rise 
time" is, by definition, the time required for the voltage to rise from 10 % 
of VK, to 90% of VK,. This rise time is about 2.2Iw, or 2.2R •• C.,. 

PROD. 7.11. An amplifier has R .. = SO KO and C .. = 100 pr. What will be 
the rise time of the response if a unit step function is applied to the input? 
Answer: I J usu. 

An expression for the steady-state frequency response may be obtained 
by letting s = jw. Then Eq. 7.52 becomes 

G(jw) = -K w, = _K_--=I=-_ jw + "" 1 + j(wlw,) 
(7.55) 
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Fig. 7.13. The effect of shunt capacitance on the time response. 
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Fig. 7.14. Frequency and phase response at high frequencies. 
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Fig. 7.15. Pole-zero plot for high-frequency case of an R-C coupled amplifier. 
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A sketch of gain and phase as a function of frequency is presented in Fig. 
7.14. The high-frequency range is defined as these frequencies above O. lw,. 

A pole-zero plot of Eq. 7.52 (or 7.51) is given in Fig. 7.15. In this plot, 
there is a pole at - W27 but there are no zeros except at infinity. The 
numerator in Eq. 7.52 is a constant (w,) ; therefore, the amplitude response 
at real frequencies is proportional to w, divided by the distance from a 
specific value of s on the jw axis to the pole at -w,. In this case, the 
scale factor has a value of K. 

jw 

��--------------------------��-----v 

la) 

Amplitude 
K --- - -A"------''---'----------'''- - - - - 270· 

225· 

0.7 K 

Phase 

O.L-__ -L __ ��------------------�----�--�w· 
O.l� c.Jl 10Wl 0.1(0)2 "'2 10w2 

Ib) 
Fig. 7.16. Characteristics of an R-C coupled amplifier. (a) A pole-zero plot of the R-C 
coupled amplifier; (b) frequency response and phase shift of an R-e coupled amplifier. 

The pole-zero plot for the high-frequency case (Fig. 7.15) and the pole
zero plot for the low-frequency case (Fig. 7.8) both represent the same 
R-C coupled amplifier. Therefore, a reasonable conclusion might be 
drawn that the poles and zeros of these two cases might be included in a 
single pole-zero plot, as shown in Fig. 7. 160. This is a pole-zero plot which 
represents the entire R-C coupled amplifier, including the stray shunt 
capacitance. From this pole-zero plot and inspection of the transfer 
functions for the low-frequency and high-frequency cases, the following 
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transfer function may be written for the R-C coupled amplifier. 

G = -K SW2 

(5 + W,)(S + w,) 
(7.56) 

Notice that Eq. 7.56 reduces to the low-frequency equation 7. 19  when s is 
small in  comparison with W2' When s is large in comparison with W1• 
Eq. 7.56 reduces to the high-frequency equation 7.5 1 .  Also when s is 
large in comparison with W1 but small in comparison with CO2. G appro· 
priately reduces to -K. 

The complete frequency response of the R-C coupled amplifier may 
either be obtained by piecing together the results from the low-frequency 
and high-frequency equivalent circuits or by replacing s by jw in Eq. 
7.56. To show the detail of the variation of gain with frequency at both 
ends of the frequency spectrum, it is necessary to use a logarithmic 
frequency scale. However, since the ear responds logarithmically to both 
frequency and amplitude variations, a logarithmic frequency scale is 
realistic. The gain scale may be either logarithmic or linear. A complete 
frequency response curve as well as the complete phase response is drawn 
in Fig. 7. 16b. 

PROD. 7.12. An R-C coupled amplifier has R. � 50 KO, R, � 1 megohm, 
r. = 10 KO, Cc = 0.05 I'f, COl = 10 pf, C" = 100 pf, Cw - 20 pf and gm � 

2000 .umhos. Sketch a frequency response curve for the amplifier. Indicate /1'/21 
K, low-frequency range, mid-frequency range, and high-frequency range. 
Ans",,,: /. = 3.16 Hz, K. = -16.5,/, = 148 KHz. 

The complete time response for any given input signal can be obtained, 
as previously discussed, by taking the inverse transform of the s-domain 
excitation and transfer function product. For example, the complete time 
response of the R-C coupled amplifier may be obtained with the aid of the 
complete transfer function Eq. 7.56 as follows. Let the input be a step
voltage having magnitude - M. 

MK SW2 W2 V, = - = M K .,----""'-----5 (s + w.)(s + w,) (s + w.)(s + w,) 

Using partial fraction expansion, we find that 

v = MK 
w, 

_ 

A + B 
• (s + w,)(s + w,) s + w, s + w, 

From an evaluation of A and D, 

A = MK(V2 
; 

Wz - (Ut 
B = _ MKw, 

(1)2 - wJ 

(7.57) 

(7.58) 
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Take the inverse transform ofEq. 7.58, noting that w, is usually very large 
in comparison with W1; then 

(7.59) 

The plot of Eq. 7.59 is difficult to make for a well-designed amplifier 
because a time scale which is appropriate for showing the rise time will 
not illustrate the exponential decay caused by the coupling capacitor, 
and vice-versa. This problem is solved when the response is displayed on 
an oscilloscope by using a fast sweep to view the front edge response (rise 
time) and a slow sweep to view the exponential decay or sag. Figure 7.17 
is a sketch of the response v, as a function of time. In this sketch, the 
chosen ratio of (02 to Wl is small in comparison with a well-designed 
amplifier. 

KM 

0.63 KM 

0.37 KM 

-----"""'��;;::::::::-::-:=-r----- - --- -
- -"-. --

--
-- - -o �------________________ �L--

-' , 
�2 � 

Fig. 7.17. The complete time response of an R-C coupled amplifier to a step function 
input. 

As previously mentioned, the R-C coupled amplifier is commonly used 
to amplify periodic rectangular pulses. The time-response equation could 
be derived fOT a pulse input by the technique used to obtain Eq. 7.26. 
The derivation would be based on the complete tTansfer function Eq. 
7.56. However, in making a plot of the time response for these pulses, it 
would be almost impossible to display the rise times. Hence the complete 
response would appear almost identical to Fig. 7.6, assuming the excitation 
to be the same in the two examples. 

PROD. 7.13. Derive an expression for the time response of an R-C coupled 
amplifier to a periodic rectangular pulse of amplitude M. duration d, and 
period T. 

7.6 DIFFUSION CAPACITANCE 

The preceding discussion may have given the impression that the shunt 
capacitance of an amplifier is the only cause of deteriorated performance 
at high frequencies. This impression is approximately true for an R-C 
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coupled vacuum tube amplifier, but for a transistor, the junction capaci
tance is not strictly a shunt capacitance, as illustrated in the equivalent 
circuit of Fig. 7.18. In this figure the effective base resistance, r., prevents 
either Cl or C, from being a pure shunt capacitance. Actually, the base 
resistance is distributed throughout the thin wafer of base material, and a 
different resistance would exist between each point on either junction and 
the base electrode. Consequently, the equivalent circuit of Fig. 7.18 is a 
gross approximation, but it is a great improvement over the assumption 
that Cl and C, are in shunt with the emitter-base and collector-base 
terminals, respectively. As far as the collector junction capacitance C, is 
concerned, the resistance rb produces the effect of a capacitor having loss. 

i, � -=+- < • .. 

�: �� 
-,-+- " " 

'2 
V, V, 

• ,. � rb � 
Fig:. 7.18. An approximate high-frequency circuit for a transistor. 

This resistive component will have little effect on the performance of an 
R-C coupled amplifier but will need to be included in the analysis of other 
types of amplifiers such as tuned amplifiers which will be considered in 
Chapter 8. 

In reference to Fig. 7.18, the capacitance C. is actually composed of two 
different capacitances: one is the emitter-base junction capacitance C. 
which has been discussed previously, and the other results from the carriers 
which are injected from the emitter into the base. The charge from these 
carriers is neutralized by oppositely charged carriers entering the base from 
the external circuit, as discussed in Section 4.4. For example, in a p-n-p 
transistor, the positive charge in the base which results from holes injected 
from the emitter is neutralized by negative carriers entering from the base 
electrode. This means that a positive charge will be transferred across the 
emitter junction whenever the emitter base voltage is increased. and this 
transfer will result in current flow in the base circuit to neutralize the charge. 
Conversely, a reduction in emitter-base voltage reduces the positive carriers 
in the base region. The extra negative carriers then How back out the base 
lead. This transfer of cbarge into and out of the base region is analogous to 
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the charge and discharge of a capacitor. This phenomenon is accounted for 
by a capacitance known as diffUSion capacitance, Cn' 

With the aid of Fig. 7.19, we may develop an expression for the diffusion 
capacitance. The figure shows the distribution of positive charge in the 
base region. The carrier density resulting from injected carriers is Po at 
the emitter junction (x = 0) when the emitter current is at the bias level. 
The carrier density at the collector junction depletion region (x = w) is 
essentially zero, as discussed in Section 4.4, and the carriers 10st by recom
bination are neglected. Thus the charge density decreases linearly with 

Po + Ap 
Po 

o w 
" -

Fig. 7.19. Charge distribution in the base of a p-n-p transistor. 

distance because dp/dx must be constant if the diffusion current is the same 
for all values of x. The density and distribution of negative carriers is 
approximately the same as that of the positive carriers, as discussed in 
Section 4.4. When the emitter junction voltage vE is increased by l1vE• 
the carrier density in the base at the emitter junction is increased by /lp. 
Then, the increase in positive charge in the base is 

/lQ = q /lpwA 
2 

(7.60) 

where A is the cross-sectional area of the active base region. The diffusion 
capacitance is 

But, in reference to Fig. 7.18, 

C _ /lQ 
n - /lvE 

And, using the diffusion equation (Eq. 4.16), we find that 

/li, = qD. /lp A w 

(7.61) 

(7.62) 

(7.63) 

, 
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Then, substituting Eqs. 7.60, 7.62, and 7.63 into Eq. 7.61 we have 

w ' 
Cv = ---2D,pre (7.64) 

It may be seen from Fig. 7. 18 that the signal current to the transistor is 

If, for example, a small input voltage is applied to the transistor 

1,, = V" + sCtVe 
r, 

(7.65) 

(7.66) 

where VI'. is the voltage across the emitter-base junction as indicated in 
Fig. 7.18. If the frequency is low so that the capacitor current I, is 
negligible in comparison with I" the current gain with the output shorted is 

I r: ler .. 
cxo = - = -11 V6 

(7.67) 

where OCo is identical with Cl as defined for the low-frequency circuits of 
Chapter 4. But in the more general case, the current gain with output 
shorted is 

using the value of 0:. in Eq. 7.67, we have 

I 
Let WIZ = -- . Then 

C1r .. 

or 

0:. 0: = --"'''---

0:. 0: = --=-c-I + slw. 

oc = Clo S + Wa. 

(7.68) 

(7.69) 

(7.70) 

(7.71) 

At the real frequency s = jm., 10:1 = 0.7070:,. This frequency m.> or 
preferably f. = w./27r, is koown as the "alpha cutoff" frequency. Then 

(7.72) 

where C, is equal to (CD + C,). 
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PROD. 7.14. A certain p-n-p germanium transistor has an effective base width 
w = 2 X 10-3 cm. Calculate CD at lE = 0.5 ma. If C. is 10 pf, find the value 
off •. Answer: CD = 870pf,/. = 3.28 MHz. 

Transistors which have uniform doping in the base usually have values 
of diffusion capacitance which are large in comparison with the junction 
capacitances C, and Cc- However, manufacturing techniques which 
minimize this diffusion capacitance have made possible the production 
of high-frequency transistors with values of diffusion capacitance of 
the same order of magnitude as the junction capacitances. One 
common type of high-frequency transistor is the graded-base or drift
field transistor. In this type, the net base doping is almost zero at the 
collector junction but the doping increases rather rapidly with distance 
toward the emitter junction. This graded doping produces a nonuniform 
distribution of mobile carriers which tend to diffuse toward the collector 
junction and thus establish an electric field in the base which inhibits the 
diffusion of the majority carriers but assists the diffusion of carriers which 
have been injected from the emitter. This "built in" electric field adds to 
the field which results from the nonuniform distribution of neutralizing 
carriers which are present whenever carriers are injected into the base from 
the emitter. 

The increased velocity of carriers in the graded base decreases the 
diffusion capacitance for a given collector current. Also, the collector
base junction capacitance is low because of the low doping concentration 
and wide depletion region at this junction. This wide depletion region 
also provides relatively high collector-base breakdown voltage. The 
relatively high doping concentration at the emitter junction requires that 
the emitter doping concentration must be unusually high for good emitter 
efficiency. These high doping concentrations result in low emitter-base 
breakdown voltage. 

7.7 THE HYBRID-" EQUIVALENT CIRCUIT FOR A TRANSISTOR 

All the h parameters become functions of frequency when the frequency 
is so high that the junction capacitances and diffusion capacitance can no 
longer be neglected. Also, these capacitances cannot be represented by 
simple lumped elements in the h-parameter circuit. Therefore, an equiv
alent circuit known as a hybrid-," has been developed and widely used to 
give insight into the high-frequency characteristics of a transistor amplifier. 
The hybrid-,", which is shown in Fig. 7.20, is a type of y-parameter 
circuit. The validity of this circuit will be investigated by comparing its 
parameters to those of the h parameters at low frequencies. 
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The input resistance of the hybrid-1T with output shorted is very nearly 
r, + (h" + l)r, since r, is very large compared with (h" + I)r,. This 
input resistance is essentially hi.- The ratio of the open circuit input 
voltage to a voltage v" applied to the output terminals is (h" + l)r,lr, = 
'dlr. = hr •. The short drcuit output current is gmV

'
tw This current must 

be equal to h,';, at low frequencies if the circuit is valid. Then 

(7.73) 
But, from Fig. 7.20 

(7.74) 

c, 
" " 

B 
i. r. b' .

r, -
••• e 

(hfr+ 1)71' :- , �el .'b< 'mU'N t = e ... 
E 

Fig. 7.20, The hybrid""1J" equivalent circuit. 
Then 

and 
(7.75) 

g = 
hI, (7.76) m (h" + l)r, 

But, as shown in Chapter 4, I lr, = g, = :rIIE1. Also since h" /(h" + I) = 
"', 

Then 

I _ h" le 
E - (7.77) 

h" + 1 

gm = :rl/ol (7.78) 

where le is the Q-point value of collector current. 
The capacitor Cl was identified in the preceding section as the sum of 

the junction capacitance C, plus the diffusion capacitance C n. In Fig. 
7.18 of that section, Cl was shown as being in parallel with r .. and in Fig. 
7.20, Cl is shown as being in parallel with (h" + l)r,. However, the 
circuit of Fig. 7.18 is a common-base circuit and the emitter current flows 
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through r,. In the common emitter circuit of Fig. 7.20, only the base 
current (approximately) flows through the fictitious resistance (hi' + I)r,. 
The voltage developed across these two resistances is, therefore, the same 
in the two circuits. 

The capacitor C, represents the junction capacitance between the 
collector and the active portion of the base region. The capacitor Co 
represents the capacitance which exists between the coHeetor and emitter 
terminals exclusive of Co. Thus Co accounts primarily for header and 
lead capacitance plus the capacitance associated with the outer perimeter 
of the collector junction which does not involve TO" Manufacturers 
frequently list a value of common-base output capacitance with input 
open Cob' This value of Cob is essentially equal to Co + Co. 

c, 
B - " 1\ c 

(h!,+ l)r" � C" � u' .. �11'= t � � = 
NmlJ'be ..i �,' S 

E 

Fig. 7.21. A medium and high.rrequency hybrid-rr circuit. 

At moderate and high frequencies, the reactance of C, is small in 
comparison with r, and the hybrid-7T circuit can be simplified as shown in 
Fig. 7.21. In this circuit the admittance g, has been added in the output 
to account for the effect which base width modulation (represented by r,) 
has on the output admittance. This go is a function of driving source 
resistance and is equal to ho� when the input is open (infinite source 
resistance). 

A frequency known as the beta cutoff frequency is frequently associated 
with a transistor. This is the frequency at which the short circuit forward 
current gain is reduced to 0.707 of the low-frequency value. Sincegm is not 
a function of frequency, beta cutoff frequen�y occurs when v'" is at 0.707 
of its low-frequency value. But, assuming i. is constant, Fig. 7.21 shows 
that V'b' will decrease to 0.707 of its low-frequency value when the react
ance of C, + C, in parallel is equal to (hi' + I)r,. Therefore, 

1 w. 
CtJ� = � 

(hi' + l)r,(C, + Co) hi' + 1 
PROD. 7.15. Verify both forms of Eq. 7.79 assuming C, » Co' 

(7.79) 
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-vIA. 

(h{f! + l)re � � 

b' 

:=. v'b< t 
Cl + Cc(1 + Re!gmZLi) Kmtfbe 

E 

go 
: � : " 

Co 

Fig. 7.22. Equivalent circuit showing the effect of ZL on the effective shunt capacitance. 

This wp is the radian frequency at which fJ (or h,,) drops to 0,707 fJ, 
where fJo is the low-frequency value of fJ, 

When the transistor is used in an amplifier circuit, the base-collector 
junction capacitance is effectively multiplied by the voltage gain v"iv'" 
as discussed in Section 7.4. As seen in Fig. 7.21, the current through the 
capacitance Cc is proportional to the difference between V/be and Vw 
Since Vcg = -gmv'b�D the circuit of Fig. 7.22 is essentially equivalent 
to the circuit of Fig. 7.2 1 .  The capacitance C', has been replaced by Co in 
Fig, 7,22. This capacitance C, accounts for the effect which C, has on the 
output capacitance as well as the effect of C'o. The current through Cc 
affects the voltage v' k Thus, Co is a function of the driving source 
resistance as well as the frequency and is usually much larger than Cob' 
For complete equivalence, a conductance G = C, (imag gmZL) should 
be placed in parallel with C,. This conductance is usually negligible in 
R-C coupled amplifiers, but becomes important in tuned amplifiers 
(Chapter 8). 

In the preceding discussion, the transistor was assumed to be driven by 
a current source i,. A comparison of Fig. 7.22 and Fig. 7.21 will show 
that the upper cutoff frequency of the amplifier will decrease from Jp 
when the real part of the load impedance increases from zero, assuming 

i. � 

t R. 

C + 

B rb 
••• 

• 
(h" + l)r,: 

l + R Z ,/ 

b' 

:" 

E 

v'" I gmv'b 

C 

go : ::: Co : 

Fig. 7.23. Equivalent circuit showing the elfect or source resistance R, on the frequency 
response. 
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i, to be constant. In contrast, the cutoff frequency of the amplifier may 
increase from /, if the transistor is driven from a source which has finite 
resistance R,. as illustrated in Fig. 7.23. The resistance (hu + l)r. is in 
parallel with r. + R.. and thus the shunt resistance is reduced. The 
upper cutoff frequency in radians per second is 

w, = I _ 
1 

(7.80) 
R •• C.. [(hI, + l)r, 11 (r, + R.)][C. + C.(I + Re[gmZL))) 

where the parallel bars 11 indicate the parallel combination of (hI, + I),. 
and (r, + R.). From Eq. 7.80, it can be seen that the maximum upper 
cutoff frequency is attained when both source and load resistances 
approach zero. Then 

I max £02 = :-:c--...,.,.-;;---::-::----=-: 
[(hI' + I )r, 11 r,HC. + C, ] 

(7.81) 

This maximum value of £02 is sometimes called the transverse cutoff 
frequency. 

The value of w, calculated from Eq. 7.80 will be higher than the actual 
cutoff frequency because the stray wiring capacitance and other shunt 
capacitances external to the transistor on the input side have not been 
included in the circuit. The resistance rb prevents the inclusion of these 
capacitances directly in parallel with C • .  However, in a high frequency 
transistor, r. is usually quite small and only a slight chance for error is 
introduced by lumping the input circuit capacitance with C.. In lower 
frequency transistors, the stray circuit capacitance is usually negligible 
in comparison with the diffusion capacitance. 

The junction capacitance of a field effect transistor can be included in 
the conventional y parameter circuit given in Chapter 6. However, the 
capacitance between the gate and the drain has an effectiveness 

C,d(i + R, lgmZ,,1) 

as previOUSly discussed. Therefore, the high-frequency equivalent circuit 
for a field effect transistor is as shown in Fig. 7.24. The total shunt 
capacitance is 

where 
Cw is the stray circuit capacitance 

C�, is the gate·source cap�citance 

Then the upper cutoff frequency in radians per second is 

I £02 = -"--
R,hC'h 

(7.82) 

(7.83) 
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G D 

i. t c .. + C.d(l + Refg",zLl) 

t R,.. : • 
: ; ! 6mU6'( D : :Kd : � R.: vr 

s 
Fig. 7.::W. Highafrequcncy equivalent circuit for a field-effect transistor. 

where R •• is the parallel combination of R, and the driving source re
sistance R.... Since the FET is especially attractive as an amplifier for 
signals which are provided by a high impedance source, some compromise 
of voltage gain may be necessary in applications which require a high 
value of "',. The term C,d(l + Re IgmZLI) is usually the predominant 
circuit capacitance. 

PROD. 7.16. A given transistor has hI' = lOO, hi� = 1750 0, hoe = 50 ,umhos, 
hr' = 6.25 X 10-·, Cob = 10 pr and w6 = 4 x lOO radians per second at the 
quiescent operating point le = 2.0 ma and VOB = 5 volts. Assuming the 
capacitance Co to be 1 pr, determine the value of the elements of the hybrid 'TT 
circuit shown in Fig. 7.20, including Gm. at the operating point given. Assume 
T = 17'C. 

PROB. 7.17. A high-frequency transistor which is operated at lc = 10 ma and 
VCE = 10 volts has ht, = lOO, r. = 100 n, J. = 3.0 mc, and C, = 6 pr. The 
a...c load resistance is 500/0° n and the driving source resistance is 1 KO. 

a. Determine the upper cutoff frequency of the amplifier. 
h. Determine the upper cutoff frequency if the driving source resistance is 

reduced to 100 ohms. 

7.8 GAIN-BANDWiDTH PRODUCT 

f. \ The product of gain and bandwidth is essentially constant for a specific 
�""'H . e... J(;) tube. The bandwidth B = w, - "''' but "" is usually very small compared 

• with "'2' Therefore, B � "',. The gain is considered equal to the reference 
('/. ,e \ gain throughout the useful range of the amplifier. Therefore, the gain\.. � Sri bandwidth product for a tube amplifier is 

But 

then 

GB = gm 
C .. 

(7.84) 

(7.85) 

(7.86) 
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When several cascaded amplifiers are required for a specific application, 
the tube should be selected at least partially on the basis of the ratio of 
transconductance to total tube capacitance. This ratio is defined as the 

figure of merit for a tube. The figure of merit of a stage could be defined 
as the ratio of the transconductance of the tube to the total capacitance 
of the stage C ••. 

Table 7. 1 lists the figure of merit for several tubes. Triodes are not 

TABLE 7.1 

Figure of Merit for Some Typical Pent""'" 

Tube C, C •• C. gm gm/C •• 
Type I'l'f I'l'f I'l'f ,umhos IO' radians/sec 

6CB6 6.S 0.010 3.0 6,200 653 
6AK5 4.0 0.020 2.8 4,300 630 
6AC7 1 1 .0 0.015 5.0 9,000 562 
6AU6 5.5 0.003 5.0 5,200 495 
6SJ7 6.0 0.003 7.0 2,000 154 

included because their effective capacitance is dependent on the gain of 
the amplifier. 

The figure of merit of a transistor is usually considered to be the 
product of low-frequency common emitter current gain and the beta 
cutoff frequency. Thus 

/, = {J.f. (7.87) 

where f, is the frequency at which the extrapolated value of common 
emitter current gain is unity. The alpha cutoff frequency is approximately 
equal tof,. 

7.9 TRANSFORMER COUPLING 

The transformer has some inherent advantages as a coupling device. 
For example, the ohmic resistance of the windings may be small in com
parison with the a-c impedance. As a result, the efficiency may be much 
higher than in the R-C coupled amplifier. In addition, the turns ratio may 
be chosen so that impedance matching may be utilized to obtain maximum 
power gain, and hence, maximum voltage or current gain. For example, 
the input impedance of a vacuum tube may be higher than its output 
impedance; therefore, a step-up transformer could be used to increase · 
the voltage amplification. The input impedance in a transistor is usually 
lower than the output impedance. Consequently, a step-down transformer 
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could be used to increase the current gain of the amplifier. In each case 
the gain is approximately equal to the product of the gain of the amplifying 
device and the turns ratio of the transformer. 

The circuit diagram of a typical transformer coupled transistor amplifier 
is shown in Fig. 7.25. Stabilized bias is used for this example. Observe, 
however, that signal currents do not flow through the bias resistors in the 
circuit shown. Therefore, a high degree of temperature stability may be 
realized without sacrificing signal power gain. In this circuit, the ohmic 

Vcc 

Fig. 7.25. A transformer coupled transistor amplifier. 

resistance of the transformer secondary is part of the equivalent bias resist
ance RB• The design of the amplifier may be carried out with the aid of the 
characteristic curves provided in Fig. 7.26. As a first step, the collector 
supply voltage V cc is determined by the power output requirements of the 
amplifier. In this example, 9 v will be used for V cc' The d-c load resistance 
is the ohmic resistance of the primary winding, which is normally quite 
small. Consequently, the d-c load line is almost vertical, as illustrated 
in Fig. 7.26. To obtain maximum power gain and hence maximum current 
gain, the a-c load line is drawn with a slope approximately equal to that 
of the collector characteristic at the operating point.' This small slope 
permits the quiescent point to be chosen at a low value of caBeetar current. 
For convenience, the point selected in the iHustration is the intersection of 
the d·c load line with the curve in � -30 ,..a. The relatively small collector 
currcnt coupled with the small d-c voltage drop in the transformer primary 
yields a collector circuit efficiency which is high compared with that of an 
R-C coupled amplifier. 

4 Although the output admittance of the transistor may differ appreciably from ho• 
the impedance match will be reasonably good if the OUlput resistance is assumed to be 
l/ho• A more precise matching procedure is presented in Chapter 9. 
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After the quiescent point has been selected, the bias circuit components 
may be determined in accordance with the temperature stability require
ments as discussed in Chapter 5. 

An equivalent circuit of the transformer coupled amplifier is given in 
Fig. 7.27. This equivalent circuit may represent either a transistor or a 
tube amplifier, depending on the specification of the currentI. At this time, 
the transformer will be assumed ideal. That is, the coefficient of coupling 
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Fie. 7.l6. Characteristic curves used for the design of a transformer coupled. transistor 
amplifier. 

will be considered unity, the magnetizing current negligible, and the ohmic 
resistance of each winding negligible. Then the voltage and current 
ratios of the transformer are proportional to the turns ratio. In Fig. 7.27 
the ratio of primary turns to secondary turns is D. Then the source current 

(7.88) 

(7.89) 

(7.90) 

Maximum power will be transferred to the load when R, = a' R,. In 
this case 

(7.91) 



176 

!t-o -
I + av, 

� " 

Ri 

Electronic EngioeerlDg 

Fig. 7.27. An equivalent circuit for a transformer coupled amplifier. 

The secondary current 
i = v, = aI (7.92) , 

R 2 , 
When the amplifier is a common emitter transistor, I = hteiIJ. Maximum 

power transfer is attained when 

Then 

K. = � = aht• = ht. (R'r � ib 2 2 Ri 
(7.94) 

Since R, is usually much smaller than R, in the case of a transistor, a step
down transformer would be used (a > I). Equation 7.94 shows that the 
current gain will exceed h'e when a exceeds two. 

When the amplifier employs a vacuum tube I = g mV, and, when Eq. 
7.9\ for maximum power gain is used, 

And 

since R. = a2Rt. 

g=m",v."a:..:R.:.!, v = -, 
2 

(7.95) 

2a 
(7.96) 

For a triode tube, R, is usually large in comparison with R, which is r •. 
Then a step-up transformer is used (a < I). When I Ja exceeds 2, the 
voltage gain exceeds gm' 'Sf which is "'. 

PROD. 7.18. Calculate the current gain of the transistor amplifier of Fig. 7.26 if 
R(J � l/ho• = 30 KO, R. � hi. = 1.5 KO, and hIe = 50. Specify the turns ratio 
of the transformer. Compare this gain with that of an R�C coupled amplifier 
using the same transistors. Assume Ro and Ri to be the same in each case and 
neglect the signal currents through the biasing resistors. Also assume that the 
d-c load resistor Re in the R·C coupled amplifier is large in comparison with Ri' 
Answer: a - 4.47, K, = llI.7, Ki = 45.4[or R-C amp. 
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The approximation that R, = l/hN and Ri = hi. will not be valid under 
all conditions. Accurate values of Ri may be obtained from the equivalent 
circuit of a particular transistor configuration if the load impedance is 
known. Therefore, the design of an amplifier normally proceeds from the 
load toward the input. Since the transistor does not provide complete 
isolation of its input circuit from its output circuit, a simultaneous solution 
of the entire amplifier circuit would be required in order to obtain ideal 
impedance matching for a specified set of conditions. However, this 
method of solution may be very complex and tedious. Fortunately, the 
order of accuracy required does Dot justify a simultaneous solution. The 
output impedance of the transistor may be obtained with sufficient accuracy 
when the input is furnished by a transformer if it is asssumed that the 
driving source impedance is hi.' 

7.tO FREQUENCY RESPONSE OF A TRANSFORMER 
COUPLED AMPLtFlER 

The transformer may be represented by an equivalent Tee as illustrated 
in Fig. 7.28a.' R, and L, are the resistance and leakage inductance of the 
primary. Also, the resistance and leakage inductance of the secondary, 
R2 and L2, have been referred to the primary by the multiplication factor a2� 
where a is the turns ratio of the primary to secondary. In addition, the 
mutual inductance M and load resistance R, have been referred to the 
primary. The distributed winding capacitance and circuit wiring capaci
tance have been neglected. 

Basic text books which treat inductively coupled circuits show that the 

R, L, a2R2 a'L, 

aM a2Ri 

la} 

r 
Ol12 it I R 

r 
at>.! 

Ib} 

Fig. 7.28. (a) The equivalent T circuit is used to represent the transformer in a trans
former coupled amplifier. (b) The IOW-frequency equivalent of (a) fur a tightly coupled 
transformer . 

• Hugh Hildredth Skilling. Electrical Engineerlng Circuits. Second Edition. Wiley, 
p. 341, New York, 1965. 
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mutual inductance is 
(7.97) 

where k is the coupling coefficient, L11 is the self-inductance of the primary, 
and L,. is the self-inductance of the secondary. Then, since L22 = Lnla', 

aM = kLlI (7.98) 
Figure 7.28 shows that the total self-inductance of the primary is 

L" = L, + aM = L, + kLIl 
Then 

L, = (1 - k)LIl (7.99) 
The term 1 - k is the fraction of primary flux which does not couple the 
secondary winding. Then L, is the leakage inductance of the primary. A 
typical coupling transformer has a coefficient of coupling k of the order of 
0.99 or higher. Therefore, at low and middle frequencies, the leakage 
inductances may be neglected because their reactances are small in 
comparison with the reactance of the primary and the associated amplifier 
resistances Rc and Ri' Also the resistance of the transformer windings, 
R, and R, are negligible in comparison with R, and R,. Consequently, a 
simplified low-frequency circuit may be drawn as shown in Fig. 7.28b, 
where R is the parallel combination of R, and a'R,. The output voltage is 

V. - f RsLIl 
a 2 - - 1 

R + sLlI 
s a V, = - f, R _-":-::--

s + RILIl 

(7.100) 

(7.101) 

When maximum power gain is achieved, a'R, = R, and R = R,/2. Let 
"', be the frequency at which the reactance of the· primary is equal to the 
resistance R. Then 

and 
s aV, = - f,R -"--

S + Wl 

(7.102) 

(7.103) 

As for the R-C coupled amplifier, Eq. 7.103 can be reduced to 

G = -K s (7. 104) 
S + W1 

where K is the reference gain of the transformer coupled amplifier (Eq. 7.94 
or Eq. 7.96). The negative sign may or may not precede K, depending on 
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the method of connecting the transformer. The gain equation has the 
same form as the R-C coupled amplifier in the low-frequency range. The 
frequency, phase, and time response would be identical in the two types of 
amplifiers in this range, providing that W1 is the same in each case. 

PROB. 7.19. A common emitter transistor amplifier has Ro = 20 KO. A cou· 
pling transformer provides an impedance match to the following transistor. What 
primary inductance will be required if 11 = 30 Hz? Answer: L - 53 h. 
PROD. 7.20. Approximately what primary inductance will be required for the 
transformer of PTob. 7.19 if a 10% sag is permitted for a rectangular pulse of 
1 msec ? 

The chief disadvantage of the transformer as a coupling device may be 
the large inductance required for satisfactory amplification of long pulses 
or low frequencies. Under these conditions, the transformer would be 

R. 
c. aM Ci 

.' 

Fig. 7.29. High-frequency equivalent circuit for a transformer-coupled amplifier. 

costly and bulky. As a result, the cost or weight may be a major concern 
and may outweigh the several advantages of a transformer. Miniature 
transformers are available for coupling transistor amplifiers. However, 
those designed for audio frequency amplification generally have poor low
frequency response. In contrast, rectangular pulses of rather short 
duration [a few microseconds) may be amplified with little distortion when 
a miniature transformer is employed. 

The leakage inductance cannot be neglected at high frequencies or large 
values of s. The shunt capacitance of the circuit, as well as distributed 
capacitance of the transformer, also needs to be considered. An equivalent 
circuit which includes the circuit capacitance is given in Fig. 7.29. In this 
circuit, the capacitance C. includes the distributed capacitance of the 
primary, and C, includes the distributed capacitance of the secondary. As 
a word of caution. considerable inaccuracy results from representing 
distributed capacitance by a lumped capacitor. However, fairly good 
qualitative ideas may be gained concerning the transformer performance. 
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If a highly accurate equivalent circuit were devised, the circuit complexity 
would present a formidable solution. The reactance of the magnetizing 
inductance aM is so large at high frequencies that it can be removed from 
the equivalent circuit. Consequently, the leakage inductance a'L, can be 
combined with L, to produce a total leakage inductance 2L,. This fonows 
because 

r.. = (1 - k)L" 
or 

aIL, = a'(l - k)L" 
but since a'L" = £" ,  

a'L, = (I - k)Lu = £, 

(7.105) 

(7.106) 

(7.\07) 
The simplified equivalent circuit is presented in Fig. 7.30a. A further 
simplification is shown in Fig. 7.30b. In this circuit the secondary resistance 
referred to the primary a'R, has been lumped with the primary ohmic 

AA 000 'VV 
B 

A ,n '000 
R L 

• � � < 1 I : :: e. c� = ,, -� � I 
R, 

I , -re. ef: :: � R;' 

: R. . ' R • < 

Fig. 7.30. Simplified high-frequency equivalent circuits of the transformer-coupled 
amplifier. 

resistance to form R. To simplify the symbolism, symbol C,fa' has been 
changed to C', and a'R, has been changed to R' , . The nodal equations 
for the circuit of Fig. 7.30b are 

where 

(G. + sC. + 1 ) V .. _ 1 VB = -I 
R + sL R + sL 

_ 

1 V ... + (Go, + se', + 1 ) VB = 0 R + sL R + sL 

G, = IfR, and G', = IfR', 
Solving for VB, we find that 

VB = 
-If(R + sL) 

(7.108) 

(G + sC + 1 ) (Go + se'. + 1 ) _ 1 
, • R + sL j • R + sL (R + sL)' 

(7.109) 



Expanding the denominator, we have 

-I/(R + sL) VB = ------�=--'-='-------

(G. + sC.)(G', + sC,) + G. + sC, + G', + se', 
R + sL 

The transfer function of the transformer is 

G = .!1! = - 1 
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(7.110) 

I (G, + sC,)(G', + sC,)(R + sL) + (C, + C,)s + G, + G', 
(7.111) 

1 

G = _ 

C,C',L 
(7.112) (s + G,) (s + G:.) (s + 

R) + C, +, e',(s + G, + G:,) .C, C ,  L C,C ,L C, + c ,  . 
Equation 7. 1 12  is a third-order equation. 

This third-order equation can be solved by conventional means if the 
coefficients are in numerical form. However. if a general solution is 
required, all possible numerical answers must be found. The root-locus 
technique allows us to make a plot of all possible roots in the denominator. 
This root-locus method is briefly presented in Appendix H. 

Equation 7.112 may be arranged in proper form for root-locus solution 
as follows. 

1 

C,C',L(S + G,) (s + G:,) (s + R) 
G = Cp C ,  L 

1 + C, + C,[ s + (G, + G',)/(C, + C'.) ] C,C',L ( s + �:)( s + �::) (  s + �) 
Equation 7.1 1 3  is of the form 

G = _,-,N_ 
1 + HF 

(7.113) 

(7.114) 

where N is the numerator, H = (C,-+ C',)/(C,C' ,L) and F is the fraction 
in the denominator which involves s. 

In applying the root-locus technique, the pole. and zeros of F are first 
plotted on the s plane as shown in Fig. 7.31. Then the locus of all values of 
s which cause the angle of F to be 180° i. drawn a. indicated in Fig. 7.31. 
Again, the object is to factor the denominator of Eq. 7.112. The roots of 
the denominator occur at values of s which make HF _ 1/180°. Conse
quently, a value of. must be found for which H - I/IFI on each branch 
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Fig. 7.31. The root�locus plot of the denominator of Eq. 7.113. 

of the locus. The spirule, which is a device especially designed for the 
solution of root-locus problems, may be used to locate the point for which 
H = (C, + C',)/(C,C',L) on each branch of the locus. 

Each root-locus branch begins on a pole of F and terminates on a zero 
of F, either finite or at infinity. Thus, there are as many root-locus 
branches as there are poles of F. In this figure, there are three branches. 
Since the value of H must be zero at a pole of F and infinite at a zero of F, 
the values of s which are the roots of the denominator ofEq. 7.1 12 move 
away from the poles of F as H increases. Therefore, when H is small, all 
the roots lie on the negative real axis. The time response, then, which is 
obtained by taking the inverse transform of Eq. 7.1 12, would consist of 
exponential functions. These functions are of the same form as those 
obtained for the R-C coupled amplifier and result in the same general type 
of response as the R-C coupled amplifier. In order for H to be small, 
however, the leakage inductance L and the effective winding capacitances 
Co and C't must be large. But Co, C't, and L, in conjunction with their 
associated resistances (or conductances), determine the location of the 
poles of F. To have good high-frequency response or short rise times, the 
poles of the transfer function and hence the poles of F must occur at large 
values of s. Then CO' C'" and L should each be small to provide good 
frequency and time response. This response criterion usually leads to values 
of H which place the poles of the transfer function (Eq. 7.1 1 3) off the real 
axis on the two branches which depart from the real axis and seek zeros at 
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infinity. A typical location of the poles of the transfer function might be 
at the points Iabeled A in Fig. 7.31. The response here is said to be under
damped in contrast to the overdarnped case in which all the poles are 

located on the real axis. Critical damping occurs when a double pole is 
located at the point where the root-locus branches depart from the real 
axis. 

In the usual underdamped case, the transfer function of the transformer
coupled amplifier may be written as follows. 

G = _ K 
,--___ -,I:1./.::C"',C:;.;' ,"'L'-----:-:-_--,. 
(s + '" + jw,)(s + '" 

- jw,)(s + "') 

where Oh Wo, and 0'2 are obtained from Fig. 7.31 

G = - K  
I/C,C',L 

(s + ",)(s' + 211,s + ",' + w.') 

Equation 7.116 may be written in the form 

G = -K 
I/C,C',L 

(.. + 11,)(s' + 2'w.s + w. ') 

(7. 1 1 5) 

(7. 1 16) 

(7.1 17) 

where w. is the natural resonant frequency (w.' + 11,,)li and S is the 
damping ratio = ",/w •. 

The pole-zero plot of a typical transformer-coupled amplifier, including 
the low frequency pole and zero, is shown in Fig. 7.32. Since the damping 
ratio 1: = 11,/w", the cosine of the angle 0 is also equal to s. The complete 
transfer function of the transformer-coupled amplifier can be written from 

it» 

,eTI Wl 
I 
I 
I 
I x-------- - Wo  

Fig. 7.31. The complete pole-zero ploc of a typical transformeI'-Coupled amplifier. 
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Fie. 7.33. Front edge response of a transformer--coupled amplifier. 

inspection of Eqs. 7.104, 7. 117, and Fig. 7.32. 

G = - K  sIC,C',L 

(s + ",,)(s + O",)(s' + 2e"'fts + "':) 
(7.118) 

The factors e and ruft primarily determine the high-frequency or rise 
time response characteristics of the transformer. The front edge or rise 
response to a step input voltage is plotted in Fig. 7.33a for various values 
of e, with ruft held constant. The response is plotted for various values of 
ruft in Fig. 7.33b with e held constant. The frequency response of the 
amplifier is presented in Fig. 7.34 for various values of C. It is evident 
from the figures that a high resonant frequency, "' .. will provide a short 
rise time and good high-frequency response. The high value of "'ft can be 
accomplished by providing small values of C" C'" and L. For a specific 
value of coupling, the leakage inductance is proportional to the primary 
inductance which is set by the value of R. and the desired ru" as previously 
discussed. For a specific value of primary inductance the leakage induct
ance can be reduced by increasing the coefficient of coupling k. High 
permeability cores and special winding techniques are frequently employed 
in high-quality transformers to provide very tight coupling. 

t � 0.4 
= 0.6 
. 0.8 

;;------....... E::::::� _ 1.0 

'" . 
Fig. 7.34. Frequency response of a transformer-coupled amplifier. 



The distributed capacitance of the windings increases with the number 
ofturns. Consequently, a step-up transformer would have a comparatively 
large secondary capacitance which is divided by a' in referring it to the 
primary. Thus C, may become very large if a large step-up turns ratio is 
used. As previously discussed, £On decreases as C'i increases. As a 
consequence, the step-up ratio of the transformer is restricted by the 
acceptable value of resonant frequency. Usually, a step-up ratio of 3 is 
about the maximum usable value for a good quality transformer. In 
contrast, C', may be very small when a step-down transformer is used. 
Reducing the reluctance of the magnetic path is helpful in reducing winding 
capacitance, because the number of turns would be reduced for a specific 
value of inductance. In addition, special winding techniques may also be 
used to minimize the distributed capacitance. The transformer connec
tions recommended by the manufacturer must be used to realize minimum 
winding capacitance. 

From Figs. 7.33 and 7.34 it is evident that a value of , much lower than 
0.8 would cause an appreciable overshoot when the input is a step function. 
or an appreciable peak in the steady-state frequency response. Of course, 
small values of leakage inductance are helpful in producing large values 
of ,. In addition, the resistance of the windings may be used as a control 
parameter. However, an increased winding resistance may result in a 
reduced efficiency. 

7.11 THE COMMON COlLEcrOR CONFIGURATION 

In the preceding paragraphs, some of the shortcomings of the transformer 
have been discussed. From this discussion, it is evident that the bandwidth 
of the transformer is limited by its ratio of primary inductance to leakage 
inductance. As a consequence, a device which would perform the function 
of impedance transformation throughout a wider range of frequencies 
would be very useful. Fortunately, the common collector amplifier 
configuration meets these requirements in addition to increasing the power 
level of the signal. The �cuum tube version of this type of amplifier is 
commonly known as a cathode follower. Similarly, the transistor version , 
is frequently known as an emitter followg . 

. Figure 7.33a is the circuit diagram of a typical common collector 
transistor amplifier. In this circuit, the load is placed between the emitter 
and the common ground terminal. Furthermore, the input signal is 
applied between the base and the common ground terminal. The collector 
is connected directly to the collector supply voltage V cc. Since the collec
tor supply must be adequately bypassed, the collector is maintained at 
the same signal or a-c potential as the common ground terminal. Thus the 



286 Electronic Engineering 
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R, 

Vi 

Vi + 

V. 

(a) (b) 
Fig. 7.35. The common collector transistor amplifier. (a) Circuit diagram; (b) equiv
alent circuit. 

time-varying input signal actually appears between the base and the 
collector, whereas the output signal appears between the emitter and collev 
tOf, hence the name common collector or grounded collector. 

An equivalent Tee circuit of the common collector connection is shown 
in Fig. 7.35b. In this circuit, the short-circuit current gain may be 
determined by letting RL = O. Then 

-ill =- ill + ie = ib + hl,i/) 

hI, = '.' = -(1 + hI.) 
" 

(7. 1 19) 

(7.120) 

Equation 7.120 shows that the forward current amplification factor of the 
common collector configuration is slightly greater in magnitude than that 
of the common emitter connection. The input voltage v, is found from 
the equation 

(7. 121) 

i, • 

h� h� � "'" -
, h« '" t + h« '" 
hfcib ... 

+ + ;S 
h..." I 

(a) (b) 

Fig. 7.36. The h-parameter equivalent circuit for the common collector configuration 
(a) using common collector h parameters and (b) using common emitter h parameters. 
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The base-to-emitter voltage v.. is normally small compared with v,. 
Therefore, the voltage amplification is approximately unity, and the power 
gain is approximately equal to the current gain. Therefore, the power gain 
of the common collector is smaller than that of the common emitter 
configuration. 

The input and output impedances of the common collector configuration 
may be determined in terms of the equivalent Tee parameters by writing 
Kirchhoff's equations for the circuit of Fig. 7.35b. However, it is more 
convenient to use an h-parameter equivalent circuit as shown in Fig. 7.36a. 
The forward current amplification factor hI, has already been found in 
terms of the common emitter current amplification factor (Eq. 7.120). 
Thus 

(7.122) 

Figure 7.35b shows that with the output shorted, the common collector 
configuration is indistinguishable from the common emitter configuration. 
Therefore, the low-frequency input resistance with the output shorted is 

(7.123) 

When the input is open, it can be seen from Fig. 7.35b that the output 
resistance is r� + 'cI,-since ill, and hence r mill' is equal to zero. Then 

.. 
hoc = hfH 

Figure 7.35b also shows that 

h = r. "" 1 " rd + r, 

(7.124) 

(7.125) 

Thus it should be observed that the common collector h parameters are 
almost identical in magnitude with the common emitter h parameters, 
with the exception of h" which is practically unity. The common collector 
h-parameter equivalen(circuit is redrawn in Fig. 7.36b, using the common 
emitter h parameters. 

With a load resistance RL placed in the emitter circuit the low-frequency 
input resistance may bc calculated from the equivalent circuit of Fig. 
7.37a. Observing that there is no polarity reversal in the emiller follower, 
we see that 

(7.126) 
but 

(7.127) 
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la) (b) 
Fig.7.31. Equivalent circujts for calculating (0) input resistance and (b) output resistance 
of the common collector circuit. 

Substituting Eq. 7.127 into Eq. 7.126, we have 

h . + (h,. + I)ib 
Vi = j,'" hoe + 

GL 
The input resistance 

R. = v, 
= h . + h" + 1 

, I" le hoe + G L 

Usually GL is large in comparison with !oM. In this case, 

Ri � hi, + (h" + I)RL 

(7.128) 

(7.129) 

(7. 130) 

PROD. 7.21. Show that the input resistance of the emitter follower approaches 
re as the load resistance becomes very large. 

The equivalent circuit of Fig. 7.37b may be used to obtain the mid
frequency output conductance when the driving source resistance is Rlr 

(7. 1 3 1) 

(7.132) 

Then 

(7.133) 

(7.134) 

Observe from Eq. 7. 134 and Eq. 7.129 that the emitter follower is an 
impedance transformer with an impedance ratio equal to h,. + 1. The 
total resistance in the output circuit is multiplied by h" + I and added to 
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h .. to produce a very high input resistance for normal values of load 
resistance. Similarly, the total output conductance is h .. plus the input 
circuit conductance multiplied by ht, + I.  

PROD. 7.22. A transistor has the following coefficients : r, = 25 0, r. = 500 0, 
re = 1 megohm, a. = 0.99. Calculate the input resistance of the common 
collector connection with (a) RL = 1 KO. (b) RL = 20 KO. Answer: (a) R, = 
94 KO. 

PROD. 7.23. Calculate the output resistance of the common collector configura. 
tion of the transistor above with driving source resistance Rg (a) 1 KO, (b) 50 KO. 

CB 
I M  I M  r, 

i ] lOO K 
CE .� 10K rd m E 

.. I K  u 
'is. 
� lOO � CC 

i 
-g lOOK -

.� E CE 
.. I K  ." � 
� lOO 
.;: 

10 10 

1 I � � � � - 0 � � 
I I I I - 0 0 
0 0 0 0 - -

� � � � - 0 � � 
I I I I - 0 0 0 0 0 0 - -
- - - - - - - -

RL & 
11, R. 
(a) (b) 

Fig. 7.38. Input and output impedance of the three transistor configurations. 

The variation of input impedance as a function of load resistance for 
each transistor configuration is plotted in Fig. 7.38a. Similarly, the 
output impedance is plotted as a function of driving source impedance in 
Fig. 7.38b. These impedances will all be resistive at mid-frequencies but 
will be complex in the low and high frequency ranges. As the frequency 
approaches beta cutoff (f,), the current gain of the common collector 
configuration decreases in the same manner as in the common emitter 
configuration. In addition, the input impedance decreases in the same 
fashion as the current gain. 

The load lines and quiescent operating point of tbe common collector 
amplifier may be located on tbe collector cbaracteristics in the same manner 
as for the common emitter configuration. The biasing circuits may also 
be similar to those of the common emitter. The d-c resistance of the load 
may be sufficient to provide good current stability with the stabilizing 
resistor (R2) between the base and ground removed. The bias resistor 
(R,) would then carry only the base bias current. This arrangement would 
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Fig. 7.39. Relative power gain as a function of load resistance for the three transistor 
configurations. 

provide maximum input impedance which may be highly desirable. When 
the d-c resistance of the load does not provide adequate stability, an 
additional resistor, properly bypassed, could be placed in series with the 
load. 

Figure 7.39 shows the power gain as a function of load resistance for 
the three transistor configurations. The common emitter configuration 
always provides the maximum power gain, but it is approached by the 
common collector at small values of load resistance and by the common 
base at large values of load resistance. 

7.12 THE CATHODE FOLLOWER 

The vacuum tube version of the common collector amplifier is called 
the cathode follower:- In titis

-
ci�c�it, theToad lSi!ith-e-cathode -SIde-of the

circuit and tlie plai" is connected directly to the V pp supply voltage as 

(al ":" 

r--- Vpp 

c 

ZL 
t r 

r' R.: 
Vi 

C;) 
.... 

R, 
. ZL 

• � 
i' 

� (bl -
Fig. 7.40. Cathode-follower amplifiers. 
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i V, 
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illustrated in Fig. 7.40. Cathode or self-bias may be used in a fashion very 
similar to that of a common cathode amplifier as shown in Fig. 7.40a. 
The voltage drop across resistor RI is used to provide the desired d-c 
potential between cathode and grid. In this circuit the capacitor C is used 
to bypass the a-c components of the cathode current. On the other hand, 
the bias resistance RI may be part of the load resistance Z E as shown in 
Fig. 7.40b. The capacitor C is then unnecessary. In some circuits where a 
large amount of bias or a small load resistance is desired. the resistance RI 
may be the entire d·c load resistance. The grid resistor Rg will then return 
to ground as in the common cathode amplifier. 

rp 
'A. 

p 

� ... : �v., � 
G K 

V'I : �R, �ZL rv• < 

Fig, 7.41. An equivalent circuit for the cathode follower. 

Inspection of the circuits of Fig. 7.40 will reveal that for mid-range 
signalS, 

(7. 135) 

A mid-frequency equivalent circuit of the cathode follower is provided 
in Fig. 7.41 (remember that f' is a negative term). Writing Kirchhoff's 
voltage equation around the loop, we have 

. -!,Vllk " = 
'. + ZL 

. Z -f'V • .zL VO = 'p L = 
'. + ZL 

(7.136) 

(7.1 37) 

(7.138) 

Equation 7. 1 38 would be more useful if the output voltage were obtained 
in terms of the input voltage Vi instead of the grid to cathode voltage Vg..,. 

Using Eq. 7.135, we find that 
• (7.139) 
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Then 

v _ 

-ItZL(V, - Vo) o - r", + ZL 
v (1 _ 

ItZL ) _ -ItZLV, o r" + ZL - r'fJ + ZL 
vir, + ZL - ItZL) = -ItZLV, 

The reference gain 

or 

G = Vo = -ItZL 
Vf r. + (-It + I)ZL 

G = [-1'/(-1' + l»)ZL 
[r./( -I' + 1») + ZL 

(7.140) 

(7.141) 
(7.142) 

(7.143) 

(7. 144) 
Equation 7.144 has the same form as the gain equation of the common 
cathode amplifier. However, both the amplification factor and plate 

Fig. 7.41. Circuit for determining the output impedance of the cathode follower. 

resistance have been reduced by the factor (-It + I). This reduction 
causes the gain to approach -1'/( -It + 1), as the load impedance becomes 
large in comparison with ' ./( -I' + 1). It is evident from this and from 
Eq. 7.135 that the voltage gain must be less than unity. 

To check the validity of the assumption that the output impedance of 
the amplifier is r ./( -I' + 1), a voltage v, is applied at the output terminals 
as shown in Fig. 7.42. Writing Kirchhoff's voltage equation around the 
loop, we have 

(7.145) 
In case the grid resistor returns to ground, the grid remains at ground 

potential and ' 

Then 
V,(-I' + 1) = i.'. 

(7.146) 
(7.147) 
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and 

R = Vi = rJl 
• i. -fJ + 1 

293 

(7.148) 

Consequently, the equivalent circuits of Fig. 7.43 can be drawn for the 
cathode follower. 

In case the grid resistor is returned to a tap on the cathode circuit as 
shown in Fig. 7.4Oa, the grid does not remain at ground potential when a 
voltage V2 is applied to the output terminals; then, the output impedance 
rises. If the driving source impedance were infinite, the circuit of Fig. 7.4Oa 
would have an output impedance equal to r. because v •• = O. In practical 
cases, however, the grid resistance R. may be made large in comparison 

ip .. 

t 6ml)j 

Fig. 7.43. A;;: equivalent circuits for the cathode follower. 

with the driving source resistance and the equivalent circuits of Fig. 7.43 
are approximately correct. 

PROB. 7.24. Determine the output impedance and maximum obtainable gain 
from a 12ATI tube (one triode) when used as a cathode follower. Assume that 
none of the output voltage is fed back into the grid circuit. Also assume }J = 
-60 and TfI = 15 KO. Answer: Zo = 246 O. 

PROD. 7.25. Develop an expression for the output impedance of a cathode 
follower when a fraction of the output voltage k = r ,,/(r fI + Ra) appears between 
grid and ground in the circuit of Fig. 7.40b. Let TII be the impedance of the 
driving source. 
PROB. 7.26. Calculate the voltage gain of a l2A17 cathode follower when 
RL = 5 KO. Answer: G" """ 0.938. 

. 

The input admittance of the amplifier may be determined by applying 
an input voltage v, and solving for the resulting current. Referring to 
Fig. 7.44, we find that 

. 

I, = sC •• V, + sC •• (V, - V,) (7.149) 



294 

Using the relationship V, = GV;, we have 

1, = V;[sC .. + sC,.(1 - G)] 

Y, = 1, = s[C .. + (1 - G)C,.] 
V; 

and the effective input capacitance is 

Cen = C,. + (1 - G)C,. 

Electronic Engineering 

(7.150) 

(7. 1 5 1) 

(7.152) 

Since the gain of the cathode follower approaches unity and has a positive 
sign, the effect of C,. is negligibly small. If a pentode tube were used as 

Vpp vpp 
;. --=---

r t;, r R. t R. t v; R, Vi R, 
v, V, 

R, R, 

- (a) - (b) 

Fig. 7.44. Circuit for detennining input impedance of a cathode follower. 

illustrated in Fig. 7.44h, the grid-to-cathode capacitance would be essen
tially eliminated and the total effective input capacitance would be 
negligibly small. 

Referring again to Fig. 7.44a, we see that if R, is much greater than 
R2 or Rb then 

where 

In case G is real, 

i = v. '>"( l __ A_G--,) 
, • 

R , 

R . = Vi = R, 
1 i, 1 _ AG 

(7.1 53) 

(7. 154) 

(7.155) 

(7.156) 
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When R, = 0, A = 0, R, = R,: but if R, approaches RL, A approaches 
unity and 

(7.157) 

Since the voltage gain of the cathode follower may be almost unity, the 
current gain and power gain may be almost equal to the ratio of the input 
resistance to the load impedance. This would be true when the -po of the 
tube is 10 or higher and the load impedance is large in comparison with 
the output impedance. 

PROD. 7.27. Calculate the effective input capacitance of a cathode follower 
which has C,. � 4 pr, C,. � 4 pr and G � 0.90. Answer: C, � 4.4 pf. 
PROD. 7.28. Calculate the effective input capacitance of a pentode cathode 
follower which has C, � 10 pr, G � 0.90 and Cop � 0.003 pr. 
PROD. 7.29. Calculate the input resistance of a cathode follower which has 
R, � O.S megohm, R, � 1 KO, R, � 10 KO, I' � -20, and r. � 10 KO. 
Answer: Ri = 2.94 MO. 

The gain bandwidth product of a cathode follower circuit is approxi
mately the same as a common cathode amplifier. However. the input 
signal level may be much higher than that of the common cathode 
connection, because 

Vi = vl1k + Vo 
VI' = vgk + GVi 

v,(1 - G) = v .. 
_-=.v,,,.,-v -

' - (I - G) 

(7.158) 

(7.159) 

(7.160) 

(7.161) 

As the gain approaches unity, the input voltage may be very large in 
comparison with the grid to cathode or bias voltage. 

Figure 7.45 illustrates a method of graphical solution of the cathode 
follower. A 3OO-v V pp supply voltage has been chosen and a load line 
drawn for RL = 20 K. A bias of -2 v has been selected as suitable for 
symmetrical input signals. The required bias resistance Rl is 400 n 
since Jp = 5 ma. The remainder of the d-c load resistor R, is then 19,600 n. 
The d-c drop across the tube is 195 v and the d-c drop across the load 
resistance is 105 v. The maximum peak-to-peak grid-to-cathode voltage 
swing is 6 v. This yields a peak-to-peak voltage swing across the load 
resistance of 300 - 1 10 = 190 v. Consequently, the peak-to-peak input 
voltage is 190 + 6 = 196 v, since the peak-to-peak grid voltage is 6 v. 
The voltage gain is H-: = 0.974. If the a-c load impedance is appreciably 
different than the d-c value, an a-c load line should be drawn through the 
quiescent point. 
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Fig. 7.45. Graphical solution of the cathode follower. 

The distortion of the cathode or emitter follower is usually very low 
because the output voltage is so nearly equal to the input voltage at all 
times. If the input voltage were sinusoidal, the output current would be 
almost sinusoidal. This would require that the grid-cathode or base
emitter voltage be nonsinusoidal, as may be seen from Fig. 7.45 where the 
peak grid voltage is only 2 v on the positive half cycle but is 4 v on the 
negative half cycle. This grid-cathode voltage waveform is sketched in 
Fig. 7.46. If the operating point is assumed to remain at VG = -2 v and 
the peak-to-peak amplitude of the input voltage is the maximum permissible 
value of 196 v, the output voltage would have a peak amplitude on the 
positive half cycle of 98 - 2 = 96 v and a peak amplitude on the 
negative half cycle of 98 - 4 = 94 v. This 2-v amplitude difference 
between the two half cycles of the output voltage is only about 1 % of the 
peak-to-peak amplitude of the output voltage, and therefore, represents a 
very small percentage of distortion.' Actually, the Jack of symmetry of 

-2�--+----r---+----�� 

t � -4 --- - - ---- -- - - - -

Fig. 7.46. A sketch of the grid�thode voltage waveform of the cathode follower when 
the excitation is a sinusoid of maximum permissible amplitude. 

f A quantitative discussion of distortion is given in Chapter 10. 
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the output signal slightly increases the average plate current, which in turn 
slightly increases the bias. This increased bias tends to improve the output 
waveform. 

Frequently the input signal is a positive pulse instead of a symmetrical 
signal. Maximum signal-handling capability is then provided if the 
quiescent bias is near p1ate current cutoff. Under these conditions, the 
grid may be maintained at d-c ground potential and the entire d-c load 
resistance used as bias. In the foregoing example, the operating or Q 
point would be located at approximately VG = -6 v, and V p = 300 v. 
This would permit a peak pulse input voltage of 196 v and a pulse output 
voltage of 190 v. 

PROD. 7.30. Given a tube with Cm of 5000 pmhos and an r. of 1 megohm. (a) 
Design an R�C coupled amplifier with a pass band from 30 Hz to 2 MHz. 
Assume wiring and interelectrode capacitance is 50 pf. Also assume the grid 
resistor to the following stage has a value of 1 megohm. (b) What is the mid
band gain of this amplifier? 
PROD. 7.31. Two pentode tubes are to be connected in cascade. The following 
parameters are listed for the tubes : gm = 2000 JAmhos; r", = 1 rnegohm. The 
maximum permissible grid leak resistor is 1 megohm. (0) Design an R-C 
coupled amplifier using the two tubes in cascade. The frequency response should 
be down 3 db at 60 Hz and at 200,000 Hz. (Note that thecain of each stage must 
not be down 3 db at the frequencies listed.) (b) What is the maximum voltage 
gain possible from this amplifier? 
PROB. 7.32. A cathode follower is connected as shown in Fig. 7.47. Note that 
the total load resistance RL = Rl + R2• This load resistance is to be set at 
15,000 O. The input signal v( is sinusoidal. The magnitude of the input signal, 
and the magnitude of the bias resistor RI are each of such a value that the grid
cathode voltage swings from zero volts at one extreme to -4.0 v at the other 
extreme. The internal impedance of the source that delivers Vj is 10 KO; the 

�----1i----��--�--�;==;J---------------:d+ lSO v 
R. = 
10 K 

+ 
v. 

a 

Fi&. 7.47. The circuit configuration for Prob. 7.32. 
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reactance of the coupling capacitor is 1 KO.; whereas, Rg has a resistance of 
1 megohm. Find the value of Ri in ohms. Find the maximum, average, and 
minimum values of voltages at the five different points indicated on the diagram. 
(Vi. Vg, Vat Vh and v�). Express all voltages in respect to point a as a zero reference. 
PROD. 7.33. A 2N2712 transistor is to be used as an amplifier to provide 25 
rnilliwatts of power to a 500 (} capacitively-coupled load. The driving-source 
resistance is 2.0 KO and is capacitively coupled. A thermal stability factor 
S1 = 10 is adequate for this application. Design the amplifier. Determine all 
component values assuming the low frequency cutoff to be approximately 30 Hz. 
Determine the upper cutoff frequency and the rise time of the amplifier. Neglect 
wiring capacitance. 
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Small Signal Tuned 

Amplifiers 

The need frequently arises for an amplifier which will amplify only those 
frequencies which lie within a certain frequency range, or band. This type 
of amplifier is known as a tuned amplifier or band pass amplifier. Radio 
and television receivers, for example, use tuned amplifiers to select one 
radio signal from the many which are being broadcast. Several types of 
tuned amplifiers are discussed in this chapter. The gain and bandwidth of 
each type will be of interest. It will be assumed, in the discussion of tuned 
amplifiers, that the \nput signal is a modulated signal which has a basic 
frequency W.... In this case the amplifier should be tuned to Wo, and the 
required bandwidth will depend on the nature of the modulation (or 
variation) of the signal. The bandwidth requirements of interrupted 
carrier modulation are considered in this chapter. However, the 
band-width requirements of other types of modulation are necessarily 
delayed until later chapters where these other types of modulation are 
considered. 

299 
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8.1 SINGLE TUNED, CAPACITIVELY COUPLED AMPLIF1ERS 

The R-e coupled amplifier may be transformed into a band pass 
amplifier by replacement of the collector or plate circuit resistor with an 
inductor, as shown in Fig. ·8 .1 .  A current source equivalen�ircuit which 

L 

(0) 
Vcc 
(b) 

Fig. 8.1. (a) Tuned pentode amplifier with inductance in the plate circuit. (b) Common· 
emitter amplifier with an inductance in the collector circuit. 

will represent either of the amplifiers of Fig. 8.1 is given in Fig. 8.2. In 
this circuit, C is the total shunt capacitance and RS/i is the total shunt 
resistance of the amplifier and R. is the effective series resistance of 
the inductor. The bypass and coupling capacitors do not appear in the 
equivalent circuit because their reactances should be negligible at the 
operating frequency. 

The equivalent circuit of Fig. 8.2 may be simplified if the series combina
tion of L and R, is transformed into an equivalent parallel combination, 
as follows. Considering the real frequency domain, we find that 

+ i 

: 

ZL = R, + jwL 

1 1 YL = -
= --=--

ZL R, + jOJL 

� � L 

� r  
> p 

�rC 
> 

R. 

: 
:- R, -. 

Fig. 8.2. Equivalent circuit of the amplifiers of Fig. 8.1. 

(8.1) 

(8.2) 
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Rationalizing. we have 

(8.3) 

or 

y _ R, . roL 
(8 4) L 

- R,' + ro't: - J R,' + ro't: . 

This is of the form Y = G + jB. wL is usually large in comparison with 
R,. When wL � 10R" which is known as the high Q case, 

y"" ...&... 
-

j ..!. w2L2 wL 
(8.5) 

This admittance could be produced by a resistance in parallel with an 

� 
I i e t i • R 

: > 

r 
(a) (b) 

Fix. 8.l. Equivalent circuits for a tuned amplifitt:. 

inductive admittance. The resistance 

But 

Q _ wL 
. 

R, 

L "re 

where Q. is the Q of the coil at the specified value of w. Then 

Rv ':::::!. QowL 

v, 

(8.6) 

(8.7) 

(8.8) 

In the high Q case (Q � 10), the percentage variation of either Q or 
w is negligible within the usable frequency range of the amplifier, as will 
be shown later. The effective parallel resistance R. may then be considered 
to be constant. 

It is evident from Eq. 8.5 that the inductance of the equivalent parallel 
circuit is approximately equal to that of the series combination because 
wLn "" l iB = wL. The equivalent parallel Circuit is shown in Fig. S.3a. 
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The equivalent parallel resistance Rv may be combined with R'll to obtain 
the total shunt resistance R as illustrated in Fig. 8.3b. Using the relation
ship of Eq. 8.8, we may define the circuit Q, sometimes called the loaded 
Q, as 

R Q = - = Rw,C 
w,L 

(8.9) 

At the resonant frequency w" the total impedance is R because the 
impedance of the lossless resonant circuit is infinite. Then the output 
voltage is 

v, = -/R (8.10) 

Referring to Fig. 8.3b, we may obtain the s-domain' output voltage V, 
as a function of the s-domain current source I. 

v. = -/ _ -sLI , (I lK) + sC + ( 1/sL) s'LC + s(LIR) + I 

v. _ -sLI _ (-1) s 

,
-

LC[s' + ( I/RC)s + (I /LC)]
-

C s' + (I/RC)s + ( I/LC) 

Equation 8.12 may be written in the standard form as 

v. _ (- 1) s . 
(I - C 52 + 2'wns + wn2 

(8. 1 1) 

(8.12) 

(8.13) 

where Wn is the undamped resonant frequency (LC)-K and the damping 
ratio { = 1/2RwnC. From Eq. 8.9 we can see that { = 1/2Q in the high 
Q case because Wo � W.". 

In case the amplifier is a vacuum tube amplifier, the current I = gm Vg 
and 

G = Vo = _ gm .') 
Vt1 C S2 + 2{wlls + wn2 

(8.14) 

Now, from a consideration of the amplifier response to a negative step 
function of magnitude V, the output voltage is 

(8. 15) 

1 The capital I or V with lower case subscripts will be used to denote currents and 
voltages in the frequency domain. This should not cause confusion because if the cur
rent or voltage is in the complex (s) frequency domain, the equations will �ontain 
the parameter s. In the real (jw) frequency domain the equations will contain the 
paC"ameter w. 
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The inverse transform of Eq. 8.15 can be most readily obtained by 
arranging this equation into the standard form 

v. _ gmV 1 
, -

C (s + {"'n)' + "'n'(1 - {') 
v. = gmV Wo 

, 
"',C (s + {"'n)' + "',' 

where w, = w.(1 - " )� 

- -

, t O-i��r-t-i-;--r-+-t��r'�I-t-4��L---
- --

---

o . ----i .... 

-+ I 1 - 2Re fw. 

(8.16) 

(8.17) 

Fig. 8.4. The time response of a typical tuned amplifier to a negative step-voltage input 
of magnitude V. 

Taking the inverse transform of Eq. 8.17, we have 

(8.18) 

This time domain output voltage is sketched in Fig. 8.4. Although a step 
input voltage may be an unusual type of excitation for a tuned amplifier. 
the resulting response is interesting and informative. This exponentially 
decaying sinusoid is the transient response and is frequently known as 
ringing. The time constant of the decay is 2RC in contrast to the usual 
time constant RC obtained when a circuit contains resistance and 
capacitance only. 

As previously discussed, the tuned amplifier is usually tuned to the 
desired excitation frequency. The excitation will then be assumed to be 
v" = V sin-wot, and the s-domain excitation is VW,)(S2 + wo'). Using 
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Eq. 8.14, we bave 

v. = VWo G = _ gmV Wo S 
o S2 + WO? C S2 + WO? S2 + 2'wns + wn2 

Rearrangement of Eq. 8.19 into the form of Eq. 8.17 gives 

V. _ _ gmV W .. 
, -

C (5' + w,')[(s + {w.)' + w,'] 
Using partial fraction expansion, we find that 

V. - _ gmV r As + B + Cs + D ] 
o -

C L;2 + w/ (s + {Wn)2 + w02 

(8.19) 

(8.20) 

(8.21 ) 

The arbitrary constants A, B, C, and D may be evaluated by equating the 
numerators of Eqs. 8.21 and 8.20 (after the equations have been reduced 
to a common denominator). 

(As + B)[(s + {w.)' + w.'] + (Cs + D)(s' + w.') = w.. (8.22) 

Expanding, we have 

As' + 2A{w,s' + A{'w.'s + Aw,'s + Bs' + 2B{w.s + B{'w.' 
+ Bw,' + Cs" + Cw,'s + Ds' + Dw,' = w,s (8.23) 

Equating the coefficients of equal powers of 5 gives 
A + C = O  

A{2W1l2 + Aw/' + 2B{wn + CWo2 = Wo 

B{2Wn2 + BWo2 + DWo2 = 0 

(8.24) 

(8.25) 

(8.26) 

(8.27) 

Some simplifications can be made by recognizing that {'w.' is very 
small in comparison with w02 when the circuit Q is 10 or higher as previ
ously assumed. Then { --<  i/2Q. In this case, from Eq. 8.27, D --< -B. 
Then from Eq. 8.25, A --< 0 and from Eq. 8.24, C --< O . . Substituting these 
values into Eq. 8.26, we have 

B � �  and 
2{w. 

Equation 8.21 then becomes 

V. 
= 

_ g,. V ( W, _ Wo ) , 2{w.C 5' + w,' (5 + {w.)' + w,' 

(8.28) 

(8.29) 

(8.30) 
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Since 2{w. = IIRC and gmR = K, the reference gain, or gain at the 
resonant frequency, 

V. = _ KV( w, _ W, ) (8.31) o 52 + Wo" (5 + 'wn)2 + Wo' 

Taking the inverse transform, we find that 

From the substitution of 2{w. = lIRC, 

v, = - KV(1 - e-'I'RO) sin w,t 

(8.32) 

(8.33) 

A sketch of the response which is expressed by Eq. 8.33 is given in Fig. 
8.Sa along with a sketch of the sinusoidal excitation. In addition, the 
response to an interrupted or pulse modulated carrier is given in Fig. 8.Sb. 
In this case the exponential decay of the output following the cessation of 
the input was deduced from the known transient response of the RLC 

i 

v 

o H--H+t+-H+t+-

-v 

KV --T---_-� 
I /' 1 

1/ 

I 
I 
I 
I 

, 
I 
I 
, 

o ��r+1_r+�r+,I--
" 

\ " , 

-.KV 
\ ' 

-
- � - - - ::: - =-2RC 

I--+

la) 

v -- - - - 1:/ 1 1 1 1 
O H-�H-�t+�I-----I 1 1 1 I 

-v _ _ i 

... 
KV I- ------;::�--

/ 

If, 0jX 
, 

" 
" 

// \. 

'- / 
-KV ------ -�.-", 

Ib) 
Fig. 8.�. A sketch of the response of a tuned amplifier to (a) sinusoidal excitation of 
frequency Wo. switched on at time = 0; (b) interrupted or pulse-modulated carrier 
excitation of frequency Wo. 
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circuit. The form of this transient response was obtained from the first 
example in this section in which the excitation was a step voltage (see 
Fig. 8.4). 

The desirability of a tuned amplifier, like other amplifiers, is measured 
by both the amplification and the preservation of the waveform of the 
excitation. As shown in Fig. 8.5, the tuned amplifier cannot faithfully 
follow instantaneous changes in the excitation amplitude. In other words, 
the tuned amplifier has a rise and decay time which is very similar to the 
R-C coupled amplifier counterpart. Two essential differences exist 
between the tuned amplifier and the untuned or video amplifier. First, in 
the case of the tuned amplifier, it is the envelope of the output signal and 
not the individual cycle which rises and decays exponentially when the 
sinusoidal excitation is instantly started or stopped. Second, the time 
constant of the envelope rise or decay is 2RC in contrast to the time 
constant RC of the untuned or VIdeo amplifier. 

Again, as in the untuned amplifier, the tuned amplifier would ideally 
have a very high gain and a very small rise time. But the reference gain and 
the envelope rise time are both proportional to the shunt resistance R. 
Therefore, these two criteria are in conflict. A figure of merit F. for the 
amplifier might be 

F = reference gain 
a envelope rise time 

(8 .34) 

In the R-C coupled amplifier, the rise time (10 %-90 %) was found to be 
2.2RC. This rise time was discussed in Chapter 7. Then, since the time 
constant of the envelope rise is 2RC, or double that of the R-C amplifier, 
the 10 %-90 % envelope rise time is 4.4RC. Using this rise time, we can 
find that the figure of merit of the tuned vacuum tube amplifier is 

F = gmR = gm 
• 4.4RC 4.4C 

(8.35) 

Equation 8.35 shows that the ratio of gain to rise time improves as the 
shunt capacitance C decreases. Therefore, the maximum gain-rise time 
ratio would be obtained when only the stray circuit capacitance is used to 
tune the circuit. However, this stray capacitance usually varies appreci
ably with temperature, amplifier gain, or supply voltage (for a transistor). 
Thus the resonant frequency of the amplifier may drift appreciably unless 
some fixed, stable capacitance is included in the tuning capacitance. 

PROD. 8.1. A pentode tube which has gm = 2000 I'mhos and r. = I megohm 
is used as an r-f amplifier. The total shunt capacitance in the plate circuit is 
25 pr. The grid resistor in the following amplifier is 1 megohm. 

(a) Calculate the inductance required to tune the plate circuit to 2 MHz. 
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(b) Calculate the reference voltage gain or the circuit if the Q of the coil is 100. 
(c) What is the circuit Q? Answer: (a) 253 "hen, (b) 388, (c) 62. 

PROD. 8.2. An input signal ", � 2 sin (4" x 100t) is suddenly applied to the 
amplifier of Prob. 8.1.  

(a) Write the equation for the output voltage VO' 
(b) Sketch the envelope of the output signal ", from t = 0 to t . 100 I'sec. 
(c) Determine the rise time of the envelope. 
(d) Discuss the relationship between the envelope rise time and the circuit Q. 

PROD. 8.3. Prove that the time response of the transistor amplifier of Fig. 8.1b 
is given by 

when the input current is ;1 = I sin wot beginning at t = O. 

The steady-state sinusoidal response of the amplifier may be determined 
from the transfer function, Eq. 8.14. Replacing . by jw, 2{w. by IIRC, 
and w.' by IILC, we have 

g jw G(jw) = - ...!!! . (8.36) 
C 2 JW 1 -w + - + -

RC LC 
Dividing both numerator and denominator of Eq. 8.36 by jw and multi
plying both numerator and denominator by RC, we find that 

But 

G(J'W) = _g R 1 
m 

1 + jwRC + (RfjwL) 

R = Qw,L = .JL 
w,C 

Then, recognizing that gmR = K, the reference gain, 

. I G(jw) = -K --�--� 
1 + jQ(� _ 

w,) 
w, w 

(8.37) 

(8.38) 

(8.39) 

(8.40) 

Figure 8.6 is a sketch of the voltage gain as a function of w. The half
power frequencies WH and wL occur when the magnitude of the denomin
ator of Eq. 8.40 is equal to (2)'"'. Therefore 

(8.41) 
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Then 

WH 
_ 

Wo = Wo _ WL 

Wo WH {J)L Wo 

Rearranging terms, we have 

to.707K 
G 

roH + WL = Wo + COo 

Wo Wo CJ)L WH 

Eledronic Engineering 

(8.42) 

(8.43) 

(8.44) 

Fig. 8.6. Variation of gain as a function of w. 

Therefore, 

W. = (WHwz.li-> 

Rearranging the first term of Eq. 8.41, we find that 

From a combination of Eq. 8.46 and 8.47, 

Then 

(8.45) 

(8.46) 

(8.47) 

(8.48) 

(8.49) 
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The bandwidth B is defined as WB - WL' Then 

B = Wo 
Q 

309 

(8.50) 

Note that the bandwidth is in radians per second when w, is in  radians per 
second. 

PROB. 8.4. Calculate the bandwidth of the amplifier of Prob. 8.1. Express this 
bandwidth in KHz. Answer: 32.3 KHz. 

The gain bandwidth product of the single tuned vacuum tube amplifier 
may be of interest. 

But 

Then 

. 
KB = g R w, 

- Q 

R = Qw.,L = JL 
w,C 

KB = gm 
C 

(8.51)  

(8.38) 

(8.52) 

This is the same gain bandwidth product as that of the R-C coupled 
amplifier (Section 7.5), providing that the shunt capacitance is the same in 
each case. It may seem peculiar that the tuned amplifier has the same 
gain-bandwidth product as its R-C amplifier counterpart, when the 
envelope rise time is twice as great as the comparable R-C amplifier. The 
reason for this behavior will be understood after the amplitude modulation 
process has been studied (Chapter 14). 

8.1 TAPPED TUNED ORCUITS 

The single-tuned circuit discussed in the preceding paragraphs does not 
provide any means of impedance transformation. The output impedance 
of a pentode tube amplifier is fairly well matched to the input impedance 
of a following tube amplifier; therefore, when used to couple pentode 
tubes, the single-tuned circuit described would provide nearly maximum 
available power gain. The power gain of a triode tube or transistor 
amplifier circuit could be materially increased, however, if an impedance 
matching feature were included in lht: coupling device. A tap on the coil 
in the tuned circuit provides this feature. An illustration is provided in the 
transistor amplifier of Fig. 8.7. In the equivalent circuit, Fig. 8.7h, R. is 
the output resistance of the driving transistor, R, is the series resistance of 
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c 

I 
I � 11 • 

: R1 

> :: I R. 
� 

V1 � 
L{1 L1 

-L,I, : 
• Ri 

(b) 
Fig. 8.7. A tuned coupling device which will provide impedance transformation. 

the coil, and R, is the input resistance of the following transistor stage. 
There are n, turns between the tap and the r1 ground terminal of the 
coil. 

To obtain maximum power transfer. the impedance looking back into 
the tapped tuned circuit should be equal to R,. If there were no power loss 
in the tuned circuit, maximum power transfer would be obtained also when 
the impedance looking into the collector· side of the tuned circuit is R •. 
Although there are actually no lossless tuned circuits available, the tuned 
circuit may be made mathematically lossless by transforming the coil 
resistance R1 to its equivalent parallel value R. by the process previously 
discussed and then adding this equivalent resistance in parallel with the 
output resistance R.. This technique is illustrated in Fig. 8.8. The 
modified output resistance R'. in the high Q case, using Eq. 8.8, is 

(8.53) 

where w. is the desired resonant frequency. The value of the inductance L 
is not known at the moment, but will be determined later. Then R'. can be 
calculated. 
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The driving point impedance of the tapped coil and its load R, will now 
be found. Writing loop equations for the tapped coil and its load, we have 

- VI = jwLI, - jw(L, + M)l,} 
0 =  -jw(L, + M)JI + (Ri + jwL,ll, 

(8.54) 

where M is the mutual inductance between L, and 1.,.. Solving for J" we 
find that 

1 
_ -(R, + jwL'

)VI (8.55) I - jwL(Ri + jwL,) + w'(L, + M)' 

The driving point impedance of the tapped coil is 

Z, = - V, = jwL(R, + jwL,) + w'(L, + M)' 
l, R, + jwL, 

Z _ . L + 
w'(L, + M)' 

1 - JW 
R, + jwL, 

(8.56) 

(8.57) 
The second term on the right side ofEq. 8.57 is the impedance coupled into 
the coil because of the load R,. Since this term is complex, the effective 
reactance of the coil, and consequently the resonant frequency of the tuned 
circuit, will change with Ri' This effect is highly undesirable because R, 
changes with bias, temperature, etc. It can be seen from Eq. 8.57 that the 
coupled impedance will be almost purely resistive if wL, is small in com
parison with R,. Actually, R, will always be large in comparison with wL, 
in the high Q case, since the circuit Q is the ratio of the effective shunt 
resistance to the shunt inductive reactance. Then the driving point 

I c I I 
R, R', 

R, 
!3J 

Ri 

la) (b) 
Fig. B.8. (0) The equivalent parallel resistance Rl" which represents the power loss in 
coil L is combined with the transistor output resistance Ro to produce the modified 
output resistance R' n in b. 
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impedance becomes, 

Z _ .  L + w'(L, + M)' 
l- }W R, 

(8.58) 

In the usual coil configuration, the length of the winding space is short 
in comparison with the diameter of the coil. Then, the coefficient of 
coupling approaches unity, and the inductance of a coil is proportional to 
the number of turns squared. Then 

(8.59) 

where 11, is the number of turns in that part of the coil which is common to 
both input and output and 11 is the total number of turns in the coil. Also 

L, � (:')'L 
The mutual inductance is 

Eq. 8.58 then becomes 

M = k,jL1L, = k LII111, . n' 

M = kL(n2 _ 

n.') 
n n' 

w.[(n')'L + kL(n, _ 

n�)J' 
Z - ' L + n n n 1 _ }{JJ 

R, 

W'L'[(l  - k)("')'+ k 
n'r 

Z1 = jwL + n n 
R, 

(8.60) 

(8.61) 

(8.62) 

(8.63) 

This driving point impedance Z is the effective series impedance of the 
tapped coil and its load R, as shown in Fig. 8 .9a. The right-hand term of 
Eq. 8.63 represents the equivalent series resistance R'. in the coil L resulting 
from the load R,. To obtain maximum power transfer into the load, this 
series resistance must appear as a paTallel resistance equal to RIo as shown 
in Fig. 8.9b. Using Eq. 8.6 again to transform the effective series resistance 
into its equivalent parallel value, we see that 

R' = (wL)' = (wL)' 
• R'

. w'I.;'[(l - k)(�)'+ k �r 

R, 

(8.64) 
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L 

I I 
I I R� C R� L 

(0) (b) 
Fig. 8.9. The equivalent series resistance of (a) is transformed into the equivalent 
parallel resistance R'o in (b). 

or 

( 1 - k)(n,),+ k "' 'f (R:f = 0  n n R 0 
Solving for 

n, , we see that n 
n, k - = -
" 2(1 -

[ k' (R.!R,,)li]li 

k) 'f 4(1 _ k)' 'f 1 - k 

(8.65) 

(8.66) 

(8.67) 

The signs in Eq. 8.67 must be chosen so that nJn is real and positive. Then 

n, 
_ 

[ k' + (R.!R',) 1'] I' 
_ 

k 
" 4(1 - k)' 1 - k 2(1 - k) 

(8.68) 

Remember that Eq. 8.68 is valid only for coils with fairly good magnetic 
coupling. 

A test coil could he wound on the desired coil form and the value of 
k determined for that particular configuration. For tightly coupled r-f 
coils, typical values of k range from about 0.8 to 0.9. It can be seen from 
Eq. 8.66 that when k approaches unity 

n, "" (R, )li 
n R' , 

(8.69) 

As previously mentioned, the value of R', cannot be calculated until the 
coil inductance L is known, or vice versa. Two equations which involve 
both R', and L are Eq. 8.9 and Eq. 8.53. Since the effective shunt loading 
resistance on the tuned circuit is R' ,/2 in the maximum power transfer case 

, 
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(Fig. 8.9b), Eq. 8.9 can be written 

R' -' = Qw,L 
2 

where Q is the circuit Q = w,/B. Then 

R', = 2Qw,L 
Substituting this value of R', into Eq. 8.53, we have 

2Qw,L = R,Q,w,L 
R, + Q,w,L 

2Q = R,Q, 
R, + Q,w,L 

2QR, + 2QQ,w,L = R,Q, 

L = R,(Q, - 2Q) = R,(_I _ .!..) 
w,2Q,Q w, 2Q Q, 

(8.70) 

(8.71) 

(8.72) 

(8.73) 

(8.74) 

(8.75) 

Observe that the inductance L determined by Eq. 8.75 will provide the 
desired bandwidth when maximum power transfer is achieved. Also 
notice that max.imum power transfer cannot be achieved unless the coil Qo 
is more than twice as great as the circuit Q. Since the circuit Q is usually 
determined by the bandwidth requirement, the minimum coil Q, which 
will provide maximum power transfer can be quickly calculated once the 
resonant frequency and bandwidth are set. . Of course, the coupling 
efficiency and hence the total stage gain increases as the coil Q, is increased 
above this minimum value. In the development it has been assumed that 
the loss in the tuning capacitor is negligible and the circuit Q is high (ten 
or more). 

The number of turns of wire for a cylindrical coil configuration can be 
determined from the empirical formula 

n2T' 
L = X 10-' 

9r + 101 
(8.76) 

where r is  the mean radius of the coil in inches, 1 is the length of the coil 
in inches, and L is the inductance in henries. After the coil form with its 
radius r and winding space I has been selected, the total number of turns 
n can be calculated from Eq. 8.76. Then the number of turns to the tap n, 
can be calculated from Eq. 8.68. 

PROB. 8.S. A transistor with R. = 10 KO is to be coupled to a transistor with 
R, = 1 KO. The resonant frequency is 5 MHz and the desired bandwidth 
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is 200 KHz. Using a tapped tuned circuit to provide maximum power transfer, 
determine the total number of turns and the location of the tap. The coil is to 
have a Q .. = 100 and it is to be wound on a 0.2 inch diameter form and fill a 
0.25 inch winding length. Assume k � 0.8. Answer: n � 32.8, n, � 16. 
PROD. 8.6. Assuming that k approaches unity. calculate n and n2 for the coil of 
Prob. 8.5. Compare this coil with the one designed for k = 0.8. 
PROD. 8.7. A long, small diameter coil has a small value of k. Assuming k to 
be approximately zero so that Lt = (n2/n)L, derive an expression for n2/n in 
terms of Rj and R'o. Compare the results with the tightly coupled case. 

The foregoing problems lead to the conclusion that sufficient accuracy 
may be obtained for most applications if Eq. 8.69, which was obtained for 

.----oVcc 

C, 

C, 

Fig. 8.10. An alternate impedance matching system. 

the case k "" I, is used for all degrees of coupling in the tapped coil. In 
this case, the tap location can be determined directly from a knowledge of 
the load resistance Ri and the modified output resistance R'o' 

The impedance transformation could have been accomplished by "tap
ping the capacitor" instead of the coil as shown in Fig. 8.10. The relation
ship between the capacitive reactances in this case would be the same as 
the relationship between the inductive reactances of the tapped coil where 
k = 0, (i.e., the reactance is proportional to the number of turns). 
Provision is always made to vary at least one of the tuning elements to 
tune the circuit. The nontapped element is the only single element which 
can be conveniently. varied without changing the impedance ratio. 

PROB. 8.8. The circuit of Fig. 8. to is to be used to couple the transistors of 
Prob. 8.5. Calculate the value of each of the tuning capacitors. Answer: Cl = 
5.75 Pf, C, � 7.1 Pt 

8.3 INDUCTIVELY COUPLED SINGLE-TUNED CIRCUITS 

Impedance transfomlation may also be accomplished by inductively 
coupling the tuned circuit to either the source or the load. This method 
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(a) 
1---- - --, 1.14.  � I .------r---.--l---,--.::., 

i r . 
M • I 

c 

I L, 
L, 

Ri l 
1 � I 
I R, I 
I R, 

I 
I I 

L--L __ �I�� I 
L _ _ _ _ _ _ _  J 

(b) 

Fig. 8.11. (a) Transistor circuit and (b) equivalent circuit which accomplish impedance 
transformation by inductive coupling. 

is illustrated in the transistor circuit of Fig. 8. 1 1 .  In reference to the 
equivalent circuit, Fig. 8 . l lb, voltage equations can be written for the 
coupling circuit which is within the dashed enclosure. In this case, Ri will 
be included as part of Z". 

where Zu = jo>L, + R, 

Vi = ItZll + 12Zl'I.} 
o = I,Z" + I,Z" 

Z" = jwL, + R, + R, 
Z12 = Zu = jwM 

Solving for I" we have 

(8.77) 

(8.78) 
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The driving point impedance of the primary is 

ZiD = Vt 
= 

ZnZ!! - Z1l 
'J. = Z11 _ Z122 

11 Z22 Z22 

Substituting the values of Zllt ZlII and Z1il1 above, 

(wM)' 
Z'o = R, + jwL,. + --'=""---R, + Ri + jwL, 
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(8.79) 

(8.80) 

The last term in Eq. 8.80 represents the impedance coupled into the · 
primary. To achieve good efficiency and minimize the reactance coupled 
into the primary, Ri should be large in comparison with both RI and wL,.. 
Then 

. (wM)' Z'n � R, + jwL, + '-�'R, (8.81) 

To provide good coupling efficiency, the coupled resistance should be 
large in comparison with the ohmic resistance of the primary R,. If R, is 
not negligibly small, its parallel equivalent can be lumped with R. to 
provide R'. as was done for the tapped tuned circuit. Then 

. (wM)' 
Z'o � jwL, + {8.82} R, 

The simplified equivalent circuit of Fig. 8.12 can then be drawn. The 
parallel resistance of the tuned circuit at resonance must be equal to R'. to 
provide maximum power transfer. Using Eq. 8.6 

R = R' � (wL,)' 
= (L,'f R 

• o - [(wM)',R,) MI ' (8.83) 

Note the similarity between the transformation ratio ofthe tapped tuned 
circuit and the inductively coupled circuit. The latter has the advantage in 
most transistor circuits because the bias circuit may be isolated from the 
signal circuit, as illustrated in Fig. 8 . l la. Higher current gain may 
therefore be achieved because the bias resistors do not absorb signal 
power. 

R'o C 

Fig. 8.12. A simplified equivalent circuit. 
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The value of M = k(L.L,)'A may be substituted into Eq. 8.83. Then 

, L. R 0 = .- Ri (S.84) k L, 
Practical values for L, may be determined from the requirement that 

",L, be small in comparison with Ri (for example, one tenth) as previously 
mentioned. Also the value of L. will be determined by the bandwidth 
requirement of the amplifier. As for the tapped tuned circuit, the total 
shunt resistive load on the tuned circuit at the resonant frequency is R' 0/2. 

