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It may be shown that regardless of the type of analogy chosen ("impedance" versus "mobility"), 
disconformity will be encountered in synthesizing the equivalent network of a mechano-acoustic 
array. A method is described employing transformer couplings for getting around this difficulty. As a result, 
it becomes possible to construct equivalent circuits of mechanical arrays in a simple and straightforward 
manner by the method of impedance analogy. Similar benefits are achieved for the method of mobility 
analogy in the synthesis of equivalent circuits of acoustic arrays. Equivalent networks for certain mechano
acoustic arrays which cannot be conventionally synthesized become feasible through this method. 

I. INTRODUCTION 

T
HE subject of this paper is best developed by refer

ence to Fig. 1. At the left center is a mechanical 
array consisting of masses, springs, and mechanical 
resistors. The central mass M4 is in the form of a piston 
which actuates an acoustic array consisting of volumes 
and connecting pipes. Below, is an equivalent network 
by the method of "impedance" (classical) (voltage
force-pressure) analogy. Above, is an equivalent net
work by the method of "mobility" (voltage-velocity
volume current) analogy. We find a measure of con
formity between the mechanical array and the mobility
analog network, which is evidenced by the similarity 
of connection between the circuit components in the 
two schemes. On the other hand, there is disconformity 
between the mechanical array and the impedance
analog network as evidenced by a dissimilarity of con
nection. Therefore, synthesis of equivalent networks of 
complex mechanical arrays by the impedance analogy 
can often become difficult. These facts have been 
reported at intervals during the past quarter of a 

e Vice President and Chief Engineer. 

century,1-3 alerting us to the debility of the impedance 
analogy with respect to mechanical arrays. 

To overcome this debility, Bloch2 has suggested a 
procedure which requires, as a preliminary step, the 
construction of a mobility analog, this to be followed 
by the construction of a dual network, which turns out 
to be desired impedance analog. In this paper we 
propose a new system for building the impedance
analog networks of complex mechanical arrays without 
the necessity of taking the mobility-analogy route 
charted by Bloch. This new system requires a minor 
revision in the usual concept of impedance analogy, 
and the use of ideal transformers. It not only provides 
us with a systematic approach, but it also permits us 
to deal with certain mechanical arrays which cannot 
be handled conventionally by the impedance analogy. 

Turning our attention to the acoustic array at the 
righ t-hand side of Fig. 1, we note the vice-versa rela
tionship existing between the impedance and the 
mobility analogs. It is evident that with acoustic 
arrays, the impedance analogy becomes conformant 

1 F. A. Firestone, J. Acoust. Soc. Am. 4, 249 (1932-1933). 
2 A. Bloch, J. Inst. Elec. Engrs. (British) 92, 157 (1945). 
3 P. Le Corbeiller and Ying-W� Yeung, J. Acoust. Soc. Am. 24, 6 

(1952). 
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FIG. 1. Mechano-acoustic array and equivalent circuit by the 
"mobility" analogy and "impedance" ("classical") analogy, in
tended to illustrate the vice-versa relationship between the two 
analogies. 

while the mobility analogy becomes disconformant. 
It is our belief that this debility of the mobility analogy 
with respect to acoustic arrays has not been accorded the 
same publicity that has been given to its vigor with 
respect to the mechanical arrays, and we use this graphic 
method to reiterate that disconformity will be encoun
tered no matter which system of analogies is chosen for a 
mechano-acoustic array. For the sake of brevity, the 
subsequent description is aimed principally toward the 
method of impedance analogy; however, the proposed 
system will be of equal aid in the method of mobility 
analogy. 

11. BUILDING BLOCKS 

To carry out the objectives of the new method, we use 
the building blocks shown in Fig. 2. At the left are the 
mechanical elements; it will be assumed that these 
elements are constrained for motions along a single 

IMPEDANCE ANALOGY MOBILITY ANALOGY 

u---u 
PI.PI 

. 
FIG. 2. Building blocks for use with transformer couplings by the 

impedance analogy (left) and mobility analogy (right). 

axis. Centrally located are the electrical equivalents by 
the impedance analogy. Free mass M is represented by 
inductance L-short-circuited up on itself, and the loop 
current i represents the velocity v. The spring CM has 
two ends which are acted upon by equal and opposite 
forces F. Likewise, the equivalent condenser C has two 
sets of terminals acted upon by equal and opposite 
voltages e. The velocities of spring ends VI and V2 are, 
in general, unequal. They are represented by currents 
i1 and i2• The compression of the spring occurs at a 
rate VI-V2 which corresponds to the current flow i1-i2 
through the condenser. Similar considerations apply 
to the mechanical resistor RM which is represented by 
the four-terminal electrical resistor R. 

