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The natural frequencies of vibration of cylindrical shells clamped at one end and closed at the other by different types 

of shells of revolution (cones, hemispheres, ellipsoids, etc.) were determined using programs written for the digital 
computer. The principal numerical methods investigated were variational finite-differences and finite elements. How
ever, some results obtained by numerical integration of the differential equations of motion, together with some ob
tained from series solutions, are also given for purposes of comparison. For LID = 0.5, hiD = 0.01 the lowest four 
natural frequencies for all the cylinder/end closures investigated were concentrated in a band such that f24/n,1 ""-1.7. 
Thus, changing the head shape does not cause radical changes in the natural frequencies for these geometric ratios. 
Results for other values of the geometric parameters are also given in the paper. Again for LID = 0.5, hiD = 0.01, the 
effect of not equating to zero the in-plane circumferential displacement at the base of the cylinder caused a marked 
reduction in the n = 1 natural frequencies. In many of the cases studied, the n = 1 frequency was either the funda
mental one or was close to it. Insofar as dynamic analyses are concerned, designers ought to be aware of the influence 
that the in-plane boundary conditions at the cylinder base can have on the natural frequencies. With regard to the 
main two numerical methods studied, the authors found both of them to be very effective for the natural frequency 
and mode shape predictions. For pointed shells (e.g. cones) it appears that for n = 0 and n = I, the conditions em
ployed at the apex in some of the programs need re-examination. 

1. Introduction 

Cylindrical shells which are closed at their ends by 
shells of revolution (e.g. hemispheres, cones, etc.) are 
used in many industries. They are to be found, for 
instance, in submersibles, missiles and many structures 
in the petro-chemical and nuclear industries. In the 

structural design of these cylinder/end closure combi
nations it is, in many cases, becoming necessary to 
take into account dynamic excitation of one kind or 
another, e.g. earthquakes, blast loadings, etc. Whether 
a deterministic or a probabilistic dynamic analysis is 
undertaken, there is interest (assuming the system is 
linear) in being able to predict the natural frequencies 
of vibration (eigenvalues) of the structure together 
with their associated mode shapes (eigenvectors). 

With the availability of present day computers, and 
various general purpose programs written for shells of 
revolution, the determination of these eigenvalues and 
eigenvectors is no longer the formidable task it was ten 

years ago. It is now possible to undertake limited 
parametric surveys of various design parameters wi th
out the cost becoming prohibitive and, in this paper, 
the results of one such numerical investigation are 
described. 

The objectives of the present study were as follows. 

(1) To determine how the shape of the end closure 
on a cylinder affected the natural frequencies of the 
combined shell structure. These structures (see fig. 1 )  
are widely used in practice. Until recently, however, it 
has been quite difficult to predict either the buckling 
or vibrational response of such structures. In this 
paper, the results of a limited parametric survey of the 
natural frequencies of vibration of isotropic, constant 
thickness cylinders with hemispherical, torispherical, 
ellipsoidal, conical and toriconical end closures are 
given. A few of the associated mode shapes are also 
shown. In addition to varying the head shape, the ef
fects of changing the length/diameter and thickness/
diameter ratios were examined. 
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Fig. I. The principal shell combinations analyzed. (The cylin
der LID = 0.5 is the same in all the cases.) 

(2) To illustrate, for the benefit of deSigners of 
cylinder/end closure combinations, the effect of not 
equating to zero the circumferential in-plane displace
ment t' at the base of the cylinders in fig. I. While it is 

well known that boundary conditions can affect the 

predicted buckling pressures [1] or naturaJ frequencies 

[2] of single shells, some designers seem to think that 
(as with beams) the important edge quantities are the 

normal displacement wand the rotation in the meridi

onal direction (3. The influence of the in-plane displace

ments u and I) at the shell boundaries does not seem to 
be so widely known. As their influence can, in fact ,  be 
quite large on the lower natural frequencies, the authors 
thought it desirable to present some results showing 
the magnitude of the effect. It is thereby hoped that 
designers involved in the dynamic response of such 
shell structures will be on their guard against this 

con tingency. 
The numerical methods employed to calculate the 

natural frequencies of vibration and mode shapes of 
the various shell combinations were (1) variational 

finite-differences (VFD) and (.::!) finite elements. In 
both cases, programs written for the digital computer 
were utilized. The VFD program used was the general 

purpose BOSOR 3 while the finite elemen t program 
was a special purpose one written at Liverpool and 
known as MIST I. 

The reasons for using two numerical methods in 

the computations were twofold, namely (a) to enable 
checks to be made on the numerical results, and (b) to 
ascertain if one method was superior to the other in 

any respect. Originally, it had been hoped to use a 
third method in all the calculations; this would have 

been a numerical integration scheme using, say, 

Runge-Kutta techniques. However, due to time limi

tations,  it was only possible to obtain resul ts for two 

or three structures using numerical integration. These 
results (obtained using KSHEL 3 and ST A RS-2) are 
given and are compared with the results obtained from 

BOSOR 3 and MIST 1, and with results obtained from 
another finite element program known as PAFEC. 

It should be noted that the various computer pro
grams mentioned above do not all use the same strain

displacement relations for the middle-surface displace
ments and rotations of the shell. That is to say, one 
program utilizes the kinematic relations due to Novo
zhilov, another those of Fliigge, a third of those of 
Reissner, etc. However, any variation in na tural fre
quency predictions, due to the use of the slightly dif
ferent strain-displacement relations cited above, is 
expected to be smaJl. A relatively recent review of the 
subject has been given [3] and additional results may 

be found in refs [4] and [5J. 

2. The shell structures analyzed 

In all the cases considered herein (except the clamped 
cone) ,  the diameter of the cylinder was kept constant 
at 100 units and the material properties were main
tained at E = p = 1.0 and Ii ;0 0.2. For most of the cal
culations, the cylinder had the geometric ratios LID 
= 0.5 and hiD = 0.0 1 .  In addition, the boundary con
ditions at the base of the cylinder were usually taken as 
II = II = W = (3 == O. (For actual structures, the frequencies 
may be calculated by multiplying the results given in 
the paper by the factor (lOO/D)(Elp)l!2, provided that 
the shell combinations are geometrically similar to those 
considered in the paper and have Ii = 0.2.) 
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The various types of shell used as end closures in 

the investigation were: 
( I )  hemispherical; 
(2) torisphericai: the riD ratio was kept constant at 

0.2 while the RslD ratio was varied from 0.75 to 1 .50; 
(3) conical: three values of the semi-angle at the 

cone vertex were studied, i.e. ex = 45, 60 and 75°; 

Table 1. 
A summary of the cases analyzed 

Head shape hiD 0.01 0.001 

LID 0.25 0.5 1.0 0.5 

1. hemispherical 1 1* 1 1* 
2. ellipsoidal (2: 1) 1 1* 1 1* 

ellipsoidal (3: 1) 1 
3. torispherical (RsID = 0.75) 1 1* 1 1* 

torispherical (RsID = 1.0) 1 
torispherical (Rs/D = 1.25) 1 
torispherical (RsID = 1.50) 1 

4. toriconical (01 = 45°) 1 1* 1 1* 
toriconical (01 = 52.5°) 1 
toriconical (01 = 60°) 1 
toriconical (01 = 67.5°) 1 
toriconical (01 = 75°) 1 

5. conical (01 = 45°) 1 1* 1 1* 
conical (01 = 60°) 1 
conical (01 = 75°) 1 1* 1 1* 

1 Cases with v = 0 at base of cylinder. 
* Cases with v "" 0 at base of cylinder. 

(4) toriconical: once again ,  the semi-angles at the 
cone vertex were , in most cases, taken as 45, 60 and 
75°; the vertices were also rounded by using a small 
radius at the apex (rapexlD = 0.05). The riD ratio was 
maintained at 0.2; and 

(5) ellipsoidal: heads with major to minor axis 
ratios of 2 :  I and 3 :  I were studied. 

