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PART 3. ApPLICATION OF THE ANALYSIS 
Air-Gaps and Dilution. Under certain conditions improvement in 

the operation of iron core coils toward freedom from harmonic pro
duction may be attained by inserting air-gaps in the magnetic path. 
The expressions which we have derived up to this point are valid for 
a material having the constants assigned, and the question now arises 
as to the parameters which characterize the operation of the iron corc 
including air-gaps, and their relation to the parameters for the original 
core without air-gaps. With these relations given, our previous work 
may be applied to cores with air-gaps. 

In establishing the correspondence between the parameters for the 
two cases, it is instructive to use two methods-one a direct attack,1!! 
the other resting on an analogy with non-linear vacuum tube circuitsY 
We may determine the effects sought for by the direct method on 
consideration of a single branch of a hysteresis loop, which is expressed 
by equations (4a) or (Sa) of Part 1 ,  

(36) 

Now with an air-gap in the magnetic circuit, the magnetomotive force 

effective is that applied, reduced by the drop across the air-gap, or 

ml = m - Pf{), 
M' = M - p<f!, (37) 

in which mM, � are instantaneous and maximum values, respec
tively, of the impressed m.m.f. and flux, and in which p represents the 
air-gap reluctance 

p = X/A, 
X being the length of air-gap and A the core cross-section. 

In order to· apply (37) we re-express (36) in terms of 
motive force and flux as follows: 

( M) = ""Aa" '"M" rp m, L.J L.J lr+. m , 
, . 

(38) 

magneto-

(39) 

where I is the length of magnetic circuit in the iron. Equations (37) 
may now be substituted in (39) to yield 

'P(m, M) = LL Al'�:' (m - P'P)'(M - p<f!)'. (40) 
, . 

U Due to Mr. H. P. Evans. 
14 See Appendix 5. 
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This equation may be solved for ", by identifying coefficients when we 
substitute the solution 

",(m, M) 

which is equivalent to 

L:L:
Aa,: M = __ 11J.r _ jr+. ' 

, , 

B(h, H) = L:L:a,,'h'H'. 
, , 

(41) 

Carrying out the operations, the primed coefficients are determined 
in terms of the original coefficients and the core structure as follows: 

alO' = alO / ( 1 + � al. ) , 

, , 1( 1 + A 
)

' 
an = - a20 = aD! / T aiD , 

I (  A 
)

' 
all' = all / 1 + r aID . 

(42) 

It is clear that the effect of an air-gap is to diminish the higher 
order coefficients to a greater extent than those of lower order; no 
new coefficients are introduced. If we refer to a constant flux density, 
then the impressed force is 

H' = H ( 1 + �al. ) 

and the modulation voltage becomes proportional to 

'H,2 ao').H2 a02 = 
A 1 + T al. 

(43) 

so that the harmonic e.m.f. has been reduced in the ratio of 1 + � al. 

to unity, which is precisely the ratio of initial permeabilities. 
Dijtttion. If the magnetic material is diluted with a non-magnetic 

substance (insulation) so that the effective air-gap length is A, the 
above equations for the flu." density still hold. The effective cross
sectional area, however, is reduced to 

(44) 

which is ordinarily of small account compared to the other factors 
involved. 

Choice of Core Material. The ideal characteristics for a core ma-
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terial in respect to its freedom from harmonic production may be 
determined by a consideration of the circuit problem. The third 
harmonic driving e.rnJ. is obtained from the last section as 

E, = pnAa.,H'10-8, 
n'A . I '  = rP a02 C ,  

(45) 

in which n represents the number of turns enclosing the core of area 
A ,  d is the mean diameter of the toroidal core and a" is the hysteresis 
coefficient. 

Suppose that we have to design a coil of fixed inductance in which 
the harmonic is to be a minimum, so that 

n'pA L = K -d- = con st. (46) 

We proceed to the consideration of a number of special cases subject 
to condition (46). 