Fig. 8.13. An inductively coupled tapped circuit. 

Then 

Q = R'o = (00 
2"'oL. B 

(S.S5) 

where B is the desired bandwidth in radians per second. This is the very 
same problem which was solved for the tapped tuned circuit. In that 
circuit, the inductance in the collector circuit was found to be 

L. = Ro( l.. 
_ 

�) 
"'0 2Q Qo 

(S.75) 

Mter determining the proper values of L, and L., we may determine the 
proper coupling coefficient k by the use of Eq. S.S4. A preferable solution 
would be to determine experimentally the maximum realizable value of 
coupling coefficient k for the particular coupling coil under consideration. 
Then the required value of secondary inductance L, could be determined 
from Eq. 8.84. This procedure would yield the minimum value of L, and 
hence the minimum reactance coupled into the tuned circuit. 

It may be seen from Eq. 8.75 that L. must be very small if the required 
bandwidth is narroW and the desired circuit Q approaches the Qo of the 
coil. Then the required tuning capacitance will be very large. The in
ductance L. may be increased and the tuning capacitance decreased if a 



Small Signal Tuned Amplifiers 319 

tapped tuned circuit is inductively coupled to the load as shown in Fig. 
8.13.  

PROD. 8.9. A transistor which has Reo = 20 KO is to be coupled to a transistor 
which has R, =- 1 KO. The center frequency is 1 MHz and the desired band
width is 20 KHz. Using an inductively coupled single tuned circuit (without 
tapping), calculate suitable values for L1• L2• and C. The Q. of the coil is ISO 
Assume k = 0.8. 
PROD. 8.10. Calculate suitable values fOT L]. 4. and C when the collector of 
the transistor oCProb. 8.9 is connected to a ccnter tap on the primary coil. (Q. = 
150.) Assume that k remains 0.8. Answer: L, � 42.5 ",hen, 4. � 2.5 phen, 
C � 597pf 

The inductively coupled and tapped circuits could be utilized in vacuum 
tube ci.rcuits as well as transistor circuits. In this case the grid circuit is the 
higher impedance. Therefore, the un tuned winding is normally in the 
plate circuit. Since the tuned winding may be used as a d·c grid return, R, 
is essentially infinite. Then the ohmic resistance of the coil cannot be 
neglected. Instead, it provides the load resistance of the coupling circuit. 

The plate resistance for a pentode tube is so large that an impedance 
match cannot usually be obtained with practical values of coupling. 
Satisfactory power gain may be obtained, however, with realizable 
coupling values. 

8.4 DOUBLE-TUNED CIRCUITS 

Two tuned circuits may be used as a double-tuned circuit to couple two 
amplifying devices. The tuned circuits may be coupled by either mutual 
inductance or mutual admittance, as shown in Fig. 8.14. The mutual 
admittance may be provided by either a capacitor or an inductor as shown. 
In any case, the degree of coupling or coupling coefficient is usually small 
in comparison with the values used in the single-tuned circuits previously 
discussed. The gain. bandwidth product may be higher in the double
tuned circuit and the designer has greater freedom in the frequency 
response characteristics as compared with the single-tuned circuit. These 
features will be discussed in the following paragraphs. 

To simplify writing of the equations, let 

1 
G + sC + - =  Y 

sL 

and for the inductance coupled circuit, 

(8.86) 

(8.87) 
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M 
� • 

I + G: � C: r L� � L : �C :> . , 1" ,> G 

y y 
(a) Mutual inductive coupling 

JL C� 
I + G: � L! C: 

, -< r= : /==C � L , G • 

y y 
(b) Capacitive coupling 

�L�U 
I + G: L� ' c  C :  ;: V, � L =rC 

, . / 
y y 

(c) Inductance coupling 

Fig. 8.14. Typical double·tuned circuit coupling tec::hniques. 

Then the two nodal equations for the circuit are 

These equations are solved simultaneously for V,. Thus 

: 

(8.88a) 

(8.8Sb) 

(S.S9) 
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When the values of Y and Y .. arc substituted into Eq. 8.89, V, is 

I 
v. _ sLm 

. - ( 1 ) (  1 2 )  G + sC + - G + sC + - + -sL sL sL .. 
If we let LIL .. = k, Eq. 8.90 becomes 

or, 

I 

,, _ sL .. ' 
" - (G + sC + s�

) ( G + sC + 1 �L
2k) 

-kIs'I! V, = --.,-----�.,:::..-----_,_ 
sI!C'(s' + G s + _1_) (s' + G s + 1 + 2k) 

C LC C LC 
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(8.90) 

(8,91) 

(8.92) 

When the common terios have been cancelled, Eq. 8.92 can be written as 

Y2 kWll! S - = ---I C (s - p,)(s - p,)(s - p,)(s - Pc) 
where wn' = IILC 

G ( I G' )l< p" p, = - 2C ± j LC - 4C' = 
", ± jw, 

G .(1 + 2k G' )" 
Pa, p, = - 2C ± } LC - 4C' 

= -Ut ± jW,(1 + 2k)1< 

(8.93) 

(8.94a) 

(8.94b) 
(8.95) 

The pole-zero plot of the transfer function V,II is shown in Fig. 8,ISa. 
As noted in Chapter 7, the magnitude of the transfer function V.ll is equal 
to the distance from a given w to the zero, divided by the product of the 
distances from the given w to each of the poles, For a high Q-tuned 
circuit, interesting and useful values of w occur only in the vicinity of the 
poles p, and p, near the +jw axis, In this vicinity, the distances to the 
zero and to the poles P2 and P4 near the -jw axis are large and almost 
constant for small variations of w. Therefore. when w is restricted to the 
region shown in Fig, 8, I Sh, the transfer function can be written for steady 
state sinusoidal signals as 

- K  V,II = (8.96) (jw - p,)(jw - Pa) 
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P4f 
(a) 

Electronic Engineering 

JW 

(b) 
Fie. 8.tS. A plot of the poles and zeros for the function Vtll of Eq. 8.93. 

where K is a constant to be evaluated. The frequency is approximately 
W. in this region. When this value of w is substituted into Eq. 8.93, and 
it is recognized that Wo c:: w. and (jw. - p,) c:: (fw. - P.) c:: 2w., Eq. 
8.93 becomes 

v, _ _ kw. 
______ --'1'---____ __ 

I 4C (jw - p,)(jw - P.) (8.97) 

The expression for the pole p. = -UI + jw.,jl  + 2k' can be simplified 
by the use of the binomial theorem. Since in practical double-tuned 
circuits, k « I ,  only the first two terms of the binomial expansion are 
significant and ,jl + 2k' c:: I + k. Then, P. c:: - UI + jw.(1 + k), and 
the two poles are separated by kw. (Fig. 8 . I Sb). Also, since the area of 
the triangle WPIP, (Fig. 8.I Sb) is ! sin 4> Ijw - Pll ljw - p,l and this area is 
also !ulkw., 

Ijw - p,l liw - Pol = 
u�kw. 
SIO 4> 

(8.98) 

Substituting Eq. 8.98 into Eq. 8.97, the magnitude of the transfer function is 

I V' I = sin 4> 
= 

sin 4> 
(8.99) 

I 4uIC 2G 

Equation 8.99 shows that maximum output voltage V, is obtained when 
4> = -rr/2 and sin 4> = I .  Then (since I = gm V •• ) the reference voltage 
gain of a tube amplifier is 

K = gl1lR 
• 

2 
(8.100) 
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The locus of points which gives cP = 7T/2 is a semicircle with kwo as a 
diameter (Fig, 8'\6), Observe that there may be two frequencies (values 
of jw) which yield maximum voltage output and hence maximum power 

. transfer. These are the frequencies at which the maximum voltage locus 
crosses the jw axis, There will be a single max-
imum power frequency when the maximum jw 

voltage locus is tangent to the jw axis, Then 

kcwo G 
-- - a - -

2 
- 1 - 2C 

(8,101) 

where k, is the value of k which produces this 
single maximum power frequency and is called 
the critical coupling, Then 

G 1 ke = -- = w,C Q 
(8'\02) 

When the coupling is less than critical, there is 
no frequency at which theoretical maximum 
power transfer occurs, When the coupling is 
greater than critical, there are two frequencies at 
which maximum power transfer occurs, as 

w 

\ Maximum yvoltage 
I IQCus 

I 
I 

Fig. 8.16. Details of the 
pole-zero plot of Fig. 
8.15 near Pi and P" 

previously discussed. The coefficient of coupHng is often given in terms 
of the critical coupling k" For example k = bk" A sketch of the fre
quency response for several values of b is given in Fig. 8.17. Note that 
one pole remains fixed at w, and the other pole moves. The separation 
between poles is bk,w, and the center of the pass band is 

I 
I 2.5r_ 
I 

2.0 f..._ 
I 

1.5l-...... 
b I 

l�_ 
I ' 

0.5h 
I J l 

_ + bk,w, _ [I + bk'J Wc - Wo - Wo -
2 2 

w 

" 
- �- - - - - - - - - - - - - -

\ \ \ I -,+-------------
\ I I 
1 1/  
// 

r - - - - - - - - - - - - - -

w, 

,<_25 2.0 
L..A-l.O 

.
5 

(8,103) 

Fig. 8.17. A sketch of the frequency response for several values of relative coupling b. 
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The bandwidth may be determined as a function of b with the aid of 

Fig. 8.18. Since the output voltage is proportional to sin <p, as shown in 

j", 

i - "'H - I C ........ 7 I _- 4 r �,--- " 
\ ID \ I 

\ I 
\ I 
\ I 
\ I 
\ I i \ I 

'" ,( :0 I \ 
I \ I \ 

I \ 
I \ 

11 \ I \ D �/a \ 
I ....... \ 
13 ....... C \ 1 ,_ r\ 

B 

I ....... T \ 
L ______ .t:- wL 

I.. ',"" .1 2 

Pia. 1.11. The configuration 
used to determine the band� 
width of a double tuned 
circuit. 

Eq. 8.99, the half-power frequencies WH and 
wL will occur when sin <p = 0.707 or <p = .,,/4 
radians (Fig. 8.18). In this figure, the base 
of the trapezoid is wn - WL = bandwidth B. 
To determine the bandwidth, we note that 
from Eq. 8.101 : 

kewo 
0'1 = --

2 
(8.101) 

From Eqs. 8.98 and 8.101 the product of the 
two sides C and D of the triangles shown in 
Fig. 8.18 is 

(8.104) 

Observe that the area of the triangle with sides 
B, C, and D (Fig. 8.18) is, using Eq. 8.101, 

A - I  B _ k,woB 
- 2 0'1 -

4 
(8.105) 

where B is the bandwidth WH - wL' Also the 
area of this triangle may be determined from 
the following relationship: 

A = lCD sin IX (8. 106) 

Equating Eqs. 8.106 and 8.105, the bandwidth is 

B = 2CD sin IX 
kewo 

Substituting the value of CD from Eq. 8. 104, 

B = (2)�b sin IXk,wo = (2)�b sin IX Wo 
Q 

The angle IX may be determined from Fig. 8. 18 

IX = 2250 - 2 sin-1 ( [ ( 
� n r b b + l

_ 
b + b - I  

2 4 

(8.107) 

(8. 108) 

(8.109) 

Equation 8.109 is valid only for values of b between I and approximately 
2.5 because maximum power transfer was assumed in the derivation, and 
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the pass band splits in two at b :::: 2.5 (Fig. 8 . 17). Since the angle IX is 
rather tedious to evaluate, the values for b = I, 1 .5, and 2.0 are given in 
Table 8. 1 .  Interpolation may be used to obtain sin " for other commonly 
used values of b. 

b 

1.0 
I.S 
2.0 

TABLE 8.1 

90· 
104· 
1 1 3· 

sin « 

1.0 
0.96 
0.92 

Note that the term (2)�b sin " represents the improvement in the gain
bandwidth product of the double-tuned amplifier over the single tuned. 

It should be observed that the Q used in Eq. 8.108 is the loaded Q of 
each tuned circuit. not considering the coupled resistance. This is in 
contrast to the single-tuned circuit where the Q must include all loading, 
including the coupled resistance. 

c. 

L C. 

(0) 

L L 
C C 

(b) 
Fig. 8.t9. A double·tuned capacitively coupled transistor amplifier. 

Ri 

The double-tuned circuit which uses the coupling inductance Lm = L/k 
yields readily to analysis, but it is not the most convenient type of coupling. 
A capacitor Cm which has mutual admittance jwCm is smaller and less 
expensive then the inductor and has the additional advantage of blocking 
direct current. The circuit diagram of a capacitively coupled double
tuned transistor amplifier is given in Fig. 8. l9a. Because of the similarity 
of capacitive coupling to the inductive coupling previously discussed, we 
can see that the relationship between the coupling capacitance and the 
tuning capacitance is 

Cm = kC = bCfQ (8. 1 10) 
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The analysis of the capacitively coupled circuit will show that the 
fixed pole is at WO' but the movable pole is below w, and moves downward. 
The band center is, therefore. below WO' However, the bandwidth is 
usually so small in comparison with Wo that the band center can be 
considered to be at Wo in most applications. The movable pole does not 
move parallel to the jw axis when capacitive coupling is used. Therefore, 
the analysis of this circuit is somewhat more complex than the analysis 
of the inductor coupled circuit. However. in the high Q case. the pole 
motion is approximately parallel to the jw axis and the preceding analysis 
of the inductor coupled circuit is applicable to the capacitively coupled 
circuit. 

Vcc 

I 
Fig. 8.20. A double-tuned transistor circuit. 

The equivalent circuit of Fig. 8. 19b shows that the input resistance R, 
must be transformed to R •• not R' •• in order to provide equal Q in both 
primary and secondary circuits. Therefore 

.!!. = (R')!-> (8. 1 1 1) 
n2 RI 

Mutual inductance may also be used to couple the coils of a double
tuned circuit (Fig. 8.20). The mutual impedance is then jwM. The value 
of critical coupling coefficient k, is I/Q and. in general. k = bk, = b/Q 
or M = bL/Q. 

The mutually coupled circuit is most easily analyzed if both primary 
and secondary circuits are converted to equivalent series circuits and loop 
equations are used. The complex poles are then symmetrically located 
on either side of Wo and they both move away from Wo as k is increased. 
The poles do not move parallel to the jw axis. However. the analysis of 
the inductively coupled circuit is adequately applicable to the mutually 
coupled circuit. 

When the coil Q is high in comparison with the circuit Q. the major 
portion of source energy is transferred to the load. This follows from the 
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fact that the effective series resistance caused by source and load resistances 
is large in comparison with the series ohmic resistance. When an imped· 
ance match is obtained, the power delivered to a specific load impedance is 
essentially independent of the type of coupling circuit, provided tfie coup
ling efficiency is high. The various circuits described in this chapter will 
each produce about the same reference gain under matched conditions. 
The double-tuned circuit will have the largest gain-bandwidth product 
because of the bandwidth ratio expressed in Eq. 8.108. In addition, the 
frequency response characteristics of the double-tuned circuit have steeper 

I 
I I I I I 

\ \ \ 

\ \ \ \ , - - --
t �  

\ 
\ 

I ./ 

\ 
\ 
\ 

Fjg. 8.2t. TypicaJ time domain response of a double·tuncd amplifier driven by a 
rectangular pulse of frequency Wo-

sides and a flatter top than the single-tuned circuit. Also the designer has 
some control on the shape of the response curve by his choice of b. The 
best choice would depend on the application. Values for b of the order of 1.0 to 1 .7 look promising for cases where uniform frequency response is 
desired over most of the pass band. 

The development of the transient or time domain response of a double 
tuned amplifier is beyond the scope of this book. However, Martin' has 
shown that the double-tuned amplifier (or actually its staggered pair equiv
alent) has an overshoot in the envelope response which is comparable with 
the overshoot of a transformer coupled amplifier. Thus. the improved 
gain-bandwidth product or gain-rise time ratio of the double-tuned ampli
fier is obtained at the expense of overshoot in the envelope response. This 
overshoot is illustrated in Fig. 8.2t where it is assumed that the excitation 
is a pulse-modulated sinusoid. Martin showed that the critically or 
transitionally coupled amplifier has a 4.3 % overshoot. It has also been 
shown that the overshoot increases as the degree of coupling increases. 

� Thomas L. Martin, Jr., Eleclronic Circuils. Sec. 6.6, Prentice-Hall, Englewood 
Cliffs, N.I., 1955. 
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Therefore, the degree of coupling b which provides the optimum frequency 
response characteristic does not, in general, provide optimum time domain 
response. 

The procedure for designing"a double-tuned circuit might be as follows: 

1 .  Choose b for the best response characteristics. 
2.' With roo and the desired bandwidth known, calculate the circuit Q from Eq. 

8.108. 
3. Calculate the coefficient of coupling 

b 
k � bk, � 

Q 

4. Determine the primary inductance from the relationship Q = R'o/ruoL. where 
the output resistance R'o includes the effective parallel resistance of the primary 
coil. However. as for the tapped tuned circuit and the inductivefy coupled 
tuned circuit. the effective paral1el resistance or the primary coil cannot be 
determined until the primary inductance is known. Therefore, the relation
ship stated previously (Q = R' ,/",.,L) mu,t be used in addition to the relation
ship R' 0 - R�Ro/(Rp + Ro) to calculate the primary inductance. Using these 
two relationships, the value of R' 0 becomes 

But R. - Q,"'.,L. Then 

Simplifying, 
Q( Q,w.,L + R,) = Q,R, 

QQ.w.,L = R,(Q, - Q) 

L � 
Ro( Q, - Q) _ R,.(.!.. _ 

.!..) 
Wo QQo Wo Q Qo 

(8. 1 1 2) 

(8.113) 

(8.1 14) 

(8. 1 1 5) 

(8.1 16) 

The secondary inductance would, of course, be the saine as the primary 
inductance if this suggested design technique is used. 

S. Calculate the value of capacitance required to resonate with the inductance 
calculated in step 4. 

6. Determine the necessary tap points on the coil to provide proper loading of 
the tuncrl circuits. 

An example of an inductively coupled double-tuned transistor amplifier 
will be given to illustrate this outlined procedure. 

Example 8.1. A double-tuned circuit is to be used to couple a transistor which 
has Ro = 40 KO to a transistor which has Ri = 1 KO. The center frequency is 
500 KHz and the desired bandwidth is 1 2  KHz. The foregoing suggested pro
cedure will be used in designing the coupling circuit. 
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1 .  The coupling coefficient I.S k, will be considered optimum (b � 1 .S). 

500 KHz 
2. B � 1 2 KHz - 1 .41 x I .S x 0.98 ::.c:..:..;:,== 

Q 
2.06 x 500 KHz 

3. Q -
12 KHz 

- 86 

b I.S 
k � Q � 

86 
- 0.0175 

4. Assuming the coil Q. = 150. 

40 x 10' ( I  I ) 
L, = L, = 3.14 x 10' 86 - ISO 

I 
5. 

C � 
(3.14 x 10')'(63 x 10-4) 

� 1610 pf 

6. The tap on the secondary coil is ( I )\-i 
n, � n 

40 
� 0.158n 
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The inductance could be increased and the tuning capacitance reduced from the 
values just calculated by tapping the primary as well as the secondary. The 
problem would then proceed as before but with a transformed value of RQ• 

PROB. 8.11. A transistor having Ro = 20 KO is to be coupled. to a transistor 
having Rj = 1 KO. The desire(} bandwidth is 20 KHz and /0 = 460 KHz. 
Design a double-tuned circuit using b = J.2 and Qr1 = lOO. 
PROB. 8.11. Use pentode tubes with r. � 1 megohm for the amplifier of Prob. 
S.l 1 .  For good frequency stability assume C = loo pf. Use loading resistors 
to reduce the load resistance of both primary and secondary. Answer: Q = 38.3, 
L � 1.2 mh, R = 215 KO. 
PROB. 8.13. The circuit [If Pig. 8.19 is used with f. � 460 KHz and band
width = 20 KHz. Using lJ = 1.5 and G'o ""'" G'i = 50 Jlmhos determine Q1 = 
Q2 and Cmfor the circuit, The Qo of each coil is lOO, 

8.5 
. 

NEUTRALIZATION 

It was learned in Chapter 7 that amplifiers such as triode tubes and 
transistors which have .!e£reciable capacitance between their input and 
output circuits may be unstable at high frequencies. This instability 
occurs when the input and output circuits are inductive. Since a paralIe1-
tuned circuit is inductive at frequencies below resonance, tuned ampJifie!,s 
which use fr' des or transistors are especially susce tible to oscillation. 

In addition to being unstable, amp I ers w le aye appreciab e coup ing 
between their input and output circuits are difficult to design, as previously 
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mentioned. Also. in the tuned amplifier, the reactance of the tuned 
circuit in the output affects the resonant frequency of a tuned circuit in the 
input and vice versa. Thus, tuning becomes very difficult. 

As was previously mentioned, a process known as neutralization may be 
used to eliminate the effects of coupling between the input and output cir
cuits of an amplifier. Neutralization is accomplished b [ovidin a feed
back current of opposite po arity an equa magnitude to that feedback 
through the amplifier. These two feedback currents cancel or neutralize 
each other. thus the mime neutrahzatlOn. A neutralized tuned tnoae 
amphfier IS sfiown In FIg. 8.22. When the coil in the tuned plate circuit is 
center tapped. the neutralizing capacitor en should have the same capaci-

Fig. 8.22. A neutralized triode amplifier. 

tance as the grid to plate capacitance. When the coil is tapped at a point 
other than the center, the required neutralizing capacitance will be changed 
by the ratio of the signal voltages at the top and bottom of the tapped 
tuned circuit. The neutralizing voltage could have been obtained from the 
secondary of an inductively coupled circuit utilizing the phase reversing 
capabilities ef the circuit. 

The neutralization of a transistor is not as straightforward as that of the 
vacuum tube because of the base spreading resistance in the transistor. 

To neutralize the transistor, a series R-C combination may be needed 
in the neutralizing circuit as shown in the hybrid-1T circuit of Fig. 8.23. In 
this circuit ro has been omitted as it frequently may be. It may be seen 
that neutralization will occur if In = lb' Then there will be no current flow 
and hence no voltage VI in the input circuit resulting from an output 
voltage V2• Assuming the voltage to be sinusoidal, the current Ib will first 
be determined. Considering the circuit to be neutralized so that VI = 0, 
we find that 

J _ Vb'r 
, - (8. 1 17) 

r, 
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but 
I, 

V" ,  = ----,--'-'---,-,
g,/(h,. + 1) + g, + jwC, 

where 

V I 

I. � 

I, � 
H 

r, 

1 g. = - and r. 

.. AA .. 

If � 

• 
C, 

(hf' + I)r.: � =r V" ,  

1 g, = r, 
c ' "  . " 

"C, 
" 

: 
t : � V, 

• � rd 
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(8.118) 

V - a 

Fig. 8.23. A neutralizing circuit for the common emitter configuration. 

Fig. 8.23 shows that the feedback current is 

f _ 

V, , - 1 1 �:---
-"---- + -g,/(h" + 1) + .g, + jwC, jwC, 

jWC,( g, + g, + jWC,) V, = h" + 1 
jwC, + g, + g, + jwC, h,. + 1 

Substituting Eq. 8.1 19 into Eq. 8.1 18, we have 

V _ jwC,V, ,', - jwC, + g,/(h" + I)  + g, + jwC, 
and, using Eq. 8. 1 17, we have 

f _ jwC,V, 
• 
- r,[jwC, + jwC, + g, + g,/(h,. + I)) 
_ _ ---,. 

_
_ -:-:-'Jc::. w:.:C:.:,,,v. __ , __ .,,---__ 

jwr.(C, + C,) + 1 + r,g,/(h,. + 1) 

(8.119) 

(8.120) 

(8.121) 
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Solving for I. (see Fig. 8.23), we see that 

I == JI.la 
• R. + (lfjwC.) 

(8.122) 

where a is the ratio of the output voltage JI. to the voltage applied to the 
neutralizing circuit. Equating Ib and 1ft, we have 

Then 

___ ���J�a____ jwC,� == (8.123) 
R. + (lfjwC.) jwr,(C, + Cl) + I + r,g./(h,. + I) 

Rn + -. _1_ == �[r, (C, + Cl) + 1 + r,g./(h,. + I)J (8.124) 
]wCn a Cc }wCc 

Equating reals and imaginaries, we have 

R. == r,(C, + Cl) � r,Cl 
aCe aCe (8.125) 

Since wGI = IIT,CI• the neutralizing resistor Rn may be expressed in terms 
of " and Wolf instead of Cl' 

__ ..:a:.;C",'-
......,� C. == -; (1 + r,g, ) h" + I 

(8.126) 

Transistors such as the drift-field type which are designed especia)\y 
for high-frequency applications often have a low value of ohmic base 
resistance and also a small collector-base junction capacitance. This 
combination may permit satisfactory neutralization with Rn = O. The 
neutralizing capacitance C. is then equal to aC, where C, is approximately 
equal to the Cob listed by transistor manufacturers. 

PROB. 8.14. A 2N384 transistor is used as an amplifier at IQ MHz. 
Inductive coupling is used in the output with a ratio of two primary turns to each 
secondary turn. The coefficient of coupling approaches unity. Determine the 
neutralizing components for the amplifier, using the secondary voltage as the 
neutralizing voltage. Answer: Rn ,.. J .75 K, Cft -= 

25 Pt 
PROS. 8.tS. Could a paral1el R-C or R-L combination be used in the neutraliz
ing circuit of the amplifier of Prob. 8.14? If so, would it be as satisfactory as the 
series R-C combination? Why? 

8.6 THE RELATIONSHIP BETWEEN GAIN AND STABILITY 
IN A NONNEVTRALIZED TUNED AMPLIFIER 

Any amplifier will be stable if its power gain is sufficiently low. There
fore, neutralization will not be needed in a tuned amplifier if the amplifier 
gain is sufficiently restricted. The maximum usable value of gain for a 
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nonneutralized amplifier may be approximately determined as a function 
of the feedback capacitance C, and the frequency of operation. The 
equivalent circuit of Fig. 8.24 will be used in this determination. This 
circuit represents either a tuned tube circuit or a tuned transistor circuit 
in which Tb is negligible. The circuit components L, C, and G include the 
shunt device parameters, and the input circuit values are initially assumed 

c, 

1 t Vi L c 
G 

BmV;: G c 

y y 
Fig. 8.24. EquivaJcnt circuit used for determination of maximum nonneutraJized gain. 

to be equal to the output circuit values. Writing nodal equations for the 
circuit, 

! =  ( Y +  sC,}V, - sC,V. 

-g .. V, = -sC,V, + ( Y  + sC,}V. 

(S.127) 

(S.12S) 

Solving these equations simultaneously, the value of V. is 

Simplifying, 

V. = (s�, - g .. )! 
(Y + sC,) - sC,(sC, - g .. ) 

V. = --c---,(",s.::C ... , _-"g",m",)l=-_ 
y' + 2sC, Y + ,C,g .. 

(S.129) 

(S.130) 

Poles of V. (and thus possible oscillation) will exist when the denominator 
of Eq. S.130 is equal to zero. Therefore, the roots of the denominator 
will be found. Using the quadratic formula, the roots Y, and Y, are 

k .  = -sC, ± .j(sC,}' - sC,g .. = -sC, ± .jsC/sC, - gm) (8.131) 

In order for the amplifier to have appreciable power gain, the forward 
transconductance gm must be large in comparison with the passive mutual 
admittance sC,. Therefore, Eq. S.131 may be simplified to 

and 
Y, .• � -sC, ±j.jsC,g.. (S.132) 

v. ,..w -gm] 
• - (Y + sC, + j.j,C.gm)(Y + sC, - j.j,C.g .. ) 

(S.133) 
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Substituting the value of Y = sC + G + l/sL into Eq. 8 . 133, 

V _ -gm! 
,- (SC + G +  s� + SC, +j.JSC,gm) (SC + G +  s� + SC, -j.JSC,gm) 

(8.134) 
or 

V, = � __________ �g�m�I��� ____ _ 
[S(C + C,) + G + s�J + sC,gm 

Let C + C, = C,. Then Eq. 8.135 becomes 

or 

V, = 
[ J' C 2 2 G 1 lC , S + - S + - + S  ,gm C, LC, 

Poles of Vo occur when the denominator becomes zero, or 

and 

where 

[s' + G s + _1_J' = _ S'C,;m 
c, LC, C, 

[( G . ) ( G . )J' s'C,gm S + 2C, + lW, s + 2C, - lW, = - C,' ( I  G' )" w, = LC, - 4C,' 

(8.135) 

(8.1 36) 

(8.137) 

(8.138) 

(8.139) 

This fourth-order equation may be reduced to a second-order equation 
if the circuit Q is high. Then the values of s which are of interest lie in 
the pass band near wo," Since Wo is much larger than G/2Ct• jwo may be 
substituted for either s or (s + G/2C,) in the sum or product terms. 
Then 

or 

s + !2... - 'w = ± J- jW,C,gm 2C l ,  4C ' , , 

(8.140) 

(8.141) 

Equation 8. 141 involves the poles of V, which lie near the +jw axis 
near WO' The locus of these potes may be determined as the product 
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C�m is  varied. Rearranging Eq. 8. 141,  we have 

G ± (w C g )�e-"" . 
s + ' , m - JW, = 0 (8.1�) 

2C, 

The pole-zero plot of Eq. 8.142 is given in Fig. 8.25. Observe that a 
double pole occurs at s = -Gj2C, + jw, when C, = 0, but as C, is 
increased the poles move in opposite directions along a locus line which 
forms an angle of _450 with the real axis. 

As seen from either the root-locus plot or Eq. iw 
8.142, a pole will lie on the jw axis (an undamped 
natural response will occur) when the real part of 
the lower pole vanishes. Then 

(8.143) 
or 

(8.144) 

The value of transconductance determined by Eq. 
8.144 is the upper limiting value for a shunt load 
conductance G, coupling capacitor Coo and band 
center frequency WQ' Any smaller value of gm will 
result in stable operation. However, Fig. 8.25 shows 
that the frequency response will be that of a nonsym
metrical double tuned circuit. The lower pole will 
appear as a higher-Q pole (nearer the jw axis) than 

G 
'C, 

Fig. 8.25. The poles 
of V" which lie near 
the +jcn axis. 

the upper pole. In fact, as the lower frequency pole - approaches the jw 
axis it will almost completely dominate the frequency characteristics and 
the amplifier will appear as a very narrow band amplifier. Therefore, if 
uniform, broadband amplification is desired, the conductance G should be 
adjusted so that the value of gm actually provided by the tube or transistor 
is much lower than the limiting value. 

The values of G seen from the input and output terminals of a transistor 
usually differ widely. Since both G's are equally important in dcterminin8 
the limiting value of gm, it is reasonable to replace G' in Eg. 8.144 with 
G' jG' o' Making tt:is substitution, the limiting value .of gm is 

2G' G' 
g - • , m -

w"Cc 
(8. 145) 

PROB. 8.t6. A given high-frequency transistor has Ct = 10 pr. The total 
shunt resistances of the input and output circuits are 100 n and I KO, respec
tively. Assuming G'()G'i = cP, determine the limiting value of gm and the upper 
limit of collector Q-point current for stable operation at /o = t o  MHz. Assume! 
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the transistor temperature to be 2SoC. Answer: gm = 3.18 X 10-2, Icmax == 

0.8 ma. 
PROD. 8.17. A given transistor amplifier which has a quiescent collector 
current of � ma and a center frequency of 2.0 MHz is driven by a 200 n source 
at the resonant frequency. The transistor has a collector-base capacitance of 
5 pf. Assume T = 300oK. 

(a) What is the limiting value of output conductance G' (I ?  
(b) If, for stability and desirable frequency resporise characteristics, the 

output conductance G'o is increased to three times the limiting value, what will 
be the approximate voltage gain of the amplifier ? Assume that fb � O. 
PROD. 8.18. A single-tuned circuit is to be used, along with other necessary 
components, to couple two pentode tubes. Both pentodes are of the same 
type, having gm = 3000 ,umhos and r Jl = 1 megohm at the chosen Q point. 
Also these tubes have Cin = Cout = 10 pf and Cu = 0.003 pr. The resonant 
frequency of the amplifier is I MHz. The tubes provide the total tuning 
capacitance. Calculate the voltage gain and the bandwidth of the stage if the 
coil Qo = 100 and all grid resistors = 1 megohm. 
PROD. 8.19. A transistor having an output resistance of 20 KO. is inductively 
coupled to a transistor having 1 KO input resistance. The transformer primary is 
tuned to 1 MHz. The coefficient of coupling k = 0.7 and the primary coil 
Qo = 150 at the resonant frequency of 1 MHz. Calculate the values of primary 
and secondary inductance required to provide maximum power transfer and 
2� KHz bandwidth. 
PROB. 8.20. A I MHz carrier is applied to the input of the amplifier of Prob. 
8.19 at t = O. Sketch the time response for the first few microseconds and 
determine the envelope rise time (10 %-90%). 
PROB. 8.21. A double-tuned 460-KHz transistor i-f amplifier is to have a 
20-KHz bandwidth. The desired relative coupling b = 1 .4. The coil Q, = 120 
(both primary and secondary). The output resistance of the driving transistor is 
20 KO., and the transformer secondary is tapped so Q1 = Q2' Determine the 
coefficient of coupling k and the coil inductance LI = L2 required to provide 
the desired bandwidth and the desired shape of the frequency-response curve. 
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Cascaded Amplifiers 

Most practical amplifiers require more gain than can he obtained from 
a single stage. Consequently, it is common practice to feed the output of 
one amplifier stage into the input of the next stage (Fig. 9.1). When 
amplifiers are connected in this fashion, they are called cascaded amplifiers. 
There are a few concepts, unique to cascaded amplifiers, which will he 
considered in this chapter. 

9.1 GAIN AND BANDWIDTH CONSIDERATIONS IN 
CASCADED AMPLIF1ERS 

Most of the cascaded amplifier stages are used to obtain either a voltage 
gain or a current gain. However. in most cascaded amplifiers. it is 
ultimately the power gain that is important. When the proper level of 
signal has been obtained, a power amplifier stage (to he discussed in 
Chapter 10) is used to produce sufficient power to activate the required 
load device (loud speaker-servo motor-antenna, etc.). If a voltage 
gain is required, we can calculate the total gain by using the equation for 
voltage gain of one stage. Thus, from Fig. 9. 1,  the voltage gain for 
stage I is 

G _ 

V, 
, - V, 
337 

(9.1) 
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i, i, � - � 
t Amplifier Amplifier t ( ;n stage out V, in staKe out V, ;n ---

1 I 2 
V 

Fig. 9.1. Cascaded amplifier stages. 

In addition, the voltage gain for stage 2 is 

G, = V, (9.2) 
V, 

The gain for additional stages can be written in a similar manner. Then, 
the total amplifier voltage gain G A for n cascaded stages is 

or 

Vn+1 Vn+1 . . ' -- = --
Vn Vl 

GA = G1 X G, X G, x . . .  G. 

(9.3) 

(9.4) 

Obviously, a similar derivation could have been achieved for CUfrent 
gains or for power gains. In either of these cases, the total amplifier gain 
is equal to the product of the individual stage gains as indicated by Eq. 
9.4. In general, the individual stage gains are functions of s and, con
sequently, the amplifier gain G ... is also a function of s. For steady-state 
sinusoidal signals. s becomes jw and G1• G'/.. etc., become magnitudes at 
given phase angles. Then, G A will be equal in magnitude to the products 
of all the magnitudes with a phase angle equal to the sum of the individual 
stage phase shifts. 

Most amplifiers are fundamentally band-pass amplifiers. Even the R-e 
coupled amplifiers are actually band-pass amplifiers since they do not 
pass frequencies all the way down to zero. (Amplifiers which do pass d-c 
signals and, therefore, can be considered as low-pass amplifiers will be 
considered in more detail in Section 9.:5.) In these band-pass amplifiers. 
a reference gain K has been defined. Using this reference gain, an amplifier 
reference gain K .. , can be defined as 

±K.I = (±K,) x (±K,) x (±K,) x . . .  (±K.) (9.5) 

The term ± K.I will be positive if the total number of phase inversions is 
even and negative if the number of inversions is odd. Since Kis a magnitude 
only, this relationship does not involve s. 
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We have previously defined w, and w, as the lower and upper cut-off 
frequencies, respectively. These are the frequencies at which the voltage 
or current gain of one stage has been reduced to 0.707 of its reference 
value. (Power gain is reduced to 0.50 of its reference value for resistive 
loads.) Now, if we have an amplifier with two identical stages of ampli
fication, the voltage gain at w, will be reduced by a factor of 0.707 in each 
stage. Thus. the amplifier gain at Wl (and also (1)2) will be 

0.707(- K.,) x 0.707(- K.,) = 0.5K .. (9.6) 

In fact, for n-identical cascaded stages of amplification, the gain at CVl 
and w, will be (0.707)nK ... 

To re-establish a meaningful amplifier bandwidth, let us define wL as 
the lower cutoff frequency of the cascaded amplifier and wll as the upper 
cutoff frequency of the cascaded amplifier. At these frequencies, the gain 
of the amplifier will be O.707K ... In order to arrive at some relationship 
between CVl and WL and also between (02 and WHo consider an R-C coupled 
amplifier containing n identical cascaded stages. The voltage gain per 
stage is given for the low frequencies by Eq. 7.19 as 

G =  -K s 
S + lOl 

(7.'9) 

For sinusoidal steady state, s = jw. Then, Eq. 7.19 can be written as 

or 

• 

G = - K  jw 
jw + w, 

G = - K --':"-
1 . w, 

- j 
W 

The magnitude of this function can be written as 

IGI - K 
1 - [I' + (wdw)']" 

(9.7) 

(9.8) 

(9.9) 

If there are n cascaded stages, the magnitude of the amplifier gain from 
Eq. 9.4 is 

IG I - IGln _ Kn ( 1 )" A - -
[I + (w,lw)']" 

Since KR = KA,. we can write 

IG 1 - K 
1 

.4 - A [ I  + (0),101),]"" 

(9.10) 

(9. 1 1) 
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Now, if w is to be equal to WL' the term multiplying K" must be equal 

to 0.707 or 1/(2)'A. Then 

or 

2" 0 = 1 + (:J 
This equation is solved for wL' to yield 

or 

• W, , W -L 21/'" _ 1 

_
-.,.,.

_W:::..!..l _" W -L 
- [2" < _ Il'A 

A similar solution of Eq. 7.55 yields 

W H = w,[211n - Il'A 

PROD. 9.1. Derive Eq. 9.16 from Eq. 7.55. 

(9.12) 

(9. \3) 

(9.14) 

(9.15) 

(9. 16) 

PROB. 9.2. Determine the value of wL!w1 for n = I, n = 2, n -= 4, n = 8, and 
n = 16. Make a plot of wLlwl vs n. Answer: For n = 4, WI)Wl """ 2.3. 
PROD. 9.3. Determine the value of wHlw2 for n - 1 ,  n = 2, n = 4, n = 8, 
and n = 16. Make a plot of wH!w2 vs n. 

From these equations, W L will be greater than W, if n is greater than 
one and WH will be less than w, is n is greater than one. Thus, the band· 
width of the amplifier decreases as the number of cascaded stages increases. 
Or, if the amplifier bandwidth is to remain constant, the stage bandwidth 
must increase as the number of cascaded stages increases. This last 
statement leads to an interesting dilemma. If a high-gain very wide band 
amplifier is desired, stages must be cascaded to obtain the higher gain. 
However, as more stages are cascaded, the bandwidth of each stage must 
be increased. Unfortunately, as noted in Section 7.7, the gain-bandwidth 
product may be a constant. Under these conditions, the increased 
bandwidth results in reduced gain per stage. Thus, in order to compensate 
for the reduced gain per stage, more stages of greater bandwidth are 
required. This process can be carried so rar that the total amplifier gain 
(for a given bandwidth) may actually decrease as additional cascaded 
stages are added. (This statement is only true when we are actually 
utilizing the maximum gain bandwidth possible from an amplifier stage. 
I n most amplifiers. the bandwidth can be increased without decreasing 
the gain.) 
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From the foregoing analysis, a relationship between total reference 
amplifier gain and bandwidth is highly desirable. In a typical R-e coupled 
stage, "', « "',. Thus, the bandwidth "" - "" "" "',. The gain-band
width product (or figure of merit for the stage) GB, can then be written as 

GB "" K"" (9.17) 
or 

K = GB 
(9.18) 

w, 

When an amplifier contains 11 identical cascaded stages, the reference 
amplifier gain K .. is equal to 

K K" _ 
(GB)" 

.. = -
w," 

However, from Eq. 9.16, we note that 

-::::::,,,,,,H,,-= W - � , - [2" " - 1)1i 
When this value of "" is substituted into Eq. 9.19, K .. is 

(GB)"[2" " - 1)"" 
K .. = ='-'-''''--,-....:!.-

WHo 

(9.19) 

(9.20) 

(9.21) 

A plot of K .. as a function of 11 for a given value of GB and "'H is given in 
Fig. 9.2. It is possible to extend the gain-bandwidth product of vacuum 
tube amplifiers and some transistor amplifiers through the use of com
pensated circuits. 1 However, in the interest of compactness, this treatment 
is not included in this edition. 

PROD. 9.4. If GB = 409 x 10" radians/sec, and fH = 12  MHz, calculate K .. 
for 3, 7, and 8 cascaded stages. Determine the bandwidth per stage <fll and 
gain per stage for each amplifier. Answer: For n IIIC 7, KA .". 136,/t = 32 MHz. 
K = 2.03. 

When 11 identical singly tuned (or double tuned with critical coupling) 
amplifiers are cascaded, it can be shown' that 

B. _ B(2'" - 1)1i (9.22) 

1 Compensated circuits are treated in tbe following t�xts; Ekc/ronic Circui/� by 
T. L. Martin, Prentice-Han, Englewood Cliffs. N.l., pp. 123-149 and 169-171, 1955. 
Pulse dIId Digitlll Circ"ils by J. MilIman and H. Taub. McGraw�HilI. New York. 
pp. 67-85, 1956. F.rtdarMntals of Tet..,isio. EncIM<ri"G by O. M. 0laaford, MeGraw· 
Hill. New York. pp. 163-197. 1955 . 

.. For derivations of this equation !ICe Ekctromc Circuits by T. L. Martin, Prentice· 
Han. Englewood Cliffs. N.] .. pp. 171-174. 1955. 
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where B. is the bandwidth of the total amplifier and B is the bandwidth 
of each stage in the amplifier. The behavior of these tuned circuits is 
much the same as the behavior of the R-C coupled amplifier just considered. 
In fact, Eq. 9.22 indicates the bandwidth per stage must increase with an 
increasing number of stages if a given total amplifier bandwidth is to be 
maintained. Thus, an optimum gain exists for a given transistor or tube 
and a given bandwidth. 

30 

25 

� 20 ,J � 
.5 
� 15 

10 

5 

GB = 314)( 106 
WH = 2'11" (I01) CPS 

°0��1�2�-3�-4�-5�-6�-7�-8��9�1�0�1�1�1�2�1�3�1�4�15 
Number of stages 

Fig. 9.2. A plot of Eq. 9.21. 

Tuned circuits do have a rather unique advantage if the cascaded 
stages are not tuned to the same resonant frequencies. Tuned amplifiers 
of this type are known as stagger-tuned amplifiers. Again, the treatment 
of these amplifiers is deleted in the interest of compactness. However, 
ex.cellent and detailed treatments exist in the literature.3 

So far, the work on cascaded amplifiers has been primarily concerned 
with gain and bandwidth of the amplifier. If a step function is applied 
to a single stage amplifier, the rise time was given in Chapter 7 as being 
approximately equal to 2.2/0>,. If this same concept is to be applied to 

• The design of stagger-tuned circuits will not be included here. However, excellent 
derivations exist in Vacuum Tube Amplifiers by G. E. Valley and Wallman, Val. 18 of 
the MIT Radiation Lab series. McGraw-Hilt Book Co., New York. pp. 176-200, 1948. 
or £lee/runic Circuits by T. L. Martin, Prentice-Hall, Inc .• Englewood Cliffs, N.l .• 
pp. 186-205, 1955. 
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cascaded stage amplifier, the expected rise time will be about 2.2/WH. 
In addition, Martin' has used a work by Elmore' to show that the overall 
rise time of the cascaded amplifier T ... R is 

T ... R = (T R1' + T Rt' + T RI' + . . . )l-i (9.23) 
where 

T RI is the rise time of stage one 
T RZ is the rise time of stage two, etc. 

Thus, if n identical stages with a rise time of T RH are cascaded, the rise 
time of the total amplifier TAR will be 

(9.24) 

These two equations assume no overshoot in the rise waveform and are 
accurate to w!thin 10 per cent when as few as two stages afe involved. 

PROB. 9.5. Design a video amplifier with a bandwidth of 30 Hz to 4 MHz. 
The total voltage gain must be at least 1000. Use 6AU6 tubes and assume the 
following data applies : 

C, = 5.5 pf 
C,. = 0.003 pf 

C, = 5 pf 

gm = 5200 pmhos 
max R, - I megohm 

rp = 1 megohrn 

Assume wiring capacitance per stage is 3 pf. 

(a) Determine the figure of merit for one stage. 
(b) Determine how many stages are required. 
(c) Determine 001 and WZO 
(d) Determine RL and C,. 
(e) Determine R •• R ... C .. , and C. (see the 6AU6 curves in Appendix Ill). 
(f) Draw the diagram for the total amplifier. List all values. 

PROB. 9.6. Design a video amplifier with a bandwidth of 30 Hz to 4 MHz. 
The total current gain must be at least 1000. Use 2N384 transistors (charac
teristics are given in Appendix Ill) and assume the interstage wiring capac. 
itance is 3 pf. 

9.2 db GAIN 

Power gain in bel units is defined as 

.. Op. cit .• Martin. pp. 222-224. 

P, b = log 
P, 

(9.25) 

I W. C. Elmore. "Transient Response of Damped Linear Networks with Particular 
Regard to Wideband Amplifier.l," J. Appl. Phys., Vol. 19, pp. 55-62, January 1948. 
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where "log" is the logarithm to the base 10 and b is in bels. P,/P. is the 
power ratio between the points in question. 

The bel unit is convenient beeause it reduces a multiplication problem 
in the case of the gain of a cascaded amplifier to an addition problem. 
Nevertheless, the bel is an inconveniently large unit because a power 
gain of 10 is only I bel. Therefore, the decibel (db) has been accepted as the 
practical unit. The db unit has the additional advantage that a power 
change of I db in an audio system is barely discernible to the ear, which 
has a logarithmic response to intensity changes. 

Also 

O P, db = I log 
p. 

db = 10 log V, '/R, 
V.'/R. 

(9.26) 

(9.27) 

If the resistance is the same at the two points of reference, 

Similarly, 

O I 
( Vs)' V, 

db = I og - = 20 log -
Vl VI 

(9.28) 

I 
db = 20 log ...! (9.29) 

I. 
The impedance levels are frequently of secondary importance in a voltage 
or current amplifier. Therefore, the Eqs. 9.28 and 9.29 are sometimes 
loosely used without regard to the relative resistance levels. 

PROB. 9.7. An amplifier consists of four stages, each of which has a voltage 
gain of 20. What is the db gain of each stage ? What is the total gain in db 1 
Assume that the resistance levels of each stage are the same. 
PROB. 9.S. What is the db level at the half-power frequencies, I. and ft, 
compared with the mid-frequency or reference level '! 

It is often convenient to express a power level in db with regard to a 
certain reference level. One commonly used reference level is 6 mw. 
Another commonly used reference level is I mw. When this ( I  mw) 
reference level is used, the db units are usually called "volume units" 
(vu). On the other hand, die open-circuit output voltage of a microphone 
is usually rated in db with reference to I v when the standard excess 
acoustical pressure is 1 micro bar, or one millionth of standard barometric 
pressure. 

PROB. 9.9. What is the power level of 40 db? 40 vu? Answer: 60 w, IO w. 
PROD. 9.10. What is the open-circuit output voltage of a microphone which 
has - 56 db level ? Assume the excess acoustical pressure to be 1 micro bar. 
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9.3 STRAIGHT LINE APPROXIMATIONS OF GAIN AND 
PHASE CHARACTERISTICS (BODE PLOTS) 
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The analysis given in Section 9.1 is sufficient for the analysis and design 
of identical cascaded stages. This section will present a method of 
analysis which can be used on any amplifier. However, as an introduction, 
we will apply this method to a single R-C coupled stage. The transfer 
function of a single R·C stage was given by Eq. 7.56 as 

G = - K  sw, 
(5 "" ,",)(5 "" (2) 

(7.56) 

For a·c steady state, S = jw. Now, if w is assumed to be small in com
parison with. COh the term (s + wt) becomes essentially Wt. In addition, 
since w, « w, in a typical amplifier, the term (s "" wJ becomes essentially 
w2• Then, Eq. 7.56 becomes 

G = _K jw 
(9.30) w, 

Thus, the gam of the amplifier is proportional to frequency and the 
phase angle of G is 270°. An interesting method of expressing the magnitude 
relationship exists. In musical terms, the frequency doubles every octave. 
Thus, from Eq. 9.30, the gain doubles for every octave increase in fre
'luency. When Eq. 9.28 or 9.29 is used, 20 log 2 is approximately six. 
Thus, we can also state the ain increases 6 db er octave re uenc increase. 
A p ot 0 gam vs frequency over the range where Eq. 9.30 applies will 
be a straight line if frequency is plotted on a logarithmic scale. As noted, 
Eq. 9.30 is valid for w « w,. However, as w approaches w" the accuracy 
of this approximation decreases. Nevertheless, as an approximation let us 
assume that Eq. 9.30 is valid for w S; w,. Then, the plot of G vs w and 
phase angle vs w will be as shown (for w S; w,) in Fig. 9.3. 

Now, if s = jw and w, « w « w., then (s "" w,) "" jw and (s "" w,) "" 
w,. Then, Eq. 7.56 becomes 

G =  -K (9.31) 

In this case, the gain is a constant and is independent of frequency while 
the phase angle remains constant at 180. If this condition is assumed to 
exist (again, this is a rough approximation) for w, > w > w" the plots 
will have the form given in Fig. 9.3. 

Finally, if s = jw and w » w" then, (s "" w.) "" jw and (s "" w,) "" jw. 

Under these conditions, Eq. 7.56 becomes 

G = _K W, 
jw 

(9.32) 
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In this case, G is reduced by onc-half for each octave frequency increase 
or G decreases by 6 db per octave frequency increase. In addition, the 
phase angle becomes 90°. If these conditions are assumed to be present 
for w � w" the plots will be as shown (for w > w,) in Fig. 9.3. 

The actual plots of gain and frequency (Fig. 7.16) are plotted as dashed 
lines in Fig. 9.3. The straight-line approximations are seen to be fairly 
good approximations. In fact, with a correction factor which can be 

* 
00 270 � " 
.S 
� 180 c • 
� 
� 90  Q. 

G =  _K iw w Straight line approximation 

Actual curve 

-Slope = 6 db/octave Slope _ -6 db/octave 

(a) 

I I 
St�aight line approximaiion 

I I 
\ 
\ � Actual curve 

� � 

, , 
\ , r I I I I I 

O.lw2 W2 
(b) 

G = -K 

I -

-

I 

Fig. 9.3. Straight-line approximations for G = -K[sw�/(s + w1)(S + w2)]. (0) Gain; 
(b) phase shift. 

applied near the singularities, accurate plots can be obtained. With the 
insight gained from the straight-line analysis of the R-e coupled stage, 
we are now ready to derive some general rules which can be applied in 
plotting gain and phase curves. 

The total amplifier gain GA was given in Eq. 9.4 as 

GA = G. X G, x G3 X · · · Gn (9.4) 

In general, the stage gains (G" G" etc.) are functions of s. Consequently, 
G A is also a function of s and will have the form 
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In  actual circuits, any number of the coefficients all bh Q2. b2, etc. may be 
zero. The polynomial in the numerator and the polynomial in the 
denominator can be factored. When these polynomials are factored, the 
terms will have the following three forms: 

Form t = S't 

Form 2 = (s + a)' 

Form 3 = (s' + 2Cwns + wn')' 

(9.34) 

(9.35) 

(9.36) 

where k is an integer I ,  2, 3, etc. which differs from one if repeated roots 
are present. Thus, Eq. 9.33 can be factored (in fact, since G A is usually 
written as the product of the individual stage gains, the terms are usually 
already factored) and written as 

G _ H 
• (, + Z1)(' + Z,) . . .  

A - 5 
(5 + P1)(S + P,) . . .  

(9.37) 

where h can have a value of zero, a positive integer, or a negative integer. 
and 2" Z" Plo P2, etc. may be complex numbers if they are derived from 
terms such as those of Eq. 9.36. Now, if we take the logarithm' of Eq. 
9.37 we have 

log G .. = log H + h log (s) + log (s + 2,) + log (s + Z,) + . . . 

- log (5 + P,) - log (s + P,) - . . .  (9.38) 

Thus, if we work with logarithms of the different factors in Eq. 9.37, the 
responses of the different factors can be added or subtracted to obtain 
the response of the total amplifier. 

The log H is a constant and is independent of frequency. However, for 
the steady-state solution, s becomes jw and 

h log (5) = h [log w + j � (9.39) 

As already noted, the term log w is equal to a gain i.ncrease of 6 db/octave. 
The effect of h log (s) on G .. , is plotted in Fig. 9.4 for several values of h. 

When considering factors of the form given by Eq. 9.35, it is convenient 
to draw, first of all, a straight-line approximation for the gain and phase 
characteristics and then correct this approximation in order to arrive at 
the actual gain and phase curves. Thus. we note that when s = jw, Eq. 
9.35 can be written as 

log [(jw + a)'] = k log (jw + a) (9.40) 

C In laking the logarithm of a complex number, the complex number should be 
reduced to a magnitude and a phase angle such as MO. Then, log MO = log M + j() 
where 0 is in radians. 
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(b) 
FJg. 9.4. A plot of It log (s) for several values of h. (a) Gain plot, (b) phase angle plot. 

If w « a, Eq. 9.40 reduces to (k log a) which is a constant. Thus, fOT a 
straight-line approximation, the gain and phase curves will be as shown 
in Fig. 9.5 (by the dashed lines) for values below w = a. HoweveT, if 

w »  a, Eq. 9.40 becomes k[log w + j iJ . In this case, the slope is 

(k X 6 db/octave) and the phase angle is �7T . For the straight-line 

approximation, these curves hold fOT W > a (Fig. 9.5), The two straight 
lines for the gain curve must intercept at w = a. When actual values 
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Fig. 9.5. A plot of k log (jw + a) for k = + 1  and -L (a) Gain; (b) phase angle. 

near w = a are calculated, the curves are as shown by the solid lines. 
Table 9.1 lists the actual error between the straight-line approximation 
and the actual curves for a few significant values of w. Note that k will 
be positive if the term (s + a)' is in the numerator of Eq. 9.37 and will be 
negative if the term is in the denominator. 

. 

When conjugate poles or zeros exist (as in tuned amplifiers) the factors 
have the form given by Eq. 9.36. Again, a straight-line approximation 
can be used to simplify the plotting procedure. When s = jw, Eq. 9.36 
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can be written as 

log (-co' + 2j'conco + wn')' = k log (-(V' + 2j'wnw + w.') (9.41) 

Now, if co « COno Eq. 9.41 becomes 2k log Wn which is a constant. This 
straight-line approximation is used for all values of co < COn (Fig. 9.6). 
In contrast, if w »  w .. Eq. 9.41 becomes 2k log w + kj1T. Note that if 
k is one, the slope of the straight-line approximation will be 12 db/octave. 

w 

0.5a 
0.707a 

a 
1 .414a 

2a 

TABLE 9.1 

Correction Factor for Log l(jw + a)'] 

Magnitude Correction To 
Be Added to the Linear 

Approximation k x I db k x 2 db k x 3 db k x 2 db k x I db 

Phase Ang1e Correction 
To Be Added to the 

Linear Approximation 

k x 26.6° k x 35.3" k x 45° -k x 35.3° 
-k x 26.6° 

The interception of the two straight-line gain curves occurs at lJJ = wn' 
The straight-line approximations and the actual curve for a typical case , 
is shown in Fig. 9.6. However, since Eq. 9.41 contains , as well as (il,,, 
the exact �hape of the curve near Wn is a function of {. Curves which can 
be used to determine the proper correction for different values of , are 
given in Fig. 9.7. The corrections listed by these curves should be multi
plied by k to obtain the exact corrections to be used. The curves extend 
only to m/wn = 1 .0. However, the attenuation curves arc also valid for 
,w,Jw when w > Ww With a change of sign. the phase shift curves are 
also valid for w,Jw when w > Wn' 

The concepts just developed will now be used in an example to clarify 
their use. 

Example 9.1. The gain equation for an amplifier is given by the following 
equation : 

s' 
G � to' ������������ A (s + lOO)(s + 200)(s + 1 00,000)' 

Plot the amplitude and phase of GA as a function of frequency. 

(9.42) 

As a first step, find the gain at some frequency which can be used as a reference. 
For example, assume s = jw = jlO. When this value is substituted into Eq. 
9.42, i) becomes 

- 100 
GA � 1 0' 

(jlO + 100)(j10 + 200)(jlO + 100,000)' 
(9.43) 
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tude ; (b) phase angle. 



351 Electronic Engineering 

I-- t =  2.0 
10�----�-+----+-�--+-+-�� _f--' 

- 1.0 

0.1 ( .3 0 (.5 C.6 C.' 0.8 .0 
wlwrl� 

(a) 

� SO' } t =  

.= 
.!! .. c • 
� 
f 

W/Wn --+--
(b) 

Fig. 9.7. Magnitude and phase of (s' + 2ew.s + w.')/w.'. (a) Magnitude. (b) phase. 

This is approximately equal to G.4,. = 0.5 X 10-8. Wc can assume this is our 
reference level at w = 10. 

As a next step, the straight�line approximations can be drawn. Accordingly, 
the individual straight-line approximations will be as shown by the dashed lines 
In Fig. 9.8. When- these individual lines are added, the solid line (which is the 
straight-line approximation for G A) results. 

In the final step. a correction table is tabulated as shown on page 355. 
When these total corrections are applied to the straight-line approximation 

(shown dashed in Fig. 9.9). the actual gain and phase curves shown as solid lines 
in F;g. 9.8 result. These are the required curves. 

The foregoing example indicates the process to be used in plotting gain 
and phase characteristics for any amplifier whose characteristic equation 
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Frequency 

50 
70 

100 
140 
200 
280 
400 

50.000 
70.700 

100.000 
141 .400 
200.000 

TABLE 9.2 

Correction Values to be Used on Fig. 9.8 

Correction for 
I _--:-::::: term 

s + 100 

Correction for 
1 --,-=-::::: term 

s + 200 

Correction for 
I 

c-( s-+,....,-I"'oo=-.OOO="")' t 

db Phase db Phase db Phase 

-I -26.6° 
-2 -35.3° 
-3 45.0° - I  -26.6° 
-2 +35.3" -2 -35.3° -I +26.6° -3 45.0° 

-2 35.3° 
-I  +26.6° 

-2 -53.2 
-4 -70.6° 
-6 _90.0° 
-4 +70.6° 
-2 +53.2° 

355 

Total 
Correction 

db Phase 

- I  -26.6° 
-2 -35.3" 
-4 + 1 8.4° 
-4 0° 
-4 +71 .6° 
-2 +35.3° 
- I  +26.6" 
-2 -53.2" 
-4 -70.6° 
-6 _90.0° 
-4 +70.6° 
-2 +53.2" 

is known. In fact, it  is often possible to start from a known gain curve 
and synthesize an amplifier which will have this gain curve. 

PROB. 9.11. (a) Draw the straight-line approximation curves (gain and phase) 
for an amplifier whose gain is given by the equation 

S3 G A = 7'(s-+C-:1"'00"')"'(s-+C-:1"'OOO=)2("'s"'-+"-:6-X---:-IO'''''s-+:-:CIO''''"'')'(s-+:-;1=0') 

(b) Draw the actual gain phase curves for this amplifier. 

PROB. 9.12. Repeat Prob. 9. 1 1  if the gain equation is 

G = 
s(s + 200)' 

A (s + 1oo)(s + 4oo)(s + 8oo)(s + 10')3 
PROD. 9.13. Three identical stages are cascaded. The gain equation for one 
stage is 

s G, - (s + loo)(s + 10') 

(a) Plot gain vs frequency curves for the total amplifier. From this curve. 
find w r.. and w" for the total amplifier. 

(b) Use the method outlined in Section 9.1 to determine wL and w/I. How 
do these values compare with those in part a? 
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PROBe 9.14. It is desirable to construct an amplifier which has a gain vs 
frequency curve with the same shape as the one given in Fig. 9.10. 

(a) Find a gain function G A which would give this type of response. 
(b) Break this function up into functions which represent R-C coupled stages. 
(c) Transistors are available which have the following characteristics: 
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Fig. 9.10. Characteristics for Probe 9.14. , 

If the total shunt and wiring capacitan�e _ _  per stage is assumed to be 250 pf 
and p cutoff is assumed to be much-weater than w..z •. design the amplifiers which 
will produce the required response, Answ�r:, (b)GA = [K,s/(s + 125)(s + 2 � 
1(0)J x [K",/(s + 350)(s + 7 x ,JO")J x [K",/(s + 350)(s + 7 x 10')J, 

9.4 CASCADING INTERACTING STAGES 

In most transistor and in some high-frequency tube applications, the 
input impedance of one stage depends on the load of this stage, In fact, 
as found in Chapter 5, the input impedance of a common emitter amplifier 
was gIven as 

(5,16) 



This equation was developed for a common emitter circuit, but the 
solution is actually general and applies to the h parameters in any 
configuration. Thus, the input impedance can be written as 

Z, � h .  _ h,h, (9.44) 
, h, + YL 

When stages are cascaded, the Y L of one stage includes the input impedance 
to the next stage as well as the coupling network. Thus, Y L will usually 
be a function of s and, if many stages are present, may be a rather complex 
function of s. In addition, the output admittance of a stage is given by 
the relationship 

y � h - h,h, (9 45) 
, 

, 
h, + Z, 

. 

whcr�_
�. js the impedance of the. driving generator. From this relation

ship, we note that we not only have interaction from the output stages 
of a cascaded amplifier back toward the input stages, but also the input 
stages wiil interact with the output stages. 

Obviously, the design of even a three- or four-stage amplifier can be 
very complex unless something is done to reduce the effects of the inter
action. Two methods of reducing the effects of inte"raction have already 
been discussed in Chapter 8. The first of these methods (Section 8.5) was 
to neutralize each stage. When a stage is neutralized, hr is reduced to 
zero. Under these conditions, Z, ._ I!,_(also Z, = h,) and the stages are 
completely noninteracting'-- Unfortunately, it may be difficult or in
convenient to neutralize a stage completely (especially over a wide range 
of frequencies), since the magnitude and phase angle of h, are both 
frequency sensitive. 

The second method of reducing interaction is to deliberately mismatch 
the load' as outlined in Section 8.6. Note in Eq. 9.44 that if YL « h, .. 
the second term on the right side becomes ,..h,h,lh, and a change of Y L 
will have very little effect on Z,. In the other extreme, if YL becomes 
quite large, the second term on the right 2f Eq. 9.44 can be made so much 
smaller than h, that Z, becomes essentially equal to h,. In order to be 
more quantitative, let us define an interacting parameter 6, as the fractional 
change of Z, with a change of Y L. 

6. = oZ,/oYL = (h, + YL)' YL 

, ZJYL 
h, _ h,h, 

h, + YL 

(9.46) 

1' 1. F. Gibbons, " The Design of Alignable Tramiistor Amplifiers," Teclrnical Report 
106. Stanford Electronics Laboratories, May 7.J..19-.56. 
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A straightforward reduction of this equation yields 

0. = h,h'YL 
, 

[h,(h. + YL) - h,h,](h. + YL) 
(9.47) 

Now, if YL is much greater than h., the term (h. + YL) "" Yv Then, 
Eq. 9.47 can be written as 

0. = h,h'YL h,h, 
l hiYL'l. - hTh'YL hiYL - hThf 

(9.48) 

The interaction between stages is reduced as bi is reduced. For example, 
if 0, is equal to 0. 1 ,  a IQ per cent change of load impedance is reflected 
back to the input as a I per cent (0.1 x 10 per cent) change of input 
impedance. Thus, for low interaction, OJ should be small. Now, if 0i is 
much less than unity, h, YL » h,h, in Eq. 9.48. If this is the case, the 
equation for 0t becomes 

For the other extreme, YI� will be much less than hQ• In this case, the 
term (h. + YL) "'" h. and Eq. 9.47 can be written as 

0. = h,h'YL 
(9.50) 

• (hih. - h,h,)h. 

For a given value of 0" the appropriate value of YL can be determined 
from either Eqs. 9.49 or 9.50. The exact equation to use will be determined 
by the circuit configuration. For example, the value of Zj is usually much 
less than Z() in a common-emitter amplifier. Therefore, it is usually 
desirable to make Y L > h., and Eq. 9.49 would be applied if common
emitter stages are used. On the other hand, if an emitter follower is to be 
used to drive a high input impedance circuit, it would be desirable to let 
h" > Y L, and Eq. 9.50 would be used. 

The prOblem of interaction between stages is  usually more pronounced 
in tuned amplifiers. In fact, just aligning a tuned-multistage-interacting 
amplifier can be a very tedious task. Of course, designing such an 
amplifier can be complex. and difficult. Consequently, an example in  the 
design of a multi stage amplifier will be given. 

Example 9.2. A three-stage I.F. amplifier is to be designed as shown in Fig. 9. 1 1 .  
The desired center frequency is 500 KHz and a bandwidth of 10 KHz is required. 
Determine all pertinent parameters in this circuit if ()i is to be restricted to a 
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magnitude of 0.1 .  The transistor has the following measured parameters at 
500 KHz: 

hie = 1000 Cl 
hre = jlO-3 
hI. = 25 

hq, = (8 + j30)10-- = (31 X 10 .... �· mhos 

First, let us determine the required magnitude of YL from Eq. 9.49. 

I YLI = I ��; 1 =  25 x IO-' mhos (9.51) 

In order to determine the real and reactive components of Y Lt a knowledge of 
the output admittance of the transistor must be known. The output admittance 
can be calculated from Eq. 9.45 if the total generator impedance is known. If 

T, T, 

c, 

Fig. 9.11. An a-c circuit of a three-stage I.F. amplifier. (The d-c bias circuits are not 
shown.) 

we assume the coupHng circuitis adjusted so the input of the transistorismatched, 
the generator impedance of Eq. 9.45 is equal to Zi of Eq. 9.44. When this sub
stitution is made, Yo is equal to 

Then 

Y, = h, -
h,h, h, + h, -

h, + YL 

25 x 10 .... 3/ "'" 
Y. = (8 +j30)1O-' -

25 x 10 3 
2 x 10' 

-
J (8 + J30)10-' + (25 x 10 ')L! 

(9.52) 

While the phase angle associated with Y IJ is not known, the effect of Y L on Y" 
is essentially negligible in this example. (In fact, the effect of Y L becomes smaller 
as 6i becomes smaller.) If the effect of Y L is not negligible. assume a value for YL 
and substitute this value in Eq. 9.52. Use the value of Y" so obtained to determine 
a tentative value for Y L' Now use the value of Yo obtained from this tentative 
value of YL in Eq. 9.52 to arrive at a final value for YI.' The value of Yo for this 
e�ampJe is 

Y, � (8 + JI7.S) x 10-8 (9.53) 
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Maximum t�an:sfer of energy from a generator with an admittance of G + jB 
is possible when the load has an admittance of G - JB. In this example, the 
magnitude of Y L must be 250 micromhos. However, maximum power will be 
delivered to the load if the reactive term of Yo is cancelled by the load admittance. 
Thus, YL = (249 -jl7.5) x 10 .... or 250 x 10-'/ _.0 mhos. 

The desired bandwidth for this amplifier is 10 KHz. However, since there 
are three stages, Eq. 9.22 is used to find the required bandwidth per stage: 

B. 10 KHz 
B = (21,. _ l)� = 

(2� I)� = 19.6 KHz (9.54) 

From Eq. 8.50, the Q of the output tuned circuit must be 

Wo 500 KHz 
Q = 

B = 19.6 KHz 
= 25.5 (955) 

Now, if the unloaded Q of Lt and Cl in Fig. 9.1 1 is much higher than 25, essen
tially all of the loading on the output tuned circuit is due to the load resistance RL. 
Therefore 

1 I 
R 

L 
= 

Re( Y L) = 249 x 10.... "" 4000 ohms 

From Eq. 8.9, the value of Cl can be found. 

Q 255 
Cl = 

R-w-o = 
4 x 10" x 6.28 x 5 x 10' = 0.00203 "fd 

(956) 

(9.57) 

The admittance of Cl at Wo is j6.28 x 5 x 10' x 2.03 x 10-' or 6.37 x 10-' 
mhos. The desired reactive component for Y L is -J 17.5 x 10-6• Therefore, the 
total admittance of L,. is -j6370 x 10-6 -j17.5 x 10-6 = -j6.387 X 10--3. 
Thus, 

L,. = -W.-�-L = ""6.-=2"S-X---05-X---"I"O',-
I
_x-60'."38"'7°-X--,-oiOCO--3 = 49.9 "hen. (958) 

With the output circuit designed, we are now ready to consider the interstage 
coupling network L2, La, and Cs. The input impedance to the output transistor 
(from Eq. 9.44) i s  

JlO--3 x 25 

Z, 
= 10" - (8 + j30)iO .... + (249 _ jI7.5)1(J' .. 1000 - JlOO (959) 

The output admittance of transistor T2 is the same as the output admittance of 
transistor Ta. Thus Yo � (8 + J17.5) x 10-6• The desired load on T2; will be 
the same as the load on Ta or (249 -jI7.5) x 10-' mhos. 

Hence. as noted in Eq. 9.56, the equivalent parallel resistance Rp for the circuit 
C,La would be 4000 ohms. Using Eq. 9.57, the value of C2 will be equal to 
0.00203 "fds. The desired loaded admittance of the coil La is given by Eq. 8.80 as 

. (w,M)' Z,. = RL• + jWoLa + R + Z + .  1. L2 i )wL.Ij 
(9.60) 
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Now Zi is over 1000 ohms. so it is much larger than RL2 or Ru. In addition, 
jwL., can be used to cancel the -jIOO component (see Eq. 9.59) of Z,. Then 

100 

L, � 6.28 x 5 x 10' - 3 1 .8 I' henries (9.61) 

Under these conditions, L3 furnishes all of the reactance in the primary circuit. 
The admittance of Ls must be equal to the admittance of C2 which is -j6370 
I'mhos plus the -jI7.5 I'mhos of the required Yo' Thus, L, must have the same 
admittance as LJ• Hence 

L., = 49.9 I' henries 

The value of M can be determined by using Eq. 8.83. For this example 

or 
(L.,)' (49.9 x 10-'\' 

R. = 
M 

Re(R.) = 4000 = M, J 1 000 

49.9 Ml = 2 "'" 25,,, henries 

The value of the coupling coefficient kJ will be 

M, 
25 X 10-' 

k, = 
(L.,L.)!i = (  "3:-:1-;.8:-x-4:-:9".9")-x--:l""o-"" � 0.63 

(9.62) 

(9.63) 

(9.64) 

All of the components in the second coupling circuit have now been determined. 
The coupling circuit between T} and Tt is coupling exactly the same imped

ances as the coupling circuit between Tz and T3. Consequently, C3 = C2• 
Lr, = L3• Lot = L2• M2 = M1• and kz = k1• 

The foregoing example used impedance mismatching as the means of 
reducing interaction between stages. Of course, other interstage con
nections and other approaches8 to the problem are also used. When 
impedance mismatching is used, the total power gain is reduced below 
that which can be obtained with a properly matched and neutralized 
stage. If  too much power gain is lost through impedance mismatching 
and the circuit is extremely difficult to neutralize, a combination of the 
two processes may be used. A simple feedback circuit is employed to 
produce partial neutralization and impedance mismatching is employed 
to reduce the interaction to the desired level. 

PROB. 9.1S. Determine the total power gain at w = 500 KHz of the three· 
stage amplifier of Example 9.2 . 

• A graphical approach to the design of transistor (or tube circuits) is given in Chapters 
1 1 and 18  of Trans;storsand Active Circuits by J. G. Linvill-and J. F. Gibbons, McGraw
Hill, New York, 1961. 
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PROD. 9.16. Design a three-stage neutralized amplifier using the transistors of 
Example 9.2. The amplifier should be designed to produce maximum power 
gain and still have the same bandwidth and the same center frequency as in 
Example 9.2. Use inductively coupled circuits to couple the three stages. 

9.S D-C AMPLIFIERS 

The need frequently arises for an amplifier that will amplify signals 
which vary so slowly that capacitors of practical size cannot be used for · 
either coupling or bypass. Transformers are also useless in this application. 
Therefore, one amplifier must be directly coupled to another and the bias 
currents may not be separable from the signal currents. This type of 

Vpp 

Rr. R, 

I r VD + 
u" 

R", 

Fig. 9.12. One type of d-c tube amplifier. 

amplifier is called a direct coupled or d-c amplifier. Special problems 
arise in these amplifiers because of the restricted freedom in the choice of 
bias potentials and techniques. Transistors offer some advantages when 
compared with tubes because of the availability of both p-n-p and n-p-n 
types. However, the transistor thermal currents may present a serious 
problem in a high-gain d-c amplifier because the thermal currents may be 
amplified along with the signal currents and therefore the thermal currents, 
or their variations, must be kept small in comparison with the signal 
currents. Some typical d-c amplifier circuits will be discussed in this 
section to illustrate the special problems in d-c amplifier design and some 
techniques which may lead to satisfactory solutions of these problems. 

Although vacuum tubes are seldom used in present-day d-c amplifier 
design. this type of amplifier will be discussed here as an introduction to 
some of the problems encountered in d-c amplifiers . One type of tube 
amplifier is shown in Fig. 9.12. The first stage of this amplifier may have 
fairly high voltage gain even though the cathode bias resistor is unbypassed 
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because the bias resistor RKl may be small in comparison with the plate 
load resistor Rpl. The voltage gain is the same order of magnitude as 
RpllRKl because the output voltage is ipRPl and the input voltage v, is the 
same order of magnitude as i pR Kl' However. a problem arises in the second 
amplifier V, because the grid of this amplifier is at the same d-c potential 
as the plate of V" This high-positive grid potential with respect to ground 
requires an even higher positive cathode potential in order to provide 
negative grid bias. One way to provide this high-positive cathode potential 
is  to use a large cathode resistor R K,' but then the voltage gain of the 
amplifier V, is very small because R K' is the same order of magnitude as 

T, 

B 
Fig. 9.13. A Darlington transistor circuit. 

R"" and the input voltage vn = ipRK• + vGK must be of the same order of 
magnitude as the output voltage. A bleeder resistor R, may be. used to 
increase the current through R K' and therefore, to reduce its value. But 
in order to reduce the value of R K2 sufficiently to provide good voltage 
gain, the bleeder current must be large and the resulting heat generation 
and power supply d. ain may be serious disadvantages. A high-gain d-c 
amplifier may require several stages and since the plate potential of each 
tube must be of the order of 100 volts positive with respect to its grid, 
and hence the plate of the preceding tube, the supply voltage V pp may be 
very large in comparison with that required for an R-C coupled amplifier. 
Another disadvantage of the amplifier of Fig. 9 . 12  may be the IOTge d-c 
bias voltage which is associated with the signal voltage in the output Va' 
Batteries could be used to buck out the undesirable d-c potential rises, 
but batteries are bulky, produce a large shunt capacitance and habitually 
run down and require replacement. Gas diodes could be used instead of 
batteries, but these tubes generate noise which may mask the signal. 

The problems encountered in the tube amplifier may be minimized or 
avoided by the use of transistors. One commonly used transistor 
arrangement is shown in Fig. 9 . 13 and is known as the Darling/on 
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connection. From the common-base configuration, 

Consequently, 

In transistor 2 

and 
iOT = ;01 + icz = (exl + exi - cx2cxl)iE1 

Hence, the effective " of the entire circuit is 

ieT ( (X.ell = -. - = !Xl + (X2 - IXZCXl) 
'El 

(9.65) 

(9.66) 

(9.67) 

(9.68) 

(9.69) 

To illustrate the effectiveness of the circuit, consider the case when 
"1 = ". = 0.98. In this case, ",f/ is equal to 0.9996, which is quite close 
to 1 .  The circuit of  Fig. 9.13 can be rearranged as shown in  Fig. 9.14. 

r---------�--� c 

B <>-----4--1" 

E 
Fig. 9.14. The "common-emitter" configuration of the ci.-cuit of Fig. 9.13. 

From Chapter 5, 
" 

h'li = -'=--1 - " 
the value of h" for Fig. 9.14 ("1 = '" = 0.98) would be 

0.9996 
h, = = 2499 , 1 - 0.9996 

(5.44) 

A single conventional common-emitter circuit containing a transistor 
with an " of 0.98 would have an "" of 49. (The actual gain of one con
ventional stage would be less than hf�') Thus, if two conventional common
emitter stages are cascaded, the maximum possible gain would be hfp2• 
For the transistors with hI/' of 49, the maximum possible gain would 
accordingly be 2401.  The Darlington configuration not only obtains a 
higher current gain, but also eliminates a number of circuit components. 
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In addition to the current gain characteristics, the input impedance 

characteristics of the Darlington connection are also of interest. For 
example, if the input impedance of transistor I is Z", the input impedance 
of transistor 2 can be found from Eq. 7. 130 of Chapter 7. f'� 'lW . 

R," = h" + ( I  + ht.)RL (7. I 3D} 
This equation was derived for a transistor with a load RL in the emitter 
circuit and RL « Rd' These conditions are satisfied by transistor 2 of 
Fig. 9. 14. The load RL in the emitter circuit of transistor 2 is Z". 
Therefore, Eq. 7.132 becomes 

(9.70) 

where the subscript 2 denotes the parameters of transistor 2. In effect, 
the input impedance has been increased by a factor ht,. Of course, the 
value of load impedance connected to the output terminals will also 
influence Zil and even Zil as well as the total current gain. Nevertheless, 
the circuit of Fig. 9.14 is a very high current gain circuit and also has a 
high input impedance. 

The circuit given in Fig. 9.13. can be extended to include more than two 
transistors. Some manufactures include two OT three separate transistors, 
connected in a Darlington configuration, in a single case. 

One problem that may arise in the Darlington connection results from 
the thermal CUTrent I co of transistor T, which is multiplied by the stability 
factor of T" then enters the base of T" and is  again multiplied, this time 
by the current gain of Tt. If germanium transistors aTe used, the com
ponent of thermal current in the output may be prohibitively large. 

The thermal current which reaches the output may be greatly reduced 
if the linear stabilization circuit of Fig. 9.15a is used. Then parts of the 
thermal currents are shunted through the base resistors as discussed in 
Chapter 5 

'and are not amplified by the transistors. The stabilizing 
resistors reduce the gain of the amplifier because signal currents are also 
shunted through the base resistors. However, since the dynamic input 
resistance hi of a transistor is much lower than its static input resistance 
", over the useful operating range (Fig. 9.1 5b), the thermal currents can 
be effectively reduced without a serious reduction of signal gain. 

The circuit of Fig. 9.16 uses reversed biased diodes to conduct the 
thermal currents. The signal currents are not shunted appreciably because 
the dynamic resistance of a reverse-biased diode is very high. The diodes 
should be chosen so that their reverse bias (saturation) currents are 
essentially equal to the transistor thermal current leD which should flow 
through its associated diode. Good thermal conduction should be main
tained between the transistor and the diode in its base circuit so com
pensation will be maintained over a wide ambient temperature range, and 
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(a) Circuit 

Electronic Engineering 

Slope hI 

I 
I I 
I 

I I I 
I I I I I 

Base current 
(b) Operating point 

Fig. 9.15. A linearly stabilized Darlington-connected amplifier. (a) Circuit; (b) operat
ing point. 

with varying transistor dissipation. Positive, zero, or negative values of 
current stability factor may be obtained with diode stabilization, depending 
upon the characteristics of the diodes and the effectiveness of the thermal 
conduction. 

In some applications, the high input resistance may be a disadvantage 
of the Darlington connection. A very high input resistance, as well as 
very high current gain, may be obtained if three transistors are used in 
conjunction with thermal compensating diodes. 

c C lco. 

Fig. 9.16� A diode-stabilized Darlington circuit. 
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PROD. 9.17. A 2NI90S and a 2NI41S are used in the Darlington circuit shown 
in Fig. 9.15a. Let the base resistors R B draw half as much current as the 
respective bases at maximum current. The load resistance RL is 10 ohms and 
the supply voltage Vcc = -20 v. Using RE = O.S ohm, determine suitable 
values for the other resistors in the circuit. Determine the magnitude of input 
current i[ required to drive the output transistor into saturation. Determine 
the approximate input resistance of the circuit. Answer: RBl = 4 KO, Rm = 
150 0, i[ = 0.425 ma, R,. "'" 1.6 KO. 

'
Another type of d·c amplifier is illustrated in Fig. 9.17. In this amplifier 

the transistor types alternate from n-p-n to p-n-p. Although only two 

r----r-� + Vcc 

i, 

r 
- T, i i u, D, u, 

R£ "0 Rn 

(a) (b) 

Fig. 9.17. A d-c amplifier using n-p-n and p-n-p transistors. (a) Basic circuit; (b) 
stabilized and linearizcd circuit. 

stages are shown in Fig. 9.17, any desired number can be used. The 
collector current of the first amplifier is the base current of the second and 
so on, so the total current gain may be approximately equal to the product 
of the beta's of the transistors used. In contrast to the Darlington con
figuration, the input resistance of this amplifier is that of a single transistor 
and does not increase with the number of stages used. The thermal 
currents of each transistor are mu1tiplied by all the transistors which 
follow. Therefore, at least the low-level stages should use silicon 
transistors. 

The thermal currents can be shunted through reverse-biased diodes 
(Fig. 9. I 7b). In the circuit given, diode D, should have a saturation 
current equal to the ICOl of transistor T, and similarly the saturation 
current of diode D2 should match the I C02 of transistor T,> However. if 
the saturation current of diode D. were equal to the sum of I co. and 
S [I COl where S [ is the current stability factor of the first stage, the diode 
D, could be eliminated. Then the thermal currents of both stages would 



368 Electronic Engineering 

be shunted through D,. The main problem may be locating a diode with 
the desired saturation current. 

An alternate solution to the thermal stability problem is given in Fig. 
9.18. In this circuit, the stabilizing diode has been replaced by transistor 
T,. The thermal current which will flow through this transistor is SIIco., 
where SI is the current stability factor of the circuit of Ta. But this 
stability factor can be adjusted over a wide range by varying the base 
circuit resistance RB, as discussed in Chapter 5. Therefore, resistor R B can 

+Vcc 
R ... 

RB 

T, 

t Tl t VI V, 
RE! RL I 

Fig. 9.18. A transistor thermal-stabilization circuit. 

be adjusted for optimum temperature compensation, the resistors REI 
and RE2 are used to maintain fairly constant gain and input resistance 
over a wide range of input signal levels. 

PROBe 9.18. A 2Nl905 and a 2N2712 transistor are used in the circuit of 
Fig. 9.17h. The load resistance RL = 1O .n and the emitter resistor RE2 = 0.5 n 
and Vac = 20 v. Determine a suitable va1ue for REI and specify the desired 
saturation currents of diodes D2 and Dl at 25°C. Determine the values of the 
input current h and the input voltage Vi required to drive transistor T2 into 
saturation. 

The final type of d-c amplifier to be considered is the differential 
amplifier shown in Fig. 9.19. There are two basic types, balanced and 
unbalanced. In the balanced amplifier, the input signal comes from a 
symmetrical source such as a strain gage, a bridge circuit. a balanced 
transmission line and so forth, where one side of the signal is  not referenced 
to ground. With this type of signal, the forward bias on one base is 
increased while the forward bias on the other is decreased. If the two 
transistors are matched and linear, the increase of emitter current in the 
one transistor will equal the decrease in the. other and the total emitter 
current through RE will be constant. Therefore, RE' although very large, 
will not cause degeneration of the input signal since the emitter potential 
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remains constant. In fact, if the transistors are not well matched, the 
emitter resistance RE will tend to degenerate the higher gain transistor 
and regenerate the lower gain transistor so that their respective emitter 
currents will match. Of course the collector potential of one transistor 
decreases while the collector potential of the other increases. The output 
voltage, which is the difference between the collector potentials, may be 
fed to a balanced load or to another balanced amplifier. The balanced 
amplifier which follows should use the opposite type transistors (p-n-p 
to follow n-P-1l etc.) for easy attainment of proper bias potentials. 

+ Vcc 

.. �Ra ' R", • � R R ., 

v, 

(V' N\ I \� \(tIJ , v t 
I v, 

I RE • ? R m � • ;. & 1 R 

- Vcc -:- L-____ -o _ Vcc 
(aJ (bJ 

Fig. 9.19. A differential amplifier. (a) Balanced; (b) unbalanced. 

From the foregoing observations and inspection of Fig. 9.19a, we can 
see that in comparison with a single transistor (similarly biased and with 
zero emitter circuit resistance) the balanced amplifier provides : 

(a) The input resistance of the balanced amplifier is twice as high. 
(b) The output resistance of the balanced amplifier is twice as high. 
(c) The current and voltage gains are the same in both amplifiers. 

The main advantage of the balanced amplifier in a d-c application is 
that common mode input signals do not alter the output signal. That is, 
any signal which causes the collector currents of both transistors to 
increase or decrease equally and simultaneously will have no effect on 
the output voltage, which is the difference of the collector potentials. 
Therefore, changes in leo and VU1-; owing to temperature change do not 
affect the output, providing that the transistors are matched and maintained 
at the same temperature. Thus thermal currents 3re not passed from stage 
to stage. I n addition, the individual transistors have excellent thermal 
stability because the emitter resistance RE can be very large. Sometimes 

• 
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a transistor is used in place of RE to provide very high dynamic resistance 
while permitting the desired Q-point currents to flow. 

The circuit of Fig. 9.19a may be used to obtain an unbalanced output 
voltage, (or voltage with reference to ground) from either collector 
terminal. However, the output voltage is then reduced by a factor of two 
and the thermal component of collector current will not be cancelled in 
the output. However, the effect of variation of VBE with temperature 
will tend to cancel and the current stability factor of the amplifier may be 
very good (Iow) because of the large usable value of RE' 

The circuit of Fig. 9. 19b has both unbalanced input and output. The 
base of one transistor is used as the ground reference, although any other 
point in the circuit could have been grounded, providing that the d-c 
voltage shift at the input could be tolerated. The base bias of transistor 
T, is obtained through the driving source conductance. If the source does 
not have a conducting path, base bias resistors must be provided as shown 
in Fig. 9.19a. At first glance, the impression might be gained that the 
current through RE will not be constant in the unbalanced circuit and 
serious degeneration will occur. However. the

' 
dynamic emitter-base 

resistance (h,,;) of transistor T, is in parallel with RE' Since hi" is normally 
very much smaller than RE' the input resistance of the amplifier is, 
assuming Rc « r d' 

R,. "" h,., + (hI" + I)h,,, 

But if the transistors are alike (hI" + I)h,,, = hi" and 

Rin � 2hfel 

(9.71) 

(9.72) 

Thus the input resistance of the unbalanced and balanced amplifiers is 
the same. 

A balanced output could be obtained from the circuit of Fig. 9.19b if 
the collector circuits were arranged as shown in Fig. 9. 19a. Since hiIJ is 
very small in comparison with RE' t.iJ<2 "" -t.iEl and equal collector 
circuit resistors would produce approximately balanced voltages of 
opposite polarity. 

In  the unbalanced circuit of Fig. 9.19b, the voltage and current gains 
are only one-half those of the balanced amplifier for the same collector 
circuit resistance because only one half of the available output is utilized. 
The thermal currents do not cancel in the output but the stability factor 
may be very good because of the large value of R" and small value 
of RH' As before, the effects of the thermal variation of V BE tend to 
cancel. For example, if V BEl and V BE2 decrease by equal amounts, the 
potential of the base of T, with respect to ground does not change. 
Observe that the unbalanced amplifier of Fig. 9.19b is a common collector 
amplifier directly coupled to a common-base amplifier. 
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An index of goodness for the difference amplifier is the common mode 
rejection ratio 

Voltage Gain for Difference Signals 
(9.73) CMRR = I G . C Mod S' I Vo tage am for omffion e Igna s 

Assuming that Rc « I/h .. so that G, "" h,,, then the voltage gain for 
difference signals in the balanced amplifier is 

G.D "" G.{2Rc/2h,,) "" h,.Rc/h,. (9.74) 

As previously discussed, the voltage gain of an amplifier with a large 
unbypassed emitter resistor (RE » r,) is approximately Rc/RE' In the 
difference amplifier the effect of RE is doubled because both emitter 
currents flow through RE' Therefore, the common mode gain is 

G. = 2Ra/2RE = Ra/RE (9.75) 
Substituting Eqs. 9.75 and 9.74 into Eq. 9.73. 

CMRR = h,.RE 
hi, 

(9.76) 

Transistor manufacturers provide two transistors in one case for use 
as difference amplifiers. In fact, these transistors are etcbed on a single 
silicon wafer so their cbaracteristics will match and their temperatures 
will be as nearly the same as possible. Very low-drift difference amplifiers 
can be made from these units. 

PROD. 9.19. Two 2N2712 transistors are used in the unbalanced differential 
amplifier circuit of Fig. 9.19b. ' The load resistor Ra = 2.0 KO and the supply 
voltage, + V cc to - V cc. is 20 v. 

(a) Determine suitable values for the emitter resistor RE if V cc to ground 
is 10 volts. Answer: RE = 2 KO. 

(b) Determine the approximate voltage gain, current gain. and current 
stability factor for the circuit. 

(c) What is the common mode. rejection ratio of this amplifier ? 

In addition to the foregoing d-c amplifier configurations, a circuit 
known as a "chopper" is also used. The crudest form of the chopper i s  
shown in Fig. 9.20a. The switch S . .  which may be either motor driven, a 
vibrating reed, or an electronic switch, is switched very rapidly between 
positions I and 2. Switch SI must operate much faster than tbe highest 
frequency of the incoming signal VI' As a result, the output signal is 
transformed into a series of pulses whose amplitude is determined by VI 
(Fig. 9.20b). These pulses are amplified by conventional a-c amplifiers 
and then "detected" or rectified (see Chapter 14) to restore the low
frequency or d-c signal. The chopper eliminates most of the stabilization 
problems mentioned but introduces some new problems. 

-. 
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v, 

J / �t f \ f vo v, vo 

o 
ra) rb) 

Fig. 9.20. A very crude chopper circuit. (a) Chopper circuit; (b) voltage waveforms. 

The chopper circuits are beyond the scope of this text and consequently 
are introduced here so the reader will be aware of their existence. For a 
more detailed analysis the reader is referred to the literature. 