For LID = 0.5, the various shell combinations 

analyzed are drawn, more or less to scale, in fig. 1. For 
all the above shell structures, the circumferential wave 

number was varied from 0 to 10 (sometimes higher) 
and the natural frequencies and mode shapes were 

determined for the lowest three modes (for torsional 

vibrations, only the lowest mode was computed). 
In addition to the above, some supplementary com

putations were made. These were: (a) in which the 

parameter hiD was taken as 0.001 (with LID still 

equal to 0.5), and (b) where the parameter LID was 
set equal to 0.25 and 1.0 (with hiD remaining at 0.01). 
These supplementary calculations were made only for 
certain end closures (hemispherical, one of the tori

cones, two of the cones, and one of the torispheres). 

The purpose of these calculations was heuristic - it 

was desired to see how the frequency spectra of these 

selected structures changed when certain parameters 
were changed. 

The various head shapes analyzed, their geometric 

characteristics and the boundary conditions used for 
the in-plane displacement v at the base of the cylinder 
(see below) are given in table I. Some other cases were 

Table 2. 
A comparison of the natural frequencies (Hz x 103) for cylinder/hemisphere combinations calculated 
by series solution and other numerical methods (torsional frequencies omitted) (LID = 0.5 , hiD = 0.01, 
m = 1). 

Circumferential Series solution Finite element VFD* Numerical integration 
wave number 
n HAMMEL [7]:j: MIST 1 BOSOR 3. KSHEL 3t 

0 2.0584 2.0589 2.0589 2.0597 

1 0.9431 0.9438 0.9435 0.9436 

2 1.6091 1.6205 1.6222 1.6207 
3 1.3057 1.3070 1.3100 n.c. 
4 1.0942 1.0940 1.0978 n.c. 

* Variational finite-<iifference. 
t With small hole at apex. 

:j: The values given below were communicated to the authors by 1. Hammel. They differ slightly from 
those given in ref. (7). n.c. = not calculated. 
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analyzed and, where it was thought relevant, their 
results were plotted in the figures given later in the 
paper. 

The shell structures considered in this paper are, in 
general, all governed by eighth order ordinary linear dif
ferential equations when undergoing harmonic vibra
tions. As such, four boundary conditions have to be 
prescribed at each edge and, in the calculations dis
cussed above, the fully-clamped conditions u = I' = W 
= P == 0 were used at the base of the cylinder. For a 
beam, fully-clamped ends imply that w = p = 0; with a 
shell, the in-plane displacements u and v at the bound

aries have to be taken into account. Depending on 

whether these latter two quantities are zero or not, 

there will be four cases which may be called clamped 
(w = p = 0 in all of them). To specialists in shell buck
ling and vibrations, it is well known that the in-plane 
displacements u and v can be important (see for ex

ample refs [6]-[8]). However, this fact does not seem 

to be generally appreciated. To show how the frequen

cies of vibration, particularly the fundamental fre

quency, can be changed, due to a change in the in-plane 
boundary conditions, calculations were repeated for 

some of the structures analyzed above but using the 

conditions u = w = P = Nke == 0 at the base of the 
cylinder. It will be noted that the only change from 
the previous boundary conditions is that N ke has been 

set equal to zero instead of v. One can, of course, also 
relax the boundary condition on the u displacement 

and this can alter the predicted frequencies. 
As far as the authors are aware, there does not ap

pear to be much published experimental data on the 
in-plane displacements experienced at the base of shell 
structures during vibration. As will be seen later, the 

effect of not constraining the v displacement at the 
base can be quite large for some shells. Since the pre
dicted forced dynamic response of structures due to 
earthquakes, etc. is partly dependent on reasonably 
accurate frequency predictions, it would seem that 
some data collection in the field on this point would 
be beneficial to the profession. 

In addition to the foregoing, some comparative cal
culations are given in the paper for the four shell struc
tures shown in fig. 2. As can be seen, one of the struc
tures is a cylinder/hemisphere combination, two are 
cylinder/cones and the fourth is a complete cone 
clamped at its base. An 'exact' result for one of these 
cases is available in the recent work of Hammel [9] and 

1. HEMISPHERICAL 
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4. CONICAL 

Fig. 2. Test cases used for comparing different numerical 
methods. 

another case has been studied by Leissa [4] using a 

series solution. Three other shell-of-revolution compu
ter programs, namely KSHEL 3, STARS-2 and PAFEC, 
were also employed in some of the calculations. The 
first two of these utilize the Runge-Kutta integration 

technique and divide the shell structure into segments: 
the third is a finite element program [10]. 

3. Brief description of the computer programs 

For the benefit of readers who may not be familiar 
with the computer programs mentioned in the fore
going sections, brief descriptions of the VFD, the finite 
element, and the numerical integration methods are 
given below. Further details may be found in the refer
ence cited, It should also be noted that there are a num

ber of other computer programs in existence which 
will calculate the eigenvalues and eigenvectors of the 
structures considered herein. However, the authors did 
not have access to these programs. Furthermore, it was 
felt that the various programs considered gave reason
able coverage of the different methods. 

3.1. Variational finite-differences (VFD) 

This method differs from the customary finite-dif
ference method in that the finite-difference approxi

mations are applied to the integrands in the energy 
integrals rather than the differential equations of equi
librium. The integrals are evaluated numerically and it 
has been found necessary to use interlacing meshes in 
the calculations, i.e. the normal displacement wand its 
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derivatives are evaluated on one mesh while the in
plane displacements u and v and their derivatives, are 
evaluated at the mid-points of the w mesh. For vibra
tion problems, Hamilton's principle is used and any 
constraints are accounted for via Lagrange multipliers. 

The advantages of the variational formulation are, 

of course, that symmetric banded matrices are ob
tained (for which there are very efficient computer 
routines available for determining the eigenvalues and 
eigenvectors) and that the natural boundary conditions 
are satisfied automatically. The methods often used 
nowadays for the eigenvalue determination are power 
methods (including simultaneous iteration) or those 
which utilize the Sturm sequence property. 

The development of the VFD method (also known 
as the finite-difference energy method) to shell vibra· 
tion problems was pursued independently and simul
taneously in the UK [ 1 1 ] and in the US [ 1 2]. Bushnell 
and his associates have written a comprehensive com
puter program for shells of revolution which calculates, 
among other things, natural frequencies of vibration 
and their associated mode shapes. This program is 
known as BOSOR 3 and was used herein for the VFD 
calculations (the latest version of the program is 
BOSOR 4). The main reason for using the BOSOR 
program, rather than the Abdulla-Galletly one, was 
because it is more general. 