Case J-L Fixed, n Variable. From (46) 

( d ) '" 
1t = COl1st. j.tA I 

which may be substituted in (45) to give 

(47) 

Hence in a coil of fixed inductance, fixed core area, and fixed core 
diameter, minimum harmonic voltage is produced with a material 
for which a02/J.I.'J/2 is minimum. 

Case 2-L Fixed, A Variable. From (46) 

A = const. din'!. JJ, 

which, upon insertion in (45), yields 

in which the modulated voltage varies linearly with a02/p, 

(48) 

Case 3-L Fixed, d Variable. By a similar procedure, we obtain an 
expression for the generated third harmonic voltage 

E, . _1_ ao'!. • 
nA p,2 (49) 

For further work we suppose the coil reactance considerably greater 
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than the circuit resistance at the fundamental frequency. and consider 
the case of an input transformer in which the secondary is practically 
open-circuited. 

Case 4-Input Transformer. In accordance with the above assump
tion the fundamental current through the coil is determined by the 
coil reactance x or 

E d 
11 = 

x ":"  n:!pA . 
Putting this in (45). we find 

. 1 aO! 
E3 = -A -" n p.-

which is identical with Equation (49). 

(50) 

In the four cases treated above it has appeared that there are three 
quantities which characterize the modulating properties of a ferromag
netic coil under different conditions-a,,/I'. a,,/I''''. a,,/I" . The values 
of these ratios have been determined for a' number of materials and are 
tabulated below. 

ao2l}J ao2/}J3/2 aOll jJ2 
-
B dust . . . . . . . . . . . . . . . . . . . . . . .  18 X 10-' 3.1 X to-3 0.52 X 10-3 
C dust . . . . . . . . . . . . . . . . . . . . . . .  1 1  2.2 0.42 
Permalloy dust u . . . . . . . . . . . . . .  17 2.1 0.24 
Perminvar u . . . . . . . . . . . . . . . . . .  2.1 0.1 0.0045 
Silicon Steel . . . . . . . . . . . . . . . . . .  2500 210 16 

These results apply only when eddy currents are negligible ; as the 
frequency is raised eddy currents effectively screen the core and the 
harmonic flux is reduced to a greater extent than is the fundamental. 
This effect. as is well known. depends upon the specific resistivity of 
the core material and will not be evaluated here. 

It has been pointed out that under different circuit conditions an 
index of the modulation is given by the ratios a,,/I'. a,,/I''''. a.dl" . 
depending upon specific conditions. For diluted materials, these ratios 
referred to the undiluted material become 

and the utility of air-gaps toward the reduction of harmonic is made 
evident quantitatively in every case. 

In order to test these relations a comparison was made of the 

.1 Laboratory specimens. 
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coefficients for specimens of grade 1 1  B "  and grade I1 C "  dust which 
represent different dilutions of electrolytic iron. The coefficients 
used were those tabulated in Part 1 .  In accordance with equations 
(42) above we may write 

/ ( Al ) alO / 1 + T alO � 26.2, 
/ ( A, ) alO/ 1 + T alO � 35.3, 

all j ( 1 +  �' alO ) 3 � 0.59, all j ( 1 + �' alO ) ' � 1 .53, (51) 

a"j ( 1 + �' a,.)' � 0.29, 
/ ( A, ) ' a,,/ 1 + T alO � 0.65. 

From these, we should have equality of the ratios 

0.59/1 .53, 0.29/0.65, (26.2/35.3)', 
or 

0.37, 0.45, 0.41, 

which are evidently in fair agreement. It is clear then that the 
properties of diluted materials may be calculated from the character
istics of the original material, at least when the process of dilution 
does not change the intrinsic properties of the magnetic material 
involved. 

ApplicatiollS to Transformers. The third harmonic flux component 
may be obtained when the fundamental magnetizing force is given, 
and the latter is easily obtained in toroidal core inductance coils from 
the relation 

h � O.4ni/d, (52) 

where both h and i refer to the fundamental frequency. In a trans
former t however, the net magnetizing force is obtained as the sum of 
two components, one due to the primary and the other produced by 
the secondary, 50 that some further investigation is required before 
the net magnetizing force in the core may be calculated in terms of the 
transformer constants and the primary current. 