9.6 NOISE IN AMPLIFIERS 

Except in very broad band amplifiers where the available gain is 
determined by the gain-bandwidth product of the stage, the maximum 
useful power gain of an amplifier cascade is ultimately determined by the 
noise generated in the amplifier. For example, the question may arise as 
to whether an amplifier can be built that will amplify a I-mv signal, with 
a specified source resistance, to a sufficiently high power level to operate 
a loud speaker or a pen recorder. Certainly enough cascaded stages can 
be used to provide any theoretical power gain. Excellent shielding and 
elimination of undesired coupling may be required to obtain stability at 
the required gain, but this requirement can almost always be met. The 
answer to the problem hinges basically on whether an amplifier is available 
which has sufficiently low internally generated noise so that the noise will 
not mask or obscure the signal. 

Since the first stage of an amplifier amplifies its own noise as well as 
the input signal� the combined noise and signal power available as an 
input signal 10 the second stage is usually large in comparison with the 
noise power generated by the second stage. Therefore, the first stag$: is 
the crucial one in considerin noise contribution in an amplifier. Inductive 
reasomng s ows tha-' if the stages of a casca e amp J er each generate 
equal noise power and have equal power gains. the contribution of a gi�en 
stage to the total noise power in the output of the amplifier is Ne = 
Nu!G�,n-l), where No is the noise generated in the amplifier, Gj) is the 
power gain of each amplifier stage, and 11 is the numbered position of the 
stage (Fig. 9. 1 ). 



------_._.-

373 

The purpose of this section is to discuss the sources of noise, associate 
these sources with tube and transistor amplifiers, and gain some insight 
into the design of low-noise amplifiers. A figure of merit for amplifier 
noise will be defined. Noise sources are usually classified in three cate
gories: Thermal noise, diode noise, and I lf noise. 

Thermal nOise, sometimes called lohnson noise, results from the random 
motion of charge carriers in a conductor. These random carriers produce 
a small net current in one direction one instant and in another direction the 
next instant. If these thermal currents are resolved into frequency com
ponents, they represent a continuous spectrum of essentially uniform 

R 

+ 
'" •• -,j4KTR4f -,j4KTGI>( ( 

(a) (b) 

FIg.9.21. Equivalent circuits for a thermal noise source. (0) Th6venin's; (b) Norton·s. 

amplitude from very low frequencies through the microwave range. There
fore, if a thermal noise signal were amplified by a noiseless amplifier, 
the noise power in the output of the amplifier would be proportional 
to the bandwidth of the amplifier. 

Nyquist' postulated that the maximum noise power which can be 
transferred from a normal (noisy) resistor to a noiseless resistor is 

.(9.77) 

where k is Boltzmann's constant and I!.f is the bandwidth in cycles per
second. This relationship has been verified experimentally and is not 
surprising' since kT is the energy equivalent of absolute temperature T. 
Since maximum energy transfer occurs when the load resistance is equal 
to the source resistance, the noise equivalent circuits of Fig. 9.21 can be 
drawn. A simple calculation will show that either circuit will transfer 
the maximum power (under matched conditions) given by Eq. 9.77. Of 
course, there are no such things as noiseless resistors (unfortunately) and 
when two resistors of equal temperature are connected together there is 
no net transfer of energy. The equivalent noise source voltage of a 

., H. Nyquist. "Thermal Agitation of Electric Charge in Conductors," Phys, Rev., 
Vol. 32, p. 110, 1928. 
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resistor is, therefore 
v. = .j4kTR 6/ (9.78) 

where vn is the rms value of the sum of all the noise voltage components 
in the frequency band 6f. 

A diode (either thermionic or semiconductor) is a noise source because 
each emitted electron or injected carrier is a random event and small 
random ftuctuations occur in the diode current which we have heretofore 
considered constant if the bias is fixed. These current ftuctuations, like 
thermal noise, have a uniform and continuous frequency spectrum and 
therefore both diode and thermal noise are known as while noise. (In 
the visible spectrum, a continuous frequency spectrum produces white 
light.) Schottky postulated that the rms diode noise current in a given 
frequency band 6/ can be represented by a current generator of magnitude 

f. = .j2qI6/ (9.79) 

where [ is the average or Q-point value of the diode current. Equation 
9.79 does not hold for space-charge limited thermionic diodes because the 
space charge tends to smooth out or alter the randomness with which the 
electrons were emitted from the cathode. 

The third type of noise is known as If/ noise because its magnitude is 
approximately inversely proportional to frequency. This type of noise 
is effective only at lower audio frequencies, hundreds of Hertz or 
less. This If/ noise is caused by a phenomenon known as cathode 

flicker in vacuum tubes, and results primarily from surface leakage in 
transistors and semiconductor diodes. This type of noise varies quite 
widely among units of the same type device and has not been theoretically 
characterized. Recent improvements in transistor surface treatment have 
greatly reduced the If! noise in comparison with earlier models. In 
applications which require a low noise amplifier the transistor or tube 
should be hand picked for low If!noise. 

A noise figure of merit for an amplifier is the spot noise figure F, which 
is the ratio of the noise power delivered by an amplifier (over a narrow 
frequency band) to a load to the noise power that would be delivered if 
the only noisy component were the source resistance R, at To = 2900K 
(i.e., 2900K is defined as the standard reference temperature). Thus an amp
lifier which contributes no noise to the signal being amplified has a noise 
figure F = I (or F = 0 db). The amplifier always contributes some noise; 
therefore, F is always greater than I, or greater than 0 db. 

The noise contributed by an amplifier can be represented by an equiv
alent rms noise voltage Un at the input of the amplifier, as shown in Fig. 
9.22. The equivalent noise voltage v. includes the noise generated by the 
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source resistance R,. Therefore, the resistance R, in Fig. 9.22 is noiseless. 
The rms noise voltage vn can be characterized as the noise voltage pro
duced by a resistance R. at 290oK. Then the noise figure of the amplifier 
is  R.! R .. as is shown by the following relationships. First, the rms input 
noise current is 

• 6ft ..j 4kT R. Af 
I = = n R, + Ri. R, + Ri 

(9.80) 

where R, is the input resistance of the transistor. 
voltage is 

The rms noise output 

(9.81) 

R. ".).--1 ___ 1---...., 
v, (Signal) 

Noiseless 
amplifier 

Fig. 9.22. The representation of amplifier noise by an equivalent noise source. 

The rms noise voltage in the output which results only from the resistance 
of the source is 

ii = ..j 4kT R. Ai G.R 1103 R + R . L 
. , 

(9.82) 

The noise power in the load is ii.,'!RL, whereas if the amplifier were 
noiseless the noise power in the load would be (v ... )'!RL. By definition, 
the spot noise figure i. the ratio of these two noise powers. Then (using 
Eqs. 9.82 and 9.81, the spot noise figure is 

- 2 R F = Vno = -" (9.83) 
(lino.)' R, 

Observe from Eq. 9.83 that the noise figure F is independent of the load 
resistance RI,' Also, the input resistance Ri does not appear explicitly 
in the equation. However, the equivalent noise resistance Rn is a function 
of the transistor input resistance. 

The noise sources of a transistor will be considered next, then a re
lationship for the equivalent noise resistance R. will he obtained. There 
are two major sources of noise in a transistor-the diode noise of the 
emitter current which is injected into the base region and the effective 
ohmic base resistance 'p_ The emitter diode current divides into the collector 
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current le and the base current 18 as discussed in Chapter 4. Thus three 
noise generators are shown in the hybrid-1T equivalent circuit of Fig. 9.23 
to represent these major noise sources. The equivalent noise voltage of 
the driving source is also shown. Minor noise sources which are not 
shown include the ohmic resistance of the emitter and collector regions 
and the saturation (diode) currents lco and IEO which How across the 
collector and emitter junctions, respectively. These sources are all 
negligible, providing that the Q-point currents are large in comparison 
with the thermal saturation currents, which may not be the situation in a 
germanium transistor at moderate or high temperatures. 

B VII&- T, 
b' C '" -, R. � -� gm" '., -

'.' + C, " r. RL '" ... � 

E 
Fig. 9.23. The hybrid'1T equivalent circuit of a transistor showing the majo:, noise 
sources. 

Observe from Fig. 9.23 that the source noise voltage un .. as well as the 
transistor noise sources v"" and IntJJ must be amplified by the transistor 
before their noise contributions can be compared with the collector 
current noise component [tW Also, Eq. 9.78 showed that a noise voltage 
is  proportional to the square root of a resistance and Eq. 9.79 showed that 
a noise current is proportional to the square root of a quiescent diode 
current. Therefore, the following conclusions can be drawn: 

(a) The contribution of the collector current noise component In< is 
small if le is small and the transistor current gain is high. 

(b) The contribution of the base current noise component iFlb is small 
if the transistor current gain is high (thus permitting small 'B) and 
IEO is small. 

(c) The contribution of the base resistance noise component is small 
if rb is small in comparison with the source resistance R •. 

From these conclusions, it seems clear that A silicon transistor with high 
hFE at a low value of le would have a low noise figure when driven from 
a high-resistance source (R. » r,). 
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In order to determine the noise figure for a specific transistor operated 
at a given Q point and driven by a specified source, a relationship will be 
developed for the equivalent noise resistance Rn. First, an equivalent 
noise voltage /in in series with R. (see Fig. 9.22) will be determined which 
will produce the same effect at the output as all the noise generators of 
Fig. 9.23 combined. In combining noise sources, it should be noted that 
independent sources are uncorrelated (that is, there is no fixed relationship 
between the phases of their relative frequency components) and, therefore, 
the total rms voltage is the square root of the sum of the squares of the 
individual rms contributions. Then 

- • - . + - • + (-' ). + (-' )' Vn = Vn, Vn!> V fib V n( (9.84) 

The voltage source (V' nb) results from the current source inb of Fig. 9.23. 
This current source can be transformed to an equivalent voltage source to 

-. 
'b "., '.' A- '" -.. T 

R. z.: � " I Km" • > 

Fig. 9.24. An equivalent circuit used to determine v' fte in terms of l .. e. 

the left of the imaginary terminals b' E in Fig. 9.23 by obtaining the open 
circuit voltage at the terminals b' E with the other voltage sources turned 
off. Then, 

(9.85) 

The voltage source (V' no) is the voltage required to produce Tn< in the 
output. Figure 9.24 is drawn as an aid in determining this equivalent 
voltage. From this circuit is it seen that 

� ij' nrZ .. g", ' ne = 
Rs + rb + Z .. 

(9.86) 

where Z. is the paraUel combination of (h" + I)r, and IlJwC1• Then 

_, 1 • .(R .• + rb + Z.) 
V ne = 

Z .. gm 
(9.87) 

Substituting Eqs. 9.87 and 9.85 into Eq. 9.84, /in' becomes 

(9.88) 
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The equivalent resistances and diode Q-point currents can be substituted 
for the voltage and current sources. Then Eq. 9.88 becomes 

4kTRn tJ.f = 4kTR. tJ.f + 4kTr, tJ.f 

and 

+ 2qI tJ.f(r + R )' + 2q1c tJ.f(R. + r, + Z,)' (9.89) B , . ( Z )' gm , 

R = R + r + � I (r + R )' + ...!L I (R. + r, + Z,)' (9.90) n • , 2kT B ' • 2kT c ( Z  )' gm , 
Then, 

F = 1 + r, + _q_ IB 
(r, + R,)' + -q- Ic (R. + r, + Z,)' (9.91) 

R, 2kT R, 2kT R,(gmZ,)' 
The right-hand term of Eq. 9.91 is a function of frequency because Z., 

which includes . ljwCh is a function of frequency. As the frequency 
approaches I, and Z, decreases significantly, the noise factor begins to 

6 

4 
F 2 

oL---��--�--�.---�---" 102 103 10" 105 
f� 

Fig. 9.25. Transistor noise as a function of frequency. 

increase, since Zl1 is in the denominator. However, since 2." also appears 
in the numerator as a sum with R,I and Tb' the noise factor will not increase 
appreciably until Z, becomes smaller than R, + r" which may be at a 
frequency considerably above I" depending on R,. A sketch of noise 
figure as a function of frequency for a typical transistor is given in Fig. 
9.25. The I II noise accounts for the rise at low frequencies. Equation 
9.91 shows that although the noise contribution of T, is decreased as R, 
is increased, the contributions from both the base and collector com
ponents of emitter current increase as Rtf is increased. Therefore, there is 
an optimum value of Rs for a given set of transistor parameters. This 
optimum source Tesistance is the same order of magnitude as the input 
resistance of the transistor. Note also that the last term of Eq. 9.91 has 
the product gmZ, in its denominator. At frequencies below I" Z, is 
approximately equal to (hI, + I)r" and r, is approximately Ilgm' There
fore, an improvement in noise factor will occur as 10 is reduced until a 
point is reached where (hI, + I)' decreases as rapidly as le. 
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Transistor manufacturers frequently supply constant noise figure 
contours for their low-noise transistor types. These contours give 
optimum values of quiescent current as a function of driving source 
resistance (Fig. 9.26). 

loo � __ ������� __ � __ �� __ � 
10 20 50 100 200 500 1000 

le-Collector current-.ua 

Fig. 9.26. Constant noise-figure contours for a typical low-noise transistor (2N2443). 

PROD. 9.20. A given silicon transistor has rb = 200 n, hlf = 150, hFE = 100 
at the Q point VOE = 5 volts. la = I ma and the frequency 1 KHz. Determine 
the 1 KHz spot noise figure at this Q point if the driving source resistance is 
2 KO. Assume that the temperature is 300oK. The beta cutoff frequency is 
100 kc. Answer: F = 1.6. 

PROD. 9.21. The transistor or Prob. 9.20 has the Q-point collector current 
reduced to 0.1 ma, at which h,t, = 90 and hFE = 60. Assuming all other 
parameters remain unchanged. determine the 1 KHz noise figure at this Q point. 
PROD. 9.22. Determine the spot noise figure or the transistor or Prob. 9.20 at 
the la = I ma Q point at f = 500 KHz. 

The field·effect transistor has only the channel resistance and surface 
leakage as principal sources of noise, since the only diode current is the 
thermal saturation current of the reverse biased gate diode. Therefore. 
the noise figure of a silicon FET may be very low. Since the diode current 
is very smaH, the medium frequency ( I  KHz) noise figure is determined 
primarily by the ratio r"fR, where r,h is the channel resistance. A typical 
value for F is 1 . I  for high values of source resistance (of the order of I 
megQ). The l/fnoise is present, however, and the noise figure rises at low 
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frequencies. Also, there is some diode current, so the noise figure increases 
a. the power gain decrea.e. at high frequencie •. 

The triade vacuum tube has primarily diode noise which results from 
the random electron emission from the cathode. However, as mentioned 
i n  connection with the diode, the space charge surrounding the cathode 
tend. to suppre .. the randomness of the emission current and reduces the 
tube noise well below the value which would occur in an emi .. ion limited 
tube. This smoothing effect complicates the derivation of a theoretical 
noise figure determination. However, an expression for the equivalent 
grid circuit noise resistance has been developed8 for the triode and 
experimentally verified. This expression is 

(9.92) 

This noise resistance does not include the source resistance. Therefore, 
the noise figure F would be determined from the ratio (R, + Rn)fR" and 
high values of source resistance give low-noise figures. 

Like the transistor, the vacuum tube ha. a If/ noi.e known a. cathode 
flicker which i ncreases the noise figure at low frequencies. Also, the noise 
figure increases as the frequency becomes high and the electron transit 
time reduces the gain of the amplifier. The additional high frequency 
noise is known as induced grid noise. Low-noise triade tubes and low
noise transistors have noise figures of approximately equal magnitude. 

The tetrode or pentode tube has a source of noise in addition to those 
found in triodes. This noise, known as partition noise, results from the 
random division of the space current between the screen grid and the 
plate. The noise of a tetrode or pentode can be expressed as an equivalent 
grid circuit resistance by the following equation 

R" "'" 2.5 + 20102 

gm f n.-gm 
(9.93) 

where '11: is the average cathode current. The second term on the right
hand side of Eq, 9.93 accounts for the partition noise. 

The noise generated by a vacuum tube may be much higher than the 
values obtained by the foregoing equations because of defects in an 
individual tube or circuit. For example, gas in a tube causes random 
collisions which increase the noise. Also, faulty electrode contacts may 
generate noise. Heater-cathode interaction may cause noise and hum 
unless the bias between the heater and the cathode prevents an exchange 

8 K. R. Spangenberg, Vacuum Tubes, McGraw-Hill, New York, 1948, pp. 310-312. 
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of charge carriers between the two. Usually low-noise tubes are hand 
picked after noise tests have been made. 

A noise test may be easily conducted on an amplifier if a noise diode 
is used as a signal source. The noise diode is connected in parallel with 
the desired source resistance as shown in Fig. 9.270. The noise diode 
must have a high internal impedance compared with R, in order to act 
as a true current source. Therefore, a temperature limited vacuum 
diode is usually used. First the noise output voltage V •• is measured 
with an rms activated meter while the noise diode is turned off. Then 
the output noise power results only from the equivalent amplifier noise 

Bs 

• <¥ ,I 
Rs Amplifier RL • <9 "V ii .. ---v4 KTR .. tJ.{ 

'I 

Fig. 9.27. A circuit used to determine the noise figure of an amplifier. (0) Block 
diagram; (b) equivalent input circuit. 

source V. (Fig. 9.27b). Next, the diode current is increased by adjusting 
the supply voltage V DD until the output voltage increases by a factor of 
.j'i., which indicates that the noise power in the output has doubled and 
the Thevenin's equivalent voltage of the diode noise source vnD is equal 
to equivalent noise voltage " •. Then, from Fig. 9.27b, 

and 

But the noise figure F is 

2qTD tJ.fR,' = 4kTRn tJ.f 

R = qTDR.' • 2kT 

F 
= R. = qIDR .• 

R, 2kT 

(9.94) 

(9.95) 

(9.96) 

At the standard reference temperature T = 295°K, q/2kT = 20, and 

(9.97) 

The noise figure obtained by the procedure described will give an 
integrated noise figure over the pass band of the amplifier or meter. 
whichever is less. A filter can be placed in series with the output meter 
to determine the spot noise figure in the pass band of the filter. 
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PROB. 9.23. A given dynamic microphone has the following specifications: 
Ra = 10 KO; output voltage = -56 db below I v open circuit; frequency 
response = 40 to 15,000 Hz. Design an amplifier, using 2N2712  transistors, 
that will provide 1.0 v rms across a 10 KQ load. Provide a pass band of 
approximately 20 to 20,000 Hz in the amplifier. Determine the approximate 
signal to noise ratio for your amplifier and express the noise as a number of 
db below the signal. Neglect If/noise. 
PROB. 9.24. Repeat Example 9.2 for transistors with the following charac
teristics : 

hie = 2000 n 
hrt. = j5 X 10-3 

hI' = 50 
h" - 10 + j20 

PROD. 9.25. Repeat Example 9.2 (using the transistors listed in the example) 
but replace the inductively coupled circuits between transistors Tt and T2 and 
between T2 and Ta with tuned circuits which contain tapped coils. 
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Large-Signal Amplifiers 

A typical amplifier consists of several stages of amplification. Most of 
these stages are small-signal, low-power devices. For these stages efficiency 
is usual1y not of major importance, distortion is negligible, and the 
equivalent circuits accurately predict their hehavior (Chapters 7 to 9). In 
contrast, the final stage of an amplifier (and in some cases additional 
driver stages) is usually required to furnish appreciable signal power to its 
load. Typical loads include loudspeakers, antennas, positioning devices, 
and so on. These amplifiers are commonly called power amplifiers. 
Because of this relatively high power level, the efficiency of the power 
amplifier is important. Also, distortion becomes a problem because the 
amplifier parameters vary appreciably over the signal cycle. For this 
reason, the equivalent circuits are only rough approximations and graphical 
methods assume increased importance. 

10.1 CLASSIFICATION OF LARGE-SIGNAL AMPLIFIERS 

Many of the large-signal amplifiers are driven so hard by the input signal 
that amplifier current is either cut off or in the saturation region during a 
large portion of the input cycle. Consequently, a system for designating 
various operating conditions has been evolved. This designating system is 

383 
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Fig. 10.t. Classification of large-signal amplifiers. (a) Class A amplifier; (b) class 
B amplifier; (c) class C amplifier. 

illustrated in Fig. 10. 1 .  In this diagram, the input signal is assumed to have 
a sinusoidal waveform. 'The dynamic transfer characteristics are used to 
relate the input voltage and output current. Thus, if the output current 
flows for 360' of the input cycle as shown in Fig. 10.la, the device is 
designated as a class A amplifier. Similarly, if output current flows for 
more than 180' but less than 360' of the input cycle, the device is called a 
class A B amplifier (not shown). When the output <;Jlrrent flows for ap
proximately 1 80' of the input cycle as shown in Fig. 10.lh, the device is  
biased at cutolf and is  designated as a class B amplifier. Finally, if the 
output current flows for less than 180' of the input cycle as illustrated 
in Fig. IO. l e, the device is referred to as a class C amplifier.1 In addition to 

1 The class C amplifier is normally used only in tuned amplifiers and therefore will 
not be considered in this chapter. However, the chapter on large-signal tuned amplifiers 
will discuss class C amplifiers. 
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the foregoing designations, the subscript 1 is given to a vacuum tube circuit 
if the control grid is never driven positive. If the control grid is driven 
positive, a subscript 2 is given to the designation. Obviously, the sub
scripts have no meaning when applied to transistors, since the transistor 
base always draws current unless the transistor is cut off. 

From the foregoing designations, the amplifiers that have been con
sidered in the small-signal devices are class Al amplifiers for vacuum 
tubes and class A amplifiers for transistors. These amplifiers are usually 
referred to as class A with the subscript understood. Similarly, a vacuum 
tube that is biased at cutoff but that has a large enough input signal to 
drive the control grid positive is referred to as a class B2 amplifier. 
For class B amplifiers with no subscripts, the amplifier is assumed to be 
class B2• 

PROB. 10.1. A 6J5 tube is connected through a resistive load with RL = 20.000 
n to a 300-v V/,/, supply. What class of operation does this tube exhibit if (a) 
VI = -6 + 5 sin rot; (b) vJ = -6 + 7 sin rot; (c) VI = -18  + 16 sin rot; 
(d) "/ � -30 + 34 sin wt. 

PROD. 10.2. Sketch the output waveforms for the input signals listed in Prob. 
to.1. The characteristic curves of a 6J5 tube with positive as well as negative 
control grid voltage is given in Fig. 10.2. 20 
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Fig. 10.2. 6J5 characterislic curves. 
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10.2 DISTORTION AND POWER OUTPUT CONSIDERATIONS 

As already noted, the equivalent circuits provide accurate solutions to 
transistor and vacuum tube problems when the signal magnitudes are 
small. Unfortunately, as the magnitude of the signal increases, the accuracy 
of the equivalent circuits decreases. This loss of accuracy is due to the 
fact that the circuit parameters (r 11' gm. hi�' h'8' etc.) are not linear. (This 
nonlinear behavior has been emphasized by Figs. 5.22 and 5.26.) As a 
result of these nonlinear elements, graphical solutions must be used if 

accurate results are desired and a large 
signal is present. 

In order to gain a clearer insight into 
the effects of nonlinear parameters, we t will consider the collector current of a 

hf� transistor which has a nonlinear ht,. 
Curves depicting the variation of the 
h parameters with emitter current or 
collector voltage (similar to thMe in 

i._ Fig. 5.22 or Fig. 3.2) are often given by 
Fig. 10.3. A typical curve of h1r the transistor manufacturer. Since ic 
vs ;8' depends on base current, a curve of 

h" vs in (Fig. 10.3) can be determined. 
From the ideas developed in analytical geometry. an expression can be 
found that will describe the curve given in Fig. 10.3. In general, this ex
pression will have the form 

(10.1  ) 

where ao. alo  a2. etc. are constants. The current which flows tn the collector 
circuit is proportional to h,.iB' Thus, the coJiector current can be written 
as 

( 10.2) 

where B is the proportionality constant and Ao = 0oB, AI = alB, etc. 
If in contains a d-c and a sinusoidal component 

(10.3) 

When this value of in is substituted into Eq. 10.2, the first term on the 
right side of Eq. 10.2 becomes 

AOiJJ = Ai n + Aib sin cot 
The second term becomes 

A1in' = Al(ln' + 2Jnf, sin wt + f,' sin' wt) 

(lOA) 

(10.5) 
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However, a trigonometry identity states 

. • (\ - cos 2x) SIll x = 
2 

Thus, Eq. \0.5 can be written as 

. . (I ' 1,' 21 l ' I" 2 ) A,IB = A, B + 2 + B . SlD wt - 2 cos wt 
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( 10.6) 

(10.7) 

From Eq. \004, the A.iB term produces a d-c component and a sinusoidal 
component in the collector current. From Eq. \0.7, the A,iB' term 
produces a d-c component, a sinusoidal component, and a second harmonic 
component in the collector current. The Azljl term will produce d-c, 
sinusoidal, second-harmonic, and third-harmonic terms. It follows that 
the higher terms will produce higher harmonics. The production of these 
harmonic terms is referred to as distortion. The effect of second harmonic 
distortion on the output waveform is shown in Fig. lOA. Notice how the 
output signal has been modified or distorted from the original sine wave. 

If ht• (or gm of a tube) were the only noolinear parameter, it would be 
possible to use an equivalent circuit with a nonlinear hI. (or gm) and still 
to obtain results without too much complication. However, since not 
only hie and gm. but also hi •. hoe. hr., p., and r" are nonJinear, the equiv
alent circuits become too complex to be useful. Thus, it is usually much 
easier to use a graphical solution for nonlinear operation. 

It is interesting to note that some of the nonlinearities in tubes and 
transistors are of compensating nature. Thus, for a vacuum tube amplifier 
(Fig. 5.26), gm decreases as the control grid becomes more negative. 
However, note that r" increases as the control grid becomes more negative. 
Thus, the shunting effect of r. decreases and a larger portion of the 

.current from gmv, goes through the load resistor. These effects do not 
completely cancel, but at least the gain does not decrease as much as 
the decreasing gm may indicate. Similar compensating effects wiU also 
be noted in transistor amplifiers in the next section. 

PROD. 10.3. Find an expression similar to Eq. 10.7 for the term A3iB4. Assume 
iB .... IB + 1" sin wt. 

As indicated, the output current waveform may contain a number of 
harmonics in addition to the fundamental component. Also, if the load 
is a pure resistance, the output voltage has the same waveform and hence 
the same harmonic content as the output current. Thus the output 
current (or voltage) may be expressed as a Fourier series. This series will 
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Fie_ 10.4. The effect of second harmonic distortion. (a) Frequency components; (b) 
T atal c.urrent. 

have only cosine terms if the time reference (t = 0) is chosen at a point of 
symmetry as shown in Fig. 10.4. Then 

io = 10 + I, cos wt + Iz cos 2wt + :3 cos 3wt + . . . (10.8) 

The values of 1o, 111 12• etc. can be determined from a graphical plot of 
the output waveform. In fact, some of the harmonics may be deduced 
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to be negligible by an examination of the output waveform. For example, 
waveforms with the general shape shown in Fig. 10.4 can be consi<.ie�d 
to have redominanll second harmonic distortion because successive 
ha cycles are dissimilar. Thus waveforms of this general shapecan--b;, 
approximately represented by the equation 

io = 10 + 1, cos wt + I, cos 2wt ( 10.9) 

where 1, represents the peak value of the fundamental .component and I, 
represents the peak value of the second harmonic component. Now there 
are three unknown quantities 10• 110 and 12 which must be determined, so 
three independent equations involving these three unknowns must be 
found. For example, at time t = 0, (Fig. 10.4) iD = im" and Eq. 10.9 
becomes 

irnax = To + 11 + 12 

Similarly, at time I = 7T/2w, iD = iQ and Eq. 10.9 becomes 

iQ = 10 - I, 

Also, at time t = 1T/W, iD = 'min and Eq . .10.9 becomes 

im1n = It) - /1 + 12 

(10. 10) 

(10. 1 1) 

(10.12) 

These three equations can now be solved simultaneously to yield the 
values of 10, I" and I, in terms of the graphically determined values of 
im;lx' iQ' and imin0 

I _ imax - imln 
1 - 2 

-,i m:::a:::xc...+-,----,i m:::'.::n_+,---2_i",Q 10 = -
4 

The percentage of second harmonic distortion in the amplifier is 

I 
% sec = --.! X 100 

1, 

(10.13) 

(10.14) 

(10.15) 

(10. 16) 

PROD. 10.4. Obtain Eqs. 10.13. 10.14, and 10.15 fcom Eqs. 10.10, 10. 1 1 ,  and 
10.12. 
PROD. 10.5. One section of a 12AT7 triode is connected as a common emitter 
amplifier with a load resistance RL of 20 KO. The V pp supply is +300 volts. 
If VI = -2 + 2 sin wt, find the percentage of second harmonic distortion in 
this amplifier. Answer: 9.45% second harmonic. 
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A second type of distortion which commonly occurs in push·pull amplifiers 
(which are discussed later in this chapter) is shown in Fig. 10.5. In this 
type, successive half cycles afe similar, so even harmonics afe negligible, 
but the peaks of the wave are flattened, so the third harmonic may be 
assumed to be the principal distortion component as shown. Then, with 
the time reference selected as shown in Fig. 10.5, only sine terms appear 
and the output current may be represented approximately by the series 

imu 

I 
I 
I 
I 
I 

t _ L  ... 

io = 10 + I, sin ",/ + I, sin 3",/ 

Fundamental 

\ " ...... Resultant 

°o�-
--------------------------------------

Time ---;:. 

Fig. 10.5. Typical third harmonic distortion. 

(10. 1 7) 

Again. there are three unknowns, so three equations must be written. At 
time / = 0, iO = io and Eq. 10. 17 becomes 

iO = 10 (10.18) 

At / = ,,/6w, io = i.l• (See Fig. 10.5) and Eq. 10. 1 7  becomes 

(10.19) 

where ;',,/6 is the output current that flows when the input quantity is onc· 
half its maximum value, which occurs at 1T/6 radians since sin 'TTj6 = � .  
At / = ,,/2w," io = imox and Eq. 10.17 becomes 

(10.20) 

Equation 10.18 determines the value of '0' When this value js substituted 

into Eqs. 10. 19 and 10.20, these equations can be solved simultaneously 
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for I. and I •. Thus 

and 

I _ 2(imax + i'/6 - 2iQ) 
1 -

3 

"2,,,i .,-",,-_',,,' m",'::.x _-,-i"Q 
I, = -

3 
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(10.21) 

(10.22) 

PROD. 10.6. Derive Eqs. 10.21 and 10.22 from Eqs. 10.18, 10.19, and 10.20. 

The foregoing method of analysis can be used to obtain any given 
number of harmonics in the output of an amplifier. Of course, the number 
of independent equations found must be equal to the number of significant 
frequency components in the output current (or voltage) waveform. 
Equations which include all components through the fourth harmonic 
may be found in the literature.' 

The ideal large-signal amplifier should have high-power output and 
low signal distortion. Unfortunately, these two characteristics are not 
compatible. Hence, a compromise must be reached between maximum 
power output and minimum distortion. Typical plots of power output and 
distortion vs load resistance RL for vacuum tube amplifiers are shown in 
Fig. 10.6. (As will be found in Section 10.3, the distortion of a transistor 
amplifier depends on the impedance of the current source driving the 
transistor as well as on the load resistance.) In both cases in Fig. 10.6, the 
distortion is quite high for maximum power output. However, the dis
tortion can be reduced to acceptable levels by a modest reduction of the 
power output. 

Figure 10.70 and Fig. 10.7b show why the power output and the dis
tortion of vacuum tube amplifiers vary with the load resistance in the 
manner given in Fig. 10.6. The assumption is made that the grid voltage 
varies between zero volts and the cutoff voltage. Also, the plate voltage 
Vpp is assumed fixed. Since the signal power output is proportional to the 
product of the plate voltage variation and the plate current variation, the 
power delivered to the load is proportional to the area of the right tri
angle which has the load line as its hypotenuse. Thus, for the smallest load 
resistance shown in Fig. 10.7, the power output is represented by the 
area of the triangle V pp - A - A'. Notice that for the tube amplifiers, 
the power output increases as the load resistance is increase�, and the load 
line is shifted from the position Vp1' - A to the position Vpp - B. A 
further increase of load resistance causes the load line to shift toward the 
position V pp - C and the power output decreases accordingly. 

t F. E. Terman, Radio Engineers Handbook, McGraw-HiII, New York, 1943. 
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Fig. 10.6. Power output and distortion vs RI. for some electronic devices. (0) Triode 
tube; (b) beam power tube. 

For the triode tube the plate current swing continually decreases as the 
load resistance increases. Therefore. the variation of the tube parameters 
and hence the distortion continually decreases as the load resistance 
increases. On the other hand, the plate current sWlng of the pentode does 
not decrease appreciably until the load line passes through the knee of the 
Vu = 0 curve. However, the second harmonic distortion does decrease as 
the knee is  approached because the spacing of the plate characteristic 
curves becomes more uniform. The second harmonic actually approaches 
zero as the load line approaches the knee of the v(} = 0 curve. The 
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dynamic transfer characteristic would appear as a slightly s-shaped, 
almost symmetrical curve for this value of load resistance. As the load 
resistance of the pentode is further increasedJ the distortion increases 
while the power output decreases, because the output wave is severely 
lIattened on the positive half-cycle of the grid voltage swing. 

An upper current limit for the transistor amplifier is often specified, but 
this limit is usually so high that the collector dissipation determines the 

+�+10 , , : X vG - o 
, , A , " .... I ,'  ' I -10 

C t I I 

§ ,' ,' B " -20 I I I -30 U " High I Small R£ l I ,'  R£ 
� , ' • ' C ': /:-"<J • • ����------� 

C' B' A' V,p 
Plate voItltge 

(a) 
A 

' c  --....... ';;.-

__ 

" 
C A' B' 

Vcc 
Collector voltage 

(c) 

I I 

c" B' A' Vpp 
Plate vottage 

(b) 

Fie. 10.7. Th. effect of R. on distortion and power output. (a) Triod. tube; (b) pentode 
tube; (c) transistor. 

minimum value of load resistance that can be used. Therefore, the power 
output of the transistor amplifier increases as the load resistance is 
decreased, the limit being set by the dissipation capabilities of the tran
sistor. This increasing power output with decreasing load resistance 
appears to be contrary to the maximum power transfer theorem. However, 
this theorem is not being violated because the power of the driving source 
must be increased to obtain the higher power output. The power gain, 
which is maximum under matched conditions, actually decreases as the 
load resistance is decreased. Methods of analyzing distortion in transistor 
amplifiers will be given in Section 10.4. 
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When power output as a function of load resistance is considered, the 
tube and transistor cases differ primarily because of the maximum positive 
grid voltage limit imposed in the vacuum tube case. If the grid could be 
driven positive as far as desired, the upper plate current limit would be 
determined only by the plate dissipation capability of the tube. This 
statement may be verified by the observation of Fig. 1O.7a and Fig. 1O.7h. 

In all amplifiers, care should be exercised to confine the operation 
within the limits of maximum dissipation ratings as well as within the 
maximum current and maximum voltage ratings. 

10.3 GRAPHICAL SOLUTION OF TRANSISTOR CIRCUITS FOR 
LARGE SIGNALS 

As indicated in Section 10.2, the input characteristics of a transistor as 
well as the transfer characteristics are nonlinear. Consequently, when 
transistor amplifier distortion is considered, the nonlinearity of the input 
and transfer characteristics must be considered simultaneously. Hence. 
the graphical method of solution previously used must be modified for 
large signals. This modified method will be illustrated by an example. 

Example 10.1. A transistor is connected as shown in Fig. 10.8. The input and 

collector characteristics of this transistor are given in Fig. 10.9. Plot the output 
current of this circuit if the input signal is as given in Fig. 10.8. 

The first step in the solution of this problem is to draw the load line on the 
collector characteristics of Fig. 10.9. Then the dynamic input characteristic is 
drawn as shown in Fig. to.9b. From the curves of Fig. 10.9, the dynamic 
characteristic curves can be drawn as shown in Fig. to. 10. The dynamic curve 
relating io and in (curve A) is derived from Fig. 1O.9a, and the dynamic curve 
relating in and V8 (curve B) is taken from Fig. to.9b. 

The source voltage VI is shown in Fig. 10.10. This voltage must be reduced by 
the i BR drop through Rgcn to find the actual voltage at the base of the transistor .. 

o r-,-----------,
-0.1 t -0.2 
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Fig. 10.S. A transistor amplifier. 
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Accordingly, lines with the stope of Rgeo are drawn from the VI value (point C 
for example) to curve B (point Ct). The projection of this point (point Cl) to the 
in axis (point C2) yields the magnitude of iB for the given value of vr (point C). 
This value of iB (point C,) is projected to curve A (point Cal. The point of 
intersection on curve A (point C,) is projected to the ic axis (point C,) to give 

Fig. 10,10. Large-signal graphical solution of a transistor circuit. 

the value of output current for the given value of voltage vI (point C). Other 
values of voltage VI are projected until the required current waveform can be 
drawn. 

If the desired output is voltage rather than current, curve A is plotted as 
Vc vs ill instead of ic vs in as in Example 10.1 . The voltage gain of the 
stage can thus be found directly. 

Usually, curve B has more curvature than curve A. Therefore, the input 
characteristics are usually more nonlinear than the transfer characteristics. 
It is interesting to note that if curve A is the mirror image of curve B and if 
Rv-en is  zero, the two nonlinearities will cancel and no distortion will be 
present in the circuit. Even though the two nonlinearities do not cancel, 
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at least the curvature is  such so as to minimize distortion. This compen
sating effect is, therefore, similar in action to the compensating effect of r. 
and gm in the triode tube which was mentioned in Section 10.2. 

It is interesting to note that the internal resistance (R ... in Fig. 10.8) of 
the signal source has an important effect on the distortion of a transistor 
amplifier. The effect of this source resistance is illustrated in Fig. 10. 1 1 .  

, � \ ... 
\ � 
---- - - -- 7 - � ---\ I � \ I � , I '" 

Base current 

_ _ _ _ _ _ _  �_!_ _ _  
_ _ �-- - - -r __ 

Fig. 10.11. The effect of signal source impedance on distortion in a transistor. 

In this figure, the solid lines show the solution for a large value of RileD' 
For large RgeD• the collector current swing from minimum current to 
quiescent current is greater than the current swing from quiescent current 
to peak current. In contrast to this case, the dashed lines of Fig. 10. 1 1  
show the solution if RileD is  small. For small Rgen. the current swing from 
minimum current to quiescent current is smaller than the current swing 
from quiescent current to peak current. Obviously, some value of R1.en 
must exist such that the distortion is very small. In fact, the second 
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harmonic component may be zero. Thus, in case the driving source resist
ance is not optimum, the distortion of a transistor may be decreased by 
adding a resistor in series with the base (to increase the effective RgeJ or 
in parallel with the base (to decrease the effective R.e,). True, these resistors 
decrease the power gain of the circuit, but this price must be paid for low 
distortion. 

'c 

iCma� 

'co 

lCmin --�---+-----+----------- '8 
l iBmu 

VBEQ 

-1....----'0---,---- VSQ' 
VBEmu 

- - - - -VS mar 

I 
I 
I 
I 
I 
I 
I 

Fig. 10.12. Arrangement for determining optimum R.en. 

The value of driving source resistance R):.en that will give (ic mnx -. iCQ) = 
(iCQ - ;c min), and therefore near-minimum distortion, can be determined 
for a given load line on a particular transistor. A relationship for this 
optimum value of R,en will be derived with the aid of Fig. 10.12.  This 
figure is obtained by drawing lhe dynamic transfer and input character
istics for a given 3-C load resistance as previously discussed. The values 
for ic max (at or near saturation) and ic mln (at or near in = 0) are 
established next. The value of iCQ is set at the mid-point between ic )IAX 
and ic MIX' The corresponding values of in MAX, in 1\11:"(' iBQ and VB",; MAX. 
VBE >!'" and v8BQ are then graphically determined (Fig. 10. 12). Also, 
the corresponding source potentials may be determined as follows: 

Vs MAX = vBE 1tfAX + iB MAXRieD 
vSQ = VBEQ + iBQRgeD 

Vs MIN = VBE MIN + iB MINRaen 

(10.23) 

(10.24) 

(10.25) 
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But Vs is assumed to be a sinusoidal (or symmetrical) signal. Therefore 

(10.26) 

Substituting Eqs. 10.23, 10.24, and 10.25 into Eq. 10.26 

VBE MAX + VHE MIX + RgCo(in MAX + iB MIN) = 2(VBEQ + iBQRgeJ 
(10.27) 

Solving for Rgen' 

Rgen = VBEmax + VBEmtn - 2VBEQ 

iOMAX + iBM1N - 2inQ 
( 10.28) 

If the calculated value of Raen is zero or negative, and therefore unrealiz
able, a minimum practical value of Rgen should be used. 

PROB. 10.6. Sketch Vc for the transistor in Example 10.1 by drawing curve A 
as Vc vs in. What other system could be used when ic is known ? 
PROB. 10.7. If RL in Example 10.1 is changed from 250 n to 1000 n, sketch ic. 
PROD. 10.S. Graphically find the per cent of second harmonic distortion in 
the output current of the transistor in Example 10.1. Assume the input voltage. 
v]> is a sine wave with the same peak.to-peak value as the voltage vr used in 
Example 10.1 .  Answer: % sec = 35.2. 
PROB. 10.9. Repeat Prob. 10.8 if R,eD is changed to 5000 n. 

10.4 EFFICIENCY OF CLASS A AMPLIFIERS 

The plate or collector efficiency of a power amplifier can be found by 
dividing the output signal power by the input plate or collector source 
power. The average input power to the collector of a transistor Pc in is 
equal to the collector supply voltage V cc times the average collector 
current / a or 

(10.29) 

Similarly, the average input plate power to a tube amplifier (Pp .nl is 

(10.30) 

In both cases of efficiency. the instantaneous signal power to the load is 
given by the instantaneous voltage times the instantaneous current. If the 
signal is a sine wave and the load is purely resistive, the signal power is 

P Vo2 2 out = 
-

= /0 RL 
RL 

(10.31) 

where V, and I, are the rms value of the output signal. Now, if VMAX is 
the maximum voltage acroSS the load and v'UN is the minimum voltage 
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across the load, the peak-to-peak signal voltage is V>lAX - VMIN' There
fore, if no distortion is present, 

Hence, 

v. - VMAX - VMIN 
• - 2(2)l-i 

P 
_ (VMAX - VMIN)I (VMAX - VMIN)(iMA.x - i],IJN) 

out - -
8RL 8 

( 10.32) 

(10.33) 

An example can help illustrate the procedure for calculating efficiency. 

Example 10.2. A circuit is connected as shown in Fig. 10.13. If the transistor is 
assumed to have no distortion, what is the maximum collector efficiency of a 
class A amplifier when a sinusoidal signal is applied ? 

Fig. 10.13. The circuit for Example 10.2. 

Since the collector circuit power input is constant (Eq. 10.29), maximum 
efficiency occurs when the collector VOltage swing is maximum (Eq. 10.33). 
Sitlce the quiescent collector voltage is V cc. the maximum collector voltage 
swing occurs when the collector is driven to zero as a minimum and 2 V cc as a 
maximum. (See Fig. 10.14.) Actually, the collector cannot be driven completely 
to zero but zero is the limiting value. 

For maximum efficiency. let ia be 0 when Vc is equal to 2 V cc' The maximum 
collector current will then be 

. 2 Voo 
I - --C [\.(AX - n2RL (10.34) 

where n is the turns ratio of the transformer N11N2• The quiescent collector 
current is 

Therefore, the input power is 

Voo 10 = -n2RL 
(10.35) 

(10.36) 
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The rms value of the output voltage across the transformer is 0.707 Vcc, 

Vcc
! 

Pout - 2.n'-RL 
Consequently, the maximum class A collector circuit efficiency is 

_ 
Pout 

_ 
Vcc2/2n2RL 50% 

�c - -- - = .  
Pin Vce'/rr'RL 

401 

(10.37) 

(10.38) 

As the foregoing example illustrates, the maximum efficiency for a class 
A amplifier is only 50%. This example used a transistor, but identical 

L 

� Mallimum output signal 

� Qpoi� -+--d-c load line 

��-c load line 

V'" 
Collector voltage 

� 
2Vcc 

Fig. 10.14. Relations of voltage and current in Example 10.2. 

results are obtained for plate effieieneies of vacuum tubes. Since an actual 
amplifier cannot be driven from 0 to 2 Vec, the efficiency of actual class A 
amplifiers is never as high as SO��. However, an examination of typical 
transistor characteristic curves will show that the transistor can be driven 
almost to tIc = 0 before current saturation occurs. Hence, transistor 
amplifiers can approach 50 % efficiency. 

Pentodes have characteristic curves similar to the transistors but plate 
current saturation occurs at a relatively higher potential. Accordingly, 
the plate circuit efficiency of a pentode is usually lower than the efficiency 
of a transistor. When the input power to the screen and filament is 
considered, tlte at'erall efficiency of a pentode is considerably lower. 

The characteristic curves of a typical triode tube indicate that the plate 
voltage is usually quite high when the control grid is at 0 potential. 
Accordingly, the plate circuit efficiency of a class A t triode is much lower 
than the plate circuit efficiency of a pentode. Again, when the filament 
power is also considered, the overall efficiency of a triode is quite low. 
Note that the plate circuit efficiency of a triode can be increased if the 
control grid is driven positive. 
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The foregoing discussion assumed a sinusoidal input signal. If other 
input waveforms are assumed, the collector circuit efficiency can be much 
higher than the 50% indicated. I n  fact, the sinusoidal input signal has one 
of the lowest effidencies possible. When the input signal is a square wave, 
the efficiency of a class A transistor amplifier may approach 100%. This 
very high efficiency is obtained when the transistor is driven to cutoff 
during one half-cycle and into saturation during the other half cycle. The 
collector dissipation is then very low during both half cycles because the 
product vCEic is very low during both half cycles. This mode of operation 
is used in switching applications. In  this mode of operation the collector 
dissipation increases greatly during the switching time. Therefore, the 
efficiency may be very high only in case the switching time is very short in 
comparison with the period. 

Strictly speaking, the excitation or driving power as well as the power 
loss in the bias source should be included when overall efficiency is con
sidered. However, the driving power is usually small in comparison with 
the collector or plate power input. On the other hand, the power loss in 
the bias resistors, especially emitter circuit resistors, may not be negligible 
and must be included when overall efficiency is considered. 

Collector or plate circuit efficiency is usually of much greater importance 
than overall amplifier efficiency because the plate or collector circuit 
efficiency determines the amount of power output which can be obtained 
from the amplifier. The relationship between the collector or plate 
efficiency and the power output will be derived in a following section. 

PROD. 10.10. Show that the maximum efficiency for a class A transistor 
amplifier with a resistive load in the plate circuit is 25 %. 
PROB. 10. 1 1 .  Although a 6J5 is not primarily intended as a power amplifier 
device, calculate Pin and Pout as well as overall efficiency if Vpp = 300 v and 
RI. = 10,000 n. Assume class Al operation and keep the output relatively linear. 
PROB. 10.12. The characteristics of a 6V6 are given in Appendix 3. Calculate 
Pin and POllt for a 6V6 if Vl'P = 300 v and RL = 15 .0. What is the maximum 
plate circuit efficiency? The load is transformer coupled with n = 20. The 
grid to cathode voltage is (-10 + IQ sin wt)v. Answer: Pin = 17.4 W, Pout -4.4 W, 1Jl� = 25.2%. 

10.5 PUSH-PULL AMPLIFIERS 

The preceding paragraphs have indicated that the large-signal amplifier 
can produce considerable distortion of the excitation waveform. For 
example, the amplifier output signal may not be symmetrical even though 
the input signal is symmetrical, such as a sinusoid. This situation results 
because the changing parameters cause the amplifier to have different 
values of gain on alternate haIr cycles. A Fourier analysis shows that this 
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unsymmetrical waveform is rich in even harmonics. (Actually odd 
harmonics may also be present.) On the other hand, any periodic wave 
which is §Ymmetrical about a neutral axis contains no even harmonics. 
Thiis an amplifier which lIattens the input wave equally on both half 
cycles produces odd harmonics but no even harmonics. 

Inp� 
signal 

T, 

Inp� s;gn:J 

-

AI 

Vpp 

T, 
A, 

(a) 

(b) 
Fig. 10.15. Typical push-pull amplifier circuits. 

RL 

A type of amplifier known as a push-pull amplifier can eliminate even 
harmonic distortion (generated in the amplifier) by providing a sym
metrical output signal. Of course, any second harmonic present in the 
input signal will be reproduced in the output. Some typical push-pull 
circuits are given in Fig. 10.15. In these circuits, the input signal current 
introduces a voltage into the secondary winding of the transformer T1• 
Since the center of this- secondary winding is grounded, one end of the 
secondary will become positive while the other end is going negative. 
Therefore, the input signal to the amplifier At will be inverted in relation 
to the input signal to the amplifier A,. Utis polarity inversion between 
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the two exciting signals is necessary for pr,!per operation of the push-pull 

.amplifier. These two input signals should also be equal in magnitude. 
If interstage transformer coupling is undesirable, the transformer T, may 
be replaced by one of the phase inverter circuits of Section 10.8. 

The basic operating principles of the push-pull amplifier are illustrated 
by the equivalent circuits of Fig. 10.16. These circuits represent either 
transistor or vacuum tube push-pull amplifiers. The d-c circuit of Fig. 
1 0. 16  is drawn for the quiescent condition; that is, no input signal. In 
this condition, the amplifier currents flow through the output transformer 

I� , --

Amplifier h\ "ii\ A, t No A, t 

I I� RL RL 
Amplifier 

A, j No 0 
A, j r. T, ;V T, 

I_ �i 
d-e .-e 

Fig. 10.16. The d-c and a-c equivalent circuits for a push-pull amplifier. 

primary in opposite directions so that the mmf produced in the trans
former by these currents tend to cancel. When the amplifying devices are 
perfectly matched and the output transformer is precisely center-tapped, 
there is essentially no magnetic flux in the transformer under quiescent 
conditions. 

When a time-varying signal is applied to the input terminals of the 
push-pull amplifier, the signal components of amplifier current flow in the 
relative directions shown in the a-c equivalent circuit of Fig. 10.16. 
Observe that the signal current in the lower amplifier A, is reversed in 
comparison with the signal current in the upper amplifier A" These 
relative current relationships, as mentioned before, occur because the 
excitation of amplifier A j  is of opposite polarity to the excitation of 
amplifier A" The a-c equivalent circuit shows that the signal current 
components produce mmf which add in the output transformer. There
fore, the total transformer mmf is the product of the signal current and the 
total number of primary turns. Hence, the power furnished to the load is 
the sum of the signal powers from the two tubes or transistors. Note that 
the signal Current components do not pass through the power supply or 
the emitter biasing circuit. 
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The even harmonic distortion is cancelled in the push-pull amplifier 
output (assuming the circuit is balanced) because the negative half cycle 
of one tube or transistor adds to the positive half cycle of the other_ 
Figure 10. 1 7  illustrates the manner in which the even harmonics are 
cancelled. In this figure, the input signal 
is assumed to be sinusoidal. This can
cellation of even harmonic distortion 
can also be shown mathematically if 
the output current is represented as a 
Fourier series. The input signal voltage 
source is assumed to be VI = V sin wl. 
Then the output Signal current of am
plifier A, is 

i, = B, sin wt + B, sin (2011 + .p,) 
+ B, sin (3wt + .pJ 
+ . . .  B. sin ("'01 + "'.) (10.39) 

Since the input voltage of amplifier A, 
is inverted (I 800 out of phase) when com
pared with that of AI, v,= V sin (wt+1T). 
Then the output current of amplifier A, 
is 

i, = B, sin (wt + 1T) 
+ B, sin [2{wt + 1T) + .p,] 

+ B, sin [3{wt + 1T) + g,,] 
+ . . .  B. sin [n{wl + 1T) 
+ .p.] (10.40) 

.ll'----\--_+__ , -+ 

t 
." 
+ �--�r----+�-.:: t �  

Fig. 10.17. Illustration of the can· 
cellation of even harmonic distortion 
in the output of a balanced push
pull amplifier. 

Re-writing Eq. 10.40 and recognizing that an even multiple of 1T radians, 
when added to an angle, does not change the angle, we see that 

i, = B, sin (wt + 1T) + B, sin (2wl + .p,) + B, sin (3wl + .". + .p,) 

+ . . . Bn sin {nOlI + mr + .pJ . . ' .  (I0.41) 

By comparing Eqs. 10.41 and 10.39, we can see that only the fundamental 
and odd harmonics have opposite poiarities in the output currents and thus 
add in the output transformer. Conversely, the even harmonics are in 
phase and therefore cancel in the output transformer. 

The push-pull circuit can be analyzed by the use of the a-c equivalent 
circuit of Fig. 10.16. However, the two amplifying devices A, and A. 
appear to be in series insofar as the signal components of output current 
are concerned. Therefore, the analysis is made easier by replacing the 
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current sources of Fig. 10.16 with voltage sources as shown in Fig. 10.18. 
In this circuit, N. is the number of turns in half of the primary and N, is the 
number of secondary turns. Then, assuming the circuit to be balanced, 
we see that 

. .  2v �1 = '2 = 
2r. + (2N./N,)'R1, 

(10.42) 

The instantaneous power delivered to the primary of the power transformer 
is equal to i' times the reHected load resistance, or [ 2v J '(2N.)' 

Pout = - RL 
2r. + (2N,/N,)'RL N, 

+ 

v = i.Ro 

(10.43) 

Fig. 10.18. A voltage source equivalent circuit for the push-pull amplifier. 

Equation 10.43 can be rewritten as [ 4v �'(N.)' 
Pout = 11: - RI 

2r. + 4(N,/N,) R N, 
' (10.44) 

Dividing both the numerator and denominator of the bracketed term by 4, 
we have [ V  J'(N,), Pout = 2 - RL 

(r./2) + (N,/N,) RL N, 
(10.45) 

An equivalent circuit which will yield the power of Eq. 10.45 is given in 
Fig. 1O.19a. The current source equivalent circuit is shown in Fig. 1O.19b. 
These equivalent circuits represent a fictitious tube or transistor which has 
the same characteristics as a push-pull configuration. This fictitious tube 
is known as the composite tube. Similarly, the transistor represented by 
the equivalent circuit of Fig. 10.19b is known as a composite transistor. 

The composite collector or plate characteristics may be obtained from 
the respective individual characteristics as illustrated in Fig. 10.20. The 
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Fig. 10.19. Equivalent circuits for the composite tube or transistor. 
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triode-connected 6L6, whose plate characteristics are given in Fig. 10.20, 
will be used to illustrate the method of obtaining the composite charac
teristics. One characteristic curve is inverted and the i p = 0 axes are 
made to coincide. The two curves are adjusted until the quiescent plate 
voltages of the two curves coincide. In this case, the quiescent plate 
voltage is 300 v so the 300-v lines are made to coincide. Next, a d-e load 
line is drawn and the quiescent operating point is chosen for each indi
vidual tube. In this example, the d-c resistance of the transformer primary 
is assumed to be negligible. Therefore the d-c load lines are drawn 
vertically and the quiescent operating point is chosen at the intersection of 
this d-c load line and the vG � -30 curve. 

Now, since the two plate currents subtract in the output transformer, 
the two currents can be subtracted graphically. For example, if no time
varying signal is present, both control grids will have -30 v applied and 
the dashed curve for vGC = 0 (Fig. 10.20) results. This curve is seen to be 
the difference between the two vG = -30 curves. Similarly, if the Va of 
tube I is - 1 5  v, the Va of tube 2 is -45 v. The difference between these 
two curves is the VGC = + 1 5  v composite curve. Similarly, the Vac = 
+ 30 v composite curve is the difference between the Va = O-v curve of 
tube I and the Va = -60-v curve of tube 2. Since the circuit is sym
metrical, the composite curves for vac = - 1 5  v and -30 v are mirror 
images of the + 15- and +30-v composite curves. Note that the slope of 
the composite characteristics is about twice as great as the slope of the 
individual characteristic at the Q point, thus verifying that r. (composite) 
= r ./2. 

Observe that the quiescent operating point for the composite tube of 
Fig. 10.20 is  at Vp = 300 v and ip = O. The a-c load line for the com
posite tube is drawn through this Q point. The slope of this load line 
should be determined from power output, power gain, and plate dissipation 
considerations in the same manner as discussed for the single tube. The 
slope of the composite load line for a triode can frequently be made the 
negative of the slope of the composite characteristic, thus providing 
maximum power gain at maximum power output. This impedance 
matching provides somewhat more than twice the power output for the 
composite tube than could be obtained from the individual tube at 
acceptable distortion levels. The slope of the composite load line represents 
a resistance which is one-fourth of the plate-to-plate resistance of the 
output transformer, because the composite amplifier works into one-half 
of the output transformer. 

As shown in Fig. 10.20, the operating path of each tube in the push-pull 
amplifier is a curved path which passes through the individual Q point. 
The composite tube current is 

(10.46) 
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Fig_ 10.21. Composite characteristics and load lines for push-pull transistors. 

Therefore, the plate current in the individual tube may be determined at a 
particular value of grid voltage from the relationship 

(10.47) 

Then, if a vertical line is drawn through the intersection of a composite 
characteristic with the load line, the intersection of this vertical line with 
the corresponding individual tube characteristics will provide a point on 
the operating line for the individual tube. This construction is illustrated 
by the points a, b, and c on Fig. 10.20. 

Figure 10.21 shows that the construction techniques illustrated for the 
push-pull triode amplifier also apply to the push-pull transistor amplifier. 
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Since the plate characteristics of the pentode tube and the transistor 
collector characteristics are very similarly shaped, the composite char
acteristic construction of a pentode amplifier follows that of the transistor 
very closely. The main difference between these two amplifiers and the 
triode amplifier is the relative slopes of their individual characteristics. 

PROD. 10.13. Two triode-connected 6L6 tubes are used in a push-pull amplifier 
circuit. The quiescent plate-catbode voltage is 300 v. 

(a) Draw a circuit diagram for the amplifier. using cathode bias. 
(b) Construct the composite plate characteristics, using VG = -30 v as the Q 

point of the individual tube. 
(c) Draw a suitable load line. What plate-to-plate resistance does this load 

line represent? 
(d) Draw the operating line for the individual tube. 
(e) Calculate the maximum power output obtainable when the excitation is 

sinusoidal. 
(J) What should be the value of plate-supply voltage for this amplifier? 

PROD. 10.14. Two 2N2l47 transistors are used in a push-pull amplifier circuit 
with V cc = -20 v and I B = -10 ma at the individual Q point. Sketch the 
composite characteristics and draw an appropriate load line. What value of load 
resistance does this represent? Determine the maximum available power output. 
Assume that the exciting source is sinusoidal and the source resistance is large in 
comparison with hit. 

10.6 CLASS B OR AB OPERATION 

Almost all the amplifiers considered in the preceding portion of this 
text haye been class A amplifiers. Class A amplifiers were used because it 
was assumed that linearity, or minimum waveform distortion, was a 
requirement of the amplifier. From the definition of the classes of opera
tion. it is evident that class A is the only class of operation which can 
provide good linearity in a single-ended (non push-pull) audio ampli
fier. However, the even-harmonic cancelling property of a push-pull 
amplifier permits class B or AB operation for this type of amplifier. 

If the amplifying device, such as a tube or transistor, were linear during 
the time current flowed through the device. the push-pull amplifier would 
be linear even though the individual amplifier were operated class B 
(biased at cutoff). In this case, the output current and power would be 
furnished by one of the individual amplifiers during the first half of the 
input cycle and the other individual amplifier would furnish the output 
current and power during the second half of the input cycle. The addition 
of the two individual currents would produce a distortionless output cycle. 

The no-signal output current for a class B amplifier is zero. Therefore. 
when the excitation is zero, there is no drain on the collector or plate 
power supply. This feature of the class B amplifier is very attractive 
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because of the large reduction of collector supply power in the class B 
amplifier compared with the class A amplifier when equal output power 
capabilities are considered. 

In addition to the greatly increased small-signal efficiency, the class B 
amplifier is considerably more efficient than the class A amplifier at 
maximum signal levels. The maximum theoretical efficiency of the class B 
amplifier, for sinusoidal excitation, may be readily computed by assuming 
the amplifier operation to extend from the voltage axis along the load line 
to the current axis. This technique was used 10 calculate the maximum 
theoretical efficiency of the class A amplifier, which is 50 % with sinusoidal 
excitation. 

Load lines are drawn on the output (collector or plate) characteristics of 
typical transistor and tube amplifiers in Fig. 10.22. When the operation 
is assumed to swing from axis to axis along the load line, the peak value of 
input current is lA' Now, the average current for onc half of a sine wave 
with a peak value of lA is (2/7T)IA' Thus, if the transistor is used as an 
example the collector power input PIn is equal to V cc times the average, 
collector current or 

P _ 
21AVCC ID -

7T 
(10.48) 

where lA is the current axis intercept value of ic. This PJn is the average 
power into one transistor for one half-cycle or for two push-pull transistors 
for the full cycle. For the push-pull configuration, the characteristics of 
Fig. 10.22 represent the top half of the composite characteristics. Here, the 
average power output for either the half cycle or full cycle is 

P l"Vcc out = 
2 

The maximum theoretical collector circuit efficiency is 

Pout 'Tr , '7e = - X 100 = - X 100 = 78 �o 
Pin 4 

(10.49) 

(10.50) 

This value of efficiency is closely approached by the transistor amplifier 
and reasonably approached by the pentode amplifier. It is interesting to 
note that the triode amplifier is quite inefficient, compared with the other 
two. when the maximum permissible grid voltage is zero volts. However, 
when the grid is driven appreciably into the positive region, the efficiency 
of the triode may be as high as that of the pentode amplifier. 

The collector or plate dissipation capability of an amplifier usually 
limits the amount of power that can be obtained from this amplifier. 
Thus, a given amplifier can deliver much more power when operated in the 
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Fig. 10.22. Load lines are drawn on the output characteristics to determine the ma�� 
imum theoretical efficiency and to compare the efficiency of transistor and tube am
plifiers under various situations. (0) Transistor; (b) pentode; (c) triode. 
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class B mode than when operated in the class A mode. The relationship 
between the maximum possible power output and the efficiency is derived 
as follows. The collector or plate dissipation is 

But 

Then 

and 

P 
1/op. 

out = 
I - 1/0 

(10.51) 

(10.52) 

(10.53) 

(10.54) 

PROD. 10.15. A certain transistor can safety dissipate to w in a given environ
ment. Determine the power output which can be obtained from a push-pull 
amplifier using two of these transistors w.hen the transistors are operated (a) 
class A, (b) class B. Assume the excitation to be sinusoidal and the efficiencies 
to be 50% and 75 % res�tive1y. 

As in class A operation, the class B efficiency is a function of waveform 
as well as magnitude of excitation. In fact, as mentioned, the efficiency 
may approach 100% when the excitation is rectangular. 

The realizable increased power output of the class B mode as compared 
with the class A mode is not obtained automatically as the bias is changed. 
This maximum power output can result only from increased collector 
power input. The collector power input can 'be increased by either 
increasing the collector supply voltage or increasing the output current or a 
combination of the two. In case the collector supply voltage has already 
been set at the maximum permissible value, the output current can be 
increased by reducing the load resistance and increasing the excitation. 
For the vacuum tube, this means that to realize the maximum dissipation 
capabilities of the tube the grid must be driven into the positive region. 
The triode tube looks quite promising when driven into the positive grid 
voltage region because the efficiency as well as the power output. is then 
increased appreciably. 

Actually, either the tube or the transistor push-pull amplifier has 
intolerable distortion when biased strictly at cutoff. This high distortion 
results from the high degree of nonlinearity of the characteristics near zero 
collector or plate current. This high distortion which occurs near plate 
current cutoff is known as cross-over distortion. This distortion can be 
eliminated by biasing the amplifier at projected cutoff rather than at actual 
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cutoff. The meaning of projected cutoff is illustrated by Fig. 10.23. The 
relatively straight portion of the transfer or input characteristic curve is 
extended until it intercepts the zero plate current or base current line as the 
case may be. This intersection is at the projected cutoff value of bias 
voltage as shown in Fig. 10.23a. The composite transfer characteristic 
may be drawn by inverting the second transfer curve and aligning the 
projected cutoff bias points as shown in Fig. 1O.23a. 

The composite transistor input characteristic can be drawn for the case 
of projected cutoff bias, as shown in Fig. 1O.23b. The second set of 

iBl � 
-60 -30 0 10 5 0 

---vc, tin v.,� 
� 

0 0 � iht Vc> tv •• 
� 

0 -30 -60 0 1. 5 10 
� ' .. 

rai (bi 
Fig. 10.13. lIlustration of the: method of determining projected cutoff for the (0) 
vacuum tube, (b) transistor. 

characteristics is inverted and the projected cutoff bias voltage values of 
the two curves is aligned. The extensions of the relatively straight portions 
of the curves then join and form the composite characteristic. The 
addition of the second curve is really unnecessary because no additional 
information is added. The extended linear portion of the curve becomes 
the composite characteristic for one-half of the input cycle and the second 
half cycle is merely a repetition of the first half cycle if the amplifiers are 
balanced. 

Operation at projected cutoff is sometimes called class B operation in 
the literature. However, it is more correctly known as class AB operation. 
The efficiency of class AB is less than that of class B, of course, but is still 
much higher than that of class A .  Push-pull amplifiers are usually operated 
at projected cutoff. The chief disadvantage of this mode of operation in 
comparison with class A is the increased importance of maintaining good 
amplifier balance. 

The composite characteristics and composite load line can be drawn 
for the class AB push-pull amplifier in the manner described for the class A 
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amplifier. The only difference in the two amplifiers is the selection of the 
bias point. However, the construction of the composite curves is much 
easier for the class AB amplifier because the composite curves follow 
the individual curves over most of the region of operation. In fact, the 
composite curves are not required for a class AB amplifier because the 
composite quiescent operating point is fixed independently of the com
posite curves, and the composite curves are identical with the individual 
characteristic curves at the extremities of the region of operation. Also, 
as previously mentioned, one set of collector characteristics is sufficient to 

Composite load line 

J 'c 
Individual 

operating line 

ID) 

ip 

Ib) 

Composite 
load lirte 

Individual 
operating line 

Fig. 10.24. Graphical analy�is of the class AB push�pull amplifier. (a) Transistor; 
(b) triode tube. 

define the operation over one-half of the output cycle, and the second half 
of the output cycle is assumed to be identical (although inverted) to the 
first half. Therefore, only one set of output characteristics needs to be 
used. These simplifications in the graphical analysis are illustrated in 
Fig. 10.24. The maximum positive grid voltage ofa vacuum tube operating 
in the class I (no grid current) condition is established at zero volts. 
Then the optimum composite load line can be drawn, using the guiding 
principles discussed for the single ended amplifier. However, the maximum 
permissible excursion of either input voltage or output current is not so 
clearly defined for the class AB, tube amplifier or for the class AB transistor 
amplifier. The maximum permissible output current can be determined as 
a function of the permissible plate or collector dissipation and the quiescent 
value of output current. This maximum permissible value of output 
current then establishes the upper extremity or current axis intercept of 
the load line. 

A method of determining the maximum permissible output current for 
a class B transistor amplifier is illustrated in Fig. 10.25. Initially, the 
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amplifier is assumed to operate class B so the quiescent current is approxi
mately zero. Then with sinusoidal excitation, the average power dissipation 
for one half-cyc\e is 

2 I�""RL 
p. '" Pt. - Pout '" - ImaxVee - (10.55) 

"TT 2 

The value of signal current lID .. which causes maximum dissipation may 
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Fig. 10.25. Illustration of the method used to determine the maximum 
collector current for a class B transistor. 

I 
I 
I 

permissible 

be obtained by differentiating Eq. lO.55 with respect to fmax and equating 
the derivative to zero. 

dP. 2 
-- = 0 = - Vcc - Im&:ltRI, 
dlmax 'TT 

2 Vee 2 
[max = - - = - 1 t 7r RL 'TT # 

(10.56) 

(lO.57) 

Substituting this value of fm .. into Eq. 10.55 will yield the maximum 
power dissipation. 

4 2 .  
Pd max = -2: lA. Vcc - -2 lA. RI. 

" " 
( 10.58) 
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Substituting /.,RL = Vaa into Eq. 10.58 we have 

2 
Pdrnax = -; 1..4, Vac 7T 

417 

(10.59) 

For purposes of comparison, sketches of power dissipation and power 
output as functions of Imax are given in Fig. 10.26 for both class B and 
class A. 

Equation 10.59 will determine the value of lA for a class B amplifier 
when Vaa (or Vpp) and the maximum permissible dissipation are known. 

lA = PdMax = 7t
2
Pdmax � 5Pdmax 

(2/7Tz)Vaa 2Vaa Vcc 
(10.60) 

This equation was derived for one transistor operating over one half� 
cycle. However, when a complete cycle is considered, the average power 

I 
I 
I 
, , 

;IAVcc -- - - - - - - - -+- - - - 
[ Po 

o 

I 
I I - --- --�-".- �-= 

Imax � 
Class B 

o 

Imu � 
Class A 

Fig. 10.26. Power output and power dissipation as functions of [mu (sinusoidal signal) .  

input and the average power output remain the same as in the preceding 
equations, but the power dissipation is the total dissipation capability of 
the two transistors (or tubes). A more general equation which would be 
valid for class AB operation, and thus include IQ, would be more useful 
than Eq. 10.60. Such an equation is difficult to derive. Equation 10.60 
can be altered, however, to include IQ and to provide approximate values 
of 1.1 for class AB (or even class A) operations. The altered equation is 

[ 5Pdmax 31 
A � - Q 

Vaa 
Although the foregoing relationships were developed for 

signals, they are also safe design values for random signals . 
• 

(10.61) 

sinusoidal 
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PROD. 10.16. A particular transistor can safely dissipate 5 w with a given heat 
sink. · The projected cutoff bias of this transistor provides a quiescent collector 
current of 20 ma. Calculate the maximum permissible collector current (A. the 
colIector-to-collector load resistance, and the maximum power output when two 
of these transistors are operated in class AB push-pull. The excitation is 
sinusoidal and Vac is 15 v. Answer: (4 = 3.27 a, RL = 18.4 n, Po = 24 w. 

10.7 THERMAL CONDUCTION AND THERMAL RUNAWAY 

As noted in Chapter 4, small-signal transistors have collector-junction 
dissipation ratings which are based on an ambient air temperature. usually 
25°C. These transistors, like small (receiving) tubes rely on air convection 
to transfer the heat, which results from the dissipated power, to the 
surrounding atmosphere. The small-signal transistors must be derated as 
the ambient temperature rises above the reference temperature. Convec
tion-cooled tubes should also be derated as the ambient temperature 
increases, but the normal changes of ambient temperature are usually 
negligible in comparison with the operating temperature of the tube. 
Therefore, little attention is usually given to derating vacuum tubes, 
although the need for derating should not be overlooked. 

Forced air (or even water) cooling is frequently recommended by the 
manufacturer for high-power tubes such as transmitting tubes. In contrast. 
the heat from a power transistor is usually transferred by conduction to a 
heat sink. Therefore, the power dissipation rating of a power transistor is 
specified for a given case temperature, usually 25°C. The actual power 
which can be dissipated by the transistor depends on the thermal conduc
tivity between the transistor case and the surrounding air or environment, 
as well as on the ambient temperature of the surroundings. The power 
transistor (500 mw and above) is usually fastened securely to a large metal 
plate or chassis, which serves as the heat sink. The collector of the power 
transistor is usually electrically and mechanically connected to the tran
sistor case. Maximum thermal conductivjty to the heat sink is obtained 
when the transistor case is electrically and mechanically fastened to the 
heat sink. However, an insulator is frequently required to electrically 
isolate the collector from the heat sink. 

Every transistor has a maximum permissible junction temperature Tj• 
which ranges from 85 to 1 10°C for germanium transistors and is about 
175°C for silicon transistors. Thermal resistance eT has been defined as the 
ratio of temperature rise in  degrees centigrade to the power conducted in 
watts.3 Therefore, the junction temperature Tj can be related to the power 
being dissipated Pd, the thermal resistance eT' and the ambient temperature 

3 The symbol 0:r may not seem to be an appropriate symbol for thermal resistance. 
However, this symbol is commonly used by the transistor industry. 
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T. by the equation 

419 

(10.62) 

The thermal resistance 0T actually consists of three parts; the thermal 
resistance between the collector junction and the case SiCI between the case 
and the heat sink 0", and between the heat sink and the ambient environ
ment 0... The equivalent circuit of Fig. 10.27 represents the thermal 
relationships of the transistor and its heat sink. The capacitors shown 
represent the thermal capacitance of the three parts of the circuit. The 
thermal capacitance C, of the collector junction is very small. Therefore, 

r-----..... ---, � Collector junction temperature 

�Cj 6jc 
� Case temperature Tc 

r----I -+-- Heat sink temperahJre T. 

IC, 6.a 
'-----------1 � Ambient temper�turl! Ta 

� � Absolute zero temperature 
Fig. to.27. An equivalent circuit which relates the various temperatures of a heat� 
conducting system to the power being dissipated and the thermal resistance. 

the thermal time constant 0" C, is of the order of milliseconds. The 
significance of this time constant is that the load line can cross the maxi� 
mum dissipation line of a transistor without damaging the transistor, 
providing that the excessive dissipation does not continue/or more than a few 
milliseconds. The thermal capacitance C, of the case is much greater than 
that of the junction. Therefore, the transistor which is designed to operate 
with a heat sink can operate for at least several seconds without the heat 
sink before the transistor is damaged. Similarly, the thermal capacity of a 
heat sink is usually much larger than that of the transistor case. Therefore, 
the transistor may operate several minutes with an inadequate heat sink. 

The thermal resistance 0" from the collector junction to the case is 
usually given by the manufacturer for each type of power transistor. Also, 
thermal resistance data are available for the various transistor mounting 
systems.' The thermal resistance 0,. of a I-in. thick bright aluminum 

4 See M% rola Power Transistor Handbook, First edition, p. 23. Motorola Semi
conductor Products Division, Inc .. Phoenix, Arizona. 
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plate as a function of area (both sides) is given in Fig. 10.28. This chart is 
for vertical orientation. When the heat sink is horizontal, the thermal 
resistance increases by the order of 10 % because of the reduced convection. 
On the other hand, black painting or anodizing of the heat sink could 
lower its thermal resistance. 
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llrel is twice the Irl. of one side) 
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Ex perimental average I\- 6SA ::; 32.6A-·4n 

10 100 
8SA, thermal resistance (IOC/watt) 

Fie. 10.11. Heat sink area vs. thermal resistance. (Courtesy Motorola Semiconductor 
Products Division.) 

PROD. 10.17. A particular power transistor which has 0" = O.soC/w is 
mounted on a vertical i-in. aluminum 2()()..in.2 heat sink. The maximum junction 
temperature is 90°C and the mounting system has eel "" O.8°C/w. How much 
power can be dissipated when the ambient temperature is 2S0C? What is the 
diSSipation rating of the transistor '1 

The transistor is not completely protected when the heat sink is adequate 
for the required dissipation ; the transistor can be destroyed by thermal 
runaway. This thermal runaway results from the increasing collector 
current, caused by the increasing lao which occurs as the junction tempera
ture rises. Thus, thermal stability is dependent on the current stability 
factor SI as well as on the heat sink. 

Thermal runaway occurs when the rate of increase of collector junction 
temperature exceeds the ability of the heat sink to remove the heat. The 
rate of increase of junction temperature is obtained by differentiating Eq. 
10.62, 

(10.63) 

where ElT = Ell< + El" + El... At quiescent operating conditions, the 
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power dissipation p. is equal to the collector power input V 01 o. Then 

(10.64) 
or, 

( 10.65) 

Then, 

(10.66) 

But ale/oleo = Sr, the current stability factor noted (Chapter 5). 
Thus, 

(10.67) 

In a germanium transistor, I co theoretically doubles for each 10°C 
temperature increase, as previously mentioned. Then leo increases about 
7 % for each °C increase of junction temperature. This relationship can be 
expressed mathematically as follows: 

oleo 
= 0.071eo (10.68) 

aT, 
where Ieo is determined at the operating junction temperature T,. 
Substituting Eq. 10.68 into Eq. 10.67, we have 

I 0.071eo = ( 10.69) 
SrVe0T 

0.071eoSrV00T = 1 (10.70) 
Equation 10.70 expresses the parameter relationship at the transition 

between the stable condition and thermal runaway. The left side of this 
equation must be less than unity to assure stability. After the collector 
supply voltage Vc is set and the heat sink is designed. the maximum value 
of stability factor which will provide thermal stability may be calculated. 

S/ < 14.3 (10.71) 
leoVe0T 

The constant in the numerator of Eq. 10.71 is theoretically appropriate 
for germanium transistors. However, the rate of change of I co with 
temperature varies quite widely among different types of transistors. The 
actual rate of increase is less than the theory predicts. This is especially 
true of silicon transistors because the surface leakage, the carriers gener
ated within the depletion region and so on, which account for the discrep
ancy, cause a larger portion of lea in the silicon transistor. Therefore the 
conSlant in the numerator of Eq. 10.71 should be determined for each 
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particular transistor. This constant can usually be determined from the 
data furnished by the manufacturer. For example, if Ico is given for two 
different temperatures, Eq. 10.72 can be used to find the constant which 
represents the rate of increase of lcq with temperature. 

lc02 = lcol(1 + r)�T; (10.72) 

where , is the rate of increase, and I/r is the numerator of Eq. 10.71. 
The lco in Eq. 10.71 must be determined at the maximum junction tem

perature. which is equal to the maximum ambient temperature plus the 
maximum d·c collector dissipation times the total thermal resistance. The 
maximum collector dissipation is a function of the junction temperature 
because SIICO is a significant part of the collector current. The maximum 
junction temperature is T; max = Ta. max + (Pin - P out)OT' Then 

(10.73) 

where le is the average value of collector current determined at maximum 
dissipation conditions but neglecting I eo' Then 

Tj max - T" max S " I + P - I"C co max out 
eT 

(10.74) 

where leVe is the permissible collector power input with lco neglected. 
When the permissible collector power input is determined from Eq. 

10.74 and the maximum stability factor is determined from Eq. 10.71 
(using J eo mu), the junction temperature will not exceed the design value. 
The ohmic resistance in the collector circuit provides a safety factor because 
Vc normally decreases as the total collector current increases. The R-C 
coupled amplifier does not present a thermal runaway problem because of 
the comparatively large va]ue of ohmic resistance in the collector circuit. 

PROD. 10.1S. Two transistors of the the type llSed in Prob. 10.17 have leo = 
1.5 ma at 25°C and leD = 30 ma at 90°C measured at Vc = -30 v. What is the 
maximum permissible stability factor for a transformer coupled amplifier with 
Vc = -30 v, using these transistors? Both transistors are mounted on a 
1-in thick aluminum heat sink of 200 in2 area on one side. Answer: SI = 5.24. 
PROD. 10.19. The transistor amplifier of Prob. 10.18 is operated class AB. If 
le mflX and le aye are determined with the aid of the typical collector character
istics, as discussed in the preceding problem, what is the maximum petmissible 
value of le Ave ? 

10.8 PHASE INVERTER CIRCUITS 

In some instances, a transformer may be undesirable in the input of a 
push-pull amplifier. For this reason, phase inverter circuits which provide 
balanced voltages of opposite polarity have been devised. One rather 
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simple type of phase inverter circuit is shown in Fig. 10.29. This phase 
inverter makes use of the inversion characteristics of a conventional 
amplifier. The tube VI inverts the signal of grid Gl and applies this inverted 
signal to the grid G.. The tap on resistor R,l is adjusted until the magni
tudes of the signals on Gl and G, ate equal. In fact, this circuit can even 

Col G, 
RL2 

RL, Vpp 
Push-pull 

stage 
C" 

G, 

CK RK R.., 

Fig. 10.29. A simple type of phase inverter circuit. 

be adjusted to compensate for differences in the amplification of the 
push-pull tubes. 

PROD. JO.20. A vacuum tube amplifier is to be used in the circuit of Fig. 10.29. 
If Rgl = Rfl2 = 500 KO and R L2 is 50 KO, find where the tap on R'l must be 
located. Assumegm of the triode is 2000 Itmhos and r'P of the triode is lO,<X>O n. 
Answer: 30.5 KO from ground. 

A transistor counterpart exists for the phase inverter circuit of Fig. 10.29. 
This transistor phase inverter is shown in Fig. 10.30. This circuit contains 
stabilized bias in each stage. Accordingly, a large number of circuit 
elements are required. However, by the proper choice of bias currents. 
several of the circuit elements may be eliminated. For example, if  the bias 
current to transistor TI is less than the bias current of transistor T2• 
resistors R, and R, may be removed and capacitor C, replaced by a short 
circuit. Bias for transistor Tl is supplied by R. and R,. Obviously, the 
adjustment of RI controls the output current of transistor TI. 

The greater complexity of the transistor circuit (Fig. 10.30) as compared 
to the vacuum tube circuit (Fig. 10.29) results from the bias requirements. 
In vacuum tube circuits, the bias circuit can be located in the cathode of 
each tube. Hence, isolation of the grid circuits are not required. In 
contrast, the bias circuits of transistor amplifiers are located in the base 
circuits. Consequently, isolation of the base circuits must be maintained. 
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Fig. 10.30. A transistor phase inverter circuit. 

PROD. 10.21. A transistor circuit is connected as shown in Fig. 10.30. All 
three transistors are the same type (transistor T} is usually a lower current rating 
device than transistors T2 and T a'J. hit! = 250 .0: ;  hre � 0; hoe = 10-5 mhos ; 
h'e or {J = 50. The desired quiescent conditions are In = 1 ma and le = 50 ma. 
Let the currents through �2' Rs. and Rfi be 3 ma each. Now, if Re = 10 Cl and 
R4, = 20 O. find the value of the other circuit elements including Rt. Assume RIO 
is 300 n and Vcc is 20 v. The lowest frequency to be amplified is 30 Hz. 

A second type of phase inverter circuit which has proven very popular 
is shown in  Fig. 10.31 .  In  this circuit, RLl and the vacuum tube act as a 
cathode follower. Accordingly, the signal in grid G, is in phase with the 
signal Vi' In contrast, the signal on grid G, is developed across the con
ventional plate load resistance RL2 and is inverted in relation to the signal 
Vi' Hence, if RLl = RL2• the two signals will be equal in magnitude (the 
same current flows through both RLl and RLz) and inverted in phase . 

PROD. 10.22. Show how the phase inverter of Fig. 10.31 can be directly coupled 
to the plate of the amplifier which precedes it. Use triodes for both the phase 
inverter and the preceding amplifier. A single duo�triode would serve both 
functions. 

Since the cathode circuit acts as a cathode follower, the total voltage 
gain in the cathode circuit is less than one. Similarly, since the voltage 
gain in the plate circuit is  equal to the voltage gain in the cathode circuit, 
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R" Cc> -
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G, 

Fig. 10.31. A split-load phase inverter circuit. 

the total voltage gain in the plate circuit is less than one. However, since 
the voltage in the cathode is inverted in relation to the voltage in the 
plate, the grid-ta-grid voltage on the push-pull stages may have a gain 
greater than one (but never greater than two). 

The transistor version of the phase inverter of Fig. 10.31 is shown in 
Fig. 10.32. The operation of this circuit is the same as for a vacuum tube. 
However. in this version, the currents flowing in the base circuits of T2 and 
T, must be equal. As for the vacuum tube, the voltage across RL, will be 
equal to the voltage across RL2 if transistors Tt and T3 are not present.s 

r------r----------r--,---------------,--� -V� 

R" R, R, 

ec, � 
T, 

R, 

R, 

C" 
-

R. - i" � I+-'" 

T R, 

Fig. 10.32. The transistor version of Fig. 10.' 
� Ilu passes a slightly greater current (le + I.) than the current through Ru. (le)' 

This current difference is usually negligible but can be compensated for by making RLt 
less than RL," 



426 Electronic Engineering 

When the push-pull transistors are connected to the phase inverter, 
the voltages across the emitter and collector impedances will be equal and 
of good waveform provided that these impedances remain equal. The total 
emitter current is approximately equal to the input voltage divided by the 
total emitter circuit impedance. The collector current is essentially equal 
to the emitter current. If  the emitter circuit impedance varies over the 
signal cycle, the emitter current and hence the collector current will not be 
proportional to the input voltage. The emitter voltage will be approxi
mately equal to the input voltage, as mentioned, but the collector voltage 
)vill not have the same waveform as the input voltage unless the collector 
circuit impedance varies in the same manner and i n  phase with the emitter 
circuit impedance. This is too much to expect of the collector circuit 
impedance, since the push-pull transistors must have opposite polarities. 
Therefore, the emitter and collector circuit impedances must be essentially 
linear, or nonvarying. 

The load impedances of the split load phase inverter can be linearized 
by making the shunt fixed resistances, such as RLl and RL" small in com
parison with the input resistance to the transistor. Linearization can also 
be accomplished by placing fixed resistance in series with the transistor 
input resistance. This method is used in the circuit of Fig. 10.32. A much 
smaller resistance in the emitter circuits of the push-pull transistors would 
accomplish the same purpose, providing that they are not bypassed. 

The two diodes shown in the base circuits of transistors Tz and Ta 
(Fig. 10.32) are needed when the push-pull amplifier is operated class AB 

or class B, because the base current of the power transistors tend to charge 
the coupling capacitors CCl and Cc, during the portion of the input cycle 
when the particular transistor is conducting. However, the coupJing 
capacitors cannot discharge through the transistor base during that portion 
of the cycle when the transistor is cut off. Therefore, since the coupling 
capacitor discharge time through the bias resistors is large in comparison 
with a period, the coupling capacitors acquire a net charge which tends to 
reverse bias the transistors (class C). The diodes which are placed in  the 
base circuits will prevent this shift of operating point .by providing a dis
charge time constant which is approximately equal to the charging time 
constant. 

The voltage gain of a split load phase inverter is always less than two, 
but the current gain can be large. Accordingly, considerable power gain 
is possible. Other phase inverter circuits are, of co,}rse, possible. The 
reader is referred!to the various handbooks for these other circuits. 

PROD. 10.23. A circuit is connected as shown in Fig. 10.3 1 .  (a) lf Ro = RL2 = 
5000 n, what is the grid-ta-grid voltage if v j is a sine wave with I v peak. Assume 
gm is 5000 /lmhos and rJl is 10,000 n. (b) How would you modify the circuit if 
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the desired quiescent point for the phase inverter tube is Va =:; -4 v when 
Ip = 8 ma? Answer: (a) 1.85 v peak. 
PROB. 10.24. A circuit is connected as shown in Fig. 10.32. (a) Find i .. if the 
signaJ ib1 is 1 rna peak. Assume RLl = RL2 = 1000 n. The input impedances of ' 

Tt and Ta are each 200 O. The characteristics of transistor T1 are hi' - 250 n, 
h�, == 0, hoe = 10 micromhos, hIe or P = 50. Rz and Ra are much larger than 
200 n. (b) What value should RLl have if RL2 is 1000 n and perfect balance is 
desired? Assume R& = Re = SOO n and RI = R. = 1000 n. 

10.9 GRID DRIVE REQUIREMENTS FOR CLASS B. (or AB;) 
VACUUM TUBE OPERATION 

A rather drastic change occurs in the control grid circuit of a tube when 
the control grid is driven positive. The positive control grid intercepts 
electrons from the cathode and current flows in the control grid circuit. 

Grid volts 

Fig. 10.33. Control-grid current as a function of positive control grid voltage. 

The curves of control grid current vs the control grid potential are given in 
Fig. 10.33. These curves indicate that the control grid current follows the 
same pattern as does plate current in a diode. In contrast to a diode, the 
triode plate voltage does have an effect on grid current, but this effect is 
quite small.' Hence, the positive control grid can be roughly represented 
as a resistor from grid to cathode. The size of this resistor is usually in 
the order of 1000 Q or less. 

As a result of the action of the positive control grid, the input character
istics of a push-pull class B. (or AD,) vacuum tube amplifier has the form 
indicated in Fig. 10.34. The voltage AO (and DO) represents the bias 

• Plate voltage can have 3. big effect on grid current ir the plate voltage approaches 
the magnitude of the control grid voltage. 
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Fig. 10.34. Input characteristics of a class 8, (or AB2) vacuum tube push-pull amplifier. 

potential of the push-pull grids. As soon as this bias potential is exceeded, 
the control grid begins to draw current. This control grid current causes 
a load to be applied to the driver stage which sueplies the signal voltage 
for the push-pull tubes. As a result of this load, which is only present for the 
peaks of the input signal, the signal from a high i'lternal impedance driver 
stage is distorted as shown in Fig. 10.35. The symmetrical appearance of 
the distorted waveform indicates that odd harmonics have been introduced 
into the waveform (Fig. 10.5). Usually, the magnitude of the third 
harmonic component is much Jarger than the other odd harmonics. Thus, 
Eq. 10.22 can be used to find the peak value of the third harmonic 
component, V3• 

V. 
_ 

2V .. /G - Vrnax - VQ 
3 -

3 
(10.75) 

where Vmax, VQ, and V./. have the values shown in Fig. 10.35. Similarly, 
Eq. 10.21 may be used to obtain the peak magnitude of the fundamental 
component of grid voltage V" 

VmaK--
A 

VT/6---

2Vmax + 2V./. - 4 VQ V, = -='-'--=---'" 
3 

V. --o ��---�----�f-----
I 
I 
: I B --' - - - - - --�-
I I 
I I 

1f/6 7r 

( 10.76) 

Fig. 10.35. Distortion in the input signal of a class B, (or AB,) push-pull vacuum 
tube amplifier. 
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The foregoing analysis reveals the special requirements a driver stage 
must have to properly operate a class B, (or AB,) stage. 

I .  The driver stage must be capable of supplying the power required by the 
positive control grids of the push-pull stage. 

2. The output impedance of the driver stage must be much less than the 
minimum grid circuit impedance for low distortion. 

The first condition determines the required size of driver tube. The 
second condition determines the type of circuit which produces least 
distortion. Because of the low value of positive grid-to-cathode impedance, 
transformer coupling is almost always used. (The cathode follower could 
also be used as a push-pull driver.) This transformer coupling allows the 
high output impedance of the driver stage to be lowered to meet the low 
grid-cathode impedance requirement. In addition, the phase inversion for 
the push-pull grids is achieved by the transformer. 

PROD. 10.25. The output impedance of a driver tube is 10,000 O. This driver 
tube is coupled through a transformer to a set of push-pull tubes which have a 
bias voltage of -25 v. The transformer has 500 turns in the driver plate winding 
and 1000 turns (center tapped) in the grid-to-grid circuit. The positive grid-to
cathode impedance of the push-pull tubes is approximately 1000 n. The magni
tude of the signal from the driver stage is 35 v peak when the push-pull tubes are 
removed from the circuit. (0) What is the peak value of driver voltage with the 
push-pull tubes in the circuit? (b) What percentage of third hannonic signal is 
present under these conditions? (c) What is the maximum output power required 
in the driver stage? A",wer: (a) 25.9 v, (b) /0.5%, and (c) 23.3 mw peak inst. 
power. 
PROB. 10.26. Repeat Prob. 10.25 if the signal out of the driver tube is tripled 
and the number of turns on the driver side of the transformer is tripled (lSOO 
turns). The number of turns on the grid side of the transformer are the same as 
in Prob. 10.25. 