3.2. Finite elements 

As a result of the work of Argyris, Clough, Zienkiewicz 
and many others, most engineers are aware of finite 
elements and their application to beam, plate and shell 

problems - see for instance ref. [ 1 3]. For the struc
tures under consideration, being composed of segments 
of shells of revolution and vibrating harmonically, the 
appropriate finite element is a ring elemen t. At the 
moment, two such elements are available in the Liver
pool computer program MIST I - one is a straight
sided element, the other is curved and has constant 
curvature. There is a node at the end of each element 
and each node has four degrees-of-freedom u, v, wand 
{3. The in-plane displacements u and v are assumed to 
be linear in the meridional co-ordinate s, whilst w is 
cubic. As with the VFD method the matrices which 
occur in the finite element method are symmetric and 
banded. 

The above finite elements are not the best available 
for the evaluation of stresses in, say, very thin vibrating 
cylindrical shells - see for example table 2 in ref. [ 1 1 ]. 
However, for the determination of natural frequencies 
and mode shapes, it is believed that the elements are 
adequate [ 1 4]. 

3.3. Numerical integration of the differential equations 

The first applications (to appear in the open literature) 
of the Runge-Kutta integration method, used in con
junction with the digital computer, to solve the difficult 
(at that time) differential equations describing the 
behaviour of thin elastic shells were, apparently, due 
to Dressler et al. [ 1 5], Galletly [ 1 6- 1 8] and Goldberg 
et al. [ 1 9]. When employing the computers of that 
time (pre- 1 960), together with single-precision arith
metic, numerical errors were sometimes found when 
long shells were analyzed. This problem is discussed in 
ref. [20], wherein the authors showed how the prob
lem could be circumvented by using finite-differences. 
In that same paper, it was also shown how numerical 
integration solutions could be obtained for sym
metrically loaded shells which were closed at the apex 
(and which have a regular singular point there) with
out cutting a hole in the shell at the apex. Even today, 
this technique does not appear to be generally known . 

Instead of employing the finite-difference technique 
to overcome the numerical difficulties mentioned 
above, Kalnins [21] divided the shell into a series of 
segments of such lengths that, in each segment, numeri
cal accuracy was maintained. Kalnins has written a 
computer program called KSHEL which will calculate 
eigenvalues and eigenvectors of linear elastic buckling 
and vibration problems*. 

The basic idea behind the numerical integration 
technique as applied to shells of revolution is very 
simple. The governing differential equation of thin, 
elastic shells is equivalent to an eighth order linear 
partial differential equation for general loading. If the 
loading is not symmetric in the circumferential co
ordinate 8, then it is expanded in a Fourier series and 
the governing equation is reduced to an eighth order 
linear ordinary differential equation for each wave 
number (for n = 0, the equation is fourth order for 

* BOSOR 3, STARS-2 and MIST 1 will also solve buckling 
problems. 
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axisymmetrical loading; torsional loading (also n = 0) 
is considered separately). The eighth order equation is  

then reduced to a system of eight coupled first order 

ordinary differential equations, for which standard 
numerical integration routines (e.g. Runge-Kutta) are 

available for their solution. One obtains eight linearly 

independent numerical homogeneous solutions by em

ploying the 8 x 8 unit matrix as initial conditions. In 

addition , one can easily obtain as many particular 
integrals as there are loading conditions. 

For static probl ems, the eight unknown constants 
can be determ ined by using the above numerical solu

tions and satisfying the boundary conditions. For har
monic vibration problems, the frequency n appears in 
the inertia terms of the differential equations. The tech
nique employed by Kalnins (and some others) was to 
guess a value for Q, determine the numerical solutions 
and then evaluate a determinant which involved the 

boundary condi tions at the two edges of the shell. The 
process was repeated until the determinant changed 

sign; the value of Q at which this happened was thus a 

natural frequency. This procedure is very inefficient 
and Kalnins has dispensed with it in the most recent 
version of his program, KSHEL 3; in the lat ter, a 

Stodola-type iterative technique is used to accelerate 
the search for the eigenvalues. 

Svalbonas [ 22] in ST ARS-2, also uses the Runge

Kutta method to in tegrate the shell differential equa
tions. His iterative procedure for determining the eigen
values is, however, different from that used by Kalnins 

or Cohen [231 see the discussion in ref. [24 ] . 

Table 3. 
A comparison. for 1 1  = 0, of the natural frequencies (Hz x 1 03) 
of a complete cone clamped at its base, calculated by different 
methods (torsional frequencies omitted) (Rbase = 42.7 96, 
Ii = l .0, (Y = 45°). 

Meridional 
mode number, m 

2 
3 
4 
5 

Series 
solution 

Finite 
element 

Leissa [4] MIST 1 

3 .726 3 .725 
4.436 4.223 
4.779 5.0 1 2  
6.523 6. 0 1 0  
7 . 907 7 .336 

VFD 

BOSOR 3 
(with hole 
at apex) 

3 . 770 
4.259 
5.074 
6. 1 01 
7 .442 

It is to be noted that it is not always necessary to 
obtain eight homogeneous numerical solutions in order 

to solve a general shell problem. If one can employ com
plex variables (see for example refs [25] and 126]) 
then only four are needed. Another way of reducing 

the number to four is to employ the technique shown 
in ref. [27] - see, however, ref. [24] for shells with 
branches. 

It should also be mentioned that in 196 1 Kendrick 
and McKeenan had solved some of the numerical in
stability problems encountered with long shells and, 

like Kalnins, had proposed a critical length formula 
[28]. A reappraisal of the critical length formulae in 
current use (with numerical in tegration methods for 
shells) is due to appear shortly [29 ] . 

4. Numerical results 

4.1. Some test cases 

Before presenting the resul ts for the various shells de

picted in fig. 1, some of the computer programs men
tioned earlier will be employed to predict the natural 

frequencies of the shell structures in fig. 2; their pre
dictions will be compared with one other and also with 

some series solutions. 

For a cylindrical shell with a hemispherical head, the 
natural frequencies of vibration and the associated 

mode shapes were recently given by Hammel [9 ] ,  who 
found them in terms of associated Legendre func tions. 
For the values LID = 0.5, hiD = 0.01, E = I, p = I, 
v = 0.2, the natural frequencies obtained by Hammel, 

for varying 'n' in the first mode (m = 1) are listed in 
table 2. Also given are the predictions of the computer 
programs, MIST I, BOSOR 3 and KSHEL 3 .  It can be 
seen that the agreement between the predictions of the 
various methods is very good .  

As  a second example, the free vibrations of a com
plete cone clamped at the base, for n = 0, were deter
mined using BOSOR 3 and MIST I. These results are 
tabulated in table 3 ,  together with some results ob
tained by using a series solu tion [4]. 

The particular cone considered had the following 
geometric characteristics: a: = 45°, h = 1.0, Rbase = 
42.796 (see fig. 2). The material properties were E = 
p = 1.0, v = 0.3 .  With the foregoing values, Leissa's 
parameter { 12( 1 .... v2)d }/h 2 tan4a: equals 4 x 104. 
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The frequencies given in table 3 under the heading 
'Leissa' were then obtained from his table 5.1 [4]. 