Net Magn.etizing Force. To obtain the net magnetizing force which 
determines uniquely the generated flux components we are required to 
obtain the primary and secondary currents (i,i,) , to multiply each 
current by the number of times it encircles the core, to add the two 
products, and finally to multiply the sum by O.4/d: 

(53) 

To evaluate (53) then we shall solve for the primary and secondary 
fundamental currents in  terms of the circuit constants and the applied 
potential. 
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The transformer circuit equations from which the currents may be 
evah,lated aTe the familiar ones 

E = Z,i, + jpMi" 
o = Z,i, + jpMi, , (54) 

in which we assume the transformer to be an idealized structure-the 
capacity and leakage effects of actual transformers will be assumed 
combined with the connected impedances for simplicity-they will 
therefore not be dealt with explicitly. From the second of (54) is 
obtained the relation between the two currents 

i, = - jpMiI/Z, (55) 

which may be substituted in the first of (54) to give the u9llal expression 
for the primary current 

. I [ p'M' . ( P'M' ) ]  " = E I R, + -.- R, + J X, - -- X, . �l2 �22 (56) 

An expression jor Ihe net magnetizing force in terms 
had putting (55) and (56) in (53) 

of i, may be 

11 = O.4",i, ( 1  _ jPMK) 
net d Z'l I 

in which K represents the turns ratio: 

K _ 11, _ "'X, 
- 11, - "'X, 

. 

(57) 

(58) 

If we make the convenient assumption, which is closely approximated 
under working conditions, that the coupling is perfect (no leakage) we 
have 

pM = "'X,X, 

and (57) may be simplified to the form 

H = 0.411,i, R, . n�t d Z:! 

(59) 

(60) 

This equation shows that the net magnetizing force may be obtained 
from that of the primary alone by applying the reduction factor R,IZ,. 
Now in well designed transformers the winding reactances aTe much 
greater than the resistances to which they are connected, and in this 
case 

X',. , »  K',. ,. (61) 

Applying this further simplification to (60) we have finally for the net 
50 
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magnetizing force 

R _ OAn,i, R, 
net - d X2 

I (60a) 

in which the reduction factor applied to the force due to the primary 
alone is seen to be the ratio of resistance to reactance in the secondary 
circuit. 

This equation with the aid of (56) may now be put in terms of the 
primary voltage-a fixed quantity-rather than in terms of the 
primary current which is variable according to the circuit resistances 
used. Applying the assumptions (59) and (61), Equation (56) may 
be written 

• i, � E/(R, + R,/K') , (56a 

which may be put in (60a) to express the net force explicitly in terms 
of the circuit constants : 

OAn,E ( 1 ) H"", � dX, 1 + K'R,/R, . (62) 

In view of (58). When the transformer is terminated in its normal 
resistances the expression within parentheses reduces to the value one
half. It is of interest in this connection to compare the field here with 
that produced with the secondary open ; in the latter case it is clearly 

O.4n,E/dX" 

which is twice as great as the field in the properly terminated trans
former. This result is otherwise evident, for in the properly termi
nated transformer but half the generator voltage is applied across 
the primary. 

Third Harmonic. According to Equation (28) the amplitude of 
third harmonic voltage generated in a coil of n turns encircling a core 
subjected to a magnetizing force of H •• , gilberts/cm is 

8 
E, � 5". 

1O-'a"pnAH'n,' (63) 

and the generated primary or secondary voltage is obtained by attach
ing appropriate subscripts to n. Because of the coupling, the two 
circuits react on one another at the third harmonic frequency as they 
did at the fundamental frequency, and to find the two third harmonic 
currents we must go through a procedure analogous to that followed 
for the fundamentals except that here we have an independent 
generator voltage effective in each of the two windings. 