10.10 COMPLEMENTARY SYMMETRY AMPLIFIERS 

Because of the availability of both p-n-p and n-p-n configurations, the 
transistor allows more versatility of design than does the vacuum tube. 
One interesting circuit arrangement that does not have a vacuum tube 
counterpart is the complementary symmetry amplifier. This amplifier 
employs one p-n-p and one n-p-n transistor of similar characteristics in a 
push-pull arrangement as shown in Fig. 10.36. The two transistors are 
actually driven in parallel, thus no phase inverter is needed. When the 
transistors are biased at projected cutoff, the resistor RI is very small in 
comparison with the resistors R, and R,. Therefore, R. does not materially 
increase the input impedance of the amplifier, even though it is not by
passed. The resistor R. may be a potentiometer and thus be used to 
improve the balance of the amplifier. 
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Input 

Fig. 10.36. A complementary symmetry push-pull amplifier. 

Observe from Fig. 10.36 that the positions of the load resistance and the 
power supply have been reversed in  the complementary symmetry amplifier 
as compared with the conventional push-pull amplifier. Thus, the signal 
currents add in the load, but the d-c currents do not pass through the load 
when the load is placed in  the common branch. Therefore, no output 
transformer is required in this push-pull amplifier. However, a transformer 
may be needed for impedance matching when the available load is not a 
suitable impedance for the transistors. Fortunately, the popular loud
speaker impedances are suitable as loads for power transistors. 

An h-parameter equivalent circuit of the complementary symmetry 
amplifier is given in Fig. 10.37. Inspection of this circuit shows that the 
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t hf� ib h� 

hie 

i,/ 
Fig. 10.37. An h-parameter circuit for the complementary symmetry amplifier of 
Fig. 10.36. 
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composite h-parameter circuit of Fig. IO.38a is also valid. In both of these 
circuits, class A operation is assumed. In fact, the equivalent circuit of 
Fig. 10.37 is valid only for class A operation because the individual tran
sistors must operate linearly for the h parameters to be meaningful. 
However, the composite equivalent circuit may be applicable to class AB 
operation as well as class A, providing that the composite characteristics 
are linear. The composite h parameters for class AB operation are 
equivalent to the class A, h parameters of the individual transistor, as 
previously discussed, because essentially only one transistor is conducting 
during each half cycle. The class AB h-parameter circuit is shown in Fig. 
1O.38b. Observe that the actual load resistance Ri. is the composite load 

2i6 ------+- i6� 

I h. I hi< ""2 
�R � < 

Vi t 2ho. Vi I �ho. : RL 
+ 2111£ ib ... 

> L 
+ h,,� 

hrcvo "rel)o 

(a) (b) 

Fig. 10.38. The h-parameter equivalent circuit of the composite transistor (0) class A. 
and (b) class AB. 

resistance. Therefore, the composite load line has a slope equal to the 
reciprocal of RL not RL/4 as in the conventional push-pull amplifier. 
Composite characteristics may be obtained and graphical analysis per
formed for the complementary symmetry amplifier in the same manner as 
for the conventional pUSh-pull amplifier. 

The possible elimination of the output transformer with its cost, weight, 
and response characteristic disadvantages are very enticing in favor of the 
complementary symmetry amplifier. However, this circuit also has 
disadvantages. First, two power supplies are needed, as shown in Fig. 
10.36. Also, in the common emitter circuit of Fig. 10.36 the power supplies 
cannot be at ground signal potential because the output signal voltage 
appears between the power supplies and ground. The shunt capacitance 
which exists between the power supplies and ground makes this circuit 
undesirable. Also, the power supplies are not usable for other amplifiers' 
in the system unless a common ground exists. 

A circuit which places the power supplies at signal ground potential is 
shown in Fig. 10.39. This circuit differs only from the common emitter 
circuit of Fig. 10.36 in that the ground or common point has been moved 
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to the power supply end of the load resistor. However, this change in 
ground point changes the amplifier to the common collector configuration. 
In addition to the desirable ground point, this configuration provides very 
good linearity hecause the load voltage is almost identical to the input 
voltage. However, this common collector configuration has high-input 
impedance and for this reason requires comparatively high-voltage 
excitation, thus reducing the power gain and increasing the excitation 
problems. 

f 
"; 

Fag. 10.39. A common collector configuration of the complementary symmetry am
plifier. 

A final disadvantage of the complementary symmetry configuration is 
the limited availability and high cost of complementary symmetry pairs of 
transistors. A circuit which provides the advantages of the complementary 
circuit but employs two power transistors of the same type is shown in 
Fig. 10.40. This circuit is known as a quasi-complementary circuit. The 
main difference between this circuit and the complementary symmetry 
circuit is the input circuit. Although the power transistor T. is in the 
common emitter configuration, the input impedance of the n-p-n driver 
T, matches that of the p-n-p driver Tl because the effective resistance in 
the emitter circuit of the n-p.n driver is RLiL/iE2 and is therefore 
(h" , + I)RL. Although a complementary symmetry pair of transistors 
is used to drive the power transistors, these transistors do not need to be 
closely matched. Therefore, there is little difficulty in obtaining this 
complementary pair. Both driver transistors operate in the common 
collector mode. They have very high (and about equal) input impedances. 

Note that diodes are not needed in the base circuit of the comple
mentary symmetry or quasi-complementary amplifiers included here 
because no coupling capacitors are required. When the thermal stability 
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Fig. 10.40. A quasi-complementary circuit which uses power transistors of the SOlmc 
type. 

requirements are stringent, it may become necessary to place thermistors 
or reversed biased diodes in the base circuits, as will be discussed, in order 
to provide adequate thermal stability. 

A quasi-complementary circuit which uses a single power supply is 
shown in Fig. 10.41. The capacitor C in series with the load resistor RL 
permits the load resistor to return to one end of the power supply rather 
than to a center point. Also the transistor T, has replaced the lower 
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v, 

Fig. 10.41. A quasi--complemcntary circuit which uses a single power supply. 
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biasing resistor of Fig. l OAD. This transistor provides voltage gain so 
that the input voltage v, may be a small signal of the order of one volt. 
The thermal stability of the circuit of Fig. lO.4l has been improved by the 
addition of the emitter resistors RE. the base circuit resistors Rn. and the 
replacement of the inter-base biasing resistors with diodes Dl• D2 and D3. 
These diodes must be selected so that the total quiescent voltage drop 
across them is equal to the sum of the V BE drops across transistors T'/.. 
T" and T, plus the JER" drop in the emitter circuit of T, at quiescent 
conditions. However the Q-point emitter current is normally very near 
zero and the resistor RE must be small in comparison with the load 
resistance RL so that the load power will not be decreased appreciably. 
Therefore the [ERE drop may usually be neglected at the low temperature 
Q point. 

As the input signal v, goes positive (Fig. lOA I ), the current through 
transistor Tl decreases, and the forward bias of transistor T2 increases. 
When transistor Tl reaches cutoff, transistors T2 and ToJ should reach 
saturation so maximum voltage is available across the load. Since the 
saturation value of base current for T2 must flow through Rc. the value of 
Ra should be chosen so that the voltage drop across Ra does not exceed 
one or two volts when this maximum base current flows through it. As 
the input voltage VI goes negative and transistor Tl is driven toward 
saturation. the base potential of transistor T3 approaches ground potential 
on the positive side of Vcc. The maximum positive potential of T3 (and 
thus the maximum voltage across the load) will be limited by the saturation 
voltage of transistor T} plus the iERJ<:l voltage drop in its emitter circuit. 
Therefore this maximum voltage drop in the emitter circuit should not be 
more than one or two volts. Otherwise the available output power will 
be seriously reduced. The emitter resistor R"l may be bypassed with a 
resuiting increased voltage gain and a decreased linearity. 

The emitter circuit resistor cannot be bypassed in the class AB amplifier 
because the average emitter current is a function of the excitation. There
fore, the bias would be a function of the excitation. Thus an emitter 
resistance which would provide projected cutoff bias at low-signal levels 
would provide class C bias at large-signal levels. When the stability 
requirements are stringent. the required stability factor may be improved 
by replacing the base-to-base resistors (RI in the circuit of Fig. 10.41) 
with a the{mistor or diode. The resistance of this thermistor decreases 
with increasing temperature and therefore causes a more rapid reduction 
of base current with increasing temperature than could be had with a 
resistor in this location. Therefore, the thermistor provides better stability 
than the resistor. 

The circuits included in this chapter are intended to be representative, 
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not all inclusive. Many additional circuits may be found in the literature.? 

PROD. 10.Z7. Two 2NI905 transistors are to be used in a quasi-complementary 
circuit with an 8-0 loudspeaker as a load. Select a suitable value (or V cc. Draw 
the load line and calculate the maximum sinusoidal power output available. V CE 
max for the 2NI90S is -40 v. Assume the maximum dissipation with the 
available heat system is 10 w per transistor. Use projected cutoff bias. Answer: 
With V cc = -20 P, Po = 22.3 "'_ 
PROD. 10.18. Two 2N2147 power transistors are used in the circuit of Fig. 
10.41. The n-p-n driver is a 2N3705 and the other two transistors are type 
2N3103. The total power supply voltage is 30 v. The 2N2 I 47's arc mounted on 
one 9 in. x 1 2 in. aluminum chassis with transistor sockets which have 
O.6°C/w thermal resistance. Using projected cutoff, determine:  

I .  Minumum permissible load resistance if  the maximum ambient temperature 
is 40°C. 

2. Maximum permissible stability factor SI when an 8 U load is used (40°C 
maximum ambient). 

3. Determine suitable values of all components with RL = 8 O. 
4. Determine maximum sinusoidal power output and required driving voltage 

V, for your amplifier. 
PROD. 10.Z9. The typical operation for two 6L6 tubes operating in push.pull 
class AB, is listed in the tube manual as: 

Plate voltage - 360 v 
Screen voltage = 270 v 
Grid voltage - -22.5 v 
Peak grid· to-grid voltage - 45 v 
Zero signal plate current = 88 ma (44 ma/tube) 
Maximum signal plate current - 132 ma 
Zero signal screen current = S ma (2.5 ma/tube) 
Maximum signal current = 15  ma 
Effective plate-to-plate load resistance c:: 6600 
Maximum signal power output .... 26.S watts 

t 
� = -lO 

rp = lO K 

� = 5 sjnwt 

! 

100 turns 

B+ 100 turns 

Fig. 10.42. The configuration for Prob. 10.30. 

f One e)tcelient circuits handbook is Seymour Schwanz, Ed., Selecled Semlconduclor 
Circuits Handbook, Wiley. New York, 1960. 

. " · 1 
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Draw the circuit and determine the magnitude of all resistors and capacitors. 
Assume the lowest frequency to be amplified is 50 Hz. Prove the maximum 
signal power output would be 26.5 watts for the conditions listed. 
PROB. 10.30. A circuit is connected as shown in Fig. 10.42. Plot the voltage 
waveform on the grids of the push-pull circuit. If only third harmonic distortion 
is assumed to be present, find the magnitude of third harmonic component. 
Assume the resistance from cathode to positive control grid is 1000 n. 

PROB. 10.31. A 2N174 transistor has Tj max - l<X>°C and 0;c (junction to 
case) = O.5°C/w. If the thermal resistance from case to ambient 0ca = O.S"C/w 
also, determine the current stabiJity factor required to prevent thennal runaway 
if: 

(a) the transistor is transformer coupled and Vac = 40 v. 
(b) the transistor must dissipate 30 w. 
(c) the maximum ambient temperature is 35°C. 
(d) leo = 3 ma at 25°C and doubles for each 10°C temperature increment. 

What is the maximum power dissipation rating of this transistor (case tem
perature 2S'C)? 
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Amplifiers with Negative 

Feedback 

The performance characteristics of amplifiers may be altered by the use 
of feedback, that is, by adding part or all of the output signal to the input 
signa\. If there are an even number of polarity reversals (or no polarity 
reversals) in the closed loop' so the feedback signal re-enforces the input 
signal in the mid-frequency range, the feedback is said to be positive. This 
type of feedback is usually employed in oscillator circuits, which are treated 
in Chapter 1 3. On the other hand, if there are an odd number of polarity 
reversals in the closed loop so the feedback signal tends to cancel the input 
signal in the mid-frequency range, the feedback is said to be negative. This 
negative feedback is the subject of this chapter. Feedback affects the 
driving point impedances as well as the transfer function of the amplifier. 
These effects are considered in the fOllowing paragraphs. 

1 The closed 100)'1 is the signal path from the input through the amplifier and the feed
back system back to the input. 
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11.1 THE EFFEcrs OF FEEDBACK ON GAIN, DISTORTION, 
AND NOISE 

The block diagram of an amplifier with negative feedback is given in 
Fig. 1 1 . 1 .  The signal is indicated at the various points by the symbol x. It 
may be seen from the diagram and from the definition of a transfer function 

" 

Fig. 11.1. The block diagram of an amplifier with negative feedback. 

that the following relations exist. 

X3 = x2G23 

%4 = X3GS4 

( 1 1 . 1 )  

(11 .2) 

( 1 1 .3) 

To obtain the transfer function of the feedback amplifier, "" is needed in 
terms of x,. Then, combining the foregoing equations, we have 

rearranging terms, 

and 

x, = (x, - x,)G" = (x, - "" G")G,, 

x,( I + G"G",) = "" G" 

G _ %3 _ G23 
13 - -

x, 1 + G"G" 

( 1 1 .4) 

( 1 1.5) 

( 1 1 .6) 

or when mid-frequency amplification is considered, the mid-frequency 
reference gain K13 of the feedback amplifier may be written from Eq. 1 1 .6 
as 

K" 
K13 = ( 1 1 .7) 

I + K,,/J 

where K" is the reference gain of the amplifier without feedback and P is 
the mid-frequency value of G". This P is frequently known as the feedback 
factor.' In electronic amplifiers, P is almost always less than unity. In 

I The symbol {J has been used in previous Chapters to represent the current amplifica
tion factor of the common emitter transistor. However, {J is also commonly used in the 
literature to represent the feedback factor. determined at mid-frequency. Therefore. {J 
will be used as the feedback factor in this chapter and the common emitter current 
amplification factor will be eXClusively hfr. 
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fact, G .. is usually a voltage dividing network, as will be seen in the ex
amples which follow. Notice that the reference gain is reduced by the 
factor I + K.Ji. 

Negative feedback may be used to stabilize the gain of an amplifier. 
With reference to Eq. 1 1 .6, the product G",G,. may be large in comparison 
with unity. Under these conditions the transfer function with feedback 
becomes 

Similarly, the reference gain of the amplifier becomes 

1 
K - -13 - p 

( 1 1 .8) 

(1 1 .9) 

Again, G .. may be the ratio of two resistances in a voltage-dividing net
work, and thus the transfer function, or gain, is almost wholly independent 
of the characteristics of the amplifying device which may change with 

" 

Fig. 11.2. A feedback amplifier with two input signals. 

temperature, age, and power supply voltage. For example, the trans
conductance of a vacuum tube decreases with age. However, the gain of 
the amplifier will remain essentially constant as long as G"G .. (or K,,{J) 
remains large in comparison with unity. 

More than one signal may be introduced into an amplifier, as is shown 
in Fig. 1 1 .2. This feedback amplifier has two input signals, x, and x,. The 
plus signs indicate that X3 is added to x.; however, these two signals may 
have different waveforms or frequencies and the instantaneous polarity 
would then vary from time to time. 

If the amplifiers are linear, the law of superposition may be applied 
to the signals in the amplifier of Fig. 1 1 .2. That is, the part of the output 
signal x. which results from input signal x, may be determined as though 
signal x. were not present. Likewise, the part of the output signal x, 
which results from input signal x, may be determined by considering Xl to 
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be nonexistent. The sum of these two output signals would actually be x,. 
Equation 1 1 .6 may be used to obtain the transfer functions with feedback. 

G _ G"G" 
,, - I + G"G"G" 

( 1 1 . 10) 

Also 

G _ 

G .. .. - I + G",G"G" 
( 1 1 . 1 1 )  

With no feedback (using again the principle of superposition), Gl• = 
G .. G" and G .. = G ... Therefore, it is evident by inspection of Eq. 1 1 . 10  
and 1 1 . 1 1  that the negative feedback reduces the transfer function from 
each input by the same amount ; namely, the total loop gain of the system 
plus one. 

Now, consider the case where the signal X4 is distortion=- or noise 
generated within the amplifier. The application of negative feedback would 
reduce the amount of the undesirable signal appearing in the output. The 
desired signal from Xl would also be reduced by the same amount. How
ever, it may be possible to increase the desired signal sufficiently to com
pensate for the reduction in  gain caused by the feedback. Thus the ratio 
of the undesired signal to the desired signal could be reduced by the same 
amount as the reduction of gain in the amplifier. The success of this plan 
hinges on the possibility of obtaining additional distortion-free, or noise
free amplification ahead of the undesired disturbance. This additional 
distortion-free amplification is no problem in the case of distortion because 
the nonlinearity of an amplifier increases with signal level. Therefore, the 
final or output stage of an amplifier is usually the chief contributor of 
distortion. Conversely, the reduction of noise by feedback is not so fruitful 
because the noise in the output of an amplifier is determined primarily by 
the noise generated in the first stage. For example, the noise generated in 
the input of the first amplifier will be amplified and then applied as a 
signal to the second amplifier, as discussed in Chapter 9. Therefore, 
the most noise-free amplifier should be used as the first, or input, amplifier. 
It is usually assumed that the signal input to the first amplifier is fixed. 
Thus the application of negative feedback wiH reduce both the signal 

and noise by the same amount and the signal to noise ratio will remain 
unchanged. 

5 The consideration that the signal x" might represent the amplifier distortion appears 
to be in conflict with the requirement that the amplifiers must be linear to validate the 
superposition theorem. However, the representation of the distortion as an external 
signal effectively removes this distortion source from the amplifier. thus creating a 
distortionless a·mplifier. 
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Returning to the reduction of distortion by negative: feedback, we see 
that the ratio of distortion with feedback D" to distortion without 
feedback D" is 

_
D, = G..J(I + G .. G .. G,,) = -'----,,�I-:c--:c
D, G.. I + G",G .. G., 

(11 .12) 

But G",G .. is the transfer function from the desired Signal input to the 
output or total forward transfer function. Therefore, in the symbolism of 
Fig. 1 1 . 1 ,  

D, 1 - = 
D, 1 + G .. G,. 

(11 . 13) 

In the region of operation where the reference gain is applicable, Eq. 1 1 .13 
reduces to 

D _ D
, 

' - I + X.,fJ 
(11.14) 

11.2 THE EFFECf OF NEGATIVE FEEDBACK ON BANDWIDTH 

The effect of negative feedback on the transfer function of a single 
stage R-C coupled amplifier will be iavestigated tirst. The transfer function 
which neglected the shunt capacitance was 

G =  -X s 
S + (1)1 

(7.28) 

The negative sign associated with K will be omitted in the remainder of this 
chapter. This sign indicates polarity reversal which has already been 
accounted for in the derivation of the feedback formula. Then, if it is 
assumed that the feedback is obtained from a resistive voltage divider so 
that G,. = (J, the transfer function with feedback is 

G, = Xsl(s + ",,) = Xs 

I + Ks(J s + "" + Xs{J 

S + (01 

G, = Xs = K s 
(1 + X{J)s + "" I + K{J s + ",,/( 1 + K{J) 

( 1 1 .15) 

(I 1 . 16) 

It may be observed from Eq. 1 1 . 16 that w" as well as the reference gain, is 
reduced by the factor 1 + K{J. Since the transfer function of the trans
former-coupled amplifier is of the same form as that of the R-C coupled 
amplifier when the shunt capacitances are neglected, the reduction in (01 
woufd be the same in the two cases. 
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The effect of feedback on the large s or high-frequency performance of 
an R-C coupled amplifier will now be investigated. The transfer function 
of the R-C coupled amplifier without feedback follows: 

G = _ Kw, 
S + W2 

(7.50) 

Again, it will be assumed that negative feedback is obtained from a resistive 
voltage dividing network so that 

G" = (J is constant and real. Then 

G, = KW2/(S + w,) _ Kw, 
1 + K{Jw,/(s + w2) S + W2 + K{Jw, 

(1 1 . 17) 

G, = ---'.K,,--- W2(l + K{J) 
I + K{J s + w,(1 + K{J) 

( 1 1 . 18) 

Notice in Eq. 1 1 . 1 8  that W2 is multiplied by the factor I + K{J. Therefore, 
the upper cutoff frequency, and hence the bandwidth, of the amplifier is 
increased by the same factor by which the reference gain is reduced. 

�--�------��------
A 

0.707 K 

i 
G 

w_ 
Fig. 1I.3. The frequency response of a typical R-C coupled amplifier. Curve A is for 
the amplifier with no feedback. Curve B is taken with negative feedback but no increase 
of input gain. Curve C is for negative feedback and increased input signal. 

Consequently the Gin-bandwidth product 0 the amplifier with feedback is 
the same as that 0 the am ". er wit out ee hac _ 

The effect which negative feedback has on the frequency response of an 
. R-C coupled amplifier is illustrated in Fig. 1 1 .3. The improvement of 

the frequency response characteristics is most evident when the input signal 
is increased to compensate for the decreased gain due to feedback, as 
shown by Curve C. The rise time and Hat top response to a rectangular 
input signal are improved by the same factor as the frequency response, 
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when feedback is applied. The relationships between frequency response 
and time response were discussed in Chapter 7. 

The effect of negative feedback on the high-frequency performance of 
a transformer-coupled amplifier will be deferred to Section 1 1 .7 in which 
the stability and performance characteristics are considered jOintly. 

In passing, the student should observe that the equations which have 
been developed for negative feedback also apply for the positive feedback 
if the sign of fJ is reversed. Then the factor I + KfJ becomes I - KfJ and 
the performance of the amplifier is modified in a manner opposite to that 
of negative feedback. 

PROD. 11.1. A certain amplifier has a reference gain = 100. Negative feed· 
back is applied to the amplifier. If the feedback factor p = O.t, detennine the 
reference gain of the amplifier with feedback. 
PROD. 1 1.2. The amplifier of Prob. 1 delivers 10 w of power output at 10% 
distortion when 0.1 v signal is applied to the input without feedback. Determine 
the per cent distortion and required input voltage after the negative feedback has 
been applied, assuming that the power output is to remain at 10 w. Answer: 
D, = 0.9/ % and VI. = 1 ./  volts. 
PROD. 1 1.3. A frequency response curve of the amplifier of Prob. 1 1 . 1 ,  without 
feedback, indicates that I, = 30 Hz and I, = 100 KHz. The amplifier has R-C 
coupling. Determine /1 and /2 after the application of negative feedback. Sketch 
the frequency response with feedback and without feedback. 

The equations in the preceding paragraphs of this chapter are completely 
general in regard to the types of signal and transfer function involved. For 
example, the transfer function could be a current ratio (current gain), a 
voltage ratio (voltage gain), or a ratio of current to voltage. However, the 
only transfer functions which have been considered for electronic ampli
fiers are current gain and voltage gain. Where current gain is being 
considered, the feedback factor must be a current ratio. Conversely, when 
the voltage gain is of prime concern, the feedback factor must be considered 
as a voltage ratio. Every amplifier has a voltage transfer function as well 
as a current transfer function. The relationship between these transfer 
functions is 

where G" = the voltage transfer function 
Gj = the current transfer function 

Zr. = the s-domain load impedance 
Z; = the s-domain input impedance 

( I  1 . 19) 

Similarly, every feedback network must provide a ratio of feedback 
current to output current as well as a ratio of feedback voltage to output 
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voltage. These ratios will generally not be the same, as is demonstrated 
from the distortion relationship, Eq. 1 1 . 14 .  Consider first that the 
transfer functions are voltage ratios; then 

D
D

, , = ---"-:-1 + KJI, 
( 1 1 .20) 

Substituting the reference current gain for the reference voltage gain 
(Eq. 1 1 . 19), we find that 

D, D, 
D, = -

1 + {I"K,(R,jR,) 1 + {J,K, 
(1 1 .21)  

But the distortion in the output current waverorm is  the same as the dis
tortion in the output voltage waveform when the load is resistive. Also, a 
specific feedback network will provide a specific amount of distortion 
without regard to whether the total loop gain has been considered as a 
current ratio or a voltage ratio. Then, from Eq. 1 1 .2 1 ,  

{J,K, = {I,K, �:' ( 1 1 .22) 

and 

{J. = {J,RL • R • 

1 1.3 THE EFFECI OF NEGATIVE FEEDBACK ON OUTPUT 
IMPEDANCE 

(1 1 .23 ) 

Figure 1 1 .4 will be used to investigate the effect of negative feedback 
on output impedance. The output resistance is determined hy applying a 

" 
- � 

,1 K 14 '  >k ! �r2 , , 1 
2 

� 

Fig. 11.4. A circuit used to determine the output impedance of an amplifier with voltage 
feedback. 
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voltage Vt to the output terminals and by evaluating the current i2 which 
results. The impedance will be determined in the mid-frequency range 
and will, therefore, be resistive. Note that the output resistance R. of the 
amplifier without feedback is drawn external to the block representing 
the amplifier . .§ince the feedback voltage fJ.v2 is proportional to the output 
voltage, this type of feedback {p.araIlel output connection) is known as 
voltage feedback. The input current is 

. 

. p"vs 
I� = R, ( 1 1 .24) 

Since the amplifier must include an odd number of polarity reversals 
(negative feedback), the output current i .. is in the direction shown. 

. 
K . fJ.K,v, 

'4 = ,I, = R, (i 1 .25) 

If the feedback network draws negligible current in comparison with the 
output current, the total current provided by the source v, is 

But, using Eq. 1 1 .23, fJ./R, = {J.lR,. Then 

i = v (� + fJ,K,) 
, • R R , . 

( 1 1 .26) 

(11.27) 

and since K,fJ, = K,fJ, = KfJ, the output resistance with feedback is 

R , = vt = Ro 
, i, 1 + KfJ 

( 1 1 .28) 

In the second case to be considered, \he feedback voltage v, is prg
portional to the out ut current as shown in i : 1 1.5. T� type of feedback 
IS nown as current [eedback; The amplifier input current IS 

( J  1 .29) 

Then the amplifier output current is 

( 1 1 .30) 

The current i2 as provided by the source V2 is 

( 1 1 .31) 

If the voltage drop i.R, across the series feedback resistor is smaJl in 
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comparison with V2. then io � v2! Ro and 

i,(1 + K;fJ;) = v, 
R, 

As a result, the output resistance with feedback is 

R,t = �. "" Ri I + KfJ) 
I, 

(1 1 .32) 

(1 1.33) 

Thus the output impedance has been increased by the term (1 + KfJ) as 
a result of current feedback. 

Observe from Fig. 1 1 .5 that the polarity of the amplifier input voltage 

,. , lA - - -

K R,� � �" ' . 
-

V, 

- - - - - -r -

(P;'2 /I :. C'2 .;> RF 
,. 

.L 

Fig. l1.5. A circuit used to determine the effect of current feedback on output impedance. 

resulting from feedback is reversed in the current feedback case as 
compared with the voltage feedback of Fig. 1 1 .4. Note, however, that 
the feedback is negative in each case, as can be verified by terminating the 
amplifier with a load resistance and by comparing the polarity of the · 
feedback voltage with an assumed input voltage. 

PROD. 11.4. The cathode follower may be considered as an amplifier with feed
back since VOlt = V, - VU' In this case. (Jt! -= 1 .  Derive expressions forthevohage 
gain and output impedance of the amplifier in tcons of 11., r p. and R L' 
PROB. 11.5. An amplifier with impedance in the emitter circuit may be treated 
as an amplifier with feedback. The feedback voltage is iLZ E and {3" = Z EIZ L 
where Z E is the emitter impedance, Z L is the load resistance, and ;L is the 
output current. Determine the voltage gain of a vacuum tube amplifier which 
has I' = lOO, '. = 50 Kil, RL = 100 Kil, and R", (unbypassed resistance in the 
cathode circuit) = 2 KO. Answer: C, = 28.6. 

PROD. 11.6. Determine the output resistance of the amplifier of Prob. 1 1 .5. 
Would you expect the bandwidth of this amplifier to be greater with the cathode 
resistance bypassed or unbypassed? Why ? 
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11.4 THE EFFECf OF FEEDBACK ON INPUT IMPEDANCE 

] n the preceding discussion, there has been no concern about the 
method of mixing the feedback signal with the input signal. There are 
two basic ways of mixing these signals-the amplifier input and feedback 
ports may be connected either in series or parallel. The series connection 

I t K ! • I o 

Vif 

t--
fJlI Vo � 
I . 

Fig. 11.6. A circuit used to determine the input resistance with the amplifier input and 
feedback ports in series. 

of Fig. 1 1 .6 will be considered first and the input impedance for this 
configuration will be determined. The input voltage with feedback is 

V'I = v, + fJ.v. = v,(1 + K.fJ,) 
But Vi = i,R,. Then, (using K.fJ, = KfJ) 

V'I = i,R,(1 + KfJ) 
Finally, the !!'put resistance with feedback is 

Vii R., = -:- = Ri1 + KfJ) 
I i 

( 1 1 .34) 

( 1 1 .35) 

( 1 1 .36) 

The inquisitive reader will ask, "What effect does this increased imped. 
ance have on the gain of the amplifier which precedes the feedback 
amplifier?" The answer is, hlf the increased impedance provides an 
improved impedance match between the two amplifiers, the power gain of 
the preceding amplifier will be increased and vice versa." For a vacuum 
tube amplifier, the input impedance of the tube at mid-frequencies is 
essentially infinite; therefore. the impedance match remains essentially 
unchanged and the reference gain of the preceding amplifier is unchanged. 
In  a transistor amplifier, the input impedance without feedback is usually 
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smaller than the output impedance of the driving amplifier. Under these 
conditions, the increased input impedance of the feedback amplifier will 
increase the power gain of the preceding amplifier for moderate amounts 
of feedback because the impedance match will be improved. As the input 
impedance of the transistor amplifier is increased, its input current 
will decrease and the current gain of the preceding amplifier will 
decrease accordingly. However, this is the actual mechanism by which 
the current gain of the feedback amplifier is reduced, and it has been 
accounted for by the previously derived transfer functions. The voltage 

i'l • • • • • • ----+- � ----+-

t K r 
iA 

p 

Fig. 11.7. A circuit used 10 determine the input resistance with the amplifier input and 
feedback ports in parallel. 

gain of the preceding amplifier will increase more rapidly than its current 
gain decreases until the matched condition is obtained. This explanation 
accounts for the improved power gain. 

The parallel port connection is shown in Fig. 1 1 .7. From this con
figuration, the input current with feedback is 

it! = ij + i, 

But i, = fJ,Eo and 10 = Kiii. Therefore, 

( 1 1.37) 

i" = if + KJ3,i, = i,(1 + KJ),) ( 1 1 .38) 

Since it = Vi Yi• where Yj is the amplifier admittance without feedback. 
the input admittance with feedback is 

ii' 1';, = - = 1';(\ + KfJ) (1 1 .39) 
vjl 

Observe that for the parallel connection the input impedance is reduced 
by the factor \ + KfJ. 



Amplifiers witb Negative FeNbaek 449 

Again, the effects of the reduced input impedance of the feedback 
amplifier on the gain of the preceding amplifier should be considered. In 
a transistor amplifier the current gain of the preceding amplifier is essen
tially unaltered, assuming the normally mis·matched R-C coupled case. 
Voltage and power gain will decrease, however. In a vacuum tube ampli
fier, the power gain of the driving amplifier will be increased for moderate 
amounts of feedback because of the improved impedance match. The 
feedback equations account for the reduction on voltage gain. 

The feedback paths previously discussed have all been provided by 
resistors. It was assumed that the output should be a faithful reproduction 
of the input. Sometimes it is desirable to alter the waveforms or frequency 
response of the output as compared with the input. This alteration can be 
accomplished by including capacitive or inductive elements in the feedback 
path. For example. a series capacitance in the feedback circuit will provide 
a feedback factor of the form 

s 
G .. = {J (i  1.40) 

S + wt 
The f!edback factor will then be essentially inversely proportional to s for 
values of s smaller than rot. where w, is the reciprocal of the time constant 
of the feedback circuit. This type of circuit could be used to provide a 
"�ss boost" tone controL 

Another interesting use of the feedback circuit to control the waveform 
of the output is the integrator version of the operational amplifier which is 
used so extensively in analog computers. The parallel-type feedback is 
used but the feedback path consists of a capacitor. This path causes the 
input impedance of the amplifier to be of the form Y, = I /Cs. Under 
these conditions the output waveform will be the integral of the input 
waveform. 

PROD. 11.7. Show that the feedback factor G34 can be written as f3 S 
when 

the feedback path consists of R and C in series. S + (I), 

PROD. t t.S. A given transistor amplifier has 2KO input resistance and 2KQ 
output resistance without feedback. The output voltage polarity is opposite 
to that of the inpul . What type of input and output port connections (series or 
parallel) are needed for a negative feedback circuit which will permit this ampli
fier to be inserted in a 500 n (characteristic impedance) telephone line without 
causing a mi5-match in the line in either direction? (Le., make Zln = Zout -
500 n). What value or KP will be required? Answer: KP 0:::: 3. 

11.5 TYPICAL FEEDBACK CIRCUITS 

Since low output impedance is usually desirable in an amplifier-at 
least a broad band amplifier-voltage feedback is much more common than 
current feedback. Figure 1 1 .8 shows a common series voltage feedback 
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arrangement for an R-C coupled amplifier. Since there is no polarity 
reversal between the emitter and collector of an amplifier, the second 
amplifier provides the only polarity reversal between the point of applica
tion of the feedback and the amplifier output. This polarity reversal is 
necessary to provide negative feedback. Notice that the feedback voltage 

r--------------,----------o Vpp 

(0) 

r------y------�-----ovoc 

(b) 

Fig. 11.8. Series-type voltage feedback for R-C coupled amplifiers. 

tends to cancel the input voltage. It is usually desirable that R, be as small 
as possible to provide minimum degeneration and thus maximum ga;n for 
the input amplifier. Also, the resistance of R, should be large in compari
son with the total shunt output impedance1Jf the output amplifier. Other
wise R, would appreciably reduce the gain of the second amplifier due to 
loading. Consequently, a sensible design procedure might be to choose 
R, about ten times the total shunt resistance R •• of the output amplifier. 
Then the resistance of R, could be calculated to give the desired amount of 
feedback. 
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A casual glance at Fig. I 1 .8 might cause us to conclude that the reference . 
feedback factor is 

( 1 1 .41) 

However, the emitter current of the input amplifier in addition to the 
feedback current if flows through RI- Moreover, these two currents are 
interdependent, which adds to the complexity of calculating an accurate 
value of RI' An easy solution to the problem is to calculate RI from the 
relationship of Eq. 1 1 .41 and then experimentally adjust R, after the 
amplifier has been constructed. An example of this p rocedure follows. 

Example 11.1. For the purposes of stabilizing the transfer function. or gain, and 
improving the response of the tube amplifier of Fig. 1 1 .8, it is desired to make 
the reference loop gain KP :0;; 10. First, the reference gain K must be calculated 
without feedback. We will assume that the reference voltage gain is found to be 
SO for each stage. Then the total reference gain of the amplifier is 2500. Conse· 
quently p = 10/2500 = 0.004. 

The shunt resistance of the output stage would be somewhat less than r'P 
perhaps 50 KO since high I' tubes were used. Then the resistor R2 in the feedback 
circuit should be of the order of 500 KO. Using 470 KO for R, and the value of � 
above in Eq. 1 1 .41, R} is calculated to be about 1.9 KO. This value is a typical 
value of cathode bias resistance for a triode amplifier. Therefore, the additional 
bypassed resistance shown in the figure will not be needed. Also a resistance of 
this magnitude would cause appreciable degeneration in the input amplifier. 

The desired loop gain could be adjusted experimentally by measuring the 
open loop reference gain of the amplifier with the resistor R'I. disconnected. Then 
a value of R2 could be selected experimentally which would reduce the gain of the 
amplifier by the factor I + K� = I + 10 = 1 1 .  

In case there is no blocking capacitor in the feedback loop. as shown in Fig. 
1 1 .8, the direct current through R2 must be added to the quiescent plate current of 
the input amplifier in determining the bias for that amplifier. 

PROD. 1 1.9. Determine a feedback circuit for the transistor amplifier of Fig. 
) 1 .8b. Use 2N 192 transistors and assume that the load resistance of the second 
transistor is 2 KO. Is your value of RI suitable for temperature stabilization of 
the input transistor? Use KfJ = 10. 

A parallel voltage feedback arrangement for R-C coupled amplifiers 'is 
shown in Fig. 1 1 .9. In this arrange men! the feedback loop must include 
an odd number of stages to provide negative feedback. This statement is 
true only if each amplifier is a common emitter configuration. More 
correctly, an odd number of porarity reversals must be included within 
the feedback loop to provide negative feedback. Figure 1 1 .9a shows three 
common emitter amplifiers within the loop whereas Fig. 1 1 .9b includes 
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R 

la) 

Ib) 

Fig. 11.9. Parallel voltage feedback applied to R-C coupled amplifiers. 

only one common emitter stage within the loop. Since no blocking capaci
tor is included in lhe feedback path, there is d-c feedback as well as signal 
feedback. In Fig. 1 1 .9a this d-c feedback tends to stabilize the quiescent 
operating point of the input transistor. For example. an investigation of 
the relative poiarities of the amplifiers with parallel feedback, such as those 
of Fig. 1 1 .9, will show that the d-c feedback tends to stabilize the Q point 
of the input amplifier as well as the final amplifier. Thus, feedback can 
improve the thermal stability of a transistor amplifier. However, in order 
for the d-c feedback to affect any stage other than the first in the feedback 
loop, the amplifier must be direct-coupled. 'n the series feedback arrange
ments of Fig. 1 1 .8, the d-c feedback decreases the thermal stability of the 
input amplifier. Therefore, a blocking capacitor would probably be 
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. included in the feedback path, to prevent this degeneration in thermal 
stability. 

In a transformer coupled amplifier, negative feedback can improve 
linearity and response characteristics but not to the same degree as that 
shown for the R-C coupled amplifier. The extent of the improvement will 
be seen more clearly in the following section on stability. Transformers are 
seldom used as coupling devices in untuned amplifiers except to couple the 
final amplifier to the load. However, the feedback loop should include 
the transformer so that the effective transformer characteristics will be 
improved by the feedback. A typical feedback loop which includes the 
output transformeris shown in Fig. 11 .10. When a transformer is included, 
negative feedback may be obtained with an arbitrary number of stages of 
arbitrary connection within the loop because either end of the transformer 
secondary may be used as the reference, or grounded. end. Again. RA 
should be large in comparison with RLo but R, should be small in order to 
minimize the degeneration in the first stage. ParaDel feedback could have 
been used just as weD as the series type shown. In the parallel circuit R. 
may serve as the biasing resistor R'" providing that it is a suitable value. 

FJa. 11.10. A feedback circuit which includes the output transformer. 
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As the foregoing discussion indicates, many variations and applications of 
feedback circuits may be devised by the resourceful engineer. 

11 .6 STABILITY OF FEEDBACK CIRCUITS 

In the beginning of this chapter it was shown that the transfer function 
of an amplifier with negative feedback is 

_--=C-,,23,--:_ C., = .,. 1 + C .. C" 
( 1 1 .6) 

where G23 is the forward transfer function of the amplifier and G34 is the 
s-domain feedback factor. The magnitude of the transfer function can be 
infinite (poles can exist) if there are values of s for which the denominator 

. of Eq. 1 1 .6 becomes zero;. Then 

or 
I + G23G" = 0 

G23(;" = - I� = 1/1800 

( 1 1 .42) 

( 1 1 .43) 

If Eq. 1 1 .43 can be satisfied at real frequencies (s = jw), a pole will lie on 
the jw axis of the s plane and any transient initiated in the amplifier will not 
decay. Thus the amplifier can have a steady-state output when there is no 
input. This condition is known as oscillation and the amplifier is then 
said to be unstable. Oscillation is a "must" for an oscillator, but it is 
intolerable in an amplifier. 

The instability, or oscillation. may occur in a feedback amplifier 
because of the inductances and capacitances in the circuit which may cause 
polarity reversal with reference to the mid-frequency (s) range of the 
amplifier. We can determine from the overall transfer function of the 
amplifier, Eq. 1 1 .6, whether the amplifier will be stable or unstable. One 
way to determine the stability would be to replace s in the transfer function 
by jw and then to test the denominator and find ifit can become zero at real 
frequencies. A much more informative method is to plot on the s plane 
all the values of s for which Eq. 1 1 .42 and 1 1 .43 hold. If any part of this 
plot crosses the jw axis, the amplifier will be unstable for values of loop 
gain which exceed a certain, determinable amount. This plot is known as 
a root-locus plot. In addition to determining whether a particular amplifier 
is stable or nott this root-locus technique gives an insight into the design 
of a feedback amplifier which not only will be stable, but which will 
provide the desired response characteristics. 

The root-locus plot is actually a plot of the locus of all the values of s 
which will give the proper angle (180° for negative feedback) of G"G" 
(see Eq. 1 1 .43). We may gain the impression that tedious work would be 
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required in plotting a root locus. On the contrary, simple rules have been 
developed which make it possible to sketch a sufficiently accurate locus 
with very little effort. Some of these rules are given in Appendix n. The 
derivation or formulation of all of these rules is too lengthy to be induded 
in this work, but may. be found in textbooks and literature primarily 
devoted to this technique.' A few of the basic rules will be stated in the 
paragraphs which follow. 

A few examples will illustrate how the root-locus plot may be used to 
determine the stability and response characteristics of an amplifier. A 
single R-C coupled amplifier with a purely resistive feedback circuit as 
shown in Fig. 1 1 .9 will first be considered. The transfer function derived 
in Chapter 7 for the R-C coupled amplifier follows: 

Then 

G _ KSW2 
,. -

(s 1- w,)(s 1- W2) 

_-,(,-S_1-,-W .. ,.:..:)(.:.,S -,1-,-01..:.2),G13 = 

1 1- K(3SW2 
(s 1- w,)(s 1- w,) 

( 1 1 .44) 

( 1 1 .45) 

Poles occur in the overall transfer function, G13• at values of s which 
reduce the denominator of Eq. 1 1 .45 to zero. This denominator will 
equal zero when the following equality holds. 

K(3sw, = - 1  = 1/1800 
(s 1- w,)(s 1- W2) 

( 1 1 .46) 

This equation is of the form 

K'F(s) = 1/1800 (I 1 .47) 

where K' is the constant part of G .. G", in this case K(3w2' an" the function 
F(s) is the part of G .. G" which varies with s. Then 

s 
F(s) = .,---':---

(s 1- w,)(s 1- w,) 
( 1 1 .48) 

A root-locus plot of F(s) will now be made. First, the poles and zeros 
of F(s) will be plotted on the s plane (see Fig. I I . l  I). Inspection of Eq. 
1 1 .48 shows that the angle of F(s) can be 1800 when s is real and is less than 
zero but greater than -w1 " Then the numerator is negative and the 

, An excellent treatment is given in Introduction to Feedback Systems, L. Dale Harris. 
WHey. New York, 1961. 
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denominator is positive. The same situation occurs when s is real and less 
than - w,. In fact, the general rule given in Appendix. II states that 
portions of the real axis lying to the left of an odd number of singularities 
are branches of the root locus in a negative feedback circuit. These plots 
are shown in Fig. l l . l !. Another rule in Appendix J( states that the 
number of infinite seeking branches is equal to the difference between 
the number of finite poles and finite zeros. Or, to invoke still another rule 
from Appendix 11, all branches must begin on a pole and end on a zero. 
The number of infinite seeking branches in the example is one since there 
are tW9 poles and one zero. The plot shown in Fig. l U I  is the complete 

jw 

�---*------------��--- G 

Flg. 11.11. The root-locus plot of an R-C coupled amplifier. 

root locus because there is one infinite seeking branch on the negative real 
ax.is. Notice that the number of locus branches is the same as the order of 
the denominator of F(s). 

As previously mentioned, poles win occur in the overall transfer 
function when the angle of K'F(s) is 1 80°, which limits s to the root-locus 
branches, and when the magnitude of K' F(s) is one. Then 

K' = ......!...
/ F( .• ) ! ( 1 1 .49) 

If both of the foregoing conditions can be satisfied by a value of s which 
has a real part (/ which is either zero or positive, the transient part of the 
output either remains constant or increases with time, respectively. Then 
the amplifier is unstable. Conversely, when the poles of the overall transfer 
function all lie in the len half of the s plane, the transients decay ex.ponen
tially with time and the amplifier is said to be stable. In case the root-locus 
branches lie entirely within the left half plane, the amplifier is said to be 
U/lcollditiollally stable, which means it is stable for all finite values of gain. 

It may not be obvious that the R-e coupled feedback amplifier whose 
root locus is plotted in Fig. 1 1 . 1 1  is unconditionally stable, since Ihe rool 
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locus touches the jw axis at the origin. But there is a zero of F(s) at the 
origin; therefore K' must be infinite at the origin and the amplifier is stable 
for any finite gain. Thus this circuit is unconditionally stable. 

It is also well to notice that the magnitude of F(s) is infinite at a pole of 
F(s). Therefore, from Eq. 1 1 .49, K' must be zero at a pole of F(s). Conse
quently, the value of K' and hence the magnitude of the loop gain must 
increase from zero to infinity as a root-locus branch is traversed from a 
pole to a zero. 

Fig. 11.12. Root-locus plot for a two-stage R-Ccouplcd feedback amplifier. 

The case of two R-C coupled stages included in the feedback loop will 
now be investigated. In this case, 

G .. G" = K'F(s) = K,K,{Jw"",,,,' 
(11.50) 

(s + w,,)(, + "''')(' + "''')(' + w,,) 

where "''' is "" of the first amplifier, etc. A pole-zero plot of F(s) is made 
in Fig. 1 1 .12. The root locus is also sketched as shown with the aid of the 
basic rules irf Appendix H. This locus is tangent to the jro axis at the origin, 
but the point of tangency occurs at a double zero, so K' must be infinite at 
this point and the amplifier is unconditionally stable. 

Each branch of the root locus [beginning on a pole of F(s) and ending 
on a zero] contains all values of X' between zero and infinity, as previously 
mentioned. If a point which represents the same value of K' is found on 
each branch, these points are the poles of the overall transfer function G" 
with the loop gain adjusted to give the value of K. This condition follows 
from the fact that these points are all the zeros of the denominator of GlI 
at the value of K. Thus it may be seen from Fig. 1 1 . 1 2  that a pair of 
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complex conjugate poles may appear in the transfer function of the two
stage R-C coupled feedback amplifier. These poles cause the circuit to 
have a damped oscillatory transient response. As the total loop gain 
increases, the damping ratio { decreases since (J remains essentially 
constant and jw increases with increasing K'. Thus the value of loop gain 
which provides optimum transient response can be found. For example 
a damping factor ' = 0.8 is near optimum for some applications. To 
determine the value of K' which will provide a predetermined value of ,. 
the constant , line is drawn on the pole zero plot as shown in Fig. 1 1 . 12. 
where , = cos O. This constant ' line intersects the root-locus branch as 
shown at point a in Fig. 1 1 . 12. The values of s at this point a is substituted 
into the equation F(s). Then K' is the magnitude of I /F(s). A device 
known as a spirule can also be used to determine K' at a given 
value of s. 

A feedback amplifier which has three R-C coupled stages included 
within the loop will now be considered. In this case 

G G - K'F( ) _ 

K,K,K.(JW21W"W",S' 
n 34 - s -

(s + wn)(s + (12)(s + ",,,)(s + (21)(s + w,,)(s + w,,) 
(1 1.51) 

The pole-zero plot and root-locus sketch for this configuration is given in 
Fig. 1 1 . 13. Two branches of the locus cross the positive jw axis at points 
a and b. This configuration is known as conditionally stable, which means 
that the feedback amplifier is stable for some values of loop gain but 
unstable for other values. The amplifier here will be stable for all values 

of K' less than the smaller of K'. or K'" where K. = _1_ and K', = 
I F(a) 

F(b) 
, and F(a) is the function F(s) evaluated at point a, etc. If K'. is less 

than K'f, the frequency of oscillation will be Wo, and vice versa. The values 
of K'a and K'b could be evaluated either by substituting jw" and jw/) 
respectively into l iFts) or by using the spirule. 

Although Fig. 1 l . l 3  shows all the significant poles and zeros of the open 
loop transfer function. it is usually not practical to include both the poles 
near the origin and those far removed from the origin on the same plot. 
This follows from the fact that poles which result from the shunt capaci
tance occur at values of s which may be hundreds of times as large as the 
values of s at poles near the origin. Thus a scale which would permit the 
inclusion of the poles far removed from the origin would cause the poles 
and zeros near the origin to be compressed into an area about the size of a 
pinpoint. One solution to this problem might be the use of logarithmic 
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scales for the s-plane plot, but then the root-locus rules as well as the 
spirule would be unusable. FOTtunately, the singularities far removed 
from the origin have essentially no influence on the Toot-locus branches 
near the origin and vice versa. so the problem can be divided into two 
parts, as shown in Fig. 1 1 . 14. This solution is basically the same as the 

jw 

b 
Wb 

�-----*-*��-----���--- � 
3 ,eros 

Fig. 11.13. Root-locus plot of a three-stage R-e coupled amplifier with feedback. 

technique used in Chapter 7 whereby one equivalent circuit was used to 
represent the low-frequency range and another equivalent circuit was used 
to represent the high-frequency range. 

Although the amplifier will be stable if the loop gain is adjusted so that 
all the poles of the overall transfer function Gt> aTe in the left-half plane, 
the transient response of the amplifier may be unsatisfactory, as mentioned 
before, if the poles are too near the jw axis. Again, the desiTed damping 
ratio may be obtained by adjusting the loop gain to give the value of K' 
which is found at the intersection of the root locus with the desired 
damping ratio line. Points c and d (Fig. 1 1 . 13) are both intersections with 
the { = 0.8 line. The value of K' should be determined at both points, 
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jw 

d 

(b) 
Fig, U.14. The root-locus plot of a three-stage R-C coupled amplifier divided into two 
regions. (a) Singularities far from the origin; (b) singularities near the origin. 

and, if very little overshoot can be tolerated, the lower value of loop gain 
should be used. 

From the foregoing examples, a general trend should be noticed. 
That is, the larger the number of stages included within the feedback loop, 
the more limited the loop gain must be in order to maintain good transient 
response and stability. 

PROB. ll.IO. A three-stage R·e coupled tube amplifier has feedback from out· 
put to input. All amplifiers are identical and have (01 = 100 and (02 = 0.5 x Joa 
radians/sec. Using a root-locus plot similar to the one in Fig. 1 1 .12. determine 
the Jargest value of loop gain KfJ which can be used without causing high
frequency oscillation in the amplifier. What would be the frequency of oscillation 
if oscillation does occur? Answer: KP < 8, Wo = 8.66 x lOO rod/sec. 
PROD. 11.11. An R-C coupled transistor amplifier has two identical stages 
which have J, = 100 KHz, and f, = 20 Hz. Determine the loop gain which 
will give , = 0.8 when feedback is applied around the amplifier. 

11.7 THE CHARACTERISTICS AND STABILITY OF 
TRANSFORMER COUPLED FEEDBACK AMPLIFIERS 

The stability of a feedback amplifier which consists of one transformer 
coupled stage will now be considered. The approximate transfer function 
of a transformer coupled amplifier was developed in Chapter 7 and is 
repeated as follows: 

G = ______________ �K�(�V�n'�W�3�S ______________ __ 

(s + ,",)(s + (J + j(2)(s + (J - jw,)(s + w,) 
( I 1 .52) 
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Then, from the poles and zeros of the open loop transfer function (Eq. 
1 1 .52) the root locus is drawn in Fig. 1 1 . 1 5. Observe that the single-stage 
transformer-coupled feedback amplifier is only conditionally stable. As 
the loop gain K' is increased, all the poles of the overall transfer function 
move away from the poles of the open loop transfer function shown in 
Fig. 1 1 . 15. The complex pair move in the direction of increasing w and 
decreasing u. This action increases the high-frequency response but 
decreases the damping ratio (. As the pole which leaves W1 moves toward 
the origin, the low-frequency response improves. In addition, the effect 

;<-
I , 
1 1  

/ " 
- ' 

jw 

j.,. 

'60'! �------�----��7---Jk------. \ t1 '"'1 1 pce and 
\ 1 zero near 
\ the origin 

\ 
\ 

Fig, 11.15. The root-locus plot for 3. single-stage transformcr�oupled amplifier. 

of the pole moving from Wa toward - 00 is to increase the magnitude of 
the transfer function at large values of s, or in other words, to improve the 
high-frequency response. In summary, then, the frequency characteristics 
of the amplifier are improved but the transient response may be deterio
rated. 

A paradox exists in the application of feedback to a transformer 
coupled amplifier: the transformer with poor frequency and transient 
response is less susceptible to improvement by feedback than is the 
high·quality transformer. Figure 1 1 . 1 5  shows that the damping ratio ( 
generally decreases as the loop gain is increased. Therefore, the transient 
response of the amplifier deteriorates as the feedback is increased unless 
the damping ratio of the transformer itself is less than the optimum value. 
High-quality transformers usually have a comparatively high damping 
ratio. When negative feedback is applied to amplifiers using these 
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transformers, the transient response, frequency response, and distortion are 
improved simultaneously by moderate amounts of feedback. However, 
when negative feedback is applied to the amplifier which incorporates a 
poor transformer with a damping ratio of 0.8 or less, the frequency response 
can be modestly improved at the expense of impaired transient response. 
Therefore, those amplifiers which are in greatest need of improvement are 
generally the least susceptible to improvement by feedback. 

The root-locus plot for a feedback amplifier consisting of two typical 
transformer-coupled tube amplifier stages is shown in' Fig. 1 1 . 16. Notice 

2 poles and 
2 zeros near 

the origin 

Fig. It.16. The root-locus of a two-stage transformer-coupled feedback amplifier. 

that a modest loop gain would improve the frequency response with little, 
if any, deterioration of the transient response. However, as K' is increased. 
the jw axis is approached quite rapidly and poor transient response if not 
instability would result if a moderately large loop gain were employed. The 
magnitude of loop gain which could be tolerated would naturally depend 
on the characteristics of the transformers used. It is evident from Fig. 
1 1 . 1 6  that the loop gain could be increased if the poleg of the transformers 
were moved to the left. This could be accomplished by reducing the 
leakage inductance and distributed capacitances of the transformers. 
Also, the transient response of the amplifier would �e improved if the 
transformer damping ratios were increased. 

The sketch of the root locus for a typical transformer-coupled amplifier 
plus an R·C coupled amplifier is given in Fig. 1 1 . 17. The design of a 
transformer-coupled feedback amplifier is more difficult than the design of 
an R-C coupled feedback amplifier because the constants of the transformer 
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are not usually known. Some experimentation wiJI no doubt be necessary 
in optimizing the design. One satisfactory procedure might be to determine 
the desired loop gain in view of the distortion or other response require
ments of the amplifier, then estimate the number and type of stages which 
might be included within the feedback loop without risking poor transient 
response or instability. A test of the amplifier after it has been constructed 
will either verify the assumptions or indicate the necessity for modifications. 
More than one stage should usually be included in the feedback loop for 
two reasons. First, the open loop gain should be large enough so that the 

jw 
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Fig. 11.17. The root-locus plot for a transformer-coupled amplifier and an R-e coupled 
amplifier. 

feedback factor f3 may be small and the feedback network will not load the 
output amplifier. Second, the signal input to the feedback amplifier 
should be small so that the preceding amplifier will be a small-signal, 
low-distortion amplifier. Except for these two requirements, the applica
tion of negative feedback to each individual amplifier stage has some real 
advantages when compared with the inclusion of several stages within one 
feedback loop.' 

PROB. 11.12. Sketch the root locus of a feedback amplifier which includes one 
typical transformer-coupled and two typical R·e coupled amplifiers. 

11.8 COMPENSATING NETWORKS 

The impression may have been gained while studying the stability of 
feedback amplifiers that some additional zeros would be invaluable for the 

� An excellent discussion of Single versus multiple feedback systems is given in 
Introduction-to Feedo:Jck Systems, L. Dale Harris. Wiley. New York. 1961. 
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purpose of improving the stability of a feedback amplifier. Although 
zeros, by themselves, are difficult to buy at any price, a rather simple 
compensating network which provides an additional pole along with a 
zero will materially increase the loop gain which may profitably be used in 
a multistage feedback amplifier. This network is commonly known as a 
phase lead network and is shown in Fig. 1 1 . 18. The transfer function of 
the feedback network is 

G _ !L _  R. 
, - -

V. R, + (R,/sC)/(R, + l/sC) 

G, = 
R, = �R,-",.(.::sC=R.!-, ..:'+�I)

� 
R. + R,/(sCR, + I) R.(sCR, + I )  + R, 

( 1 1 .53) 

( 1 1 .54) 

1 s + -
G, = 

R,C 
= 

s + w. (11 .55) 
s + t/R,C + l/R,C s + w, 

v, 
> 

R, 

• 

R, 

.AAAAA, I . '. I ,  g 

Fig. 11.18. A phase lead network. 

Vo 

where w. = t/R,C and w, = I/R,C + t/R,C. Since R, is normally large 
in comparison with Rz, Wo may be large in comparison with Wa- In fact, 
since the feedback factor {J is the value of G, when s is small in comparison 
with both w. and wo, Eq. 1 1 .55 may be used to obtain the relationship 
w, = w.!{J. The manner in which this network may be used to advantage 
is illustrated in Figs. 1 1 . 19 and 1 1 .20. In this case, a feedback amplifier 
including a transformer and two R-C coupled stages is considered. In 
Fig. 1 1 . 19  the root-locus plot is made for the amplifier with a purely 
resistive feedback network. Figure 1 1 .20 is the root-locus plot of the 
same amplifier with phase lead compensation in the feedback network. 
Notice how the effect of the pole at w, has been essentially neutralized by 
the zero of the compensating network at w •. The pole of the compensating 
network at w, is far to the left. and thus moves the intersection of the 
root-locus asymptotes quite a distance to the left compared with the point 
of intersection in the uncompensated case. Consequently, the root-locus 
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FIa. 11.19. Root-locus plot fOT a feedback amplifier consisting of two R-C coupled 
stages, one transrormer-coupIed stage. and resistive feedback. 

branches which leave the complex poles depart in a more nearly vertical 
direction and traverse a much greater distance before crossing the jw axis 
than they did in the uncompensated feedback amplifier. Tberefore the 
amplifier would be stable at larger values of loop gain, or conversely, 
for a given value of loop gain the amplifier would have better transient 
characteristics when phase lead compensation is used in the feedback 
network. 

Trial and error calculations will show that the ratio of w, to w. in the 
compensating network is more important than is the actual value of Wa or 
w,. A practical upper limit of w, and w. results from the requirement that 

• * 1 

\ \ \ \ \ 
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Fig. 11.20. The root-locus plot of the amplifier of Fig. 11.19 with phase lead 
compensation. 
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Fig, 11.21. A feedback amplifier with phase lead compensation. 

the shunting capacitor be large in comparison with the stray capacitance 
in the feedback network. 

The circuit diagram of a feedback amplifier with phase lead compensa
tion is given in Fig. 1 1 .21 .  The directly coupled phase inverter eliminates 
one pole-zero pair near the origin. This system is used in the popular 
HWilliamson" amplifier. 

r 
Ra 

1 = 

2N2147 
C, 
3500 �F 

rrvvvVnv------r------bVVV�� + 

2N3705 

2N3703 2N2147 3500 �F 

24-26 v 
Controt or fiI<lm@nt 
transformer 

Fig. n.n. A quasi-complemcntary symmetry transistor amplifier employing feedback. 
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The circuit diagram of a transistor feedback amplifier is given in Fig. 
1 1 .22. This circuit is basically the quasi-complementary symmetry circuit 
discussed in Chapter 10 (see Fig. 10.41). The 2N2712 transistor has heen 
added to the previous circuit to allow the addition of negative feedback 
without increasing the input voltage requirement. The type feedback 
used also provides very high input resistance. Therefore, this amplifier 
is a desired load for a wide variety of sources such as radio tuners, phono
graph and microphone pre-amplifiers, etc. An additional feature has been 
incorporated in this circuit. The filter capacitance in the power supply is 
provided by two equal capacitances, so that the mid-point of the power 
supply may be used as a signal reference or ground. This feature is 
desirable because the entire circuit appears as a bridge-type circuit with 
the power supply attached to one pair of the bridge terminals and the 
signal applied to the other pair. Therefore, the amount of power supply 
ripple voltage coupled into the desired signal is very small. Thus the hum 
level in this amplifier is very low even though the power supply filter is not 
very good. An additional bonus of this balanced power supply arrange
ment is the reduction in the number of capacitors required. Observe that 
the filter capacitor C, also bypasses the emitter circuit resistor R, in the 
2N2712 circuit and the two filter capacitors block the direct current from 
the load resistor. 

Note in designing the circuit of Fig. 1 1 .22 that the emitter resistor RE 
is chosen to give the desired voltage gain in the 2N2712  stage, since 
G. � RL!RE. Then the feedback resistor R, is chosen to give the desired 
amount of feedback. Observe that the d-c feedback factor is much larger 
than the a-c feedback factor because R, is included in the d-c circuit but 
not in the a-c circuit, and R, is large in comparison with RE. This large 
amount of d-c feedback provides very good Q-point stability for all the 
amplifiers in the circuit. 

11.9 FEEDBACK DESIGN FROM GAIN-PHASE (BODE) PWTS 

The gain and phase plots, known as Bode plots, which were discussed in 
Section 9.3, can be conveniently used in the design of feedback amplifiers. 
Any feedback amplifier will become unstable if the feedback signal is 
in-phase with the input signal and has a magnitude equal to (or greater 
than) the input signal. Consequently, even a negative feedback · circuit 
can be unstable (as the reader has already been shown) if the open-loop 
gain is equal to (or greater than) one and a total phase shift of 180· occurs 
in the open circuit loop. Since the Bode plots contain both gain and phase 
information, these plots can be used in the design of feedback circuits as 
shown in the following example. 



Example 11.1 A three·stage R-e coupled amplifier has three zeros at s - 0;  
three poles a t  s = j2,,(1O); and single poles at s = j2,,(1O'), s -j2,,(3 x 10'), 
and s = j2,,(9 x 10'). The total reference gain K = 1000. Investigate the 
conditions under which this circuit will be stable if it is used in a negative feedback 
configuration. 

The power gain and phase plots of this amplifier are shown in Fig. 1 1 .23. 
The amplifier win be unstable if the total loop gain magnitude is at least unity 
(0 db) at a frequency which produces 1800 phase shift, relative to the mid-
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Fig. 11.23. Plots of power gain and phase (relative to mid-frequency phase) for the 
amplifier in Example 1 1 . 1 .  

frequency phase. Note that in this example there are two such frequencies. 
f� and I", (Compare these frequencies with fa and lb. respectively. in the root� 
locus plot of Fig. 1 1 . 1 3  which represents a somewhat similar situation.) The 
gain magnitude of Ix is 44 db and at III is 39 db. Therefore, the feedback circuit, 
if purely resistive, must provide a gain less than -44 db or the amplifier will be 
unstable. In fact, the feedback gain must be considerably less than -44 db 
or poor transient response will result because the s-plane poles are too near 
the jw axis. Most designers allow an extra 6 db to 1 0  db, known asgain margin 
in order to provide good transient response. In this example a 6-db gain margin 
wiJI be considered adequate and the desired feedback factor is 

20 1og � = -50db 

� = log-l ( -2.5) = 0.00316 

Ktl = 3. 1 6  

This value of permissible loop gain is disappointingly low. However. the 
feedback factor and loop gain could be increased if at least one of the low 
frequency poles were eliminated by direct coupling. Then the gain at III would 
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be the limiting gain (39 db) and the desired feedback factor would be 

P � log-' ( -2.25) - 0.0056 

and KP = 5.6. This improvement results from the staggering of the upper 
cutoff frequencies, or poles. as compared with the triple pole at the low frequency. 
The permissible loop gain could again be greatly increased if a phase-lead 
compensating network were included to shift fw to a much higher frequency. 

PROD. 11.13 One stage of the amplifier in Example 1 1.1  is made direct coupled 
so one of the poles at s = }2..(1O) is eliminated. In addition, a phase-lead 
network (as shown in Fig. 1 1 . 18) is used as the feedback path with R, � 10 KO, 
R, = 200 0, and C - l lOO pf. 

(a) Make an open·loop gain-phase plot for this circuit. 
(b) Determine the value of Kp. 
(c) Find the frequency at which the relative phase shift is 1 80°. 
(d) Find the gain margin for the closed-loop circuit. Answer: (c) f '" 

.1 x 10' Hz (d) Gain margin "" 16 db. 
PROD. 11.14. The distonion of the amplifier of Fig. 1 1.22 without feedback 
is approximately 6 % at maximum power output. Use the values you deter· 
mined for the circuit of Prob. 10.28 and determine the additional components 
needed for the circuit of Fig. 1 1.22 to provide 0.6% distortion and I-v peak 
input at maximum power output. 
PROD. IUS, The amplifier of Fig. 1 1 .2 1  uses 12AX7 tubes for the voltage 
amplifiers and 6CM6 tubes for the power amplifier. The load resistance is a 16  0 
speaker. The transformer has complex poles at ±jw = 211'" X 20,000 radians/sec, 
C = 0.9, and a real pole at Wa .. -271" x 40,000 radians/sec. The upper cutoff 
frequency of the R-Ccoupled slage is lOO KHz. With the aid of the tube manual, 
calculate the approximate open loop gain, then calculate the value of RI which 
willrcducc the distortion in the output to one-tenth of the value without feedback. 
Make a root-locus plot oflhe feedback amplifier, without the phase lead capacitor, 
and determine whether the amplifier will be stable at the desired value of total 
loop gain. If so, what will be the damping ratio {? (Refer to the locus branches 
from the complex pair.) 
PROD. 11.16. Using a phase lead feedback network for the amplifier of Prob. 
1 1 .15, determine the value of C which will essentially cancel the pole of the trans
former which lies on the real axis (wJ. Make a root-locus plot of the amplifier 
and determine the maximum value of total loop gain which can be used without 
causing oscillation. Determine the damping ratio ' (caused by the complex poles 
of the transformer) for the value of total loop gain required to reduce the dis
tortion by a factor of ten. 
PROD. 11.17. A single R·C coupled amplifier has a transfer function d _ sKw2 

23 - (s + w1)(s + w.) 

(a) If w1 is 100 and Wt is 10' radians/sec, sketch a root-locus plot for a three
stage R-C coupled amplifier with negative feedback. 

(b) If singularities far from the origin are ignored, what value of K is required 
for oscillation and what is the frequency of oscillation ? 
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Fig. 11.14. The circuit to be used for Prob. 11.18. 

PROB. 11.18. A circuit is connected as shown in Fig. 1 1 .24. Find the gain of 
this circuit and detennine the magnitude of the feedback parameter p. 
PROB. 11.19. A feedback circuit contains one transformer�oupled amplifier 
and an R-C amplifier. If the transfer characteristics of these stages are as given 
below, sketch the root�locus plot. For what values of loop gain will the circuit 
be stable? 

SKW2 R-C Stage G = 
( )( ) . S + COl S + CO2 

sKw W,2 
Trans stage G ... . 3 

• 

(s + w.)(s + U + jW,XS + U -jW,)(s + w,) 

W, = 10' 
w1 = 10' 
w. = 2 x 10' 

a = 10' 
w, = 10' 
w, = 2 x 10' 
K = SOO 

PROB. n.lO Make a Bode plot oflhe amplifier of Problem 11 . 19 and determine 
Ihe value of {J if the gain margin is 6 db. 
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Large-Signal Tuned 

Amplifiers 

In Chapter 10, the class B amplifier was found to have a higher theoretical 
efficiency than the class A amplifier. However, unless special circuits were 
used, the distortion was very high. In general, this distortion takes the 
form of adding harmonics to the desirable fundamental. Consequently, if 
a method can be found to eliminate the harmonics, a very desirable circuit 
is achieved. For broad frequency band amplification, the class B push-pull 
circuit achieves both high efficiency and even harmonic cancellation. 
However, if a narrow band of frequenCies is to be amplified, a different 
approach is possible. A resonant circuit is used to pass the desired band of 
frequenCies and to reject the harmonics. 

In class B and class C amplifiers, the collector (or plate) current Hows 
for only a portion of each cycle. Consequently, the collector current can 
be considered as a series of pulses with a pulse repetition rate equal to the 
frequency of the input signal. An insight into the behavior of this type of 
signal can be gained by considering the action of a linear tuned amplifier 
which is activated by a square wave. 

471 
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The response of the tuned amplifier (Fig. 12.1) to a periodic pulse can be 
found by using the concepts already developed in Chapter 8.  I n  Section 
8.1  the response of a tuned amplifier stage to a step function (Fig. 8.4) was 
found to be 

v = - gmV e-{CD.' sin co t • C 
• 

w. 
(8.18) 

Now, if the input signal is composed of a square wave with a period of 
I/f., (Fig. 12.20), this input signal can be synthesized from a series of 

c , 1  L-,....--' Output 

'I�iir� -t-V_GG...J..' ---,--�-P ---01 Input 

i 
(01 (bl 

Fig. 12.1. A c1ass B or C tuned amplifier. (a) Tube circuit; (b) transistor circuit. 

positive and negative step functions as shown in Fig. 12.2c. The output 
signals (as given by Eq. 8 . 18) for the step functions are plotted in Fig. 
12.2d. When these individual output signals are added together, the total 
output signal (Fig. 12.2b) results. Hence, sinusoidal output signals may 
be obtained when the input signals are square waves. 

One way to visualize the behavior of the tuned amplifier is to reduce the 
square wave of Fig. 12.2a to a series of sinusoidal voltages. Fourier 
analysis allows the square wave to be reduced to a fundamental component 
and an infinite series of harmonic components. In the tuned amplifier. 
the tuned circuit in the output of the amplifier is tuned to the same fre
quency as the fundamental component in the squar'e wave. Hence, the 

impedance of the tuned circuit is very high for the fundamental component. 
Since the gain of the amplifier is proportional to the plate or collector load 
impedance, the gain of the amplifier is high for the fundamental compo
nent. In contrast, the capacitor C (Fig. 12.1) has a low impedance for all 
harmonic components. Consequently, the gain of the amplifier ·at these 
harmonic frequencies is very low. 

From the foregoing analysis, the tuned amplifier is able to amplify the 
fundamental component of a class B or class C amplifier while suppressing 
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the harmonics which are generated. Since the theoretical efficiency of a 
class B amplifier is higher than the theoretical efficiency of a class A 
amplifier, the reader may suspect that the theoretical efficiency ofa class C 
amplifier may be even higher. Such is the case, as will be demonstrated 
later in this chapter. As a result of this higher efficiency, the usual 
large-signal tuned amplifier is a class C amplifier. 

Since the usual large-signal tuned amplifiers are class C, the remainder 
of this chapter will be directed to the design and analysis of class C 
amplifiers. Of course, the ideas pertaining to class C amplifiers can be 
extended to include class AB or class B amplifiers, so the methods outlined 
are rather general. 

PROD. 12.1. A tube is connected as shown in Fig. 12.1 .  Assume gm is 2000 
micromhos and r'P is 1 meg n. The capacitor C has a value of 400 pr and L has an 
inductance of 10 mho If the Q of the tuned circuit is 50, (a) find the voltage gain 
of this amplifier for a signal with the same frequency as the Wo of the tuned 
circuit ; (b) find the gain of this amplifier for a signal with a frequency of 2wo• 
Answer: (a) G. � -400, (b) G. � 6.67ll!2". 

12.1 BASIC BEHAVIOR OF CLASS C TUNED CIRCUITS 

The class C amplifier is biased below cutoff. Hence, if a sinusoidal input 
waveform is applied, the plate or collector current flows for less than 180' 
of a cycle. The actual angle over which current flows is called the conduc
tion angle. Since the plate or collector circuit contains a fairly high Q
tuned circuit, the voltage variation in the plate or collector circuit is 
essentially a sinusoid. Of course this plate or collector voltage is 180' 
out of phase with the input voltage when the output circuit is  tuned to the 
input signal frequency. Accordingly, the voltages and currents i n  a typical 
class C tube amplifier are as shown in Fig. 12.3. In this amplifier, the 
control grid is driven positive. In fact, the control grid is usually driven 
positive to such an extent that the maximum control grid potential is equal 
to the minimum plate potential. This condition usually is used to obtain 
maximum power output. If the control grid becomes more positive than 
the plate, the control grid may draw so much current that the plate 
current actually decreases. Hence, the optimum power output usually 
occurs when the maximum control grid potential is equal to the minimum 
plate potential. 

The class C amplifier requires a graphical analysis that is different from 
the methods employed previously in this text. The methods used in the 
preceding chapters assumed that the plate current was a fairly linear 
function of the input voltage. However, in  the c1ass C amplifier this linear 
relationship no longer holds. In fact, as will be shown in Section 12.2, the 
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Fig. 12.3. Voltage and current re1ationships in a class C amplifier. 
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Fig. lZ.4. Constant current curves for a 4-1000A tube. (Courtesy of Radio Corporation 
of America.) 
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plate current may actually have a dip when the grid voltage is maximum 
positive. However, Fig. 12.3 shows that the relationship between grid 
voltage and plate voltage is linear when the plate circuit is tuned. Conse
quently, a very useful set of tube characteristics' is one in which the plate 
voltage is plotted as a function of grid voltage with the plate current held 
constant. Such a set of characteristic curves is shown in Fig. 12.4. These 
curves arc known as constant current curves. The constant current curves 
can be plotted from the information contained in a set of conventional 
plate characteristic curves. Notice that the tube amplification factor is the 
reciprocal of the slope of the constant current curve. 

PROD. 12.2. Draw a set of constant current curves for a 6J5 tube. The plate 
characteristic curves are given in Appendix HI. 

12.2 GRAPHICAL CLASS C SOLUTION FOR VACUUM TUBES 

The previous section indicated that class C amplifier problems can be 
solved by using a different graphical approach. In this approach, the 
constant current curves are used. In many cases, these constant current 
curves are furnished by the tube manufacturer. 

The usual method of approach to a graphical solution for vacuum tube 
class C tuned amplifiers is as follows: 

t. Plot the quiescent operating point on the constant current curves. (See point 
Q of Fig. 12.6.) 

2. Determine the desired magnitudes of the maximum grid voltage and the 
minimum plate voltage. As these voltages occur at the same time this point 
is also plotted on the constant current curves. (See point P of Fig. 12.6.) 

3. Since the a-c plate voltage is 180" out of phase with the control grid excitation. 
the plot of instantaneous plate potential vs the instantaneous grid potential 
is a straight line.! Thus. a straight line can be drawn on the constant current 
characteristics connecting the two points found in step ) and step 2. (See the 
line between point P and point Q of Fig. 12.6.) 

4. Values of plate current and grid current (also screen current for tetrodes and 
pentodes) can be found for given values of grid voltage. Thus, the wavefonn 
for all voltages and currents can be plotted as shown in Fig. 12.3. 

S. The average values of these currents can be found by integrating the current 
waveforms over one complete cycle. In addition, a Fourier analysis can be 

1 The analysis of the transistor class C amplifier is more complex than the analysis of 
a tube amplifier. Consequently, the tube amplifier will be considered first and then the 
transistor amplifier will be treated. 

I If the phase angle between two a-c voltages of the same frequency is different than,O° 
or 1800, a plot of one voltage vs the other VOltage is an ellipse. In fact, the dimensions 
of the ellipse can be used as a means of determining the phase angle between the two 
voltages. For a more detailed analysis of this approach see F. E. Terman, Radio 
Enginetrs Handbook, McGraw-HiII. New York, pp. 947-949, 1943. 
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used to determine the fundamental components of these current waveforms. 
6. When the average currents are known, the power requirements from the power 

supplies can be determined. In addition, with the fundamental current com
ponents known. the signal power input and the signal power output can be 
detennined. 

In order to find the average (d-c) currents and the fundamental com
ponents of the signal currents, integration must be performed. Usually, a 
graphical approach is necessary. Therefore, a review of graphical integra
tion may be in order at this time. To integrate the area under the curve of 
Fig. 12.5, the base of the area is divided into a series of uniform lengths 

Y6 

Yl 

x __ 
Fig. 12.5. A method of graphical integration. 

Az as shown. Now, since the integral of y from a to b is the total area 
under the curve or the sum of all the small areas, 

or fy dx � Ll.X[�1 + y. + y, + y. + . .
. + Y�l + Y

2
"] (12.2) 

Of course, the smaller Az becomes, the more accurate the graphical 
integration will be. 

The method of solution for a class C amplifier can be further clarified 
by the use of an example. 

Example 12.1. A 4-1000 A tube is to be used as a class C amplifier in a circuit 
similar to Fig. 12.1. The screen grid is maintained at a constant potential of 
500 v. The characteristic curves of this tube are shown in Fig. 12.4. If a SOOO-v 
plale supply and a -200.v bias supply is 10 be used, find the characteristics of 
the amplifier. 
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Fig. 12.6. Graphical solution of a class C amplifier. (Curves are Courtesy of Radio 
Corporation of America.) 

TABLE 12.1 
A List of Current and Voltage Values in a Class C Amplifier 

Phase Grid 1 Plate Plate Grid 2 Grid 1 
Angle 8 cos 8 Voltage Voltage Current Current Current 

O· 1.000 +150 v 150 v 2.2 a 1.2 a 0.3 a 
10· 0.985 + 144.5 250 2.4 1 . 1  0.26 
20· 0.940 +129 475 2.4 0.8 0.18 
30· 0.866 + 103 800 2.2 0.45 0.093 
40· 0,766 +68 1275 1.85 0. 18 0.048 
50· 0.643 +25 1900 1 .2 0.029 0.005 
60· 0.500 -25 2550 0.47 0.005 0 
70· 0.342 -80.4 3300 0.03 0 0 
80· 0.174 - 1 39.1 4150 0 0 0 
90· 0.000 -200 5000 0 0 0 
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The constant current curves are reproduced in Fig. 12.6. The quiescent oper� 
ating point is denoted in Fig. 12.6 as the point Q. The second point is taken 
where the control grid potential is maximum and the plate potential is minimum. 
As already mentioned, the usual optimum point occurs when the maximum grid 
potential is approximately equal to the minimum plate potential. Let the control 
grid swing to + lSO v and let the plate swing down to + l.SOv. This value of 
grid and plate voltage is shown in Fig. 12.6 as point P. The line from P to Q of 
Fig. 12.6 is drawn and is known as the operating line and determines not only 
the relationship between the control grid voltage and the plate voltage, but also 
the relationship between the control grid potential and the various currents in the 
tube. Accordingly, the line PQ is marked for grid voltage intervals corre
sponding to til intervals. In this example. fit is chosen so that wfit is equal 
to 10 electrical degrees. 

From the operating line in Fig. 12.6, the values of voltages and currents in 
Table 12.1 are found. The values listed in Table 12.1 can be used to plot the 
various voltages and currents in the circuits. This plot is given in Fig. 12.7. 
Also from the values in Table 12. 1 ,  the magnitudes of the d-c currents and the 
fundamental components of the grid and plate signal currents can be found. 

We can simplify the graphical Fourier analysis by choosing the proper value 
as reference. For example, in Fig. 12.6, if t = 0 or 6 - 0 at VII mn, only cosine 
terms will be present in the Fourier series because the value of the function at 
+8<> will be equal to the value of the function at -6°. Because of this simplifi

cation. the v, max point of Fig. 12.7 will be used as the reference (8 = 0) in the 
following analysis. The 10' intervals along the operating line can be located by 
first determining the grid or plate voltage at these intervals.3 

Now, from the Fourier analysis of Fig. 12.7, the d-c value of plate current Jp 
is given by 

(12.3) 

In Fig. 12.7, the value of tJ.8 is 10' or �J18 radians. Hence, the graphical integra
tion from 0 to 'TT becomes 

fipd6 = � er + iP2 + ipa + . . .  + in + i�) (12.4) 

where ipl, iP2, etc. have the values indicated in Fig. 12.7. Now, since the area 
under the curve (Fig. 12.7) from - '1r  to 0 is equal to the area under the curve 
from 0 to � (for the given reference), the average plate current is (Eq. 12.3) I � (ip, ips) Jp � 2 x - x - -- + iPJ + ;£>3 + . . .  iF? + -2� 1 8  2 2 
For the values in Table 12.1, the value of Jp is 

1 (2.2 0) Jp "" 18 2" + 2.4 + 2.4 + 2.2 + 1.85 + 1.2 + 0.47 + 0.03 + 2 

(12.5) 

• For example. at these intervals. VOl = -200 + 3S0cos (n dfJ) where fi6 _ 10" 
and n - 0, 1,  2, 3, etc. The values of vQ1 at these intervals are listed in Table 12.1. 
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Fig. 12.7. Voltages and currents of the class C amplifier in E:ltample 12.1. 

or 
1 1 .65 Jp '" --.s = 0.647 amp 

By similar analysis. the direct or average current to the screen grid and to the 
control grid can be found. For the values in Table 12.1, the magnitude of 101 
(the average control grid current) is 44.5 ma and the magnitude of loz (the 
average screen grid current) is 175 ma .. 
The peak value of the fundamental component of the plate current is also · 
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needed. To find this value, the required Fourier expansion is 

I lr I'P1 = - i p cos 8 dO � -r 
Because of the symmetry involved, this can be written as 

Accordingly, 

2 f.r 1�1 """ - ip cos 8 dO 
� 0 
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(12.6) 

(12.7) 

I 2 � [jP1 COS O' + . 10' + ' 20' + '  30' 'PI =:::: ; X 18 2 I P2 cos I P3 cos I pt cos 

+ . . .  + Ipc_u cos (IOn - 20)' + j"" cos (IOn - IO)"J (12.8) 

For the values in Table 12.1, the peak magnitude of the fundamental value of 
plate current, /"1' is 

10.059 
1 .. = 9 � 1. 1 1 8amp 

By similar analysis, the peak magnitude of the fundamental component of 
control grid current 1"1' is 81.7 ma. The magnitude of the fundamental com� 
ponent of screen current could also be found, but the screen has essentially no 
a-c component of voltage. Consequently, the power at the fundamental fre
quency is zero, and the magnitude of fundamental current is not required. 

From the values of voltages and currents just derived, the power relationships 
of the tube can be established. The power drawn from the power supply by the 
plate of the tube is 

(12.9) 
For this example PI = 5000 x 0.647 = 3235 w. 

The load impedance which the tuned plate circuit must offer at the funda
mental frequency can now be found. Since the tuned circuit is at resonance, 
this impedance is purely resistive and has a value given by the relationship 

V. 
RL = -1., 

(\2. 10) 

where VSI and 1S11 are the peak values of fundamental voltage and current. In 
this case, 

4850 
RL � T:iT8 = 4340 {1 

Now the signal power output Po is 

V,.1 pl .:.(_V.!.,.:.<,:.:, _=V-,o",m"I".):.:l"", .. 
P = -- = • 2 2 (12. 1 1 ) 
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For this example, 

(5000 - ISO) 1 . 1 18 
P, = = 2710w 

2 

The total power dissipated by the plate of the tube is 

PI. = Pr - Po (12. 12) 
Thus, p. - 3235 - 2110 = 525 w. This value of plate dissipation is well within 
the limits of the tube, so operation at this level is permissible. 

The plate efficiency fJ'P of the tube is given by the relationship 

P, 
�. - P, x lOO (12.13) 

For this example. 
2110 

�. = 3235 = 83.8 % 

Other information which can be found is the effective input resistance. This 
resistance RID is given by the relationship 

(12.14) 
Thus, 

_ 

350 
_ n R

,. - 0.0817 - 4280 

where V V1 and Igl are the peak values of the control grid voltage and the funda
mental component of grid signal current. The grid driving power P fI can be 
found by the relationship. 

In this example, 
0.0817 x 350 

P, = 
2 

= 14.3 w 

(12.15) 

Since the maximum control grid dissipation for a 4-1000 A tube is 25 w, this grid 
power dissipation is permissible. However, the stage which supplies the signal 
for this stage must be capable of furnishing the grid power required by this stage. 

The results of this example are tabulated below. 

The peak signal voltage on the grid Vgl is 350 v. 
The peak fundamental component of grid current 19l is 81.7 ma. 
The input resistance R1n is 4280 n. 
The average d-c voltage in the grid circuit V GO is -200 v. 
The average d-c current in the grid circuit 101 is 44.5 ma. 
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The input power to the grid circuit p. is 14.3 w. 
The average d..c current in the screen circuit J02 is 175 ma. 
The vOltage on the screen grid V", is + 500 v. 
The average d-c current in the plate circuit I p is 0.647 amp. 
The average d-c voltage on the plate V pp is 5000 v. 
The peak signal voltage on the plate V. is 4850 v. 
The peak fundamental component of plate current Jp1 is 1 . 1 1 8  amp. 
The required value of plate load impedance RL is 4340 n. 
The power output P, is 2710 w. 
The plate power input PI is 3235 w. 
The plate dissipation p. is 525 w. 
The plate efficiency �. is 83.8 %. 
The plate conduction angle 0 is 17' to (180' - 17') or 146'. 
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The foregoing example illustrates the method of approach to solve class 
C (or class B or class AB) problems. The list of known quantities at the 
end of the example indicates the effectiveness of the method. Unfortu
nately, if one bias or signal voltage level is changed, the entire process must 
be repeated for the Dew condition. Consequently, in order to optimize a 
circuit a number of solutions must be tried. Hence, a trial and error 
approach is indicated. On the brighter side, a little experience in the design 
of class C amplifiers reduces the trial and error to a minimum. 

The waveform of the plate current in Fig. 12.7 deserves a word of 
explanation. At maximum grid voltage the control and screen grids are 
robbing the plate current from the plate. Since the control grid is so much 
nearer the cathode than the plate, this action is not unexpected. In 
addition, since the screen grid is so much more positive than the plate, the 
screen has a tendency to take a larger portion of the total space current. 
An examination of the constant current curves (Fig. 12.6) indicates the 
reason for this type of behavior. Over most of the range of the constant 
current curves, these curves are straight .  However, at the end of the curves 
where the plate voltage is very low, the curves rise gradually at first and 
then more sharply. As the control grid potential becomes more positive, 
the plate potential for the beginning of the rise becomes more positive. 
If the plate does not swing low enough to shift the operating line into the 
rising portion, the plate current will have a waveform indicated by Fig. 
12.8, curve a. If the plate swings low enough, the operating line of Fig. 
12.6 may become paraHel to the constant current curves over the low·plate 
voltage end of the operating line. If this condition occurs, the plate 
current is saturated for low-plate voltages. This condition is shown in 
Fig. 12.8, curve b. If the plate swings to an even lower potential, the 
operating line may actually recross one or more constant current curves. 
In this case, the plate current has the waveform shown in Fig. 12.8, curve c. 
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The curves of Fig. 12.7 were drawn to aid the reader in visualizing the 
operation of the amplifier and to illustrate the procedure of solution. 
However, in most solutions the sketch is not required. In fact, all the 
values required for the solution of the problem can be obtained from 
Table 12.1 ' 

Curve a 

t Curve c 

Time� 

Fig. 12.S. Typical plate current wavefonns in class C operation. In curve a. the 
minimum plate potential is much larger than the maximum grid potential. In curve b, 
the minimum plate potential is low enough to cause plate current saturation. In curve et 
the maximum grid potential is high enough to rob the plate of current while the plate 
potential is minimum. 

PROD. 12.3. A 6J5 tube is to be opelated class C. VGG is -30 v and Vpp is 
+300 v. Assume the peak magnitude of control-grid signal is 34 v and the peak 
magnitude of the plate signal is 260 v. Plot the plate current waveform. Use the 
curves from Prob. 12.2. 
PROD. 12.4. Repeat Example 12.1 with VGO � -200 v, VPl' � 5000 v, and 
VG. = 500 v. However. in this problem let the maximum control-grid potential 
be 145 v and the minimum plate potential be 250 v. Compare the results of this 
problem with the results of Example 12. 

12.3 DETERMINATION OF THE TUNED-CIRCillT PARAMETERS 
In Example 12.1, many electrical quantities were found, but no attempt 

was made to determine the values of the tuned-circuit components except 
to note the magnitude of resistance the tuned circuit should offer at 
resonance. Actually, the configuration of the tuned circuit determines the 
method of approach that must be used. In general, all the ideas developed 
in Chapter 8 can be used for the large-signal tuned circuits. However, 

' To aid in determining the values of Table 12.1, a plastic overlay is made by the 
Eitel.McCullough Tube Co. This overlay is known .as the "No. 5 Tube Performance 
Computer" and is available from the Manager of Amateur Service Department, 
Eitel-McCullough, Inc., 301 IndJ}strial Way, San Carlos. California. 
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there is one striking difference in the philosophy of design in large-signal 
as opposed to small-signal coupling circuits. In the smaU-signal amplifier, 
efficiency is not of prime concern. The power loss in the coupling circuit 
results in smaller stage gain than would be possible with lossless circuits, 
but the loss of a few decibels gain is not serious in a high-gain amplifier. 
As noted in Chapter 8, the bandwidth of the small-signal amplifier is of 
major importance because this type of amplifier is used in applications 
which normally require the selection of a specified band of frequencies and 
the rejection of all other frequencies. On the other hand, the large
signal tuned amplifier is usually used in radio transmitters or other 
applications where power output and waveform of the signal are important 

c .. 

Fie. 12.9. A typical class C coupling circuit. 

but frequency selection is nOI. In the tuned power amplifier the desired 
output is a sinusoid or modulated sinusoid and the Q's of the coupling 
circuits need be only high enough to adequately eliminate the harmonics. 
The coupling efficiency increases as the circuit Q decreases, as will be 
shown. The efficiency is important in high-power amplifiers where 
increased efficiency results in materially reduced operating costs. 

Considering a single-tuned, inductively coupled circuit as shown in 
Fig. 12.9, the power loss in the tuned circuit is f'R" where I is the current 
and R, is the resistance of the primary coil at the resonant frequency. 
The power transferred to the secondary circuit is I!R'L where R'L is the 
resistance coupled inio the tuned circuit as a result of the load current 
flowing in the secondary. As discussed in Chapter 8, the ohmic resistance 
of the secondary is usually very small in comparison with the load 
resistance. Then the efficiency of the coupled circuit becomes 

coupled power 7J = X 
loss power + coupled power 

, ' 
100 = , 

I R 
I. . X 100 

I (R, + R L) 

100 (12.16) 
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The efficiency may be obtained in terms of the coil Qo and circuit Q, since 

R 
/ ' 

) 
w,L 

, = w,L Q, and (R L + R, = Q then 

'7 = w,L(I/Q - IIQ,) X 
w,L(lIQ) 

(12. 1 7) 

X 100 (12.18) 

It may be seen from Eq. 12 . 18  that Q, must be large in comparison with 
the circuit Q in order for the efficiency to approach 100%. This relation
ship generally holds for coupled circuits. The maximum practical effi
dency can be obtained by selecting a coil with a Q as high as possible and 
then choosing a circuit Q which is just adequate to provide good waveform. 
Values of circuit Q between 12 and 20 are commonly used. 