The application of these circuit building blocks to the 
acoustical elements shown at the right-hand side in 
accordance with the teachings of the mobility analogy 
is obvious, and need not be described in detail. 
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FIG. 3. Three different ideal transformer couplings: (A) Direct 
mechanical coupling; (B) Mechanical to acoustic coupling through 
area A; (C) Mechanical coupling by lever. 

Ill. TRANSFORMER COUPLINGS 

To connect our building blocks, we make use of ideal 
transformer couplings. Three types of ideal trans
formers are shown schematically in Fig. 3. We have 
adopted the convention of using two adjacent parallel 
lines to represent the windings of the ideal transformers. 

In the impedance system of analogies, a 1: 1 trans
former represents the direct mechanical coupling as 
shown in Fig. 3 (A). An A : 1 transformer is used to couple 
an area A to an acoustic array, as in Fig. 3(B).4 For 
levers, an I: 1 transformer is used to represent a lever 
ratio of 1 :/, as in Fig. 3 (C). The converse situation appli
cable to the mobility analogy can be readily ascertained 
by those who wish to use the mobility system. 

IV. UTILIZATION AND REMOVAL OF TRANSFORMER 
COUPLINGS 

As we demonstrate the use of transformer couplings, 
we shall also indicate certain methods for removing 
them, therefore arriving at the conventional-type 

4 B. B. Bauer, J. Acoust. Soc. Am. 23, 680 (1951). 
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analog circuits. The use of ideal transformers adds no 
difficulty in the analytical treatment of circuits. How
ever, for the purposes of experimental circuit work, it is 
desirable to remove the transformers, wherever possible. 

Our first example is shown in Fig. 4(A). This example 
is so simple that the use of transformer couplings is 
superfluous, but they are employed to illustrate the 
principles involved. The mechanical system consists 
of three masses interconnected by springs and resistors 
in tandem. In Fig. 4(B) is the equivalent circuit by 
impedance analogy with transformer couplings. In 
drawing these circuits, it is convenient first to draw 
the loops containing masses, and next, to add the 
coupling condenser and resistors and driving generators. 

The circuit equations of Fig. 4(B) can be written as 
if the transformers were not present simply 

-
by remem

bering the voltage and current relations in an ideal 
transformer. In this manner, the usual mesh and 
junction equations can be written and solved in an. 
ordinary manner. 

v 

tC) 

FIG. 4. Illustrative example showing application of transformer 
couplings to a simple mechanical array (impedance analogy). 

If it is desired to remove the transformers, we note 
that our interest lies in the "current through" and the 
"voltage drop across" the various impedance elements, 
and not in the "potentials to ground." Therefore, we 
can select any two transformer-coupled meshes which 
have no conductive connection and can connect together 
two adjacent points p and q of the coupling transformer 
with a jumper "a." At that instant, points l' and $ 
become equipotential, since the primary and secondary 
voltages in a 1: 1 transformer are identical. Therefore, 
l' and s can be connected by jumper "b." Now the 
transformer pqrs has no further purpose and it may be 
removed from the circuit. Each additional loop in Fig. 
4(B) can be conductively connected in this manner 
resulting in the circuit of Fig. 4(C), which is the con
ventional impedance-analogy circuit for the array in 
Fig. 4(A). This leads us to our first rule for removal of 
transformers. 

FIG. 5. Application of transformer couplings to a four-mass system. 

Rule I.-In a system comprising any two meshes 
coupled by 1: 1 transformer but without conductive 
connection, the transformer coupling may be replaced 
by a conductive coupling. 

It should be reiterated that in a simple array such as 
that of Fig. 4(A), the building blocks of Fig. 2 may 
be connected directly without the preliminary use of 
transformer couplings. 

A somewhat more complicated mechanical array is 
shown in Fig. S(A). It consists of four masses inter
connected by four sets of springs and resistances. Figure 
5(B) is the equivalent circuit by impedance analogy 
with transformer couplings. There are thirteen trans
formers, twelve of which can be removed by Rule 1. 
In Fig. 5 (B), this is indicated by the jumpers placed at 
either side of the transformers, and it results in the 
circuit of Fig. 5(C). The transformer pqrs cannot be 
removed by Rule 1 since it couples two loops which 
have become conductively connected. However, if we 
can trace an impedance-less conductive connection 
between the corresponding points of the windings, such 
as the points p and q, then we can remove this last 
transformer. This condition will occur if the inductance 
M 3 is moved from the branch p-t to the branch 1'-U, as 
shown in dotted outline. This can be done with im
punity since the sum of voltage drops in the mesh 
t-p-r-u is not affected by the position of M 3. After M 3 

has been moved to its new position, p-q and 1'-S can be 
connected as shown by the dotted jumpers a and b, 
resulting in the removal of the transformer. The final 
circuit is given in Fig. 5(D). 