Indicating quantities referring to the third harmonic frequency 
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by the subscripts Pt s for primary and secondary circuits, respectively, 
we have the circuit equations for the third harmonic currents: 

e. = Zpi. + j3pMi .. 
Ke. = Z.i. + j3pMi., (64) 

and by equating the two expressions for e. we obtain a relation between 
the two currents: 

. KZ. -j3pM . 
'. = Z. - j3pMK '" (65) 

. 
Putting i. in terms of epO and using (59) and (61) we find 

i. = epKR./R.X.(l + K'R./R.). (66) 

Suppose now that we are dealing with pure resistance loads so that 

R, = R •. 

We may then substitute (63) for e. in (66) to obtain the third harmonic 
current in the secondary. 

From (63) 

1 )' 
+ K'R,/R, ' 

and by substitution in (66) 

h 
= 

__ -=E':;-::K=R=,,,=----,
,,--;-

3X,R, ( 1 + K' �; )' 

If we consider the factor containing the resistances, 

R, 1 
F = R, (1 + K'R,/R,)' 

(67) 

(68) 

(69) 

it is zero for R1/Rz zero or infinite, and reaches a maximum under the 
condition 

iJF 
iJ(R,/R,) = o. 

The third harmonic secondary current is maximum when 

K' = 
R, . 2R, 

(70) 

(71) 

Now K' is fixed by the turns ratio (58), so that we may say the 
secondary third harmonic current is ma.ximum when the primary 
resistance is made half its nominal value, or when the secondary 
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resistance is made twice its nominal value. This is well borne out by 
Fig. 6 due to A. G. Landeen taken under conditions to which the 
above discussion applies. 

SECONDARY THIRD HARMONIC AS FUNCTION OF SECONo.o.RY LOAD RESISTANCE. 

.oooe I,r (15.000 .... ) 

l,..----" / .0005 

/ 
• 

I1 
.0003 

.002 

.0001 

, • " . 
LOAD RESISTANCE 

FIG. 6 

At first sight the result obtained . in which the secondary harmonic 
current increases as the secondary resistance is increased for all values 
of secondary resistance below twice the nominal secondary resistance, 
seems a bit strange since the fundamental secondary current decreased 
under the same conditions. A little thought however shows that the 
increase of secondary resistance acts in two ways; first to reduce the 
harmonic current directly, and second to increase the net magnetizing 
force in the core which in turn increases the generated harmonic. 
Thus with zero secondary resistance the net magnetizing force is zero 
and no harmonic flux can be produced. while with large secondary 
loads the flux density in the core or the net magnetizing force reaches 
an asymptotic maximum so that the generated third harmonic increases 
slowly if at all while the reduction in secondary current by the re
sistance is continuously increasing. Under the assumptions noted 
Equation (68) is valid for any circuit condition and it will be observed 
that i. decreases with the primary resistance below the optimum point. 
The value of " is explicitly 

" � 2 72 X 10-10 � ( nl'A ) . . 
P'Ll' d" (72) 
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in which the bracketed expression coincides with the variable factor 
in equation (45). Hence when L, is constant the choice of core 
material follows the rules laid down for inductance coils. When 
the inductance is not constant, however, the factor becomes pro· 
portional to 

da02 
et = const. 3 lA' nU' (73) 

with the understanding that the turns ratio, resistances and frequency 
are fixed. Thus the secondary harmonic current with a given material 
is reduced by increasing the turns and core area and reducing the 
diameter. As far as core materials go, we have for the significant ratio 
a,,/I" the values : 

Material a02!p.' 
Silicon Steel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  130 X 10"'" 
Permalloy Dust 11 • • • • • • • • • • • • . . . • • • • • • • • • • • • . . . •  2.4 X 10-' 
B Dust. . . . . . . . . . . . . • . . . . . . . . . . . • . . . . . . . . . . . . . .  5.3 X 10-' 
C Dust. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  4.3 X 10 .... 
Perminvar 11 • • • • . • . . . • . . . . . . . . . . . . . • . . • • • • . . • • . .  0.05 X 10"'" 

The great superiority of perminvar indicated above is restricted of 
course to fields of the order of less than 0.1 gilbert/cm. above which 
it tends to become smaller; at a field of 0.7 for example the above 
factor for perminvar would be mUltiplied by the factor three. Perm
alloy dust is observed to be approximately twice as good as the iron 
dust cores. 