Example 12.2. The tube in Example 12.1 must operate at a frequency of lOS 
radians/sec. The tuned circuit has an actual Qo of 200 and the desired loaded 
Q is 20. The actual value of load resistance is 100 n and the coupling circuit of 
Fig. 12.9 is selected to provide the power transfer. 
To simplify the calculations, we will assome that the resistance of coil Lz is 

much less than R L and also that the reactance of L2 at resonance is much less 
than RLo 
From Example 12. 1 ,  the resistance of the loaded tuned circuit at resonance 

is 4340 n. For a parallel tuned circuit, the Q is given by the relation 

(12.19) 

where Rv is the parallel resistance, G is the conductance of the resonant circuit, 
and C is the capacitance of the tuned circuit. Hence, for this example 

QG 20 
C 

= w, = 4340 x 10' = 4.6 x 10-' fd. 

The value of Ll can be found from the relation 

In this case 
1 

Ll = 10" x 4.6 x 10 ' = 2. 1 8 x to-' h 

(12.20) 

The loaded tuned circuit parallel resistance Rv is 4340 0.. Part of this resistance 
R'L is coupled from the load back to the tuned circuit and the remainder of this 
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resistance Ro is due to the resistance in the tuned circuit. Since the unloaded 
Q. is known (200). Eq. 12.19 can be used to calculate R •. 

or 

Ro Ra Q. � 
-L � 200 � lOO 2 18 X 10-< w. , X . 

R, - 200 x 2.18 x 10-< x 10' � 43.400 0 
Now, the paraJlet combination of Ro and R'L must be equal to R". 

Thus we can write 
4340 x 43.400 = 43 400 _ 4340 = 48200 

• 

From Eq. 8.86, the magnitude of Ls can be determined jf the coefficient of 
coupling k is known. If k is assumed to be 0.7, Lt is . 

For this example 
2.18 x 10 .... x 100 

L, � 0.49 x 4820 0 � 9.22 ph 

From Eq. 12.18, the coupling efficiency is given as 
Q, - Q 200 - 20 

� � 
Q. 

x 100 - 200 x 100 � 90% 

(12.21) 

Thus, in this example, 90 % of the power output from the tube is coupled into 
the load and 10% of this power is lost in the coupling circuit. 
PROD. 12.5. Repeat Example 12.2 if the Q of coil L, is 100. How much power 
would be coupled to the load under these conditions? 
PROD. 12.6. The tube in Example 12.1 is connected to a coupling circuit which 
is shown in Fig. 12.10. If the resonant frequency is 1 MHz and the Q of the 

c 

R .. 

c .. 

Cc '" 0.01 IJ-f 

L 

R. 
20 K 

Fig. 12.10. The circuit for Prob. 12.6. 

R _ lO K  
input to 
next stage 
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tuned circuit with load is 20, find the values of the tuned circuit components. The 
Q" of coil L is 200 at resonance. 

12.4 CLASS C TRANSISTOR AMPLIFIERS 

When we arrived at the graphical solution of the class C amplifier by 
using constant current curves, we assumed that the input voltage and 
output voltage of the amplifier were both sinusoidal. This assumption is 
valid only if the effective output resistance of the stage which drives the 
amplifier is small in comparison with the lowest value oflhe input resistance 
of the amplifier. In either tube or transistor amplifiers this requirement 
may not always be met. In case the source resistance is not negligibly 
small, the input characteristics should be modified to include the effects of 
the source resistance, as was done in the determination of transistor 
distortion in Chapter 10. The effect of the source resistance will be 
included in the example of the transistor amplifier which follows. 

The constant current curves for the transistor can be developed from the 
collector and input characteristic curves. The collector and input charac
teristic curves of a transistor are given in Fig. 1 2. 1 1 .  From these curves, 
the constant current curves of Fig. 1 2. 12  can be drawn. The curves of 
constant base current are found directly from the VIJP. vs in curves of Fig. 
1 2 . 1 1 .  When the constant base current curves have been drawn, the curves 
fOT constant collector current can be obtained from the ic vs VOE curves. 
The required values of is and "OE are ohtained from Fig. 1 2. 1 1  and plotted 
in Fig. 12 . 12. 

The curves of Fig. 12.12 can be used if the impedance of the voltage 
source which excites the base of the transistor is negligible. However, if  
the impedance of the source is  not negligible, a modification must be made. 
For example, if  the circuit of Fig. 12 . 13  is to be used, the curves of Fig. 
12 . 12  must be modified to the form shown in Fig. 12. I 4. This modification 
is achieved by observing that (in Fig. 12.13) the open circuit generator 
voltage Vs i s  

"s = inZs + "BE (12.22) 

The curves of Fig. 12 . 14  are a plot of Vs vs VCl< rather than of Vm, vs VCE 
as in Fig. 12. 12 .  In the curves of Fig. 12.14 each constant base current, 
curve has been shifted upward by a voltage value of inZs, where Zs = 1 0  n 
in this example. Since the collector current is a function of the base 
current, the constant collector current curves must be shifted upward to 
maintain their relative positions in relation to the new constant base 
current curves. With the curves of Fig. 12 . 14  available, the solution 
proceeds as shown in Example 12. 1 .  Note, however, that a new set of 
curves must be drawn if the generator impedance is changed. 
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Fig. 12.11. The characteristic curves of a 2N 1899 power transistor. 
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Fig. 12.12. Constant current curves for the transistor of Fig. 12.11. 
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Fig. 12.13. A Class C transistor amplifier. 
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Fig. 12.14. Modified constant current curves for the transistor when the signal voltage 
source has an internal impedance of Io n. 

12.5 SELF-BIAS CIRCUITS FOR CLASS C AMPLIFIERS 

The use of two or three batteries (Fig. 12.1) or power supplies is un
desirable in class C amplifiers. Accordingly, means of self-bias for class C 
amplifiers was achieved at an early date. The circuits of Fig. 12.10 and 
Fig. 12. 13  illustrate typical self-bias stages. The screen circuit of Fig. 12.10 
operates in the same manner as described in Chapter 6. As before, the 
value of R" is given by the relationship 

R = Vpp - VG' (6.1 3) " 1 G. 
Also, the value of C" is chosen so X". is small at the operating frequency. 



492 Electronic Engineering 

The class C amplifier differs from the small-signal amplifiers in  the 
method employed for control grid or base bias. In small-signal tube 
amplifiers, the bias was obtained from a resistance in the cathode circuit. 
This type of bias is satisfactory if low-power stages are considered. How
ever, the power lost in the cathode circuit becomes rather large in high
power stages. Fortunately, a different means of bias is possible if the 
control grid draws current ; the flow of electrons from the control grid to 
ground through R. (Fig. 12.10) can provide a negative potential on the 
control grid. Accordingly, the size of the control grid resistor R. is found 
by the relationship 

(12.23) 

where VG is the required grid bias potential and IG is the d-c grid current 
drawn by the grid. The value of C, (Fig. 12 . 10) must be large enough to 
store the charge produced by the pulse of grid current, so an essentially 
constant current flows through R. between current pulses. If the old rule 
of thumb that X, be equal to approximately O.IR. is applied, this condition 
is usually fulfilled. This type of bias is known as grid-leak bias. 

The self-bias system described previously has one bad characteristic. 
If the a-c driving signal should be removed from the control grid, the bias 
on this stage will be reduced to zero. Zero bias will allow large currents to 
flow through the tube. These large currents usually destroy the tube in a 
short time. Consequently, protective circuits are usually incorporated in 
this type of circuit to remove the plate supply voltage if the excitation fails. 
Sometimes enough cathode bias or fixed bias is used in conjunction with 
grid-leak bias to protect the tube. Frequently an RF choke is connected in 
series with the grid-leak resistor so essentially no signal currents flow 
through the grid resistor. Otherwise signal power is wasted. 

I n  the transistor amplifier, the current flowing through the base circuit 
resistance produces reverse bias in the same manner as grjd�leak bias in the 
tube amplifier. Fortunately, the direction of base current is proper to 
produce the required polarity of bias voltage. Thus 

VB Rb = lB 
(12.24) 

where R, is the magnitude of bias resistance required (Fig. 12.13). The 
voltage VB is the quiescent base voltage and IB is the average value of base 
current. However, in the transistor, zero bias is also cutoff bias. Therefore, 
no protective devices are necessary, since the collector current reduces to 
essentially zero when the excitation is removed. 

The value of base bias required for class C operation of a transistor 
amplifier cannot be specified in  terms of the cutoff bias (as for a vacuum 
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tube) because the "cutoff" bias voltage of a transistor is actual1y a forward 
bias. However, the transistor class C bias can be determined in te�ms of 
the collector current conduction angle (Fig. 12 . 15). In this figure, an 
operating line is shown on a modified set of constant current characteristics 
(similar to those of Fig. 12.14). The desired bias voltage is VB. The base
emitter voltage at which collector current begins to flow is V x and the peak 

-- - - -- - ------- -v,. - �---------- 3A 
I P 
I 
I 
I 
I 
I 
I 
I 

'-��-------------� 
'-----��--------- lA 

I 
--T-- --------vx -'------->.,:---- lc� O  

I I , 
I I I - VBE = O 
I-<"- 9 ----... 
, I I 
I I I L--r--� - - - - - - -VS - -- - - - - --- -

--
-- - -

I 
o 

Fig. 12.15. The relationships used to determine the transistor base bias voltage as a 
function of conduction angle. 

source voltage, which o.::curs at the collector saturation point P, is V p. 
From Fig. 12.15 it can be seen that 

VX - VB 0 VX - VB -""-----" = cos - = ( 12.25) 
VP - VB 2 (Vp - Vx) + ( Vx - Vs) 

where 0 is the collector current conduction angle. Then, solving for. 
Vx - VB 

V V _ (Vp - Vx) cos O/2 
X - B -

I - cos 0/2 
(12.26) 

or 

(12.27) 

The potential difference V p - V x may be determined from the input 
characteristics as well as from the modified constant current Curves since 
V p = V BE l1lax + i lJ 1Il00XR,. After determining V p. the conduction angle 
() is then chosen and the potential difference between Vx and VB is readily 
determined by the use of Eq. 12.27. For example, if the typical class C 
conduction angle 1 200 is choscn, cos 60° = 0.5, sec 60° = 2 and V x -
VB =  Vl' - Vx· 
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In designing transistor Class C amplifiers, the emitter-to-base reverse 

breakdown voltage V EBD must be considered. If the combination of bias 
potential VB and peak base signal voltage Vb exceeds this breakdown 
voliage, steps must be taken to protect the transistor. While several 
cQnfigurations are possible, the simplest way to protect the transistor 
is to insert a diode in series with the base. The polarity of this diode 
should permit current to flow when forward bias is applied to the diode
base combination. Then, when reverse bias is applied, the diode will 
essentially prohibit the flow of reverse current in the base circuit. Of 
course, the reverse voltage breakdown of the diode should be greater than 
the maximum reverse bias applied to the diode-base combination. This 
method of transistor base protection is also used in some of the pulse 
circuits (for example, Fig. 16.53) in Chapter 16. 

PROB. 12.7. The transistor in Fig. 12.13 is the one whose characteristics are 
shown in Fig. 12. 1 1 . The V cc supply is 50 v and it is desired to swing the 
collector current to 8a with iB of 300 ma. A conduction angle of 1 10° is desired. 
The resonant frequency is one MHz and the desired circuit Q is 15. Find the 
values of all pertinent voltages and currents (both a-c and d·c), the input power, 
the output power. the efficiency of the circuit and all circuit components. 
Neglect the loss resistance in the coils and assume k = 0.7. The signal source 
resistance is 10 n. Answer: Po = 77.5 W, PI = 90.5 w, Pr, = 0.42 W, diode 
protection of the base is required. 

12.6 THE DESCRIBING FUNCrION 

The technique of pole-zero plots and consequently of root-locus plots 
assumes that all the circuit elements are linear. However, as indicated in 
Section 10.2, large-signal amplifiers are usually not linear. When a 
nonlinear element was encountered, a graphical approach was used. We 
will now consider a technique which can be used to adapt the pole-zero 
method to circuits which contain nonlinear elements. 
As noted previously, the nonlinear elements produce harmonics which 

are not present in the original waveform. Hence, if a fundamental 
sinusoidal waveform is applied to a nonlinear circuit, 

.
the output current 

waveform contains the fundamental signal plus various harmonics. The 
describing function approach is based on the premise that the harmonics 
may be neglected without introducing appreciable error. Since tuned 
amplifiers contain resonant circuits, the harmonics are effectively filtered 
out of the response. Consequently, the use of the describing function 
with tuned amplifiers is valid. 

In using the describing function, the general transfer function of a 
network is divided into two components. One component represents the 
transfer function of the linear elements (a conventional function in s, or 
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jw for steady-state alternating current). The second component is known 
as the describing function and represents the nonlinear characteristic. (If 
more than one nonlinearily is present, all nonlinearities are grouped 
together and are considered as a single nonlinear component.) The 
describing function simply relates the fundamental component i� the 
output of the non linear device to the fundamental component of the 
input to the nonlinear device. Mathematically this concept (Fig. 12.16) is 
ex pressed as 

G = G,<§ (12.28) 

where G is the total transfer function. G, is the linear transfer function 
and is a function of radian frequency only. '!I is the describing function 

All All 
linear nonlinear 

elements elements 
G, (f 

Fig. 12.16. A graphical representation of Eq. 12.28. 

of the nonlinear element. As we have already found for the class C 
amplifiers. the ratio of the fundamental component of plate current 
to the fundamental component of grid voltage varies as the conduction 
angle (or signal amplitude) varies. Thus <§ is a function of signal amplitude. 
Fortunately, in most class AB, D, or C amplifiers, the relative phase 
between the fundamental component of output current and the funda
mental component of input voltage does not change with frequency if the 
tuned circuit is always tuned to the fundamental. However. in some 
nonlinear elements the phase can change with frequency. Thus. although 
the describing functions with which we will be concerned are functions 
of signal amplitude only. the general describing function may be a function 
of amplitude and also of frequency. An example will be used to help 
clarify the describing function concept. 

Example 12.3. Find the describing function for an ideal class C amplifier. The 
transfer function for an ideal amplifier is shown in Fig. 12.17. 

A plot of the output current as a function of time is given in Fig. 12.18. The 
time when the output reaches its peak value will be used as the reference time 
for this analysis . The peak value of the fundamental component of current in the 
output signal can be found from a Fourier analysis of the output wave. Thus 

I J' ['PI = - i cos wf d(wt) " -, (12.29) 
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Fig. 12.17. Ideal Class C amplifier transfer characteristics. 

By reason of the synunetry involved in Fig. 12.18, this equation can also be 
written as 

2 i' 1.91 = - i cos wl d(wt) 
" 0 

(12.30) 

However, the current is· zerO from 0/2 to ." (Fig. 12.18), so Eq. 12.30 becomes 

2
1'" 

Ip1 = - icos wt d(wt) 
" 0 

(12.31) 

The signal current is given by the expression i = I cos wt. But since the axis 
of the current in Fig. 12.18 is displaced from i =  0 by the amount (lcos 8/2), 
the total"expression for ; is 

;. = I cos wt - I lJOs 0/2 . . . .  (12.32) 

1 
Time --�. 

Fig. 12.18. The output current of a class C amplifier. 
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When this value of i is inserted into Eq. 12.31, If)1 is 
2 1'" 

I .. = - (I cos rot - I cos 0/2) cos rot d(rot) 
· 0 . 

This integral can be evaluated to yield 

or 

I = 2/ [� - : sin o] Pl 1T 4 4  
I . 

1.1 = 1 - (0 - sm 0) Z. . 

(12.33) 

(12.34) 

(12.35) 

Note that if the operating point in Fig. 12.18 is moved until the device is 
operating class A, the ratio of I (the peak output current) to the peak input 

1.0 v 
0.8 / / 
0.6 V / / � 
0.4 / V J 0.2 

o ./ , , • • , • • • o 40 80 120 160 200 240 280 320 360' 
Conduction angle 6 in degrees 

Fig. 1U9. A plot of '§/K for the ideal Class C amplifier. 
voltage VI is the midband gain of the amplifier K. Thus, if both sides ofEq. 12.35 
are divided by Vi. the equation becomes 

11'1 K . - = !11 = - (9 - .ID 9) (12.36) 
Vi 271' 

A plot of t;f/K for various values of 6 is given in Fig. 12.19. 

From this example, we note that a class C amplifier can be treated 
much as a linear amplifier if 

G = G,'!f (12.28) 

where G is the total transfer function of a stage. The describing function 
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'§ is obtained from Eq. 12.36 and is used to replace the reference gain K 
of the amplifier. The term G, contains the transfer function for the 
coupling circuits, including the tuned circuits. Thus, the treatment of 
large-signal amplifiers is similar to that of small-signal amplifiers except K 
is replaced by the describing function term <5. 

One word of caution should be given at this time. The ideal class C 
amplifier output current given in Fig. 1 2. 18, and the actual class C 
amplifier output current (Fig. 12.8) may not agree. When flattening or a 
dip occurs in the output current (due to a high amount of input drive), 
the actual value of <5 will be less than that shown in Fig. 12. 19. However, 
if the waveform is known, (or can be determined), the correct value of <§ 
can be calculated. 

The foregoing example developed the total transfer function 1./ V, for 
a vacuum tube. When the current gain of a transistor is considered. an 
interesting situation occurs. Since both base current and collector 
current begin to flow at approximately the same base-to-emitter voltage, 
the conduction angle of base current and collector current is essentially the 
same. Thus, the t§ of current gain is � I unless saturation occurs in the 
collector circuit. However, the t§ for the ratio of base current to base 
voltage will vary in a manner similar to that shown in Fig. 1 2. 19. 

PROD. 12.8. Find the value of q for the amplifier in Example 12 . 1 .  
PROD. 12.9. Find the value of '§ for the amplifier in Prob. 12.7. Answer: 
'§ for 1,/[, is 0.97, '§ for [,I V, = 0.505. 

PROD. 12.10. A c1ass C amplifier is connected as shown in Fig. 12.13. The 
conduction angle is 1 200, h/� is 50, and the effective shunt resistance (including 
that coupled back from the 100 n resistor) for the Lt and C circuit is 2 KO. 
Assume that l /hoe » 2  KO. Find the current gain of this transistor. (Assume 
that the output current is the current through C and Lt rather than the current 
in the 100 n resistor.) 

12.7 EFFICIENCY OF CLASS C AMPLIFIERS 

The high efficiency of the class C amplifier can be understood by 
reference to Fig. 12.20. The instantaneous power the plate or collector 
must dissipate is equal to the instantaneous value of plate (or collector) 
voltage times the instantaneous value of current. Since current only flows 
while the plate voltage is low, the plate or collector dissipation is relatively 
low. However, the total power into the stage is equal to the VI•I, supply 
(or collector supply) voltage multiplied by the average current. The 
difference between the input power and the plate or collector dissipation 
is the user ul output power. 

The theoretical maximum collector or plUfe efficiency can be calculated 
in the following manner. From Fig. 12.20, the average power into the 
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circuit is 
1 j' P, = - Veei(l) d(wI) 

211' -. 
(12.37) 

where Veo is the collector supply voltage. (This voltage would be V pp for 
a tube circuit). and i(l) is the current as a function of time. Since the 
waveforms are symmetrical about the reference point (Ref. of Fig. 12.20) 
Eq. 12.37 can be written as 2 l' P, = - Veei(l) d(wl) 

277 0 
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( 12.38) 

Fig. 12.20. A plot of plate or collector current and voltage in a Class C amplifier. 

Now. if the current i(l) is assumed to be a section of a sinusoid within the 
conduction angle O. ;(1) can be written as 

i(l) = /(cos wl - cos 0/2) (12.39) 

Notice that /(1 - cos 0/2) is the peak value of current in the collector 
circuit and that j(l) is zero at wl = 0/2. Equation 12.38 can now be written 
as 

or 
V. /i'l. 

P, = ....£!L (cos wt - cos 0/2) d(wI) 
77 0 

P, = 
Veel [sin (0/2) - (0/2) cos (0/2)] 

77 

( 12.40) 

(12.41) 

Although the actual collector (or plate) voltage cannot swing all the way 
to zero in an actual amplifier. this condition would still give the limiting 
value of power output. Accordingly. the average collector dissipation. Pd' 
can be written as 

1 j' p. = - (Vee - Vee cos wI)i(t) d(wt) 
27T -, 

( 12.42) 

The term ( Vcc - Vcc cos cot) is the relationship which describes the 
voltage on the collector. Now. if the point Ref. of Fig. 12.20 is taken as 
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reference and it is observed that ;(t) = 0 for 1T > t > 8/2, Eq. 12.42 
can be written as 1 i'" p. = - Vee(l - cos cvt)/(cos rot - cos 8/2) d(wt) 

1T • 

The power output Po of the stage is given by the relationship 

(12.43) 

V I[ r'" r'" ] p. = P, - p. = c; J. cos' wt d(wt) - cos 8/2 J. cos wt d(wt) 

or 

P Veel (8 . 0) , = -- - 510 
41T 

(12.44) 

(12.45) 

Therefore, the maximum collector efficiency 17. of a class C amplifier 
with a conduction angle 0 is 

'I = 
Po = Veol/41T(8 - sin 0) 

(1 2.46) » P, Vool/1T(sin 0/2 - 0/2 cos 6/2) 

'I. = 4 sin 0/2 - 20 cos 0/2 

0 - sin 0 (12.47) 

When () is equal to 'TT, the stage would be operating as a class B amplifier. 
As a check on Eq. 12.47, when 0 = 1T, the maximum efficiency is 0.785 
or 78.5 %. This is the value of maximum efficiency for a class B amplifier 
as found in Chapter 10. As another point of interest, note that as 8 � 0, 
the sin 0 � 0 and the sin 0/2 � 0/2. When these values of 0 are substituted 
into Eq. 12.47, the result is an indeterminate form (0/0). However, 
when L'Hospital's rule is applied, the limit of Eq. 12.47 as 0 � 0 is I .  
Hence, the efficiency approaches 100% as  () __ O. However, as  (J -. 0, 
the power output also approaches zero for a finite collector or plate 
current. Accordingly, a compromise must be made between efficiency and 
output power. 

In the usual design procedure, the collector or plate current is allowed 
to approach the permissible maximum. Then, a rough approximation 
can be found from Eq. 12.45. 

The value of 0 is made as small as possible to keep the efficiency high 
but still produce the required output power. The value of Vec in Eq. 12.45 
is made as high as practical to keep the conduction angle low and conse
quently the efficiency high. However, after all these preliminary calcula· 
tions, solutions of the type indicated in Example 12.1 or Se�lion 1 2.4 mu:;l 
be found to verify the behayior of the circuit. 

In many design problems, the stage under development is required to 
produce a certain amount of power at a required voltage level to drive the 
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next stage in the amplifier. In these problems, the type of coupling circuit 
must be considered as well as the operating voltages and currents of the 
tube or transistor. As a final word of caution, Eq. 12.47 gives the maximum 
theoretical efficiency of a circuit. Actual circuits will always have efficien
cies lower than the values indicated by Eq. 12.47 for a given O. (Actual 
amplifiers are not driven to 0 collector volts, and the collector current is 
usually not sinusoidal.) 
PROD. 12.11. The characteristics of a 4·65A tube are given in Fig. 12.21. 
Design an amplifier using this tube to drive the tube of Examples 12.1 and 12.2. 
List all voltage and current requirements for this driver stage. 

o 

-50 

-IOO�-L��-L��-L��-L��-L��-L��-L�J __ 

Plate volts 

Fig. 12.21. Constant current curves for a 4-6SA tube. (Courtesy of Radio Corporation 
of America.) 

PROD. 12.12. Design a class C power amplifier 10 operate at 1 MHz. using a 
2N1899 transistor with V cc = 50 volts. The driving source resistance is 3 ohms. 
Use ic mal{ = 8a. iB max = 0.3a and conduction angle = 120°. Determine 
power output, collector efficiency and driving power. Is base circuit protection 
required ? 
PROD. 12.13. A 4-1000A tube is to be used as a class C amplifier. Reference to 
a tube manual indicates the proper power output can be achieved if a control grid 
bias supply of -200 v and a plate supply of 5500 v is used. The screen is main
tained at +500 v. If the grid signal is 3�5 v peak. find the values of currents, 
voltages. powers, and efficiency. 
PROD. 12.14. A triode class C amplifier is analyzed and found to have the 
following voltages and currents; 

Control grid supply -1000 v 
Plate supply + 10,000 v 
Peak signal plate voltage 9000 v 
Peak signal plate current 2 amp 
Peak signal grid voltage 2000 v 



502 Electronic Engineering 

Peak signal grid current 0.1 amp 
Average plate current 1 . 2  amp 
Average grid current 0.06 amp 
(a) What is the signal power output? 
(b) What is the plate power input? 
(c) What is the plate efficiency? 
(d) What is the signal power required to drive the grid circuit? 
(e) If self-bias is used, what size of grid resistor is required? 
(I) What impedance must the load in the plate circuit have ? 

PROD. 12.15. A circuit is connected as shown in Fig. 1 2. 1 3. The characteristics 
of this transistor are given in Fig. ) 2. 1 1 .  The internal resistance Zg of the gener
ator is 2()(x) Cl and Vcc is -20 v. The maximum collector current should not 
exceed 150 ma. A conduction angle of 1 20° is desirable. The resonant frequency 
is to be 500 KHz and the desired circuit Q is 20. Find the values of all a·c and 
d-c voltages and currents. also the input power, the output power, and the 
efficiency of the circuit. If the resistance of the coil is negligible and k = 0.7, 
find the value of circuit elements. Assume /p » 500 KHz. 
PROB. 12.16. The characteristics of a 9C21 triode arc given in Fig. 12.22. 
Design an amplifier using this tube and a Vl'J" supply of 1O,()(X) v. The control 

1200 
V{ : 19.5 volts ilI.C. 

1000 le; = Grid amperes 
1 p .: Plate amperes 

800 

600 

� 400 � 
" 

200 � '" 

0 

-200 

Plate kilovolts 

Fig. 12.22. Constant current curves for a 9C21 tube. (Courtesy of Radio Corporation 
of America.) 

grid is 10 be biased at -500 v and to have a voltage swing of 960-v peak. The 
power output should be approximately 27 kw. List all vohages. currents, and 
power as well as efficiency. Sketch the circuit and give circuit element values if 
the resonant frequency is 2 MHz and the circuit Q is 20. 
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Oscillator Circuits 

In this chapter, an electronic oscillator will be defined as a device that 
generates a sinusoidal voltage or current waveform. As with any electronic 
item, a source of d-c power is required for operation. In general, either 
one terminal pair devices such as klystrons, tunnel diodes, and so forth, or 
two-terminal pair devices such as conventional triodes, pentodes, transis
tors, etc., can be used as the active elements. The active elements must 
work in conjunction with passive (R, L, and C) networks. In some micro
wave devices, the values of R, L, and C are distributed over the circuit 
rather than being separate lumped elements. However, even iri these 
instances equivalent circuits of R, L, and C elements can be developed to 
help visualize the action of the device. 

13.1 OSCILLATORS WITH TWO-TERMINAL ACTIVE ELEMENTS 

If the active element in an oscillator contains only two terminals, this 
active element must be connected either in series or in parallel with the 
passive elements of the circuit. Accordingly, the circuit can be represented 
as shown in Fig. 13.1 .  If the active element behaves as a negative conduct
ance, oscillations can occur if this negative conductance of the active 
elements is greater than or equal to the positive conductance of the passive 
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circuit. To determine how oscillations can occur, and at which frequency 
and at what amplitude a given circuit will oscillate, the following procedure 
is followed. First, a polar plot is made of/he negative of the admittance of 
the passive circuit as a function of frequency. Second a polar plot is made 
of the admittance of the active element as some circuit parameter is varied. 

Active Passive 

element circuit 
(R, L, and C) 

Power 
supply 

(al 

Active Passive Power element element (R,L, and Cl supply 

(bl 
Fig. 13.1. A simplified block diagram of an oscillator with a two-terminal active 
element. (a) Series connections; (b) parallel connection. 

This second polar plot is made on the same chart (and to the same scale) as 
the first polar plot. Usually, the circuit parameter which varies the admit
tance of the active element is the magnitude of the a-c signal in the circuit, 
although other circuit parameters can be used. Wherever the two plots 
intersect, the conditions are suitable for the circuit to oscillate. The 
frequency of oscillation and usually the magnitude of oscillation can be 
determined from the plot. 

The reader was introduced to the tunnel diode in Chapter 3 (Section 3.8). 
To illustrate the method just discussed, an example will be given for a 
tunnel diode oscillator. 
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0.5 

Fig. 13.2. The characteristic curve of a tunnel diode. 
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Example 13.1. The characteristic curve of a tunnel diode is given in Fig. 13.2. 
This tunnel diode is connected as shown in Fig. 13.3a. The diode specifications 
list a total shunt capacitance Cd, of 7 pr. (An inductance of 6 x 10-9 h is also 
present but win be ignored in this example.) Find the frequency of oscillation 
and the magnitude of voltage across the tuned circuit for this configuration.1 If 
the resistance of L is ignored, the tunnel diode will be biased at +0.12 v. Thus 
the tunnel diode can be replaced by an equivalent circuit (consisting of a negative 
conductance -g and capacitance Cd) as shown in Fig. 13.3b. 

Equivalent circuit 
_ _ _ _ _  _ for the tunnel diode � ---, 

r----,----,----, I I I I I 

�O.12v 
+ 

93p' 10 I mh 135 0 I 
I 
I 
I 
I 

{: -g Cd ;. =� :. Jp' 

I 
I I 
I I I 
I 
I 
I I L. _ _ _ _ _ _  .J 

(al 

� : �3 p, 10 

or � mh 1350 

(bl 

Fig. 13.3, A tunnel diode oscillator. (a) Actual circuit; (b) equivalent circuit. 

1 This circuit is idealized to the extent that a battery of O.t 2 v is not practical. How
ever, this voltage can be obtained from power supplies or resistor-battery.capacitor 
combinations. Unfortunately, great care should be taken or the diode will oscillate 
(or switch) with the battery circuit instead of with the tuned circuit. Additional tunnel 
diode oscillator circuits arc given in "Designing Tunnel Diode Oscillators," by Wen
Hsiung Ko in Electronics. February 10. 196 1 ;  Vel. 34, No. 6. pp. 68-72. 
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Fig. 13.4. The equivalent a-c circuit 
for the passive portion of the circuit 
in Fig. 1 3.3. 
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The passive portion of the circuit (includ� 
jog the capacitance Cd) will have the 
configuration shown in Fig. 13.4. The ad
mittance of the circuit of Fig. 13.4 can be 
written as 

or 

1 1 
Y(s) = sC + - + -sL R 

(13.1) 

.. + s(lIRC) + (lILC) 
Y(s) = C (13.2) s 

When the values of R, L, and C from Fig. 13.4 are substituted into Eq. 13.2, 

10
" + s x 7.4 X 10' + 1012 

Y(s) = 10- (13.3) s 

Now, for steady-state alternating current, the complex frequency s becomes 
la> in Eq. 13.3. Accordingly 

-w' +JF.4 x 1O')w + 1012 
Y(la» = 10-10 . ( 13.4) 

Ja> 
Therefore, a polar plot of Y(jw) as Cd varies is as given in Fig. 13.5. 

The next step requires the construction of a curve which represents the 
admittance )f the tunnel diode. The characteristic curve of the tunnel diode has 
been reproduced in Fig. 13.6. Since the diode is biased at +0.12 v, the Q point 
would be located as shown in Fig. 13.6. The slope of the characteristic curve at 
Q is indicated by the line AB. The slope af this line AB is the admittance of the 
diode with no Q-C signal 

0.6 x 10-' a 
-g = 0.08 v 

- 7.5 X 10-3 mhos 

This value of g is plotted as point A in Fig. 13.7. 

+jB I w increasing 

Y(jw} 

-g 

7.4 X 10-3 

-jB 
! w decreasing 

Fig. 13.5. A plot of Y(jw) from Eq. 13.4. 



Oscillator CircuIts 

1.0ma 

v, 
Volta,e 

Fig. 13.6. The effect of signal level on the admittance of a tunnel diode. 
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If an a-c signal is superimposed on the voltage at Q, the voltage varies along 
the line AB (Fig. 13.6) for small signals. However. as the a-c signal increases in 
magnitude, the voltage mllst follow the characteristic curve. Accordingly, as 
the signal becomes larger. the voltage digresses from the AB curve. As the a-c 
voltage becomes larger. the average sJope2. of dlldV decreases to the value 
indicated by the line CD. The slope of this line indicates that the average 
admittance of the diode with an a.c signal of 0.05 v is about 

1.2 x 10-3 a 
-g � 0.25 v 

� 4.8 x 10-3 mhos 

This value of g is plotted on Fig. 13.7 as point B. As the magnitude of the a-<: 

+jB 

-jB 

+11 

�ncreas.es wit� J 
increasing a-c 

Fit;. 13.7. A plot of C vs signa.l amplitude for the tunnel diode of Fig. 13.3. 
J Tbe idea of using the average slope may cause the reader to question the validity of 

this approach. However. this method is an extension of the describing function noted in 
"eetion J 2.6. . 
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signal increases, the value of -g decreases. In fact, for an a-c signal of about 
0.09 v, the averageg is about zero. If the a-c signal increases beyond this value, 
the average g actually becomes positive. Accordingly, the plot of g for the 
tunnel diode is as shown in Fig. 13.7. 

The plot of Y(jw) for the passive circuit was given in Fig. 13.5. A plot of 
- Y(jw) and the plot of g vs signal amplitude (Fig. 13.7) are reproduced on a 
single set of coordinate axes in Fig. 1 3.8. The intersection of the two plots, 
point P, is the required solution. In this example, the resonant frequency is 106 

w increasing 1 
YUwl 

I 

+jB 

Plot of g for the 
tunnel diode 

w = 106 radians/sec I I p 
-g------�AAtI

�--_,Br_----t_��--�====:.+g 
I 7.4 )( 10-3 Increasing a-c signal 

I !<-----7.5 X 10-3 
r (mho) 

-jB 

Fig. 13.8. A plot of - Y(jw) from Fig. 13.5 and the plot/(g) from Fig. 13.7. 

radians/sec and the magnitude of signal for -g = 7.4 X 10-3 mhos is about 
0.04 v. This is the value of a·c voltage for which the operating line just begins 
to leave the line A-B in Fig. 13.6. Hence g is just below 7.5 x 10-3 mhos. 

In the foregoing example, if the circuit were at q,uiescent conditions 
and the a-c signal were zero, the tunnel diode conductance would have the 
value given by point A of Fig. 13.8. Under these conditions, the negative 
conductance of the tunnel diode would be greater than the positive con
ductance of this resonant circuit. Therefore, oscillations would build up  
in  the circuit until the a-c signal was large enough to shift the value of 
negative conductance in the tunnel diode to point P of Fig. 13.8. At point 
P, the net conductance is zero. Hence, a pole-zero plot would show the 
poles on the jw axis. Therefore, the damping is zero and steady-state 
oscillations occur. Under these conditions, the circuit is in equilibrium and 
will continue operation at this signal level. 

The admittance plots of many devices are more complicated than the 
straight-line plot of Fig. 13.7. In addition, the plots of Y(jw) for many 
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passive circuits are more involved than the straight-line plot of Fig. 13.5. 
Even so, the method outlined in Example 1 3. 1  can be applied to these 
more complicated circuits. 
PROD. 13.1. Determine the slope of the characteristic curve of Fig. 13.2 at 
diode voLtages of 0.05, 0.06, 0.07 . . .  0.18, 0.19 v. Find the average of these 
s10pes to determine the value of -g when the a-c signal of Example 13.1 is 
0.05 v rms. 

13.2 OSCILLATORS WITH FOUR-TERMINAL ACTIVE ELEMENTS 

Many oscillator circuits use triodes, pentodes, transistors, and so on as 
the active elements. In all these oscillators, energy of the proper magnitude 
and phase is fed from the output back to the input circuit. This type of 

'1 + ., 023 " 

" 

0" 
. 
Fig. 13.9. A typical feedback circuit. 

oscillator is a type of feedback amplifier. To visualize the requirements of 
an oscillator, consider the typical feedback circuit shown in Fig. 13.9. 

The transfer function G,• was found in Chapter I I  to be 

G _ 

X3 
_ 

023 13 - -
X, 1 + G .. G" 

In this equation, the feedback was negative feedback. 
positive, Eq. 1 1 .6 becomes 

G _ :1:3 �. ' .  GZ3 
18 -: "'"":"""" ==: 

Xl 1 - G23G34 

(1 1 .6) 

If the feedback is 

(13.5) 

Whereas most oscillators use positi.ve feedback, some osciHators actually 
require negative feedback for proper operation. In fact, as already noted 
in Chapter 1 1 ,  an ordinary amplifier with negative feedback may become 
unstable and oscillate. 

If the circuit is an oscillator, the signal Xl must be zero and the signal X3 
O)ust be finite. Accordingly, from Eq. 13.5, 

or 
__ 

G=",--_ = 00 
1 - G"G" 

1 - G"G" = 0 

(13.6) 

( 13.7) 



510 Electronic Engineering 

Hence, 

(13.8) 

This criterion just establishes the instability of the circuit. In addition to 
this criterion, in order to fulfill our definition of an oscillator the output 
should be sinusoidal. 

The root-locus plot, which was discussed in Chapter 1 1 , is a solution of 
Eq. 13.7 as the gain K of the circuit is adjusted. (The rules for a root-locus 
plot with positive feedback are given in Appendix 11.) Accordingly, the 
point of operation must lie on the root-locus plot. In addition, if the 
output of the circuit is to be a steady-state sinusoidal waveform, the point 
of operation must lie on the jeu axis of the s-plane. Consequently. the root
locus plot of a circuit must cross the jw axis in the s-plane if the circuit 
is to be used as an oscillator. In addition to this restriction, no other poles 
of G" can be in the right half of the s-plane for the value of K which pro
duces oscillation. This restriction must be enforced to prevent the 
instability of a pole in the right half plane from "swamping" out the 
oscillation. 

PROD. 13.2. Prove that jf x, = Xl + x" (positive feedback) in Fig. 13.9. then 

G,. 
G" = 1 _ G G " 34 

13.3 TYPICAL R-C OSCILLATORS 
• 

Several types of R-C oscillators are in common use. The most common 
type of R-C oscillator (a circuit that is used in many commercial audio 
oscillators) is the type shown in Fig. 13. 10. In effect, this circuit is a two
stage amplifier with the f!,edback loop composed of Rio C" R" and C,. 
Triode tubes have been shown, but pentode tubes or transistors could be 
used. With transistor circuits, the parallel combination of R'J, and Rln 
would be used in place of R, in the following derivation. The value of C, is 
chosen large enough to pass the lowest frequoncies to be generated with 
negligible phase shift. 

. 

The voltage feedback in this particular circuit is positive, since there are 
two polarity reversals in the amplifier. Accordingly, the circuit in Fig. 13 . 10 
can be redrawn as shown in Fig. 13. 1 1 .  In this figure, G", is  the gain of the 
two-stage amplifier. Hence, let G" be given as K. The transfer function 
Gu, can be written as 

G .. = x, = R,(I /sC,)/[R, t- (l/sC,)) 

x, R, + l/sC, + R,(i/sC,)/[R, + (i/sC,)] 
(13.9) 
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Fig. 13.10. An R-C bridge oscillator. 

This equation can be simplified to 

G _ _ 1_ s u -
R.C" R,C, + R,C, + R,C, _

_ 
.::.1 __ 

S + s + 
C,C,R.R, C,C,R,R, 

511 

output 

(13.10) 

Equation 13.10 can be further simplified by letting R, = R, = R 
C, = C, = C. Then, 

and 

I 5 
G" = - -----:;---,-

RC 5' + 5 .1.. + _1_ 
RC R'C' 

Since this circuit has positive feedback, Eq. 13.5 applies. 

.. 

� 

+ 

� 

G _ G" 
'3 - 1 - G"G .. 

.. Amplifier 
gain = K  

.. 

� - - - - - - -
I R, 

- - - - - - - - 1 
I I 
I I fL .A/' I I 

I fl 11 • • 
I 

I " I 
L _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  � 

Fig. 13.11. An equivalent circuit for Fig. 13.10. 

\ 

(13.11) 

(13.5) 

%3 
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When K '(the amplifier gain) is substituted for G" and Eq. 13. 1 1  is 
substitutefl for G". Eq. 13.5 becomes 

K 
G" = --.,-:---....:..:'------

I - !£.. 5 

RC 5' + s(3/RC) + I /R'C' 

(13 . 1 2) 

The root-locus plot for Eq. 1 3 . 1 1  is given in Fig. 13. 12.  From Fig. 13.12, 
it is obvious that the circuit in Fig. 13.10 can be used as an oscillator. 

The frequency of oscillation as well as the required amplifier gain for 
oscillation can be found either graphically or analytically. In the graphical 

jw 

L3+�� 'RC 

Fig. 13.12. The root locus for the circuit of Fig. 13.10. 

analysis. careful construction of the root-locus plot is required. A spirule 
simplifies finding the required value of K. In some cases, the problem is so 
complicated that the analytical approach is rather difficult to evaluate. 
Hence, the graphical approach is the logical method of solution. However, 
the graphical approach can be very time consuming. 

In this particular problem, the analytical approach is rather simple. The 
first step is to multiply both numerator and denominator of Eq. 13 . 12  
by (s' + s(3/RC) + I/R'G'). Then, Eq. 13 . 12  becomes 

G _ K 5' + sO/RC) + I /R'C' 
13 -

s' + s[(3 - K)/RC] + l /R'C' 
This equation can be written as 

G _ K 
S2 + 2{lWnS + Wn 2 

13 -
" r  2 S- + 2S2wns + (On 

(13 . \3) 

( 1 3. 14) 

Referring back to Fig. 13. 12, we see that the two roots of the denominator 
must occur at +jw, and -jw, (if the circuit is an oscillator). Accordingly, 
the denominator of G13 must have the value 

(s + jw,)(s - jw,) = denominator of G" ( 1 3. 15) 
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or 
(13 . 16) 

When Eq. 13 . 16 is equated to the denominator ofEq. 1 3.14, the following 
relationship results. 

(13 . 17) 

Thus, if there are to be steady-state oscillations, the damping factor ', must 
have a value of zero. When the values of " and Wn from Eq. 13 . 13  are 
substituted into Eq. 13 . 17, the coefficients of like powers of s can be 
equated to yield 

0 =  
3 - K  

(13 . 18) 
RC 

W.' I 
(13.19) -

R'C' 
From Eq. 13 . 18,  

K = 3 (13.20) 
and from Eq. 13 . 19, 

I 
( 1 3.21) W - -I - RC 

Figure 13 . 12  illustrates that the gain of the amplifier in an oscillator 
circuit must be maintained at a constant value. Figure 13 . 12  shows that a 
decrease of gain will shift the poles from thejw axis into the left half plane. 
Under these conditions, the signal output will be an exponentially decaying 
sinusoidal wave. In contrast, an increase of gain will shift the poles from 
the jw axis into the right half plane. In this case, the output waveform is an 
exponentially increasing sinusoidal wave. Consequently, it is important 
for the gain of the amplifier to be maintained at a constant level. 

Many circuits have a sort of "built-in" gain stabilization factor. We 
can visualize this type of gain stabilization by referring to the typical 
dynamic transfer characteristic in Fig. 13 . 13. For small a-c signals, the 
operation is along the steepest part of the dynamic curve indicated by the 
line AB. However. as the a-c signal increases in magnitude, operation 
extends into the less steep portions of the dynamic transfer characteristic 
and the average slope decreases, as indicated by the line CD. Consequently, 
the average gain tlV'I//fiVg decreases as the a-c signal level increases. 

The typical linear oscillator circuits are adjusted so the gain is slightly 
higher than the gain necessary for oscillations with very small signals. 
Hence, the poles in the root-locus plot are slightly to the right of the jw 
axis (in the right half plane) when the oscillator is first turned on. Conse
quently, the level of signal increases. As the signal level increases, the gain 
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of the �mplifier decreases and the poles of the root-locus plot slide back 
to the jw axis. If the signal increases or decreases beyond this value, the 
gain of the circuit will change in such a direction as to return the operating 
point back to the jw axis. Unfortunately, this method of gain control 
causes distortion in the output signal because of operation into the 
non-linear portion of the plate characteristic curves. 

The circuit of Fig. 13 .10 has a device added to the circuit to maintain the 
gain of the circuit at a nearly constant level. This device is the lamp in the 
cathode circuit of the tube V,. This lamp (with tungsten filament) acts as an 

�------------------�B 
D 

C A 
Grid voltage 

Fig. 13.13. A typical dynamiC plate characteristic curve. 

unbypassed cathode resistor. Hence, the lamp produces negative feedback 
in the circuit. For low output, the current through the lamp is low. Be
cause of the temperature dependence of the lamp filament resistance, the 
low current through the filament allows the filament to present a rather low 
resistance and consequently a low value of negative feedback. In contrast, 
for high output, the current through the lamp filament is high. This high 
current raises the temperature and consequently the resistance of the lamp 
filament. Hence, increased output causes increased negative feedback in 
the circuit to help stabilize the gain. Thus, the operation can be in the 
linear portion of the tube characteristics and still have gain control. 
Consequently, the signal output has very little distortion present. 

The circuit of Fig. 13.14 is an improved version of the oscillator of 
Fig. 13.10. In Fig. 13. 14, the forward gain of the amplifier is completely 
controlled by negative feedback. The negative feedback path consists of 
the resistor Rc and the lamp which acts to stabilize the gain. In addition to 
increased gain stability, ' the additional negative feedback improves the 
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Output 

�Lamp : 
• R, 

Fig. 13.14. An R-C oscillator with negative feedback gain control. 

waveform of the output signal. The negative feedback circuit must be 
designed so that the gain KI < 3 as given by Eq. 13.20. 

The R-C oscillator configuration of Fig. 13.14 is commonly known as a 
Wein-Bridge oscillator because of its bridge characteristics, which are 
illustrated in Fig. 13.15. The biasing resistor R, has not been included in 
this figure because its resistance is (and needs to be) high in comparison 
with the impedance of the RI Cl branch. Also, C F has been omitted 
because its only purpose is to block direct current. Observe that the 
amplifier input is between nodes A and B and the amplifier output is 

A�----j� �----�B v. 

.• 

Fig, 13.15. lUustration of the bridge circuit arrangement of the oscillator of Fig. 13.15. 
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applied across the opposite nodes. Since the voltage gain of the two
stage amplifier is of the order of thousands, the bridge is very nearly 
balanced in normal operation. Also note that the transistor has little 
loading effect on either the positive or negative feedback circuits because 
of the small current which flows in the branch AB in comparison with the 
currents in the other branches. 

PROB. 13.3. The circuit of Fig. 13.14 is to generate sinusoidal signals between 
100 and 1000 Hz. The collector resistor R02 is 2.2 KO. The lamp is rated 3 w 
at 1 1 5  v and has about 2 KO resistance i n  this application. The transistors are 
type 2N 2712. Determine suitable values for a1l circuit components which have 
not been given, including the range of capacitance Cl = C2• Rl should be several 
times as large as Rc:. but small compared to R3. V cc = 20 v. 

r------------,-------------,-------o vpp 

C C 

Cx R R 

Fig. 13.16. A three-stage R-e oscillator. 

PROD. 13.4. An R-C oscillator is shown in Fig. 13 . 16. (a) Find the required 
transfer function. (b) Draw the root-locus plot. (c) Find the required circuit 
gain and the resonant frequency. Neglect the stray shunt capitancc. Assume 
each tube and load resistor forms an amplifier. 

13.4 L-C OSCILLATORS 

R-C oscillators are used almost exclusively in the frequency range 
below about 500 KHz. However, the shunt capacitance in the R-C coupled 
stages becomes troublesome at higher frequencies and tuned amplifiers 
which utilize this shunt capacitance as part of the tuning capacitance, as 
discussed in Chapter 8, are used as the basic amplifying device. In fact, 
an amplifier which has capacitive coupling between the input and output 
circuits may oscillate if both the input and. load circuits are inductive. 
The conditions required for oscillation were discussed in Section 8.6. 
The oscillator which results when these conditions are intentionally met 
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Fig. 13.17. A tuned-collector oscillator. 
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is known as a tuned-plate tuned-grid (or tuned-collector tuned-base) 
oscillator. 

The single-tuned inductively coupled amplifier can be used as an 
oscillator if Some of the energy in the output circuit is coupled back to the 
input circuit, as shown in Fig_ 13 . 17. 

The pole-zero plot for the voltage gain of the tuned-collector amplifier 
was developed in Chapter 8 and is given in Fig. 1 3. 18. The root-locus 
plot for positive feedback is also given in this figure. Observe that the 
frequency of oscillation is very nearly the resonant frequency of the 
tuned circuit if the circuit Q is high because the amplifier (open-loop) 

jw 

Fig. ]3.18. Pole-zero and root-lCK:us plot for the tuned-collector oscillator. 
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poles are very near the jw axis. The actual frequency of oscillation and 
the mutual inductance requirements may be determined from an analysis 
of the equivalent circuit of Fig. 13 . 19. Small-signal operation is assumed 
initially because the equivalent circuit is valid only for small signals. 
Since the transformer primary impedance is jwL, + (wM)'1 R, (Eq. 8.82), 
assuming R, » wL" the nodal equation for the collector node may be 
written 

g V = [G + )·wC + 
1 ] V m 

jwL, + (wM)'/R, ' 
where G includes the conductance of the load resistance RLo 

c 

( D G : c; F v, 

M 
r-'-----

L, � · 0 

E 

B 

S R' V 

Fig. 13.19. An equivalent circuit for the tuned-collector oscillator. 

( 13.22) 

For the hyhrid-1T equivalent circuit, the voltage V is approximately equal 
to the base-emitter voltage, providing that r, is small and the frequency 
of operation is not appreciably above f�. Also, if R, » wL" as previously 
assumed, the base·emitter voltage is essentially jwMI", where Ip is the 
signal current through L,. Then 

V =  
jwMV, 

. L + 
(wM)' )w 1 R, 

( 13.23) 

The voltage gain with positive feedback may now be written using 
G" = V,I V, which is obtainable from Eq. 13.22, and G ... = VIV, from 
Eq. 13.23. 

G" gm/[G + jwC + R.lUwL,R, + w'M')] G 13 = --=--'-'-- - ( 13 .24) 
1 - G"G" 

I _ 

jwM gm 
(jwL, + w'M'/R,)(G + jwC) + 1 

Oscillation occurs when the denominator of Eq. 13.24 is zero. Then 

w'M'G jw'M'C 
jwL,G - w'L,C + + + 1 - jwMgm = 0 

Ri Ri 
(13 .25) 
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Equating the real terms to zero 

or 
w'L,C = w'M

'G + I 
R, 

I I GM' (J)t. = 2 � -- + , • 
L C _ M G  L,C EC R, , R. 
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( 13.26) 

( 13.27) 

Since I/L,C = wo', where Wn is the undamped resonant frequency of the 
tuned circuit, 

JI ( ,-w�nM,,-,)'...:::G w = w + -• R . • 
(13.28) 

Equation 13.28 shows that the frequency of oscillation depends on the 
load conductance G, the input resistance Ri' and the coupling impedance 
wnM. The oscillation frequency will be very nearly Wn if (wnM)'G/R, is 
small in comparison with unity, which is true if the circuit Q is high. 

The required value of mutual inductance may be obtained by equating 
the imaginary terms of Eq. 13.25 to zero. Then 

.or 

M' _ 

gmR,M + L,GR, = 0 
(J)2C w2C 

(13.29) 

(13.30) 
Using the quadratic formula, 

M = gmR• ± J( gmR.), L,GR, 
2w'C 2w'C w'C 

M = gmR' (t ± Jl _ 4W'L,CG) 
2w2C gm 2Ri 

If the circuit Q is high, w' "" I /L,C. Then 
,---

M"" gmR;L,( 1 ± JI _ 
4� ) 

2 gm Ri 

(13.31) 

(13.32) 

(13.33) 

The solution which results from the positive sign preceding the radical 
in Eq. 13.33 may be discarded because it yields unrealizable values of M. 
Normally, 4G/gm'R. « I ;  therefore, the approximation (I - x)l-i "" 
I - x/2 can be used to simplify Eq. 13.33. Then, 

M"" L,G (13.34) 
gm 
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Note that the required value of M is independent offrequency, provided 
that a variable capacitor is used and Ll remains fixed. The value of M 
obtained from Eq. 13.34 results in class A operation. Larger values of M 
cause increased base drive and result in class B or class C operation, 
depending on M. 

The Hartley oscillator circuit shown in Fig. 13.20 is similar to the 
tuned-collector circuit except a single, tapped coil is used and the tuning 

" Output 
" 

R, � 
1 0  c :  

c Ll • � 'C ..... � c Vcc • 
L, 

R 

RI 

+ �� 
" �� " 

Fig, 13.20. A Hartley oscillator circuit. 

capa=itor tune� the entire coil. In this arrangement, the coupling between 
the collector and base circuits does not depend on the mutual inductance 
between Ll and L, because an a-c voltage across L) is also applied across 
the series combination of C and 4,. Therefore, signal current will flow 
through L, and the voltage across L, is the feedback voltage to the base
emitter junction. The signal currents through L) and L2 are essentially 
equal (because the tuned circuit current is large compared with the 
collector current), so that the ratio of collector voltage to base voltage is 
essentially L)IL,. This ratio is the voltage gain, and the reciprocal (L,IL) 
is the feedback ratio. Thus K{1 = I ,  provided that L,I L) is large enough 
to cause oscillation. Note that one end of the tuned circuit is at the same 
signal potential as the collector, and the other end of the tuned circuit is 
the same signal potential as the base, and the coil tap is at the same 
signal potential as the emitter . . This signal arrangement always holds for 
the Hartley oscillator. Since the input signal is not referenced to ground, 
any one of the three-coil or electrode terminals may be at signal ground 
potential. The oscillator operation is unaltered by the choice of ground 
point except, of course, that the output terminal must not be at the signal 
ground point. An example will be used to illustrate one method of 
designing a Hartley oscillator. 

Example 13.2. A 2N 1613 transistor is to be used in the Hartley oscillator 
circuit of Fig. 13.20. Let us assume the load resistance RL to be 10 KO. the 
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transistor output resistance Ro to be 40 KO, and the Qo of the coil to be 100. 
The oscillator frequency is to be 1.0 MHz. The circuit Q should be high to insure 
good frequency stability. In this example. we will design for Q = 50. The base 
driving power is very small in comparison with the power furnished to the load 
or dissipated in the tuned circuit and, therefore, its effect on the circuit Q will 
be neglected. Then the parallel combination of RL and Ro is Rx = 8 KO. 
The inductance L1 can be determined by the following method. The total 

shunt collector circuit resistance is (using Eq. 8.9) : 

(13.35) 
The portion of this shunt resistance contributed by the coil resistance in the 
tuned circuit is 

R�(Jr = QOwoLl (8.8) 

But R,II is the parallel combination of R�(Jr and R x' Then, using Eqs. 8.8 and 
1 3.35 

( 13.36) 
and 

RX(Q. - Q) 
L1 = w.(Q,Q) 

(13.37) 
In this example 

8 x 10"(50) 
L, = 6.28 x 10'(100)(50) = 1

2.7 ph 

The class A voltage gain of the amplifier is approximately gmR5h' providing that 
'IJ « (h" + I)r" and the oscillator frequency is not appreciably above 16' These 
constraints are met in this ex.ample. Now, R,,, is 8 KO in parallel with QOwOL1 = 
8 KO, or 4 KO. The Q-point collector current will be chosen as 2.0 ma. Then 

The oscillator will operate class A if 

L, = L,/G, = 12.7/320 = 0.04 ph 

However, a change in parameters or loading might stop the oscillation in this 
class A mode. Th.e oscillator will be much more dependable if the inductance L" 
is increased by a factor of at least 4 or 5. The oscillator will then have much 
better amplitude stability and greater power output. Then 

L, = 5(0.04) ph = 0.2 ph 

The tuning capacitance can be found from the relationship 

1 I 

C - w,'L = (6.28 x lO")'( l2.9 x 10-') = 1960 pf 
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The bias components are chosen to provide about 2.0 ma quiescent coHector 
current and the blocking capacitor C should have reactance equal to approxi
mately one-tenth of the bias resistance. 

The Colpitis oscillator shown in Fig. 13.21 is almost identical to the 
Rartley except that the tuned circuit capacitance, instead of the inductance, 
is tapped. Also, an r:f choke has been added to permit the application of 

r--------,----� vcc 

RFC 

I----,-----,� f---<1 Output 

C, L RL 

R, 

C, - - -

Fig. 13.21. A COlpitts oscillator. 

direct current to the collector and to present a very high impedance at 
the oscillation frequency. The design of a Colpitis oscillator may follow 
the pattern given for the Rartley oscillator in Example 13.2 but with 
jWL, andjwL, replaced by IfjwC, and IfjwC2 respectively. 
PROD. 13.5. Design a Colpitts oscillator which uses a 2N 1613 transistor and 
has the same specifications and load resistance as the Hartley oscillator of 
Example 13.2. 
PROD. 13.6. 'Design a Hartley oscillator using a 2N2844 field effect transistor. 
Draw a circuit diagram and determine suitable circuit components if fo = 1 
MHz, Vnn ::E -15 volts and the external load resistance RL = 10 KO. The 
coil Qo = 150 and the desired circuit Q = lOO, Design for class C operati.on. 
Specify the coil tap point n,/n. Answer: Ll � 5.3 ;<h, n,/n '" 1/6. 

13.5 CRYSTAL-CONTROLLED OSCILLATORS 

A general class of oscillators which achieve very good frequency sta
bility because of the exploitation of a high Q circuit is the crystal-controlled 
oscillator. In the "crystal" oscillator, the conventional L-C circuit is 
replaced by a quartz crystal. The crystal has the property of producing a 
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potential difference between its parallel faces when the crystal is strained or 
deformed. Conversely, when a poten!ial difference is applied across the 
faces of a crystal, it will deform or change shape. This property, which is 
known as the Piezo-electric effect after its discoverer, causes the crystal to 
behave as a very high Q-resonant circuit. The crystal will vibrate readily 
at its mechanical resonant frequency, but because of its associated electrical 
properties the crystal behaves as though it 
were an L-C circuit with extremely high Q 
(of the order of thousands). The crystal is 
cut into very thin slices and then carefully 
ground to the desired resonant frequency. 
The orientation of the slice, with reference to 
the crystal axes, determines the properties of 
the crystal, such as vigor of oscillation and 
variation of frequency with temperature. 

The equivalent electrical circuit of a crystal 
is given in Fig. 13.22. The crystal itself be-
haves as a series R-L-C circuit. However, 
the electrical connections must be made to 
the crystal faces by conducting electrodes or 
plates, known ai a crystal holder. The crystal 

c 

R 

Fie. 13.12. The equivalent 
circuit of a crystal mounted 
in a holder. 

holder provides a capacitance, shown as C. in Fig. 13.22, which is in 
parallel with the crystal circuit. Thus the crystal behaves as a series 
resonant circuit at its natural resonant frequency, but at a slightly higher 
frequency the net inductive reactance of the crystal resonates with the 
crystal holder capacitance to produce parallel resonance. The parallel 
resonant frequency is only slightly higher than the series resonant frequency 
because the equivalent inductance of the crystal may be of the order of 
henries. This extremely high equivalent inductance accounts for the ex
tremely high Q of the crystal and provides a very impressive rate of 
change of reactance with frequency. 

The reactance of a typical crystal in a holder is sketched as a function 
of frequency in Fig. 13.23. Note that the reactance is inductive only 
between the series resonant frequency w, and the parallel resonant 
frequency wo' These frequenCies differ by a very small percentage (a few 
hundred Hz per MHz); therefore, the effective inductance changes very 
rapidly with frequency in this region. 

The crystal can replace the tuning inductor in a conventional circuit as 
illustrated by the Colpitts-type circuit of Fig. 13.24. The oscillator may be 
designed as a conventional oscillator and the crystal will provide the 
proper inductance for operation very near its natural resonan.t frequency. 
A change of tuning capacitance changes the impedance of the tuned 
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i 
jX o f-----c;/-4,,-------w w.A Wp 

Fig. 13.23. A sketch of reactance as a function of frequency for a crystal in a holder. 

Vcc 
• 

) V" ;;: !:: Cl "'..< 
� * < 

• : :: 

;;: :: C2 -
Fig. 13.24. A Colpitts oscillator with a crystal for a tuned circuit. 

(a) (b) 

Fig. 13.25. Some typical crystal oscillator circuits. 
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circuit but ha::; little influence on the frequency of oscillation because of 
the compensating change of effective inductance. 

[n the circuit of Fig. 1 3.25a, the crystal operates in its series mode. At 
the resonant frequency of the crystal, the oscillator operates as a Hartley 
circuit. The circuit of Fig. 13.25b uses the crystal in its series mode to 
couple two transistors, one of which is operating in  the common base 
configuration and the other in the common collector configuration. Many 
other circuits may be devised or found in the literature. 

The chief disadvantages of crystals are as follows: 

I .  They are fragile, especially the high-frequency crystals, and consequently can 
be used only in low-power circuits. 

2. The oscillator frequency cannot be adjusted appreciably. However, the 
parallel or holder capacitance has some effect on the frequency in the parallel 
mode. 

PROS. 13.7. A quartz crystal has the following electrical characteristics : 
L = 3.2 henries 
C = O.OS pI 
R = 40000 

Ch = 6pl 
(0) Determine the value of I. and I. for this crystal. (b) What is the Q of this 
crystal? (c) Design a Colpitts oscillator which uses this crystal and a 2NI613 
transistor. The value of R L is  10 KO and the transistor output resistance is 
40 KO. Answ.,: (a)/. = 398 KHz,l. = 401 KHz. (b) Q = 2000. 
PROB. 13.8. The phase shift oscillator shown in Fig. 13.26 is a rather common 
type of R-C oscillator. The tube and load resistor form an amplifier and the 
three capacitors C in conjunction with the three resistors R fonn the feedback 
path. Make a root locus plot for this circuit and determine the required 
amplifier gain and oscillation freq. 

c 

+ 
..=.. vpp 

R 

c c 

R 

Fig. 13.26. A phase shift oscillator. 

R 

PROD. 13.9. A ["eflex klystron is used for generating microwave frequencies. A 
typical reflex klystron contains a built-in resonant cavity, which can be repre
sented as a parallel-tuned circuit. (a) Determine the value of L, C. and R for 
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this tuned circuit if the resonant frequency is t()lo Hz and the Q of the circuit 
is 1()(x). The conductance of the tuned circuit at resonance is 20 micromhos. 
(b) Make a plot of - YOwl for this tuned circuit. 

An electron beam passes through a gap in the resonant cavity. The electrons 
in this beam are stopped by the electric field of a negative "repeller" electrode 
and repel1ed back through the gap in the resonant cavity. The electron beam 
interacts with the electric field of the gap to produce a conductance g in parallel 
with the capacitor of the tuned circuit. A plot of the value of g as a function of N 
is shown in Fig. 13.27. The parameter N is the number of cycles the electric field 

-80 

+jB 

j80 
N = 3  

j60 
N = 2  

·40 N =  1" 
-) 

-j80 
-jB 

60 80 
Conductance 

in j.lmhos 

Fig. 13.27. A plot of electron beam conductance in a reflex klystron. 

across the gap has completed between the time a given reference electron first 
passed through the gap to the time when this same electron returns to the gap. 
(c) At what value of N will oscillations first begin? (d) What is the frequency of 
these oscillations? The radius of the admittance spiral decreases as the a-c signal 
increases. (e) At what value of N (for 0 < N < 2) will the a-c signal be 
maximum? (f) As N is increased above this value for maximum Signal, the 
oscillations will cease. At what value of N will oscillations cease ? (g) What 
frequency corresponds to the value of N in part f? 
PROD. 13.10. Convert the amplifier of Prob. 12.8 into an oscillator. This 
oscillator will provide the excitation for the tube of Examples 12.1 and 12.2. 
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Amplitude Modulation 

and Detection 

In the preceding chapters, the goal has been the development of basic 
principles whereby the process of signal amplification may be achieved by 
the use of electronic devices. In the amplifier it is usually desirable that 
the output quantity or response be the same form as the input quantity 
or excitation. This chapter will consider some electronic devices in which 
the form of the signal is intentionally changed. Generally, these devices 
afe known as modulators and the process is known as modulation, which 
means "to change." 

Modulators are needed in a great number of electronic systems. For 
example, in a radio transmitter an oscillator generates the basic radio 
frequency signal which is commonly known as the carrier. If this carrier 
were merely amplified and broadcast, there would be no intelligenoe trans
mitted and the system would be useless. Thus. somewhere in the trans
mitter the carrier must be changed or modulated by the intelligenoe which 
is to be transmitted. The intelligence can then be recovered at radio 
receivers by a device known as a deteclor. The carrier may be changed in 
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any of several ways such as in amplitude or in frequency. In this chapter 
only amplitude modulation will be considered. 

14.1 AMPLITUDE MODULATION 

In order to gain some understanding of the fundamental principles of 
amplitude modulation, a simple special case will be considered in which a 
carrier with maximum amplitude Ae and natural frequency We will be 

� �""" 
A, 
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t----;.� 

(a) 
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(c) (d) 

Fig. 14.1. Modulation (a). the carrier; (b) the modulating signal; (c) an amplitude 
modulated carrier; (d) an overmodulated carrier. 

modulated by a sinusoidal (single-frequency) signal which has a natural 
frequency Wm' A sketch of the modulated carrier voltage as a function of 
time, along with the carrier and the modulating signal, is given in Fig. 14.1 .  
As shown in this figure, the maximum amplitude variation from the 
unmodulated value is M A�, where M is known as the modulation index. 

When M has a value of one, the amplitude of the modulated wave varies 
between 2Ac and zero. In this· case, the carrier is said to be 100% modu
lated. When M has the value 0.5, the amplitude of the modulated carrier 
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varies between 1 .5A, and 0.5A,. The carrier is then said to be 50 % modu
lated, and so forth. Observe that if M exceeds unity, the carrier is com
pletely interrupted for a time, the envelope (see Fig. 14.1) of the carrier no 
longer has the same form as the modulating signal, and the carrier is said 
to be overmodulaled. Overmodulation naturally causes distortion in the 
system. It may be seen from Fig. 14.1 that the voltage of the modulated 
wave May be expressed by Eq. 14.1 

v = A,II + M cos "'ml) cos "',I (14.1) 

This expression could have just as well been in terms of current instead of 
voltage. Also Eq. 14.1 would be more general if arbitrary phase angles 
were included in the expression. However, the results would not be altered 
by the increased generality. Expanding Eq. 14.1, we have 

(14.2) 

Substituting the trigonometric identity cos a cos b = tlcos (a + b) + 
cos (a - b») into Eq. 14.2, we see that 

MA, 
( ) 

MA, 
( ) v = Ac cos wet + - cos Wc + rum t + -- cos We - rum t 

2 2 
(14.3) 

It may be seen from Eq. 14.3 that the effect of the modulation is to 
roduce two new ncies which are called side fr uencies. The upper 

side frequency is the sum of l)Ie carrier requency and the modulating 
frequency whereas the lower side frequency is the difference between the 
earrier and modulating frequencies. Therefore, a tuned amplifier which is 
called on to amplify a modulated earrier must have �utljcient bandwidth to 
include the side frequencies. Notice that the modulating frequency is nol 
included in the modulated wave. In case the modulating signal were 
dedved from a symphony orchestra, each frequency component would 
produce a pair of side frequencies. Consequently, the highest frequency 
components present ·in the modulating signal would determine the re
quired bandwidth of the tuned circuits in the radio transmitting and receiv
ing equipment. If these tuned circuits have insufficient bandwidth, the 
highest modulating frequencies will not be reproduced by the receiver. 
Collectively, the upper side frequencies are known as the upper sideband 
and the lower side frequencies are known as the lower side band. 

Any modulating waveform which is represented as a function of time 
may be resolved into frequency components by Fourier analysis. Thus, the 
bandwidth requirements may be determined whenever the waveform of the 
modulating signal is known as a function of time. 
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Example 14.1. Consider the rectangular pulse shown i n  Fig. 1 4.2a to be the 
modulating signal. The pulse duration is Id. and the period is T. Using Fourier 
analysis the frequency components of the modulating signal are found as follows. 
The time reference is taken so that only cosine terms will appear in the Fourier 
series. Then 

v - -

o 

An = �  r:/ COS c;nl) dl = � J,"I'
Vco{ ;nt) dl (144) 
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Fig, 14.2. (a) A rectangular pulse-modulating signal; (b) the frequency spectrum of a 
rectangular pulse. 

Since the function V is zero from tal2 < t < T/2 Eq. 14.4 becomes 

then 

4 i'''' (hn ) T4 V [ .  (hn) ] .,1' 
An = - V cos - t dt = -- Sin - I 

T il T 2'rTTn T 0 

An = - SIn --
2 V . (rrntd) 

wn T 

(14.5) 

(14.6) 

Multiplying both the numerator and denominator of Eq. 14.6 by ta and 
rearranging, we have 

2 V/a sin (YTntd/T) 
A" -

T n7r/d/ T 
(14.7) 

Thus, the frequency components of the modulating wave are an infinite series as 
shown below. 

2 V1d[Sin (�) (h ) 
sin (�) 4rr 1 

v'w) = T (wl,)I T 
cos 1' 1 + (hld)

IT 
cOS T t · · ·  (14.8) 

The coefficients of these harmonically related frequency components are of 
the form (sin xl/x. These frequency components, which are spaced at the interval 
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/ = liT, are shown graphically in Fig. 14.2h. It was assumed in Fig. 14.2 that 
the period T is large in comparison with the pulse duration '4' Of course, all tbe 
components cannot be shown because they form an infinite series." The frequency 
components of the amplitude modulated carrier are shown in Fig. 14.3 along 
with a sketch of the modulated wave. To include all the side frequencies. the 
bandwidth of the amplifiers which amplify this sigoal must be infinite. Of course, 
an infinite bandwidth is practically impossible to attain, so a compromise must 
be reached. Frequently the aooepted compromise is that a\l the side frequencies 
up to the first zero amplitude component be included. since the frequency com-

If, + l/t,,) If, - l/t,,) f, 

f ---· 

o 'd 

(0) (b) 
Fig. 14.3. (a) A pulse-modulated wave; (b) the frequency components of a pulse
modulated wave. 

ponents beyond this point are of rather small amplitude. This choice would 
result in a modulated signal which departs considerably from the ideal rectangu
lar shape. but nevertheless it provides a convenient reference point because the 
first zero amplitude modulaiing component occurs (from Eq. 14.7) at the lowest 
value of n for which 

2YI. sin (n .. I.IT) 
A. = T n..t.J T  � 0 (14.9) 

The lowest value of n at which Eq. 14.9 will hold is 

(14.10) 

or 

(14.1 1) 

Since the frequency components are separated by the frequency lIT. the width 
of a single sideband would be (from Eq. 14.11) 

I 
(14.12) 
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The bandwidth requirement would then be 2/trjo Wider bandwidth would 
naturally provide better waveform of the modulated signal. 

The bandwidth requirement for a pulse-modulated wave can also be 
determined from the required rise time of the modulation envelope. The 
analysis of the time response of a tuned amplifier. given in Chapter 8, 
showed that the rise time of the modulation envelope is approximately 
4.4IB, where B is the bandwidth of the tuned amplifier in  radians per 
second. Therefore, the bandwidth may be determined from the desired 
rise time. 

PROD. 14.1. A 100 MHz carrier is modulated by a rectangular pulse which has 
a duration of 1 Jtsec and a repetition rate of 1000 pulses per second (pps). If 
the side frequencies up to the first zero magnitude component on each side of the 
carrier are to be included, what bandwidth will be required of an amplifier for 
this modulated wave ? How many side frequencies would be included in this 
case and what circuit Q would be required of an amplifier which incorporates a 
single tuned circuit ? What will be the envelope rise time of this amplifier? 
PROD. 14.2. Repeat Prob. 14.1 but include all side rrequencies up to the second 
zero component. 

Returning to the case of a single modulating frequency, we can see 
from Eq. 14.3 that when the modulation index M is unity (100% modu
lation) the amplitude of either side frequency is one-half that of the carrier. 
Since power is proportional to the square of the amplitude. each side 
frequency will have one-fourth as much power as the carrier and the total 
side frequency power will be one-half as great as the carrier power. Again, 
this rdutionship holds only for 100% sinusoidal modulation. 

14.2 MODULATING CIRCUITS 

A large variety of circuits may be used to provide amplitude modulation. 
Only a few typical circuits will be included in this work for the purpose of 
illustrating the basic principles. One common method of accomplishing 
modulation is by using the modulating signal to vary the plate or collector 
voltage of a class B or class C amplifier as shown in Fig. 14.4. Since in 
class B or class C operation, the peak amplitude of the signal voltage in the 
output is very nearly equal to the supply voltage, the amplitude of the 
output voltage follows very closely the variation in voltage supplied from 
the modulator. The modulation is  said to be linear when the e nvelope of 
the modulalcd wave has the same waveform as the modulating signal. 
Observe that the modulation may be linear even thougi, the modulated 
amplifier may be very nonlincar so far as the waveform of each r-f cycle is 
concerned. Thc tuned coupling circuit essentially eliminates the harmonics 
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of the carrier frequency as well as the modulating frequency so the output 
is a modulated wave of the form of Fig. 14.lc. The capacitor C provides a 
low impedance path to the carrier currents so these currents do not /low 
through the modulation transformer. On the other hand, the capacitor C 
must not bypass the modulating frequencies. 

The power requirement of the modulator as well as the modulator load 
resistance may be determined from the basic current and voltage relation� 
ships of the modulated amplifier. To obtain 100% modulation, the maxi
mum value of the modulating voltage V m must be equal to the power 

:J:C 
L--..J._-o ¥pp 

� � 

'--'----ovcc 

Fig. 14.4. Typical circuits for (0) plate and (b) collector modulation. 

supply voltage ( V  pp or V cd. Under these conditions, the r-f output of 
the modulated amplifier. is equal to zero at the negative peak of the 
modulating signal. Then, using the tube circuit as an example, we have 

(14. \3) 

Also, since the average plate current of the modulated amplifier is reduced 
from Jp to zero during this negative half-cycle of the modulating signal, 
the maximum value of the modulating signal current is 

Im(mo.1CJ = Jp 
The modulator power output is , 

P V mfma:cII m(mul 
mod = -

2 

(14.14) 

(14.15) 

Thus, as shown by Eq. 14.15, the power output from the modulator must be 

equal to one-half the power supplied to the r-f amplifier by the power 
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supply. Therefore, the power from the modulator provides the power for 
the sideband frequencies. It was previously shown that the power in the 
side frequencies is one-half the carrier power for this case. 

The effective load on the modulator may be easily determined since the 
maximum amplitudes of both the modulator voltage and current are 
known. 

RL = Vmlm8X) = VPl' 
I TfI(mll.:t) I J> 

(14.16) 

The value of supply voltage is known and the value of l p may be deter
mined from the graphical analysis of the class B or class C amplifier as 
discussed in Chapter 12. Also, II' is easily measured by a d-c meter in the 
plate circuit of the r-f amplifier. 

The turns ratio of the modulation transformer �hould be chosen so that 
the load resistance determined by E.q. ( 14 . 16) will present the desired load 
resistance for the modulating tube or transistor. 

The modulator may typically be any of the power amplifier circuits 
discussed in Chapter 10. Push-pull circuits are usually used to modulate 
high-power amplifiers. For pentode and tetrode r-f amplifiers, it is helpful 
to modulate Ihe screen grid voltage as well as the plate voltage, since the 
plate potential has a very small effect on the magnitude of plate current 
except at low values of plate voltage. Also, the screen current becomes 
high when the plate voltage is low, unless the screen voltage is reduced 
at the same time. 

PROD. 14.3. A class C amplifier which has 1 Kw output and is 80% efficient is 
to be plate modulated. The plate supply voltage V pp = 2000 v. Determine the 
required power output and load resistance for the modulator. The modulator 
is expected to provide 100% modulation. Answer.' P mod = 625 w, R L = 32000.. 
PROB. 14.4. Draw the circuit diagram for a modulated pentode amplifier in 
which both plate and screen grid are modulated. 

The linearity of plate or collector modulation is usually good. In the 
tube circuit, better linearity is attained when the modulated amplifier has 
grid leak bias rather than fixed bias. The improved linearity results from 
the variation of the bias over the modulation cycle. During the negative 
half of the modulation cycle. the grid draws more current because the 
plate potential is reduced. Thus, the bias is increased and assists in the 
reduction of plate current. Conversely, during the positive portion of 
the modulation cycle, the grid current is "ecreased because of the in
creased plate voltage. Consequently, the bias is decreased, thus enhancing 
the plate current increase. This varying bias tends to offset the tendency 
toward flattening of the peaks of the modulated wave due to saturation 
effects. 
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Collector modulation presents a special problem in  the transistor 
circuit. The base drive must be Jarge enough to saturate the transistor at 
the peak of the modulation cycle in order to provide linear modulation and 
high efficiency. Consequently, the transistor may be highly over-driven 
during the modulation troughs when the collector current should be 
comparatively small. However, excess charge is stored in the base during 
the time the transistor is in saturation and the collector current cannot 
decrease until this excess charge has been removed. As a result of this 
delay, the large values of collector current are not confined to the period 
during which the collector voltage is low and the collector dissipation is 
increased. In fact, the collector current may increase during the portion 
of the collector voltage cycle when the current would normally decrease. 
This enlarged, out-of-phase current may seriously decrease the efficiency 
of the amplifier. Grid leak type, or R-C bias, will curtail the excess 
stored charge because the base current increases rapidly when the transistor 
is driven into saturation and the resulting increased bjas decreases the 
excessive base drive. A discussion of collector-saturation and excess 
stored charge is given in Chapter 16. 

The main disadvantage of plate modulation is the large modulating 
power required when the modulated amplifier is of high power. Of course, 
a lower level stage could be modulated in a high-power transmitter and the 
modulated wave could then be amplified. But class C amplifiers are not 
suitable for amplifying modulated waves because the waveform of the 
modulation is not preserved. Of course, class B amplifiers are suitable� 
but their reduced efficiency is a serious handicap when the power level is 
high. 

Fortunately, grid or base modulation requires much less modulating 
power than does plate modulation. Typical grid and base modulation 
circuits are given in Fig. 14.5. The r-f amplifiers could be operated either 
class B or class C. In these circuits, the modulating voltage varies the grid 
(or base) bias as shown in Fig. 14.6. The dynamic transfer characteristic 
for a typical vacuum tube is given in Fig. 14.6a, and the current transfer 
characteristics of a typical transistor are given in Fig. 14.6b, For the 
transistor, the effects of the driving source resistance Rp, as discussed in 
Chapter 10, are included. In this figure, the source resistances of the carrier 
and the modulator are assumed to be the same� and in  practice these 
resistances should be adjusted to approximately the same value. 

In the r-f amplifiers of Fig. 14.6 it is desirable to vary the output current 
from the maKimum design value (point b') at the crest of the modulating 
signal to essentially zero (point c') at the trough of the modulating signal. 
Therefore, the r-f amplifier current peaks should be adjusted to the average 
of these two values (point a') when the carrier is un modulated. It may be 
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seen from Fig. 14.6 that the maximum amplitude of the modulaiing voltage 
should be the potential difference between point a and either point b or 
point c on the input voltage axis. This potential difference will be called 
V m' Considering the transistor, we know that the bias current varies 
from the value obtained when the carrier is unmoduJated (IBa) to zero as 

0,-1 In I 1--.---11- 0,-1 In I 

( ( 
= -

¥pp 

Modulator 1"ee 

Vcc YBB 

(a) (h) 
Fig. 14.5. (a) Grid-modulated and (b) base-modulated amplifiers. 

the modulating voltage varies through its negative half-cycle. Therefore, 
the transducer' power required from the modulator is 

Pm = Vm;Ba (14.17) 

As stated previously, the output resistance of the modulator and its 
associated circuits should be approximately the same as the output resist
ance of the carrier source and its associated circuits. These resistances 
should have the value which gives best linearity as determined by the 
technique discussed in Chapter 10. 

In the tube amplifier, the grid draws no current when the carrier is 
unmodulated. Hence, the grid draws current and therefore presents a load 
to the modulator only on the positive peaks of the modulation cycle. This 

1 The transducer power is the power furnished by the current generator or voltage 
generator in the equivalent circuit of the source. This is the power delivered to the 
internal resistance of the source in addition to the load. 
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varying load will cause distortion of the modulation envelope unless one of 
the following conditions is met: 

1 .  The output impedance of the modulator is small in comparison with the 
minimum load resistance which occurs at the modulation peaks. 

' 

2. A loading resistor, which is small in comparison with the minimum load 
resistance caused by the grid current, is placed across the output of the 
modulator. 

Grid or base modulation has two serious disadvantages when compared 
with plate or collector modulation. First, the power output and efficiency 
of the grid modulated amplifier is comparatively low. Since the unmodu
Iated plate current peaks can be only about half as large as in the plate 
modulated circuit, the power output and efficiency suffer severely. Second, 
the adjustment of the grid (base) modulated amplifier is more critical and a 
high degree of linearity is more difficult to attain. 

Any of the electrodes of a tube or transistor could be used as the 
modulated element. For example, emitter or cathode modulation is very 
similar to base or grid modulation. The main difference is that the emitter 
(cathode) current is much larger than the base (grid) current so the modu
lator power must be much greater. On the other hand, the linearity might 
be better, especially in a tube amplifier, because the cathode current is a 
fairly linear function of the modulating voltage. 

14.3 THE MODULATION PROCESS 

By this time, the inquisitive reader should have posed the question, 
"What basic difference exists between the linear amplifier which only 
amplifies the applied signals and the modulator which produces the sum 
and difference of the applied frequencies in addition to their possible 
amplification ?" A clue to the answer might be found in Chapter 10 where 
the production of new frequencies called harmonics is considered. In 
that case, it was the nonlinearity of the amplifier parameters that generated 
the new frequencies. This nonlinear rela,iionship between the output 
current ;0 and the input voltage Vi can be expressed by the power series 

(14. 1 8) 

Now, if the input signal Vi consists of two sinusoidal signals. for example. 
a carrier frequency and a modulating frequency, then 

(14.19) 
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Substituting this value of Vi into Eq. 14.18, we have 

+ A,(A, cos w,t + Am cos wmt)' + . . .  (14.20) 

If we assume that the nonlinearity is such that the fourth and all higher 
order terms are negligibly small, Eq. 14.20 can be expanded to 

io = Ao + AlAe cos wet + AIAm cos wml + A2Ae' cost wet 

+ A2Am 2 cost Wm' + 2A2AcAm COS Wr,f COS Wm! 

+ A3Ae 3 COSa wet + 3A3Ac 2 A m cost wet cos Wm! 

(14.21) 

Most of the terms of Eq. 14.21 have a familiar form. As previously 
discussed, the Ao term is merely a bias term and the next two terms in
volving A, are the input frequency components which appear in the output 
current. The next three terms (4th, 5th, and 6th) result from the second
order term of the series. Two of these terms are squared and result in 
second harmonics of both of the input frequencies, as shown in Chapter 10. 
The other second-order term is the product term 2A2AcAm cos wet cos wm/. 
Using the trigonometric identity cos 0 cos b = Hcos (a + b) + cos (a - b)], 
we see that this term becomes A,A,Am[cos (w, + wm)t + cos (w, - wm)t]. 
In this case the frequencies (we + cvm) and (wc - wm.) are the sum and 
difference frequencies, or the side band frequencies, of the modulated 
wave. Thus it is seen that a second-order nonlinearity of amplifier 
parameters causes modulation. 

Continuing the investigation, we see that the remaining four terms of 
Eq. 14.21 result from the third-order term of the series. If the trigono
metric identity cos3 = 1 cos a + i cos 3a is used, it is seen that the cubic 
cosine terms produce third harmonics of the input frequencies as well as 
contribute to the fundamental. The remaining two terms of the form 
cos2 a cos b could be written as cos a (cos a cos b) which, in tucn could be 
written as (cos a/2)[cos (a + b) + cos (a - b)]. Using the identities again, 
we could write this term as Hcos (20 + b) + cos b + cos (2a - b) - cos b]. 
When corn! is substituted for a, and Wc! for b, it is seen that sideband 
frequencies appear at twice the modulating frequency; or, in other 
words, there is distortion in the modulation components. On the other 
hand, when we! is substituted for a, and COm! for h, in the foregoing trigo
nometric term, it is seen that the second harmonic of the carrier frequency 
2we also has sidebands. Therefore, the cubic term of the series produces 
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second harmonic distortion of the modulation envelope, third harmonic 
distortion of the input frequencies, and sidebands of the 2w, term. From 
the preceding analysis, it should be evident that if the fourth-order term 
were included in the series, fourth harmonics of the input frequencies and 
third harmonic distortion terms of the modulation envelope would occur 
in the amplifier current, and so on. 

t 

Wm 3w", 

2wm 

We - 2wm Wc Wc + 2wm 

WC - Will Wc + W", 

Frequency� 

I 2wc I 3wc 

2"'0: - Wm 2wc + Will 

Fig. 14.7. A display of the frequency components which appear in the output current of 
a nonlinear amplifier which has two frequencies, CUe and w .... applied to its input. Only 
seconde and third-oroer nonlinearities are considered. 

The various frequency components which appear in the output current 
of the nonlinear amplifier are displayed graphically in Fig. 14.7. The 
relative magnitudes of these various components depend on the relative 
magnitudes of the first-order coefficient A" the second-order coefficient 
A., and the third-order coefficient Aa, as shown in Fig. 14.7. 

If the amplifier has only a second-order nonlinearity and a filter were 
used to select only the carrier and the side band frequencies, the output 
of the amplifier would be (from Eq. 14.21 and the trigonometric identities) 
io = AlA, cos w,t + A,A,Am[cos (w, + wm)t + cos (w, - wm>tj (14.22) 

If we write Eq. 14.22 in the form of Eq. 14.3, 

By comparison with Eq. 14.3, the modulation index of this second-order 
or "square-law" modulator is 

M = 2A,Am (14.24) 
Al 
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A good "square-law" modulator would then have a large value of A2, 
or high degree of second-order nonlinearity, but no higher order of non
linearity. Unfortunately, this type of device mai be difficult to find. 
However, examples of this type of modulated amplifier appear later in 
this chapter. 

A slight digression at this point may be in order. It should be recalled 
that in Chapter 10 the objective was to minimize the nonlinearity so that 
the output waveform would be identical to the input waveform and hence 
contain' the same frequency components in the same relative rnagnitudes. 
The harmonics present in the output were used as an index of the degree 
of nonlinearity of the amplifier. Although the harmonics are a good 
index of the nonlinearity of an audio amplifier, which is used in  the 
reproduction of sound, they are not the cause of the dischordant, un
pleasant sounds which come from a nonlinear amplifier. The harmonicly 
related frequencies are harmonious, and although an increased harmonic 
content will change the timbre of the sound, it will not cause the sound to 
be unpleasant. It is the modulation terms (sum and difference frequencies) 
produced by the nonlinearity which cause the dischordant, unpleasant 
sounds. The sum and difference frequencies may not be harmonious 
with the original frequencies. Thus a poor sound reproducer may sound 
acceptable for a solo performance but unacceptable for an ensemble. 

PROD. 14.5. A pentode amplifier has gm = 4000 + 200 VG I'mhos. The Q 
point is Vu = - to v. Two sinusoidal signals, each having a maximum ampli
tude of 5 v are applied to the input. Their frequencies are 1 SO Hz and 400 Hz. 
The load is 5 KO resistive, and the amp1ifier is well designed. Assuming the 
load resistance to be very small in comparison with the plate resistance, determine 
the "amplitude of the sum and difference frequencies and second harmonics in 
the output. What is the per c:ent modulation, assuming the 400 Hz frequency 
to be the carrier ? Answer: fund. = 50 V peak, 2nd Har = 12.5 V peak, 
Sum = Diff = 25 V peak, % Mod = 100. 

14.4 SINGLE SIDEDAND TRANSMISSION 

In a modulated wave the side bands carry the intelligence. Yet the total 
sideband power is usually much less than the carrier power. Also, the 
upper sideband carries the same information as the lower side band. 
Therefore, amplitude modulation seems to be an inefficient way to trans
mit intelligence. To increase the efficiency of transmission, the carrier 
�nd one sideband are sometimes eliminated. This type of transmission is 
know-n as single sideband transmission and results in reduced power and 
bandwidth requirement for a specific transmission effectiveness. When 
single sideband transmission is used, the carrier (from a local oscillator) 
must be inserted in the receiver to recover the intelligence. As wiIrbe 



542 Electronic Engineering 

shown later, the local oscillator which provides the carrier must have very 
good frequency stability to faithfully reproduce the modulating signal. 

One of the problems of single side band transmission is the separation 
of one sideband from the other side band and carrier. If low-frequency 
components are present in the modulating signal, some side frequencies 
arc very near the carrier frequency. A commonly used circuit which 
eliminates the carrier and thus reduces the filtering requirement for single 

Modulating 
signal 

Carrier '2 -

Fig. 14.8. A halanced modulator circuit. 

Sidebands 
(no carrier) 

sideband production is the balanced modulator. In a typical balanced 
modulator circuit such as is shown in Fig. 14.8, the carrier is applied in 
phase to the inputs of the two transistors while the modulating signal is 
applied in opposite phase to the two inputs. The amplifiers are operated 
class B so modulation takes place in  each amplifier. The carrier is sup
pressed in the output because the carrier is applied "in phase" to the inputs. 
The output is tuned to the desired side band frequency, thus essentially elim
inating the modulating signal. Additional filtering is required to eliminate 
the undesired side band. 

A brief analysis will illustrate this modulation process. It will be assumed 
that the amplifier is a square law device when biased at cutoff. This is not 
strictly truc, but it is a reasonable approximation when the source 
impedance is low. Then, assuming the amplifiers to be identical, we see 
that 

but 

and 

i1 = Ao + A1vb1 + A2Pb12} 
12 = Ao + A1vb2 + A2bb22 

v'" cos mm/} 
Vrn cos rom' 

\ 

(14.25) 

( 14.26) 
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When these values of v. are substituted into Eq. 14.25, 

i. = A. + A.( V, cos w,t + V m cos wmt) + A.( V, cos w,t + V m cos "'m')' 

(14.27) 

Because of the push-pull arrangement, only the components of collector 
current which are of opposite polarity will be effective in producing an 
output. Then the effective output current is 

i� = ;. - ;2 = 2A. V m COS wmt + 4A2Ve V m COS wet COS wmt (14.28) 

Envelope 

\ 
\ 

Fig. 14.9. The waveform of a carrier and single side frequency. 

The tuned output will eliminate the modulating frequency component, 
so the effective output voltage is 

B 
. 

v. = B cos w,' cos "'m' = - [cos (w, + "'m)r + cos (w,' - wmt)] 
2 

(14.29) 

where the constant B includes the tuned circuit constants in addition to 
4A,V,Vm. It was assumed in Eq. 14.29 that the tuned output circuit 
accepted each side frequency equally well. 

The waveform of the modulation envelope is altered by the removal of 
one of the sidebands. Figure 14.9 shows the waveform of a single side 
frequency and a carrier. Note that the envelope is not sinusoidal. This 
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same waveform is produced whenever two signals having nearly the same 
frequency are mixed or added. The amplitude of the combination then 
varies as the difference between their two frequencies because of the 
alternate reinforcement and cancelIation of their instantaneous values. 

PROD. 14.6. Add the instantaneous values of a I volt 9 Hz signal to those of a 
I volt 10 Hz to verify the waveform of Fig. 14.9. 