For this case, all three methods are in good agree
ment for the first mode and the maximum difference 
between them for the second mode is about 5%. For 
the higher modes, the predictions of MIST 1 and 

BOSOR 3 (with a hole at the apex) agree very well with 
each other. However, their agreemen t with Leissa's 

results is not quite as good as for m = I and 2. 
For the third and fourth examples, cylindrical shells 

closed by complete cones (a = 45 and 75°) were taken. 
As yet, an analytical solution for this case is not avail
able, so the comparison is between the computer pro
grams BOSOR 3, KSHEL 3, STARS-2, MIST I and 
P AFEC. The predictions of the various methods are 
given in tables 4 and 5. Insofar as the predictions of 

Table 4. 
Natural frequencies (Hz x 103) of cylinder with conical head, '" = 45° (torsional frequencies omitted) (LID = 0.5, hiD = 0.01. 
Vbase = 0, D = 100). 

Finite element 

Mode MIST 1 

(m = 1 1.494 
n = O  

3.026 m = 2 (m = 1 l.079 
n = 1 

2.015 m = 2 (m = 1 0.935 
n = 2 

l.958 m = 2 

n = circumferential wave number. m = meridional mode number. 
* rapex/D = 0.05. 

PAFEC 

1.56 
3.16 

0.96 
2.20 

0.88 
l.96 

t radius of hole = 1.0 (note that D = 100.0). 
u.b. = upper bound. 

Variational finite-difference (VFD) Numerical integration 

BOSOR 3 BOSOR 3 STARS-2 KSHEL 3 
with rounded apex* with hole at apext 

1.596 l.490 l.494 l.495 
3.072 n.c. 3.362 (u.b.) 3.202 

l.068 l.079 l.078 l.080 
2.111 2.010 2.06 (u.b.) 2.018 

0.918 0.935 0.936 0.947 

l.975 l.955 2.009 (u.b.) l .964 

Table 5. 
Natural frequencies (Hz x 103) of cylinder with conical hfad, '" = 75° (torsional frequencies omitted) (LID = 0.5, hiD = 0.01, 

vbase = 0, D = 100). 

Mode Finite element 

MIST 1 

(m = 1 0.737 n = O  m = 2 1.739 {m = 1 0.974 n = 1 m = 2 1.312 (m = 1 0.831 n = 2 m = 2 1.719 

n = circumferential wave number . m = meridional mode number. 
* rapex/D = 0.05. 

PAFEC 

0.76 
2.00 

0.80 
l.28 

0.80 
l.84 

t radius of hole = l.0 (note that D = 100.0). 
u.b. = upper bound. 

Variational finite-difference (VFD) 

BOSOR 3 
with rounded apex* 

0.787 
1.787 

1.024 
l.315 

0.855 
l.759 

BOSOR 3 
with hole at apext 

0.736 
1.738 

0.972 
1.312 

0.830 
1.715 

Numerical integration 

STARS-2 KSHEL 3 

0.739 0.739 
1.763 (u.b.) 1.740 

l.057 0.974 
1.70 (u.b.) 1.312 

0.831 0.829 
1.75 (u.b.) 1.717 
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MIST 1 and BOSOR 3 (with a hole at the apex) are 
concerned, the agreement between them is very good. 
For m = 1, the ST ARS-2 results agree with the former 
two programs; for m = 2, however, its predictions are 
sometimes a little too high. The KSHEL 3 results agree 
with the others, in general. It is to be noted that small 
holes are required at the cone apex for ST ARS-2 and 
KSHEL 3. 

The PAFEC results (no hole at the apex) agree reas
onably well with some of the MIST I and BOSOR 3 
results but disagree with others (see, for example a = 
75°, n = I, m = I). The authors have also found that, 
in comparison with the MIST 1 results, the use of 
BOSOR 3 without a hole at the apex sometimes gave 
results for n = 0 which were about 15% too high. How
ever, this did not occur when a small hole was used at 
the cone apex. 

For sharp, complete cones (and, presumably, other 
types of pointed shell) it seems from the foregoing 
that incorrect conditions are sometimes being used at 
the apex for n = 0 or I. With regard to n = I, for in
stance, two of the conditions often used at the apex 
are 11 + V = W = O. Whilst these conditions are correct 
for shells which do not have discontinuous slope 
changes at the apex, they have not been shown to be 
correct for cones, etc. In fact, inspection of the n = 1 
mode shapes given later (figs 26-29) shows that the 
conditions are satisfied for hemispheres, torispheres 

and toricones with a rounded apex. They do not ap
pear to be satisfied for pointed cones. 

From the results of the above (and other cases), it 
seems fair to conclude that any one of the computer 
programs will predict, with reasonable accuracy, the 
natural frequencies of vibration of shell structures 
which are similar to those investigated - although care 
has to be taken with complete pointed cones for n = 0 
and n = I. 

Despite this, the authors decided to use two pro
grams for the determination of the natural frequen-
cies of the structures discussed in the next section. 
These were the programs based on the variational fi
nite-difference method (BOSOR 3) and finite-elements 
(MIST I ). The reasons for choosing these two programs, 
rather than any others, was because: (a) they were 
available at Liverpool, and (b) the authors have, in 
the recen t past, had more experience with them than 
other programs. 

Both programs were used for all the cases considered 

herein and, in general, the predictions agreed to within 
4%. The results shown in figs 3-24 are the averages of 
the values predicted by the two methods; the numerical 
values of the frequencies of vibration listed in tables 
6-11 were, however, obtained from BOSOR 3 (see also 
section 4.2.4). 
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Fig. 3. Natural frequencies of vibration (.11) for cylinder/ 
hemisphere combinations (LID = 0.5, hID = 0.01). 
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Fig. 4. Effect of different L/ D ratios on the first meridional 
mode (m = 1 )  natural frequencies (.11) for cylinder/hemisphere 
combinations (hID = 0.0 1). 
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Fig. 7. Natural frequencies of vibration (51) for cylinder/tori
sphere combinations (LID = 0.5, hiD = 0.01, RslD = 0.75, 
riD = 0.2). 
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Fig. 9. Transition from the tori spherical to the hemispherical 
head for first meridional mode natural frequencies (51) 
(LID = 0.5, hiD = 0.01, riD = 0.2 for the torispheres). 

4.2. The cylinder/end closure combinations 

The shell combinations discussed in this section are 
mainly those shown in fig. 1. However, in some cases, 
the ratios L/D and hiD were altered in order to see 
what effect the changes had on the lowest natural 
frequencies. 
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Fig. 11. Natural frequencies of vibration (.11) for cylinder/ 
torisphere combinations (L/D = 1.0, h/D = 0.01, Rg/D = 0.75, 
riD = 0.2). 

As mentioned earlier, for the numerical results 
given in this and later sections the following material 
properties were used: E = LO, p = 1 .0, II = 0.2. The 
diameter D of the cylindrical shell was taken as 1 00 
units and the other geometrical characteristics of the 
constant thickness shell combinations are as indicated 

" i Iii 11 Ii 16 Ii in 

Fig. 12. Natural frequencies of vibration (.11) for cylinder/ 
torisphere combinations (L/D = 0.5, hiD =0.001, RsiD 
= 0.75, riD = 0.2). 
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fig. 13. Natural frequencies of vibration (n) for cylinder/ 
toricone combinations (L/D = 0.5, hiD = 0.01, '" = 45°, 
rapex/D = 0.05, riD = 0.2). 

in the figures and tables. In the majority of cases LID = 
0.5, hiD = 0.0 1 .  The boundary conditions at the base 
of the cylinders were, in most cases, U = v = w = 13 == O. 
However, as mentioned earlier, the v = 0 boundary 
constraint was relaxed for some cases. 