A very important question to answer with regard to transformer 
cores is this-what benefit can be gained as to harmonic production by 
inserting air-gaps, or by diluting the core material, leaving everything 
else unchanged. This is evidently to be answered by an investigation 
of the ratios a02/p.3 and a'02/p.,3, the primes referring as before to the 
diluted material. These relations are given by Equation (42) in 
which p. and alO are interchangeable: 

ai, = al' / ( 1 + � al. ) = 1" ,  

a,,' = a" / ( 1 + � alO ) '. 

These permit us to evaluate a'o2/p.,3; 

, a" 

1. Laboratory specimens. 

( 1  +�l al' )' 

a02 
= - , 

1" (74) 
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which clearly indicates that no change is produced in the secondary 
third harmonic current by introducing air-gaps or by diluting the core 
material, the change in core area being negligible. This relation has 
been verified experimentally. 

The discussion above considers a constant potential applied to a 
transformer circuit and the relations derived are somewhat changed 
when we consider constant current or constant potential transformers. 
We seldom have to do with constant current transformers but constant 
potential transformers are met with frequently in vacuum tube circuits 
as input transformers or interstage transformers. The above discus
sion may be applied to this case by taking the primary generator 
resistance much lower than its nominal value--a condition, inci
dentally, which works toward the suppression of harmonic. 

The conclusions are also somewhat altered when we have networks 
offering different impedances to the harmonic and the fundamental. 
Thus it is evident that the third harmonic current can be eliminated 
from both primary and secondary circuits by inserting a high series im
pedance to the harmonic frequency, or by encircling the core with a 
winding connected to a network which has a very low impedance to the 
third harmonic and high impedance to the fundamental. Further, in 
single frequency transmission the result may be equally well obtained 
by shunting a series tuned circuit around the primary or secondary 
winding. 

ApPLICATIONS TO HARMONIC PRODUCTION IN LOADED LINES 
If distortion takes place at any one point of a loaded line, the amount 

of distorted current received at the far end depends upon the ampli
tudes of the currents producing it, and upon the line attenuation from 
the point of origin to the far end. The phase similarly depends upon 
the phase of the fundamentals, and upon the phase shift of the line. 
When we have a number of distorting sources at different points along 
the line, the net distorted output is obtained by combining vectorially 
the currents due to the individual centers of distortion, since it may 
be assumed that no interaction exists. In a uniformly loaded line 
we may think of these sources of distortion as being uniformly dis
tributed, but the amount of distortion introduced is, on the contrary, 
not distributed uniformly on account of the line attenuation which 
reduces the distortion generated at the far end of the line. 

It is apparent, then, that if we are to calculate the net distortion 
introduced by the line, a complete specification of the phase shift 
and attenuation is required, together with a knowledge of the law of 
production of the distortion. This last also requires a specification of 
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amplitude and phase angle in their relation to the fundamentals 
producing the distortion. 

A situation somewhat analogous to the one under discussion which 
is less involved, however, is found in the diffraction of light, in which 
the illumination at a point proceeds from a number of coherent sources 
at various distances from the point. An important difference in the 
two cases is the attenuation of the transmitting medium which is 
ordinarily small in the optical case, so that the results of the optical 
investigations cannot be taken over directly. 

In the following we propose to calculate the third harmonic output 
currents with the aid of our previously established relations. The law 
of harmonic production has been quite definitely established in the 
low frequency-low flux density range. The driving third harmonic 
voltage of frequency 31 produced by a fundamental current of rms 
value 7 is given by (25) and (26a) as 

(75) 

while the phase angle of the third harmonic generated potential is 
related to that of the fundamental current by the expression 

(76) 

The above data are sufficient for a solution of the problem of distortion 
in continuously loaded lines when the propagation constant is known 
as a function of frequency. 

The fundamental current at any point distant x from the sending 
end of the continuously loaded, properly terminated line is 

(77) 
where 

p = " + jf!. 
The third harmonic driving e.mJ. dE, generated In a length dx of 
the line may be written with the aid of (75), (76), and (77) as 

dE, = MIo',-""'+" P) "  (78) 

Writing the line impedance as Zoo the resulting current at x is 

dI = 
MIo' -''''-h3/!) . 