Both side bands are not transmitted with the carrier suppressed because 
the carrier which must be inserted in the receiver must then maintain the 
proper phase relationship with the sidebands to have the intelligence 
properJy recovered. This preciseness of oscillator control is practically 
impossible. At least the required circuit complexity would be prohibitive 
for the benefit gained. Sometimes the carrier and one sideband are trans· 
mitted to reduce the required bandwidth. This is done in modern television 
practice, where a small part of the other side band is included to reduce the 
requirements of the filter which must discriminate between the carrier 
and the deleted sideband. 

14.5 DETECfrON OF AMPLITUDE MODULATED WAVES 

The process by which the original modulating signal, or intelligence, 
is recovered in  the receiving equipment is known as detection or demodu
lation. It was previously noted that an amplitude modulatod wave normally 
consists of the carrier and the side band frequencies only and does not 
contain the modulating frequencies. Therefore, the modulating signal, 
or frequencies, must be reproduced in the receiver to complete the trans
mission of the intelligence. For example, in the broadcast of entertain
ment, the carrier may be modulated by an orchestra. This carrier with its 
sidebands are radiated from the transmitting antenna in the form of 
electromagnetic waves. These waves in turn induce small voltages into 
the receiving antenna. These voltages are usually amplified by tuned 
amplifiers with sufficient bandwidth to include the sidebands. If the 
receiver included only linear amplifiers, the amplified carrier and side
bands would be fed to a loud speaker. However, this would be futile 
because the loud speaker cannot respond to the carrier or side band 
frequencies because they are radio frequencies. Therefore, the receiver 
must include a detector. 

Since each modulating frequency is the difference between a side
band frequency and the carrier frequency, it seems evident that a non
linear device is needed to recover the modulating frequencies from the 
modulated wave. The square law device is one possible candidate for a 
detector. Again, the vacuum tube and tt:A.nsistor arc essentially square-law 
devices when biased near cutoff. Thus, they may be used in this mode 
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to provide detection as illustrated in Fig. 14.10. It may be seen from 
Fig. 14.lOc and 14.IOd that the square law detector essentially eliminates 
one-half the modulated wave. In other words, the detector acts as a 
rectifier. 

It should be observed that the current pulses in the output of the detector 
vary in amplitude in accordance with the modulation envelope or modu
lating signal. The capacitor C (referring to Fig. 14.10) is placed in  parallel 
with the load resistance for the purpose of bypassing the carrier and side
band frequencies so that only the recovered modulating signal will appear 
in the output. In a vacuum tube amplifier, the resistor R, permits a 
fairly constant current to flow through RK and thus provides a fairly 
constant self-bias for the tube. This bias will fluctuate somewhat with 
signal level because the tube current is highly dependent on signal level, 
but if the bleeder current through R, is made large in comparison with the 
average tube current, the bias may be maintained near cutoff for a wide 
range of signal levels. The cathode bypass capacitor C K should be large 
enough to bypass the detected modulating frequencies. 

We assume the detector to have only second-order nonlinearity, the 
output current io is 

(14.30) 
If the input voltage is a carrier and two side frequencies which were 
produced by a sinusoidal modulating signal having the natural frequency 
Wm, then from Eq. 14.3, 

MV, ) MV, ( ) vr: = Vc: cos wet + -- cos (we + Wm t + -- cos We - (Om t 
2 2 

(14.31) 
Substituting this value of Vi into Eq. 14.30, we have 

[ MV, ) MV, ( ) J io = Ao + Al Vc cos wet + -
2
-C05(we + Wm t + -

2
-cOS Wc - (.O,n t 

[ MV, ) MV, ( ) J' + A2 Vc cos Wct + -- cos (wc + Wm t + -- COS Wr. - Wm t 
2 2 '  

(14.32) 
Sinoe the bypass and d-c blocking capacitors in  the output eliminate all 

components of output voltage except those which may result from the 
squared term of Eq. 14.32, the useful value of output current is 

;'0 = A2{VC2 cos2 wet + MVc2 cos wct[COs(wG + wm)t + C05(W" - (Om)t] 

+ (M;,),[COS (W, + wrn)t + cos (w, - Wrn)t]') (14.33) 
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Fig. ]4.10. (0) Vacuum tube detector; (b) transistor detector; (c) and (d) illustration 
of the detection process by the use of the transfer characteristics. 
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If we expand Eq. 14.33 and retain only those products which can produce 
components which will be retained in the output, i' 0 becomes 

'-"0 = AzMV(l2 cos wet cos «(00 + wm}t + A2M Vc2 cos wet cos (lOe - wm)t 

A M'V '  
+ 2 c COS (Wc + £Om)t COS (Wc - £Om}t 

2 
( 14.34) 

When we replace the product terms of Eq. 14.34 with their trigonometric 
identities and retain only the terms which will be retained in the output, 
t" 0 becomes 

.m A,MV/( M 
2 ) J 0 = 

2 
cos wmt + cos wmt + 2'" cos wmt 

After filtering, the output voltage is 

v, = A,MV/RL(COS wmt + � cos 2Wmt) 
(14.35) 

( 14.36) 

Observe from Eq. 14.36 that a second harmonic of the modulating 
frequency appears in the output, and that the amplitude of this second 
harmonic is one-fourth M as large as the amplitude of the recovered 
modulating frequency. 

PROD. 14.7. Prove that the square Jaw detector will recover the modulating 
signal without distortion when single sideband transmission is used. 
PROD. 14.8. If single sideband transmission were used and the carrier sup� 
pressed at the transmitter, what would be the effect on the detector output fre
quencies if the local oscillator which provides the carrier in the receiver were 
tuned to Wc + 6.w instead of wc? 

14.6 LINEAR DETECfORS 

In reference to Fig. 14.IOc and 14.lOd, it seems that distortionless (or 
linear) detection could be accomplished by a linear rectifier. A linear 
rectifier is a device which conducts only during alternate half cycles of the 
input signal, and during the conducting half cycles the output current is 
proportional to the input voltage. The characteristics of a linear rectifier 
and the distortionless detection which may be obtained with this reclifier 
are shown in Fig. 14.1 1 .  It may be seen from the figure that the peak 
amplitude of each current pulse in the output is proportional to the 
peak amplitude of the input voltage during that particular conducting 
half cycle. Thus the peak, and therefore the average, values of the output 
current pulses follow the amplitude of the in·put voltage precisely during 
conducting half cycles and have the same waveform as the modulation 
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envelope. Whether the output voltage would approach the peak or average 
value of the input voltage depends on the type of filter used in the output. 
If the filter is a bypass capacitor, as previously indicated, and the internal 
resistance of the rectifier is small in comparison with the load resistance, 
the output voltage will tend to follow the peaks of the input voltage as 
explained in Chapter 3.  Thus, the capacitor charges essentially to the 
peak input voltage during the conducting half cycles, but there is not time 
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Fig. 14.11. The detection characteristics of a linear rectifier. 

for appreciable discharge through the high resistance load during the 
non-conducting half cycles. If the bypass capacitor is too large, the time 
constant of the discharge will be so large that the detector output will not 
be able to follow the modulation envelope when the modulation envelope 
decreases amplitude rapidly. This situation, which may occur when the 
modulating frequencie:s are high, is known as negative clipping and will 
be discussed in more dj:tail later. 

As discussed in Chapter 3, the vacuum diode or semiconductor diode 
has a linear dynamic characteristic when the load resistance is large in 
comparison with the internal resistance of the diode. The voltage drop 
across the diode then becomes insignificant in comparison with the load 
voltage which then closely follows the input voltage. Thus, the properly 
designed diode detector may be a linear detector. Typical diode detector 
circuits are shown in Fig. 14.12. In the semiconductor diode circuit, 
Fig. l4. l2a, R. is the diode load resistor, er is the r-f bypass capacitor 
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Fig. 14.12. (a) A typical semiconductor diode detector and AGe circuit. (b) A duo
diode triade tube used as a combination detector. AGe. and audio amplifier. 

and C, is the d-c blocking and load-coupling capacitor. RL represents 
the actual load on the detector. In this circuit, RL is a gain control (called 
a volume control in audio circuits). 

In addition to detection, a circuit has been added which is called the 
automatic gain control (AGC). The AGe voltage is the average value of 
the detector output voltage since R'L and Ct act as a filter to remove the 
modulating signal as well as the r-f from the AGe system. This AGe 
voltage is therefore proportional to the amplitude of the carrier in a 
continuous wave system and may be used to automatically control the gain 
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of one or more r-r amplifier stages. For example, if p-n-p transistors are 
used as r-f amplifiers ahead of the detector shown in Fig. 14. 12a and the 
diode is connected as shown, the AGe voltage will tend to reverse bias 
the controlled amplifiers and hence reduce their gain. Thus, for small 
input signals the r-f amplifier will have high gain, but as the magnitude of 
the input signal increases, the gain of the r-f amplifier decreases. This 
effect tends to keep the detector output relatively constant and prevents 
over-driving the r-f amplifiers. Overdriving an amplifier means to cause 
its operation to extend into the saturation and cutoff regions. This type 
of operation in an r-f amplifier changes the waveform of the modulation 
envelope, thus causing severe distortion. 

The circuit of Fig. 14.12b has a few added features that are worthy 
of mention. Double tuning has been used in the input coupling circuit. 
The popular duo-diode triade tube has been used as a combinat:':Jn 
detector, AGe and audio amplifier circuit. Since the amplifier section 
uses cathode bias, the detector load resistor Rd is returned to the cathode 
rather than to the ground in order to prevent biasing the detector plate as 
well as the amplifier grid. A ,,-type r-f filter, consisting of the resistor R, 
and the two capacitors Cf. has been used to reduce the r-f in the output. 
The AGe voltage is obtained from a second diode plate which is coupled 
to the first by a capacitor. The AGe diode load resistor is R, and the AGe 
filter is RI and Cl' This AGe arrangement is known as delayed AGe 
because the AGe diode is reverse-biased. This reverse bias is provided by 
the cathode bias resistor since the AGe load resistor returns to ground. 
Thus no AGe voltage will appear when the peak amplitude of the input 
signal is less than the bias on the AGe diode plate. Therefore, this type 
of AGe gives improved r-f gain for very small signals. 

Since the diode load resistor develops a d-c voltage which tends to 
reverse-bias the diode, it may seem that the diode may not conduct during 
the negative half cycles of the modulation envelope. To investigate this 
possibility, the relationship between the d-c output voltage and the r-f 
input voltage is shown in Fig. 14 . 13  for a typical diode detector. In this 
figure, it is assumed that the diode load resistor is bypassed for r-f so the 
d-c load voltage approaches the peak values of the r-f input voltage. 
However, the d·c load voltage is somewhat less than the peak input voltage 
because of the internal resistance of the diode and the partial discharge 
of the r·f bypass capacitor between the input voltage peaks as discussed 
in Chapter 3. Thus, the d-c load voltage decreases as the load resistance 
decreases. Simultaneously, the diode current increases, because both the 
voltage drop across the diode and the discharge between the input peaks 
increase with decreasing load resistance, as previously discussed. 

Since the axes of the plot of Fig. 14.13 are the load voltage and load 
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Fig. 14.13. Rectification characteristics of a diode detector. 
current, load lines may be drawn on the rectification characteristics as 
shown. The use of the load line may be most easily explained by an 
example. 

Example 14.2. Consider a l ?O KO d-e load resistance for the diode of Fig. 14.13.  
Assuming that the peak carrier voltage at the input of the detector is 20 v, the d-e 
voltage V Q across the diode load resistor is about 17.5 y as indicated. So long as 
the carrier is unmodulated, the d-c voltage across the load resistor will remain 
constant and the quiescent operating point on the load line will be at point Q. 
On the other hand, when the carrier is modulated the operating point must move 
up and down along the d-c load line, since the detector input voltage is continu
ally changing. This condition is true if the d-c load is the only load on the 
detector. When the carrier has 1 ()() % modulation, the input voltage must vary 
between 0 and 40 v peak, so the output voltage will vary between 0 and 36 v 
peak. Thus, the detection is essentially linear. 

As indicated in Fig. 14.12, the detector usually has part of its load isolated 
from the d-e load resistor by a blocking capacitor. Therefore, the a·c load 
resistance for the detector is usually smaller than the d-c load resistance. Con
sequently, an a-c load line should be drawn through the point Q as shown in 
Fig. 14.13. In this case, the detector operating point moves up and down along 
the a-c load line as the modulated signal is applied to the input. Thus, a modu� 
lation crest causes a greater increase of rectified current than would occur if the 
d-e load resistor had been the "total load. Similarly. the rate of decrease of rectifier 
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current is more rapid during a trough, or negative half cycle, of the modulation 
than it would be if only the d-c load were present. Notice from Fig. 14. 1 3  that 
this effect causes the diode current to be reduced to zero before the input voltage 
is reduced to zero. This is Known as negative clipping. Notice that negative 
clipping occurs only when the percentage of modulation exceeds a certain value. 
In this example. where the a-c load resistance is one-half the value of the d-c 
load resistance, the rectifier current is reduced to zerO when the input voltage is 
reduced to one-half the quiescent, or carrier. value. Therefore, negative clipping 
would occur if the percentage of modulation were to exceed 50%. 

A simple relationship exists between the ratio of a-c load resistance to 
d-c load resistance and the maximum modulation index that can occur 
without clipping. Referring to Fig. 14.13, we can see that the output 
voltage which results from the unmodulated carrier is 

(14.37) 

Also, the maximum change in the output voltage which can occur without 
negative clipping is 

(ll.V)max = IQRoo ( 14.38) 

But the maximum modulation index which can occur without negative 
clipping is the ratio of (ll.V)max to VQ• Then 

(ll. V)",ax I QR., R., 
Mm .. = = -- = - (14.39) 

VQ IORd.( Rd!! 
At high modulating frequencies the r-f bypass capacitor may significantly 
reduce the a-c impedance and thus can cause negative clipping, as pre
viously mentioned. Also, it is apparent that any load which is coupled to 
the detector through a capacitor must be large in comparison with the d-c 
load resistance to permit a high percentage of modulation without 
appreciable distortion. 

PROD. 14.9. The detector of Fig. 14.120 has R. = so KU, R, = 1 megohm 
RL = 250 KO, Ct - 500 pf. and Cl = Cc = O.I I'J. Determine the maximum 
percentage of modulation which can be accepted without causing negative 
clipping. Answer: Mma% = 80%. 

It should be observed that a linear detector does not provide distortion
less demodulation when only one side band is present, because the modu
lation envelope does not have the same shape as the modulating Signal 
when single sideband transmission is used. On the other hand, it may be 
proven (Prob. 1 4.7) that a square-law detector provides distortionless 
demodulation when single side band transmission is used. 

The impression may have been conveyed that tube amplifiers and tran
sistors automatically provide square-law detection when they are biased 
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near cutoff. This is not true. These amplifying types of detectors may 
provide fairly linear detection if they are properly designed for this pur
pose. For example, the triode tube may provide linear detection if the 
load resistance is large in comparison with the plate resistance. Also, the 
proper adjustment of driving source resistance may provide good linearity 
for a transistor detector. 

In  the foregoing paragraphs, the term r-f has sometimes been used to 
mean the carrier and sidebands whereas aud;o has been used to indicate the 
modulation. This usage is much too specialized. In some applications, 
such as automatic control, the carrier may be low frequency of a few 
hundred Hertz whereas the modulating signal may have a period of 
several seconds. 

The effective input resistance of a detector must be obtained i n  some 
manner before the tuned coupling circuit can be properly designed. The 
effective input resistance may be determined if the average input power can 
be found in terms of the input voltage. The average input power over one 
cycle is 

I J' p = - vi dO 
277' -IT 

( 1 4.40) 

Assuming the input voltage to be an unmodulated earner so that 
v = Vc cos 0, we see that 

I f' p = - V, i cos 0 dO 
2" , 

( 1 4.41 ) 

For a biased amplifier type detector or a diode detector which does not 
have an r-f bypass capacitor, the input current i flows only on alternate 
half cycles. Then if it is assumed that during these conducting half cycles 
the input current is 

j = '-V"-' -'-c o",s:.-=-O 

R. ( 1 4.42) 

where Ri is the average input resistance during the conducting half cycle. 
the average input power is 

, 1 J'" V' cos' 0 p = - ,-,,-, --'-'''----'-
277' -1t/2 Ri 

P _ _ I ("_V_" )  
_

_ v,_' 
217' 2Ri 4Ri 

The effective input resistance may be defined as 

R = (Vrm�)2 = V/"/2 . 2R . 
p p '  

(14.43) 

(14.44) 

( 14.45) 
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An accurate value of R, may be difficult to obtain because of the depend
ence of Ri on the magnitude of the input voltage in most cases. However, 
an average value of input resistance which is obtained at an average value 
of input voltage is sufficiently accurate for good design. 

The effective input resistance of a diode detector in which the load 
resistance is large in comparison with the forward resistance of the diode 
and an adequate r-f bypass capacitor is connected in parallel with the load 
resistance may be easily found if we assume that the total input power is 
dissipated in the load resistor. Since the d-e voltage across the load 
resistor R, is approximately equal to V" the power dissipated in the load is 

p = Vc2 

R, 
(14.46) 

where P is the average power in the load when the carrier is unmodulated. 
But this power is approximately the same as the r-f input power which may 
be defined as 

2 • 
P 

= V, = V,-
2R, R. 

( 14.47) 

where Ri' again, is the effective input resistance of the detector. Therefore, 

R . �
RIf. , - 2 

(14.48) 

where Rd, as before. is the d-c load resistance. When the carrier is modu
lated it would at first seem that the a-c load resistance of the diode instead 
of the d-c resistance Rd should be used to calculate the input resistance 
because additional power is coupled through the d-c blocking capacitors 
into the R-e coupled part of the load. However, this additional power 
comes from the power in the sidebanu:s. Therefore, the effective input 
resistance remains approximately R,I2 as long as negative clipping does 
not occur. 

14.7 FREQUENCY CONVERTERS 

In the preceding paragraphs, it  was shown that both modulation and 
detection involve two basic processes. The first of these processes is the 
production of sum and difference frequencies by a nonlinear device; the 
second is the separation of the desired output components from the un
desired ones by some type of afilter. In the early days of radio, the idea 
was conceived that these two processes could be used to change"r translate 
any given frequency to a different frequency. The superheterodyne re
ceiver is based on this principle. This receiver contains an oscillator which 
is known as a local oscillator. The output from this oscillator is mixed with 
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the incoming signal and the combination is applied to a nonlinear device. 
The output of this nonlinear device is tuned to the difference between the 
oscialltor frequency and the frequency of the incoming signal. The differ
ence frequency is known as the intermediate frequency (i-f). This system 
has two main advantages when compared with a conventional amplifier. 
First, higher gain and better stability may be obtained from an amplifier 
at the lower intermediate frequency. Second, the intermediate frequency 
may remain constant even though a wide variety of input frequencies may 
be selected because the local oscillator frequency may be varied in such a 
manner as to produce a constant difference between the oscillator fre
quency and the variable input frequency. Therefore, the design of the i-f 
amplifier may be optimized whereas the design of the r-f amplifier must be a 
compromise since it is required to operate over a wide range of frequencies. 

Example 14.3. The standard broadcast superheterodyne receiver is a good 
example of the principle of frequency conversion. This receiver is required to 
tune over the 550 to 1 600 KHz frequency range and it should provide essentially 
constant gain and constant bandwidth over this range. A commonly used inter
mediate frequency is '455 KHz. To provide this intermediate frequency, the local 
oscillator must vary from 1005 to 2055 KHz and must always remain 455 KHz 
above the selected input frequency. This maintenance of a constant difference 
frequency over the band is known as tracking. The local oscillator frequency 
could be below the input signal frequency, but then its frequency range would 
have to be 95 to 1 145 KHz. This frequency ratio is too high to cover with a single 
band. When the selected input frequency is 1000 KHz and the sidehand fre
quencies extend from 995 to 1005 KHz, the oscillator frequency is 1455 KHz. 
Then the frequencies appearing in the output current of the nonlinear device are: 

1. The original frequencies 995-1005 KHz 
1455 KHz 

2. The sum frequencies 245!l--2460 KHz 
3. The difference frequencies 450-460 KHz 
4. Harmonic frequencies 1990 KHz and upwards 

When a tuned circuit which has a resonant frequency of 455 KHz and a bandwidth 
of 10 KHz is placed in the output, the difference frequencies, which include the 
new 455 KHz carrier with its sideband frequencies, are retained and all the other 
frequencies are rejected. 

The nonIinear device which produces the sum and difference frequencies 
is frequently caned a mixer. This term is not very appropriate, however, 
because it is also used to designate linear devices in which two or more 
signals are mixed, but in which additional frequencies are not produced. 

The nonlinear device is more appropriately called a first detector or 
modulator. The cvmbination of the first df'tector and the local oscillator 
is known as a frequency converter. 
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Fig. 14.14. The block diagram of a typical superheterodyne receiver. 

The block diagram of a typical superheterodyne receiver is shown in 
Fig. 1 4 . 1 4 .  The r-f amplifier shown is frequently omitted in cntcrtainment
type receivers. The advantages of induding this r-f amplifier are briefly 
discussed in a following paragraph. 

Some typical converter circuits arc shown in  Fig. 14.15.  In these cir
cuits the oscillators are the tuned grid or base type, although other types 
could be used. The dashed lines bctween the input and oscillator tuned 
circuits indicate that the tuning capacitors are ganged so that single knob 
tuning may be used. In the transistor circuit, the oscillator signal is 
applied to the emitter; in the tube circuit the oscillator signal is applied 
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Fig. 14.1S. Typical frequency converter circuits. 
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through a small capacitor C to the grid. The capacitor C must be small in 
comparison with the tuning capacitance so the tuned circuits will be 
reasonably well isolated. Otherwise, the adjustment of one tuned circuit 
will change the resonant frequency of the other. This frequency inter
dependence is  known as pulling. 

In any converter circuit the oscillator signal must cause the transcon
ductance or forward current transfer ratio to vary over the oscillator output 
cyde. The input signal is usually so small that the amplifier parameters 
will not be affected appreciably by the input voltage variations. The ratio 
of the difference frequency component of current in the output to the 
signal voltage input is known as conversion transconductance. To more 
fully understand the conversion problem. a special case will be considered 
in  which the input signal is so small that the amp1ifier parameters are 
essentially unaffected by the input signal. Then 

io = 10 + gmvi. (14.49) 

where Vi is considered to be a sinusoidally modulated carrier. 

Vi = v, [cos w,t + � cos (w, + wm)t + � cos (w, - Wm)t] (14.50) 

It will be assumed that the transconductance of the amplifier varies linearly 
with the applied oscillator voltage. This relationship may be expressed by 
the following equation: 

gm = go( l + A cos w,t) (14.51) 
where go is the quiescent value of transconductance, Wo is the natural 
oscillator frequency, and A is a constant which is proportional to the 
amplitude of the oscillator voltage. Substituting Eq. 14.50 and Eq. 14.51 
into Eq. 14.49, we have 

io = 10 + go Vc [cos wet + � COS (we + wm)t 

+ � cos (w, - Wm)t] ( l  + A cos w,t) ( 14.52) 

io = 10 + go Vc [cos wet + � cos (we + wm)t 

+ � cos (w, - wmlt] + goA V, 

X [cos wet cos Wo' + : cos (we + wm)t cos wot 

+ � cos (w, - wm)t cos w"t] (14.53) 
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Observe that the first bracketed term of Eq. 14.53 contains the carrier and 
side band frequencies of the input signal which will be rejected by the filter 
in the output. The product terms in the second bracket produce sum and 
difference frequencies when the trigonometric identities are used. The sum 
frequencies will be rejected by the output filter, assuming that this filter 
is tuned to the difference frequency, so the only terms of importance in the 
output are 

i', = gO
AV,[cos (w, - w,)t + M cos (w, - w, + w,.)t 
2 2 

+ � cos (w, - w, - wm)t] (14.54) 

The conversion transconductance is 

g, = W,I = goAV, = goA (14.55) 
Iv,1 2V, 2 

Observe from Eq. 14.55 that the conversion transconductance is pro
portional lo Ihe amplitude of Ihe oscillator signal as well as to lhe quiescent 
transconductance when the transconductance is proportional to the oscil
lator signal. It may be seen from Eq. 14.51 that the transconductance 
would vary from zero to 2go when A = 1 .  The conversion transconduct
ance would then be go/2. This is about the maximum altainable conversion 
transconductance because larger oscillator voltages cause gm to be zero 
over an appreciable part of the negative half cycles of oscillator voltage, 
whereas a saturating Of decreasing value of gm may occur as the grid or 
base is driven strongly into the forward region. A sensible design pro
cedure may be to bias the amplifier about halfway between the maximum 
and zero values of gm and then provide an oscillator signal of sufficient 
amplitude to vary gm between the zero and maximum value. 

A single amplifier may be used as both the modulator and the oscillator 
as shown in the circuits of Fig. 14.16. The vacuum tube circuit (a) employs 
a tube known as apentagrid converter. Grids I and 2 serve as the oscillator 
grid and plate respectively. A Hartley oscillator circuit is used in which 
one end of the tuned circuit is grounded. Therefore� grid 2, which acts as 
the oscillator anode, may be at r·f ground potential and serve the additional 
function of a screen grid. Most of the electrons which pass through the 
oscillator grid also pass through the oscillator anode and become the 
space current in the tube. The input signal is applied to grid 3, which 
controls thc spacc. currcn� which passcs through the oscillator section. 
The remaining elements of the tube, grids 4 and 5 and Ihe plate, have the 
same funclions as the screen grid, suppressor grid, and plate of the pentode 
amplifier. In this converter, the oscillator should operate either class B or 
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Fig. 14.16. Converter circuits which do not use a separate oscillator. 



Amplitude Modulation and Detection 561 

class C so that the tube space current flows through the oscillator section in 
pulses. The signal grid transconductance is then varied from zero to its 
maximum value over the osciIJator cycle and conversion takes place in the 
same manner as described for the separate oscillator circuit. The chief 
advantage of the pentagrid converter circuit lies in the reduction of the 
number of tubes required. An additional advantage may be the improved 
isolation between the signal and oscillator-tuned circuits since the mixing 
of the signals is accomplished in the electron stream of the tube rather 
than by inductive or capacitive coupling. 

The transistor circuit of Fig. 14. 16b operates in the same general manner 
as does the pentagrid converter circuit except that the entire transistor acts 
as both the oscillator and the detector. The oscillator shown is a tuned 
collector, common base circuit . . The isolation between the oscillator and 
input signal circuits is not as good in the transistor circuit as it is in the 
pentagrid converter circuit. 

The circuits shown are only representative types. There are several other 
types of special converter tubes in use, and recommended circuit diagrams 
are available in tube manuals and other literature. Various types of 
oscillator circuits, including the crystal-controlled types, may be used in 
conjunction with a wide variety of detector. or modulator, circuits. Thus, 
converter circuits may be devised to meet almost any requirement. 

Both transistors and vacuum tubes generate more noise at very low 
frequencies and very high frequencies than they do at moderate radio 
frequencies. Therefore, the noise in the output of a converter may be 
greater than the noise in the output of a conventional amplifier because the 
converter includes a modulator. Hence, the low-frequency noise voltages 
will modulate the carrier and will cause noise side frequencies which are 
accepted by the output filter. 

The r-f amplifier shown in Fig. 14.14 may improve the signal-to-noise 
ratio of the superheterodyne receiver because the r-f amplifier is not a good 
modulator. Thus, the comparatively noise-free amplification ahead of the 
frequency converter can materially improve the signal-ta-noise ratio in the 
receiver. Also the r-f amplifier improves the selectivity and the sensitivity 
of the receiver. 

Diodes are sometimes used as the nonlinear device in a converter be
cause of their low noise characteristics or because the incoming signal 
frequency is so high that ordinary amplifiers have practically no gain. The 
circuit diagram of an ordinary diode converter is given in Fig. 14.170. 
This type of converter may be used in the G Hz frequency range if 
the lumped elements are replaced by distributed elements such as wave 
guides and cavity resonators. Also, a tunnel diode may be used in a 
converter circuit as shown in Fig. 14.17b. When used in this application, 
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Fig, 14.17. (a) A diode converter; (b) a tunnel diode converter. 

the tunnel diode is biased near the zero conductance point or slightly into 
the positive conductance region as shown in Fig. 14.18 by point B. If the 
diode is biased at point A so the quiescent diode conductance is zero, the 
local oscil1ator causes the diode conductance to swing into the positive 
conductance region during the negative half cycle of oscillator voltage and 
into the negative conductance region during the positive half cycle. It 
can be shown that the excursion into the negative conductance region may 
result in conversion gain. In fact. tunnel diode converters have been 
constructed which provide conversion gain of more than 20 db and a noise 

A 

t c 

I 

V--+-
Fig. 14.18. Bias pOints for a tunnel diode. 
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figure (decrease of signal-to-noise ratio) of less than 3 db when used to 
convert 220 MHz to 60 MHz.' 

The stability of the tunnel diode converter is improved when the bias 
point is changed from point A (Fig. 14.18) to point B. On the other hand, 
the circuits may provide self�oscillation if the bias point is moved intothe 
negative conductance region to a point such as C. The separate oscillator 
may then be eliminated. However, since the diode does not provide 
isolation between the input, output, and oscillator circuits, it may be 
difficult to independently control the rrequency of oscillation. 

PROB. 14.10. A frequenc), converter is to be used to translate 225 MHz to 
60 M Hz. What local oscillator frequencies could be used and what would be 
the frequency components in the output for each local oscillator frequency? 
PROB. ]4.11. A frequency converter incorporates an amplifier that has 
gm = 2(x)o Jtmhos at the quiescent operating point. The local oscillator signal 
causes gm to vary from 1000 to 3000 I'mhos. Assuming that gm is proportional 
to the oscillator voltage, determine the conversion transconductance of the 
amplifier. 
PROD. 14.12. Draw a circuit diagram for a complete superheterodyne broad� 
cast band receiver (except the power supply). Use vacuum tubes. Component 
values need not be determined but specify the frequency or frequency range of 
the tuned circuits. 
PROD. 14.13. Repeat Prob. 14.12. using transistors instead of vacuum tubes. 

2 K. K. N. Chang, G. H. Heilmeier, and H. J. Prager. "Low·Noise Tunnel-Diode 
Down Converter Having Conversion Gain," Proceedings of IRE, May 1960; Vol. 48, 
p. 854. 
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Frequency Modulation 

Amplitude modulation was discussed in Chapter 14. Another common 
method of modulating a carrier signal is known as frequency modulation. 
In this type of modulation the signal frequency is changed in accordance 
with the amplitude of the modulation as expressed by the following 
equation :  

(15.1 ) 

where Fm(t) is the modulating signal expressed as a function of time and 
We is the radian frequency of the carrier. The mod'ulation index Mt relates 
the amplitude of the modulating signal to the variation of the carrier 
frequency which it produces. 

Since the modulating signal can be resolved into frequency components 
by the Fourier series technique, it will be convenient to assume, as was 
done in Chapter 14, that the modulating signal is sinusoidal. Then 

When this modulating signal is used, Eq. 15.1  becomes 

v = A cos ("',t + M, sin "'mt) 
564 

(15.2) 

(1 5.3) 
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The modulation index M, absorbs the amplitude factor B of the modu
lating signal as will be shown below. Actually, Eq. 1 5.3 indicates that the 
term M, sin w_t must have the dimensions of an angle 0, not a frequency. 
Since w = dOldl, the frequency associated with this angle may be obtained 
by differentiating the term MJ sin wmt with respect to time. 

( 15.4) 

Then Eq. 1 5.3 can be written as 

( 1 5.5) 

It may be seen from Eq. 1 5.5  that the maximum frequency deviation is 

(/).W)max = M/mm 

M, = (Llw)max = (Llf)max 

Wm fm 

( 1 5.6) 

(15.7) 

The modulation index M, is known as the deviation ralio, since it is the 
ratio of the maximum deviation of the signal frequency to the modulating 
frequency. 

\5.\ MODULATING CIRCUITS 

The characteristics of frequency modulation will be better understood 
after a few typical modulating circuits have been considered. Probably the 
simplest way to obtain frequency modulation is to connect a "condenser" 
(capacitor) microphone across the tuned circuit of an L·C oscillator as 
shown in Fig. 15 . 1 .  The capacitor microphone has a thin metal dia
phragm stretched in front of a fixed metal plate. The acoustic pressure in 
the air causes vibration of the diaphragm and consequently variation of the 
capacitance between the diaphragm and the plate. This varying capacitance 
varies the oscillator frequency and thus causes frequency modulation. 
The capacitor microphone method is not very practical because the 
oscillator frequency would also depend on the length of the microphone 
cable, stray capacitance, and so on. 

An improved method for controlling the oscillator frequency is shown in 
Fig. 1 5.2. In this circuit, a pentode tube is used as a variable reactance to 
control the frequency of an oscillator. The pentode is made to appear as a 
reactance by applying phase quadrature voltages at the oscillator frequency 
to the control grid and plate. The signal component of plate current, being 
controlled almost completely by the control grid voltage, will then be 
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,-------r--<> Vpp 

Fig. 15.1. A simple frequency modulation circuit using a capacitor microphone and 
a Hartley oscillator. 

essentially in phase quadrature with the plate voltage and the tube will 
appear as a reactance when viewed from the plate terminal. In Fig. 15.2 
the phase quadrature voltage is obtained by the series RICI circuit between 
the plate and ground. The resistance of RI must be very large in compari
son with the reactance of Cl at the oscillator frequency so that the current 
through this circuit I, will be essentially in phase with the plate voltage V,. 
Also the grid resistance which is in parallel with Cl must be very large so 
that the impedance between the control grid and ground is e3sentially a 
pure reactance. When these conditions are met, the current through the 
resistor RI is 

Modula�ing I 
signal 
input 

( 1 5.8) 

r - - - - - - - - - - - - - - - - - 1 - - - - - - - - - - - - - - - - - i 
, 1 d-c block . 

: r,' I : I I 
j High R- Ri t I " I I " 

Reactance tube oscwlator 

Fig, 15.2. A reactance tube modulator. 
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The voltage between the grid and ground is 
I. V. / 

V, o:: -- = -90 
jwC. weiR. 

567 

(15.9) 

The component of plate current which results from this grid voltage is 

I'D = gmVg � gmVo ! -90 
weiR. 

(15. 10) 

As seen in Eq. 15. 10, the plate current I. lags the plate voltage V. by 
approximately 90° ; therefore, the tube appears as an inductive reactance 
when viewed from the output terminals. Using Eq. 1 5. 10, we find that the 
value of this inductance is 

Lr =
XL =  Vo = R.C. 
w wlp gm 

(15.11)  

The equivalent circuit of the reactance tube is  drawn in Fig. 1 5.3, so that 
we may investigate it more thoroughly. The oscillator voltage Vo� which 

Fig. 15.3. An equivalent circuit of the reactance tube modulator. 

-is applied to the plate of the reactance tube is used as the reference voltage. 
In order for the tube to appear as a pure reactance, not only must the 
control grid and plate voltages be 90° out of the phase but the plate 
conductance g 11 must be zero. This may be seen from the equivalent 
drcuit. If these conditions are not met, the tube will appear as a lossy 
inductor and will load the oscillator tuned circuit. This loading will reduce 
the frequency stability of the oscillator and the amplitude of the oscillation. 
We may minimize the plate conductance g 11 by using a pentode tube and 
confining the operating range to the linear area of the plate characteristics. 
As mentioned before, the phase angle between the plate voltage and the 
plate current will approach 90' if the resistance which is in parallel with 
the capacitance Cl as well as the resistance in series with this capacitance 
are very large in comparison with the capacitive reactance of Cl at the 
oscillator frequency. This relationship is indicated in Fig. 1 5.2. 

Equation 15 . 1  I shows that the effective inductance of the reactance tube 
is inversely proportional to the transconductance of the tube. Therefore 
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the transconductance gm must be a function of the modulating voltage if 
modulation is to occur. Linear modulation occurs when the frequency 
deviation is proportional to the modulating voltage as shown in Fig. 15.4. 
Therefore the derivative of the signal frequency with respect to the 
modulating voltage is a constant when the modulation is linear. 

The signal frequency produced by the oscillator is very nearly 

( 15. 12) 

where the total effective inductance L is the parallel combination of the 
fixed inductance of the tuned circuit and the effective inductance of the 

"" 
Sienal frequency ----. 

Fig. 15.4. The desired linear relationship between the modulating voltage and the 
signal frequency. 

reactance tube L,. The reactance tube will be most effective in controlling 
the frequency of oscillation if the fixed inductance is large in comparison 
with the effective inductance of the reactance tube. The total inductance 
would then be essentially L,. This could be accomplished by using an r-f 
choke as the fixed inductance. With this simplification, and using the 
value of L, from Eq. 15 .11 ,  Eq. 15.12 becomes 

;i gm W =  I '  
(R,C,C,)" 

where Co is the capacitance of the tuned circuit. 

(15. 13) 

Equation 1 5.13 shows that the oscillator frequency can be a linear 
function of the modulating voltage if the transconductance is proportional 
to the square of the modulating voltage. The transconductance of a 
typical pentode tube is roughly proportional to the control grid voltage, 
however, instead of the square of the control grid voltage. By using this 
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proportionality, Eq. 1 5. 1 3  becomes 

(Kv,);> (0 = !A (RICIC,) 

569 

(15.14) 

The amount of harmonic distortion for a given set of conditions may 
be obtained if Eq. 15.14 is expanded into a Taylor's Series around the 
grid bias value Vo' 

(Kv,);> 2 w = 
;> 

= AD + AI(v, - V,) + A,(v, - V,) + . . .  (15.15) 
(RICIC,) 

AD is found by letting v, = V,. 
(KV,);> Ao = 4 (RICIC,) 

(15.16a) 

A, is found by differentiating both sides of Eq. 15. 1 5  and then letting 

K;> V-;> 
A - ' ,

- 2(R C C );> , , , 
(15.16b) 

Similarly, A,  is obtained by taking the second derivative of both sides of 
Eq. 1 5. 1 5, and so on. Thus Eq. 15. 1 5  becomes 

(KV,);> K;> V,-;> 
W = 

(R C C );> + 2(R C C );>
(v, - V,) 

1 1 0 1 1 0  

K !-1 v.:-� -::-=::'--:'--'=' c:v (v - V )' + . . . (15.17) 
8(R,C,C,);> ' , 

When a single frequency modulating signal is applied, 

Equation 15.17 then becomes 

(K V);> K;> Y-;>Y _=_'�.,., + 
, m W = 4 I,..i cos wmt 

(R,C,C,) 2(R,C,C,) 

( 15.18) 

K;>V-U Y , . , m (I + cos 2w t) · · ·  ( 15.19) 
16(R,C,C,);> m 

Assuming the percentage of second harmonic to be large in comparison 
with the higher-order harmonics, the percentage of second harmonic is 
obtained by dividing the magnitude of the second-order term by the 
magnitude of the fundamental. 

P 2nd h . Vm er cent armonlC = - X 
8V, 

lOO ( 15.20) 
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PROD. 15.1. The oscillator of Fig. 15.2 has C. � 10 pf and very large L. It 
is modulated by a pentode reactance tube which has gm = 5000 pmhos at the 
quiescent operating point. gm is proportional to the grid voltage. The phase
shifting network has Rl = 1 megohm and Cl = 20 pf. What would be the 
per cent second harmonic distortion when gm varies sinusoidally 1000 ,umbos 
peak to peak? Answer.' 1.25 %. 
PROD. 15.2. What would be the frequency deviation for the conditions given in 
Prob. 15.1 ? What would be the modulation index Mj if the modulating voltage 
is a sinusoid of frequency 1000 Hz? 

A transistor could be used instead of a vacuum tube in a reactance type 
modulator. However, a junction diode will serve the same function if its 

R 

Modulating 
voltage 

c r - - - - - - -, 
I 
I I I 

.9 I "' I  
L � I I I 

I I 
L _ _ _ _ _ _  J 

Fig. 15.5. A reactance modulator which utilizes the variable capacitance of a junction 
diode. 

variable capacitance characteristic which was discussed in Chapter 3 is 
exploited. As shown In Chapter 3, the junction capacitance Cd may be 
expressed as 

(3.53) 
A modulating circuit which uses the junction diode as a variable capaci
tance is shown in Fig. 15.5. In this circuit, a polarizing voltage must be 
used as indicated to maintain reverse bias across the diode. This bias 
might be conveniently obtained from the collector circuit of a transistor 
modulator. The capacitance C should be large in comparison with the 
diode junction capacitance, but the reactance of C should be large in 
comparison with the resistance R at the highest essential modulating 
frequency. Otherwise, these modulating frequency components would be 
shunted through L. In addition, the resistance of R should be large enough 
to prevent the modulating circuit from excessively loading the oscillator 
tuned circuit. 

The linearity of the junction diode modulator will now be investigated. 
The frequency of the oscillator is approximately 

1 
W = [L(C, + C,)]" (15.21) 
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Using Eq. 3.53, we have 

w = [L(C, + KVB-�))-� 
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(15.22) 
It can be seen from Eq. 1 5.22 that the oscillator frequency w is not a 

linear function of the modulating voltage VB' The nonlinear distortion for 
a given magnitude of VB may be determined if the right side of Eq. 15.22 
is expanded into a Taylor series. Then the techniques of Chapter 10 could 
be used to determine the harmonic distortion for any given excursion of the 
modulating voltage. The mathematics is simplified considerably if the 
diode provides essentially all of the tuning capacitance, or, in other words, 
C, may be neglected in comparison with the capacitance of the diode. 
Then Eq. 15.22 reduces to 

VW w -- (LK)� 
using the Taylor series expansion, 

(15.23) 

V!tl VW 1 3 
-'--" = ' + (V - V )  - (V - V.)' + . . . 
(LK)� (LK)� 4(LKV�)� • 16(LKV;A)� 

(15.24) 
where V, is the bias voltage applied to the diode. 

When the modulator is adjusted so that the second-order term is small 
in comparison with the linear term, the third- and higher-order terms may 
be neglected. 

In case the modulating signal is a sinusoid, 

V - V, = av = Vm sin wt (15.25) 
(V  - Vo)' = Vm' sin' wt = 

Vm' (I - cos 2wt) ( 15.26) 2 
Substituting Eqs. 15.26, 15.25, and 15.24 into Eq. 15.23, we obtain an 

expression for the signal frequency when the modulating voltage is 
sinusoidal. Neglecting the third- and higher-order terms, we have 

w = V� _ . 3Vm: + Vm sin wt 
+ 

3Vm' cos 2wt (15.27) (LK)� 32(LKV�)� 4(LKV;A)� 32(LKV�)� 
The percentage of the magnitude of the second harmonic to the magnitude 
of the fundamental is 

'I �)� 3V  nd . 3Vm 32(LKV. m 
Per cent 2 harmoDlc = ,, �  x 100 = - x 100 (15.28) Vm/4(LK V, ) 8V, 
Thus it may be observed from Eq. 1 5.28 that the second harmonic dis
tortion may be kept within any desired limit by the proper choices of bias 
voltage V, and peak modulating voltage V m' 
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PROB. 15.3. An abrupt junction diode is used to frequency modulate an 
oscillator. The junction capacitance is essentially the total tuning capacitance 
of the oscillator circuit. When 1 S v bias is applied to the diode, the oscillator 
frequency is S MHz. Determine the modulation index (deviation ratio) and 
percentage of second harmonic distortion when the modulating voltage is 2 sin 
6280/. Assume the third- and higher-order terms to be negligible. Answer: 
Mt = 178, % sec - 5. 
PROB. 15.4. The positions of R, and C, in the circuit of Fig. 15.2 are inter
changed. What relative values must RI and X Cl have to cause the reactance 
tube to appear as a capacitance'1 Derive an expression for this capacitance. 

The situation may arise where the modulation index is not sufficiently 
high when the modulating voltage is at the maximum permissible level. 
Then the modulation index may be increased by multiplying the oscillator 
frequency by the use of a nonlinear amplifier. as discussed in Chapter 12. 

PROD. 15.5. The frequency modulated oscillator signal of Prob. 15.3 is fed into 
a tripler. What is the carrier frequency and modulation index in the output of the 
tripler? Answer: f, � 15 MHz, M, = 534. 

In case the carrier frequency becomes undesirably high because of the 
multiplication process, the carrier may be reduced to a lower frequency by 
the use of a heterodyne frequency converter discussed in Chapter 14. This 
frequency conversion will not affect the modulation index. 

15.2 SIDEBANDS OF THE FREQUENCY MODULATED WAVE 

When the FM system was first conceived, it was hoped that the band
width requirements of this system might be less than that of the AM system 
discussed in Chapter 14. To investigate the bandwidth requirement, the 
equation of the frequency-modulated wave is rewritten below. 

v = A cos (W,t + M, sin wm/) (15.3) 

The trigonometric identity for the sum of two angles may be used to give 

v = A [cos w,t cos (M, sin wm/) - sin w,t sin (M, sin wmt)] (15.29) 
But 

cos (M, sin wmt) = Jo(M,) + 2J,(M,) cos 2wmt + 2JiM,) cos 4wmt + . . . 

(15.30) 
and 

sin (M, sin wmt) = 2J1(M,) sin wmt + 2J3(M,) sin 3wmt + , . .  (15.31) 

where Jfl(M,) is the Bessel function of the first kind having order n and 
argument M,. These Bessel functions have been tabulated ; that is, they 
may be obtained from a mathematics table in the same manner as a 
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trigonometric function. Substituting these Bessel function identities into 
Eq. 1 5.29, we have 

v = A{cos w,I[J.(M,) + 2J,(M,) cos 2wml 

+ 2J.(M,) cos 4wml + . . . ] - sin w,I[2J,(M,) sin wml 

+ 2J,(M,) sin 3wml + . .  ·n (15.32) 

Rearranging Eq. 15.32, we see that 

v = A{J.(M,) cos w,1 - J,(M,)(2 sin wml sin w,l) 

+ J,(M,)(2 cos 2wml cos w,l) - J,(M,)(2 sin 3wml sin W,I) 

+ J.(M,l(2 cos 4wml cos w,I) " '} (15.33) 

If we use the trigonometric identities, Eq. 15.33 becomes 

v = A{J.(M,) cos w,1 
+ J,(M,)[eos (w, + wm)1 - cos (w, - wm)l] 
+ J,(M,)[cos (w, + 2wm)1 + cos (w, - 2Wm)l] 
+ J,(M,)[eos (w, + 3wm)1 - cos (w, - 3wm)l] 
+ J.(M,)[cos (w, + 4wmJI + cos (w, - 4wmll] 

+ . . . . . . . . . . . . . . . .} (15.34) 

Observe from Eq. 15.34 that frequency modulation produces a series of 
sideband frequency pairs. The number of significant pairs depends on the 
modulation index M" as illustrated by Fig. 15.6. Only the first four Bessel 
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Fig. 15.6. Value of the Bessel Functions as a function of the modulation index Mt. 



574 Electronic Engineering 

functions are shown for the sake of clarity. It may be seen from Fig. 1 5.6 
and Eq. 15.34 that when M, = I ,  two pair of significant sidebands appear 
in addition to the carrier. Also it may be seen that when M, = 2. there 
are three pair of significant sidebands. If  the higher order Bessel Functions 
had been included in Fig. 1 5.6, it would be evident that the number of pairs 
of significant sidebands is one greater than the modulation index when 
integer values of modulation index are considered. This relationship, 
which may also be observed from the table of Bessel functions given in 
Appendix IV, is expressed by the following empirical formula. 

P, = M, + I 

where Ps is the number of pairs of significant sidebands. 

Mf = 0.5 ,J, 
Mf = I 

Mf = 2  

I 
I 
I 
I Mf = 10 11 I I . " I 1 1, 11 " , 11 I, 11 , 11 1I " . 

I � � Modulating 

Carrier � I frequency 

(a) (b) 

(15.35) 

I I 

Fig. 1!5.7. The frequency spectrum ora frequency-modulated wave: (a) as a function of 
the modulating voltage. and (b) as a function of the modulating frequency. 



Frequency Modulation 575 

Unfortunately, the bandwidth requirement for the amplification or 
transmission of a frequency-modulated wave is much greater than that of 
an amplitude-modulated wave unless the modulation index M, is approxi
mately one-half or less. In this case there is only one pair of significant 
sidebands, as may be seen in Fig. 15.6. At this point in the discussion there 
is no reason to believe that a modulation index of one-half is not entirely 
adequate. This problem will be pursued in a following section. 

The frequency spectra for a frequency-modulated wave are shown i n  
Fig. 15.7 as a function of both modulation index and modulating 
freq uency. Observe that the bandwidth requirement is essentially propor
tional to the modulation index, and hence modulating voltage, as pre
viously noted, but is almost independent of the modulating frequency. 
This behavior is in contrast to the amplitude modulated case where the 
bandwidth requirement is proportional to the modulating frequency but 
independent of the modulating voltage. 

PROB. 15.6. Verify the number and relative magnitude of the frequency com
ponents shown in Fig. 15.7a by the use of a table of Bessel functions. 
PROB. 15.7. A 400 Hz modulating frequency has sufficient amplitude to 
provide a modulation index M, = 2. What bandwidth would be required " in 
order to pass the frequency spectrum of this frequency-modulated wave? What 
would be the effect on the required bandwidth if the modulating frequency 
were decreased to 100 Hz and the modulation amplitude remained unchanged? 
What would be the modulation index? Compare your answers with Fig. 17.5b. 

15.3 INTERFERENCE TO FM TRANSMISSION 

GOo.D C' 0 t:::c=;.J ( 
One of the �nottiesJ problems in radio communication is the interfer .. 

ence which undesired Signals offer to the desired signal in the radio receiver. 
These interfering signals may be electromagnetic waves which have 
frequency components within the pass 
band of the receiver. They may be co
herent signals from radio transmitters or 
noise signals from electric arcs such as 

----......., 
"-

lightning, automotive ignition systems, oL.-":'''-I-;:--''' 

'\ 
\ 
\ 
I \ Vc J and other types of arc generating 

machinery. The amplifiers in the receiver 
itself also generate interfering noise. 
Whatever the type of interference, the 
interfering signal adds vectorially to the 
desired signal as shown in Fig. 15.8. In 
this figure the desired carrier voltage Vc 
is used as the reference. The carrier is 

\ / 
'\ /1 '- , ........- -.

locus of carrier and 7 
noise voltage sum 

Fig. IS.B. The phasor addition of 
a desired carrier voltage and an in
terfering noise in a radio receiver. 
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assumed to be unmodulated except for the interfering signal which is 
considered to be noise. The sum of the carrier and noise voltages is Vt• 

Figure 15.8 shows that the resultant voltage vt varies both in phase and 
amplitude, compared with the carrier voltage, as the interfering signal 
varies in either phase or amplitude with respect to the desired carrier. In 
this figure, the amplitude of the interfering signal is  assumed to be constant 
but its relative phase varies with respect to the desired carrier. The locus 
of all possible values of the resultant voltage Vt forms the dashed circle 
shown. Observe that the amplitude modulation which results from the 
noise approaches 100% as the noise voltage magnitude approaches the 
desired carrier voltage magnitude. On the other hand, the maximum 
phase deviation () that can result from the noise voltage will not exceed 
more than one radian unless the noise voltage becomes essentially equal to 
or exceeds the desired carrier voltage. As previously noted, the maximum 
phase deviation is actually equal to the modulation index of a frcqucncy
modulated wave. Therefore, the interfering signal can cause frequency 
modulation, but the modulation index M, will not exceed unity unless the 
interfering voltage becomes essentially equal to or greater than the desired 
carrier voltage. Consequently, the following conclusions can be drawn:  

1 .  I n  a communications system which uses amplitude modulation, the modu
lation caused by interference will approach the modulation produced by the 
desired intelligence as the magnitude of the interference approaches the 
magnitude of the desired carrier. 

2. In a communication system which uses frequency modulation, the degree of 
modulation that may be produced by an interfering signal will be small in 
comparison to the modulation produced by the desired intelligencc, providing 
three conditions are met. These three conditions are: 
(0) the modulation index produced by the desired intelligence must be large 

in comparison with unity; 
(b) the amplitude of the desired carrier must be larger than the amplitude of 

the interfering signal; 
(c) the radio receiver must be insensitive to amplitude variations of the 

resultant signal. 

Thus, it may be seen that the frequency-modulation index must be at 
least 5 or more in order to provide good interference rejection. Conse
quently, the hope that the frequency spectrum of a frequency-modulated 
wave would be smaller than that of an amplitude modulated wave has 
completely dimmed. As previously noted, their frequency spectra are 
comparable providing the frequency modulation index is small (about 0.5). 
But then, the interference rejection capabilities of the two systems are also 
comparable. In fact, the AM system would be slightly superior if a high 
percentage of modulation could be maintained. 

The interference rejecting characteristics of the FM system may be 
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illustrated in the following example. Assume that two communities, which 
are separated by only a few miles, each have FM broadcasting stations. 
Also assume that the two stations are operating at the same carrier fre
quency and their radiated powers are equal. A motorist is listening to the 
local FM station as he departs from one community on his way to the 
other. The reception is essentially free of interference until the auto is 
almost equidistant from the two communities. Then for a very brief time 
the two programs are heard with essentially equal loudness. After this 
brief interval, the FM station at the destination will be heard with essen
tially no interference from the other station. Of course, it has been assumed 
that both stations maintain a modulation index which is large in compari
son with unity and the auto radio is insensitive to amplitude variations. 

This interference-rejecting property of the FM system is a great advan
tage in a communication system. The chief disadvantage of the FM 
system is the large frequency spectrum produced by a large modulation 
index. The resulting large bandwidth requirement of the tuned amplifiers 
in the transmitter and receiver is most easily attained if the carrier 
frequency i s  quite high. For example, the frequency spectrum from 88 
to 108 M Hz has been allotted for commercial FM broadcasting by the 
Federal Communications Commission. Each station is permitted to use 
a 1500KHz channel. 

PROD. 15.8. An FM broadcasting station modulates with audio frequencies up 
to 12 KHz and maintains a modulation index M, = 5 at this frequency. What is 
the required bandwidth of a tuned circuit if nonc of the significant sidebands arc 
to be excluded? Answer: B = 144 KHz. 
PROB. 15.9. If the standard AM broadcast band (550 to 1600 KHz) were 
allotted to FM stations having the standards specified in Prob. IS.8, how many 
channels could be accommodated in this band? What would be the required Q 
(approximately) of a single-tuned circuit which would accommodate the fre
quency spectrum if the carrier frequency were J M Hz? 

15.4 FM DEMODULATORS 

The AM demodulator, or detector, will demodulate an FM wave 
providing that the detector is tuned so that the carrier frequency is on the 
edge of the pass band instead of in the center of the pass band. The process 
by which demodulation is accomplished is illustrated in Fig. 15.9. The 
frequency variations of the FM signaJ are converted into amplitude varia
tions by the deluned circuit. The AM detector then recovers the waveform 
of the amplitude variations. This waveform is the same as the waveform 
of the modulating voltage, providing that there is no distortion in the 
system. However, there will be some distortion in this demodulator 
because the sides of the response curve oftbe tuned circuit are not straight. 
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Fig. 15.9. A dctuncd AM demodulator used as an FM demodulator . • 

The distortion will be small if the frequency deviation is so small that only a 
very small portion of the response curve is used. This system is sometimes 
used to receive narrow band FM with an AM receiver. Both the detector 
and the r-f amplifiers of the receiver are sensitive to amplitude variations, 
so the conditions required for good interference rejection are not met. 

An improved type of demodulator known as a Foster-Seely discrimi
nator is shown in Fig. 15. 10. In this circuit the primary voltage across the 
coil L, is applied through the blocking capacitor C to the center tap of the 
inductively coupled secondary. The relative phase of the secondary 
current, and hence secondary voltage, changes rapidly with the input 
frequency because the secondary is tuned to the carrier or center frequency 
of the input signal. A phasor diagram of the primary voltage V"' the 

r-f input 

I 
Fig. 15.10. A Foster·Seely discriminator circuit. 

Demodulated 
output 
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primary current J,,� and the voltage V" induced into the secondary is given 
in Fig. IS . l la. These phase relationships are easily verified from the basic 
relationships V'J) = jwLJ/ l' and VS' = jwMlp. The secondary current is in 
phase with the induced secondary voltage V, when the circuit is in 
resonance. 

v. 

la) 
Ib) 

V2 

Ic) Id) 

Fig. 15.11. (0) Phasor relationships of primary voltage, primary current, and induced 
voltage in the secondary of an inductively coupled circuit. (b) Equivalent circuit of the 
tuned secondary. (c) Phasor addition of the primary voltage and the voltages across 
the secondary coils at the resonant frequency. (d) Phasor addition of the primary 
voltage and the voltages across the secondary coils when the input frequency is above 
the resonant frequency of the tuned circuit. 

As the input frequency deviates above or below the resonant frequency, 
the secondary current correspondingly lags or leads the induced voltage. 
This current phase shift may be seen with the aid of the equiva1ent circuit 
of Fig. 15.  l ib. Since the voltages across the secondary coils L, and L. 
always lag behind the secondary current by approximately 90°, the voltage 
across each of these secondary coils is approximately 90° out of phase with 
the primary voltage when the input frequency is the same as the resonant 
frequency of the secondary circuit. This situation is illustrated in Fig. 
I S . l le. The phasor sum of the primary voltage V. and the voltage VI 
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across cojl L,. is applied to the upper diode and its load resistor. This 
voltage is V •• in Fig. 15.1 1c. Similarly, the voltage V.2 is applied to the 
lower diode and its load resistor. The output voltage is the algebraic sum 
of the diode load voltages, but since the current flows in opposite directions 
through these diode loads, the output voltage is actually the difference 
between these two load voltages. Thus, if the load resistances are equal, 
the output voltage is zero when the secondary circuit is tuned to the input 
frequency. 

When the input frequency is raised above the resonant or center fre
quency, the secondary current and hence the voltage across the secondary 
coils lag behind their resonant position and the phasor diagram of Fig. 
15. 1 1d results. The voltage V •• applied to the upper diode and its load 
then becomes larger than the voltage V.2 applied to the lower diode and its 
load. The difference between these two voltages produces an output 
voltage of positive polarity. If the input frequency is decreased from the 
resonant value, the secondary becomes capacitive and the secondary 
current shifts phase in a leading direction. Therefore, an output voltage 
having negative polarity is produced. The output voltage is essentially 
proportional to the frequency deviation as long as the frequency remains 
in the flat portion of the frequency response curve of the coupled circuit. 
As the frequency excursions approach the edge of the pass band, the output 
wave becomes flattened because of the reduced amplitude of the output 
voltage. Thus frequency discrimination in the coupling circuit produces 
waveform distortion in the output voltage. 

The linearity and tuning characteristics of the Foster-Seely discriminator 
are shown in Fig. 15. 12. The circuit should be tuned to the carrier fre
quency WO' The edges of the pass band are shown at W H and W L' As 
illustrated, the output voltage is essentially a linear function of the input 
frequency providing that the total frequency deviation does not exceed 
about 70 % of the pass band. This degree oflinearity is attained only when 
the discriminator circuit is double tuned as shown, and when the coefficient 
of coupling is adjusted so that maximum flatness is obtained in the response 
curve. 

The diode load resistance should be chosen so that the desired circuit 
Q is attained in the secondary circuit. This problem was discussed in 
Chapter 14  in conjunction with the AM diode detector. The capacitors in 
parallel with the diode load resistors bypass the r-f and cause the load 
voltages to follow the peaks of the r-f voltages applied to the diodes, as 
discussed in the case of the AM diode detector. 

Although the Foster-See1y discriminator may provide good linearity, it 
is sensitive to amplitude variations and therefore a limiter must be included 
in the r-f amplifier if the interference-rejecting capabilities of FM are to 
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be realized. A Iimiter is an amplifier which provides a constant amplitude 
output even though the input amplitude varies. Any amplifier will limit if 
the input signal is sufficiently large. A limiter, then, has small biases so 
that it will limit when the values of input signal are comparatively small. 
For .. ample, the collector supply voltage is reduced and the base or grid 
bias is reduced in comparison with the conventional amplifier. 
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Fig. 15.12. The demodulation characteristics of the Foster-Secly discriminator. 

Another type of FM demodulator which operates Oil the same basic 
principle as the Foster-Seely discriminator but which is insensitive to 
amplitude modulation is shown in Fig .. 1 5. i3. This demodulator is known 
as a ratio detector. The coupling circuit and the addition of the primary 
voltage to the center-tap of the secondary coil may be identical to the 
corresponding portion of the Foster-Seely discriminator. However, in the 
ratio detector, the two diodes are connected so that their load voltages are 
additive rather than subtractive. In addition, a large capacitance (perhaps 
20 pof to 100 pof) is connected across the series combination of the load 
resistors. Consequently, the total load voltage cannot follow short-term 
amplitude variations of the input signal and the circuit is not sensitive to 
amplitude variations of the input signal. Hence, the limiter previously 
discussed is nOl required with the ratio detector.1 However, the individual 
diode load voltages must be a function of the input frequency as it is for the 

1 Limiters are often used in conjunction with a ratio detector to improve the AGe 
action as well as to reduce the amplitude variations to essentially zero. 
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Foster-Seely discriminator. Thus, the ratio of the two load voltages 
changes with frequency even though their sum is forced to remain essen� 
tially constant, hence the name ratio detector. The output voltage is obR 
tained across one of the diode load resistors an<;l consequently the output 
voltage is essentially a linear function of the input frequency, providing 
that the requirements placed on the Foster-Seely discriminator are met. 
In contrast to the Foster-Sce1y circuit, the ratio detector has a d-e com
ponent in the output even when the carrier is unmodulatcd and the circuit 
is properly tuned. This d-c voltage may be used for automatic gain 
control which may be desirable when 1imiters are not used. 

Several other types of FM demodulators are discussed in the literature. 

'\ [7 
I-I amp First del. '" i-I amp. I- Limller - Dlscnminator - a-I amp k( 

local OSC. 

Fig. 15.14. The block diagram of a typic<ll FM receiver. 
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The examples included here are merely illustrative. not exhaustive. The 
demodulators which have been included are very commonly used, however. 

Figure 1 5.14 is the block diagram of a typical FM receiver which 
incorporates a Foster-Seely discriminator. 

15.5 PHASE MODULATION 

The primary problem in the generation of FM waves is the stability of 
the carrier frequency. In the AM system, the carrier is generated by a 
crystakontrolled oscillator which can easily meet the rigorous frequency 
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Fig. 15.15. An elementary phase-modulating system. 
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tolerance requirements of the Federal Communications Commission. ID 
contrast, the reactance modulated oscillator cannot be crystal-controlled 
because the oscillator would not deviate appreciably from the resonant 
frequency of the crystal, as discussed in Chapter 13. However, the 
standard L-C oscillator does not usually meet the frequency stability 
standards imposed by the Federal Communications Commission. This 
frequency stability predicament can be resolved by a technique which is 
known as phase modulation. 

The similarity between phase modulation and frequency modulation can 
be seen from Eq. 15.3, repeated below for convenience. 

(1 5.3) 

As previously mentioned, the term (M, sin ('omt) has the dimensions of an 
angle, not a frequency. Therefore, we should suspect that a modulation 
process could be devised wherein the phase (or relative phase angle) oflhe 
wave could be changed rather than the frequency per se. One of Ihe sim
plest systems which may be used 10 accomplish phase modulation is 
illustrated by the block diagram of Fig. 1 5. 15. The modulation is accom
plished by adding an amplitude-modulated wave to the carrier which has 
experienced approximately 90° phase shift. The effect of this addition is 
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Fig. 15.16. The relative phase shift which is accomplished by the system of Fig. 15.15. 

shown by Fig. 1 5. 16a. This figure shows that the relative phase angle e 
varies as the amplitude of the modulated carrier varies. In Fig. 1 5. 16b, the 
amplitude-modulated wave has been resolved into the carrier and sideband 
components. Only two sidebands have been included, assuming sinu
soidal modulation . Since the phase-shifted carric:r is u�ed as a reference, 
the carrier component of the modulated portion remains stationary in the 
phasor diagram while the sidebands rotate at the relative angular velocity 
to",. The upper sidebands rotate in a counterclockwise direction and the 
lower sidebands rotate in a c10ckwise direction. Thus the sideband com
ponents alternately add to and subtract from their carrier component as 
shown. whereas the relative phase varies about the average value, 60 which 
is produced by the carrier component of the modulated wave. It may be 
observed from Fig. 15 . 16b that the increase of 0 during modulation peaks 
is not as great as the decrease of e during modulation troughs, if we assume 
the amplitude modulation to be distortion less. The distortion of the 
phase modulation 0 results because tan 6 is a nonlinear function of 6. 

The distortion of the phase modulation can be reduced for a given 
variation of 0 if the carrier of the modulated wave is removed. 1n this case 
8, in Fig. 1 5 . 16b will be reduced to zero. The balanced modulator which 
was discussed in Chapter 14 can be used to suppress the carrier of the 
modulated wave. The block diagram of a system which incorporates a 
balanced modulator is shown in Fig. 1 5. 17. In this system the output of 

OScillator 

Mod ulating 
signal 
input Balanced 

modulator 

90· phase Mixer shifter Ph. 
modul 

se 
ated 
ul Qutp 

Fig. 15.11. The block diagram of a phase-modulating system which utilizes a balanced 
modulator. 
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the balanced modulator was shown in Chapter 14 to be (Eq. 14.29) 
v. = BM. [cos (wo + wm)t + cos (wo - wm)t] 

2 
( 15.36) 

where Ma is the amplitude modulation index and BM./2 is the peak 
amplitude of each sideband, assuming the modulating voltage to be 
sinusoidal of natural frequency Wm. The phasor addition of the 90' phase 

B 2" Ma 
B B (CS C) 

Upper Lower 
side side 
band band 

Fig. IS.18. The relative phase shift which is accomplished by the balanced modulator 
system of Fig. 15.16. 

shifted carrier and the output of the balanced modulator is shown in 
Fig. 1 5.18.  The 90' phase shifted carrier is again used as the reference in 
this figure. Let the peak amplitude of this carrier be A . As the sideband 
phasors rotate, the phase modulation angle 0 oscillates about the reference 
carrier vector at the modulation frequency Wm' Since each sideband has a 
maximum amplitude B12, they add together twice each modulation cycle 
to produce a maximum contribution B. The maximum excursion of the 
phase angle is then 

Omax = tan-1 BM. ( 15.37) 
A 

where A is the maximum amplitude of the phase shifted carrier, as pre
viously stated. But, to obtain distortion less phase modulation, the relative 
phase angle 0 must be proportional to the side band amplitude B12. The 
only way this linear relationship can be obtained is  by limiting Omax to such 
small angles that the value of the angle is essentially equal to its tangent. 
With this restriction, 

( 15.38) 
The limit which is set on Om&x wi1l, of course, depend on the tolerable 
distortion. The limit Omax = 0.5 radian may be appropriate in some 
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applications. Then assuming the upper limit of the amplitude modulation 
index Ma to be unity, we could obtain the value of Om .. = 0.5 radian by 
making A = 2B. Since A is the peak amplitude of the phase shifted 
carrier and BI2 is the peak amplitude of each sideband, it is evident that 
the phase shifter must also include amplification. In fact, an amplifier 
which has a high-output impedance (such as a common base transistor or 
pentode tube) and a load which is essentially a pure reactance could be 
used as a phase shifter. 

PROD. 15.10. A balanced modulator is used in a phase modulation system as 
discussed previously. Assuming the distortion to be primarily third harmonic, 
determine the distortion of the phase modulator when the modulation index is 
0.5. Answer: Disl. = 7.3%. 

When the modulating signal is a single frequency (sinusoidal), as pre
viously assumed, it is evident from Fig. 1 5 . 1 8  that the relative phase angle 
o varies sinusoidally at the modulating frequency. Then the phase 
modulated signal voltage can be written 

v = V m cos (Wet + Om sin wmt) 
Using Eq. 1 5.38, we have 

v = V,. cos (w,t + � Ma sin wmt) 
B 

Now, if a phase modulation index M v = 
A 

Ma is defined, 

v = V", cos (wet + Mv sin wmt) 

( 1 5.39) 

(15.40) 

(15.41) 

Since neither A) B, or Ma are functions of the modulating frequency, it is 
evident that M 11 is not a function of the modulating frequency. On the 
other hand, the frequency modulation index M, is inversely proportional 
to frequency, as shown in Eq. 1 5.7, if we assume the modulating amplitude 
to be constant. This difference in the character of the modulation indices 
is the only difference between phase modulation and frequency modulation. 
Viewing this difference another way, we sce that the frequency deviation 
of the frequency modulated wave is proportional to the modulation 
amplitude but independent of the modulating frequency whereas the 
frequency deviation of the phase modulated wave is proportional to the 
frequency of the modulating voltage as well as to its amplitude. 

PROD. 15.11. Prove that the frequency deviation of the phase-modulated wave 
is proportional to both the frequency and the amplitude of the modulating 
voltage. 

\[ is clear that the phase-modulating technique could be used to produce 
frequency-modulated waves, providing that the amplitude of the modulating 
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voltage were inversely proportional to the modulating frequency. This 
inverse relationship could be obtained by including, in the modulator, an 
amplifier which has gain inversely proportional to the frequency. 

PROD. 15.12. Draw the circuit diagram for an amplifier which has gain in
versely proportional to frequency. 

One major problem arises when frequency modulation is produced by 
the phase modulating technique. As previously shown, the maximum 
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Fig. JS.J9. The predistortion and compensation characteristics of a phase-modulated 
system. (a) Predistortion characteristic; (b) a predistocting circuit. 

modulation index may be of the order of 0.5. This will then be the accept
able index at the lowest modulating frequency. If the modulation is 
audio-frequency program material as in a commercial broadcast station, 
this lowest modulating frequency could be 30 Hz. Then, since the modu
lation index is inversely proportional to frequency. the modulation index 
at I S  KHz would be 0.5 x 30/15,000 = 0.001 .  As previously mentioned, 
this modulation index could be increased by frequency multiplication, but 
to bring this modulation index up to 5, which is considered by the FCC to 
be an acceptable minimum, the carrier frequency must be multiplied by 
5000. The complexity of a circuit which would multiply the frequency by 
a factor of 5000 would be quite forbidding. Consequently, a compromise 
is made in phase-modulated transmitters, wherein the modulation index 
is required to follow the inverse relationship with frequency only up to 
about 2000 Hz. Above this frequency, the modulation index is permitted 
to remain independent of frequency. In this case a compensating circuit 
must be included in the output of the demodulator in the receiver. 
Otherwise. the frequency response characteristic would be proportional 
to the frequency for frequenciesabove 2000 Hz. 

The frequency response characteristic of the modulator for a phase
modulated transmitter'is shown in Fig. 15. 19a. The circuit which produces 
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Fig. 15.20. The predistortion and compensation characteristics of a phase�modulated 
system. (a) Receiver compensation characteristic; (b) a compensating circuit. 

this characteristic is frequently known as a predistorter. The simple R-C 
circuit shown in Fig. IS.19b could be used as a predistorter. In this circuit 
IjwC = R. at 30 Hz and IjwC = Rl at 2 KHz. Also the receiver 
compensating characteristic is shown in Fig. IS.20a and a typical 
compensating circuit is given in  Fig. I S.20b. 

PROD. 15.13. An FM transmitter is to have an output carrier of 50 MHz and 
a modulation index M F = 5 above 2 KHz. The oscillator is phase modulated 
with a maximum phase deviation of 0.4 radian at 40 Hz. What will be the 
oscillator frequency if frequency multiplication is used to increase MF ? 
Answer: f. = 80 KHz. 

Frequency-controlling crystals are not generally available for fre
quencies below 100 KHz. Therefore, it may be necessary to utilize fre
quency conversion to provide an adequate modul8:tion index at frequencies 
above 2000 Hz. The block diagram of a typical FM transmitter which 
employs the phase-modulating technique is shown in Fig. 1 5.21.  This 
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Fig. 1S.21. The block diagram of an FM transmitter which uses the Armstrong system. 
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system is known as the Armstrong system of frequency modulation because 
it was invented by Major E. F. Armstrong. In this diagram, a limiter 
follows the phase modulator because there is a small amount of amplitude 
modulation in the output of the phase modulator. 

PROD. 15.14. An FM transmitter using the Armstrong system has a modulation 
index = 5 from 2000 to 12,000 Hz. The initial modulation index is 0.40 
radian at 40 Hz. The output carrier frequency is 50 MHz. The signal generating 
oscillator is crystal-controlled at 200 KHz. Assuming the block diagram of 
Fig. 15.21 to be used, and further, assuming the frequency multiplication to 
be equal in the two multipliers, determine both the carrier frequency and the 
maximum frequency deviation following each of the blocks in the transmitter 
diagram. Determine the frequency of the crystal oscillator used in the frequency 
converter . 

A vacuum tube devicc known as a phasilroll has been developed for the 
purpose of producing phase modulation.' This device requires a three
phase voltage from the crystal-controlled oscillator. Modulation is 
accomplished by a magnetic field. The phasitron may produce relatively 
large phase shifts with a given degree of distortion compared with the 
methods previously discussed. Therefore, considerably less frequency 
multiplication is needed when the phasitron is used. 

15.6 AUTOMATIC FREQUENCY CONTROL (AFC) 

One problem which arises in a radio receivcr is the dCluning which 
results from changing circuit parameters. For example, the tuning 
capacitance of a tuned circuit almost always includes the inherent capaci. 
tance of the amplifying device. But the transistor junction capacitance is 
a function of the junction voltage. which in  turn may be a function of the 
temperature. Also the tube interelectrode capacitances are a function of 
temperature. ]n addition, the effective capacitance between input and 
output circuits is a function of the amplifier gain. as previously discussed. 
Many other causes of detuning exist but will not be mentioned for the 
sake of brevity. The detuning problem in a superheterodyne-type receiver 
is accentuated because of the frequency drift in the local oscillator. Of 
course, the local oscillator can be crystal-controlled. but the receiver 
cannot then be continuously tunable. 

One system which may be conveniently used to maintain a desirable 
degree of frequency stability in a superheterodyne receiver is known as 
automatic frequency control (AFC). In this system a Foster-Seely-type 

2 ror a description of the "phasitron" sec Samuel Sccly. Electron Tube Circuits. 
McGraw-Hil1, New York, 1950. 
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Fig. IS.22. An FM receiver which incorporates automaric frequency control (A FC). 
A similar circuit with component values listed is available from J.  W. Miller Co .• 5917 
South Main St., Los Angeles, California. 

discriminator is used to sense a deviation from the desired intermediate 
frequency." The rapid variations are filtered from the output voltage of the 
discriminator and the remai ning average voltage is applied to a reactance· 
type frequency modulator. This reactance modulator changes the fre
quency of the local oscillator in a direction that will tend to reduce the 
average discriminator output voltage toward zero. In other words, the 
intermediate frc4uency will be changed toward the resonant frequency of 
the discriminator circuit. Thus. if the discriminator is tuned to the same 

:I The ratio detector circuit may be modified to produce a suitable AFC control voltage. 
This modification is shown in Fig. 15.22 and i� discu�sed in  connection with that figure 
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frequency as the i-f amplifiers. the AFC circuit will continually adjust the 
local oscillator frequency in a manner that will tend to maintain an 
intermediate frequency which will be very nearly the resonant frequency 
of the i-f amplifiers. The preciseness of the frequency control depends on 
the bandwidth of the discriminator and the sensitivity of the reactance 
modulator. Also a d-c amplifier could be used to amplify the discriminator 
output and thus increase the preciseness of control. 

Either AM or FM receivers may employ AFC. In the FM receiver the 
discriminator which recovers the modulation may also provide the control 
voltage. It may be observed that AFC may compensate for inaccuracy of 
tuning in a radio receiver. From the standpoint of adjusting the tuning of 
the receiver, it produces the illusion of greatly increased bandwidth. 
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Therefore, the manual tuning of the receiver is facilitated and may be more 
precise if the AFC circuit is switched off during the tuning process. Some 
types of tuning indicators may eliminate the need for the AFC switch. 
The circuit diagram of an FM receiver which incorporates AFC is shown 
in Fig. 1 5.22. However, the AFC system in this receiver is different than 
the system described previously. In the circuit of Fig. 15.22, the center 
point of the ratio-detector load is grounded. Therefore, the center tap of 
the secondary of the ratio-detector transformer is at d-c ground potential 
only when the circuit is in resonance. Thus, the average or d-c potential at 
this center tap is not zero when the incoming signal is not at the resonant 
frequency of the ratio-detector. Therefore, this potential at the center tap is 
filtered and applied, through a cathode follower, to a varicap diode which 
in turn varies the local oscillator frequency. The cathode follower provides 
the polarizing potential for the junction diode. There are many other uses 
for the AFC principle other than the solution of the frequency instability 
problem of a superheterodyne receiver. 

PROD. 15.15. Draw the circuit diagram of an FM transmitter which employs a 
reactance tube or varicap modulator. 
PROD. 15.16. Draw the circuit diagram of an FM receiver which uses transistors 
and incorporates A FC. 
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Switchinn Circuits 

In some applications, tubes and semiconductors are subjected to such 
large signals that these devices behave as switches. Typically, these 
devices may be driven beyond cutoff in one direction and to saturation in 
the other direction. A device which is subjected to such large signals is 
usually referred to as an electronic switch. Switching circuits are used in 
such diverse fields as bioelectronics, radar, telemetering equipment, 
television, electronic instrumentation, and digital computers. 

16.1 EQUIVALENT CIRCUITS FOR ELECTRONIC SWITCHES 

In switching applications, there are three regions in which the devices 
may operate. These three regions are known as the cutoff. saturation, and 
linear regions of operation. In the cutoff condition, the input electrode is 
biased until essentially no output current flows. In the transistor, this 
condition is achieved when both junctions 3re reverse·biased. The cutoff 
regions for transistors and vacuum tubes are indicated in Fig. 1 6. J .  In 
the linear region of operation, the output current is controlled by the 
input current (or voltage) of the device. This linear region was investigated 
in the preceding sections of this book and will not be discussed further 
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Fig. 16.1. The three basic regions of amplifier devices. (a) Transistor; (b) triode; 
(e) pentode or beam power tube. 

here. The saturation region is reached when an electronic device is passing 
so much output current that an increase of input current (or voltage) 
cannot cause a significant increase in  output current. 

Approximate equivalent circuits can be drawn for the amplifying 
devices as shown in  Fig. 1 6.2. In  the cutoff regions, both the input and 
output circuits of vacuum tube devices are open circuits. The transistor 
has an input resistance "lr3 and an output admittance "or3. However, 
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both of these parameters are ass·ociated with reverse-bias junctions and 
can usually be considered as open circuits. 

The circuit for the linear region of the transistor is similar to the small
signal equivalentcircuitalready described. However, the equivalent circuits 
desired in this chapter must be valid for d-c conditions. Consequently, 
since the;: collector current may not be zero when the base current is zero, 
the current generator lco(hFE + I) is included. Note that in may be 
reversed and become approximately as large as -loo . Then io will be 
essentially zero. The tube circuits must also be altered to account for the 
fact that the intercept of the idealized Vo = 0 v curve does not intercept 
the origin. For example, in Fig. 16. lb, the idealized Vo = 0 v curve is 
indicated by the dashed line. This line intercepts the voltage base line 
at a positive potential Vo' Since the equation for a straight line must give 
the value of the axis intercept as well as the slope of the line (the slope of 
VG = 0 is contained in the r p parameter), a voltage source Vo is included 
in the equivalent circuit. Note thatthe voltage axis intercept of the idealized 
v(} = -2 v curve occurs at ( V  0 + I"vG) volts. Since I" is negative and vG 
is -2 v, this voltage axis intercept occurs at ( Vo + 2 11"1) volts. Thus, we 

r I r I 
'n h'�.l. � h�3 Out 'n Out 'n Out . • I 1 I I 0 0 0 

(0) (d) (s) 
" " 

hie ... h� n :."" n �""C 'n 1 <  Out 'n Out 'n Out .� I I 2�t + I I 2�1 _  I o � T_ Vo 0 o � yVo 
0 

(b) (0) (h) 

r n h", · 2-Tp2. 'n • hw' Out 'n Ta .. Out 'n 'p' Out I I I I 2 1 I , 
(d (fI (i) 

Fig. 16.2. Equivalent circuits for the regions shown in Fig. 16.1. 
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can summarize: 

1 . The parameter r:p determines the slope of the idealized curves. 
2. The parameter IlVa determines the spacing between the idealized curves. 
3. The parameter Vo detennines the intercept of the voltage axis and the idealized 

vG = 0 curve. 

The d-c equivalent circuit for the linear region of a pentode (or beam 
power tube) is quite similar to the d-c equivalent circuit for the triode. 
However, from Fig. 16.lc we can note that the intercept of the idealized 
vG = 0 curve (the dashed line) and the voltage axis will occur at a very 
large negative number. In fact, typical values of Vo may be of the order 
of -5000 v for a pentode. Since i t  is usually inconvenient to extend the 
voltage axis back to the point of intersection with the idealized Vc = 0 
curve, an alternate method for determining Vo will be given. In this 
method, the idealized VG = 0 curve is extended until it intersects the current 
axis. In Fig. 16 . Jc, the current value of this intersection is noted as 10, 
Then. the magnitude of Vo i s  equal to lor 11 where r 11 is determined by the 
slope of the idealized Vo = 0 curve. 

The input signal may be large enough to drive the control grid into its 
positive region. When this occurs, the positive control grid intercepts 
electrons from the cathode. In fact, the grid-cathode combination behaves 
the same as the plate-cathode combination in a high vacuum diode. 
Accordingly, the resistance re (which represents the grid-ta-cathode 
resistance) must be included whenever the control grid is positive. To 
complete the equivalent circuit, the switch S, is included in Figs. 1 6.2e, 
16.211, and 16.2i. This switch is in position 2 if the control grid is negative 
and switches to position 1 when the control grid is positive. 

In the saturation region, we can find the output resistance by taking 
the slope of the line which divides the saturation region and the linear 
region. For the transistor, this resistance ( l jh()t2) i s  in the order of a few 
ohms. The reason for this low value of resistance becomes evident if we 
observe that the collector-base junction is forward-biased whenever VCI!: i s  
less than VYE as discussed in Chapter 5. 

The vacuum tube amplifiers have higher saturation plate resistances. 
but eyen these resistances arc in the order of a few hundred ohms or less. 
Consequently, the output impedance under saluration conditions may be 
considered as approximately zero in many cases. In addition, the input 
impedance to a saturated amplifier may be that of either a positive grid 
or a transistor base with a parallel combination of two forward-biased 
junctions. Under either of these conditions, the input impedance i s  low 
in the saturation region. An exception to this low input impedance may 
occur in the pentode tube or field-effect transistor. If the load resistance 
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is high enough, these devices may enter saturation while the control 
electrode is reverse-biased. 

Circuits which have a low input impedance and large driving signals 
must be protected from excessive power dissipation. Quite often a resistor 
in series with the base or grid will provide this protection . I n  other circuits, 
a regular diode or a reference diode is placed in parallel with the amplifier 
input to limit the input-signal amplitude. 

PROD. 16.1. Determine the magnitude of the parameters for the three equiva
lent circuits (Flg. 16.2)ofa6J5 tube. Assumera = 1000 n. Answer: 11 = -20, 
r. = 8 KO, V. = 23 V, r .. = 1,333 n. 
PROB. 16.2. Determine the magnitude of the parameters for the three equiva
lent circuits (Fig. 16.2) of a 2N1899 transistor. Use the curves given in  Appendix: 
IlL? and list any assumptions you had to make. 
PROD. 16.3. Determine the magnitude of the parameters for the three equiva
lent circuits (Fig. 16.2) of a 2N2843 field-effecl transistor. 

Two examples will be given to illustrate the use of amplifying devices 
in switching circuits. 

Example 16.1. A transistor is connected as shown in Fig. 16.3. The character
istic curves of the transistor are given in Fig. 16.4. If the input signal is a 
sinusoid as shown, sketc, the output voltage as a function of time. Assume 
leD is zero. The diode D} is placed in the circuit to protect the base from high 
reverse bias (100 v in this case). 

+l00V ---

V, 

- IOOV - - . - - - - - - _ _  

'}o<> {.JI. 
500 KO 

0", 1 0  

Fig. 16.3. A tran!'.istor dipping circuit. 

3000 

-=-- 6V 
+ 

As a first step, the input current i JJ for the transistor must be determined. 
Since the input resistance of the transistor is much less than the 500,000 n 
resistor in series with the input circuit, the base current is 

. v/ 
'11 '" SOO 000 , 

( 1 6. 1 )  

when v, is negative. In contrast, the diode DJ passes current when v I is positive. 
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Fig, 16.4. Characteristic curves for the transistor of Fig. 16.3. 
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Fig. 16.5. Waveforms for the circuit of Fig 16.3. 
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(Also, the base�mitter junction of the transistor is reverse-biased.) Therefore 

(16.2) 

when VI is positive. Accordingly, the base current of the transistor has the form 
shown in Fig. 16.5. 

With the base current established, the collector current and collector voltage 
can be found. This collector voltage can be found by using either the equivalent 
circuits just developed or by graphical methods. In this example, the graphical 
method is the more simple approach. Accordingly, the voltage output has the 
form shown in Fig. 16.5. Observe that when the base current reaches - 100 pa, 
the transistor is in the saturation region. 

--, 

The foregoing example illustrates the operation of the transistor in all 
three regions. This procedure can obviously be used to predict the 
output waveform which results from any given input waveform except 
when the high-frequency limitations must be considered. 

+ 100 

- 100 
o 10 20 30 

Time in milliseconds 

Fig. 16.6. The form of VI for Prob. 16.4. 

PROD. 16.4. The circuit of Fig. 16.3 has an input voltage VI with the waveform 
shown in Fig. 16.6 applied to the input terminals. Find the voltage vO' 

A second. switching example can be used to indicate the practical use 
of inductors in pulse circuits. 

Example 16.2. A transistor is connect�d in a circuit as shown in Fig. 16.7. 
The input signal is a current pulse as shown. The characteristic curves of the 
transistor are given in Fig. 16.8. Determine the output voltage waveform 
Assume the internal resistance of the coil L to be negligible. 

If lco is negligible, the transistor will be cut off for time less than f1. If we 
assume that all transients have died out, no current will flow through RI. or L 
just prior to 'I' Accordingly, Vo is -S v. At f1• the transistor is suddenly turned 
ON. Since the waveform of current through an inductor is a continuous function, 
the current through L is zero at time f = 'I( +), Hence, at time fl• the load on 
the transistor is the resistor Rv Accordingly, the operating point at time 
I,( +) is the point A of Fig. 16.8. As the current increases through L, the 
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o ---,1----1 msec t--
1 

Fig. 16.7. A pulse generator circuit. 

-=- 5 v  

operating point shifts from point A toward point B. After a long period of 
time, all of the current flows through L and the operating point will be at point 
B of Fig. 16.8. Hence, the transistor can be represented by a circuit with the 
characteristics of line AB. •. 

Line AB is a straight line with a given slope and a given :..I.x' ) intercept. As 
already note�. the slope of this line is a conductance. TI:�'1ciprocal of this 
conductance IS . 

For our example. 

-30 

-25 ,/ 
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� 
� -20 
1l 
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£ 
E - 15 
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1"-
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."",, 
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5 v  
r .. = 2.25 rn. "'" 2220 n 

Is :::: _120 �amp 

"" 

-3 

- 100 jJ.amp 

B 
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-60 Jamp 
-JI-'amp � � 
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Collector volts 

-20 ""amp 

-7 -8 

Fig. 16.8. Characteristic curves for the transistor of Fig. 16.7. 

(16.3) 

(1 6.4) 
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The value of the voltage axis intercept is found as 

- Vo = 10 x 'eq (16.5) 

where 10 is the value of the current axis intercept. In this example, 

Vo � -( -22) X 10-3 x 2.22 x 10" � 48.8V ( 16.6) 

22201l • 

T T 
(aJ 

L 
5 mh 

t 1 =  "R E 183 Il ::: L = 5 mh 
23.8ma . ;; 

• 

(b) 

Fig. 16.9. E'Iuivalent circuit for Fig. 16.7. for the period of time between I, and 11, 
(a) Exact circuit; (b) simplified circuit. 

Thus, the equivalent circuit for the transistor becomes a series circuit containing 
a battery Vu and a resistor 'to' The voltage across this circuit is given by the 
relationship 

(1 6.7) 
For this example, 

Vc � 48.8 + ic x 2.22 x 10" (16.8) 

Since ic is a negative term, the voltage along the line AB is given by the previous 
equation. Consequently, the equivalent circuit at time /1 is as shown in  Fig. 
16.9a. Norton's theorem is applied to find an equivalent circuit whieh will 
represent all of the circuit to the left of the points x - x in Fig. 1 6.9a. The 
admittance of this circuit is the parallel combination of the 2220-12 output 
resistance and the 200-0 load resistor. Therefore, the admittance to the 
Norton's equivalent circuit is 1 / 183 mhos. Also, the short-circuit current which 
would How in  Fig. 16.9a if L were short-circuited is 53/2220 a or 23.8 ma. It 
should be noted that this current can also be found from Fig. 16.8 as the current 
which would flow if RI, were zero. In this case, the point B of Fig. 1 6.8 gives a 
value of 23.8 ma, which agrees with the value obtained from the equivalent 
circuit of Fig. 1 6.9a. The total simplified circuit is shown in Fig. 1 6.9b. 

From Fig. 1 6.9b, the voltage V1. across the inductor L is 

VL = -0.0238 x 1 83e-Ul11. = -4.35,,-11111. ( 1 6.9) 

where R is the equivalent resistance of the circuit. In this case, the time constant 
T of the circuit is LfR. The total output voltage is V('(: - Ill. or 

Vo � -5 + 4.35<-1"11• (16. 10) 

A plol of Vo for this period is given in Fig. 16. 1 1  as the plot from " to '2' 

. - � 
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[ - I 23.S m. t� L = 5 rnh 

-L-
-=- 5 v  J+ 

Fig, 16.10. The equivalent circuit for Fig. 16.7 at time t2( +). 

At time 12• the transistor is cut off. Since current is flowing through the 
inductor. the equivalent circuit at time 12(+) is as shown in Fig. 16.10. The 
current flowing through the inductae must follow a closed path. Accordingly, 
the current through the inductor returns through R T  •. Therefore, for the time 
after t " Vu = -5 - 4.76e-R,I/L (16. 1 1 )  

A plot of VQ for this period is shown i n  Fig. 16. 1 1 .  

Observe that the voltage across the transistor of the foregoing example 
is nearly twice as large as the V cc supply. Actually, it is possible to 
develop potentials many times greater than the supply voltage when 
switching circuits contain inductances. Since the total current through 
the inductoe must also flow through the resistor at the instant when the 
transistor is cutoff, the higher the value of load resistance, the greater the 
amplitude of the output voltage pulse. Therefore, great care must be taken 
in the design of transistor circuits with inductive loads. The vacuum tube 
is usually more immune to high voltage than is the transistor. However, 
even in a vacuum tube the high plate voltage must be considered when the 
cutoff potential is determined. 

- lO e- -9.76 v -9f--sI --l e- rT = 25 �sec 
2 -6 1-� - 5 \----, / __ ....J \'----
� - 4  _. I 

- 3 1- �T = 27.3 �sec 

-2 1-
- 1 e- -0.65 , I °0L--------Ll��----�2--------�3--

t1 t2 
Time in milliseconds 

Fig. 16.11. A plot of v{} for Fig. 16.7. 
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PROB. 16.5. Verify Eqs. 16.9 and 16. 1 1 .  