Due to the large number of results obtained, it was 
not possible to include them all in a paper of this 
length; therefore only a selection of results is presented. 
In addition two comments should be made about the 
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Fig. 14. Natural frequencies of vibration (fl.j for cylinder/ 
toricone combinations (LID = 0.5, hiD = 0.01, a = 75°, 
rapexlD = 0.05, riD = 0.2). 

0·1 

__ I'D 
--�I ... "1IIIIy _ tar "lilt 1) 

E. p.l·0 \j,0'1 

10 12 14 
._, ._._-_ .. . .  

"6 11 20 

Fig. 15 . Natural frequencies of vibration (fl.) for cylinder/ 
toricone combinations (LID = 0.5 , hiD = 0.001, a = 45°, 
rapexlD = 0.05 , riD = 0.2). 

figures: ( I )  th� solid and open circles in figs 3-29 rep· 
resent calculated values, not experimental ones; and 
(2) modes I ,  2 or 3 refer to meridional modes, with 
mode I being the lowest. 

In the calculations for the frequencies, both the 
BOSOR 3 and MIST I programs employed the same 
number of mesh points. Typical values, for LID = 0.5 
cases, were 61 in the cylinder and 63 in the various 
end closures. The spacing of the mesh points and nodes 
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Fig. 16. Effect of different semi-angles (a) at the vertex on the 
fIrst meridional mode (m = 1) natural frequencies (fl.) for 
cylinder/toricone combinations (LID = 0.5 , hiD = 0.0 I, 
YapexlD = 0.05 , riD = 0.2). 
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Fig. 17. Effect of different LID ratios on the first meridional 
mode (m = 1) natural frequencies (fl.) for cylinder/toricone 
combinations (hiD = 0.01, a = 45°, rapex/D = 0.05 , riD = 0.2). 

was always uniform. For some of the cases, the num
bers of mesh points were halved. However, the pre
dicted frequencies were essentially the same (which 
indicates that converged solutions were obtained). 

With MIST I, straight finite elements were used for 
the cylindrical and conical shell segments whilst curved 
ones were used for spherical and toroidal shells. For the 
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Fig. 18. Effect of different hiD ratios on the first meridional 
mode (m = 1) natural frequencies (.0.) for cylinder/toricone 
combinations (LID = 0.5, Q = 45°, rapex ID = 0.05, riD = 0.2). 
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Fig. 19. Natural frequencies of vibration (.0.) for cylinder/cone 
combinations (LID = 0.5, hiD = 0.01, Q = 60°). 

ellipsoidal heads, where the curvature is changing con
tinuously, 100 equal length straight finite elements 
were used. 

4.2.1. Hemispherical heads 
The natural frequencies n (in Hz) versus circumferential 
wave number n, for the lowest three modes for LID = 
0.5, hiD = 0.01 are plotted in fig. 3. The broken lines 
in this figure show the effect of not constraining v to 
be zero at the base of the cylinder. As may be seen, 
the effect is quite large (for this structure) for n = I in 
the first mode - almost a 50% reduction in the value of 
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Fig. 20. Natural frequencies of vibration (.0.) for cylinder/cone 
combinations (LID = 0.25, hiD = 0.01, Q = 45°). 
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Fig. 21. Natural frequencies of vibration (.0.) for cylinder/cone 
combinations (LID = 1.0, hiD = 0.01, Q = 45°). 

the fundamental natural frequency. Also shown in the 
figure is the lowest torsional (n = 0) frequency; for this 
shell combination it happens to be the lowest frequency 
for n = O. 



G.D. Galletly, J. Mistry, Free vibrations of cylindrical shells 261 

-. 
xl) 

�16 

0·14 

0·12 

D·' 

0---<> 
><---.< 
...--. 

a 

.5" 
60" 

75" 

�. h 
� I 

. 
0 diJ �, 

[ • p • }O \).0-2 
Vba .. '0 

!lor. !-.' ---:----� -----;;,--_;_--� o 
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Fig. 23. Natural frequencies of vibration (51) for cylinder/ 
ellipsoid combinations (LID = 0.5, hID = 0.01, a: b = 2: 1). 

For hiD still equal to 0.01 , the effect of varying 
L/D on the frequencies of the first meridional mode 
(m = 1 )  of the combined structure is illustrated in fig. 
4. The first three modes for L/D = 0.5, hiD = 0.001 are 
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Fig. 24. Natural frequencies of vibration (51) for cylinder/ 
ellipsoid combinations (LID = 0.5,hID = 0.001, a:b = 2: 1). 
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Fig. 25. Natural frequencies of vibration (51) for cylinders with 
different end conditions. 

shown in fig. 5 whilst the effect of varying hiD (with 
L/D = 0.5) is depicted in fig. 6. As may be seen, the 
lowest frequency for the thinner vessels (with Vbase = 0) 
occurs at n = I I  rather than n = I. With Vbase =1= 0, the 
minimum natural frequency, for L/D = 0.5, occurs at 
n = 1 for both hiD = 0.01 and hiD = 0.001. 

The above results for the cylinder/hemispheres agree 
with those of Hammel. Actually, he studied a wider 
range of bO.th L/D and hiD than is given in this paper. 
However, two items not reported by him are ( I )  the 
big reduction which may occur in the minimum 
natural frequency in the first mode when v =1= 0 at the 
base of the cylindrical shell; and (2) that the minimum 
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I ¥ s -----
n , O  

n '  1 

n '  2 

natural frequency for n = 0 may be the torsional one, 
rather than the axisymmetric extensional (or breathing ) 
mode. 

It is to be noted that ,  for a simply-supported hemi
spherical shell, Hammel did investigate the two bound
ary conditions v = 0 and v =I=- O. As with the shell struc
tures considered herein, he found that the main change 
occurred with the n = 1 circumferential wave number. 

Similar effects for truncated conical shells have been 
reported in refs [8]  and [ 23 ] . 

4. 2.2. Torisphericai heads 
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Fig. 26. Mode shapes of cylinder/hemisphere combinations for 
selected n values (LID = 0.5, hID = 0.01). 

Figures 7 and 8 show, for RslD equal to 0 .75 and 1.50 
respectively, how the natural frequencies n vary with 

circumferential wave number n, for cylindrical shells 
having LID = 0.5 ,  hiD = 0.0 1 and which are closed by 
torispherical heads. For these heads (and also those 
with RsID := 1 .0 and 1.25) the lowest torsional fre

quency of the combined structure is not the minimum 
frequency for n = O. 

Table 6. 
The four lowest non-torsional natural frequencies (Hz x 102 )  of cylinders with various heads 
(m = 1 )  (LID = 0.5, hID = 0.01, Vbase = 0). 