. 3 2Zo f . 
(79) 

With the line parameters a function of frequency we may write for the 
propagation of third harmonic current 

(80) 
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The distortion at x produces a third harmonic current at the receiving 
end 

dia = 
Mlo2 t:-(2a+i3t!)%C(1'+i&)(1-x) 2Zo (81) 

The total third harmonic current at the receiving end may now be 
obtained by integrating (81) over the length of the line I, which gives us 

MI 2 E-h+i3)l 
i 0 -,;;------;:---;-'-c;=--;,")=;] (1 _ .-12a-,+;(3P-')]l) . 3 � 2Zo [(2" -y) + j(3{3 u 

(82) 

Inasmuch as we are concerned with the output amplitude. the above 
expres8ion may be put in a somewhat more convenient form: 

. , _  (lvI102 )2 E-2"YI 
I h l  - 2Zo (2" - -y)2 + (3{3 - 0)' 

X [1 + ,-'(20-,, , - 2.-(2�--1''' coe (3{3 - 0)/]. (83) 
Thus when 1 is zero the harmonic vanishes as it should, and as 1 
increases the current passes through maxima and minima determined 
by the cosine term. If the attenuation is not very great, the maxima 
occur approximately at the line lengths 

/ � (2n - 1)". 
3/3 - 0 ' 

where n is a positive integer. These distances correspond to odd half 
,wave-lengths, as is true of the optical case. As l is increased the 
bracketed expression approaches unity and the current falls expo
nentially. Before this point is reached, however, the current increases 
in certain regions as the line length is increased. The fact that in an 
actual line the parameters vary with frequency means that these 
maxima and minima will vary in position according to the frequency , 
so that a maximum for one frequency may well coincide with a mini
mum for another frequency. 

In the case of lumped loading, the integrations used for continuous 
loading are replaced by summations, as was done by Mason in the 
unpublished investigation previously cited.4 If the spacing between 
coils is Xl! and if we have n coils for which nXl = y, the received third 
harmonic current at the end of a properly terminated line may be 
written 

. 111102 E-h'-h611 1 1  - c[2a-'Y+j(3J�-6)11l 1 
Z3 = 2Zo (E[2<I 'Y+i(3ti �)hl - 1) (84) 

which is to be compared with (82) for the continuously loaded line. 
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ApPENDIX 1 :  SIMPLIFICATION OF Loop EQUATIONS 

From the first of the three properties mentioned we have a" = 0, 
and from the second property 

Bl(h, H) = - B,( -. h, H) (3) 
whence, if we write 

then 

Bl(h, H) = a"h + aOIH 
+ a20h' + allhH + a02H' 
+ a30h3 + a21h'H + a"hH' + a03H, . . " (4) 

B,(h, H) = aloh - aOIH 
- a2oh2 + auhH - a02H2 
+ aaoh3 - anh'H + al,hH' - aoaH3 . .  ' .  (5) 

From the third property, the two branches meet at the loop tip which 
lies on the magnetization curve for which It = H, or 

(6) 

From the two equations (4) and (5) we have by virtue of this relation 

aOIH + (a,. + a02)H' + (an + a03)H3 = 0 

and since this relation holds for every value of H, the coefficients of 
each power of H must be zero so that 

aO! = 0 = aoo, 
a02 = - a201 
a03 = - a21' 

(7) 

TItefinal expressions for tlte branches are then evidently obtained by 
putting (7) in (4) and (5) which become 

Bl(h, H) = awh 
- a02h' + allllH + a02H' 
+ a30h3 - a03h'H + adlH' + a03H', (4a) 

B,(h, H) = alOh 
+ a02h2 + allh1;I - a02H2 
+ a30h3 + a03h'H + al2hH' - a03H3, (Sa) 

ApPENDIX 2 :  RAYLEIGH'S RELATION 

If we suppose the lower branch of any loop, when referred to the tip 
of the largest loop considered, to be given by the equation 

(12) 
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we may refer the family of branches to the origin by the transformation 

h � h, - H, 
B = El - Bm. 

if BmH refer the midpoint of the largest loop to the tip. 