PROD. 16.6. Repeat Example 16.2 if all values remain as given except that 
R L is changed from 200 to 600 n. 

o v ---.,-----, 

VI 1 msec 

Cut off 

t 
vI 

) 

6J5 

IOK 

+ 
..=.. lOOv 

Fig. 16.12. A vacuum tube pulse generator circuit. 

PROD. 16.7. A circuit is connected as shown in Fig. 16.12. Plot the output 
waveform of this circuit. What is the magnitude of bias voltage required to cut 
this tube off? 

16.2 CAPACITANCE AND CHARGE STORAGE IN DIODE 
SWITCHING CIRCUITS 

In Chapter 3. diodes were used in clipping and clamping circuits. When 
the voltage waveforms reverse polarity very rapidly, the interelectrode 
capacitance of the vacuum diode must be taken into account. For example, 
if a square wave is applied to the clipper circuit shown in Fig. 16 . 13a, the 
equivalent circuit of the diode (including interelectrode capacitance) is 
as shown in Fig. 16. 1 3b. The switch SI is in position 1 when the cathode 
is negative (with respect to the plate) and switches to position 2 as the 
cathode becomes more positive than the plate. The capacitor C p couples 
the input and output circuits in the same manner as an R-C coupling net
work. However, since Cl' is very small (in the order of a few picofarads), 
the time constant of the circuit is very small and the capacitor is rapidly 
charged or discharged. Therefore, the voltage output Vo has the form 
shown in Fig. 1 6. 1 3b. 

Most circuits contain an appreciable amount of stray shunt capacitance. 
As noted in Chapter 7, the effect of this shunt capacitance is to round off 
the leading edges of a square wave or pulse signal. Consequently, when 
the shunt capacitance C" is also included in the circuit (as in Fig. 16.1 3c) 
the spikes on the leading edges of the pulses arc considerably reduced. 
In fact, if the shunt capacitance is large enough, not only will the spikes 
at the leading edges of the pulses be completely removed, but, in  addition, 



604 Electronic Engineering 

the leading edges of the pulses may also be rounded off. Thus, the exact 
waveform of the output signal can be found only if the shunt capacitance 
of the circuit and the interelectrode capacitance of the device are both 
included. 

(a) 

Cp 

0 � t 'p 8, +20 v t 2 
RL 

+ 10 V� ., ·0 0 
- 10 'If I t I t2 t3 

(b) 

Cp 

0 I� 
t 'p 8, t 2 
. , RL C •• ·0 "1---h-I I tl t2 t3 

(c) 
Fig. 16.13. The effect of interelectrode capacitance on the output waveform of a clipper 
circuit. (a) Actual circuit; (b) equivalent circuit and output when only interelectrode 
capacitance is included; (c) equivalent circuit and a typical output when interelcctrode 
and stray shunt capacitance is considered. 

PROD. 16.8. A diode is connected as shown in Fig. 16.13. (0) Plot the output 
waveform if, Rc. - IOKO. ep :a 10 pr, and rp = lOOn. Assume C,/a = 0 and 
12 - '1 = t3 - '2 = 10-- sec. (b) Repeat part a if a shunt capacitance Clfh = 10 pr 
is present. 

Since the semiconductor diode has a junction capacitance, the foregoing 
analysis should also be applicable to the junction diode. Unfortunately, 
the junction diode exhibits a more complicated bchavior than the simple 
capacitance-like behavior of the vacuum diode. As already noted In 
Chapter 3, the junction capacitance is a function of junction voltage. 
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In addition to the junction capacitance, a second capacitive effect is 
also present in junction diodes. This new effect is the result of charge 
storage in the diode. The reason for this charge storage can be visualized 
with the help of Fig. 16.14. In constructing Fig. 16. 14, it was assumed 
that the doping concentration in the p-region is 10" Icm3 and the doping 

p n 

n carriers 
o -----'�,n1.. - - _ _ ,C_:-,, __ _ 

o 
Oistance-

(a) 

� c . > • �c < 
I ; RN ; �C "RN RN � < i 

<AA v a RD 
(b) 

Fig. 16.14. Minority carrier distribution near a junction. (0) Minority carrier distribu
tion; (b) equivalent circuit of a section of semiconductor. 

concentration in the n-region is J015/cm3. If the semiconductor material 
is germanium, the carrier concentrations far removed from the junction 
will be 

Pp � 1017/cm3 

n '  
". = -' = 5.76 x 1O'/cm' 

p" 
n e  P. = -' = 5.76 x IOH/cm' 
n. 
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When forward bias is applied to the junction, majority charge carriers 
are injected across the junction and become minority carriers in the 
opposite type material. Since there are 100 times as many p-carriers as 
n-carriers, it is logical to assume that 100 p-carriers will cross the junction 
for each n-carrier. It can be shown1 that this condition does, indeed. 
exist. 

Thus, a large number of p-type carriers are injected into the high 
resistance n-side of the junction. Some of these carriers are lost by 
recombination and the others diffuse away from the junctions. This 
behavior is somewhat analogous to the action of the equivalent circuit 
shown in Fig. l6 . l4b. When steady state is established in this circuit, 
the current is injected into junction a. Part of this current is lost 
through Rn (analogous to the recombination loss for our minority carriers) 
and the rest passes through Rn (analogous to the carrier diffusion) to 
junction b. Again, a given percentage of current is lost through RR and the 
remainder is passed through RI) to terminal c. When a large number of 
these sections are used, the current wiU be found to decrease exponentially. 
True to the action of the analog, the minority carrier density decreases 
in a logarithmic manner2 as the distance from the junction is increased. 
Thus, minority carrier distribution will be as shown in Fig. 16. 1 4a. It 
may seem that the exponential reduction of p-type carries as a function of 
distance from the junction would cause a corresponding reducticn in 
diffusion current and thus total diode current with distance. Actually, 
the diffusion current does decrease, but the recombination process produces 
an electric field which causes a majority carrier drift current. The total 
diode current, which is continuous throughout the diode, is the sum of the 
diffusion and drift currents. The excess minority carriers (those in excess 
of the minority carriers which are present when no current flows) are 
called stored charges. These stored charges can be considered to be stored 
in the C elements of Fig. 16. 1 4. Note that some minority charges are 
actually stored in the low resistance side of the junction but the majority 
of the stored charges are located in the high resistance side of the junction. 

When a reverse voltage is applied to the diode. minority charge carriers 
will flow across the junction. Under steady-state conditions, only the 
thermally generated minority carriers near the junction are available to 
cause reverse-bias current. However. when current has been flowing in 
the forward direction. the large concentration of stored minority carriers 

1 1. G. Linvm and J. F. Gibbons, Transislors and Aclive Circuifs. pp. 19-23. McGraw
Hill, New York, 1961. 

11 A much more exact model for a section' of semiconductor material as wcll as a 
proof of the logarithmic distribution of carrier density is given in Models of Transistors 
and Diodes by J.  G. Linvill, McGraw-Hill, New York. 1963. 
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shown in Fig. 16.14a exists. These stored carriers will be swept back 
across the junction. A reverse current will flow until the stored charge 
has been removed. Of course. recombination will also assist in removing 
the stored charge. As a result of these two mechanisms, the stored charge 
is  removed (Fig. 16 .15). As shown in this diagram, reverse current 
continues to flow until time 1" at which time practically all the stored 

" 

External 
voltage + v -- - - - --, 

I 
I +1 ..,,-=-,--,' Forward 

current 

O -------r.-,-,-,-?----
Reverse 
current _I � ______ LI -r-+-+-4 

- v  

I I 
I I I I I 
L_L_Ll_l ______ _ 

to t) tz ta t4 

(a) (b) 

Fig. 16.15. The removal of stored charges. (a) Charge density distribution; (b) current 
waveform. 

charges have been removed. The reverse current then decreases to the 
normal saturation value. Although the external voltage reversed at time 
to, the voltage across the junction does not reverse until time I,. 

From this analysis, it is evident that the following statements apply: 

1. The time required to remove the stored charge (storage time) increases if the 
forward diode current (just prior fo switching time) is increased. 

2. Storage time decreases if the carrier lifetime is decreased. 
3. Storage time decreases as the amplitude of reverse current increases. 

An approximate equivalent circuit which can be used to represent a 
diode with charge storage is given in Fig. 16 . 16. Switch SI switches to the 
resistor r, for forward current conduction and to rlJ when the po)arity of 
the diode voltage is reversed. The capacitor C, holds the stored charge. 
The capacitance of this capacitor is effectively infinite, since the voltage 
across the junction remains essentially constant while the stored charge is 
removed. However, as the last stored charge is removed, the switch S'I. is 
thrown to the open position. Then, the capacitor C, (which has a capaci
tance given by Eq. 3.52) charges as the voltage across the junction 
increases. 
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Some manufacturers provide storage times for typical operating 
conditions of the diodes. If this information is not provided. storage 
times may be found experimentally. Storage times vary from the order of 
a millisecond for large current rectifier diodes to a few nanoseconds 
(10-' seconds) for high-speed switching diodes. 

T�c. Very 
large 

82 

Fig. 16.16. An equivalent circuit for a junction diode. 

PROD. 16.9. A junction diode has been conducting in the forward direction. 
A stored charge of 5 x 10-10 coulombs exists in the diode. At time I = 0, a 
reverse voltage of 10 v is applied to the circuit. The external circuit contains 
an effective source resistance of 10,000 ohms which is much greater than the 
internal forward resistance of the diode. If the effective junction capacitance 
of the diode is 10 pfds, plot the current waveform from the diode. Answer: 
Storage lime (to 14 in Fig. 16.15) is 0.5 psec. 
PROD. 16.10. A junction diode has an external resistance in the circuit such 
that the forward current flow and reverse current (while the stored charges arc 
removed) arc both 1 0  ma. The time required for the stored charges to be removed 
is 10 pseconds. The applied voltage is changed so that the forward current flow 
is 20 ma and the reverse current flow is 10 ma. 

(a) How long would it take to remove the stored charges under the latter 
conditions jf recombination can be neglected ? 

(b) When recombination is considered, will this storage time be increased or 
decreased ?  Explain. 

16.3 RESPONSE TIME OF ELECTRONIC SWITCHING CIRCUITS 

The rise and fal l  times of linear amplifying type circuits was discussed in 
Chapter 7. The rise lime IT was defined as the time required for the output 
current or voltage to rise from 10 to 90% of its final value when a rectangular 
current or voltage signal is applied to the input. This rise time was found 
to be 2.2 times the effective time constant of the shunt capacitance and 
shunt resistance of the device. Stated in another way. the rise time or 
ja/l lime ', can be written as 2.2/w,. where w, is the high-frequency cutoff 
of the amplifier in  radians per second. 
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The rise time of a transistor switching circuit can be improved by 
driving the amplifier into the saturation and cutoff regions. The effect 
of driving the base into heavy saturation is illustrated in Fig. 16. 1 7. In 
Fig. 16. 17a, the base current is just large enough to barely drive the 
transistor into saturation. The behavior is identical to that discussed in 
Chapter 7 for the linear amplifying devices. Thus, I, is equal to If' which 
is equal to 2.2/w2. In contrast, the transistor whose current waveforms are 

i�t-----ll 
_ _ _ _ _  _\___ 

I 1 -
I 
I , 
I I I �t r� _ _

_

_ J�::hFEiB 
-----11 · 1  I I 

--1 t,. r- -1 It I""'" t ----
(a) 

i.t 
o --+-------!,---

I I �  , 
' h . I ------. FE'B I /' " I t 1\ I 1 " 

ie t 
_

_

_ _

_ l� o -----!" IT ,--
--
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Fig. 16.17. The effect of excess base drive on rise and fall times. (a) Transistor driven 
to saturation; ia = iclhn; (b) transistor in heavy saturation la = 2iClhJ'E' 

shown in Fig. 16. 1 7b has been driven into heavy saturation. In fact, the 
base current is twice as large as that required to produce saturation. 
Consequently, the collector current ic exponentialLy increases toward a 
value twice as large as in Fig. 1 6. 1 7a. (This behavior is indicated by the 
dotted curve in Fig. 1 6. 1 7b.) However, when the collector current has 
increased to one half this value. saturation occurs and ic becomes constant. 
As a result of this action, the rise time (for this example) is reduced to a 
value less than O.7/w2• The fall time is essentially unaffected by the excess 
base drive. Consequently, the fall time remains approximately equal to 
2.2/W2· 

Figure 16. 1 7b indicates one other significant fact. The collector current 
does nol begin 10 decrease until a period of time I. has elapsed afler the base 
current has returned to zero. This period of time t� is known as the storage 
time of the transistor and exists only when the transistor has been driven 
into the. saturation region. 

The storage time is intimately associated with the stored charge concept 
already discussed in Section 16.2. [n typical transistors, the base has a 
lower doping concentration than does the emitter. Consequently, when 



610 

---_ . . .  - ," -----

Electronic Engineering 

a forward bias is present at the base-emitter junction, a high percentage 
of the carriers which cross this junction are base minority carriers which 
are injected into the base region to form an excess density of minority 
carriers. When the collector-base junction is reverse-biased. most of these 
minority carriers are swept out of the base region by the collector (Fig. 
16.18a). The number of excess minority carriers present in the base 
under these conditions is known as the "normal" base charge. 

Emitter 

o -� .l.8as."l. 
Collector 

(a) 

_","'''' stored 
base charge 

Normal base 
charge 

o------�·-·-�--------
Emitter �+=�k- Collector 

(b) 

Fig. 16.18. Plots of minority carrier density in the base region of a transistor. (a) Non
saturated; (b) saturated condition. 

When the transistor is in saturation, both the emitter-base and collector
base junctions are forward-biased. The charge distribution under these 
conditions is as shown in Fig. 16.18b. The current injected from the 
emitter to the base is so large that the collector is unable to collect all of 
the carriers available in  the base. Consequently, the minority carrier 
density in the base increases until the recombination in the base is able to 
absorb the additional injected carriers. The excess charge (due to these 
excess carriers) in the base above the normal base charge is known as 
excess stored charge. The magnitude of stored charge increases as the 
degree of saturation increases. After the base current is reduced to zero, 
the collector current cannot decrease from its saturated value until the 
minority carrier density at the collector junction. and hence the excess 
stored charge, has been reduced to zero. The time required for this re
duction is the storage time I, (Fig, 16 . 1 7b). However, while the excess 
stored charge is being removed by the collector and also by recombina
tion, the emitter-to-base junction continues to be biased in the forward 
direction (as noted for the diode) owing to . the excess stored charge. 
Consequently, additional minority carriers continue to be injected into 
the base region. Thus, the charge removed by the collector during time 
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t, may be several times as large as the excess stored charge present at the 
beginning of t ,. 

The storage and fall times can both be reduced appreciably if reverse 
voltage is applied to the base terminal (with respect to the emitter terminal) 
at the beginning of the period t.. Under these conditions, the excess 
stored charge in the base is removed by a reverse base current (identical 
to the reverse diode current of the last section), as well as by recombination 

i 
'c 

hFEis ------, 
� 

\\ 
\\ 

Ic ------...,...'" 
Pulse termination 

with is .  0 

Pulse termination 
with iH Z -[In -Sa"Se-currentY-l 

I I o ---------+'�--��-=�-------
I ,,/ " 
I / ..... , /  � -18z L  

-
I _ _  

R erse ba, C ent } Discharge pa-;;' i�-ev e urr is remained 
constant at -182 

Fig, 16.19. The effect of reverse base current on storage and fall times. 

in the base and removal of charge by the collector. The effect of the reverse 
base current on the storage and fall times is shown in Fig. 16 . 19. 

An equivalent circuit for a transistor, which includes the effect of 
excess stored charges, is shown in Fig. 16.20. In addition. the various 
voltage and current waveforms associated with the circuit are also shown. 
Note that if the base of a transistor is reverse-biased (by a voltage VIJo) 

in order to insure cutoff, a fourth period of time, td' is also present. This 
period of time is known as the delay time and is equal to the period of time 
required for the base current (lm) to charge the capacitors C" and C,b 
sufficiently to allow the base-to-emitter voltage to rise from V HO to the 
value where conduction can occur. (Actually. by definition. td does not 
end until the collector current has risen to 10% of its final value.) 

The behavior of the saturated transistor switch can be summarized by 
noting the behavior of the transistor as the input signal v/ (Fig. 1 6.20) is 
applied to the base B of the equivalent circuit. Originally, switches S, 
and S" are open and a potential VJJO exists on the reverse-biased base. 
When the input voltage puise is applied, a base current lm flows. This 
current Changes the charge on Cc/) and et/) and the base potential 
of the ideal transistor increases. At the end of the period td' the base 
potential is high enough for collector current to begin to flow. The 
period Id can be calculated if flJ1• V llO, Cc/). and C ... b are known. Then, 
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Fig. 16.20. The equivalent circuit and waveform of a saturated transistor when used as 
a switch. (a) Equivalent circuit; (b) waveforms. 
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the change of charge on the two capacitors is 

( 16 . 12) 

where Ctb and CCb are the effective capacitances of these capacitors over 
the voltage range /:J.VB' The voltage /:J.VB is equal to the change of potential 
from V BO to the value where collector current begins to flow. (As a rough 
approximation, collector current begins to flow in a germanium transistor 
at 0 base volts and in a silicon transistor when 0.5 volts forward bias exists 
across the base-emitter junction.) Finally, the delay time is given by the 
equation 

(16.13) 

where J E l  is the base current which flows while the input pulse is present 
(see Fig. 16.20). 

The capacitors C'b and CCb are usuaJ1y not specified on the transistor 
data sheet. However, a capacitance Cib (the input capacitance for a 
common-base configuration) and Cub (the output capacitance for a 
common-base configuration) may be given. These capacitors are usually 
slightly larger than C" and C" , respectively, but can be used (C" R; C" 
and Crb � Cob) to determine fairly accurate values of delay time. 

When the potential across the base-emitter junction has reached the 
proper value, carriers are injected into the base region and collector 
current begins to flow. Since a very small change of base-emitter voltage 
occurs between cutoff and saturation, the charging effect of C�b can be 
ignored during the rise time I,. Thus, the only capacitor which will 
experience a substantial change of voltage is Ceb• While the exact analysis 
is somewhat complex. an equation has been developed3 for rise time which 
states 

where le 
181 

R' a 

( 1 6. 14) 

is the final value of collector current while the pulse is applied. 
is  the base current while the pulse is apptied. 
is the Thevenin's equivalent Joad resistance. 

w, i s  the current gain-bandwidth product. (This wr IS equal to 
(l,wp as defined in Chapter 7.) 

3 The development of this equation and a comparison of rise time equations developed 
by other writers is given in MOforola High-Speed Switching Transistor Handbook, 
pp. 100-104, edited by W. D. Roehr. Motorola Inc., Phoenix, Arizona, 1963. 
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When the collector current saturates, the two switches S1) and Se are 
closed and the excess stored charge is established in the base. 

At the end of the pulse duration, reverse voltage is again applied to the 
base terminal. The stored charge in CSb and ese is gradually removed 
from the base region. Until this charge is removed, the base-ta-emitter 
junction remains forward-biased as discussed previously. Thus, collector 
current continues to flow at the value le until the excess stored charge is 
removed from the base. 

An expression often given in the literature" can be used to calculate 
the storage time t s- This expression is 

t = T In IBl + IB' • • IclhFE + IB' 
where "T:t is the excess base charge lifetime. 

( 16 . 15) 

ln2 is the reverse base current which flows immediately after the 
pulse has been applied. 

Although most of the parameters in Eq. 16. 1 5  can be determined readily, 
the value of 'Tor is usually not included in the data sheets. However, if the 
storage time is measured (or given) for one set of conditions, the value of 
'Tz can be found from Eq. 1 6. 1 5. Then. this value of 'T� can be used to 
determine storage times for other conditions. Unfortunately, storage 
time cannot be predicted very accurately at conditions far removed from 
a measured point. 

At the end of the storage period, the switches S, and S, are opened. 
Then, the charge on capacitor Cd) increases as the collector current 
decreases to zero. Because of the circuit similarity between fall and rise 
time, it is not surprising to find that the two equations are similar. The 
equation for fall time is 

( 16. 16) 

An examination of most manufacturer's data sheets leads to a feeling 
of frustration. Few, if any, manufacturers list all of the data required to 
accurately predict the switching times. However, most manufacturers do 
include delay, rise, storage, and fall times for a given input pulse signal. 
Although extrapolations of these values to other circuit conditions do not 
produce very accurate results, at least approximate values can be deter
mined which will be or great use in preliminary design work. The effect 

4 The derivation or this equat ion and a comparison with other equations for t" is 
given in M(JIOI'O/a HiKh�5,peed Switchinx Transistor Handbook, pp. 1 1 5-128, edited by 
W. D. Rochr, Mororola Inc., Phoenix. Arizona, 1963. 
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FIg. 16.11. The effect of base current on the switching times of a transistor. (By 
permission from Electronic SWitchingt Timinc and Pulse Circuits by Joscph M. Pettit. 
Copyright 1959, McGraw-HiII Book Co. Inc.) 

of base current on the sWitching times of a transistor is illustrated in Fig. 

16.21. . 

PROD. 16.11. A gennanium switching transistor in a common-emittcr con
figuration is to be used as a pulse amplifier. A pulse is applied to the base at 
10 and is terminated at time t1, Previous to to the base has a reverse bias of 
V BD - J .25 v applied. (Since this is a germanium transistor, assume collector 

current begins to flow when the base voltage is 0 v.) Determine the values of 
'4• fro I,. and I, for the following conditions: 

C" - 3.5 pfd 
C .. = 5 pfd 

w .. =- 217" X 460 x lOa 
R'c ra so n  
Im - -S ma 
lB. = + 1.25 ma 
le 0:::. - l OO ma 

hFE = 95 
TS - 20, x Jo-t sec 

Answer: Id = 2.125 ns. tr = 12 nsec. 
PROB. 16.12. The following data are listed for a typical 2N964A germanium 
PNP transistor : 

C .. - 2.7 pfd 
C" - 2 pfd 
f. - 460 MHz 

Id + ty - 35 X 1O-8sec 
R'e - 300 n  

hFE = 80 
Im - -l ma 
lB! = 0.25 ma 

VBO le +1.25 v 
le - -10 ma 

I, + I, - 6 x IQ-'sec 
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If all parameters (not included ta• Ir• t" and I,) remain as listed except 
R'o = 50 0, Im = -5 rna, IB2 = 1.25 ma, and le = -)00 ma, find 'a, t.,. t�. 
and " for this new condition. How do these values compare to the measured 
values of Id + If' = 30 x 10--11 sec and I, + I, = SO x lO-9sec? 

16.4 TRANSISTOR HIGH-SPEED SWITCHING CIRCUITS 

Transistor switching circuits can be divided into three basic types, 
depending on their mode of operation. These three modes of operation 
are known as the saturated mode, the current mode, and the avalanche 
mode. The typical regions of operation for each of these modes are shown 
in Fig. 16.22. 

In the saturated mode the transistor switches from cutoff to saturation 

� � � � � E � ·e 
.0 
c � 
e , y � 
.9 jI 
� 

IO r---.--.---.--.--, 

9 r---�--_+----�--�� 

8 �--+---+---4---�+H 

1 

6 

5 

4 

3 

Avalanche 
mode 

-30 /Ja 

I t=�===t���r--t�����=-�2�5 

°O�----�2----�4r----6�--�8---L�10���1�2��1�4--L-�16�--�18 
Collector to emitter voltage in volts 

Fig. 16.2Z. The three switching modes of operation. 
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-Ve<; 

-¥Cc 

c. 

t 
VI 

(a) (b) (0) 

Fig. 16.13. Typical saturated mode circuits. (a) Basic circuit; (b) baker clamp circuit; 
(c) capacitor-resistor coupling circuit. 

as previously discussed. However, as noted in the last section, storage 
time is present whenever the transistor is driven into saturation. Thus, 
in high-speed circuits it is desirable to either limit the amount of saturation 
or at least to neutralize the stored charge as quickly as possible. The 
amount of saturation can be limited by the Ba�er' clamp circuit shown in 
Fig. 16.23b. In this circuit, the diode Dl conducts as soon as the base
collector junction becomes forward-biased. If the voltage drops across 
the forward-biased diodes Dl and D'J, are identical, the voltage across the 
base-collector junction will be zero. Thus the stored charge in the tran
sistor is eJiminated. Unfortunately, this circuit is not quite as good as it 
appears at first. The stored charges are not present in the transistor, but 
they do appear in the diode. However, since storage times of some diodes 
are very short (the FD-700 diode will recover from 10  ma forward current 
which switches to 10  ma reverse current in 7 X 10-10 sec), the storage 
time of the circuit can be considerably reduced by the proper choice of 
diode. 

A more popular method of increasing the switching speed is to use a 
capacitor in parallel with R, (or to use conventional capacitive coupling) 
(Fig. 16.23c). In this circuit, the stored charges are removed very rapidly 
from the base region to the capacitor C,. With the proper size of C" the 

rise and fall times as well as the delay and storage times can be decreased. 
In order to have a very short charging time constant for C" the output 
impedance should be small for the circuit which drives the base circuit 
of Fig. 16.23c. 

' R. H. Baker. "Maximum Efficiency Switching Circuits," MIT Lincoln Laboralory 
RePO'I, TR.1l0, 1956. 
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Fig. 16.24. The configuration and characteristic curves for Prob. 16.13. (0) The circuit; 
(b) characteristic curves. 

PROD. 16.13. A circuit is connected as shown in Fig. 16.24. )f vI has the form 
shown, plot (a) if.lh (b) iClo (c) i H2. and (d)i 02. Answer: vI = 2 V. iBl = 1.1 ma, 
iel = 38 ma, iR2 =: 0 ma, ;CI = 0 ma. 

Storage time can be eliminated completely by not allowing the transistor 
to go into saturation. The current mode circuit which is shown in Fig. 
) 6.25a can be used to prevent saturation. The action of this circuit can 
be best explained by considering an example. 

Example 16.3. A 2N702 transistor is connected a� shown, in Fig. 16.25a. The 
resistor RL is 3 KO and resistor RI-; is 5 K ohms. The input signal VI is a 
square wave with a maximum value of +2.0 volts and a minimum value of 
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-2.0v. The - VEE supply is -12 v and the + Vco supply is 1 2 v. The con
ducting diode has a voltage drop of approximately 0.25 v. and hi. is equal to 
10,000 ohms . 
. '. When the input signal Vr is -2.0 v, the current through RE is essentially 
VEEIRE or 2.4 rna. All of this current flows through the diode D. to ground . 

. ,Since the voltage drop across the forward-biased diode is 0.25 v, the voltage on 
,., . the emitter of the transistor is also at this potential. With the voltage on the 

base of this transistor at -2.0 v, the transistor is in the cutoff condition. Thus, 

t 
", � 

1 
R. R. 
- vu + v .. 

(a) (b) 
Fig. tfi.lS. Typical current mode circuits. (a) Single transistor; (b) differential output 
circuit. 

no current flows through the transistor or the resistor R L' Consequently, the 
output voltage Vo is + 12  v. 

The analysis is more complex when the input signal VI is +2.0 v. Under these 
conditions, the emitter \Yill be at approximately the same potential as the base 
since the base-emitter junction is forward·biased. With the emitter positive, 
the diode Dl will be reverse-biased. The circuit now becomes very similar to an 
emitter follower circuit. A load line can be drawn for this circuit as shown in 
Fig. J6.26 (see line a-b). The value of resistance which detennines the slope is 
R L + RE and the voltage axis intercept point (b) is at ( + V cc) - ( - V EE) volts. 
The point of operation must lie somewhere along this line. The exact operating 
point can be found by a series of trial and error calculations. (That is, assume a 
value of collector current and calculate the emitter voltage. Now check to see if 
the base current which will flow with the assumed base-emitter voltage will 
produce the required collector current.) An approximate operating point can be 
found by drawing a second load line (line c-4 of Fig. 16.26). This load line has a 
slope determined by R L and a voltage axis intercept determined by V cc' The 
intersection of the two Joad lines gives the approximate operating point. Actually, 
the exact operating point could be determined by this method if the voltage 
intercept of the second load line had a value of V cc - V E' 

For this example, the approximate operating point is at le =- 2.4 ma. The 
base current is seen to be slightly less Ihan lOO I' amps. Thus, the base-emitter 
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Fig. 16.26. A graphical solution for Fig. 16.250. 

voltage is equal to hi� times 10-' or 1 v. Therefore. the emitter is at a potential 
of + 1 v. A load line for RL = 3 KO and l'cc = 12 - ( +  I) = 1 1  v establishes 
an operating collector current of 2.5 ma. Hence, the output voltage is 4.7 v 
when VI is +2.0 v. Since saturation does not occur, the storage time for this 
circuit will be zero. From the data sheet for the 2N702 transistor, Id, = 8 X 10-9 
sec, IT = 5 X 10-9 sec, and t I = 5 x 10-' sec when VD shifts between + 1.5 and 
-1.5 v. These values are extrapolated to produce the waveform shown in Fig. 
16.27. 

The single transistor current mode circuit of Fig. 16.250 can be modified 
to produce a differential output circuit as shown in Fig. 16.25b. In this 
new circuit, the diode D, in the original circuit has been replaced by the 
base-emitter junction of the second transistor. As observed in Example 
16.3. current flows in diode Dl when the transistor is cutoff and the diode 
is cutoff when the transistor conducts. Accordingly, one transistor of 
Fig. 16.25b conducts while the other transistor is cutoff and vice versa. 

L 
Input waveform 

+12v --+ .... 

4.7v ---++ }---! , -
Id = 1 1 .  10-' see � 

t,. = 7 )( 10-9 sec ---
\- � 1-,,= 7 K IO-' see 

Output waveform 

Fig. 16.17. Voltage wavefonns for Example 16.3 . 

. 
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Thus, a signal of one polarity can be taken from one output terminal and 
the complementary (or inverted) signal can be taken from the second 
output terminal. 

The circuit of Fig. l6.25b can also be used to convert a sinusoidal 
signal (applied at VI) to a square wave at terminal vD •• 

t 
'. 

.,r. 

3 K  

+2:� I'---�--'..I -0.5v :::::i r-- 2 

VI I 

Time in milliseconds 
(b) 

3 K  

2N702 

16K 

(c) 

+ 
-=- 12"1 

L 
3 

+ 
� 12v 

+ 

-=- 48v 

Fig. 16.21. Circuits and data for Prob. 16.14. 

PROB. 16.14. A 2N702 transistor is connected in the two configurations 
shown in Fig. 16.28. Detennine the output voltage Vc for both circuits. The 
input voltage v I is as shown. The collector characteristics of the 2N702 are 
given in Fig. 16.26. 
PROB. 16.15. A transistor is to be operated in the circuit shown in Fig. 16.29. 
The characteristics of a 2N656 are given in Fig. 16.24. The VOltage vI is a 
500 Hz square wave with a minimum value of - 2 v and a maximum value 
of +2 v. Plot im• 'Cl' '-(.'2' vCt> and v(,"2- Answer: vI = 2 v, i Ht = 1.1 ma, 
;01 = 40.5 ma, ;02 = 0, vOl = 7.95 V, VC2 = 12 v. 

Very fast switching is  possible by using a transistor in its avalanche 
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Fig, 16.29. The circuit for Prob. 16.15. 

mode. As noted in Section 3.6, avalanche operation in the diode is due 
to ionizing collisions of thermally generated carriers. The highly reverse 
biased base-collector junction of a transistor contains not only thermally 
generated carriers but also carriers which have been injected from the base 
region. Consequently, as the base-collector junction voltage approaches 
the avalanche region, the behavior of the transistor should be different 
than the behavior of the diode. 

The characteristics of the transistor in the avalanche region can be 
calculated rather easily. In Chapter 4, we noted that the collector 
efficiency of a transistor is given by Eq. 4.20. 

1 
0 =  N 

1 _ (V��;) (4.20) 

The collector current of a transistor which is operating well below the 
avalanche region is equal to (1.1" + leo. The current leo is the current 
that flows in the collector-base circuit as a result of thermal electron-hole 
generation in the base-collector junction. This current is so small that it 
has been ignored in some of the previous derivations. Nevertheless, this 
current is always present and becomes important in this derivation. As 
the base-collector voltage approaches' the avalanche voltage, ionizing 
collisions begin to occur in the base-collector junction. The collector 
current increases to 0 times the collector current without ionizing multi
plication. Thus, the collector current in and near the avalanche region is 
given by the following eq uation: 

( 16. 17) 

where (1.* is the value of (1. at low-collector voltage. Thus, from Eq. 4.21, 
IX = IX*O. Note that leD is the collector-base charge generation current 
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excluding multiplication effects (the mUltiplication effects are taken into 
account by �). 

Equation 16.17 can be modified by noting that the emitter current lE 
is equal to le + lB' When this value is substituted into Eq. 16.17 in 
place of lE' the collector current is given by the equation: 

<I 
[e = (leo + a.·IB) (16.18) 

1 - a.'� 

In the avalanche region, the product IX'� must be larger than I .  Under 
these conditions, the term multiplying (leo + a.IB) in Eq. 16. 18  will be 
negative. However, the current leo flows the opposite direction to the 
current le. Therefore, if le is to be larger than leo, the current IB must 
flow in the reverse direction (with respect to normal base current) in order 
to satisfy Eq. 16.18. The value of � from Eq. 4.20 can be substituted into 
Eq. 16. 18  to yield 

[e "- lco + a.·IB 

Equation 
result : 

I - a." - (v::f (16.19) 

16.19 can be solved for VeE with the following equation as the 

VCE = VA[I - «* _ a.*(IB + l
�

o )J '/N 

le a. le 
(16.20) 

A plot of the relationship given by Eqs. 16.19 and 16.20 is plotted in 
Fig. 16.30. The characteristics of actual transistors in the avalanche 
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Fig. 16.30. Theoretical piN of transistor output characteristics in the avalanche region. 
Courtesy of MOlorola Semiconductor Products Inc., Phoenix, Ariz.) 
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region ace very similar to the theoretical curve: However, some difference 
between actual and theoretical curves does exist because the values of 
both <)t* and N depend on the curreni density in the device. A comparison 
of Figs. 16.30 and 16.32 indicat�s ,the similarity of the actual and 
theoretical curves. 

' . 

An example will be used to illustrate the use of a transistor operated 
in its avalanche mode. 

Example 16.4. A 2N709 transistor is connected as shown in Fig. 16.31. The 
current input waveform is also shown. If the characteristics of the transistor 
are given in Fig. 16.32, find the output signal Vo of this transistor. 

+5,..� i, 0 

'---10-... ...,' 
-

i, 

� 

Ri. 1.2 K 
+ 

..=.. Vcr = 12v 

+ 
-=- VBB = 12v 

Fig. 16.31. A transistor switch operating in the saturation mode. 

The first step in the solution is to determine the load line. For an RL of 1.2 K, 
the load line would be located as shown. We note that this load line extends well 
into the avalanche region. 

In order to determine the operating point, �he ba,se bias current must be 
known. We observe that the base-emitter junction is biased in the reverse 
direction. Thus, we may suspect that the base current is essentially zero. How
ever, the voltage source VBB is 1 2  v and the base-emitter breakdown voltage 
B�EBO is listed in the transistor characteristics as 4.0 v. Thus, the ba�-emitter 
junction behaves as a zener diode and can be consideted .as a constant ·voltage 
element:. Accordingly, the base circuit can be representc,d by thc equivalent 
circuit sh,own in Fi9. 16.33. The bias current IB will have a magnitude giyen by 
the relationship - '  

(16.21) 

For this example, IB is (-12  + 4)/(8 x I OS) � -10 pamp. 
From the characteristic curves of Fig. 16.32, there are three positions on the 

load line where the ID = - 10 Ilamp crosses. However, one of these positions 
(the centcr one) represents an unstable point of operation. This instability is 
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Fig. 16.32. Output charac�eristics �f a 2N709 transistor in the avalanche region. 

due to the fact that the negative resistance of the transistor (llhoe) is greater 
than the positive �esistance of the load RL. Thus, we are left with two stable 
opera,ting points. When the circuit is first turned "on." the base current �jJl. 
be - 1 0  ftamp and the operating point will shirt from the origin out to the point 
marked A. Since point A is a stable operating point. the transistor will remai.n . 
at this point until either an increase of coJiector voltage or a decrease of base
current magnitude occurs� In this example. a decrease of 5 "amp base current 
occurs at time It.· Thus, at 11 the base current drops to -5 pamp. Since the 
1 R = -5 Ilamp only crosses the load line at one position (point B). the operating 
point shifts very rapidly to point B. As the base trigger pulse decays back to 
-·lO pamp. the operating point shifts along the load line, from point B to point 
CJ ,Since point C is a stable operating condition. the transistor will remain in 
this cond.ition until th� next pulse is applied at time I". 

T!te pulse at time Is has a magnitude of - 1 0  J'amp and when added· to 

4 .  

r---I-/1/1-'--+ ---.-----,---, 1 O!-
,-R_._�_�_I_: ___

__ 
.,..T..J -

v •• 

Fig. 16.33. The equivalent ci�uit for the base circuit of Fig. 16.31. 
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Fig. 16.34. The collector current wavcfonn from the circuit in Fig. 16.31. 

In = -10 pamp causes the base current to become -20 ,lamp. The IIJ = 
-20 pamp curve only crosses the load line at one point (point A). Thus. opera

tion is rapidly shifted back to point A. Since the In = -20 pamp and the IB = 
-10 }'Bmp approximately coincide. there is essentially no change in operating 
point as the trigger pulse slowly decays. 

From the foregoing analysis. the collector current waveform will have the 
shape indicated by Fig. 1 6.34. There is one additional item that should be 
checked. The power dissipation should be investigated while the transistor is 
operating at point C. For our particular example. the base circuit has 
-10 pamp x (- 4 v) = 40 pwatts dissipation and the collector circuit has 
2.S ma X 9 v - 22.S mw dissipation. Since the total power dissipation should 
not exceed 300 mw for this transistor, we can safely operate in the region 
indicated. 

/ 
The foregoing example indicates how the avalanche region of operation 

can be used for switching applications. In addition. this example can 
also serve to indicate a hazard which the switching circuit designer must 
remember. The characteristics of the 2N709 list maximum collector-to
base voltage of 15 v. If supply potentials of this magnitude are used. the 
transistor may be operating in the avalanche region. A saturated mode of 
operation may be desired where the transistor switches from saturation 
(very low collector voltage) to cutoff (very low collector current). Either 
of these operating points will have very low power dissipation. However. 
if the transistor must switch through the avalanche region. it is possible 
for the transistor to "latch-up" at a point of high voltage and high current. 
Latch-up occurs when the collector current "latches" at the higher value 
of two possible modes of operation. Point C in Fig. 16.32 illustrates the 
latched condition for this circuit. The power dissipation may be high 
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enough to destroy the transistor in a very short period of time. The 
characteristics of the 2N709 indicate that if the maximum base-to-emitter 
'voltage does not exceed BV EBO (-4 v), or if the maximum co\1ootor-to
emitter voltage does not exceed 8.0 v, the transistor will not be operating 
in the avalanche region and latch-up cannot occur. 

The foregoing material implies that switching in the avalanche mode 
occurs at a very fast rate. The characteristic curves in the avalanche 
region (Fig. 16.32) can be used to indicate why the switching speed is so 
fast. The curves in the avalanche region have a negative slope (an increase 
of voltage causes a decrease of current). Consequently, the internal 
resistance of the transistor is negative in the avalanche region. In addition, 
the stored charge in the reverse biased base-emitter junction acts as if a 
negative capacitance is present. (An increase of voltage causes a decrease 
in stored charge.) As a result o( the negative internal resistance and 
negative -internal capacitance, *"e time constant for the avalanche mode 
circuit is lower than the time constant in the current mode circuit. Thus, 
the avalanche mode is the fastest configuration considered in this section. 

PROB. 16.16. A 2N702 transistor is connected as shown in Fig. 16.35. The 
characteristic curves of the 2N709 are given in Fig. 16.32. Plou B, lc, and Vc for 
this transistor when VI has the form indicated. 

40 K  

• , 0 +2 • 

1.5 K 

+ 
.=.. 15. 

Fig. 16.35. The circuit and input voltage waveform for Prob. 16.16. 
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16.5 THE BISfABLE AND MONOSTABLE MULTIVlBRATOR 

Muftivibrators are an interesting group of electronic switching circuits. 
They are formed by coupling two amplifiers in a cascade (the output of one 
amplifier is coupled to the input of the second amplifier) configuration. 
Then, the output of the second stage is coupled bad<'into the input of the 
first stage. Thus, a multivibrator is a two-stage amplifier with 100% 
positive feedback. This configuration is very unstable in the linear region 

C, 
Ru 

r v, 

T, 

R, R, 

R, 

Fig. 16.36. A bistable rnultivibrator. 
-. .{ . 

+ 
...=.Vcc 

+ 
"=",, VSB 

(as the reader has no doubt surmised). As a result of this instability, 
whenever both amplifiers are conducting equally the slightest signal 
(noise perhaps) can upset the precarious balance and drive one amplifier 
into heavy conduction (usually saturation) and the other amplifier into 
cutoff. The circuit is then stable under these latter conditions. 

One form of the multivibrator (known as a bis/able mul/ivibra/or) is 
shown in Fig. 16.36. For proper operation, the values of R, and R2 are 
chosen so that when one transistor is conducting. the second transistor 
will be cutoff. If silicon transistors are used, the supply V BB is not 
required. An example will be used to illustrate the behavior of the 
circuit in Fig. 16.36. 

Example 16.5. Two 2N702 transistors ' are connected as shown in Fig. 16.36. 
The collector characteristic curve for the 2N702 is given in Fig. 16.37. The 
parameters in the circuit are: RL = 1 .67 KO, RI - 20 KO, R, = 100 KO, 
Vcc - lO v, VBB = - l O v. 

To begin the analysis. assume transistor T2 is cutoff. Then, the equivalent 
circuit for the base of"Tl will be as shown in Fig. 16.38a. This circuit can be 
simplified by finding a Thevenin's equivalent circuit which can replace all of 
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Fig. 16.37. Collector characteristics of the 2N702 transistor .. 

the external circuit of Fig. J6.38a. "Then, th'{ circuit is r¥duced to that shown in 
Fig. 16.38b. The equivalent Thevenin's impedance is 

(RI + RL)R. 
R" = (16.22) 

Rl -+:,'!{(L + RI 
For this example, R,,, - 17.8 K. In addition, the Thevenin's equivalent voltage 
� �  " , 

. ( ' V8d''"" ' Y' ) 
V .. = V/JR, + Rj 

R 
"1/'" !'� . ,  

. 1� + 1 -f 2 
(16.23) 

(The voltage on the base is «qual to � nn + lRz for. this circuit.) Since V BB is 
- to v, the value of Veil is" +6.45 v. The manufacturer's data indicate the 
maximum base-to-emitter voltage V BE for a collector current of 10 ma is 1.2 v. 
Since our maximum collector current is 6 ma.; this voltage is certainly a "worst 

'----l I B 
I I I I 
I r", . ", '  I ' I I VO� I I lE 
I 
L-':' _ _ _  ..J 

20K. 
R,. 
lOOK 

(a) 

RL= 1.67K 

+ 

-===- 10'0' 

c-- Open 
circuit 

+ 
·� lO ... 

R,q.- 17.8K 

+ 
_ Veq= T - 6.45v 

(b) 
Fig. 16.38. The base circuits of the conducting transistor in Fig. 16.36. 
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case" or highest value voltage. When this value of voltage is inserted in Fig. 
16.38b, the base current is found to be 295 I'8I11p. From the curves in Fig. 
16.31, we note that with this base current, transistor Tl will be in saturation. 
(If V BE is less than 1.2 v, the amount of saturation will increase.) 

With the condition of Tt established, let us examine Tz to see if our initial 
assumption of cutoff for this transistor is valid. The circuit for the base of 
transistor Tz is shown in Fig. 16.39a. The saturation resistance Crom Fig. 16.37 
is approximately 60 ohms. Since the maximum collector saturation voltage 

+ 10 V�� 
�RL= 1.67 K 

R:: 20 K 

C 

Rut - SO D  
E 

11 + !�I,-T lO y· 

(a) 

R .. = 60 11  Rl ::::l 20 K B 
C 

+ 
�R. = lOO K -=::V .. = 0.6 v 

E 
+ 11 -

10 v 

(b) 
Fig • •  6.39. The base circuits of the cutoff transistor in Fig. 16.36. 

B 

R. = lOO K 

for ic = 10 ma is 0.6 v (manufacturer's data), the equivalent circuit (for worst 
possible conditions) is simplified by Thevenin's theorem to that shown in Fig. 
16.39b. A d-c analysis of this circuit indicates VB is: 

Veil - VBB 
vB - VBB - R, + R. + R  .. Ro (16.24) 

where Rf(l and V", are the equivalent Thevenin's resistance and the equivalent 
Thevenin's voltage from collector to emitter of the conducting transistor. For 
our example, V .. = 0.6 v and V BB = -10 v. Then, the base voltage will be 
-1.17 v. This voltage is sufficient to cut off the transistor as originally assumed. 
(As a word of caution, chec:k to be sure the breakdown voltages of the tran�istor 
are not exceeded.) 

The circuit is stable with TJ. saturated and T. cutoff and, if undisturbed, will 
remain in this state indefinitely. However, if 11 positive pulse is applied at VI 
(Fig. 16.36), this pulse is also applied III the·blS� of T,. If the magnitude of this 
pulse is sufficient, Tt wiH begin to conduct. -The current flowing through RLI 
will cause a decrease �n the transistor TI collector voltage. This decrease in 
voltage is coupled over to the base of transistor TI• If the voltage change is 
sufficient, the base current of TI will be decreased enough to decrease the current 
through RLI• This decreased current causes an increase in transistor Tl. collector 
voltage. This increase of voltage is coupled into the base of Tt and an aCCumu
lative action results. This cumulative action ends with T, in saturation and Tl 
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cutoff. Again, the circuit will be stable until either a positive pulse is applied 
to the base of transistor T, or a negative pulse is applied at VI. 

From the foregoing description, it is easy to see why the circuit is 
described as a bistable multivibrator. In order to insure proper operation 
and also as a means of decreasing the switching time, the circuit is usually 
connected as shown in Fig. 16.40. In this circuit, only one input terminal 
i. required. Each input pulse will initiate a switching action in the, circuit 
with two input pulses required to complete one full cycle of operation. 

c, ' c, , . .  + 
..=.. Vcc 

IT j' 
�--�--�-----7----�--� 

R. 

FIe. 16. ... A conventional bistab&c multivibrator configuration. 

PROD. 16.17. A circuit is connected as in Example 16.S. What i. the range 
of values R. can have and still insure proper action? Assume all other compo
Dents are as li.ted. Answer; 22.6 KO to 333 KO. 
PROD. 16.18. A circuit is connected ... shown in Fig. 16.40. Assume that T, is 
conducting and Ta is cutoff. Prove that the charges on the capacitors Cl will pro
duce switching even if the input pulse VI is large enough to produce cutoff in both 
transistors inotantaneously. (Assume that the input pulse duration is very short 
compared to the time constants associated with the capacitors C,. AIso .... ume 
that C, » Co.) 
PROD. 16.19. When only 'One voltsge source i. available, seJi:biaS can be used 
to insure transistor cutoff. A circuit which accomplishes this obWCt:ive is shown 
in Fig. 16.41. Determine the limits of R, for proper operatioR if RL - 3KO, 
RK = 2KO, and R, - SOKft. Assume V cc - 10 v and the two transistors 
are type 2N702. 

A slight modification in the bistable multi vibrator configuration can 
produce a monostable multivibrator (Fig. 16.42). In this configuration, 
the base of T, is permitted to return to a conducting state rather than 
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. _ .  

Cc Cc 

Fig. 16.41. An alternate form for a bistable multi vibrator. 

+ 

-=- Vcc 

being maintained cutoff as in the previous example. As a result, switching 
is automatically initiated afier a given period of time. Again, an example 
will be used to illustrate the behavior of the circuit. 

Example 16.6. Two 2N702 transistors are connected as shown in Fig. 16.42. 
The parameters in the circuit are: 

R. - 20 KD. R, = 100KD. 

RL, - 1.67KD. 

R. - 20KD. 

Vsn = -IO v 

Ru 

RL• = 1 .67KD. 

C" = 0.1 I'fd 
Vac = + l O v  

R, 

L J  r I� Ul 
'-" I 

R, 

. Fig. 16.4Z.- A monostable multivibrator; 

+ . -=-Vcc 

+ 
-=-VBiI 
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• 
-=-lOv 

+ 
-=-10." 

Fig. 16.43. The equivalent base: circuits for the transistors in Fig. 1 6.42 for steady-state 
conditions. 

To begin the analysis. assume T1 is cutoff and T2 is conducting. If the circuit 
has been in this condition for a period of time, the charges on the capacitors will 
have formed and the current through these capacitors will be zero. Thus, the 
capacitors can be treated as open circuits. 

Under these conditions, the equivalent base circuit for transistor Tt. will be as 
shown in Fig. 16.43a and the equivalent base circuit for transistor Tl will be as 
shown in Fig. 16.43b. If we take worst case conditions and assume V BE in 
Fig. 16.43 is 1.2 Y, the base current will be (10 - 1.2)/20Kfl = 440 I'amp. This 
magnitude of base current is great enough to saturate transistor Tz (see Fig. 
16.37 for the load line of 1.67 Kfl on a 2N702 transistor). Since Fig. 16.43b is the 
same as Fig. 16.39a, the base voltage of Tl is - 1 .17 v and Tl is cutoff. Thus, our 
initial assumptions are valid and the circuit wiJI be stable under these conditions. 

If a positive pulse is applied at time to. to the input· circuit, transistor T"I will 
begin to conduct and transistor T2 will be cutoff. Under these conditions, the 
base circuits (immediately after switching) will be as shown in Fig. 16.44. The 
circuit for the base of Tt (F.ig. 16.44b) is essentially the same as the one in Fig. 
16.38a. Hence, the base current ·will be approximately 295 ,uamp and Tl will 

• 1.67 K 
RI.< O;�"fd 

+-'- ' --, I as, 
C r-I I IT, L_ ?- : � E 

Rb = 20K 
lOV�. 

• 

8"---1 
I � Open [ " I  E L  __ .!.. I 

.... 

(a) 

,..----I I r, : 
I I I -=-V,I IT, L.: _ _ _  ..... 

1.67 K + 
IOv ...=. 

20K Ru. 

(b) 

+ 

- ; . 

IOv -=-

Fig. 16.44. The equivalent base circuits for Fig. 16.42 ar time to( +). 
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be in saturation. The base circuit of T, (Fig. 16.440) can be simplified by finding 
a Thevenin's equivalent circuit for transistor Tl and RL1• Since this transistor 
is in saturation. the paranel combination of Rsat and RI� will be approximately 
60 ohms and the maximum saturation voltage will be less than 0.6 v. Therefore. 
the circuit of Fig. 16.440 can be simplified to the form shown in Fig. 1 6.45. This 
circuit is a simple R·C circuit. At time toC +), the charged capacitor can be 
considered as if it were a battery of 8.8 v. Then, the current flowing in the 

B.Bv 
+ 

0.1 �fd 600 
+ 

�O.6v 

Rb = 20K 

i 
vBE I 

,- -lB 
I I 
I I 
I Open I 
I I 
I T I 
L_ �...JE 

Fig. 16.45. A simplified version of Fig. 16.440. 

+ 
-=.. lOv 

circuit at this instant will be (10 + 8.8 - 0.6)/(20K + 25) or 0.91 ma. The 
voltage v}lE will be 0.6 + (0.9 x 10-3 x 25) - 8.8 v or -8.2 v and T2 will be 
cutoff. It is a good idea to check the maximum voltage ratings of the transistor 
at this point. The collector-to-base voltage is 18.2 v and the base-to-emitter 
is -8.2 v. For this transistor (2N702), the emitter-to-base breakdown voltage 
does exceed the manufacturer's minimum breakdown rating of -5 v. When the 
ratings have been eKceeded, diodes must be placed in series with the base for 
protection. The modified circuit that accomplishes this result is shown in Fig. 
1 6.46. Of course, the vOltage ratings of the diode must be high enough to with
stand the reverse vohages it win encounter. 

The base of transistor T2 (or the diode-base combination) will be at -8.2 v at 
'o( +), but will not remain at this value. From Fig. 1 6.45 we note that VRE will 
charge toward + to v with a tiz:ne constant of T = RC. For this circuit, T t:::I 
2.0 x 10' x I x 10-' - 2 x 10--3 or 2 msec. Then, the equation for VBB will 
be 

(1 6.25) 

Since these transistors are silicon, collector current can be assumed to begin to 
flow when the base-emitter voltage has reached +0.5 v. (Germanium transistors 
can usually be assumed to begin conduction when the base-emitter voltage is 
:zero.) Thus, collector current begins to flow in T2 at the time '1-

or 
0.5 = 10  - 18.2e-t,/l2 x 10-3) 

9.5 ( _') __ = e-ld 2 X IO 
18.2 

( 1 6.26) 

(1 6.27) 
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In 1 .916 = ::;-2 CC)(-':I-;;:O-:ia = 0.65 

R, 

Cc. 

R, 

R, 

(16.28) 

(16.29) 

R,. 

+ 
-=..Vcc 

+ 
-=-l!oo 

FIe. 16.46. The use of a diode to prevent the ... verae breakdown voltage of tranais
tor ri_ 

This equation can be solved for I, to yield the value I, - 1.30 rmec. At thia 
time, transistor Tt begins to conduct and the collector voltage of Tt decreases. 
This decrease of voltage is coupled over to transistor Tl and the switching action 
is initiated. From thls description of the transistor bchavior, the voltage wave
forms on the two transistor:s will be as shown in Fig. 16.41. 

The monosta�le multivibrator is able to generate one output pulse 
with a given duration for each trigger pulse which is applied. The duration 
of the output pulse caD be adjusted by modifying the values of C., and R .. 
For proper operation of the circuit, the trigger pulse duration 'should be 
short compared to the time constant .,. (.,. "" C"R.). 

PROD. 16.20. Two 2N102 transistors arc connected as shown in Fig. 16.46. 
The parameters in the circuit are: 

R, - 20KO 

RL, - 2KO 

R. _ 3OKO 

VBS - - IO v 

R, - 100KO 

RLI = 1.61KO 

C" = I I'fd 

Vcc = +10 v 

Plot the four output waveforms VOl' VBt. Vo.> and VB." 
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Fig. 16.47. The vollage wavefonns for the circuit in Fig. 
16.42. 

16.6 THE ASTABLE MULTlVIBRATOR 

When both base circuits are cOllnected so that they can return to a value 
where conduction can occur, a free·running or astable multivibrator 
results. An ex.ample of an astable multivibrator circuit is shown in Fig. 
16.��.. In this circuit, spontaneous switching occur� in both transistors. 
Thus; .t�e transistors are alternatl'J,Y switched OFF ano ON. The collector , - . . ', .  . . 

, , ' :. , ; . ' . " . ' 

Fig. ��.4I. An as�ble multivjb�ator .. 

,f .• 

. . 
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voltage is a series of identical equally spaced pulses (or a square wave if 
the circuit is symmetrical), An example will be solved to illustrate the 
analysis procedure. 

Example 16.7. Two 2N656 transistors are connected as shown in Fig. 16.48. 
RLl - RL• � 300 0 ;  R" - R", - 6KO ; C" - Co2 � 0.01 I'f; Vcc � 12 v. 
Plot the voltage waveforms on the two collectors and also on the two bases in 
this circuit. For convenience, the characteristics of the 2N656 are repeated in 
Fig. 16.49. In addition. the manufacturer's data sheet states that typical param-
elees are: 

h u': = 300 ohms 

hFE - 43 
RCI = 9 ohms saturation resistance 

If = I psec 

Id + Ir = 0.8 f.l sec � 

t, = 0.5 /JseJ:. .-

In order to have a starting point, assume transistor T) is in full conduction and 
transistor T2 has been cutoff but has just reached the c�mdition where it is ready 
to begin conducting. (The validity of this assumption will be checked later.) 
Under these conditions, the load line for the transistors will be as shown in 
Fig. 16.49b. Since transistor T1·will be operating somewhere along this load line, 
the operating point will be determined if the base current is known. Since hu!: 
is known. the base current of transistor Tl can be found by using the equivalent 
base circuit. However, in order to illustrate a different approach, a graphical 
method will be used. The input characteristics of the 2N6S'6 are given in Fig. 
16.490. The base current is determined by the input characteristics of the tran
sistor, the 6KO resistor Roh and the 12-v power supply. Thus, a 6Kfl load Hne 
for the 12-v power supply is drawn on the input characteristics. (Note, that the 
voltage coordinate had to be extended to locate the I B = 0 and V BB = 12-v 
point. Also note that the base-current coordinate is printed along the right side 
of the input characteristics.) The intersection of the input characteristic curve 
and the 6KO load line (Point A, Fig. 16.490) indicates the base current will be 
about 1 .7 ma and the base vOltage will be about 1 . 12 v. With the base current 
known, the collector current and the collector volt�ge of transistor Tl are found 
from the output characteristics (Point B, Fig. 16.49b) to be about 38 ma and 
0.35 v, respectively. . 

Transistor T2.i.s in the cutoff <;:onditiol! so the collector voltage witl l?e 12  v and 
the collector cuve�t. will be near :zero. From the input characteristics in Fig. 
16.49. the transistor will begin 10 conduct if the base voltage becomeS greater 
than about 0.3 v" Thus. at the '.instant before switching occurs, . transistor T2 
will have a base voltage of 0.3 v and' a base current of 0 ma. The collector and 
base voltages of both transistors at· the instant before!-switching is shown in 
Fig. 16.50 just before time 1 = 1" 
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FiR. 16.50. The voltage waveforms of Fig. 16.48. 
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Switching OCCUrs at time 11 with transistor Tl switching to the "off" condition 
and transistor T2 switching to the "on" condition. With transistor Tl iD the 
"off" condition, the equivalent circuit for the collector of Tl and the base of Ts 
will be as shown in Fig. 16.510. Since the voltage on the collector of Tl was 0.35 v 
and the base voltage of T2; was 0.3 v just previous to time 110 the voltage across 
CCI was 0.05 v. The voltage on the capacitor cannot change instantly. Thus, this 
same potential appears in Fig. IS.Sta, which represents the circuit at time 11( +). 
This circuit can be simplified by finding the equivalent Thevenin's circuit for the 
components on the right of the points x-x. The equivalent Thevenin's impedance 
will be equal to the parallel combination of R"z and hIEZ• For this example. the 
equivalent resistance is about 286 ohms. The open circuit d-c voltage has 
already been calculated for this circuit (the graphical solution for the voltage 
on the base of T1) and found to be 1 . 12 v. Hence. the equivalent circuit of Fig. 
16.51a can be represented by the simplified circuit of Fig. 16.51h. 

A d-c analysis can be made of the circuit in Fig. 16.Stb to determine the poten� 
tiols and currents at time I,( +). Capacitor Cc. is replaced by 0 ballery of 0.05 v 
for the d-c solution. The voltage on the collector of T, (point C, in the circuit) 

---. - -
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RLI = 
300 0 

E 

C,a = 
0.01 �fd x 

x E  
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RLl = 300 n Cl B2
' 
ReQ = 286 n 

+ 
-=- 12 v 

+ 
0.05 l/ 

om �fd 

\'0, 
+ 

-=-1.l2 v 

(a) (b) 

Fig. 16.51. Equivalent circuits for the collector of Tl and the base of Tt at time 
t,( +). 

is found to be 6.45 v and the voltage on the base of T2 (point B2 in the circuit) is 
6.4 v. From Fig. 16.Slb. the time constant of this circuit is RC = 586 X 10-8 = 
5.86 psec. Thus, the voltage on the collector of Tl has an initial value of 6.45 v 
and ex.ponentially approaches 12  v. The equation for the collector voltage of Tl 
(after time 'I) is given below. 

(16.30) 

In a similar fashion, the base voltage of T"/, has an initial value of 6.4 v and 
exponentially approaches 1 .12  v. The equation is 

(16.31) 

The voltagos, according to Eqs. 16.30 and 16.31, are plotted in Fig. 16.50. 
An equivalent circuit can also be drawn for the collector circuit of Tz and the 

base circuit of Tt. This equivalent circuit is shown in Fig. 16.52a. At time It( -). 

Rbl = RL2 = 
6 K  300 0 

C" 
+ B y C, + 

-=- 12 v - + 12 v-==-. 
10.88 v IR,, = ,- t r -, 

I Open I I , 
I I t!L _ ..1  

I t!� 9 0  
...J 

E y E 
-

(a) 

Rbl = 6 K B, 
C" 

C, 
+ 

10.88 v 

+ 
Req = 9 n 

r ... 
Veq = 0.35 v ..=.... -T 

-
(b) 

Fig. 16.52. The equivalent circuits (or the collector of Tt and the base of Tt at time 
t,( +). 
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the voltage on the b�se of TI was 1 . 1 2  v and the voltage on the coll";toi :of T, 
was 12 v. Thus, at 'l( +) the voltage across the capacitor will be 10.88 v (Fig. 
16.S2a). This equivalent circuit can be simplified by finding the Thevenin's 
equivalent circuit for the portion of the circuit t6 the right of the points y-y of 
Fig. 1 6.520. The equivalent Thevenin's impedance is the parallel combination of 
the transistor saturation resistance Res and the load resistance R l.2' In this 
example, the equivalent impedance is approximately 9 ohms. We have already 
determined the magnitude of the open circuit voltage (from the graphical 
solution on the collector curves in Fig. 16.49) to be 0.35 v. Thus, the new 
simplified equivalent circuit will be as shown in Fig. 16.52b. 

A d-c analysis of Fig. 1 6.52b (with CCI treated as if it were a 10.88 v battery) 
leads to 0.28 v on the collector of T2 (point et in the circuit) and - 1 0.50 v on the 
base of Tl (point 81 in the circuit). The time constant of this circuit is RC or 
6 x 1 03 x 1 0-8 = 6 X 10-5 sec = 60 pscc. The collector voltage of T2 changes 
exponentially from 0.38 v to 0.35 v and therefore is essentially a const�nt value 
as shown in Fig. 1 6.50. In contrast, the base voltage of Tl changes exponentially 
from - 10.50 v toward + 12.0 v. The equation which represents this voltage is 
given as follows. 

(16.32) 

This voltage excursion is not completed since the circuit will switch as soon as 
the base of Tl reaches the conducting condition. From Fig. 1 6.490, conduction 
begins as soon as the base reaches 0.3 v. The;:: length of time (after 11) until vnl 
is 0.3 v can be found by using Eq. 16.32. Thus, 

and 

or 

and finally 

0.3 = 1 2  - 22.50e-t((6 x 10-�J 

22.5 J -- = 1 922 = .-tllt. x 10- ) 
1 1 .7 

. 

In 1 .923 - 0.655 - 1/(6 x 10-') 

1 -39.3 " sec 

(16.33) 

(16.34) 

(16.35) 

Therefore, transistor Tz conducts for 39.3 Ji-5eC. (The period from /1 to 12,) 
At the end of this period, transistor T2 has the same potentials as transistor Tl 
had at time II( -) and transistor Tl has the same potentials as transistor T% had 
at time t1( -). Hence, the circuit switches and T} begins to conduct. Because of 
the symmetry of the circuit, t�e equivalent circuits in Fig. 16.51 and Fig. 1 6.52 are 
again applicable if the subscripts 1 and 2 are interchanged. Thus the response of 
this circuit is as shown in Fig. 1 6.50. 

Before leaving this example, the breakdown voltages of the transistors should 
be considered. The breakdown potential between collector and base (B VC BO) is 
60 v and between collector and emitter (BV CEO) is 60 v. The transistors are 
certainly safe as far as these two potentials are concerned. However, the break
down potential between base and emitter ( VB E 80) is only 8 v and this value is 



•• oeeded in this circuit. Consequently, the circuit should be modified by placing 
diodes in the base circuits as shown in Fig. 16.53. 

When the circuit of Fig. 1 6.53 was connected. the actual output waveforms 
were as shown in Fig. 16.54. The diodes have modified the amount of overshoot 
and the components used had ± 10% tolerance. Even so, the expected wave
form (Fig. 16.50) and the actual waveforms agree very closely. 

c'" 

Fig. 16.S3. A multi vibrator circuit with protective diodes. 

+ 
Vcc ..=.. 

In this e.ample, infinitely fast switching has been assumed. However, 
we noted at the beginning of this section that I, = I "sec, I, + I, = 0.8 
!-,sec, and I, = 0.5 "sec. It may appear that a noticeable switching time 
is present. However, from Fig. l 6.39b we find that the output impedance 
of the saturated transistor is only 9 ohms. This low output impedance in 
conjunction with the relatively large Coupling capacitor produces almost 
instant charging (or discharging) of the internal capacitors in the transistor. 
Consequently, the actual switching time in this circuit would probably 
be a small fraction of a microsecond and could be assumed negligible for 
this .. ample. 

The foregoing .. ample illustrates the typical waveform of a multivibrator. 
In this example, the length of the pulse is equal to the time between pulses 
and the circuit is referred to as a symmetrical multivibrator. Many 
applications require pulse widths that are greater or smaller than the time 
between pulses. Such waveforms can be obtained from the conventional 
multivibrator by making one RbCc time constant different from the other 
Rbe", time constant. Such a circuit is known as a nonsymmetricaI circuit. 
In the nonsymmetrical circuit, four equivalent circuits are required for 
the solution of the problem rather than the two circuits of the foregoing 
example. 
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Fig. 16.54. Measured waveforms from the circuit of Fig. 16.53 when connected as 
noted in Example 16.7. 

Vacuum tube multivibrator circuits can be analyzed in a similar manner. 
There is one point which must be remembered, however. The control 
grid of the vacuum tube version will be driven positive. Whenever this 
occurs, an equivalent resistance (usually I KU or less) must be included to 
simulate the cathode-grid resistance. When this resistance is included, 
the behavior of the circuit can be accurately predicted. 
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The foregoing circuits are indicative of a large group of switching 
ch"(:uits. Many modifications and refinements are -noted in the literature,' 

PROB. 16.21. Repeat Example 16.7 if R.; - Rot = SOKn. 
PROB. 16.22. In Example 16.7, if V cc is reduced, the protective diOdes of 
Fig. 16:S3 may not be required. How large can Vcc be without permitting the 
base voltage to exceed BV EBO ? 
PROB. 16.23. Two 2N6S6 transistors arc connected as shown in Fig. 16.S3. 
RLl - RLS = 200 n, 14. = SKn, R .. = SOKn, e,. = O.Ol l'fd, e .. = 0.1 
}lfd, and V cc - 20 v. Determine the voltage waveform on the two bases and 
the two collectors for this circuit . 

• For example, see the following books: 

1 .  Selected Semiconductor Circuits Handbook. edited by S. Schwartz, WHey. New 
York. 1960. 

2. Motorola Transistor Handbook. edited by W. O. Roehr. Motorola. Phoenbt. 
Arizona, 1963. 

3. Pulse Circuits: Switching and Shaping, by D. S. Babb, Prenti�Hall. Englcwood 

Cliff., N.J., 1964. 
4. Pulse Electronics by R. Littauer, McGraw-HilI, New York, 196$. 
S. Pulse and Digital Circuits, by J. MiIlman and H. Taub, McGraw-HiII, New 

York, 1965. 
6. Electronic Switching. rimi"!. and Pulse Circuits, by J. M. Pettit. McGraw-HiII, 

New York, 19S9. 

-
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Power Supplies 

Essentially all of the electronic devices discussed in the preceding 
chapters of this book require a d-c power source for their operation. Up' 
to this point, little attention has been given to the problem of obtaining· 
this d...c power. In fact, the inference may have been made that onc or �ore 
batteries will supply adequate power for any device. This is possible; 
but in most instances the battery is neither the most convenient nor the 
most economical means of obtaining d-c power. It is usually much morc 
convenient and economical to obtain, by the use of rectifiers and appropri
ate filters, d-c power from the a-c power line. Some of the commonly 
used rectifying and filtering systems are discussed in this chapter. 

The requirements of a power supply differ widely among the various 
electronic devices. The primary characteristics which need to be con
sidered in the design of a power supply follow. 

1 .  The d-c voltage or voltages required by the device. which is known as the load 
on the supply, is of primary importance. 

2. The power supply must be able to furnish the maximum current requirement 
of the load. 

3. The variation of the d-c output voltage with change in load current may be 
important. The voltage regulation of a power supply is defined as the change 
i n  output voltage, when the current is changed from no load to full load, 

645 

..,. ..... - . 



--------- - --- ---

646 Electronlc Engi-mg 

divided by the full load voltage. The voltage regulation is expressed as a per 
cent, as shown in the following equation: 

% I . _ no load voltage - full load voltage 
I . regu alIon -

f il l  d I x 00 
U oa vo tage 

(17.1) 

4. The rapid variations of the output voltage which result from imperfect filtering 
must be considered. These voltage variations have a fundamental frequency 
which is related to the a-c power line frequency and are called ripple voltage or 
simply ripple. The ripple is defined as the ratio of the rms value of the ripple 
voltage to full load d-c voltage. This ripple is usually expressed in per cent as 
indicated below: 

% .  I 
£rns ripple voltage 

100 npp e = x • full load d-c voltage 
(I 7.2) 

Power supply characteristics in addition to those listed are also considered 
in power supply design. These characteristics will be considered as the need 
arises. 

17.1 CAPACITOR INPUT FILTERS 

Some basic rectifier circuits were considered in Chapter 3. These 
circuits induded both half-wave and full-wave rectifiers using either solid 
state or electron tube di,)des. Also, the capacitor was considered as a 
filtering element in Chapter 3. Whenever the filter capacitor immediately 
follows the rectifier, the filter is known as a capacitor input filter. Three 
basic rectifier circuits are shown in Fig. 17 . 1 .  The half-wave circuit 
of Fig. 17.la and the full-wave circuit of Fig. 17.lb were considered in 
Chapter 3.  The circuit shown in Fig. 17 . lc provides full-wave rectification 
without the use of a center tapped transformer. This circuit is known as a 
bridge rectifier circuit. The current path for this circuit is shown for the 
half cycle in which the upper end of the transformer is positive with 
respect to the lower end. Note that two of the diodes pass current during 
this half cycle. During the next half cycle, current is passed by the other 
two diodes. Observe that the current through the load is always in the 
same direction. 

The output voltage waveforms of half-wave and full-wave rectifiers with 
capacitor filters are shown in Fig. 17.2. As discussed in Chapter 3, the 
capacitor charges to a maximum voltage Vrnax, which is equal to the peak 
value of the s4j'ply voltage minus the voltage drop across the rectifier 
�r rectifiers). When junction diodes are used, the forward voltage drop 
is\usually less than one volt and may be neglected in case the supply 
voltage is large in comparison with one volt. When gas tubes are used as 
rectifiers, their forward drop is essentially constant and known, so Vm�x 

. 
may be obtained by subtracting the tube drop from the maximum supply 
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(a) (b) 

.------,,,+ 

(cl 
FiR. 17.1. Typical rectifier circuits incorporating a single capacitor filter. (a) Half4wavc 
rectifier; (b) full-wave rectifier using a tapped transformer; (c) a bridge rectifier circuit. 
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Fig. 17.2. Output voltage waveforms for (a) half-wave and (b) full-wave rectifiers with 
capacitor filters. . 
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voltage. The vacuum diode presents a special problem and will be con
sidered later. Soon after the capacitor charges to its maxjmym voltage 
�he supply decreases and the diode is reverse� iased. The capacitor then 
disc arges t roug e oa an t us furnishes power to the load during 
the times when the rectifiers are not conducting. During the times when 
the diodes are not conducting, the load voltage is equal to the product 
of the capacitor discharge current and the load resistance RL• Then the load 
voltage is 

(17.3) 

where VI is given by Eq. 3.91 or Fig. 3.37. The load voltage may be found 
from Eq. 17.3 at any time I. However, the interesting values of load 
voltage are VmllX and Vmln. and Van. as shown in Fig. 17.2. The value of 
Vrnln can be easily determined with the aid of Fig. 3.37. After determining 
the value of Vmln, the d-c load voltage V.ve can be obtained by averaging 
Vmax and Vmln, as discussed in Chapter 3. The peak-to-peak ripple volt
age is V mu - V min. Although the waveform of the ripple is far from 
sinusoidal, a sufficiently accurate value of ripple for mos.t applications may 
be obtained by assuming the waveform to be sinusoidal. Then 

% .  I O. 707( Vmax - Vmln) O. 707( Vmax - V,ve) o rtpp e � = 
2Vave Vave 

( 17.4) 

As the load current is increased (RT, decreased), the filter capacitor 
discharges more rapidly, thus causing the d-c load voltage to decrease and 
the ripple to increase. 

The foregoing discussion, and Chapter 3 as well, assumes that the 
maximum supply voltage Vrnax is known. Then the d�c load voltage Vave 
may be calculated for a specific value of load current and given filter 
capacitance. However, the desired load voltage at a specific current is 
usually known, and the required value of a-c input voltage needs to be 
determined. To eliminate the tedious calculations required for the solution 
of this problem, the rectifier manufacturers have produced charts and 
graphs which correlate the d-c load voltage and a-c input voltage as a 
function of filter capacitance. These charts naturally account for the 
rectifier voltage drop. A typical chart for a full-wave rectifier using the 
5U4 vacuum duo-diode is given in Fig. 17.3. Observe that the permissible 
operating area for the tube is clearly marked. When the filter capacitance 
becomes large, the maximum permissible d�c load current must be reduced 
to limit the peak tube currents to an acceptable value. The peak diode 
current increases as the filter capacitance is increased because the conduction 
time (or angle) decreases as the discharge time constant is increased, 
assuming that the load current remains constant. The chart does not give 
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ripple information, but after determining the required a-c input voltage 
the percentage ripple can be calculated by the methods of Chapter 3 and 
Eq. 17.4. The chart is developed for 60 Hz input power frequency. 

In case the percentage ripple is unacceptably high, an additional filter 
section may be used as shown in Fig. 17.4. The d-c voltage and ripple 

800 � 500 � i; 400---' � fS.-300 
3 

'F!!-� 

Operation characteristics 

Type 5U4-G8 Full-wa .... e circuit 
V, = 5.0 .... a-c Supply frequency = 60 Hz 
Capacitor input to filter : 40 �f 

.......... 
"'-----.. ----� 
------.... , 

" 
'---. , I-- \� "'---. 

---- '. 
, 

Volts 'ms per Plate , 
---- \ 

100 200 300 
d-c load milliamperes 

\ , 
\ 
AI 400 

Fig. 17.3. Rectifier characteristics of the 5U4 duo-diode. (Courtesy of the Radio 
Corporation of America.) 

voltage V,.l across tht:: filter capacitor Cl are essentially unaffected by the 
addition of the L-C filter, providing that the ohmic resistance of the inductor 
is small in comparison with the load resistance, as it should be. This 
observation follows from the fact that the discharge rate of the capacitor 
Cl is determined essentially by the load resistance, since the current is 
continuous through the inductor. and in this case the inductance offers no 
opposition to direct current. Also, the capacitor charging circuit has been 
unaltered. Therefore, V'l is essentially the ripple voltage of the single 
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capacitor filter previously discussed. The ripple (a-c) component of 
current I, which flows through the inductance L is 

1 = 1',1 · (17.5) , R, + jwL + l/(GL + jwC,) 

where R, is the ohmic resistance of the choke and G L is the conductance of 
the load. But Rc is negligible in comparison with wL when a suitable 
inductor (known as a filter choke) is used. Also, the reactance of the choke 

L 

0000 

� 
cf" 

Fig. 17.4. A full-wave rectifier with a TT-type filter. 

must be large in comparison with the reactance of the filter capacitor C, if 
the L-C filter is to be effective in reducing the ripple. Then 

I __ Vr1 
r - jmL 

The ripple voltage across the load is 

,, _  
I, 

'" - GL + jwC, 

(17.6) 

(17.7) 

But if C. is to be effective as a filter capacitor, wC, must be large in 
comparison with GL. Then 

'" � _1_,_ = Vr1 
_ 

Vrl 
,
,
-jwC, (jwL)(jwCJ -w'LC, 

(17.8) 

The negative sign in Eq. 17.8 indicates that the ripple voltage across the 
load has reversed polarity compared with the ripple voltage across Cl. 
Again the ripple voltage V,l has been assum�d sinusoidal in the equations 
above. Note that in the case of a full-wave rectifier the ripple frequency 
is twice the frequency of the input power source. 
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The d-c load voltage is reduced by the '" R, drop across the filter choke. 
Therefore, the rectifier input voltage must be increased to compensate for 
this voltage drop. The power supply regulation and efficiency are also 
deteriorated as a result of the d-c voltage drop across the choke. Conse
quently, the ohmic resistance of the choke should be small but must be 
weighed against the cost of the choke. Sometimes, when the initial cost of 
the power supply is the dominant factor, the filter choke is replaced by a 
resistor. 

PROB. 17.1. A 5U4 tube is used in the circuit or Fig. 17.4, where Cl = 40 l'r, 
L = )0  h and C2 = 40 Ilf. The resistance of the choke is 100 n. The desired 
load vohage is 300 v at the full load current of 200 ma. Determine the required 
rms input voltage for each half of the power transformer high voltage secondary. 
The frequency of the power source is 60 Hz. Answer: 305 v. 
PROB. 17.2. Determine the regulation or the power supply or Prob. 17.1.  
PROB. 17.3. Determine (approximately) the percentage ripple or the power 
supply or Prob. 17.1 at rull load. Answer: 0.16%. 
PROD. 17.4. What maximum value of rms volts could be used in the power 
supply of Prob. 17.1 without exceeding the peak current rati

.
ng of the SU4? 

PROD. 17.5. What is the peak inverse voltage across the diodes of the power 
supply of Prob. 1 7. 1 ?  Answer: 860 V at no load. 
PROB. \7.6. Could the chart or Fig. 17.3 be used when the input power 
frequency is 400 Hz? What changes would need to be made to use the chart 
at this frequency ? 

17.2 ACHVE FILTERS 

In transistor circuits, the voltages are low and the currents are frequently 
high compared with the vacuum tube counterparts. Thus the impedance 
levels of transistor circuits are frequently low and large values of capaci
tance. of the order of millifarads, are often needed for adequate filtering. 
For example, in the conventional R-C filter circuit of Fig. 17.50, the 
resistance R may be only a few ohms if the current is of the order of an 
ampere and only a few volts drop can be tolerated across R. But if the 
filter is to be effective, the time constant RC, must be long in  comparison 
with the period of the lowest frequency ripple component to be filtered. 
Therefore C, may be very large if this lowest ripple frequency is small. 

The required filter capacitance can be greatly reduced if a transistor is 
included in the filter circuit as shown in Fig. 17.5b. In this circuit, which 
is known as an active filter, the load current flows in the emitter but only 
the forward-biasing base current flows through the filter resistor R'. 
If VEn is assumed small in comparison with voB, as usual, then the voltage 
drop across R' may be approximately equal to the voltage drop across R 
in the conventional filter. But the current through R' is reduced by the 
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factor (h" + I) compared with the current through R. Therefore R' � 
(h" + I)R and if the time constants of the two filter circuits are the same, 
C', � CJ(h,• + I). The space requirement of the active filter is usually 
much less than the conventional filter and the cost may also be less. The 
active filter technique cannot be used to reduce the capacitance of C, in 
the circuit shown because C, must supply current to the load from its 
stored charge during the time the rectifier is not conducting. 

R 

r R' 1 
(a) (b) 

Fig. 17.5. An active filfer (b) compared with a conventional filter (a). 

PROD. 17.7. (a) In the circuit of Fig. 1 7.5a, the primary power source is 
24 V, 60 Hz. The load draws 100 ma and the tolerable drop across R is 3 v. 
Determine values of R and Cz which will reduce the fundamental component 
of ripple voltage by a factor of approximately 20. 

(b) If a 2N2712 transistor is used in the lilter circuit of 17.5b, determine the 
values of R' and C' 2 which will provide approximately the same voltage drop 
and filtering effectiveness specified in a. Answer: (a) R .... 30 n. C2 = 1770 pfd, 
(b) R' = 25h,,, e, = (2I20/h,.) pf. 

17.3 CHOKE INPUT FILTERS 

It should be observed from the preceding discussion and problems that 
voltage regulation of a power supply is poor when a capacitor input 
lilter is used. Poor voltage regulation is not necessarily bad. For example, 
when the load draws a relatively constant current, as in a class A amplifier, 
power supply regulation is unimportant. Then ripple, cost, and efficiency 
may be the only characteristics which need to be considered in the selection 
of a power supply. On the other hand, many devices such as class B or 
class C amplifiers require varying amounts of current, since the current 
depends on the input signal. amplifier tuning, load impedance, and so on. 
For these devices it may be highly desirable to have a power supply which 
maintains fairly constant output voltage under varying load conditions, 
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or, in other words, has good regul�tion. Consequently, ot/1er. filtering 
systems should be investigated in the hope of obtaining a power supply 
with better regulation. 

The inductor will next be investig�ted as a filtering element. Since the 
filter should pass direct current with minimum attenuation but provide 
high attenuation for the ripple frequency components, a low-pass filter is 
needed. The half-wave rectifier with a low-pass L-R filter as shown in 

(4) (b) 
Fig. 17.6. (a) A half�wave rectifier with L-R filter. (b) The equivalent circuit of a. 

Fig. 17.6 will first be considered. The equivalent circuit of 17.6b will be 
used to find i. The switch is closed at t = O. Then 

L di + R '  V . - L' = m Sin wt 
dt 

If RL is written as R, the Laplace transform of Eq. 17.9 is 

where 

I = V mW 
_ _  .:.:A:..-

(sL + R)(s' + w') sL + R 

A(s' + w') + (Bs + C)(sL + R) = wVm 

( 17.9) 

(17.10) 

(17.11)  

(17. 12) 

Equating the coefficients of equal powers of s on each side of Eq. 17.12, 
we have 

A + BL = 0  

BR' + CL = 0 

Aw' + CR = wVm 
(17.13) 
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Solving Eqs. 17 . 13 simultaneously, we have 

i 
'" .. 

� sjnwt 66,000 

fa) 

A 
= wL2Vm 

(l)2L2 + R2 

B =  wLVm (f)2J! + R2 

(17.14) 

(17.15) 

(17.16) 

i (t) 
,,-...f'" v", os t ,/ , 3DOOc w 

I v... -201 - - 37.700e 

�sinwt 713,000 

fb) 

Fig. 17.7. A sketch of i(t) and its components when w = 377 and (a) L = 30 h. R = 
2 Kn, (h) L = 100 h, R = 2 Kn. 

Substituting the values of A, B, and C above into Eq. 17. 1 1 ,  we have 

J = toVm ( L _ Ls 
+ --::-,

R,,-----
-:
) 

w'L' + R' 5 + (RILl 5' + w' 5' + w' 
The inverse transform of Eq. 17.17 is "'v [ R I R .  ] i = " 2 III L(e- 1/ . - cos w t)+ - Sin rot 

(I)�� + R2 W 

(17. 17) 

(17.18) 

The time-varying current i and its components are sketched in Fig. 
17.7 for two cases. In  the first case, L = 30 h and RI. = 2 KO. In the 
second case, L = 1 00  h and RI. = 2 KO, In each case, W = 377. In the 
second case where L = 100, the scale is larger than in the first case where , 
L = 30. Otherwise, the current components would be difficult to visualize. 
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---- ------ --

(a) (b) 

L 

Fig. 17.8. Full-wave rectifier circuits with choke input filters. (a) Without filter 
capacitor; and (b) with filter capacitor. 

Observe that in each case the current i flows for more than one-half of 
the input cycle. The current i cannot extend below the i = 0 axis because 
of the rectifier in the circuit. Therefore, the current completely stops 
each cycle and thus every cycle is just like the first cycle sketched in 
Fig. 17.7. 

Since the series inductor in the naif-wave rectifier circuit reduces the 
load current but does not succeed in smoothing it, the preceding analysis 
may appear to be a waste of time. However, the extension of the current 
flow for a time greater than that of one-half of the input cycle shows great 
promise for the inductor as a smoothing element in a full-wave rectifier 
circuit. For example, consider the circuits of Fig. 1 7.8. Because of the 
inductor, diode I is still conducting when diode 2 becomes forward-biased 
and vice-versa. The current then switches instantly from one diode to the 
other and continuous current may be maintained through the inductor and 
the load. Consequently, the circuit current can be found by steady-state 
techniques after the power switch has been closed for a few cycles. The 
equivalent circuits of Fig. 17.9 will be used to llnalyze the full-wave 
circuit$ of Fig. 1 7.8. The voltage app)iedJo these, circuits is the full-wave 

/�1'l0l1--- -
_ � vW , , 

'----o '11'" 2 ... 
w._ 

L 

(a) 

.v. '" nrcos4wt 

.v. hCIIS2wt "" 

L 

iv.-= -"'----' 
(h) 

Fie. 17.9. Equiva�nt circuits o(lthe power supplies of F;g. 17.84. 



656 Electronic Engineering 

rectified voltage shown in Fig. 17.9. This voltage may be expressed as 

v = V m sin rut when 0 < rot < 'TT, 

V = - V m sin wt when 77 < wt < 277 (17.19) 
etc. 

The Fourier series may be used to resolve this rectified voltage into its 
frequency components. 

A 
v = ---.!l + A, cos wt + A, cos 2wt + A, cos 3wt + . . . (17.20) 

2 

L 

�:'" cos 2 wt 'V 
l(W») 

2 1f Vm -=-

Fig. 17.10. An equivalent circuit for the full-wave rectifier with a choke input L-type 
filter. 

Sine terms do not appear in the series since the function is even. Solving 
for the coefficients 

An = :m[f.·sin wl cos nwt d(wt) -f.'·
sin wt cos nwt dwtJ (17.21) 

we have 

v = Vm(2 
- � cos 2wt - � cos 4wt . . .  ) 

'JT. 31T 15'1l' ( 17.22) 

The :volta·ge source in Fig. 17. 9a can be replaced by a series of generators, 
each one representing one of the Fourier series terms as shown in Fig. 
17.9b. The superposition theorem can then be used to solve for each 
component of circuit current resulting from each generator. However, if 
the inductar is large enough to be an effective filtering element, the current 
components having frequency 4wt and higher will be negligible in com
parison with the currents resulting from the first two terms of the series. 
Thus, sufficient accuracy is attained if only the d-c and lowest frequency 
a-c components are included as shown in Fig. 17.10. A capacitor is placed 
in parallel with the load resistance to reduce the ripple voltage across the 
load. If the capacitor is to be an effective filtering element, its reactance 
at the ripple frequency must be small in comparison with the load 
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resistance. Then it may be seen from Fig. 17.10 that the direct current is 

I _ (2/-rr}Vm do - R + R , L 

where R, is the ohmic resistance of the choke. 

(17.23) 

2 RL Vo,,,' = Id,RL = - Vm (17.24) -rr R, + RL 

Observe from Eq. 17.24 that the d-c output voltage could be independent 
of the load resistance except for the ohmic resistance of the choke. How
ever, V m' the maximum voltage applied to the filter and load, is the 
maximum power source voltage minus the drop across the rectifier. In 
case the rectifiers are junction diodes with negligible voltage drop or gas 
diodes with essentially constant voltage drop, the choke input filter can 
provide excellent voltage regulation. This follows from the fact that the 
d-c load voltage is then essentially the average value of the input voltage. 

The rms ripple Current which results from the lowest frequency a-c 
voltage component may be determined from Fig. 17.10. 

1 1 1 - 4Vm 
, - 311(2)\\2w)L (1 7.25) 

Since the reactance of the filter capacitance is small in comparison with 
RL, the ripple voltage across the parallel combination of C and RL is 
approximately 

1 1< 1  
_ 

4Vm 1 _ Vm 
, - 3-rr(2)1i(2w)L (2w)C - 3(2)H-rrw'LC 

Neglecting the ohmic resistance of the choke. we have 

% ripple = V, x 
Vd, 

Vm 
100 = 3(2)Ii-rrw'LC X 

� V m -rr 

100 
lOO 

= 6(2)"w'LC 

(17.26) 

(17.27) 

From Eg. 17.27 we see that the percentage ripple is inversely proportional 
to the product of L and C. In case the percentage ripple is not sufficiently 
small when practical values of L and C are used, an additional L-C filter 
section may be added, as was suggested for the capacitor input filter. 
Then, using Eg. 17.8 and Eq. 17.27, we see that 

% .  I 100 I lOO 
8) npp e -

- (17 2 o 
- 6(2)liw'L,C, (2w)'L,C, - 24(2)liw'L,L,C,C, 

. 

where w is the angular frequency of the input power. 
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PROD. 17.8. Two junction diodes are to be used in a full-wave choke input 
circuit. The load requires 200 v at 300 ma. The available choke has L = 10 h 
and Re = 33 n. What must be the approximate rms voltage of the power source 
for each half of the secondary? 
PROD. 17.9. What will be the percentage ripple of the power supply of Prob. 
17.8 if the filter capacitor is 40 pr? Answer .. 2.1 %. 
PROD. 17.10. What would be the percentage ripple if an additional L·C filter 
with L = 10 h and C = 40 pf were added to the power supply of Prob. 17.9? 

The preceding discussion of the full-wave rectifier with choke input 
filter was based on the assumption that the current through the choke is 

L 
t 

i{t) 

Diode 1 Diode 2 Diode 1 Diode 2 

Fig. 17.11. The inductor current of a choke input filter. 

continuous. If the current were to cease for a part of each cycle, the 
preceding analysis would not hold. The waveform of the current through 
the input choke is sketched in fig. 1 7. 1 1 .  The d-c and a-c components are 
indicated. Also, the current provided by each diode is shown. The ohmic 
resistance of the choke and the reactance of the filter capacitor have been 
neglected. From Fig. 1 7. 1 1  we can see that the current through the choke 
is continuous as long as the d·c component is equal to or exceeds the 
maximum value of the a·c component. The limiting condition is then 

4Vm _ 2Vm 
67TWL 7TRL(max) 

(17.29) 

where RL(llIl1lC) is the maximum value of load resistance which can be used 
without causing the current through the choke to be discontinuous. Then 

I 27TLcoVm 
R[Amax) = = 3wL 

47rVm 

When the primary power frequency is 60 Hz, 01 = 377 and 

R/.(III;lX) = 1 1 3 1L 

( 17.30) 

( 17.3 1)  
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Again, this is the maximum value of resistance the load can present if good 
voltage regulation is to be maintained, assuming the inductor L to be fixed. 
More frequently, the maximum value of load resistance is fixed. Then the 
required value of inductance required to provide good regulation may be 
found by rearranging Eqs. 11.30 or 11.31. 

La" RL1max) In = 
3a> 

Vm 

t 315 

t Vo (d..:) 200 

Vo 
100 

1131L o 20 40 IiO 
h (ma) --.� 

(6) 

(11.32) 

110 

Fig. 17.12. (a) D-c output voltage as a function of RL• neglecting Rc and rectifier drop; 
(6) d-c output voltage as a function of load current with L = 10 h. Re - SO n. Y", ,... 
315 V and negligible rectifier drop. 