Hemispherical 0.0944 (1) 0.1008 (5) 0.1040 (6) 0.1098 (4) 
Ellipsoidal (2 : 1) 0.1121 (5 ) 0.1130 (6) 0.1 l 44 (1) 0.1239(4) 
Ellipsoidal (3 : 1) 0.1050 (0) 0.1158 (5) 0.1160 (6) 0.1197 (1) 
Torispherical (Rs/D = 0.75) 0.1094 (5) 0.1108 (6) 0.1 l1 l (1 )  0.1207 (4) 
Torispherical (RsID = 1.0) 0.1094 (5 )  0.1 l08 (6) 0.1 l 21 (1) 0.1207 (4) 
Torispherical (RsID = 1.25) 0.1094 (5 ) 0.1108 (6) 0.1110 (0 ) 0.1 l 24 (1) 
Torispherical (RsID = 1.5) 0.0961 (0) 0.1094 (5 ) 0.1 l08 (6) 0.1 l 21 (1) 

Toriconical (45°) 0.0957 (2) 0.1007 (3) 0.1013(1) 0.1093 (5) 
Toriconical (60°) 0.1088 (1) 0.1094 (5 ) 0.1 l08 (6) 0.1136 (2) 
Toriconical (75°)  0.1094 (5) 0.1108 (6 )  0.111 9 (1) 0.1143 (2) 

Conical (45°) 0.0942 (2) 0.0960 (3) 0.1090 (1) 0.1124 (4 )  
Concial (60° ) 0.1033 (2 ) 0 .1049 (3) 0.1172 (0) 0.1192 (1) 
Conical (75°) 0.0737 (0) 0.0843 (2) 0.0975 (3) 0.0998 (1 ) 

Note: circumferential wave numbers n, are given in parentheses. 

Table 7. 
The four lowest non-torsional natural frequencies (Hz x 102 ) of cylinders with various heads 
(m = 1) (LID = 0.5, hiD = 0 .01, Vbase * 0). 

Hemispherical 
Ellipsoidal (2 : 1) 
Torispherical (RsID = 0.75) 
Toriconical (45° ) 
Conical (45°)  
Conical (75° ) 

0.0503 (1) 
0.0582 (1) 
0.0572 (1) 
0.0548 (1) 
0.0563 (1) 
0.0607 (1) 

0.0975 (5) 
0.1085 (5 ) 
0.1061 (5) 
0.0904 (2) 
0.0880 (2) 
0.0737 (0) 

Note: circumferential wave numbers n are given in parentheses. 

0.1010 (4 ) 
0.1118 (6 )  
0.1097 (6 ) 
0.0995 (3) 
0.0949 (3) 
0.0836 (2) 

0.10 23(6) 
0.1143 (4) 
0.1 l06 (4) 
0.1 l02 (4) 
0.1114 (4) 
0.0981 (3) 
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Table 8. 
The four lowest non-torsional natural frequencies (Hz x 1 0 2 )  of cylinders with various heads 

(m = 1 )  (LID = 0.5 , hiD = 0.00 I ,  Vbase = 0). 

Hemispherical 0.0375 ( 1 1 )  0.0379 ( 12)  0.0388 ( 10)  0.0398 ( 1 3) 

Ellipsoidal (2 : 1 )  0.0394 ( 1 2 ) 0.0394 ( 1 1 )  0.0409 ( 1 3) 0.04 1 3 ( 1 0) 

Torispherical (Rs/D = 0.75) 0.0389 ( 1 1 )  0.0 389(12 ) 0.0406 (10) 0.0406 ( 1 3) 

Toriconical (45°)  0.03 8 1  (5 ) 0.0389 (4) 0.0389 (1 1 )  0.0390 ( 1 2) 

Conical (45°) 0.0348 (5 ) 0.0355 (6) 0.0363 (4) 0.037 3 (7) 

Conical (75°)  0.0292 (5 ) 0.0294 (4) 0.0308 (6) 0.0383 (3) 

Note: circumferential wave numbers n, are given in parentheses. 

Table 9. 
The four lowest non-torsional natural frequencies (Hz x 1 0 2 )  of cylinders with various heads 
(m = 1 )  (LID = 0.5 , hiD = 0.00 1 ,  Vbase * 0). 

Hemispherical 0.0334 ( 1 )  0.0373 ( 1 1 )  0.0378 ( 12) 0.0398 ( 1 3) 

Ellipsoidal (2 : 1) 0.0391 ( 1 )  0.0392 ( 1 1 )  0.0393 (1 2) 0.0409 ( 1 0) 

Torispherical (RsID = 0.75) 0.0386 ( 1 )  0.0387 ( 1 1 )  0.0389 ( 1 2) 0.040 3 (1 0) 

Toriconal (45°) 0.037 1 ( 1 )  0.038 1 (5 ) 0.0386 (1 1 )  0.0389 (4) 

Conical (45°)  0.0348 (5 ) 0.0354 (6) 0.0362 (4) 0.0363 ( 1 )  

Coincal (75°) 0.0292 (5) 0.0294 (4) 0.0308 (4) 0.0330 (3) 

Note: circumferential wave numbers n, are given in parentheses. 

Table 10 .  
The four lowest non-torsional natural frequencies (Hz x 1 0 2 )  of cylinders with various heads 

(m = 1 )  (LID = 0.25, hiD = 0.0 1 ,  vbase = 0). 

Hemispherical 0.1 288 ( 1 )  0.1 808 (6) 0 . 1 8 38 (5 ) 0.1866 (7) 

Ellipsoidal (2 : 1 )  0. 15 1 7 (0) 0 . 1577 ( 1 )  0. 1 8 1 2  ( 1 )*  0.1 862 (0)* 

Torispherical (Rs/D = 0.75) 0 . 1 5 3 2 ( 1 )  0.1 638 (0) 0.1 995 (1 ) *  0.2067 (6) 

Toriconical (45° ) 0.W28 (3) 0.1 035 (2) 0.1 2 1 1 (4) 0 . 1 367 ( 1 )  
Conical (45° ) 0.0984 (3) 0 . 1044 (2) 0 . 1 1 2 9 (4) 0.1 374 (5 ) 
Conical (75°) 0.07 4 1  (0) 0.0869 (2) 0.0978 (3) 0.1 0 1 4 ( 1 )  

Note: circumferential wave numbers n ,  are shown in parentheses. 
* These frequencies occur in the second meridional mode, i.e. m = 2 .  

Table I I .  
The four lowest non-torsional natural frequencies (Hz x 1 02 )  of cylinders with various heads (m = 1 )  
(LID = 1 .0, hiD = 0.0 1 ,  Vbase '" 0). 

Hemispherical 0.0544 (4) 0.0562 (1) 0.0582 (5 ) 0.0655 (3) 
Ellipsoidal (2 : 1 )  0.0584 (4) 0.0605 (5 ) 0.0657 (1 ) 0.0720(3) 
Torispherical (Rs/D = 0.75) 0.0575 (4) 0.0600 (5 ) 0.0642 ( 1 )  0.0707 (3) 
Toriconical (45°) 0.0574 (4) 0.0599 (5 ) 0.0600 ( 1 )  0.0695 (3) 
Conical (45 0 ) 0.06 1 1  (4) 0.0623 (5 ) 0.0643 ( 1 ) 0.0757 (6) 
Conical (75° ) 0.062 1 (4) 0.0628 (5 ) 0.07 1 9  (l) 0.0759 (6) 

Note: circumferential wave numbers n, are shown in parentheses. 