Bm � 1'0H + 2vH' + 4XH' + 8wH'. 

Putting (13) in (12) 

(13) 

Then 

(14) 

B + Bm � I'o(h + H) + v(h + H)' + X(h + H)' + w(h + H)', 

whence, subtracting (14), 

B' � I'oh + v(h' + 2hH - H') + X(h' + 3h'H + 3hH' - 3H') 
+ w(h' + 4h'H + 6h'H' + 4hH' - 7H') , (IS) 

which represents the hysteresis branch equation referred to the origin, 
on the basis of loop similarity. 

The coefficients obtained by the two methods may now be compared. 
Thus identifying coefficients of (IS) with those of the general equation 
(I) 

alO = J.l.o, 
a20 = v, 
aao = A, 

all = 2v, 
a21 = 3X, 
a3l = 4w, 

a02 = - v an = 3X, 
aos = 3X, an = 4w, 
a" - - 7w, a22 = 6w. 

ApPENDIX 3 :  ALTERNATING MAGNETIZATION, SINUSOIDAL 

MAGNETIZING FORCE 

(16) 

The resulting expression is simplified if we make the following 
substitutions 

a � ao,H' + a03H' � B(D, H), 
f3 = aID + allH + a12JI2, 
o = aaoH3. 

(19) 

It may be noted that a is the remanence and that f3 is an approxima
tion to the permeability, in fact the permeability is given as the sum 
of f3 and 5. With (18) and (19) inserted in the branch equations, then, 
we have 

B,(H cos pt, H) � 

B,(H cos pt, H) � 

a + f3 cos pt - a cos' pt + 5 cos' pt, 
- a + f3 cos pt + a cos' pt + 5 cos' pt. 

For convenience we shall express these relations in terms of multiple 
angles, and we have for the equation of the upper loop family 

B)(Hcos pt, H) � - a/2 + (f3 + 35/4) cospt - a/2 cos 2pt + 5/4cos 3pt. 
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If we write 

A = a/2 = (a02H' + ao,H'}/2, 
B = (3 + 3�/4 = a" + allH + a"H' + 3a"H'/4, 
c = = - A, 
D = �/4 = a"H'/4, 

the final form for the loop equations is 

B,(H cos pt, J-I) = A + B17 cos pt + C cos 2pt + D cos 3pt, 
B,(H cos pt, I-I) = - A + B cos pt - C cos 2pt + D cos 3pt. 

(20) 

(21) 

We are now in position to combine the two equations of (21) in a 
Fourier series valid over the entire cycle as 

where 

B = �o + L(b, cos kpt + a, sin kpt}, 

a.  = - f(pt} sin kpt d(pt} , 

(22) 

1 1" " 0 
1

1
" (22a) 

b.  = - f(pt} cos kpt d(pt}. 
" 0 

For our particular case' we have, since B = B ,  for the first half of the 
cycle, and B = B, for the second: 

"a, = i: B,(h, H} sin kpt d(pt} + J.' Bi(h, H} sin kpt d(pt}, 

"b, = i: B,(h, H) cos kpt d(pt} + J.' B,(h, H} cos kpt d(pt}. 

These integrals may be simplified considerably when we take advantage 
of the fact that both B, and B, are even functions of the time as given 
by (21). Thus 

"a, = J.' [B,(h, J-I) - B,Ut, H}] sin kpt d(pt}, 

"b, = f.' [B,(h, H} + B,Ut, H)] cos kpt d(pt}. 

Referring to (21) we may then write 

2 1
' 

a, = - (A + C cos 2pt) sin kpt d(pt}, 
" 0 

2 1
' 

b, = - (B cos pt + D cos 3pt) cos kpt d(pt}. 
" 0 

(23) 

11 This coefficient is not to be confounded with the general expression f or flux 
density. 
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Upon integration of (23) the coefficients for the fundamental and third 
hannonic flux components are found to be as follows: 

4 
a, = - (A - CI3), 

.-
(24) 

b, = D, 

which, by reference to (20), may be put in terms of the branch coeffi
cients. 