This leads us to the second and third rules for removal 
of transformers. 

Rule 2.-If two branches can be defined which con
stitute the sole connection of a transformer winding 
with the rest of the circuit, a series impedance in one 
of the branches can be shifted to the other branch 
without altering any of the voltage and current 
relationships. 

Rule 3.-ln a system comprising two meshes coupled 
by 1: 1 transformers and having conductive connection, 
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FIG. 6. Application of transformer coupling to a five mass 
system. Transformer g cannot be removed. 

the transformer can be removed if an impedance-less 
conductive connection can be found between one 
terminal of the primary and the corresponding terminal 
of the secondary of the transformer. 

It is interesting to note, that if M3 had been shifted 
initially to the lower portion of its loop in Fig. 5 (B), 
all the transformers could have been removed without 
the use of Rule 2. Thus, a preliminary inspection of the 
transformer-coupled circuit can simplify the process 
of removal of transformers. The principal point to be 
observed, however, is that with the aid of transformers, 
the circuit in Fig. 5 (D) was obtained systematically 
without resort to the prior construction of the equivalent 
circuit by the mobility analogy and the subsequent 
finding of its dual. 

V. THE PROBLEM OF DUALS FOR NONPLANAR 
ARRAYS 

When the equivalent circuit of a mechanical array 
by the mobility analogy turns out to be a nonplanar 
network, then the array cannot be conventionally repre
sented by the impedance analogy. This is because a 
nonplanar network has no dual. However, its transfor
mation into a physical dual can be achieved through 
the use of one or more ideal transformers.6 The use 
of transformer couplings provides an automatic solution 
to this problem as may be shown in connection with 
Fig. 6. 

In Fig. 6 (A) is the mechanical array consisting of 
five masses M 1 to M 5 interconnected by three inde
pendent spring-mass-spring systems. The equivalent 
circuit can be readily obtained by the transformer 
analogy as shown in Fig. 6 (B). Let us proceed to remove 
as many transformer couplings as possible. By the use 
of Rule 1, we can successively remove all transformers 
except j and g as shown by the jumpers numbered 1 to 

6 A. Bloch, Proc. Phys. Soc. (London) 58, 677 (1946). 

22 inclusive. The resulting circuit appears in Fig. 6 (C). 
The transformers j and g remain. To remove j, the 
inductance L is moved around to the other side of the 
loop by the application of Rule 2. As soon as this is done, 
the connections 23 and 24 can be made, therefore re
moving the transformer f. Transformer g remains and 
cannot be removed. The final equivalent circuit is 
shown in Fig. 6 (D). It is evident that the user would 
be needlessly taxing his ingenuity if he attempted to 
draw the equivalent circuit of Fig. 6 (A) by the con
ventional method of impedance analogy. 

Lastly, in Fig. 7, we reproduce the mechano-acoustic 
array of Fig. 1 together with its equivalent circuit by 
impedance analogy using transformer couplings. Reverse 
this equivalent circuit and you will have the equivalent 
by the mobility analogy. It is evident that the use of 
transformer couplings has resulted in conformity be-

FIG. 7. Mechano-acoustic array of Fig. 1 and equivalent circuit by 
impedance analogy with transformer couplings. 

tween the mechanical-acoustical and the impedance
analog and mobility-analog network. 

CONCLUSION 

The use of ideal transformers makes it possible to 
construct equivalent circuits of mechanical arrays in 
a simple and straightforward manner by the method of 
impedance analogy. Similar benefits are achieved for 
the method of mobility analogy in the synthesis of 
equivalent circuits of acoustic arrays. Equivalent net
works for certain mechano-acoustic arrays which cannot 
be conventionally synthesized become feasible through 

. this method. 
It is not intended to imply that all the aspects of 

transformer couplings have been explored. Among the 
problems to be resolved are those of multidimensional 
arrays, arrays involving distributed constants, rules 
governing the number of residual transformers, and 
further elaboration of rules for the removal of 
transformers. 
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