263 
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Fig. 27 . Mode shapes of cylinder/torisphere com binations for 
selected n values (LID = 0.5, h/D = 0.0 1 .  Rs/D = 0.75, riD 
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Fig. 29. Mode shapes of cylinder/cone combinations for 
selected n values (LID = 0.5, h/D = 0.0 1 ,  cr = 45 °). 

It is of interest to see how the natural frequencies 

of this cylinder/torisphere combination change when 
Rs/D tends towards the value corresponding to a 
hemispherical head, i .e .  0.5. For n = 0, 1, 2, 3 and 4, 

the first meridional mode (m = I )  frequencies are 
plotted in fig. 9 against R s/D in the range 0.5 � R s/D 
� 0.7. As may be seen from this figure , there is a steady 

increase in the n = 0 frequency as Rs/D decreases. For 
n = 1-4 the natural frequencies hardly change at all in 

the range 0.55 � R s/D � 0.70; however, below Rs/D 
= 0.55, the natural frequencies decrease fairly quickly, 
with the values for the hemispherical end closure being 
about 10% lower than those for the torisphere with 
Rs/D = 0.55. 

For hiD = 0.01 and Rs/D = 0.75, the effects of 
changing the length of the cylindrical portion of the 
combined shell structure on the natural frequencies of 
the first three meridional modes are shown in figs 10 
and 1 1 . For LID = 1 .0, it may be observed that, inter 
alia, the minimum n = ° frequency is the torsional one. 

The natural frequencies of the thinner vessels 
(h/D = 0.00 1 ,  with Rs/D = 0.75 and L/D = 0.5) are 
shown in fig. 12. As with the hemispherical heads, the 
minimum frequency (for V ba se = 0) is n = I I  rather 
than n = 1 .  It is not possible to compare the computer 
results for the cylinder/torispheres with analytical re-
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suIts as none are available at present. This is also the 
case for the other heads which follow. 

It is of interest to note (see table 6) that the cir
cumferential wave number associated with the mini
mum natural frequency is n = 5 for RslD = 0.75, 1 . 0  
and 1 .25 whereas it is n = a for Rs/D = 1 .5. A similar 
change in wave number occurs for the elastic buckling 
of these heads - see the entries for LID = 0.5 in table 
3 in ref. [30] . However , the axisymmetric (i.e. n = 0) 
mode predicted in ref. [30] (and confirmed experi
mentally - see ref. [3 1 ] ) is, for the buckling case, 
obtained using large-deflection (rather than small
deflection) theory. 

4. 2. 3. Toriconical heads 
As mentioned in section 2, all the toriconical end 
closures had their vertices rounded slightly. The value 
of rapexlD used on all of them was 0.05.  The vari
ations of natural frequencies with circumferential wave 
number for two values of the semi-vertex angle of the 
toricones (i.e. Q: = 45 and 75°) are shown in figs 1 3  and 
14. The effects of decreasing hiD to 0.00 I are given in 
fig. 1 5  (for Q: = 45° and LID = 0.5) and the manner in 
which the first meridional mode frequencies are affect
ed by changing Q: is depicted in fig. 16. For hiD = 0.0 I ,  
Q: = 45°, fig. 1 7  shows the way in which the frequencies 
are changed by varying LID whilst fig. 18 shows the 
effect of varying hiD. 

4.2.4. Conical heads 
Selections from the curves relating to conical heads are 
given in figs 1 9-22 and the parameters varied are as 
indicated on the figure captions. The n = a frequencies 
which have been plotted on these figures correspond to 
those obtained using the finite element program, 
MIST 1 (as illustrated in tables 4 and 5, similar n = a 
values should also be obtained using BOSOR 3 ,  if a 
small hole is made in the apex of the cone). 

4.2.5. Ellipsoidal heads 
Figures 23 and 24 show the variation in natural fre
quencies with different parameters for the 2 :  I ellip
soidal heads. The corresponding curves for the 3 : I 
heads have been calculated but have not been included 
in this paper. 

4.2. 6. No end closures 
It is useful to plot the natural frequency versus circum
ferential wave number curves for cylinders clamped at 

the base and which are either free at their upper ends 
or are clamped there. The m = 1 curves for such cylin
ders, having LID = 0.5, h = 0.01, E = I ,  p = I ,  v = 0.2, 
are shown in fig. 25. They are, in essence, the same as 
those given by Hammel. 

4.3. Some tabulations of the lowest frequencies 

In addition to presenting the results of the frequency 
calculations in the form of graphs, it was thought that 
some tabulations of selected results would be useful. 
With this in mind six tables were prepared, listing the 
four lowest non-torsional natural frequencies of cylin
ders with various end closures. The difference between 
the various tables lies in either (a) the geometric charac
teristics considered or (b) the boundary conditions on 
the v-displacement at the base of the cylinder. The 
tables cover the following values of the geometric 
parameters: 

table 6: LID = 0.5, hiD = 0.0 1 ; 
table 7: 
table 8: 
table 9 :  
table 1 0 : 
table I I : 

as table 6, but l' *" a at base of cylinder; 
LID = 0.5, hiD = 0.00 1 ; 
as table 8, but v -=I a at base of cylinder; 

LID = 0.25 , hiD = 0.0 1  ; 
LID = 1 .0, hiD = 0.0 1 .  

4. 4. Mode shapes 

As an illustration of some of the deformations occur
ring in the shell structures when undergoing harmonic 
vibrations, various mode shapes (for m = I )  have been 
plotted in figs 26-29. These figures relate to geometric 
ratios of LID = 0.5 and hiD = 0. 0 1 and four head 
shapes were selected, namely hemispherical, one tori
spherical, one toriconical and one conical. The circum
ferential wave numbers taken were n = 0, I ,  2 and 6 
and BOSOR 3 was employed in the mode shape deter
mination - except for the n = a mode in the cone 
(fig. 29), for which MIST I was used. From the figures, 
it can be seen that, for these geometric ratios, most of 
the deformation occurs in the head for the lower values 
of n and in the cylinder for the higher values. 

5. Discussion of results 

As mentioned in section 4. 1 ,  all the computer pro
grams used in this study gave reasonably accurate pre
dictions for the natural frequencies of most shells in-
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vestigated. The authors found that BOSO R 3 and 
MI ST I are roughly comparable in speed and ease of 

use for the cases studied herein. With regard to the 
other computer programs, they do not feel they have 
sufficien t direct experience of them to date to be able 
to comment on them properly. However, the authors 
have no reason to believe that they would be faster 
than BOSOR 3 or MI ST I .  From an examination of 
the graphs and tables presented herein, it can be seen 
(for the shell combinations investigated) that : 

( I )  The use of I' *" 0 (instead of I' = 0) in the bound
ary conditions at the base of the cylinde r has a big ef
fect (a reduction) on the 11 = I natural frequency. For 

the LID = 0.5 ,  hiD = 0.01 case s, the 11 = I frequency 
is often the lowest one in the structure .  If the actual 

boundary conditions in practice are nearer to v *" a 
than v = 0, then the conclusions drawn from dynamic 
(e.g. seismic) analyses could be considerably in error. 
With regard to the thinner shell combinations (hiD = 

0.001) it might appear, from tables 8 and 9 ,  that 

whether v = 0 or l'  *" 0 at the cylinder base does not 
really matter (as the magnitudes of the lowest natural 

frequencies are approximately the same for both 
boundary conditions). However, it should be noted 
that for the hemisphere, ellipsoid, torisphere and tori
cone, the mode of vibration (i .e. the n value) giving the 
lowest natural frequency has certainly changed. This 
was not the case for the conical heads (45 and 75° ) .  