ApPENDIX 4--IMPEDANCE REACTION TO A SMALL THIRD HARMONIC 

IN THE PRESENCE OF A LARGE FUNDAMENTAL 

We have for the two hysteresis branch equations from Eqs. 
(Sa) 

in which 

B,(h, If) = B(O, H) + {3h + '(h' + a,,,h' + 
B,(h, H) = - B(O, H) + {311 - ,(h' + a"h' + 

{3 = a" + allH + a12lI', 
'( = - (a" + a,,H). 

Putting (29) in (30) we get 

B(h, H) = A + B cos pi + C cos 2pt + D cos 3pt + F cos npt 
+ G[cos (n + l)pt + cos (n - l)ptJ 

(4a), 

(30) 

(31) 

+ J[cos (n + 2)pt + cos (n - 2)ptJ (32) 

in which the coefficients have the following significance 

A = B(O, J-l) + Hh/2, 
B = {3H, + 3a.o}l,'/4, 
C = '(H,'/2, 
D = aaoH13/4, 

F = {3H. + 3a30H,'H./2,  
G = ,(H,H., 
J = 3a.oH,'I-I./4. 

(33) 

The coefficients of the Fourier Series for the output wave may 
now be obtained as before by combining the two equations (30) since 
each one is operative during one-half the cycle. There results an 
expression similar to the one obtained in the single frequency case, 
and since we have 

I = bo/2 + �a. sin kpt + �b. cos kpt 

the coefficients are evaluated from the expressions 
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21" a ,  = - (A + C cos 2pt + G(cos 4pt + cos 2pt)) sin kpt d(pt) , 
" 0 

21" b. = - (B cos pt + (D + F) cos 3pt 
,. 0 

+ J(cos 5pt + cos pt)) cos kpt d(pt) . 

Upon integration we find 

bl = B, b, = F. 

(34) 

(35) 

Comparing these two co'efficients we see that at low amplitudes we 
may write 

in which the permeability is the same to the two components, and is 
determined by the fundamental amplitude. For the dissipative 
terms we find 

4 
al = - (A - C/3 - 2G/5), " 

(35') 
4 

a, = - (A/3 - 3Cf5 + 6G/35), 
" 

but some care is required in interpreting these expressions. Inasmuch 
as we are primarily interested here in determining the dissipative 
component to a third harmonic magnetizing force of amplitude H" 
we are required to select from a3 only those terms containing H3, 
which means the single term 24G/35". The other terms take care 
of the harmonic producing properties of the core and do not affect 
the impedance to the third harmonic. The impedance term for the 
third hannonic comes down to 

which may be written as 

24 H, B(G, H) . 
35" HI 

This may be compared with the corresponding term for the funda
mental given by (25). 

ApPENDIX 5. EFFECT DF AIR-GAP BY VACUUM TUBE ANALOGY 

I n  the elementary treatment of non-linear two element vacuum 
tube circuits, approximate solutions are obtained in the form 

J = J1 + J, + . . .  J., 
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where J represents the variable part of the space current on the basis 
that J,. represents the nth approximation, but that the series converges 
rapidly so that we need consider only the first two terms to arrive at 
a substantially accurate result. The expressions derived for the first 
and second approximations are known to be 

JI � aIE/(l + aIR), 
J, � a,E'/(l + aIR)', 

where the ' a '  coefficients describe the tube characteristic 

R being the external plate circuit resistance, • the tube potential, 
and E the circuit e.m.f. 

Turning now to the equations for the hysteresis loop branches, we 
have from (4a) 

B � alO" - a,,'" + allhH + a02H'. 

Hence by the analogy between flux and current, and between reluc
tance and resistance, the first order terms are reduced by the factor 

1/(1 + aIR) which corresponds to 1/(1 + XalO/A ) ,  and the second 
order terms are reduced by the cube of this factor, which yields the 
same results (42) as the laborious direct method. 
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