If L is less than this minimum value, the filter capacitor will charge through 
the choke during part of the input cycle and discharge through the load 
during the times the current through the input choke is zero. This situa
tion is similar to that of the capacitor input filter. When the load resistance 
rises to infinity, the capacitor cannot discharge and therefore rises to the 
maximum value of the input voltage. Figure 11.120 is a sketch of the d-c 
output voltage as a function of RL, neglecting the ohmic resistance of the 
choke and the drop across the rectifier. Figure I 1.12h is a sketch of the d-c 
load voltage as a function of load current for a power supply which has 
L = IO h, choke resistance R, = 50 n, peak input voltage - 3 I 5 v (for 
t secondary), and negligible rectifier drop. 

When vacuum diodes are used as rectifiers, the full-wave rectifier with 
choke input filter does not provide nearly as good regulation as when gas 
tubes or junction diodes are used. This follows because the vacuum diode 
has an appreciable voltage drop which is a function of the load current. 
Since the internal resistance of the vacuum diode is a function of the load 
current, the diode characteristics 3tt needed for an accurate determination 
of regulation. However, the tube manufacturers provide charts which 
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give the average voltage into the filter as a function of ems input volts, load 
current, and filter inductance. Such a chart is shown in Fig. 17. 13 .  

The swinging choke is  a choke especially designed for use as the input 
choke in a filter. This choke has practically no air gaps in its magnetic 
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Fig. 17.13. Voltage regulation curves for the 5U4 recti-ficr with choke input filter. 
(Courtesy of Radio Corporation of America.) 

circuit and therefore has high inductance when the load current is small. 
Therefore, good regulation is maintained to high values of load resistance 
without using excessive turns of wire which lncrease resistance and deteri� 
orate regulation . As the load current increases, the inductance of the 
swinging choke decreases because the magnetic core of the choke ap
proaches saturation. Consequently, the ripple increases somewhat with 
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load, but good regulation is maintained over a wide range ofload currents 
with a minimum cost choke. 

There is one way good regulation can be assured from a choke input 
supply even when the minimum load current is not known. This is 
accomplished by connecting a bleeder resistor which has the value deter
mined by Eq. 17.30 across the output of the power supply. A bleeder 
resistance also provides a discharge path for the filter capacitors. This 
feature increases the life expectancy of repairmen who assume the high 
voltage to be zero when the power switch is in the OFF position. 

PROD. 17.11. A power supply with a single L section choke input filter is to 
provide 2S0 v direct current at 200 ma. A 12 h 22S ma (rated) choke having 40-0 
resistance is to be used. Calculate the value of bleeder resistance which will insure 
good voltage regulation ([ = 60 Hz). Answer: /3.6 KO. 

PROD. 17.12. Determine the percentage voltage regulation for the power supply 
of Prob. 17. 1 1  if the rectifiers are junction diodes or gas diodes. 
PROD. 17.13. Determine the percentage voltage regulation of the power supply 
of Prob. 17. I l  if a SU4 is used as the rectifier. Answer: 20 %. 

PROD. 17.14 What is the peak inverse voltage applied to the rectifiers of Prob. 
1 7. 1 1  ? 

17.4 POLYPHASE RECl'IFIERS 

Many industrial concerns and transportation companies (electric 
railroads) require large amounts of d-c power. These users derive their d-c 
power from three-phase (in some cases six-phase or higher) a-c power lines. 
In addition, most large electronic installations such as radio and TV 
transmitters, large computers, etc. use three-phase power supplies. The 
advantages and characteristics of these polyphase power supplies will now 
be considered. 

A circuit is connec� .. shown in Fig. 17. 14. This circuit is known as a 
three-phase half-wave r�r circuit. If RL is pure resistance, the relation-. � . -

ship between voltage and CUrrent for the three rectifier tubes is shown in 
Fig. 17.IS. Each tube Fonducts for that portion of the cycle while its plate 
is more positive than t)le plate of either of the other two tubes. Conse
quently, each tube conducts for 1 20° of the input cycle. Since the voltage 
across the load is equal to iLRL, this load voltage has the same form as the 
current of Fig. 17.IS. 

A visual inspection of the three-phase half-wave output current indicates 
the ripple voltage is much lower than in the single phase full-wave rectifier 
circuit. In fact, when the waveform of Fig. 17. 1 5  is analyzed the rms 
value of the fundamental ripple voltage is found to be 0. 18 Vave. As 
before, V.ve is the average d-c load voltage. If rectifier losses are ignored, 
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FII. 17.14. A th�phase half·wavc reCtifier circuit. 

V.V• is 0,828 Vm •• where Vma• is the peak value of the voltage applied to 
the rectifier circuit, In addition, the frequency of the fundamental compo
nent of the ripple voltage is three times the .input frequency. As a conse
quence, the size of the filter components for the three-phase circuit can be
much smaller than the corresponding filter for a single-phase circuit. An 
additional advantage is noted when the efficiency of rectification is found. 
For the circuit of Fig. 17.14 this efficiency is found to be 96.5 % if rectifier 
and transformer losses are neglected. 

PROD. 7.15. Prove the ripple voltage of the three phase half-wave rectifier is 
as given previ?usly. 

• 

i, i. i, 

F1&. 17.15. The voltage and current relationship of the circuit shown in Fig. 17.14. 



PROs. 7.16. What is the peak inverse voltage across one of the tubes in Fig. 
17.14? (Answer: 2.09 V ••• ) 

The ripple can be further reduced by a three-phase full· wave rectifier 
circuit. connected as shown in Fig. 17.16. In this circuit. the voltages and 
currents are related as shown in Fig." 17. 1 7. In this figure. the voltage listed 
as Vu is equal to - V". etc .• where the douhle subscript indicates the 
voltage from the first subscript to the second subscript. 

l' 

1 

R. 
2' 

2 D. 
+ 

3 
3' 

i'1I. 17.1'. A t�phasc full-wave rectifier circuit. 

The current ;1 occurs when V S2 is maximum positi,ve. This current flows 
through D •• RL• and D •. ,Similarly. i. flows through D •• RL• and D. and i. 
flows through D •• RL• and D., The current i, flows through D •• RL• and 
9. and i, flows through D,. RL• and D., Finally. the current i, flows 
through D,. RLo and D.. From this analysis. current flows through 
each diode for 120· per cycle of input voltage. However. the current 
flows through a given combination of diodes for only 60° of one input 
cycle, 

Again. if the load is pu"ly resistive. the load voltage has the same wave
form as the 19ad current, In this case. the rms value of the fundamental 
component of ripple voltage is only 0.042 V.vc' In addition. tbe funda
mental component of ripple voltage bas a frequency six times the frequency 
of the line volt'age. Also. the average d" output potential is 0.951" ..... 
As a further advantage. the efficiency of rectification is 99.8 % when 
rectifier and transformer losses are neglected. 
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AA � i. � A ,.!!. �� �� �, 
D, 

D, 
D. D. 

D, 
D, 

D. 

Fig. 17.17. The voltage and current relationship of the circuit shown in Fig. 17.16. 

PROD. 17.17. What is the peak inverse voltage across the rectifier diodes in 
Fig. 17.16? Answer: 1.05 Vue. 

The foregoing circuits are indicative of the type encountered in poly
phase rectifiers. Since many additional configurations can be used, the 
reader is referred to handbooks for additional circuits. In addition to the 
three-phase circuits considered, six�phase. twelve-phasc, etc., circuits are 
used. From the foregoing analysis, several generalizations .can be made for 
an n-phase system. 

In haIf-wave circuits, one rectifier (or one plate) is required for each 
phase. Hence an n-phase system requires n rectifiers. Also, the lowest 
frequency component in the n-phase system is n times the frequency of the 
supply voltage. As n increases, the average rectified d-c voltage increases 
for a given applied a-c voltage. In addition, as n increases the percentage 
of ripple voltage decreases. A full-wave rectifier circuit in an n-phase 
system has the same characteristics as a half-wave rectifier in a 2n-phase 
system. 

The values of d-c output voltage and amount of ripple can be readily 
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Fig. 17.18. A plot of d-.c output voltage for polyphase rectifier circuits with resistive 
loads. 

calculated for a given polyphase system. However, for ease of design, 
Fig. 17.18 gives the d-c output voltage for a given number of phases. 
Also, Fig. 17. 19 indicates the variation of ripple for polyphase systems. 
In addition, Fig. 17.20 is a plot of rectification efficiency (if rectifier and 
transformer losses are ignored) vs the number of phases used. 

To keep rectification losses to a minimum, semiconductor diodes are 
usually preferred. High vacuum diodes have high internal impedance 
and are seldom used if large d-c currents are required. 

An interesting application of polyphase rectifiers is found in the standard 
d-c generator. The d-c generator can be considered as a polyphase 
generator with a polyphase full-wave mechanical rectifier. This mechanical 
rectifier is called a commutator. In effect, the commutator of a d-c 
generator connects the load to the generator winding while the peak 
voltage is present. As the next winding approaches its peak voltage, this 
winding is connected to the load. This action is seen to be identical with 
that of a rectifier. Therefore. a d-c generator with an n-section commutator 
can be considered as an n/2 phase full-wave rectifier. To reduce the output 
ripple, some generators have the magnetic fields designed to generate 

100 

" 75 • u 
il 50 

\ \ , • " � '" 25 I\. '-
2 4 6 8 10 

Number of phases 

Fig. 17.19. A plot of ripple voltage for polyphase rectifier circuits with resistive loads. 
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voltage waveforms with flattened tops in the rotating windings. However, 
even in these generators, if the voltage waveform is known and the 
commutator resistance (this corresponds to the internal resistance of a 
diode rectifier) is known, the ripple, rectification efficiency, average, 
voltage. and ripple frequency can be calculated for a d-c generator by the 
methods just considered. 

lOO 

90 

50 40 o I 

/' 11 

2 4 6 8 Number .of phases 
Fig. 17.10. A plot of rectification efficiency for polyphase rectifier circuits with resistive 
loads (ignoring losses of the rectifiers and transformers). 

PROD. 17.18. A d-c generator has thirty-six windings on the rotor. Each 
winding generates a sinusoidal voltage with a peak value of 200 v as the rotOf 
revolves �t 600 rpm. A commutator of thirty-six sections is used to convert the 
output to a d-c voltage. An external load of 50 n resistance is connected to the 
generator. If the commutator resistance and resistance of the winding is ignored 
find: (a) average d-c voltage across the load; (b) rrns value of the ripple voltage; 
(c) fundamental frequency of the ripple voltage; (d) rectification efficiency. 

17.5 ADJUSTABLE OUTPUT VOLTAGE RECTIFIERS 

In many instances a power supply which can deliver an adjustable 
output voltage is highly desirable. One of the simplest circuits of this type 
(although not inexpensive) is shown in Fig. 17.21.  This circuit is a simple 
full-wave rectifier circuit with an adjustable voltage applied to the plates 
of the rectifier tubes. 

The transformer T, supplies filament voltage to the rectifier tubes and 
must not be part of transformer T2 in this circuit. The transformer T'/. is a 
center tapped plate transformer. The transformer T3 is a power type of 
adjustable auto-transformer (Variac. Powerstat, Adjust-A-Volt, etc.). 
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The adjustment of Ta adjusts the voltage to T2 which furnishes voltage to 
the rectifier plates. The Circuit from the rectifier to the output terminals is 
a conventional full-wave rectifier and 7r section capacitor input filter. The 
output voltage of this circuit can be adjusted from the full peak voltago 
rating of transformer T, (ignoring transformer and rectifier losses) to zero. 

1 ." 

X 

out 

Fig. 17.21. A simple adjustable voltage power supply. 

In addition, the efficiencies of the transformers are very high so the losses 
in the circuit are low. The primary disadvantage of this type of circuit is 
the bulk and cost of the components. 

A more popular type of adjustable power supply is shown in Fig. 17.22. 
This is a power supply of a type very similar to the controlled rectifier 
circuit already described in Section 6. \0 (Example 6.4). However, this 
circuit incorporates a full-wave rectifier, and the current can be adjusted 
over a much greater range. The silicon controlled rectifiers may be 
replaced by thyratron tubes if desired. 

The circuit composed of Rl• Ch R2• and Ra is a phase-shifting circuit. 
The adjustment of RI determines when the controlled rectifiers fire, which 
in turn determines the magnitude of output voltage. The operation of the 
phase shift circuit can be found from Fig. 17.23. In this circuit, the 
transfer function of V .. IV" must be determined. We may find this 
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Fig. 17.22. An adjustable output voltage power supply. 

transfer function by noting that 

Also, 

V" = (I/SC.)V12 = V" 
= V" 

I/R,C, 

(l/sC.) + R, R,C,s + 1 s + (I/R,C,) 
(17.33) 

v, - R,V" ( 17.34) .. -
R, + R, 

In the usual phase shift circuit, R, = R,; thus Eq. 17.34 reduces to 

(17.35) 

(17.36) 

r------<>3 

• <;..E-
• 

1-----04 
C,=::; �R2 

2 �--�---� 

Fig. 11.23. A phl\se�shift circuit. 
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Then 

or 

v - V [ I/R,C, - !] .. - " s  + (I/R,C,) 2 

V.. I/R,C, I 
- =  
V" s + (I/R,C,) 2 

(17.37) 

(17.38) 

Since the phase shift circuit is intended to operate at a given frequency, 
Eq. 17.38 can be written as 

V .. = I/R,C, _ ! = __ 1 __ 

V12 jw + I/R,C, 2 jwC,R, + I 
Reducing to a common denominator, we have 

V.. 2 - 1 - jwC,R, 
- = 
V.. 2{l + jwC,R,) 

or 
V,. 1 1  - jwC,R, 

- = -V.. 2 1 + jwC,R, 
Equation 17.41 can be rewritten as 

where 

V" I I ,j""I';;-+-{""w"'C=-, R-=-C,)""I '"=" I I '"=" 

'I' = tan-' (wC,R,) 
Equation 17.42 can be written as 

V.. 1/-" 
- = -
V12 2 

1 
(17.39) 

2 

( 17.4O) 

(17.41) 

(17.42) 

(17.43) 

(17.44) 

Thus V .. is always equal to m V" in magnitude, but V .. cas tag V" 
from 0' when R, is zero to - 180' when R, approaches an infinite value. 
(In some circuits, R, is fixed and C, is adjusted.) A plot of Vu/V" (as R is 
adjusted) is shown in Fig. 17.24. 

Of course, in actual circuits RL cannot be adjusted all the way to co. 
However, if R, is much greater than l/wC" a shift of nearly 1800 can be 
obtained. 

If the gates of the controlled rectifiers in Fig. 17.22 are negative, the 
rectifiers will remain cut off even though the anodes are positive. Hence, 
if V .. lags V" by a phase angle of 120', each controlled rectifier will only 
fire for 60' of the total cycle. This typical condition is shown in Fig. 17.25. 
The filter removes the ripple component to produce essentially a pure d-c 
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Fig. 17.24. A plot of VHIV1:1 as Rl is adjusted in Fig. 17.23. 

voltage. Thus the circuit shown in  Fig. 1 7.22 can be used to adjust the d-e 
output potential between zero and the peak value of anode potential. (If 
large currents are drawn. some voltage loss will. be present i n  the trans
former, rectifiers, and wiring. Hence the maximum voltage will be some
what less than the peak a-c anode VOltage.) The resistors R. and R, are 
used to limit the gate currents to a safe value. 

81 anode vo'ltage 81 gate voltage 

82 emilter current . { �Sl emitter current 82 emitter . ;t\ r.: rt-: current 
81 emItter current l'l "l \ \ -

~ 
I I \ I \ -- --Load voltaie \ : \ 'I \ : \ with no filter 

\ I \ I \ I \ 
\ I I .I : \ I I - Load voltage 
I I ' I  I I with fitter L _ _ _ _ _  J L _ _ _ _ _  J L _ _ _ _ _  J L _ _  

wt --.� 

Fig. 11.IS. Voltage relationships in 'the circuit of Fig. 17.22. 

PROD. 17.19. Find the transfer function V3./V12 of ·Fig. 17.23 if (0) Rl = 
1/10 wC, (b) R, - l/wC, (c) R, = lO/wC, . . Answer: (a) 0.51-'1 .••• (b) 0.51=JO!. 
(c) 0.5'-118.8. 

PROB. 17.20. Two 3A200 controlled reCtifters art; connected as show� in Fig. 
1 7.22. (The characteristics of a 3A200 switch are given in E�ample 6.4.) The a-c 
input signal is 1 10 v nns 60 Hz. The number of turns on the primary winding 
of transformer TJ is equal to the total number of turns on the center-tapped 
secondary winding. If R'}. is 10,000 Q and Cl is 0.25 pf, find the values of all 
other circuit con:-ponents (except the d-c filter) including the turns ratio of 
transformer T2 for. proper operation. 
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17.6 REGULATED POWER SUPPLIES 

In many electronic systems. the voJtage regulation of the previously 
discussed power supplies is not adequate. Also. the fluctuations of the 
primary supply voltage may cause intolerable variations of the output 
voltage in some applications. Therefore. circuits have been developed 
which provide essentially constant output voltage. even though the output 

R, 
+ + 

Rectifier 
Reference 

Rectifier 
and filter Load and filter • load 

circuit diode circurt 

FiI. 17.26. Power suppiy regulating circuits which employ vOltage-regulating diodes. 

current and the input voltage vary widely. Power supplies which employ 
these voltage-regulating circuits are known as regulated power supplies. 

The simplest means of regulating the output voltage of a power supply 
is by the use of reference (zener) diodes or voltage-regulating (gas) diodes. 
These devices were discussed in Chapter 3. The manner in which the 
reference or regulating diode is used to improve the voltage regulation of 
the power supply is illustrated in Fig. 1 7.26. In these circuits the internal 
resistance of the power supply and filter should be included in R,. 

The circuits of Fig. 17.26 have definite limitations. For example. if the 
power line potential fluctuates. the open circuit voltage out of the power 
supply filter may vary between Vmax as a maximum value and Vmin as a 
minimum value. In addition, the load current may vary between I L(mp., 
as a maximum value and IL(mlnl as a minimum value. Now, if VL is the 
voltage across the load, and the maximum supply voltage occurs at a time 
when the load current is minimum. then 

(17.45) 

where '})(max) is the maximum current through the diode. On the other 
hand, ir the maximum load current occurs at a time when the supply 
voltage is minimum. 

(17.46) 

, 
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where [Dlmtn, is the minimum current through the diode. Subtracting 
Eq. 17.46 from Eq. 17.45, we have 

Vm .. - Vmtn = ([D{m.x, - [mmtn,)R, - (h{max, - h{mtn,)R. (17.47) 

Then 

Vmax - Vmln 
IL{m&x' - IL{mtn' = Immax, - Immtnl -

R 
(17.48) 

• 
In order for the circuit to operate properly, [D{m'n) must be equal to or 
greater than the minimum rated current of the diode, and [D(max, must be 
equal to or less than the maximum rated current of the diode. It may be 
seen from Eq. 17.48 that the permissible fluctuation on the load current is 
limited by the line voltage fluctuation as well as by the ratings of the 
regulating diode. The reader may be tempted to parallel several diodes to 
achieve a wider current variation. However, a word of caution is in order. 
Unless a series resistor is used with. each diode, one diode may exceed its 
maximum rating while the other diodes pass little or no current because 
the breakdown voltages of the diodes differ slightly. However, the use of 
a series resistor decreases the regulation of the device since the output 
voltage will then be dependent on the current through the diode-resistor 
combination. 

PROD. 17.21. A reference diode (IN468) has an average voltage of 5 v and a 
maximum power dissipation rating of 500 mw. (Assume 1 ma is the minimum 
diode current.) The open circuit potential of the power supply is to v and R. 
(Fig. 17.25a), is 100 n. Over what range of resistance can the load resistor vary 
and still maintain proper regulation ?  Answer: From 102 n 10 co n. 
PROD. 17.22. A power supply has 10 v output and an internal impedance of 
I() 0. A IN468 reference diode (Prob. 17.21) ls"used to obtain a S-v regulated 
output. The current through the load will vary between 100 and ISO ma. (a) 
Design a circuit to give the proper operation. (b) Over what range can the voltage 
of the lo.v supply vary without causing improper operation of your regulating 
circuit '1 
PROD. 17.23. An OA2 gas diode maintains 105 v across itseJffor diode currents 
of 5 to 30 ma. If a circuit is co�ected as shown in Fig. t 7.26b. what value must 
R, have if the regulator input voltage varies between 290 and 310 v with an aver� 
age load current of 200 ma. Over what values can the load current vary and 
still maintain 105 v output? Answer: R, = 900n, 2.8 ma variation. 
PROD. 17.24. Repeat Prob. 17.23 when the regulator input voltage varies 
between 280 and 320 v. 

The permissible fluctuation of load current can be greatly increased if a 
transistor is included in the regulating circuit as shown in Fig. 17.270. 
This regulator. which is sometimes known as an emitter follower regulator, 
is very similar to the active filter, the essential difference being that the 
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filter capacitance has been replaced by the reference diode. The load 
voltage is the referenee diode voltage minus vBE' In this circuit, the 
maximum variation of the Teference diode current is equal to the maximum 
variation of base current. Since the output current is the emitter current, 
the output current variation can be (hi, + I) times the permissible 
referenee diode variation, providing that the voltage from the rectifier 

Rectifier 
and 

filter 
circuit 

(0) 

Rectifier 
R. 

� and 
R. !! filter circuit 

(b) 
Fig . •  7.17. Emitter follower type regulators. 

� 
!! 

and filter circuit remains constant. If this voltage is not constant, a 
derivation similar to that of Eq. 17.48 will show that the change in 
reference diode current is I _ I _ 

ILmax - ILmtn Vmax - Vrn1n 
Dmax Dmtn - h + 

R ,e + 1 • 
(17.49) 

The output resistance: of thiS regulator is approximately that . of an 
emitter follower with the referenee diode dynamic resistanee '. as its base 
circuit resistance. Ttm�;.from Eq. 7. 1 34 

(17.50) 

Since r It and Rn are es�!i�lIy in series so far as a-c components are 
concerned, any fluctuations 'in. outpl1t voltage from the rectifier and 
filter, including ripple, will be reduCe4 by. the ratio '.IRB approximately. 

The ratio of load current variation to reference diode current variation 
can be further increased by the Darlington arrangement of Fig. 17.27h. 
This circuit is often useful when the load currents are in the range of, 
amperes. In either of the emitter foltower.type circuits. the minimum 
instantaneous voltage from the rectifier and filter circuit must be at least 
a volt or so greater than the output voltage to cause proper operation of 
the transistors. Also the power dissipation in each transistor, as well as 
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in each diode, needs to be estimated so that adequate cooling can be 
provided. However, the emitter follower type regulator is much more 
efficient than the simple reference diode regulator because the regulating 
transistor may have a small voltage drop across it though it has a large 
current through it, whereas the reference diode may have a large voltage 
across it but a small current through it. 

PROD. 17.25. The circuit of Fig. 17.27a is used to regulate the voltage to a 
transistor amplifier which requires -20 v Vea at a variable current from 100 ma 
to 2 amps. The voltage from the rectifier and filter circuit has a voltage variation 
from -24 to -29 v, including fluctuations due to line and load. The maximum 
voltage a( fulJ load is -26 v. Determine a suitable value for Ro. the voltage rating 
and dissipation rating for the reference diode. and for the maximum transistor 
dissipation if a 2N2147 transistor is used as the regulating transistor. Determine 
the approximate fluctuation of load voltage jf the dynamic resistance of the 
reference diode is 20 n. Answer: RH = 270 n, VD = 20.4 V, PD = 0.66 W, 
6 V =  0.84 V. 

, P .... 
'"' �ce 

Control Regulated voltage 

unit I 
Sample 

Rectifier � ,"d I- Difference elementary Amplifier 
detector filter 

Reference 
voltage 

I 
Fig. 17.%8. A block diagram of a regulated power supply. 

More elaborate regulators may provide better voltage regulation, lower 
output impedance, and less ripple than the regulators previously con
sidered. These voltage regulators are a type of automatic control system 
and can be analyzed from the control system approach. In block form, a 
voltage control system can be represented as shown in Fig. 17.28. ]n this 
system. a constant reference potential is maintained. In addition, a 
sample of the voltage to be regulated is required. The sample of regulated 
voltage is compared to the reference potential. Any difference in the sample 
and the reference potential is detected by a difference detector. This 
difference voltage or error signal is then all)plified and used to activate a 
control unit which changes the regulated voltage in a direction whic!t will 
reduce the error signal. Hence, the system attempts to correct any 
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variations in the regulated voltage. Although the foregoing analysis has 
been concerned with voltage regulation, this basic concept can be used to 
control temperature, position� velocity, and so on. 

A basic vacuum tube voltage regulator is shown in Fig. 17.29. In this 
simplified circuit, the voltage regulating diode V. maintains a constant 
voltage which is used as the reference voltage. The resistors R .. R" and R. 
are connected as a voltage divider. Any fluctuations in the regulated 
output voltage appear (reduced ID magnitude because of the voltage 

Regulated output voltage 

Rectifier 
and 
filter 

circuit 
-t--_....:;R, 

Fig. 17.29. A vacuum lube voltage regulator (:irc;uit. 

+ 

divider action) on the control grid of V,. Therefore, the resistors Rt, R., 
and R, (Fig. 17.29) form the sampling circuit of Fig. 17.28. Since any 
voltage difference between the grid and cathode of V, is amplified in the 
plate circuit, V, acts as the difference detector and also as the amplifier. 
The tube Vt of Fig. 17.29 acts as the control unit of Fig. 17.28. 

We can illustrate the manner in which the circuit of Fig. 17.29 regulates 
the output voltage by assuming that the output voltage suddenly decreases 
because of either an increased load current or a decreased supply voltage. 
This decreased output voltage causes a decrease of potential on the grid of 
V,, Since the grid of V. becomes more negative with respect to the cathode, 
which is held at constant potential, the plate current through V, and hence 
the voltage drop across R. decreases. Therefore, the potential on the grid 
of the control tube V. becomes more positive and consequently the plate
to-cathode voltage of the regulator tube Vt decreases, thus compensating 
for the assumed reduction in output voltage. 
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The improvement in voltage regulation which results from the regulator 
circuit may be determined with the aid of the block diagram of Fig. 1 7.30. 
First, it will be assumed that the regulator input voltage VI changes by an 
amount '" VI for some reason. This change of input voltage causes an 
output voltage change '" Vo' Since a fraction K of the output voltage Vo is 
applied to the input of the error amplifier, the change in error voltage is 
K '" Vo' Because the voltage between the plaie and cathode (or collector 

,-- IV, - 1(,) 

Control 
amplifier 

Cl,. : � • > 
Rectifier 

and > filter Error' 
circuit amplifier - J. : :-GI. Vo V, tKvo - I ; � Reference VB : � voltage 

I 
Fig. 17.30. The block diagram ora regulating circuit. 

and emitter) of the control amplifier is VI - VD' and also because the 
control amplifier and error amplifier are in cascade, the following 
relationship holds. 

(17.51) 

where GI• is the voltage transfer function or gain of the error amplifier and 
G21J is the voltage transfer function of the control amplifier. Re-arranging 
Eq. 17.51 ,  we have 

'" VD = 
'" VI 

1 + KG12G .. 

(17.52) 

(17.53) 

It may be seen from Eq. 17.53 that insofar as variations of the input 
voltage VI are concerned, the regulator improves the output stability by a 
factor equal to the total loop gain KG12G" of the control system. 

An appropriate way to specify the regulation of a power supply is by 
specifying its dynamic output impedance Zo = '" Vol"'h. In this case, the 
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change of output voltage A Vo is assumed to be caused by the change of 
load current �l L rather than by a change of primary power voltage. 
However, the change of load current �l L will cause a change of input 
voltage � VI' Then, dividing both sides of Eq. 17.53 by �ILo we have 

� Vo � VI/�h -- =  
1 + KG12G", 

, 
(17.54) 

Z, = Z, ( 17.55) 
1 + KG12G" 

where Z, is the output impedance of the regulator and Z', = � Vd�lt. is the 
output impedance of the rectifier and filter without the regulator. Again, 
note that the regulator reduces the output impedance and hence the voltage 
regulation by a factor equal to the total loop gain of the control system. 

PROD. 17.26. A regulating circuit similar to Fig. 17.30 has K = 0.5, G12 = 
-200, and G23 = -10. What will be the voltage change of the regulated output 
when the voltage applied to the input of the regulator is changed by 10 v? 
PROD. 17.27. The output voltage of a specific power supply decreases 20 v when 
the load current is increased from 20 to 100 ma. What is the dynamic output 
impedance of this power supply? The regulator circuit of Prob. 17.26 is added 
to this power supply. What is the dynamic output impedance after regulation? 

Answer: R' $ = 250 n, R$ = 0.25 0. 

From the preceding development and problems it is evident that high 
loop gain is desirable in the regulator circuit. Consequently, the error 
amplifier must be a high-gain amplifier in order to realize good regulation. 
Also, high-voltage gain would be desirable in the control amplifier. How
ever, the control amplifier must be capable of carrying the maximum load 
current. Therefore, the current and power dissipation ratings of the co�trol 
amplifier may take precedence over the voltage amplifying capabilities of 
this amplifier. It should be mentioned in passing that the voltage amplifi
cation of the control amplifier is a function of the load resistance which is 
connected to the output of the regulator. Consequently, the ripple and 
voltage regulation are functions of the load current. 

The circuit diagram of a typical vacuum tube regulator is shown in Fig. 
1 7. 3 1 .  This circuit incorporates several improvements over the basic 
circuit of Fig. 17.29. For example, the pentode error amplifier V, may have 
much higher gain than the trjode amplifier in the basic circuit. A negative 
potential is supplied by the solid state rectifier and the filter R,e,. This 
potential, which is regulated by the two voltage regulating diodes, is used 
for two purposes. First, it provides an adjustable bias source through the 
potentiometer R,.. Second, the positive VI'I' (or B+) output voltage may 

'be adjusted downward to 0 volts because the potential of the cathode of 
the difference amplifier Vl is negative with respect to the common terminal. 
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Consequently, as the slider on the potentiometer R., is moved upward 
toward the V pp output terminal, the V pp output voltage is reduced 
toward this negative VR1 cathode potential. The resistance of RI should be 
such that the V pp voltage just reduces to zero as the potentiometer slider 
reaches the end of its travel. The resistor R, may also be a potentiometer. 
As the slider of potentiometer RfJl is moved toward resistor Rzt the V pp 
output voltage increases toward its maximum value. The maximum 

x 

�-- x 

L _
_ x 

�-- y • 

L _
_ y + VRz' 
Fig. 17.31. A typical regulaled power supply. 

attainable regulated voltage is the voltage across the filter capacitor C, 
minus the plate-cathode drop across the control tube. This voltage drop 
across the control tube may be determined from its plate characteristic 
curves as shown in Fig. 17.32. Of course, the control tube voltage drop 
and the voltage across the filter capacitor C, must both be determined at 
the maximum (full load) current. The resistance of R, should be adjusted 
so that the V PI' output voltage cannot rise above the maximum attainable 
full load voltage, even though the adjustment is made at no load. Other
wise, the regulator will fail to regulate properly at the maximum voltage 
setting. Again. the resistor Rz may be a potentiometcr. The capacitor Cl 
bypasses the resistance between the Vpp output terminal and the control 
grid of the difference amplifier. Thus the rapid fluctuations of the output 
voltage are applied to this control grid with little attenuation. Conse
quently the a-c loop gain of the control system is increased and the ripple 
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and dynamic output impedance decreased as a result. The difference 
amplifier and control amplifier tubes must be heated by separate trans
former windings as indicated, because the heater-eathode voltage ratings 
of the tubes would be exceeded if a single filament winding were used. 

The control tube V, may actually be several tubes connected in parallel 
to provide the required current and power dissipation characteristics. 
Theoretically, it would be advantageous to use beam power tubes in the 

Maximum 
load current 

Minimum tube drop 

v,. ----
Fig. 17.32. A method of obtaining the minimum tube: drop at maximum load current. 

control amplifier because of the high power gain of these tubes. However, 
a suitable screen grid voltage source may be difficult to obtain. Of course, 
beam power tubes may be triode connected for this application. 

Voltage regulators may employ transistor amplifiers. Usually the tran
sistor-regulated supplies have lower voltage and higher current ratings than 
their vacuum tube counterparts. The transistor circuits could be very 
much like the vacuum tube circuits previously considered. However, 
many different types could be and have been devised.' Therefore, two 
transistor types which do not closely resemble the tube types previously 
considered will be examined. A regulated transistor power supply, whose 
output voltage is adjustable over a narrow range, is illustrated in Fig 
1 7.33. In this circuit, the potential at the slider on the potentiometer R. 
must be very nearly equal to the potential of the base of transistor T" 
which is controlled by the reference (zener) diode D,. Resistor R, permits 
several milliamperes of current to flow through this reference diode, so the 

I For some variations of the circuit of Fig 17.33 see " Design of Transistor Regulated 
Power Supplies:' by R. O. Middlebrook, Proc. IRE, Vcl. 45, No. 1 1 .  pp. 1502-1509. 
November 1957. Also see "Designing Transistorized Voltage Regulators," by Ead 
Wilson, Electronics, Vol. 33, No. 39, pp. 62-65, Septer.1ber 23, 1960. 
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base current variations of transistor T'l. are �egligible by comparison. The 
collector supply voltage of transistor T, is more negative than the emitter 
of the control transistor T, by the amount of the voltage across the 
referenee diode D,. This additional negative voltage is necessary to 
forward-bias the transistors T3, T., and T,. 

The basic operation of the circuit of Fig. 17.33 may be illustrated by 
assuming that the output voltage increases for some reason, thus causing 

Rs R. 

C, RI 

Cl 

C3 TI T, 
Rp 

L-__ � ____ L-______ -L __________ -L ________ -L�� + 
Fig. 17.33. A transistor-regulated power supply. 

the potential at the slider of potentiometer R. to become more negative 
with respect to the positive terminal. This increased forward-bias increases 
the collector current of transistor Tt. thus causing the collector of Tl to 
become more positive. ' As the collector of T, becomes more positive, the 
forward-bias of transistors T3, T .. , and Ts is decreased, thus causing a 
greater voltage drop across the control transistor TS" This increased 
voltage drop compensates for the assumed increase of the output voltage. 
T�e transistors Ta, T .. , and T6 are in the Darlington connection, so the 
input impedance of transistor Ta is very high and, therefore, the voltage 
gain of transistor T, may be very high, The resistors R, and R, improve 
the temperature stability of the Darlington connection as previously 
discussed in Chapter 9. Since audio transistors are commonly used in the 
regulator circuit, the voltage gain decreases and henee the output 
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impedance increases with frequency when the frequency is above a few 
kilocycles per second. Therefore, the capacitor C, is connected across the 
output to maintain low output impedance at high frequencies. 

The transistor regulator circuit shown in Fig. 17.34 has two features 
which are not incorporated in the circuit of Fig. 1 7.33. First, the output 
voltage may be adjusted from zero to the maximum capability of the 
supply. Second, automatic current limiting is provided for the protection 
of the power supply. This current-limiting feature is very important 
because transistors usually burn out more quickly than fuses when over
loads occur. Therefore, although fuses will usually protect vacuum tube 
circuits, fuses do not provide adequate protection for transistors. 

In the circuit of Fig. 17.34, the reference diode Dl maintains a constant 
voltage between the base of transistor Tl and the common terminal. Since 
the emitter-base voltages of transistors Tl and T2 are comparatively small. 
the voltage across resistor R, is essentially equal to the voltage across the 
reference diode D1• Hence, the current through resistor R2 must be 
essentially constant. Since this current through R2 may be large in 
comparison with the base current of transistor 1'2' the cunent through 
potentiometer Rp is essentially equal to the current through resistor R2 and, 
therefore. this current is essentially constant. Thus the voltage across the 
potentiometer Rp is proportional to the resistance of Rp. Observe that 
this voltage is  the regulated output voltage, neglecting the emiller-base 
voltage of transistor T,. 

To understand the operation of the regulating circuit of Fig. 17.34, it 
will be assumed that the current through potentiometer Rp is decreased. 
either because of a decrease in output voltage or an increase in the resist
ance of Rp" Then, since the current through resistor Rz must be constant? 
additional current must flow into the base of transistor T2. This additional 
base current will cause additional collector current flow in transistor T2 
and thus will cause the base potential of transistor T3 to become more 
positive. This reduced forward bias of transistor T3 will decrease the 
collector current of transistor Ta and thus increase the base current in 
transistor Tt.. Since transistors T, and T5 are in the Darlington connection. 
an increase of base current in transistor Tt. will tend to increase the current 
through, and decrease the voltage across, the control transistor T5. This 
decreased voltage across transistor T5 tends to compensate for the assumed 
decreased output voltage which was initially assumed. Since there are 
five transistors in the amplifier, the voltage gain and current gain of this 
amplifier may be very high, thus producing very good voltage regulation 
and low output impedance. 

I n  the foregoing discussion, we saw that the potential of the base of 
transistor T3 must become more positive to increase the current through 
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the control transistor T,. But the diode D, will not permit the base 
potential of transistor T, to become appreciably positive with respect to 
the emitter potential of the control transistor T" since diode Dl would then 
be forward-biased. Now the resistor R, is placed in series with the emitter 
of transistor T, so the load current must flow through resistor R,. As the 
load current increases, the emitter potential of control transistor Ts be
comes more negative until the diode D2 is forward-biased and, therefore, 
conducts current. At this point, the potential of the base of transistor T • • cannot increase in the positive direction and the current through the 
control transistor cannot increase. Thus the load current is limited by the 
voltage drop across resistor R,. Therefore, the maximum value of load 
current is determined by the resistance of Rs. When Rs is either a potenti
ometer or a switch-resistor combination which increases resistance in dis
crete steps, the current limit may be set to a value which will protect the 
load as well as the regulator. The diode D, should be a silicon diode so it is 
essentially nonconducting until its forward bias approaches 1V or more. 
Since the voltage drop across resistor R, must be equal to the sum of tbis 
minimum forward-bias voltage of diode D, plus the emitter-base voltage of 
transistor T, before current limiting will occur, the voltage across R, will 
normally be of the order of 0.7 v when current limiting occurs. These 
assumed voltages are based on an ambient temperature of the order of 
25°C. 

The maximum current and voltage capabilities of the regulated supply of 
Fig. 17.34 depend, of course, on the current, voltage, and power dissipation 
ratings of the main rectifier and filter as well as on the ratings of the control 
transistor T,. Also, an adequate heat sink must be supplied for this 
control transistor. Several refinements may be made on the circuit of 
Fig. 17.34. For example, the output impedance may be reduced if a 
capacitor is placed in parallel with the potentiometer R.. Also, a large 
capacitance should be placed across the output to insure low output 
impedance at high frequencies.' 

PROB. 17.28. The regulated power supply of Fig. 17.34 is capable of delivering 
30 v at 2 amp. lf potentiometer Rp is 5000 Cl and the reference diode Dl is 7.0 v" 
what should be the value of resistor R,? Should R, be adjustable? Could the 
positive output terminal become negative with respect to the common terminal ? 
PROB. 17.29. Referring to Fig. 17.34, the voltage across the filter capacitor Cl 
is 3S v when 2 amp are being drawn by the load. What must be the power dis
sipation capability of the control transistor Ts ifthe power supply is to be capable 
of delivering 2 amp at any voltage between 0 and 30 v? 

t The circuit of Fig. 17.34 is a modification and simplification of a circuit used by the 
HcwJeU Packard Co. of Palo Alto. California, in their regulated transistor power supply 
Model 721A. The instruction manual for this power supply has additional refinements 
not included in the circuit of Fig. 17.34. 
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Appendix 

I 
Consider the configuration shown in Fig. 1 . 1 .  A small element of volume 

has dimension of �x. �y, and 11%. An electric field, denoted by of, passes 
through this cube. The electric field vector can be resolved into 'three 
components if •• if., if,. When this has been done. the flux into the back 
face of the cube is equal to the component of flux density normal to that 
face times the area of the face. 

Flux into back face = .S. �y �z (1.1) 

where € is the dielectric constant of the medium. The dielectric constant 
is equal to the product of the relative dielectric constant' E. and the 
dielectric constant of free space ., 

(1.2) 

where E. is determined by the ratio of electric flux lines in the given medium 
to the number of flux lines in free space for the same electric field intensity. 
The dielectric constant of free space E, is 8.85 X 10-12 f/m. 

The flux out of the front face of the cube of Fig. 1.1  is equal to the sum of 
the flux into the back face plus the change of flux in the cube. The change 
of the x component of flux in the cube is equal to the rate of change of 

1 The factor ifr can be determined for a material by the ratio of the capacity of a 
capacitor using the material as a dielectric to the capacity of a capacitor with identical 
measurements but with free space (vacuum) as a dielectric. Measurements of Er for 
many different materials have been made and are given in most electrical enginoccing 
handbooks. 

685 
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Fig. 1.1. Configuration used in derivation of Laplace's Equation. 

this flux with distance times the distance tJ.x. Therefore, 

Flux out of front face = • ( of. + o!. tJ.x) tJ.y tJ.z (1.3) 

The net flux flowing out of the cube is equal to the flux flowing out 
minus the flux flowing in. The net x component of flux is found by 
subtracting Eq. L1 from Eq. 1.3. oC 

Net flux out of the back and the front of the cube = • � tJ.x tJ.y tJ.z ox 
A similar treatment of the two sides of the cube reveals the 

M 
Net flux out of the side faces of the cube = • -' tJ.x tJ.y tJ.z oy 

Similarly, the oc. 
Net flux from the top and the bottom of the cube = E -tJ.x tJ.y tJ.z az 

(1.4) 

(1.5) 

(1.6) 

When Eq. T.4, 1.5, and 1.6 are added together, the net flux flowing out of 
the cube is obtained. Using Coulombs law, we see that this total outward 
flux is equal to the total charge contained in the cube. Therefore, (06'. ac. at',) A • -- + - + - tJ.x uy tJ.z = p tJ.x tJ.y tJ.z ox oy oz (1.7) 

where p is the volume charge density which is assumed to be constant 
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throughout the small volume. This equation can be reduced to the simpler 
form 

Now, since 

M. OC. oC, p - +
- + - = 

ox oy . .iJz • 

r£' = _ 
ov. r£' OV. 

:I: ox ' '' = - ay ' and r£' = _ 
oV, 

JI OZ ' 

Equation 1.8 can be written as 
o'Y o'Y o'Y P ----! + __ v + __ I: = _ _ 

ox' oy oz' • 

(1.8) 

(1.9) 

This equation is known as Poisson's equation. When no charge is present 
in the volume, the charge density is zero. In this case, Eq. 1.9 becomes 

O'V. + o'V, + o'V, = 0 (1.10) 
ox' oy' oz' 

This equation is known as Laplace's equation. In terms of vector notation, 
Poisson's Equation (Eq. 1.9) can be written as 

and Laplace's equation (Eq. 1.10) can be written as 

V'V = 0  

(1.11) 

(1.12) 
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Appendix 

11 
Feedback circuits have the general configuration shown in Fig. 11.1. 

As indicated in Section 1 1 . 1 ,  the transfer function G13 for this type of 
circuit can be written as 

G" 
G'3 = --=-""--

1 + G .. G .. 
(1 1 .6) 

The feedback is known as negative when the denominator of the total 
transfer function G'3 contains a plus sign as in the case of Eq. 1 1 .6. On 

G,. 

Fig. n.t. The block diagram of a feedback system. 

the other hand, when the feedback is positive, the polarities of the signals 
x, and x, of Fig. n.1 are alike and the total transfer function becomes 

G" 
G13 = --"""--

1 - G .. G .. 
(ILl) 

In the general case, the transfer functions G23 and GS4 are complex 
functions of s. Accordingly, the transfer functions, G" and G .. can be 
written as 

G - H p.(s) .. - ' Q.(s) 
688 

(lJ.2) 
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and 

-_ . _---

G - H 
P,(s) 

,, - , Q,(s) 
(11.3) 

where H. and H, are constants and p.(s). P,(s). Q.(s). and Q.(s) are 
polynomials of s. Therefore. Eqs. 1 1 .6 and 11.I become 

H. 
p.(s) 

GIl = Q.(s) (11.4) 
1 ± H.H, 

p.(s)P,(s) 
Q.(s)Q,(s) 

tJsuaUy the product H.H, is written as K. Simplifying. Eq. 11.4 becomes 

p.(s) 

or 

G .. = Il. 
Q.(s) 

(Il.S) 
Q,(s)Q,(s) ± KP,(s)P,/..s) 

Q.(s)Q,(s) 

G13 � H. 
P,(s)Q,(s) . 

Q.(s)Q,(s) ± KP.(s)P.(s) 
(11.6) 

To determine the time response of this transfer function to a specific 
excitation. the denominator of Eq. 11.6 must be factored. In other words. 
the roots of the denominator or poles of the transfer function must be 
found. The zeros of the complete transfer function (Eq. 11.6) are known 
because the numerator is normaUy in factored form} 

A different set of poles of the complete transfer function exists for each 
diffe ... nt value of K. For example. inspection of Eq. 11.6 shows that if K 
approaches zero. the roots or poles of G" approach the roots of Q.(s)Q,(s) 
which are the poles of the open-loop transfer function G"G". In contrast, 
as K becomes very large the roots or poles of G" approach the roots of 
P.(s)P,(s) which are the zeros of G"G". The root-locus plot is. as the 
name implies. a plot of the loci of all the possible poles of G •• as K is varied 
from 0 to 00. 

To obtain the root-locus plot, Eq. Il.4 is rewritten as 

(P"s) 
Q,(s) G.3 = H --''''-'-'''''-

t ± KF(s) 
(11.7) 

I The reader should be careful to preserve the known zeros by writing the poly� 
nomials as 

p = (.I + aXs. + at) . . .  

and not lose the identity of these known zeros by writing the polynomial as 

p = s· + b1s"-1 + b,s .. -t + . . .  b 
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where 

F(s) = P.(s)P,(s) 
Q,(S)Q (5) 

The root locus is a plot of 
KF(s) = 'FI 

Therefore, 
F(s) = 'F I (K 

(11.8) 

(II.9a) 

( l1.9b) 

A set of rules has been developed to simplify the plotting of Eq. 11.9. 
Since the proof of these rules is given in the Iiterature,2 the rules (with no 
proof) will be given in this Appendix. 

I .  A pole-zero plot is made of the function F(s) of Eq. 11.8. 
2. Each root-locus branch departs from a pole of F(s) as K increases from zero 

and terminates at a zero of F(s) as K approaches infinity. 
3. The number of individual paths or branches is equal to the number of poles 

of F(s), (In all actual circuits, the number of poles is equal to or greater than 
the number of zeros.) 

4. Since poles only occur on the real axis or as conjugate pairs, the root-locus 
plot will be symmetrical with respect to the real axis. 

5. If the number of finite poles of F(s) is n and the number of finite zeros of F(s) 
is m, If - m branches will extend to d) as K approaches co .  (In addition, it 
is possible for a branch to extend through 00 in going from a finite pole to a 
finite zero.) 

6. (a) For a positive feedback, the portions of the real axis to the rightofaU finite 
poles and zeros and to the left of an even number of poles and zeros are 
branches of the root locus. (b) For negative feedback, the portions of the 
real axis to the left of an odd number of finite poles and zeros are branches 
of the root locus. 

The foregoing six rules (and other rules to follow) are illustrated by 
Fig. n.2. 
7. As the infinite-seeking branches become far removed from the finite poles 

and zeros of the function F(s), these infinite-seeking branches approach 
asymptotes that intersect on the real axis. To facilitate the root-locus plots, 
these asymptotes must be found. F(s) is of the [onn 

F(s) _ (s + '1)(s + z,)(s + Z,) . . . (s + zm) 
(s + PI)(S + p,)(s + p,) . . . (s + P.) 

The asympotes will intersect on the real axis at a value A where 

m-m n-n 
I Zm - I p. 

A = m=1 -n_l 
n - m  

(11.10) 

(II. l I) 

I: Sce L. Dale Harris, lntroduction to Feedback Systems, John WHey and Sons, New 
York, 1961. 
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Fig. 11.2. A root-locus plot for 

feedback; (b) negative feedback. 

j", 

2 zeros 

lal 

j", 

2 zeros 

Ibl 
s(s + 2)' 

F(s) _ . 
(s + IXs + 3Xs + 4Xs + 5) 

691 

(a) Positive 

8. As noted in rule five, the number of infinite-seeking branches is n - m. The 
angles of the asymptotes for these branches are found in the following 
manner; 
(a) For positive feedback, the angles of the asymptotes are: 

I st angle .", 0° 

360° 
2nd angle = �"n - m  

360° 
3rd angle = 2 ...:...:-'-n - m 

360° 
kth angle = (k - 1) �-=-= 

n - m  

(b) For negative feedback, the angles of the asymptotes are: 

360° 
1st angle = 2(n _ m) 

(11..12) 

(11_13) 

(11.14) 



Triple 
pole 

A - - 3  

(a) 

j., 
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----- Asymptotes 
-- Root-locus plot 

Triple 
pole 

A =  - 3  

(b) 
I h ' fin" h �( ) s« + 2) 

F 8. 11.3. T e asymptotes for the In ne-seeking branc es of r ' $ + )t * 
(a) Positive feedback; (b) negative feedback. . (.1 + 1 (s + 3) 

3600 
2nd angle = 1st angle + --=-=-=

n - m  

3600 3rd angle = 2nd angle + --:c. n - m 
360· 

kth angle = (k - I )Ih angle + -,-n m (IUS) 

The rules seven and eight are illustrated in Fig, 11.3, where n - m = 3 
aDd in Fig, 11.4 where n - m = 4, 

J j� --- Asymptotes 
- Root-locuS plot A = _ l  jw 1/ 4 " 

x I A ,.,. - 1  ..-1-.... 
x --.... / 

Double../' 
pole I 

DoubleA / 
pole 

I 

Xi 
Fie. 11.4. The asymptotes for the infinite seeking branches or 

s F(s) = )( 
}'2) , (s + I s + 2)'(s + 2 + j2Xs + 2 
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9. When there are at least two more poles than zeros in the function F(s), the 
sum of the roots (poles of G..J foe a given value of K are equal to a constant 
which is independent of K. This constant is equal to the sum of the poles of 
F(s). Hence, as one locus moves to the right with increasing K, one or more 
other branches must move to the left as shown in Fig. Il.S. Also note that 
as one locus increases in the +jw direction. another locus increases in the 
-jw direction (rule 4). 

I _¥ 
I 
I 
I 
I 
I 
I""'f-Asymptotes 
I I 

" 

Fig. 1(,5. A root-locus plot for negative 
s + 8  

feedback where F(s) = ( 9)( ) 
s s +  s +  10 

The angle at which a branch approaches or leaves a pole or zero can 
also be found. These angles are known as departure angles and will be 
considered next. 

10. The departure angle from single poles or zeros on the real axis will always 
be along the real axis. Rule 6 detennines the direction of deparlure. 

1 1 .  The departure angle from double poles or zeros on the real axis will either lie 
along the real axis or be at right angles to the real axis. Again, rule 6 wiu 
determine the direction. 

12. When a third·order or triple pole (or zero) lies on the real axis, one root· 
locus branch will always depart from this triple pole along the real axis. The 
other two branches will depart at 1200 angles from this real axis branch. 
Rule 6 detennines the direction of departure along the real axis. In general. 
there will be as many departing branches as there are poles or zeros at the 
given location. In addition, if there are k poles or zeros, the angle between 
adjacent directions of departure will be 360olk. Rule 6 will determine the 
directions of departure along the real axis. In any case, the directions of 
departures will be symmetrical with respeet to the real axis (rule 4). Rules 
10, 1 1, and 12 are illustrated in Fig. 11.6. 

13. The departure angle from poles not on the real axis can be found by using 
Eq. II.IO. 

F
(s) = (s + z,)(S + z,)(s + z,) · . .  (s + zm) 

(I1.1O) 
(s + p,)(s + p,)(s + p,) . . . (s + Pn) 
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2 poles) 2 po1  .. .J' 2 zeros 

la) Ib) 

4 poles 3 zeros 
4 pol .. 

3 zeros 

Ic) Id) 

Fig. 11.6. An illustration of departure angles from the real axis. (a) Negative feedback; 
(b) negative feedback ; (c) negative feedback; (d) positive feedback. 

Now, assume the required departure is from pnle p,. Let s approach -Pt 
and rewrite Eq. H. 1O as 

F( 
_ J = ( -p, + " )( -p, + .J( -p, + .,) . . .  ( -p, + 'm) 

(11.16) p ( Po + p,)6/'{'( p, + p,) . . .  ( p, + Po) 

where d/'P is the distance and direction from a point on the locus to P2' Con� 
vert each of the terms ( -Po + 'm) and ( -P. + Pn) etc. to the polar form. 
Then Eq. II.16 becomes 

Z Lhz LbZ Lh · · · Z � F( \ 1 2 3  '" -p", - p L.!>�p Z1 . . .  p � 
For positive feedback, 

, . . 
(11.17) 

</>, + </>, + "" + . . . + </>m - 0, - 'P - 0, - . . .  - 0. = 0° (II.IS) 

For" negative feedback. 

</>, + 4>. + "" + . . . + </>m - Om - 0, - 'I' - 0, - . . .  - 0. = 1 80° (U.19) 

All of the angles in Eq, 11.18 and Eq. 11.19 are known except 'P. The angle 'I' 
is the departure angle from P2' The same approach is used to determine the 
departure angles from zeros not on the real axis. However. in this case. 
Eq. II.IS becomes 

-</>,. + 'P + 4>, + . . .  4>m - 9, - 0, - 0, - . . .  - 00 = 0° (H.20) 
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and Eq. 11.19 becomes 

4>. + 'P + </>s + . . . "'m - 8. - 8, - 8, - . . . -8. = ISO' (lI.2l) 

14. When two branches cross the real axis · or depart from the real axis, the 
departure angle is always 90°. The point of departure from the real axis can 
be found by trial and error from the following procedure: 

(a) Assume a point of departure from the real axis. 
(b) Transpose any singuJaritics not on the real axis to an equivalent 

location on the real axis by the following prooedure: 
1.  Draw a straight line (L.) from the singularity to be transposed to the 
assumed departure point. 
2. Draw a straight line (L,) through the singularity and nonnal to the line L,.. 
3. The intersection of line Lt and the real axis is the required equivalent 
location for the singularity. 

(c) After transposing all of the singularities to their equivalent location 
on the real axis, apply the rule 

(lI.22) 

where Pt, is the distance from the jth pole (left of the departure point) to 
the assumed depanure point. 
p., is the distance from the jth pole (right of the departure point) to the 
departure point. 
Z,; is the distance from the jth zero (right of the departure point) to the 
assumed departure point. 
Z/; is the distance from the jth zero Oeft of the departure point) to the 
assumed departure point. 

(d) If the assumed point of departure does not satisfy Eq. 11.22, a second 
trial point must be selected and the foregoing steps repeated. Fortunately, 
good initial trial points can be made by an experienced Toot·]OCUS plotter. 

Departure angle 
for negative feedback �it-�Ff+:.=r=41j/ for rwptive 

� 

\ \ \ \ 
\ \ 

\ \ 

Fig. D.1. An illustration of the departure anglc from a pole not on the real axis. 



Two zeros /transposed 
I to here �-----;c-----'1'--¥'---� :----x--3�-?_ 

Pll 

Two poles 
transposed 

to here 

Negative feedback 

Fig. H.8. A method of dctcnnining the point of departure from the real axis. 

Fig. II.S will help Clarify the foregoing procedure. 

The foregoing list of rules will help the uninitiated reader in simple 
root-locus plots. A device known as a spirule can be used to speed up the 
plotting process wben accurate plots are required. However, in most 
situations a rough sketch is sufficient to obtain a fairly good idea of bow 
tbe given feedback circuit will perform. In these cases, the foregoing rules 
can quickly be applied to obtain the rough sketch. 
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Electrical Characteristics at 25°C 

Min Max Unit 
Collector to Base Breakdown Voltage, BVano 1 5  volts 

la = IO /la, lE = 0 
Emitter to Base Breakdown Voltage, BV EBO 4.0 volts 

lE = 10 /la, la = 0 
Collector to Emitter Sustaining Voltage, 

VaEo(sust) 6.0 volts 
le = 10 ma (pulsed), In = 0, Note I 

Collector Cutoff Current, lcno 
Van = 5.0 v 2N709 5.0 na 

2N709A 50 na 
Van = 5.0 v, T = + 1 50°C 5.0 #a 

D.C. Current Gain, hFI? 
la = IO ma, VcE = 0.5 v 2N709 20 120 

2N709A 30 90 
lc = 10 Ma, VCE = 0.5 v, T = -55°C 10 
le = 30 ma, V"E = 1.0 v 1 5  

Input Voltage, VBE 0.70 0.85 volts 
la = 3.0 ma, la = 0.15 ma 

Collector Saturation Voltage, VeEsat 0.30 volts 
la = 3.0 ma, IB = 0.15 ma 

Emitter Transition Capacitance, CTE 2.0 pf 
VEB = 0.5 v, le = 0, I me 

Output Capacitance, Co, 3.0 pf 
VaB = 5.0 v, lE = 0, I me 

Gain Bandwidth Product,f. 2N709 600 MHz 
le = 5.0 ma, VeE = 4.0 v 2N709A 800 MHz 

Charge Storage Time, TO' circuit I 6.0 nsec 
le = Im = 1B2 = 5.0 ma 

Turn On Time, ton 15 nsec 
la = 10 ma, IBI = 2 ma, VOEW) = -1 .0 v, 
circuit 2 

Turn Off Time, tOil 15  nsee 
le = 10 ma, IHl = Im = 1.0 ma, 
circuit 2 

Note I .  PW = 300 #s @ I % duty cycle. 
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Symbol 

leBo 

Ieu 
Vuo 
VC6(sat) 
VJtE(sa!) 
h,. 
h'l 

h" 
h, • . [,," 
Co. -

ELECTRICAL CHARACTERISTICS (25°C Stud Temperature unless Otherwise Noted) 

Characteristics Test Conditions 

Collector Cut-off Current VcBQ = 60 V  
= 60 V, T =  12So C 
= 140V 

Collector Cut-off Current Veu = 100 V. R = lO O 
Emitter·Base Voltage 1680 = 100 mA 
Collector Saturation Voltag.e le = IO A .  lA = 1 A 
Base Saturation Voltage le = IO A. lA = J A 
DC Current Gain Yc&,, = 2 V. le = 10 A 
Pulsed DC Current Gain Vc", = 5 V, le = 1 0  A 
(Note 2) 
Small Signal CUrrent Gain VCI' = 10 V, le = 3 A  

/= tOme 
Current Gain-Bandwidth 
Product (Note 3) VeB = t o y, le = 3 A  
Collector-Base Capacitance VCR = J O V, lE = 0 - -- --

Min Typical 

20 
1 5  
38 
36 

5 7.2 
0.5 
1.0 

10 21  
37 

10 

50 
0.0006 -

Max 

120 

250 
250 

2 
2.5 

- -

Unit 

mA 
mA 
mA 
mA 

Volts 
Volts 
Volts 

me 
pr - -

Fig. 111.7. Characteristics of the 2N1899 (similar to the 2NI937). (Courtesy of Pacific Semiconductors. Inc.) 
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Electronic Engineering 

Maximum Ratings 
VCBO -60 v 
VCBO -40 V 
Pdi,s (2S·C �se temperature) 

50 w 
Ico (7) = 25·C) 

500 �a 
� lOO·C "j mall 
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V / 
/ 

. 

o -10 -20 -30 -40 -50 -GO 
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Fig. 111.8. Characteristics of the 2NI905 transistor. (Courtesy of ReA.) 



MAXIMUM RATINGS 

Collector·t<>--Base VOltage . . . . . . . . . . . . • . . . . . . . . • . . . . . . .  

CoJlector-to-Emiuer Voltage _ . . . . • . . . . . . • . . . . . . . • • . . . .  

Emitter-to-Base Voltage . . . . . . . . • • . . . . . • • . . . . . . • • . . . . •  

Collector Current . . . . . . . . . . . . . . . . . . . . • . . . . . . . . . • . . . • •  

Base Current . . . . . . . . . .  , . . . . . • • • . . . . . • • . . . . . • • • . . . . . •  

Emitter Current . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . 

Transistor Dissipation: 
At mounting-flange temperatures up to 81°C . . . . . . . . .  . 

At mounting-flange temperatul"C3 above 8) °c . . . . . . . . .  . 

Temperature Range: 

-75 max volts 
-50 max volts 

- J.S max. volts 
-5 max amperes 
-1 max ampere 

S max. amperes 

12.5 max watts 
Derate 0.66 waUjC 

Operating (junction) and Storage . . . . . . . . . . . . . . . . . . .  . -65 to 100 °C 
Lead Temperature (ror 10 seconds maximum) . . . . . • . . . . .  

CHARACfERISTICS 

Collector-to-Base Breakdown Voltage (with collector ma = 
-10 and emitter current = 0) . . . . . . . . . . . . . . . . . . . . . .  . 

Collector-to-Emitter Breakdown Voltage (with collector 
ma = - 100 and base current = 0) . . . . . . . . . . . . . . . . . .  . 

Base-to-Emitter Voltage (with collector-to-emitter volts = 
-10 and collector ma = -SO) . . . . . . . . . . . . . . . . . . . . .  . 

Collector-Cutoff Current (with collector-to-base volts = 
-40 and emitter current = 0) . . . . . . . . . . . . . . . . . . . . . .  . 

Collector-Cutoff Saturation Current (with collector-to-base 
volt = -0.5 and emitter current = 0) . . . . . . . . . . . . . . .  . 

Emitter-Cutoff Current (with emitter-to-base volts = -1.5 
and collector current _ 0) . . . . . . . . . . . . . . . . . . . . . . . . .  . 

Thermal Resistance: 
lunction-to-case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . 

In Common-Emiller Circuil 

DC Forward Current-Transfer Ratio (with collector-to
emitter volts = - 1  and collector ma = - 1000) , . , . . .  , 

Gain-Bandwidth Product (with collector-to-emitter volts = 
-5 and collector rna = -5(0) . , . . . . . . . . . . .  , . . . . . , . .  

Typical collector characteristics 

Type 2N2147 
common-emittef cirtuit, � input 
Mo..inlinl-"anp temperat\lfe _ 2S·C -r-

255 max °C 

-75 min volts 

-SO min volts 

-0.24 volt 

- 1  max ma 

-70 max pa 

-2.S max rn' 

J.5 mu °C/watt 

150 

4 Mc 

Typical base c.haracteristic 
Type 2"2147 

_O� , _25 
, -20\ 
- IS' 

V-Bou�ryol lecammerwMMI OjlefMinc rqion _ 

-10 

1 81 .. milliamPtfn; _ .t-5- -I -- -

o -5 -10 -15 -20 -25 -30 -35 40 45 -50 
CoI�r-to-emjtter volts 

� dn:uit, bMII lnpul: 
� tMI�". 25·C 
CoIIfIctot-�WIb _ -2 

�-50 � !.-4O E 
�-30 
E-20 
� 
�-IO ,/ 

I 
V 

o -02 -0.4 -0.6 
BI .... ID-emitto' volts 

Fix. IIU. Characteristics of the 2N2147 transistor. (Courtesy of RCA.) 
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71Z 
I: Absolute Maximum Ratings (25°) 

A. Voltage 

VOEO 
VBEO 
VOBO 

B. Current 

le 
C. Dissipation 

P, (25°C free air) 
P, (55°C free air) 

1 8  v 
5 v  

18 v 

l00 ma 

200 mw 
120 mw 

H. Electrical Characteristics (DC) (25°C unless otherwise specified) 

A. D-C Characteristics 

loo 
hI. 
hi, (large sig) 

0.5 ".a (max) 
225 (max) 

= 222 

B. Small-Signal Characteristics (common emitter VOE = 5 v I = 2 ma 
F =  455 KHz) 
hte 169/-42° 
hill 2580/ _41° 

h .. 0.071/48° 
h .. 4770/48° 

C. Other Data 
Collector cap. 12 pf (max) 
Noise figure 2.8 db 
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Fig. "1.10. Characteristics of the 2N2712 transistor. 
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, YPlcal 

0.2 . 1.4 

I 
1.2 

, �- ' 
/ -'D& 

n.' .. 0.2 v , 

1 .. 0.4 . 
n 

1 .. 0.6 
n 

1" 1:0� ./ .. 1." . 
-5 -10 - 15 -,� 

VDS-Orain-source VQltq:e in volts 
10' 

, ./ . �  � #-§> V �:?-t; 
10 

� % / 
I � V .L VD9 = O  
1 

L v::: / 
,. ". 

o 25 50 75 lOO 125 150 
TA -Ambient tem'Perature in ·C . 

FIg. mu. CharactCl"Lstics of the 2N2841�2-3-4 field effect transistors. (Courtesy of 
Siliconix Incorporated.) Note: Drain-current scale has been normalized. To obtain 
curves for specific devK:e. use the following scale factor: 

Type Multiply Current Scale by: 
2N2841 -56 po 
2N2842 -170 1'0 
2N2843 -500 pa 
2N2844 -1100 I'a 
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Appendix 715 

1.6 

L4 
.., 15 c � 1.2 ,; -c 
� 1.0 , u c 
•• O.B -� � � � N 0.6 E 0 Z 
I 
� 0.4 

� -
.!: 

0.2 

1\ Vns= -5v ,\A = -T 
I� �T�= +25"C 

",,\ �\ 
"-� .\. 

TA = + I50"� 
� � I/Vp � 

0.2 0.4 0.6 0.8 1.0 1.2 1.4 
VGS -Gate-source voltage in volts 



electrical characteristics at 25°C free-air temperature 
2N3704 

Parameter Test Conditions 
Min Mu 

Vf.,J'RICSQ Collector-Base Breakdown Voltage I. = 100 "a, I. = 0 50 

VCBHlCKO Collector-Emitter Breakdown Voltage le = 10 ma, Is = 0, See Note 3 30 

VIULEJJO Emitter-Base Breakdown Voltage 1.1' = l00 l'a, le = 0 5 

I.B< Collector Cutoff Current Vc .. = 20 v, I, = 0 100 

IE60 Emitter Cutoff Current Vs. = 3 v. le = 0 100 

h" Static Forward Current Transfer Ratio VC6 = 2 v, 10 = SO ma, See Note 3 1 00  300 

V •• Base-Emitter Voltage VCK := 2 v, 10 = 1 00  ma, See Note 3 0.5 1.0 

Vc"c .. /) Collector-Emittel;' Saturation Voltage Is = 5 ma, 10 = 100 ma, See Note 3 0.6 

f. Transition Frequency VOB = 2 v, Ic = SOma. See Note 4 100 

Co)O Common-Base Open-Circuit VC.B = 1 0  V, Is = 0, f= I Mc 12 
Output Capacitance 

2N3705 

Min Max 

50 

30 

5 

100 

100 

SO ISO 

0.5 1.0 

0.8 

100 

12 

2N3706 

Min Max 

40 

20 

5 

100 

100 

30 600 

0.5 1.0 

1.0 

100 

12 

Unit 

V 

v 
-

v 

ca 

no 

-
v 

v 
-

Mc 
-

pf 

... -
0\ 

r. 
4. To obtainff', the Ih/ll response with frequency is extrapolated at the rate of -6 db per octave from / = 20 Mc to the frequency • 

NOTES: 3. These parameters must be measured using pulse techniques. PW = 300 f,LSf!C. Duty Cycle S. 2 %. f al which ih,.i = I.  

iIO 
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Static forward current transfer ratio 

� 
1000 12N3705 ""'''0 

... VCE - 2 v  " J! • 0 � 
0 e " , u 
"E 
! .2 
•• 
" ;:;; 
I 
� '" 

100 

10 

T, = 2S'C 
See Note 3 

0.Ql 0.1 1.0 10 100 1000 

TYPICAL CHARACTERISTICS 

r 
! 
� 12 1 1111 

0.1 

Base-emitter voltage 

1.0 10 100 1000 

! .e 1.0 
� 
i 
i 
t � 0.1 j 
� 
! 

Collector-emitter saturation voltage 
lIS 

collector current 
le = 10 
I, 

T, = 2S'C 
See Note 3 

= 

�O.Ol 
:.; 0.1 100 10 10 

'e-Collector current-ma Ic-CollectOf current-ma 'e-Collector current-ma 
1000 

Fig. 10.12. Characteristics of the 2N3704. 2N370S and 2N3706 transistors. The 2N3703 is simliar to the 2N370S and the 2N37()2 is similar 
to the 2N3706 except they are pnp. (Courtesy of Texas Instruments Inc, Dallas, Texas.) 
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Fig. m.14. Characteristics of the 6JS tube. (Courtesy of Radio Corporation of 
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Fia:. IB.II. Characteristics of the I2ATI tube. (Courtesy of Radio Corporation of 
America.) 

720 



Appendix 

I 

100 

'" <;; I 

200 
Plate volts 

c .... 
I 

'" �. 
I 

c 
'V I 

300 

'" 
'V 
I 

721 

12AX7 

;; I 

400 

Fig. 111.19. Characferistics of the 12AX7 tube. (Courtesy of Radio Corporation or 
America.) 
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..... N 
... 

p Ip(t) 

0 +.7652 
0.5 +.6714 

1 .0 +.4401 
I.S +.2403 

2.0 +.1 149 
2.1 + .04950 

3.0 +.01956 
3.1 +.0'7186 

4.0 +.0'2.77 
4.5 +.0'807 

l.O +.0'2498 
5.5 + .0'74 

6.0 + .0'2094 
6.5 +.016 

7.0 +.051502 
7.5 -
8.0 + .0'9422 
8.5 -
9.0 +.0'5249 
9.5 -

10.0 +.Qt263J 

Ip(2) 

+.2239 
+.5130 

+5767 
+.4913 

+.3528 
+.2239 

+. 1289 
+.06852 

+.03400 
+.01589 

+.O':� 
+.012913 

+.0'1202 
+.0'467 

+.0'1749 -
+.0'2218 -
+.0'2492 -
+.0'251$ -

Ip(3) 

-.2601 
+.06101 

+.3391 
+.4777 

+.4861 
+.4127 

+.3091 
+.2101 

+.1320 
+.07760 

+.04303 
+.02266 

+.01139 
+.O��93 

+.0'2l47 -
+.0'4934 

-
+.0'8440 

-
+.0'1293 -- --

-_ .. _- - - - --- --_. 

Ip(4) 'p(5) Ip(6) Ip(7) Ip(8) 

-.3971 -.1 776 +.1506 +.3001 +.1717  
-.)019 -.3422 -.09102 +.1981 +.2791 

-.06604 -.3276 -.2767 -.0'4610 +.2346 
+.1853 -.1697 -.3279 -.1991 + .07593 

+.3641 +.04657 -.2429 -.3014 -.1130 
+.4409 +.2404 -.07295 -.2834 -.2506 

+.4302 +.3648 +.1 148 -.1676 -.2911 
+ .3658 +.4100 +.2671 -.0'3403 -.2326 

+.2811 +.3912 +.3S76 +.1578 -. 1054 
+.1993 +.3337 +.3846 +.2800 +.04712 

+.!l21 +.2611 +.3621 +.3479 +.18l8 
+.08261 +.1906 +.3098 +.3634 +.2856 

+.04909 +.1ll0 + .2458 +.3392 +.3376 
+.02787 +.O8l58 +. 1833 +.2911 +.34l6 

+.01518 +.05338 +.1296 +.2336 +.3206 - - +.08741 +.1772 +.2759 

+.0'4029 +.01841 +.05653 +.1280 + .22lS - - +.03520 +.08854 +.1718  

+.0'9386 +.0'5520 +.021 17  +.05892 +.1263 
- - +.01232 +.03785 +.08921 

+.0'1930 +.0'1468 +.0'6964 +.02354 +.06071 -

BeIStI function. 
Ip(9) 'p(tO) IP{I I) Ip(t2) Ip(l3) Ip(I') 

-.09033 -.2459 -.1712 +.04769 +.2069 +.171 1  
+.1096 -.1373 -.2406 -.1236 +.09298 +.2112 

+.24H +.04347 -.1768 -.2234 -.07032 +.1334 
+.2545 +.1980 -.02293 -.2047 -.1937 -.01407 

+.1448 +.2546 + .1390 -.08493 -.2177 -.1520 
-.02477 +.1967 +.234J +.07242 -.1377 -.2143 

-.1 809 +.05838 +.2273 +.1951 +.0'3320 -.1768 
-.2683 -.09965 +.1294 +.2348 +.1407 -.06245 

-.26l1 -.2196 -.01504 +.1825 +.2193 +.07624 
-.1 8]9 -.2664 -.1519 +.06457 +.2134 +. 1830 

-.05lO4 -.2341 -.2383 -.07347 +.1316 +.2204 
+.08439 -.1401 -.2l38 -.1864 +.0'70l5 +.1801 

+.2043 -.01446 -.2016 -.2437 -.1180 +.08 1 17 
+.2870 + . 1 123 -.1018 -.2354 -.2075 -.04151 

+.3275 +.2167 +.01838 -.1703 -.2406 -.1508 
+.3302 +.2861 +.1334 -.06865 -.2145 -.2187 

+.301l + .3179 +.22l0 +.04510 -.1410 -.2lIO 
+.2633 +.3169 +.2838 +.1496 -.04006 -.1928 

+.2149 +.2919 +.3089 +.2304 +.06698 -.1 143 
+.1672 +.2l26 +.3051 +.2806 +.1621 -.01541 

+.1241 +.2075 +.2804 +.3005 +.2338 +.08501 

Not�: ,017186 = .007186 and .OS807 = .000807. Reproduced by permission from "Reference Oaea for Radio Engineers," copyright 1956 by Inter
national Telephone and Telegraph Corporation. 



:Index 

Acceptor level, 4S 
I Active filters. 651-652 
Adjustable voltage power supplies. 66&-

.670 
Alpha cutoff frequency. 266 

. Amplification factoT, 149 
� Amplifiers, basic, 109 

cathode follower. 290 
class C. 471-494 
common collector. 28:5 
common emitter. 154 
d-c. 362-372 
differential. 269 
double-tuned, 3 19-329 
grounded cathode. 161 
grounded-grid. 147. ISO 
large-signal, 383-433 
noise in, 372-381 
power. 240 
push-pull. 402-417 
r-c coupled, 242-263 
single tuned, 300-309 
transistor, common base, 1 1 2-114 
tuned. 299-335 
untuned, 241 

Amplifier gain for cascaded stages. 338 
Amplifiers with negative feedback, 437-

469 
Amplitude modulation. 528-544 
Arc discharge. 87 
Armstrong FM system. 589 
Astable multivibrator. 636 
Automatic gain control, SSO 
Automatic frequency control, S89-592 
Avalanche breakdown. 69 
Avalanche-mode switch, 616, 622 

Balanced modulator, 542 
Bandwidth, effect of feedback. on, 441-

442 
of double-tuned circuits, 324 
of mUltistage amplifiers, 341 
of single tuned circuits, 308 

Barrier potential, 60 
Base modulation, 532 
Beam power tubes, 216-218 
Bel units. 343 
Bessel functions. 572-573 
Beta cutoff frequency. 269 
Biasing circuits for transistors, 183-194 
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Bistablc multivibrator, 628 
Bode plots, 345-355, 467-469 
Bohr model of the atom, 23 
Breakdown. avalanche, 69 

of a crystal, 63 
junction, 69 
Zener, 69 

Breakover v.Dltage. 233 

Capacitance. diffusion. 265 
junction, 66 

Capacitor, input filter, 646--65 1 
microphone. 565 

Carrier drift, 41 
Carrier lifetime, 40 
Carriers, majority. 57 

minority, 57 
Cascade of amplifiers, 240 

Cascaded amplifiers, 337 
Cascading interacting stages, 356--361 
Cathode, 77 

bias, 197-199 
bias (pentode), 214 

flicker noise, 374 

follower, 290 
materials, 32 

ray tube, 8 
Cathode characteristics, collector, 1 15 

of a cold cathode gas tube, 86 
drain, 221 
dynamic, 1 17 
dynamic transfer, 210 
of a gas diode, 85 
input. 1 1 6  
plate, 147 
of SCR, 233-234 

of tunnel diode, 72 
of the unijunctioD transistor, 229 

Characteristic curves, of a vacuum di

ode, 78 
of a common emitter, 156-158 

Charge mobility, 4 1  
Child's law, 83 
Choke input filter, 652-661 
Chopper, 371-372 
Circuits, clipping, 597 

detector (A M) • . 550 
modulation, 532-538 
switChing, 593-627 

Clamper circuit, 99 
Class B Or AB operation, 410-417 

Class C, amplifiers, 471-494 
bias for transistors, 493 
transistor amplifiers. 488-491 

Classification of amplifiers, 383 
Clipper circuit, 9 1  
Clipping circuits, 597 
Cold cathode diode, 86 
Collector characteristics, 1 J 5 
Collector efficiency. 124 
Collector modulation, 533 
Colpitts Oscil1ator. 522 

Jadex 

Common collector amplifier, 285 
Common-mode rejection ratio, 371 
Compensating circuit for FM receiver, 

588 
Compensating networks, 463-466 
Complementary symmetry amplifiers, 

429 
Composite transistor characteristics, 

409 
Composite tube characteristics, 407 
Composite tubes or transistors, 406 
Conditionally stable, 458 
Conduction, hole, 30 
Conduction in a crystal, 30 

Conductivity. 41-43 
Constant noise-figure contours, 379 
Constant, physical, 36 
Constant current curves, 476 
Constant current curves for transistors, 

490 
Conversion transconductance. 5 S9 
Converters. frequency, 555-563 
Correction factor for Bode plots, 350, 

352 
Coupling circuit efficiency, 485 
Coupling, critical, 323 

Critical coupling, 323 
Cross-over distortion, 4 1 3  
Crystal-contrOlled oscillators, 522-525 
Crystal lattice, 29 
Current amplification factor, of com

mon emitter, 155 
of common emitter transistor, 170 

Current gain of common emitter ampli
fier, 155 

Current-mode switch, 6 t 6, 6 J 8 
CYClotron, 17 

Damping ratio, 283 
Dark discharge, 87 
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1Darlington circuit, 363 
1I>-c amplifiers, 362-372 
O-c equivalent circuits, 595 
p-c generator, 665-666 
Decibel units, 344 
Pegeneration, 186 
pelay time. 6 1 1  

equation, 613 
Demodulators, FM, 577-583 
Density of states, 35 
Depletion regino, 57. 66 
. effect of on breakdown potential. 70 
perating factor. curve, 192 
pescribing fundion. 494 
petection of A M waves, 544 
!Detector. FM, 577-583 

AM. 550 
linear, 548 
square-law, 544 

[Deviation ratio, 565 
'Differential amplifier, 369 
iDitfusion capacitance, 265 
IDiffusion of charges. 54 
: Di(f usion constants, 56 
IDiode characteristics, see Characteris

tics; Diodes 
Diodes, characteristic cur ... es of. 88 

cold cathode, 86 
definition of, 52 
equation, 60-62 
equivalent circuils, 91 
equivalent circuit (switching), 608 
frequency-converter, 561 
gas, 84 
high vacuum, 77 
ideal, 93 
leakage current, 63 
reference, 70 
semiconductor characteristic cu rves. 

63 
switChing circuits, 603 
symbol of semiconductors, 7 1  
temperature effects on, 64-65 
tunnel. 7 1  
voltage regulator, 86 
Zcncr, 70 

Diodc detector, effective input re�ist
anee, 554 

rectification characteristics, 552 
Discriminator, Fosler-Scely type, 578-

5 8 1  

Distortion. considerations, 386 
effect of feedback OD, 440 
second hannonic, 389 
third harmonic, 391 

Donor level, 45 
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Doped semiconductors, 43-48 
Doubled-tuned circuits, 319  
Double-tuned coupling systems, 320 
Drain characteristics, 221 
Dynamic characteristics, 1 17 
Dynamic plate resistance. 92 
Dynamic transfer characteristics (pen

tode), 210 
Dynamic transfer curve, 165-166 

Effective mass m*, 35  
Efficiency. of class A amplifiers, 399 

of Class B amplifiers, 4 1 1  
of Class C amplifiers, 498 
collector, 124 
coupling circuit, 485 
emitter. 122 

Electron, behavior of in electric and 
magnetic field, 20 

behavior of in electric field, 2 
behavior of in magnelic field. 1 5  
density in the conduction band, 37 
properties of, 1 

Electron gun. 9 
Electronic switches, 593 
Emitter, efficiency, 122 

filament type, 77 
Emitter follower regulator, 672-673 
Emitter bypass capacitor. calculation 

for, 196 
Energy. kinetic, 25 

potenrial, 24 
Energy and mass, equation of, .5 
Energy bands, 28 
Energy levels. (electronic), 26 
Equivalent circuits, 127 

of common cathode amplifier, 178 
of common emitter transistor, I70--

172 
for complementary symmetry ampli-

fiers, 431 
of a crystal .. 523 
of lIiolles, 9 1 -93 
hybrid '11". 267 
pentode, 209 

Equivalent I/-parameter c;ircuit, 1 34-136 
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Equivalent T circuit, 128 
of a transistor. 174 

Equivalent y-parameter circuit. 133 
for FET, 223 

Equivalent z-pararneter circuit, 133 
Equivalent switching circuit (traDS� 

istoe), 612 
Even harmonic cancellation, 405 
Excess stored charge, 610 

Fall time, 608 
equation, 614 

Feedback, circuits, 449-454 
factor, 438 
effect on bandwidth, 441 .. 442 
effect on distortion, 440 
effect on gain. 438 
effect on gain-bandwidth, 442 
effect on input impedance, 447-449 
effect on noise. 440 
effect on output impedance. 444-446 
stability effects on, 454-469 
voltage regulator, 674-683 

Fermi level, 36, 46 
Fermi-dirac probability function, 33 
Field-effect transistors, 219-227 
Field, electric in vacuum diode, 80 
Figure of merit, 273 

of tuned amplifiers, 306 
Filament, 77 
Filters, active, 651-652 

capacitor input type, 646--65 1  
choke input, 652--661 
.-type, 649-651 
velocity, 21 

First detector, 556 
Fixed bias, 184 
FM receiver, 582-590 
Foreword diode current, 58 
Foster-Seely discriminator, 578-581 
Fractional sag, 248 
Frequency converters, 555-563 
Frequency modula1ion, 564-583 
Frequency response of transformer 

coupled amplifier, 284 
Full wave rectifier, 99 
Fundamental properties of Ge and Si" 

36 

Gain, effects of feedback on, 438 
margin, 468 

power, 1 1 4  
voltage, 1 1 3  

IDd .. 

Gain-bandwidth, effect of feedback on, 
442 

product, 272 
Gas diodes, 84 
Generator, pulse, 599 
Glow discharge, 87 
Graphical analysis of transistors, 161-

163 
Graphical integration, 477 
Graphical solution, of diode circuits, 88 

. 

for large signalS, 394 
Grid drive requirements for class B2• 

427 
Grid modulation 
Grounded-grid amplifier. 147. 150 

h Parameters, 1 37-139 
circuits, 1 34-136 

Half-wave rectifier, 97 
Hall effect, 48-50 
Hartley oscillators, 520-522 
Heat sink, 420 
High frequency. cutoff for multistage 

amplmen, 340 
response of an R-C amplifier, 259 

High-speed switching circuits, 616 
High vacuum diodes, 77 
Hole conduction, 30 
Hybrid ,.. equivalent circuit. 267 

Ideal diode, 93 
Inductance formula. 3 t 4 
Inductively coupled circuits, 3 1 5  
Injection current, 57 
Input impedance, of amplifiers, 289 

of common emitter transistor, 171  
effect of feedback on, 447--449 

Input capacitance of an amplifier, 256 
Input characteristics, 1 1 6  
Integration, graphical. 477 
Interacting parameter, 35'1 
Interelectrode capacitance, 255 

effects, 604 
Interference to FM transmission, 575-

. 577 
Intermediate frequency, 556 
Ion, positive, 85 

lohnson noise,· 373 



I 
. J 

(Junction, breakdown, 69 

capacitance, 66 

capacitance effects, 604 

diode modulator, 570-571 

p-n, 52 

;Kioetic energy of the electron, 25 

Large signal amplifiers, 383-433 

Latch.up. 626 

. L-C oscillators, 516-522 

! Lifetime of carriers, 40 

Limiter. 580-581 

Limiting value of &U, 335 

Linear detectors. 548 

Load line, 1 17 

I Low frequency cutoff for multistage 
amplifiers, 340 

Low frequency response, 246 

of R-C coupled amplifier, 250 

Magnetic field, 1 5  

Majority carriers, 57 

Mass and energy equation, 5 

I Maximum current stability factor, 421 

Maximum modulation index, 5S3 

Maximum permissabJe class B collector 
current, 417 

Maximum power gain in tuned ampli-
fiers, 3 1 0  

Microbar, 344 

Mid-frequency response, 251 

Mid-frequency voltage gain, 245 

Minimizing distortion in transistor cir-
cuits, 397 

Minority carriers, 57 

Mixer, 556 
I Mobility of charges. 41 

Modulation. 527 

amplitude. 527-563 

circuits, 532-538 

frequency. 564-583 

phase. 583-589 

process, 538 

products, 540 

pulse. 53()-532 

Modulator. balanced, 542 

junction diode type. 57()-57J 

reactance tube type. 565-569 

Monostable multivibrator, 635 -

MOS field-etfect transistor, 227 

Multivibrators. 62&-643 

Negative Clipping in detectors, 549 

Negative feedback, 186 

in amplifiers, 437-469 

Negative resistance, 73 

Neutralization, 329 

Neutralized transistor. 331 

Neutralized triode, 330 

Noise, in amplifiers, 372-381 

cathode flicker, 374 

effect of feed�ack on, 440 

partition, 
thermal. 373 

white. 374 

Nonlinear distortion. 1 19, 167 

Oscillation, 454 

Oscillator, circuits, 503·525 

Colpitis type. 522 

crystal-controlled. 522-525 

four terminal. 509-52S 

Hart\ey type. 52()-522 

L-C type. 5J&-522 

pulling. 558 

R-C type. 51()-S16 

relaxation, 230 

two terminal. 503-S09 

tuned collector type, 5 16-S20 

tuned plate tuned grid type, 5 1 7  

tunnel diode type, 504-.508 

Output admittance. common emitter, 
170 

Output capacitance of an amplifier. 257 

Output impedance, of amplifiers, 289 

effect of feedback on, 444-446 

Overmodulation. 529 

Parameter conversion table, 136 

Partition noise, 380 

Pentagrjd converter. SS9 

Pentode, equivalent circuits, 209 

tubes. 205 

Phase inverter circuits, 422 

Phase lead network, 464 

Phase modulation, 583-589 

Phase shift circuit, 668-669 

Phasitron. 589 

Physical constants, 36 

Piew .. lectric effect. 523 

Pinch-olf voltage. 220 
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Plate, 77 

Plate characteristics, 147 

Plate modulation, 533 
Plate resistance, 148 

dynamic, 92 

static, 9 1  

p-n Product, 38 
Polyphase rectifiers, 661-666 

Potential energy, 24 

Potential hill, 57 

Power amplifier, 240 

Power gain, 1 14 

Power output considerations, 386 

Power supplies. 645-683 

adjustable voltage, 666-670 

regulated. 671--683 

Predistorter. 587-588 

Projected cutoff bias, 413 

Protective diode .... 642 

Pulling. oscillator, 558 

Pulse generator, 599 

Pulse modulation, 5 30--532 

Punch through, 122 

Push-pull amplifier, 402-417 

Quasi-complementary symmetry, 433-

435 

Quiescent point, 1 1 7  

Ratio detector, 581-582 

R-C oscillators, 510-516 

Reactance tube modulator, 565-569 

Recombination, 39 

Rectifier. full wave, 99 

half wave, 97 

polyphase, 66 1-666 

silicon controlled, 232-237 

Rectification characteristics, diode de-
tector, 552 

Reference diodes. 70 

Reference current gain, 246 

Reference voltage gain. 245 

Regulated power supplies, 671-683 

Relaxation oscillator, 230 

Response characteristics of - double
tuned amplifiers. 323 

Response time of switching circuits, 
608 

Reverse diode current, 58 

Reverse VOltage transfer ratio of com
mon emitter transistor, 1 7 1  

Richardson's equation, 78 

Ripple, 103 

Rise-time, equation, 6 1 3  

of mu1tistage amplifiers, 343 

R-e amplifier, 259 

switching, 608 

ladex 

of a transformer coupled amplifier, 
284 

Root-locus plot, 454-466 

solution, 281 

Sag, 248 

Saturated-mode switch, 6 1 6  

Saturation current, 57 

Saturation region, 557-594 

of a diode, 78 

Schouky effect, 79 

Screen grid, 202 

bypass capacitor, 2 1 5  

Second harmonic distortion, 389 

Secondary em ission, 204 

Self bias. 185. 197 

for Class C amplifiers, 491 

Self·sustaining discharge. 87 
Shunt capacitance, 254 

Side frequencies (sidebands),  529 

Sidebands of FM wave, 572-575 

Silicon carbide, 65 

Silicon controlled rectifier, 232-237 

Single sideband tranfmission, 541 

Single.tuned amplifiers. 300-309 

Source bias for FET. 225 

Space charge, 82 

Split load phase inverter. 425 

Spot noise figure, 374 

Square law, detector. 544 

modulator, 540 

Stability, factor, 188 

cf feedback circuits, 454-469 

of a tuned amplifier. 332 

Stabilized bias, 189 

Stabilized Darlington circuit, 366 

Stalic plate resistance. 9 1  
Slray capaCitance, 254 

Storage lime, 609 

equation, 6 1 4  

diode, 607 

Stored charge in a diode, 607 

Straight line approximations, 345-355 

Striking potential, 88 
Superheterodyne receiver. 555, 557 
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I ladex 

I Suppressor grid. 205 
Swinging choke, 660 
Switching circuits. 593-627 

! Symbols. for gas diodes, 88 
for vacuum diodes, 84 

, Tapped capacitor coupling, 3 1 5  
Tapped tuned circuits, 309 
Temperature effects on diodes, 64 
Tetravalent atoms, 24 
Tetrode tubes, 201 
Thermal capacitance, 419 
Thermal noise, 373 
Thermal resistance. 192, 418 
Thermal runaway, 418. 420 
Thermal stability of FET. 225 
Third harmonic distortion, 391 
Time response of double tuned ampli

fier, 327 
Thyratron Of gas triode, 237 
Transconductance, tube. 148 

conversion, 559 
Transformer coupling, 273 
Transient response of tuned circuit, 302 
iransport factor, 122 
Transistor amplifiers, class C. 488-49 J 
Transistor, fidd-effect. 2 19-227 

junction, 1 1 0-1 1 2 
MOS FET, 227 
ratings, 159 
unijunction, 227-230 

Triode tube. 143 

Tube, beam power, 216-21 8  
cathode ray, 8 
pentode, 205 

Tuned amplifiers, 299-335 

731 

Tuned circuit parameters, class C, 484 

Tunnel diode, 7 1  
characteristics, 72 
frequency-converter, 561 
in oscillator circuits, 504-508 

Unconditionally stable, 456 
Unijunction transistor, 227-230 

Variation of h parameters, 177 
Vacuum diode, characteristics, 78 

symbols. 84 
Velocity filter, 2 1  
Virtual cathode, 82. 207 
Voltage gain, 1 1 3  
Voltage regulator, 106 

diode, 86 
Volume units, 344 

White noise, 374 

Y.parameter circuit, 133 
for FET, 223 

Z-parameter circuit, J 33 
lener, breakdown, 69 

diodes, 70 
Zero-d.rift bias for FET, 227 
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