( 2 )  From table 6 i t  can be seen that changing the 
shape of the end closure changes the four lowest non
torsional natural frequencies to some extent. However, 
the maximum frequency given in table 6 (0.124 x 
10-2 Hz) is only 70% h igher than the lowest (0.0737 x 
10 -2 Hz ) and the four lowest non-torsional natural 
frequencies of all the structures shown in fig. I lie 

between these limits. As can be seen from table 1 1 , 
a similar pattern is found for the longer cylinders 
(LID = 1 .0). For the shorter cylinders (LID = 0.25 ,  
table J 0) there is more variability and more influence 
of the head shape on the natural frequency. From 
table 7, the effect of relaxing the [." = 0 boundary con
dition (for hiD = 0.0 1 )  can be seen to increase the 
range within which the lowest four frequencies occur. 

This is not the case for hiD = 0.00 I ;  however, as men
tioned above, the wave numbers of the modes with the 
lowest frequencies do change. 

(3) For 11 = 0, the lowest natural frequency for the 
cylinder/hemispherical heads with LID = 0 . 5  or 1 .0 

(and hiD = 0.0 1 )  was the torsional one . This was not 
the case for most of the other heads which were 

studied ;  where it did occur it was with the longer shell 
combinations, i .e .  LID = 1.0. 

(4) In general, the effects of decreasing hiD are to 
lower the natural frequencies and to change (usually 
increase) the wave numbers corresponding to the low

est frequenCies. 
(5) The natural frequencies of one particular 

cylinder/toricone combination where the only direct 
variable i s  the semi-vertex angle 0' (the angle subtended 
by the toroidal portion actually varies as well) are 

shown in fig. 16. Similar curves for cylinder/cones are 
given in fig. 22  and others could be drawn for cylinder/ 
torisphere combinations. Inspection of these and re
lated curves shows (for LID = 0. 5 ,  hiD = 0.01) that the 
frequencies corresponding to lower n values (/1 < 5) are 
affected by changes in the relevant variable (R s or 0') 

whereas the frequencies corresponding to higher n

values are relatively unaffected by �i.l�h changes. The 

foregoing is, of cou rse , not surprising when one realizes 
that, for these geome tric ratios, most of the defor
mation occurs in the head for the lower 11-values and 

in the cylinder for the higher 11-values - see section 4.4. 

(6) With regard to item (5) above it is instructive to 

superimpose fig. 25 on fig. 3 (hemispheres), figs 7 and 8 
(torispheres), figs 13 and 14 (toricones), fig. 19 (cones) 
and fig. 23 (ellipsoids ) .  It will be found that, for 11 � 3 ,  
the mode I natural frequencies of all the combined 
shell structures lie between the two curves relating to 
the cylinder. Presumably one could, if one wished, 
derive simple design formulae for some of the mode J 
natural frequencies of the combined shell structures in 
terms of the frequencies of equivalent cylinders. This 

has been done for cylinders with hemispherical heads 
by NSRDC (Naval Ship Research and Development 
Center), Washington , DC [ 32] .  Their simplified for
mula also appears to be adequate for some linear buck
ling problems [30] . 

(7)  It is interesting to note that, for two of the cases 
studied (see table 10) one or two of the four lowest 
natural frequencies happen to be in the second mode. 
l !  is not known how frequently this happens in prac

tice or how serious the consequences are by ignoring 
it. However, it would seem prudent to calculate the 
natural frequencies for modes other than just the first 
mode. Thereby, some errors in the predicted response 
can be avoided. 
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(8) It appears that the boundary conditions associ
ated with the n :::: a and 1 circumferential wave numbers 
for the vibrations of a pointed cone need further study. 
In this connection, it is of interest to compare the 
mode shapes (near the apex) for a toricone with a 
rounded apex (fig. 28) and a complete cone (fig. 29). 

6. Conclusions 

Whilst th e shape of the end closure on a cylindrical 
shell affects the lowest natural frequencies of the com
bined shell structure, th e magnitude of the change is, 
for certain geometric ratios, not as large as one might 
expect. For instance, for th e shell combinations shown 
in fig. 1 (LID :::: 0.5 and with hiD :::: 0.0 1), the lowest 
four natural frequencies Q, of all 1 2  structures are con
tained within the range 0.737 x 10-3 Hz ":; Q ":;  1.24 X 
10-3 Hz. As might be anticipated, however, the head 
shape has a more pronounced effect on shell structures 
with smaller LID ratios. 

The effect of setting v =1= a at the base of the cylin
der in fig. 1 (with hiD :::: 0.01)  causes a big reduction 
in th e n :::: 1 natural frequencies of all th e structures (in 
many cases, n :::: 1 is the fundamental natural frequency 
or is close to the fundamental) . With hiD :::: 0.00 1 (and 
still keeping LID :::: 0.5) the change in frequencies 
caused by setting v =1= 0 instead of v :::: 0 is small. Never· 
th eless, designers of such sh ell combinations should be 
aware of the fact that sometimes th e lowest natural 
frequencies are sensitive to this boundary condition. 
It can be important for forced dynamic response cal
culations. 

For two of th e head shapes studied in th e paper, 
th e third lowest natural frequency occurred in the 
second meridional mode. Th e authors do not know 
how often this occurs in practice; however, it would 
seem adv isable for designers to calculate some natural 
frequencies and mode sh apes in modes oth er than the 
fi rst meridional one. 

Both th e variationa l finite-difference and th e finite 
element methods proved to be effective for calculating 
th e natural frequencies and mode shapes of the unstif
fened shell structures studied. It is expected that the 
numerical integration methods would also be satisfac
tory. A case which needs some care is the cylinder 
closed by a complete conical head. An analytical solu
tion would be useful for this case, in order that the 

natural frequency predictions of computer programs 
can be checked, particularly for n :::: 0 and n :::: 1. 
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Nomenclature 

2o, 2b 
h 
m 
n 
, 

'a pe x 
S 
u, v, w 

D 
E 
L 

Nko 
Rs 
Q 
{3 
v 
p 
e 
Q 
VFD 

:::: major and minor axes of ellipsoidal head 
:::: shell th ickness 
:::: meridional mode number 
:::: circumferential wave number 
:::: radius of toroidal part of torisphere 

(knuckle) 
:::: radius at apex of rounded cone 
:::: meridional co-ordinate 
:::: meridional, circumferential and normal dis-

placements of shell middle surface 
:::: diameter of cylindrical shell 
:::: modulus of elasticity 
:::: length of cylindrical shell 
:::: effective in-plane shear force/unit length 
:::: radius of spherical part of torisphere 
:::: semi-vertex angle of cone or toricone 
:::: rotati.:>n of shel l in meridional direction 
:::: Poisson's ratio 
:::: mass density of shell 
:::: circumferential co-ordinate 
:::: natural frequency (Hz) 
:::: variational finite-difference. 
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